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T  O 


The    Right    Honourable 

William  Cruikfliank,  Efq-, 

LOR  D    PRO  V  OS  T: 

James  Moorifon, 
John  Gordon, 
William  Mowat, 
Hugh  Hay, 

Alexander  Livingflon,   Dean  of  Guild; 
Alexander  Robertfon,  Treasurer  * 

And  the  Remanent  Members  of  the  fmn-Counctl  of 

A  B  E  R  D  E  E  N. 


Baillies : 


My  LORD,  iicc. 

THE'  siibje^  arid  Defigh  of  the  following  Work,  with 
My  Relation  to  the  Town  oi  Aberdeen  as  apubUck 
Teacher,  naturally  direded  me  to  its  Governours 
for  Patronage.  As  the  Encouragement  I  have  already  met 
with  from  the  Town,  and  in  particular  from  its  prefent 
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Magt^»te8  and  Coonc3,  botk  witb  le^d  to  ttus/WbilE^ 
and  to  my  pubUck  Employ«ient,  is  but  the  Native  Con- 
sequence of  that  Noble  Difpoiition  for  promoting  Learn- 
ing '  and  all  good  JBducation,  which  is  the  ^fcl^qiown 
Charader  oi  Aberdeen  :  fo,  I  believe,  I  £hould  rather  oi&nd 
than  pleale  by  attempting  any  Apdogy  Ibr  this,  Addrefs ; 
or  running  into  A^  Oimmoii  Way  of:  flattering  Dedica- 
tions. I  know  how  di&greeable  it  is  to  Generous  Minds, 
to  hear  their  own  juft  Praifb :  But  I  hope  ypu  wi|l  forgive 
me,  if  I  av(nd  the  Appearanoe  o£  IqgsatitucU^  i^y  making 
this  publidt  Ackmyvrkdgement  of  the  Kindheil  ^  Civi- 
lity with  whidi  You  have  ufedj  ,  ..:.:.. 


\\ 


Hx  ^  OfRi^  tsd 


Your  Lordfi^sk  &c.  Mofi 
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iMieiitBuMhk  Sirvaut^'  ^ 
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P  R  E  F  A  C  E. 

W  Y.THEN  a  Sa(b|^  htt  gone  tlHO'ib  mutf  Hatidr  tftAmhmetick  bas  done>  a  new 
,  mrmf  '  Book  cannot  want  many  Pr^fudiCM  agaiaft  k:  and  therefore  tQ  fend  it  into  the 
•  V  T  WbrU  witfaofit  dRnxie  introdKiAoiy  Account  of  ii^  »  no  better  tl^n  laying  ic 
fiown  at  landom ;  or,  more  moperiv,  ekponng  it.  Ti&  an  luireafonabte  Negle^  ot  fome- 
tiling,  tbat  equaBf  concerns  me  Autncnr  and  the  Woild :  for  if  an  Author  has  oideavour'd 
to  cSd  fomemiiig  more  ufejtil  and  complete  upon  any  Subjeft  dian  his  been  already  don^ 
end  dnnks  he  )m  in  feme  ms«Uufe  fitcceeded;-  as  the  taUkig  the  World  fo,  m^^  be  done 
vitfaout  any  Breach  oPMbdefty)  (b  it' appears  to  nie  equally  jtift  oad  nece(&ry  to  explain 
particuhily  wheidn:  the'Improvaxients  arid  AdvanogiDS  of  die  Woric;Uo>  thac  every  one^ 
mstf  Sbc  bow  hx  it  anftiNsr^  tfaeH-'  Purpoft,  and  deferves  dxeir  Encoarag^ment..'  It  muft 
Band  upon  itstbwn.BafiS)  no  dfMbt;  yet  nothing  fdens  mon^boneft  and  re^ooable  than' 
diis  kind  of  Invitation  to  took  into  it!.  It  may  be  obfeded,  I  know^  that  here  is  only 
die  Audioes  Word  for  tfait  Account^  which  is  a  partial  Tefttsiony :  But  if  it  be  conlv-^ 
det^d,  that  he  ventures  his  Credit  as  well  as  theSuccdg  of  hb  Work^  upon  a  ifair  Repr&- 
iencatxHi,  thir,  I  may  reafonably  bope^  wUl  indkie  dbe  more  Candid  and  -Charitable,  to 
believe.diat  it  is  fo.  And.upon  dus  Hop&  I  preTumeto  give  you  tbs fotlowiog  Accoui)t 
ofcWsWoxk. 

Arithmstick  era  Subjcft  (^  that  Extent,  that  in  fome  ReTpefts  it  can  never  be 
esbaufted  j  and  oftibat  Value,  as  to  ileferve  aD  the  Study  and  Pains  that  can  be  beftow'd 
upon  it.  It  is  certain,  there  is  no  End  in  the  Knowledge  of  Numbers ;  but  as  to  a  juft 
and  ratkmal  Syftem  of  the  Science,  one  ^vrould  tModc  tnat  canft  be  a  thjng  ftill  wmited, 
after  ib  mai^  Books  already  written  on  this  Siibjed:  Nevecdielefi,  in  my  Opinion,  we 
JUK  fiu*  from  hnyix  any  fiioh-tlun&  m  our  Lafignoeieat  leaft  ^  and  as  co  wha,c  may  be  in 
other  Languages,  1  can  onF^  iky.  That  I  have  dot^ftmnti  ic  ib  the  Booka  that  have  come 
ao  my  haxMs. 

But  that  I  may  eiprefi  my  Sentiments  upon  this  Matter  a  litdb  more  particularly,  as 
aeceffiffjr  to  introduce  an  Account  of  flie  praenr  Work,  I  ilkaH  &A  obferve^  That  Arith-- 
medck  is  to  be  confidei^d  m  two  Re4)e6ts,  iwb.  either  in  its  7^9f/,  whicb  contains  the 
Abftraft  and  Speculative  Knowledge  of  pure  Numlbcss^  or  in  its  Pr«^fr^>.  which  con- 
tains the  Apjdicatlon  of  that  Theoiy  CO  human  AiBSiirs.  TheHnory  is  Btfi:  in  order  of 
Science^  tM  Application  foppofing  tad  depending  upon  it:  So  that  there  €iA-J>e  ix>j^)pU* 
catbn  widiout  lome  previous  abi&aft  Knowledge  ctNuiAbers;  that  abftraft  Knowledge 
bdK  die  very  thing  to  be  apply^l.  But  the%  it  is  to  be  confidei^d,  daat  there  is  a  great 
DiiMmce  betwixt  underihtnatDg  the  Senfe  and  Meanine  of  any^  Propofidon,  or  of  any 
Rule  in  Aridimetick,  fo  as  to  be  aUe  to  <Uk>w  its  BireftkMis;  and  knowing  the  Reafbn 
and  Demonftration  of  the  Tmtb  of  that  Propofition  or-Rnfe;  Hence  it  is^  that  tbece 
are  two  vcfv  difierent  ways  of  iludying  and  knowinft:  Aridonettok.  The  Geoerality  who 
mfiife  Arimmetick,  andeveft  maxqr  wix^'Buime&^4«qaii«^  Knowledge  much  above 
oxe  more  csommon  Parts,  yec  uoderfuod  little  or  nothing  of  the  Rfiafoaoc  Demonftration 
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of  wliat  thev  do>  becaufe  they  ftudy  not  the  Th^iy  of  AritIlmetlck^  and  ask  no  more 
than  plain  Rules  for  the  Pradice,  fo  far  as  they  have  u(e  for  it.  But  others,  confidering 
Arithmetick  as  a  Science  founded  upon  Principles  and  Reafon^  require  a  Demonftration 
for  every  thing.  ,  ;. 

Anfwerable  to  thofe  two  difierent  Demands,  the  Books  of  Arithmetick  which  we  have,^ 
are  of  two  kinds  ^  the  FraSiseal  and  Thearical.  The  pra&ical  Books  are  moft  of  them 
imall  Treatifes  of  the  firft  and  more  fimplo  Elements  and  Applications,  of  Arithmetick : 
But  befides  that  they  go  a  very  IRort  way  into  the  Science,  mey  have'alfo  left  us(wi£out 
the  leaft  Reafcn  for  anv  thing  they  deliver,  more  than  what  is  in  fome  Cafes  ^e\iiient 
from  the  Nature  of  the  tiling :  faking  all  the  reft  for  granted,  or  leaving  the  Demonftra- 
tion to  the  Theorifts. 

The  Theorical  Writers  have  treated  Arithmetick  as  a  Science,  by  detnonftrating  what 
they  deliver :  Some  of  them  treat  the  Subjeft  altogether  abflvadly^e  without  anjr  pirtwular 
Application,  as  Farfims  in  his  Claw  AtlthmtticM:  others  with  the  Theory  join  W£  t^ 
Aoplication,  doii^  more  or  lefs  in  it  as  they  have  thoi^ht  fit,  as  Wari^  Taeaue^i  fnd 
others.  Of  this  Qafi,  again,  fome  b^in  in  the  natural  Order  with  the  fimple  Elements: 
Odiersomitthefe,  fuppomig  them  already  underftood,  andfiUl  in  at  once  into  a  moreadr 
vanc'd  Theory.  Such  Elements  of  Arithmetick  we  have  in  Ew&Ts  7^*,  S^Sand  j**  Books; 
and  this  Mediod  has  been  imitated  both  anciendy  and  of  late*  Tacquet  has  given  us 
thofe  three  Books  of  Euclid  for  the  Elements  of  Arithmetick;  placing  them  l^dbre  what 
he  calls  the  pradical  Arithmetick,  which  contains  the  cotnmon  Principles  aiid  Rule^ 
and  fome  things  relating  to  Progreflions^  with  the  Extra&ion  of  the  Square  and  Cube 
Roots;  all  very  neatly  explained  «id  demonftrated,  as  far  as  he  carries  rhe  matter,  [ex« 
cepting  one  fmall  Miftake  I  have  occafionally  taken  notice  of  in  the  foUowins  Work; 
and  his  Demonftrations  of  the  Square  and  Cube  Roots,  which  appear  to  me  £ficieot.] 
But  I  could  never  underftand  the  Keafon  of  this  Order;  he  could  not  certainly  mean 
that  thofe  Elements  of  Euclid  were  to  b^ftudied  before  the  more  fimple  Elements,  which 
n^thout  doubt  Euclid  fuppofed  as  necei&rily  previous  to,  his. 

But  of  all  the  Works  ot  this  Clafs,  I  have  found  none  which  I  can  reckon  a  riaih,  ra- 
tional and  compleat  Syftem  or  Inftitution  of  the  Science  of  Arithmetick ;  either  from  the 
want  of  leverat  things,  even  elementary  and  fundamental  in  the  Science, ,  (which  is  a 
common  Fault  with  them  all)  or  being  too  concife  and  fliort  in  other  things;  or  froqj 
fome  other  Difficulty  or  Faxilt  in  the  Nfethod ;  owing,  perhaps,  to  their  paracular  Viev/s 
and  Defigns;  but  which  aniwers  not  to  my  Idea  ot  the  thing  wanted.  How  unac- 
countable (for  Example)  is  k  in  Mathematical  Writers,  to  leave  feveral  things  lUide- 
monftrated,  to  fend  us  to  Euclid  for  others,  or^ve  us  but  very  general  and  impcrteaMnts 
of  a  Demonftration  ?  But  I  have  done;  for  to  be  more  particular,  would  hot  on^  b6 
ufeleis,  but  perhaps  be  mifconftrued  to  a  worfe  Senfe.  ^ 

From  this  general  Accounts  of  Arithmetick,  and  the  different  Ways  of  treating  k^  this 
Thine  wanted  will  eafily  appear  to  be  this,  ^iz,  A  Treatife,  wherein, the  Sdiencc  is  de- 
duced from- its  iirft  Prmmues;  and  cattiad  <mi  with  dear  and  accurate  Demonftration 
thro'  all  the  fundamental  Branches  of  iu  Th^ry<apd.  Priaice,  with  the  more  conCdef- 
able  Impfovt^ments  hidieito  tnadein  the  Science  3.  all  difopied  according  to  the  moft  eafy 
and  hatund  Connedhoti  and  Dependence  of  theieveral  ram;  hereby  uniting  the  Whole 
Into  one  regular  attd  complete  Syftem.  ^gain,  infuchaSyftem  Numbers  muft  not  Only 
t)e  confiderxl  abftradly,  or  purely  as  Numbere,  but  we  muft  atfo  cor^Gder  their , Applica- 
tion to  particular  Subjedte,  that  we  may  have  a  compleat  Courfe  of  what  we  call  the 
-praiHcal  Arithmetick;  wiiiich,  befides  th^jmore  ifimple  Elements. of  Praftice,  or  funda- 
mental Rules  of  Operadbfi  widbipure  and  abftraft  Numbers:^  expliains.  th^  Application  df 
thofe  Rules  to  themok  coauaQQo-aodiOrda^aky.iSubjcds  of  hutnaQ  Afiai($.  ,r     -',..-[] 
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Sk2cba  cpmpli^  and  vadooad  S^ftem  of  Aritluiietick>  accommodated  to  the  Purpofes 
bodi  of  the  pimdical  and  fpeculadve  Pebple,- 1  have  endeavpuf'd  to  give  in  the  foQowing 
Work;  of  ue  Contents  apd Order  of  wnich^  I  (hall  give.you  a  more  particular  Account 
immediately :  But  before  this,  it  will  be  proper  to  make  the  follo^ving  general  Refledioa 
upon  the  Syftem  of  Aridmieticlc,  both  as  to  its  Theory  and  Pradice;  which  is  this: 

Arithmbtick  taken  abftraifUy>  or  in  its  Theory^  being  the  ftrft  great  Branch  of  the 
Matbemadcks,  its  Application  is  to  be  fixind  not  odj  in  tne  conmion  Affairs  of  Life  aad 
Sodei^>  butinaUtheodences  that  are  call'd  Mathenutical,  (which  have  all  their  different 
Ufes  m  Society.)  But  then  obfervcf,  that  it  is  not  to  be  expe&ed  that  aCourfe  of  Arith- 
metick  (honld  ejcplain  fuch  Ajpplications  as  require  the  Knowledge  of  other  Sciences ;  for 
dien  we  fhould  be  obliged  to  briim  into  it  all  the  Mathematical  Sciences^  iince  tounderftand 
its  Amiication  to  theSubjeds  ot  thefe  Sciences,  does  neceflarily  reouire  our  underftanding 
thelrincipies  of  them.  For  Example;,  if  'tis  propofed  to  find  whatl^art  or  Parts  any  lefler 
Sphere  is  of  another,  the  Lengths  of  their  Diameters  being  known?  This  is  a  Queftion 
fiuvabk  by  Aritbmetick^  yet  the  Reaibn  of  the  Rule  goes  farther  than  Arithmetick,  for 
it  depends  upon  Geomeoy,  vm.  upon  that  Geometriod  Truth,  that  Spheres  are  to  one 
anouer  in  Proportion  aa  the  Cubes  of  their  Diameters^  and  fo  bek>ngs  to  Arithmetick 
onlv  as  this  is  applicaUe  in  Geometry,  and  iiq)poies  the  Knowleidge  of  this  Science. 

From  dus  it  is  evident,  that  the  Applications  proper  to  be  ex^ained  in  a  Syftem  of 
Arithmetick,  are  only  fuch  as  relate  to  the  more  ordinary  Affidrs  of  Life,  whicn  reouire 
die  previous  Knowledep  of  no  other  particular  Science,  and  depend  immediately  ana  di- 
tcBai  upon  the  Confiaeradon  of  the  Numbers  of  diii^  and  iome  other  common  Qr- 
cumftances.  Such  are  HI  the  fimnle  Applications  of  the  common  fundunental  Opera- 
tjoos  dF  Arithmetick,  either  in  Whole  Numbers  or  in  Fra&ions  ^  and  the  Applications 
of  ^  general  Rules  of  Proportion  in  the  common  Subjefts  of  Trade  and  Commerce: 
]For  in  all  this  there  is  no  more  requlr'd,  but  a  careful  Attention  to  ^e  Senfe  of  the 
Queftion,  and  the  true  Effed  of  the  Rules  of  Arithmetick. 

Apiin  it  is  to  be  obierv'd,  Thatas  the  llieory  of  Arithmetick  is  an  abftrad  Science 
independent  of  all  thoie  Subje&s  to  which  it  maybe  apply'd,  it  is  therefore  neceflary  that 
we  have  a  complete  Syftem  of  the  Theory  of  Numbers,  confider'd  purely  and  abftradly 
by  themfdves;  this  beui^prefuppofed  in  the  Solution  of  all  Queftions  in  other  Sciences, 
'wiudi  have  any  De^mlence  upon  Numbers.  The  next  thing  I  ob&rve  here,  is.  That 
tbo'  there  be  many  xrudis  difcovered  in  the  Theory  of  Arithmetick,  of  which  there  has 
heen  no  Uie  or  AppUcation  yet  found,  this  is  no  reaioA  why  thoie  things  fhould 
be  ne^eded  or  kept  out  of  the  Syftem^  they  are  ftill  a  Part  of  me  Science,  which  we 
ou^t  to  enlai]ge  more  and  more,  as  far  as  we  can :  One  Age  may  find  the  Ufe  of  the 
Tlieory  which  a  former  has  invented^  as  undoubtedly  has  been  the  Cafe,  with  refped  to 
inoft  part  of  the  Theory  boch  of  Arithmetick  and  Geometnr.  I  ihall  but  add  this  one 
thing  mer^  via;.  CThat  tho'  many  thii^  in  the  Science  of  Numbers  were  fuppos'd  to  be 
of  DO  particular  Ufe  in  human  A&irs,  yet  as  the  Mind  of  Man  is  made  for  Knowledge 
and  Contonplation,  and  the  Pleafure  arilmg  from  the  Perception  of  Beauty  and  Order  m, 
odier  things,  is  allowed  to  be  worthy  of  rational  Namresj  the  Contemplation  of  the  fur- 
prizing  Connexions,  the  beautiful  Order  and  Harmony  of  Relations  and  Dependenciies 
found  among  Numbers,  is  not  lefi  reafbnable :  And  if^  to  this  be  joia'd  the  vaft  Exreqt 
of  the  Ufe  ^  Application  of  Arithmetick,  the  Reafonablenefs  and  Necei&ty  of  explain- 
ing the  Theory  ot  Numbers  fo  largely  as  I  have  done,  will  QEtfily  be  alloWd 

I  ihould  now  come  to  the  Contents  of  the  following  Work,  but  as  fome  particular 
Grcumftances  oblige  me  to  take  rx>tice  of  two  late  and  well-known  Audioes,  Mr.  lUlt 
and  Mr.  Hat  tony  I  {hall  firft  difouis  what  I  think  necefTary  to  &y  as  to  their  Works. 

Mr.  Hi/fs  Book,  which  he  calls  Arithmetick  in  Theory  and  PraSicey  is  remarkable 
chiefly  for  the  very  uncommon  Recommendation  it  carries  with  it  from  a  very  con- 
fiderable  Mafter.    Weare  tokl  by  Mt.Dittoth  That  ta£»  this  Author  purely  as  an  Arith^ 

metician». 


mecician,  he  has  not  oAj  done  more  tod  niuch  better  dutti  Whg£tel  Cutifi  Xjiykfh^ 
or  any  oiiier  oP^  the  Writers  in  our  Tongue^  but  indeed  all  that  can  be  done  by  Aririb* 
mctick  ,•  and  therefore  (iays  he)  if  no  oihcr  Book  on  thb  Stibjeft  cotnes  out  tiB  this 
Performance  is  really  mended^  I'm  fadsfy'd  we  ihall  have  no  new  Bode  of  Aridimetick 
very  foon. 

Now  here  was  fuch  a  Defiance,  and  from  iiich  a  Hand,  that  they  w^cre  bold  cnoi^ 
who  ventuf  d  firft  to  write  after  it,  and  even  without  the  leaft  Apdogy,  or  Notice  tidcen 
of  this  ChallengCj  as  fcveral  have  done:  Whatever  Reaftm  othejjs  thought  they  had  for 
ftich  a  ConduCT,  I  thought  it  neceflary  for  my  own  Vindication  to  tnate  ttw  fisfflpwing 
Kcmarks  on  this  Book  and  its  Recommcndatioij.  • 

•  That  Mr,  Hill  has  fevcral  things  that  are  not  common,  I  do  acknowledge ;  but  for  hb 
having  done  much  better  than  alldxat  went  before  him,  'tis  not myBufiodS  to  determine^ 
what  rm  conccrn'd  in  chiefly,  is  the  Ailertion  of  his  having  done  all  that  can  be  done 
by  Arithmetick,'  a  thing  I  was  much  &tprh!d  to  hear  from  fi>  good  a  Judgs  a9  Mr.  Dittany 
and  becaufe  if  this  be  true;,  then  what  i  ofler  to  the  World  muft  be  eidier  impertinent 
or  fuperfluous ;  it  can't  be  thought  out  of  my  Road  if  1  enquire  a  little  into  the  Truth  of 
diis  Affertion.  By  the  mention  Mr.  Dftton  makes  of  Alg^bra^  it  appears  to  me,  diat  he 
would  have  nothing  admitted  into  Arithmetick  that  is  any  way  owing  to  Algehra,  Now, 
fiippofing  this  were  reafbnable,  yet  the  Book  in  queftion  will  llill  be  found  both  very  d^ 
fcdive  in  what  it  ought  to  contain  to  aniwer  fo  great  a.Charafter,  and  alfi>  to  btveman/ 
things  that  belong  nbt  to  a  pure  Treatifc  of  Arithmetick.  In  the  firft  place,  with  what 
Truth  and  Juftice  pan  it  foe  faid.  That  a  Book  contains  all  thut  bdongs  to  Ari^nedcki 
and  that  one  tfteds  Icam  no  mor^  (as  he  alio  fays)  which,  (befides  that  dbere  js  no  De^ 
monftration,  and  coniequendy  no  Science)  wants  many  tMngs  that  are  fundamental  and 
neceflary,  and  yet  do  not  abfolutdy  depend  jlpon  Aigehai{tb6'  theytngr  bemadeeafief 
in  many  thinra  by  its  help)  pardctnarlv  jn  theDoftrineof Proitortiont  for  dirfwchave 
here  feveral  Ptopofitions  relating  to  mis  SubjeA,  yet  we  are  very  far  from  having  an^ 
thing  like  a  juft  and  orderly  Treatife  of  Propordon :  Nor  (to  mention  no  more  of  iti 
Defers)  have  we  any  of  the  left  of  the  fundamental  and  curious  Theory  of  Numbert^ 
contain'd  in  BncU^s  f^\  8**,  and  9^  Books.  Again,  if  we  muft  exclude  what  is  any 
way  owing  to  Altebroy  then  moft  of  what  is  uncommon  in  Mr.  ESBy  as  upon  Pr^effiomf^ 
tntereft^  Logaritimsy  Comkmatmsy  and  ExtraShm  of  B^otfy  do  not  belong  to  /wxbr 
metick:  And  if  thrfe  belong  to  Arithmeticky  notwitmbnding  their  Dependence  upon 
Algehray  dien  fo  muft  a  great  many  other  things  not  to  be  found  in  Mr.  HiWs  Book. 
But  I  have  faid  enough,  and  ihall  leave  you  to  judge  by  the  foUowing  Work,  whether 
that  Book  contains  aU  mat  can  be  done  by  Arithmeticky  and  confeouetitly  what  to  diinfc 
of  this  extraordinary  Recommendadon,  which  indeed  is  more  tfiulty  tbm  the  Book 
itfelf.  » • 

Mr.  Hattan^s  Book,  which  I  have  here  in  my  view>  Is  his  IntireSyJhm  rfArhbmetick: 
If  this  Book  had  anfwer*d  the  promifiiffi  Title,  my  Labour  had  been  prevented^  but  1 
could  not  help  judging  otherwife  of  a  Book  that  not  only  leaves  us  wimoot  Demonftra- 
tion  in  moft  things,  andfbmetimes  gives  us  a  mere  Proof  of  a  partknilar  Elamplc,  ihfh»d 
of  a  genml  Demonftration  i  but  which,  in  a  word,  comes  very  ftr  fhort  both  of  the 
Ojntents  and  Order  due  to  an  tfftrrif  Sjfiim,  As  Fm  no  further  concerned  in  the  Oiti- 
cifm  of  another  Man's  Work,  than  it  is  necef&ry  to  vindkate  my  own,  I  fliajl  be  con- 
tent with  this  general  Refleftion  upon  this  Worfe,  and  leave  it  to  an  impartial  €3ompa- 
lifon  to  julHfy  what  I  havx  ^lUedg'd,  and  determine  whether  diere  was  not  yet  wantmg 
a  more  Intire  Sypem.  There  is  one  thing  more  I  muft  fay  here,  ^ui%.  That  as  I  think  it 
is  every  one's  bufinefs  who  writes  upon  any  Subjed,  to  difcover  thp  Errora  (d^)eciaUy 
if  they  are  of  any  confcquence)  coftimitted  by  others,  fo  I  hope  there  will  be  no  Mit 
conftruftion  made  of  niy  Defign,  in  expofing  fbme  Errors  I  have  found  ii\  diis  or  in  any 
other  Author:  I:  is  the  Treatment  I  cxpe^  my  fclf,  and  (hall  j;^ciyc  witjiout  con(^ 

plaining* 
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plainiog'**.  But  Fm  obligfd  for  die  &ke  of  the  Publick,  to  obfenre  faere>  that  as  Mr. 
Hsttom  has  found  fault  with  Dr.  Harrises  Rule  for  the  difcompdng  of  Single  Tntmfi^  for 
Money  paid  before  k  is  due^  (o  he  ought  in  juftice  to  have  told  the  World,  That  the 
Tables  of  Difcompt  in  his  own  ImJex  to  Interejt^  printed  Aiat9  1711,  are  calculated  by 
the  (ame  faUe  Rufe,  diat  no  bodv  may  be  longer  impos'd  upon  by  them.  And  that  you 
may  not  think  the  QMi&quence  inconiiderable>  take  this  £xample :  The  Difcompt  of 
1000/.  paid  00  Days  before  due,  is  by  his  Tables  /.  i3.9$7i,  the  Difcompt  being  at 
6ferCemt.  wnereas,  according  to  die  True  Rule,  the  Difcompt  oug^t  to  be  /.  14.57882 

I  proceed  now  to  a  more  particular  Account  of  the  following  Work,  which  is  di^ 
vlded  into  fix  Books. 

BOOK    I. 

In  this  Book  I  have  laieehr  explatn'd  and  demonftrated  the  firft  (unpfe  Princi{to  aiid 
fundamental  Operations  ot  Arithmetick  ia  Integers  or  Jf^le  Ntrntert:  In  which,  after 
the  Principles  and  Rules  for  d)e  Management  of  pure  and  abftrad  Numbers,  I  have  fe- 
para^y  «cplainVi  the  Ufb  «id  Application  of  theje  Rules  to  particular  $ubj^£ls,  fuch  as 
occur  m  human  Afiairs. 

^  B  O  O  K    II. 


Here  you  have  ftdfy  handled  the  Doftrine  ofWeaStkm^  where  I  ham  firft  end 
(in  a  way  1  think  very  etlf  and  demonftratlve)  the  general  Nature  and  Theory  cfFno* 
lions,  as  a  neceflkry  Foundation  for  underffamdii^  rae  Reaibn  of  the  PradHce  >  which  I 
have  next  fully  ^pfainM  both  in  Vt/lgMf  and  Decimal  Fr^&ians,  as  they  are  diilii^uifh'd. 
Onlywhat  we  cmlnfimte  or  emulating  Decimals^  are  refierr'd  to  B^sir  5.  for  the  fake  of 
the  Demonftration. 

Ohferve^  As  thefe  two  Books  contain  the  firfl  and  fundamental  Principles  and  Rules  of 
Arithmetick,'  •and  as  the  right  underfbandingef  the  Foundations  of  any  Science  is  of  great 
Importance,  I  have  tiierefore  enlareVi  and  improved  every  Part  almoft  widi  (iich  parti* 
calar  Explications  and  Rules,  as  wfll,  I  hope,  be  of  great  ufe  for  attaining  to  a  juft  and 
perfed  Idea  of  this  Science  in  its  Fimdamentals,  afid  a  mcHie  mafterly  Praoice. 

BOOK  in. 

Contains  the  Dodrine  of  the  Tonjors  and  'Roots  of  Numbers ;  wherein  I  have  firft  par^ 
ticularly  explained,  the  Nature  and  Theory  of  tbofe  Numbers  call'd  Povjers  and  Roots.  After 
this  you  have  the  Rules  for  raifing  or  nirming  Fo^ers^  ^xd^ExttaSing  Boots  in  Integers 
and  Fraftions,  where  I  have  explain'd  Sir  Ifaac  Ne*wtoifs  famous  Rule  call'd  the  Bim- 
mal  Theorem^  and  fome  other  curious  thm^  relating  to  the  BxtraSion  of  Hoots,  You 
have  here  alfo  what  is  called  the  Arithmetick  of  Suras^  which  contains  a  more  particuhr 
Application  of  tije  preceding  Theory  to  Roots^  efoecially  thofe  called  Surds.  Laftly,  you 
have  all  the  Propohtion^of  the  a*  Book  of  Euclid^  which  are  applicable  to  Numbers^  with 
fome  others  of  me  feme  kind. 

Ohjerve^  As  to  die  Contents  of  this  Bdok,  thsft  excepting  the  common  Rules  for  ex- 
traAing  the  Square  and  Cube  Roots,  afl  the  reft  of  this  curious  Branch  of  Arithmetick  is 
to  be  found  only  in  our  Books  o(*Afgebra :  be^aufe  the  Ufe  of  it  is  above  the  common 
Affain  of  Life,  and  occurs  chiefly  in  the  higher  Applications  of  the  Algebraick  Art;  and 
alfo  bccaufe  the  Demonftration  of  it  can  hardly  be  made  Without  the  help  of  Algebra. 
But  as  it  is  direftJv  and  immediatdy  a  Part  of  tne  Theory  of  Numbers;  which  does  in- 
icd  no  otherwile  bdong  to  a  Treatile  of  Algebra,  than  any  othefr  tiling  in  Arithmetick, 

*  '  .     J       1  ,       ■  . 
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which  may  be  demonftrated  by  the  hdp  of  the  Afgebrakk  Method.  -  Alfo,  fincc  I  have- 
taken  diat  Method  of  Demonftration  (of  which  I  fliall  give  vou  a  particular  Account  af- 
terwards) I  have  therefore  given  it  its  due  place  in  the  Syftem  ofArifhmesick.  I  muft 
alfo  obferve,  that  tho'  the  Writers  of  Algebra  have  taken  this  Part  of  the  Theory  of 
Arithmetkk  into  then:  Province,  yet  it  is  not,  in  our  Langua^,  treated  fo  fully  and  par- 
ticularly as  it  ought  to  be;  many  things  being  left  without  Demonftration  that  to  me 
£eem  far  from  being  felf-evident. 

For  the  Extradion  of  Boots^  efoecially  thofe  above  the  ^^itr^  andCi^^^,  there  are  eafier 
Methods,  owing  alfo  to  the  Algehrakk  Art ;  but  as  they  exceed  the  Limits  prefcrib'd  to 
this  Syfiem^  they  muft  therefore  be  fought  elfewhere. 

B  O  O  K    IV. 

Contains  the  ThBrtnecfTrofcrtim  in  all  its  Branches,*  asdiftinguifhed  into  Arkhfaetual, 
Geometrical  and  Harmonical,  In  each  of  which,  as  I  have  endeavoured  to  make  the  fun- 
damental things  clear  and  jdain,  fo  I  have  omitted  nothing  worth  knowing,  in  this  great 
and  ufeful  part  of  Arithmetick,  that  I  could  anywhere  fiiid,  or  that  my  own  Smdy  could 
fumiih :  Whereby,  as  you  have  all  diat  our  common  Books  contain,  fo  you  have  many 
other  things  to  oe  found  only  in  fuch  Authors  as  are  not  i^ every  body's  hands;  and 
many  thin^  intirely  new,  for  what  I  know.  And,  in  both  fflofe  laft  two  kinds,  befides 
what  is  mnc'd  here  and  di6re,  there  are  fome  more  confiderable  Additions;  particuUriy 
upon  Arithmetical Frifgreffioffs^  in  Chap.  2,,  §.a.  All  that  is  from  Schal.2.  (after  Prai/.  2.) 
is  intirely  new.  The  Chapters  5,  and  6.  with  the  Appendix  to  this  Book,  contain  things 
uncommon,  and  for  the  moft  part  altogether  new;  (fee  Contents  more  particularly.)  §> 
that  I  dare  prefume  to  fay,  you  have  here  a  more  compleat  Syftem  of  the  Dodrine  of 
Proportions  than  can  be  fouiid  elfe  where,  in  our  Language  at  leaft. 

As  to  the  Subjeft  of  Chap,  6.  which  is  Harmonical  Troportion^  I  have  this  Obfervation 
to  mafee^  That  as  MuQck  in  its  firft  Principles  depends  altc^ether  upon  Numbers,  fo  the 
Knowledge  of  the  Application  of  Numbers  to  Mufick,  which  I  may  call  the  Arithmetic 
oal  Thedty  of  ir,  is  fo  very  ufeful  and  entertaining,  that  'tis  pitv  it  were  fo  litde  under- 
ftood,  as  t  doubt  it  is,  both  by  the  Praftifers  and  Lovers  of  Mufick.  What  was  proper 
or  ncceflary  to  be  done  in  this  Work,  concerning  that  Application,  I  have  done  it ;  and 
if  any  one  wants  a  particular  Treatife  upon  this  Subieo:,  they  will  find  it  in  a  Book 
call'd,  A  Treatife  of  Mvpckj  Speculative^  FraBical^  and  Hijioricaly  which  is  to  be  found 
with  the  BookfoleHs  to  whom  the  prefent  Work  belongs. 

B  O  O  K     V. 

•  •  • 

This  Book  is  a  Mifoellanv  of  various  thin^,  which  are  not  comprehended  under  one 
common  Name;  and  confifts  of  VI.  Parts,  m  as  many  different  Chapters;  who&  Con- 
tents are  as  follow. 

I.  The  Dodrine  of  Prime  and  Compofite  Numbers;  a  fundamental  and  curious  Branch 
of  the  Theory  of  Arithmetick. 

This  is  a  great  Part  of  the  Doftrine  of  Euclid's  7***,  8*S  and  9*^  Books  of  Elements ; 
which  contain,  befides,  many  things  relatii^  to  the  Dodrine  of  Proportion ;  but  thofe  I 
have  put  in  their  due  Place  with  the  reft  of  that  Dodiine,  which  is  not  fo  complete  in 
Euclid  as  it  has  been  made  fince :  but  as  my  Method  of  Demonftration  is  generally 
different  from  hi^  (tfao'  in  fome  thit^  there  can't  be  a  better  than  his,  aiid  perhaps  no 
ott^; )  fo  I  have  not  only  delivered  mis  Theoiy  in  a  differexjit,  and,  as  I  thipk,  a  more 
naturd  Order ;  but  by  means  of  iJ^e  Algthrmc  Method,  I  have  gain'd  thefe  Adyaaca^es^ 
viz.  That  feveral  thins^  are  made  Corollaries  to  others,  which  have  a  fufticiendy  tedious 
Deridonftrttipn  in  fiwid.  *  Agflin»  fevmd.Pxopo&iops  arc.  made  ^veiia),  which  are  li- 
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snited  in  ^utJU  tot  ftw  particular  Cafes :  And  in  others^  which  can  be  pn)v'd  only  by 
an  Indudioo  of  Particulars,  I  have  made  the  Univerialicy  of  the  Induction  more  dear 
aad  evident^  by  another  Method  of  Reaibnii^. 

There  are  here  alfo  many  things  which  are  not  in  Euclid  ^  Part  of  which  I  met  with 
in  fome  rare  Books>  and  omers  occurr'd  to  my  ownSmdy  andObfervation;  particularly 
tbe  ^^  Se&ion  is  intirely  new.  I  fhali  mention  but  one  thing  more,  that  is,  a  Neiu  and 
very  Eafy  Way  of  finding  all  the  Frme  and  Cvmpofite  Numbers  within  any  given  Limit : 
of  wtiich  I  have  given  an  Example^  extended  only  to  950.  The  Form  of  the  Table  in 
which  they  are  coUeded,  is  much  the  ftme  with  that  in  Dr.  TelPs  Edition  oif  Braaeker's 
^/getra ;  tbo'  the  Rule  by  ^i!^ch  I  have  compofed  it  be  vaftly  more  eafy  than  what^a 
given  there. 

2.  The  curious  Theory  of  P^uratt  Numkers ;  a  thing  bat  juft  touch'd  upon  in  any 
Etq^HJb  Book,  of  my  Acquaintance.  I  have  met  with  more  of  it  in  fome  others,  but 
either  witbout  Demonftratioo,  or  fo  much  out  of  my  Method,  that  I  could  make  no  ufe 
of  it.  And  bere  the  Advantage  of  the  Algthakk  Method  was  manifeft,  by  which,  feveral 
of  tfaofe  things  are  very  fimpty  and  eaiily  demonftrated,  that  otherwife  have  a  veiy  dif- 
ficult and  teaious  Demonftration :  and  without  which  od)er  things  could  not,  I  dbubt, 
be  demonftrated  at  all.  To  die  fame  means  alfo  I  owe  feveral  things  here,  dut  I  found 
in  none" of  my  Authors;  whereby  I  have  carried  this  Part  further,  and,  by  putting  die 
whok  together  in  a  juft  Order,  have  given  it  a  more  perfed:  Form  than  I  have  any  where 
found  it  in. 

Here  you  have  a  new  Camn  for  the  Coefficients  of  the  Powers  of  a  Binomisl  Root  > 
and  feveral  curious  Propofitions,  relating  particularly  to  Square  Numbers :  Widi  Rules 
for  fiimminft  the  Series  of  the  Squares  and  Cubes  of  the  natural  Prt^effion  of  Numbers 
X.  2.  3.  4.  B*tf.  without  adually  raifing  thde  Powers  and  adding  them  together;  and  a 
Method  of  raifing  Canons  for  fumming  any  of  the  higher  Powers. 

As  to  the  Ufe  of  this  Part,  whatever  elfe  it  may  be  (which  in  Mathematical  A&ira  is 
confiderable)  you  have  thro'  the  whole,  remarkable  Examples  of  what  I  formerly  men- 
tion'd,  viz.  Of  beautiful  and  fiirprixing  Order  and  Connexion  among  Numbers. 

3.  Ofhrfnite  Series  of  Numbers  j  particularly  of  decreafing  Geometrical  ProgreJJumSy 
(fome  ufeful  Applications  of  which  you  have  in  the  next  Chapter)  and  of  diofe  Encrea-- 
fing  Series,  which  are  the  chief  and  fundamental  tbines  of  what  the  Mathematicians  call 
the  Aritbmetsck  of  Infinites  j  of  which  they  have  made  a  noble  Ufe  in  Geometry  ;  baviag 
hereby  particdarly  found  many  ufefiil  pradacal  Rules,  for  die  Maifuration  ot  Solids  $m 
gauging  of  Vefiels.  What  I  have  done  here  belongs  properly  to  Arithmetick.  The  Ap- 
plication of  it  to  Geometry  you'll  find  in  Sturm/s  Mathefs  Enucleata^  or  Ward*s  Intro- 
duBion,  But  the  whole  Dodrine  and  Application  at  large,  is  to  be  fought  from  the  ce* 
kbracrd  Author  of  it,  Dr.  JVallis. 

4.  The  Theory  and  PratSice  of  Infinite  or  Circulating  Decimals  (referred  to  this  Place 
for  the  fake  of  theDemonftration)  which,  with  what  is  already  done  in  Book  2^^  Cbap,2,\ 
makes  a  compleat  Syflem  of  Decimals. 

Dr.  Jf^/&r  is  probably  thefirft,  as  he  has  himfelf  obferv'd,  who  hasdiftinftlyconfider'd 
this  curious  Subjed  of  Circulatu^  Decimals.  He  has  given  us  the  fundamental  Theory 
of  it,  but  without  Demonftration  j  nor  has  he  meddled  with  the  pradical  Part,  or  Way 
of  mana^pbg  Infinite  Decimals  in  Arithmetical  Operations.  Mr.  Brown^  in  his  Decimal 
Arithmetick,  has  handled  but  one  Cngle  Cafe  of  the  Pradlice,  and  that  not  completely 
neither.  Mr.  Cunn  (who  is  the  laft  Author  I  know  upon  this  Subjed)  in  his  Treatife  of 
Fra^ionsy  has  in  his  way  given  us  all  thatDr.JP^///f  fays  upon  the  Theory,  yet  without 
any  Demonftration,  and  a  few  other  obvious  things,  tending  more  immediately  to  the  - 
Pradical  Partj  which  he  has  handled  at  full  lemth,  giving  us  Rules  fiar  all  Operations 
and  all  Cafes :  But  as  he  demonflrat^  none  of  mofe  Rules,  (which  periiaps  he  referv'd 
for  another  Work)  he  has  alfo .  chofen  to  exprefs  them  in  jfuch  a  manner^  as  to  fet  the 
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Reafon  as  far  out  of  view  as  poffibk^  which  has  this  £tf«£t>  that  ill  the  Ruloi  of  Mitld* 
plicatioii  and  Diviiion  (which  are  the  more  complex  and  difficult  Farts)  his  Dire^ioM 
are  not  io  eafily  fbllow'd  y  and  are  befides  much  harder  for  the  Memory  than  the  M^hod 
I  have  chofen,  which  depends  all  Upon  the  eaiy  and  natural  Explication  dF  one  fingle 
Propofidon^  ifie.  The  findiitt  the  finite  Value  of  (or  Vulgar  Fiadion  equal  to)  any 
circulating  Decimal :  for  tfao  the  Demonftratiofis  are  omitted^  the  Rule  ought  to  be  as 
fimple  and  eafv  as  poffible.  But  I  muft  obferve  this  further  EfieA  of  Mr.CaMi'sWay 
of  <ldivenng  tnefe  KuleS)  That  by  tfaem&lves  one  could  never,  or  very  hat-dly,  be  led 
jnCD  the  R^ifon  of  them,  nor  confbouently  into  the  way  I  have  chofen,-  fb  tnat  it  wiU 
be  the  more  eafily  believ'd  that  the  Rules  I  have  given^  are  the  Edfed  of  S^)6cuiation8 
made  upon  this  Subjed^  before  I  law  this  Book ;  miich  I  mention  for  this  Reafon  only, 
that  I  may  not  be  thought  ungrateful  to  one  whom  I  acknowled^  tiie  firft  Audiorupon 
this.Pnjftice,  fiom  whom  therefore  I  might  odienvife  be  fuppofoi  to  have  bont>wedor 
deduced  all  that  I  &y  ,*  and  yet  I  do  acknowledge  I  owe  him  one  or  two  ufefiil  Hints* 
I  have  only  one  thing  more  to  add,  tAz,^  That  his  Rule  for  the  Addition  of  Circulates 
having  coinpound  'Repeunds  is  infufBcient  for  a  general  Rule;  it  wiU  bring  out  the  true 
Anfwer  in  &mt  Ca&s,  but  is  not  univerlatty  good  for  all  Cafes:  the  cotnpaili^  it  with 
die  Role  I  have  here  demonftrated  will  inew  the  Difference,  and  the  Truth  of  what 
I  fay. 

5.  The  l^aritbmck  Aritbmetick ;  wherein  the  Nature)^  Conffandtion,  and  Ufe  of 
thofe  admirable  Numbers  call'd  LoGARiTHMsare  explain'd  and  demonftmed. 

The  Manner  of  conftniding  or  making  Logarithms,  which  I  have  explained  here,  is 
that  of  the  Noble  Inventor,  the  Lord  Neptr^  becaufe  it»  D^monftration  is  more  fimple 
and  eafy)  tho'  the  work  itfelf  vaftly  more  tedious  d)an  other  Methods  which  have  be»i 
difcover^d  fmce,  by  means  of  a  deeper  Application  of  the  Algehrakk  Art  than  my  lithits 
allowed  me  to  ufe  here.  My  Purpafe  is  toWever  fufficiently  aniwer^l  j  for  as  every  one 
who  would  underibnd  the  Reafon  and  Ufe  of  Logmrithms^  is  not  under  any  necdhty  of 
cohflrufting  them,  that  being  often  done  already  f  fi>  I  defign'd  chiefly  what  I  think  is  mo(£ 
generally  demanded,  that  is,  (i.)  To  demonftrate  theOrigw  andNirrtrrf  of  thofe  Num- 
bers, or  ihew  that  there  ire  really  fiich  Numbers  to  be  found,  as  we  define  TjogaHthms ; 
which  could  not  be  better  or  more  naturdly  done  tfian  by  the  Method  of  the  Inventor. 
And  then,  (2.)  to-««>lain  and  demonfltate  their  Ufe  ania  Application,-  which  is  the 
fame,  whatever  way  they  are  calculated  or  conftrufted. 

I  (hall  fay  but  this  one  thing  rtiore,  vi%.  That  as  thofe  other  Methods  of  CoaflTU(9ion 
are  chiefly  owing;  to  Sir  Ifasc  Ne^ta^s  Binomial  Theorem'^  fb  far  as  I  have  esndained 
dut  Theorem^  (wiich  is  only  fb  far  as  relates  tofimpk  or  froper  Powers,  i.  e.  having  In- 
tmal  Indexes)  I  have  fb  far  aUb  made  their  vr^  eafy,who  would  fhidy  thofe  odier  Rules 
oTConflnKaion  wherein  that  Theorem  i  is  alfo  appl/d  to  Rootf-y  which  Rules  tbsy  wiB 
find  no  where  more  eafily  and  fully  explain'd  than  in  Rana/ne's  Algebra. 

6.  Of  dbe  Cvmbinathm  of  Numbei^  a  Part  of  Arithmetick  'maiA  has  been  but  very 
litdeand  generallv  handled  by  Oitr  Englifb  Writers^  and  as  litde  by  o^ers  that  have  fkllen 
in  my  way.  We  have  mdeed  mofl  of  the  fundamental  Propofidons  ^  tt>  in  HilPi 
Arithmetick,  yet  far  fhort  of  the  Length  I  have  carried  it  to  here.  As  die  thirg  is  in 
itielf  curious,  and  not  without  coifiderabloUfe^  efpedally  in  die  Calculations  of  Chances, 
I  have  explain^  it  tl^  more  particularly.  Here  alK>  you  have  anodiet  Demoofbatknk  t>f 
the  Binomial  Theorem  for  Coeffidentt. 

BOOK    VI. 

Contains  die  Applicadon  of  die  Diidrine  of  Troportion  to  the  Common  SubjeAs  of 
Human  Afiairs:  Wherein  I  have  ^e  duo'  a  large  and  complete  Gourfe  of  an  the 
Common  Rules  and  Branches  of  tms  Apf^cadon.  I  havt^  laboui'd  to  make  the  Rules 
^  plain  and  intelligible  as  poffible;  and  at  (he  fiime  time  exprefs  them  fo,  as  the  vaft 
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Extent  of  tbeir  Ufe  m&y  eafily  appear ;  and  young  People  may  not  be  fo  limited'  in  their 
Notions  of  thofe  thin^  as  not  to  be  able  to  go  further  than  the  few  Examples  to  which 
they  have  found  tfaem  apply^d  in  Books^^  or  by  their  Teachers;  or  fuch  Examples  as  are 
fhioiy  of  the  £une  kind,  and  propofed  in  the  fame  manner  with  thefe :  as  I  have  often 
found  CO  be  the  Cafe  in  die  Coijrre  of  my  Bufmefe  and  Experience  in  thofe  Mattery. 
The  bcft  Remedy  of  which,  is  to  underftand  the  Realbn  and  Demonftration  of  eveiy 
Rule,  and  fee  the  Applications  of  it  in  a  great  Variety  of  Subjeds  and  Circumftances. 
Therefore  I  have  (hewn  the  Reafons  of  all  the  Rules  by  riieir  Dependence  upon  the 
weceding  Theory.  But  left  any  thro'  negled,  or  fome  other  fault,  fhould  not  under* 
fbad  that  Theory,  I  have  here  given  fome  other  Demonftration  of  the  chief  and  moft 
ttfefiil  of  thofe  Rules.  And  fo  make  the  Application  complete,  I  have  given  you  not 
fxily  ft fuffident Number  of  Queftions  of  common Ufe and  Occurrence  in  every  Branch; 
but  alfi>  agreat  many  that  ore  uncommon  and  curious,  the  ftudying  of  which  wiU  (erve 
this  very  ufefid  Purpofe,  .twj&.  to  lead  one  to  a  clearer  and  readier  Apprehenfion  of  the 
ApfAcation  of  die  Rules  of  Aridunetick,  and  efpecially  of  P^ropordon,  which  is  the  moft 
impoitBnt  and  difficidt  thing  in  the  Pradical  Arithmetick. 

The  Arolications  rdating  to  the  Interefi  of  Money  being  of  great  Concernment  to 
Sodtty,  1  We  ezplamed  and  demonftr^sd  thofe  at  latge.  And  here  I  found  myfelF 
neceflaiJly  eog^ed  in  die  Examioatioa  of  a  Queftion  wherein  Sir  Samuel  Moreland  and 
Mr.  J^bm  Ketjey  have  widely  difi^d.  The  Queftion.  is  about  the  Calculation  of  the 
prdeni:  Worth  of  sm  Aimmtj  to  continue  any  number  of  Years,  difcompting  ^fimple 
I^eeieft.  Whedier  Sir  SsmuePs  Book,  which  he  calls  The  Do^rine  of  Interejt^  wherein 
h^  ftids  fault  widi  Mx.Kerfi/s  Rule,  which  is  in  his  AffenJhi  to  Wingateh  Arithmetick, 
was  written  before  Kerfefs  Death,'  or  whether  he  ever  &w  it,  or  cave  it  any  Aniwer,  is 
vAsax  I  know  not;  but  tins Difterence  leem'd  to  me  too  confiderabte  to  pais  over.  Upon 
iStMt  moft  carefol  Examination,  I  was  determined  to  Mr.  Ktrfifs  fide :  tho'  I  was  very 
loon  afterwards  iiurpriz'd  to  find  my  Opinion  contradiAed  by  tne  Mathematical  Writers, 
who  have  taken  the  other  (ide,  and  form'd  their  Rules  upon  MorelajuTs  Foundation;  as 
paiticukrly  by  ^f^ra^.withthis  Remark,  that  "  Morelana  has  deteded  feveral  material 
"  Errors  committed  by  Kerfey  upon  Wingate!*  This  put  me  upon  a  more  narrow " 
Eicaoiiiialioo  of  the  QgnUon,  which  ended  ia  a  further  Confirmation  of  my  former 
Opinion;  and  yet  what  Mr.  Ward  and  others  have  done  merely  ast  Mathematicians,  is 
fli^;  they  haveiffiim*da  certain  ftate^f  the  Queftion,  and  upon  that  raifed  Rules  which 
fire  good  upon  the  Juftice  of  that  State  of  the  Quefldon,  but  not  ocherwife :  and  therdR)re 
in  the  Defence  of  Mr.  Kerfe/s  Rule,  I  diflfer  from  Wdrd^  and  others  who  have  taken 
that  Mediod,  not  as  to  any  pure  Mathematical  Truth  in  Numbers,  but  merely  as  to  a 
point  of  R^it  and  E^aity,  in  the  manner  of  fbting  a  Queftion  betwixt  Man  and  Man, 
according  to  theConditions  previouily  ^eed  to:  But  that  every  body  may  judge  and  chufe 
for  themmve^  Thave  given  the  Rules  and  Reafonings  upon  both  iides. 

As  to  the  Rule  of  Tofition^  or  Faljhoody  which  is  common  enough  in  Books  of  Arith- 
metick, I  have  omitted  it,  becaufe  it  is  of  litde  or  no  Ufe  in  realBufinefs,  and  very  limited 
in  its  Application :  Befides,  whoever  has  the  leaft  Smattering  of  the  Algebraick  Method 
of  ibIvingQiidSions,  can  do  afl,  and  much  more,  than  this  Rule  teaches. 

Of  the  Method  of  Demonftration  ufed  in  the  folloninng  Work, 

I  have  every  where  endeavoured  to  take  the  tnoft  eafy  and  natural  way  the  thing  would 
idmit  of.  In  the  firft  and  fimple  Parts  there  is  but  one  way  almoft  to  be  taken  y  but  in 
die  more  compter  and  difficult  Parts,  as  there  is  room  for  a  Choice,  I  have  generally 
ufed  the  Algebr^ck  Mediod,  as  what  is  natural  and  proper  to  Arithmetic kj  and  me  moft 
eafy  and  plain  Mediod  diat  can  be  ufisdinmoft  Parts  ell  this  Science,  and  without  which 
many  ufefld  and  curious  things  could  not  be  demonftrated.  I  have  not  fiippofed  the 
&udent  of  Arithmetick  ^re^y  acquainted  wtti  Algebra  ^  but  have  graduiUy  explaln'd 
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the  Principles  and  Rules  of  it>  as  far  as  my  Puipofe  requir  d.  As  Algebra  is  nothing  dfe  but 
an  univerlal  Method  of  reprefenting  Numbers,  and  realoning  about  them,  fo  it' very  na- 
turally belongs  to  Arithmecick :  And  in  the  Opinion  of  the  Great  Sir  Ifaac  Ne^pony  who  calls 
it  the  Univerfal  Arsthmetsci^  makes,  with  what  in  diftinftion  from  it  he  talk  the  Vulgar 
Aritkmeticky  but  one  complete  Art  of  Computation.  But  my  Defign  not  reaching  to  a 
complete  Syftem  of  Arithmetick  in  this  larger  Senfe,  I  have  done  no  more  as  to  Aige ha 
than  is  neceHary  for  demonftrating  the  Syftem  of  Arithmetick  in  the  more  ftrift  Scnfc. 

I  have  indeed  been  ask'd,  why  any  thing  is  brought  into  a  Treatife  of  Arithmetickj 
which  ftands  iii  need  of  the  Algebraic k  Art,  or  can  be  better  done  by  that  means  than 
otherwife,  and  not  rather  referred  to  a  Treatife  of  Algebra  ?  The  Amwer  was  obviou5> 
viz.  That  wherever chefe  things  are  placed,  they  belong  to  the  Syftem  of  Arithmetick: 
And  for  the  Algebra  requirM  to  the  Demonftration,  if  one  has  already  learnt  it  in  a 
more  expreis  and  particular  Study  of  that  Art,  it  is  well ;  but  if  not,  Tis  juft  as  proper 
and  eafy  to  learn  it  in  a  Cburfe  of  Arithmetick,  as  namrally  belonging  to  this  Science. 
And  if  it  is  again  ask'd.  Why  then  I  have  not  extended  this  Work  to  3l  the  Parts  of  the 
Algebraick  Art,  and  thereby  niade  a  Syftem  of  Arithmetick  more  complete?  '  I  an{wer> 
That  having  the  Choice  of  my  Subjed,  I  have  given  it  fuch  limits  as  I  thought  con- 
venient, and  done  fuch  a  Work  as  J  thought  was  moft  wanted :  Thofe  who  inc^line  to 
make  a  more  particular  Study  of  the  Algebraick  Art,  tnuft  feek  it  elfewhere.  But  if 
what  is  done  here,  both  as  to  the  Principles  and  ApjAication  of  Algebra^  be  wdl  under- 
ftood,  it  wiD,  I  believe,  prove  an  ufeful  Introdudlion  to  the  higher  Parts  of  this  admirable 
Art,  and  a  powerful  Incitement  to  the  further  Smdy  of  it  j  w^en  it  is  confider'd,  how 
die  moft  fimple  Elements  of  it  are  fufficient  for  acquiring  fiich  a  Knowledge  of  Arith- 
metick as  can't  be  obtained  without  it  in  many  things,  and  in  others  not  without  tmich 
greater  difficulty. 

I  hope  then  there  will  no  Difcouragement  arife  from  a  Profpeft  of  DifiSculty  in  this 
Method,  by  fuch  as  are  willing  to  fhidy  Arithmetick  in  a  reafonable  manner :  Por  tho* 
tliere  are  aifHcult  and  abftrufe  things  in  the  Algebraick  Art,  yet  all  the  Principles  and 
Rules  of  it  ufed  in  this  Work,  are  in  effeft  no  more  than  a  particular  kind  of  Lajn^age; 
or  rather  a  compendious  way  of  reprefentiiijg  and  comparing  Numbers  and  the  Efieds  of 
their  Operations :  which  may  be  learnt  with  a^little  pains,  in  two  LeiObns,  or  three  at 
moft  9  and  as  they  are  explain'd  and  appl/d  by  d^ees,  it  will  become  eafy  and  familiar 
as  you  proceed. 

For  thofe  who  would  fhidy  only  the  PrafticaMPart,  without  the  Theory  and  ReaTons 
of  Things  i  they  will  find  what  they  want  in  the  firft,  fecond,  and  fixth  Books,  with  the 
fccond  Chapter  of  Book  III.  In  all  which,  let  them  pais  over  li^t  "Dermm^ations,  And 
If  they  would  go  further,  they  mav  read  the  Froblemt  m  the  fourth  and  fifth  Books. 

It  remains  that  I  explain  the  Meaning  of  a  few  Naiiaes  ufed  in  the  following.  Work^ 
for  different  kinds  of  Propofitions. 

A  Definition  is  die Explicatk)n  of  the  Ule  and  Meaning  of  any  Word  or  Term 
.^f  Art^  as  of  this  itfelf  and.  the  following. 

An  Axiom  is  a  Propofition  whofe  Truth  is  fdf-evident. 

A  THEOREMisa  Propofition  whofe  Truth  is  to  be  demonftrated. 

A  Lemma  is  a  Propofition  to  be  demonftrated^  and  which  is  premifedtofi>ineotherj 
to  ferve  as  a  Principle  for  the  more  eafy  Demonftration  of  this  other. 

A  Problem  is  a  Propofition  of  fomething  to  be  done  or  difcover'd. 

A  Corollary  isa  Propofition  gain'd  in  confequeace  of  another^  whofe  Truth  is 
evidentfirom  the  Truth  or  Demonftration  of  that  other. 

A  Scholium  \s  fome  further  Explication  rdadng  to  what  precedes. 

Obferve,  In  the  Demonftrations  of  the  following  Work,  when  any  former  Propofition  1$ 
quoted,  it^s  underftood  to  be  in  the  fame  Book  ana  Chapter  ia  whichit  is  qugted>  msJefi  it 
is  otherwife  cxprefTed. 
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TH  AT  Arithmetick  was  very  early  in  the  World,  no  body  can  doubt,  becaufethe 
Idea  of  Number  Bxi&s  from  all  things  about  us.  In  the  beginnii^,  while  the 
Way  of  Living  was  fimple,  and  things  were  in  a  manner  common,  the  Know- 
ledge of  Numbers  woi^d  make  a  fmall  ProgreiS :  But  when  Vropertj  and  Commerce  be- 
gaa  to  be  eftablifhed.  Men  would  foon  find  the  Neceflity  of  enquiring  into  the  Nature 
of  Numbers,  and  contriving  an  Art  of  Numbering  j  without  whichgno  BufinefS  can  be 
carried  on.  This  was,  no  doubt,  very  rude  at  the  firfl,  and  improved  by  degrees ;  as 
all  our  Knowledge  is :  But  where,  and  by  whom,  Arithmetick  received  its  firft  Form  of 
aft  Art  or  Science^  we  know  little  about  it. .  If  the  Thwmcians  were,  as  it  is  conjectured, 
the  firft  Merchants  after  the  Flood,  (and  before  that  we  know  nothing  of  the  Affairs  of 
Mmkind)  then  it  is  probable,  the  Art  began  among  them  i  by  whom  Trade  and  Arith- 
methk  were  carried  into  'Egypt ;  and  here,  'tis  thought,  began  the  ntyftical  Application , 
of  Numbers:  For  die  Egyptians  explained  every  thing  by  thefe  j  the  Nature  oxthcGods:^ 
kX  Human  Soulsy  the  Virtues  ;  in  fliort,  ror  every  thing  ^mW  and  human^  they  found  ibmc 
Symbol  or  Reprefentation  in  Numbers :  Hence  we  hear  of  the  wonderful  Virtues  and 
Properties  of  fome  particular  Numbers,  zsOne^  Vwa^  Threey  Four^  SevenyzndNine.  From  ♦ 
Egypt  thk  Knowledge  palled  into  Greece,  which  added  its  own  Improvements  to  the 
myfterious  Partj  of  whicn  a  great  deal  is  to  beieen  in  P/ato',  the  Life  of  Pythagoras  by 
JamyBthus',  and  more  lately  in  the  Commentators  upon  Boethius*s  Arithmetick,  Now 
we  are  come  to  the  Country  where  we  may  expeft  to  find  the  firfl  diflind:  Rudiments 
of  the  Science. 

The  firft  thing  Men  were  obliged  to  do  to  make  their  Ideas  and  Knowledge  of  Num- 
bers uiefiii  in  Society,  was  to  eftablifh  fame  Method  of  Notation^  and  then  upon  this 
found  an  Art  of  Computation :  after  this  they  would  gradually  enquire  into  the  ReUttojis 
and  Properties  of  Numbers  ;  and  fo  the  Science  went  on. 

The  Greeksy  Hehre^'s,  and  other  Eaftem  Nations,  ufed  a  Notation  by  the  Letters  of 
their  Alphabet.  The  Gre^ i^x,  particularly,  had  two  diflferent  Methods  j  the  firfl  was  much 
the  fame  with  iS^t^Bmnan  Notation,  explained  in  Chap.  2.  Book  i.  of  the  following  Work, 
which  ^  a  very  imperfed  Method:  Arterwards  they  had  a  better  Method,  in  which-  the 
firft  nine  Letters  of  tfaeir  Alphabet  reprefented  the  firft  Numbers  from  One  to  Nine, 
and  the  next  nipe  Letters  reprc&mcd  any  Number  of  Tens  from  One  to  Nine,  that  is, 
^^  Vh  V>%  ff^f^.to  9ai  Any  Number  of  Hwndtcda  they  expreffcd  by  otlier-  I/Cttersj 
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fupplying  what  diey  wanted  with  fome  other  Marks :  And  in  this  Order  di^  went  on, 
uiiog  the  fiune  Letten  again  widi  fome  difimm  Marks  to  exprefsTft^v/i^  TnKr^f  A<w- 
fandby  Hmdreds  of  Thoiijimdsy  &c.  As  to  diis  Method,  'tis  to  be  obferv*d,  that  they  were 
upon  the  very  Point  of  dilcoverix^  die  Arabian  Notation :  For,  as  they  made  the  Pro- 
greffion  to  9,  they  wanted  but  one  Step  further,  v/«.  Inftead  of  ufing  other  9  Letters, 
to  make  the  fame  9  change  didr  Values  in  a  decuple  ProgrdEon  accorSng  to  their  Places, 
which  would  in  courfe  difcovcr  the  Neceffity  of  ar  Charafter  that  of  itfelf  fignifies  No- 
thing, only  fills  up  a  Place. 

The  Ad^ner  of  their  Canffutatim^  (i.  e.  of  Addithny  Suhtfadhny  &c.)  a0d  tbc  Dif- 
ficulty of  it,  efpecially  in  great  Numbers,  \»e  may  eafily  difcover  from  the  Notation. 
As  to  any  exprels  Treatifes  upon  die  Art  of  Computation^  they  have  left  us  none.  There 
is  a  Commentary  by  Eutocius^  upon  Archimedes^sTxcaLXa&  of  the Dimenfions  of  a  Circle  j 
and  fome  Fragments  of  Fappusj  in  Dr.  Wtdiis\  Works,  which  relate  particularly  to  the 
Work  of  Muitiplicationy  and  fliew  us  the  great  DiflSculty  of  their  Praaice,  owing  to  the 
imperfeft  Notation. 

The  moft  perfeft  Method  of  Notation^  which  we  now  ufe,  was  owing  »  the  Genius 
of  the  Eaftern  Nations;  the  Indians  being  reckoned  the  Inventors  of  our  Notatio©- 
which  we  call  the  Arabian^  becaufe  we  hSd  it  from  them,  and  diey  from  the  ImUant^ 
as  themfelves  acknowledge.  When  the  Indians  invented  this  Mediod,  and  how  long  it 
was  before  the  Arabs  got  it,  we  capnot  tell :  Thefe  things  only  we  know,»  i.  Thatwc 
have  no  ground  to  belSve,  the  antient  Greeks  or  'Romans  knew  any  thing  about  it:  For 
Maxtmus  Tlajiudesy  the  firft  Greek  Writer  who  treats  of  Arithmetick  according  to  this 
Notation,  lived  about  the  Year  of  Chrift  1370,  as  Vof^us  fays;  or  about  1270,  accord- 
ing to  Kircher ;  long  after  the  Arabian  Notation  was  known  in  Europe :  And  owns  it  for 
his  Opinion,  that  the  Indians  were  the  Inventors,  from  whom  the  Arabs  got  it,  as  the 
Europeans  from  theft.  2.  That  the  Moors  brought  it  into  Spaing  whither  many  learned 
Men  from  other  Parrs  of  E$rrope  went  to  fcek  that,  and  the  reft  of  the  Arabick  Learning 
(and  even  the  Greek  Learning,  from  Arabick  Vcrfions;  before  they  got  the  Origin^ 
diemfelves)  imported  there  by  the  Saracens,    As  to  the  Time  when  this  new  Art  of  Com- 

Eutation  was  firft  known  in  Europe^  Voffius  thinks  it  was  not,before  the  Year  1250;  but 
)r.  Wallis  has,  by  many  good  Authorities,  proved  that  it  was  before  the  Year  1000  • 
particularly  that  a  Monk  called  Gerbertusy  afterwards  Pope  l^  the  Name  of  Syhefier  IL 
who  died  in  the  Year  lopj,  was  acquainted  with  this  Arty  and  brou^t  it  ttom  Spofn 
into  Francoy  loig  before  his  Death.  The  Dodor  fliews  alfo,  that  it  was  known  in  Bri- 
tain before  the  Year  1150,  and  brought  a  confiderable  length,  even  in  common  Ufi^  be- 
fore 1250,  as  appears  by  the  Trcatife  of  Arithmedck  of  Joannes  de  Sacro  Bofco.  who 
died  about  1250. 

Tho'  the  numeral  Figures  which  we  now  have  are  a  little  different  from  Mvbat  the 
Arabians  ufe,  having  been  changed  fince  they  came  firft  among  us  ,•  yet  the  Ars  of 
Computation  by  them  is  ftill  the  fame. 

Having  faid  all  dial's  neceflary  about  the  Notation  of  Numbersy  we  (hall  go  back  seain, 
and  fee  what  kind  of  Science  of  Arithmetick  is  to  be  found  among  the  Antients,  with  tlic 
Progrefi  of  it  till  now. 

The  oldcft  Treatife  extant  upon  the  Theory  of  Arithmeticky  is  Euclid's  1^^  gt*  and 
9*''  Books  of  Elements i  wherein  he  givei  us  the.  Dodrine  of  Froportiony  aiid  tlut  of 
Frime  and  Compose  Numbers.  Bodi  of  ^?^hich  have  recdvod  Improvements  fince  his 
time,  efpecially  the  former.  The  next,  of  whom  we  know  any  thing,  is  Nicomaehus  the 
Fytkagoreany  who  wrote  a  Treatife  of  the  Theory^of  Aridunetick,  whidx  coofifted  chiefly  of 
the  Diftinftions  and  Divifwns  of  Numbers  into  certatA  Kinds  and  Claflfes,  2&Flain  and 
Solidy  TrianguloTy  ^adranguloTy  and  die  reft  of  the  Specks  of  F)gw#^*  Numbers  (asdiey 
jcalled  them)  Numbers  Odd  and  Esveny  dt-/.  widi  iome  of  tbe  mae  general  Piopcrtics  of 

the 
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th6  feveral  kifids.  As  to.  the  time  in  which  NIcomachus  lived,  fome  place  him  before 
EueRd'j  others  long  after.  His  Arithmetick  was  publilhed  at  Paris  i^^?.  What  kird 
of  Work  it  is,  we  may  gjuefi  by  the  Laitln  Treatifc  of  Arithmetick  of  Boethius  the 
PhUofopher,  who  lived  2lX.  Rome  in  the  time  of  Theodotick^ ^  Goth  ^^^sai  is  the  next 
remarkable  Writer  extant  upon  this  SubjeA.  He  is  fiippofcd  to  have  t^exi  and  copied 
moft  of  his  Work  from  Kicomacims. 

From  this  Work  of  Boetbiusy  v/ith  a  few  fmall  Abftrafts  of  the  &me  nature,  made 
very  Iom  after  his  Time,  as  that  of  Ffellusy  and  JoJochus  WilSchiuSy  both  in  Greek ;  fome 
have  &kf  that  the  antient  Arithmetick  confifted  of  nothing  elfe  but  thefe  Divifions  and 
Diftin&ions  of  Numbers.  I  confefs  I  was  furprized  to  nnd  this  Account  from  fuch  an 
Author  as  Wblfiusy  to  whom  EucUd  is  no  Stranger  ^  whofe  Books  contain  things  much 
more  important  in  the  Science  of  Arithmetick  tEan  thele  Diftin<^on$^  ^d  want  many 
.  of  diem,  that  are  in  Boethius :  For  Euclid  foeaks  nodiing  of  the  figurate  Numbersy  and 
their  various  Species  and  QafTes^  except  wnat  relates  to  Squares  and. Cubes.  And,  on 
the  other  hand,  Boethius  has  ven^  litde  of  Euclid*^  Doftrine. 

We  muft  come  next  to  the  Tunes  when  the  Arabian  Notation  was  known  in  E»r^/ff ; 

after  which  we  find  many  Writers  both  upon  the  Theory  and  Vra^ice,    The  oldeft  of 

them,  who  is  very  conuderable,  is  Jordanuf  of  i^amUry  who  flourifh'd  about  1200. 

.  His  Arithmetick   (from  which  I  have  taken  feveral  things)   was  publiflied  and  demon- 

ftrared  by  Joannes  Eaber  St afulenfs  in  the  fifteenth  Cenmry,  (who  has  given  us  himfelf  a 

,  Compendium  of  B^f/^/itf)  foon  after  the  Invention  of  Printing.    It's  altogether  upon  the 

Theory;  and  contains  moft'  of  what  Euclid zad  Boethius  have,  and  many  other  curious 

Theorems.    The  fame  Author  wrote  alfo  upon  the  new  Art  of  Computation  by  die 

Arabick  Figures,   and  called  this  Book  Algorifmus  Demonftratus  y  ^the   Manufcript  of 

which,  Dr,lFallis  fays,  is  in  the  Sa*vilian  Library  zt  Oxford,    But  it  has  never  been  printed, 

as  1  know.. 

As  Learning  advanced  in.  Eur  of  ey  fb  did  thfe  Knowledge  of  Numbers  ^   which  by  de- 
grees recdvcd  large  Improvements  both  in  the  Theor/  and  Pr^^icey  owing  in  a  great 
meafure  to  a  more  perfeft  Notatibn.    To  trace  out  every  Step  in  that  Improvement,  is 
impofUble;  therefore  I  fKall  only  name  a  few  of  the  remarkable  Writers  after  Jordanus 
zudSacro-BofcOy  both  named  already.  •As  to  the  Writers,  thefe  were  moft  remarkable  in 
It^l/f  viz-  Lucas  de  BurgOy  about  me  Year  1499,  whofe  Arithmetick,  which  is .  both 
Tlieorical  and  Pradical,  Drl  Wallis  comthends  much :   Nicholas  Tartagliay  whofe  Work 
i%  (i}ieBy  Fra^icaL    He  is  callod  hy  fbme  the  Pr/»ff  of  the  Pra^itioners  y  which  muft  be 
underftood  only  for  his  own  Times.    In  France,  there  were  Clavius   and  Bamus.    In 
German/^  Stifefius  and  Henifchius,  *  laEnglaTtdy  Buckley,  Diigsy  and  Record.   All  thefe,  and 
many  more,  were  before  the  Year  1600.  But  fmce  that,  our  Writers  are  almoft  innumerable* 
As  to  the  Improvements  made  fmce  the  Arabick,  Notation  was  known  in  Europe ; 
befidcsmany  things  in  the  Theory,  particularly  in  the  Nature  of  Frogrejjiony  both  Arith- 
metical and  Gecwiettical,  in  the  Nature  of  Po^wersy  and  in  tiic  Extra^ion  of  Roots  and 
the  Combinations'  of  Numbersy' y/hich  v/e  do  riot  fo  well  know  the  Hiftory  of,*  there  arje 
a  few  very  confiderable  Impr<wements,  in  the  fraiiical  PzxK^  of  which  we  c^  give  a 
bettor  Account.    But  that  \  may.conneft  the  Antient  and  Modern  Hiftory,  we  muftgjo 
back  to  die  fecond  Century  otChriJiianityy  in  which  Claudius  Ftolomeus  lived,  who  is 
iiippofed  to  be  the  Inventor  of  the  Sexagejimat  Arithmetick  ^  which  was  a  new  Method  of 
Notationy  and  conf^uently  of  Compat^on,  defign^d  to  remedy  the  Difficulty  of  the 
common  Medidd,  tfpeciaify  with  r^ard  to  FraSions.    The  Nature  of  it  was  this :  Every 
Unit  was  fupjpofed  to  be  divided,  intq  (5p  Parts,  and  each  of  thefib  Parts  into.  60  Parts> 
and  fo  on  j  hence  any  Number  bi  fuch  Parts  wereczlkd  Sexagejimal  Fraftions.    And  to 
make  the  Computation  in  Int^ers  alio  more  eafy,  he  made  the  Progreffion  in  thefe  alfb 
Stxagefmal.    Thus,  From  one  to  fifty-nine  were  marked  in  the  common  wayj  thenfixty 
was  called  a  Sexagena  frima,  (or  firft  Sexagefmal  Integer)  and  marked  with  the  Sign  ofUniry 
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aod  one  fing^eDaih  over  i  fo  fixtv  was  thus  exprdTedK    Twofiztys^  Qti^  tbusll^;  andib 
on  t6  5  9  times  60,  (or  3  540)  which  is  LIX'.    Then  for  tfo  times  60?  (or  j (foo)  this  be  called 
^Sescaiet^afAunda^  (of  iscondSexagefimal  IfiXXgcty)  ^d  marked  any  Number  of  tbem  Ids 
thaii  6oy  by  the  Signs  of  Ktttnbets  lefs  than  £0,  with  two  l>ft(hes :  Thus,  60  times  Ko  (or  }doo) 
xvas  tharlced  V^;  two  times  ^(Joo,  thus  K^j  ten  times  3(^00,  thus  X^j  mi  fo  on  to  59 
tim^  ^(^00.    In  this  nlinner  the  Notation  went  oh  V   And  when  a  Numbor  ids  than  6a 
was-joined  with  anvof  thefe  Sexa^ejimal  Integers,  their  proper  Emreffion  was  annexed 
wichOUt  the  Dafli:  Thus,  the  Sum  of  4  times  (Jo  and  15  is  expreued  thu^ '  IV^,XXV. 
The  Sum  of  twice  (Jo,  ten  ritoes  1600,  and  15  is  exprefled  X^^IF^XV;  the  hi^efl: 
Sexagefmal  being  fet  next  the  Left-hand.    As  for  the  sexagepnal  Fraftions,  they  were 
marted  the  fame  way,  their  Numerators  by  the  Signs  of  Numbers  Ids  than  (io,  and  liifiir 
Denominators  by  one  or  more  Dafhes  (according  as  they  were  PHmes,  Seconds,  ^e. 
i.  e.  60,  3^0,  and  To  on  in  the  order  of  the  Powers  of  (Jo)  fet  cither  over  the  Nu- 
merator upon  the  Lefr-haiid,  or  under  it  upon  die  right    Thus  five  fixty  Parts  a»« 
marked  ^V  or  V/.    And  fourteen  3600  Parts  ^XIV  or  XIV/.    The  Pnwftice  by  this 
Notation  would  be  eafier  than  their  common  Method^  yet  ftiil  very  difficuk,  efpeciaUy 
in  Multiplication  and  Divifion,  as  appears  by  the  Work  of  Barlaamns  'Mmscb^s,  called 
Logiftica-j  wrote  \xi  Greek  about  1350;  tranflated  intol4i»n'»,  and  publifhed  i(Joo.    And 
here  It  is  remarkable  how  very  near  this  Method  is  in  the  general  Nature  of  it  to  die 
jttahsck.  He  wanted  no  more,  but  inftead  of  5^5fij^i»/w«/Progreflion)  to  make  itDechcnaJ; 
to  make  the  Signs  of  Numbers  from  one  to  nine  ftmple  Charadleis*,  andlaftly,  to  moke 
a  Charader  which  fignifies  nothing  by  itfelf,  ilerving  only  to  fill  up  Places.    But  every  i^e 
and  Nation  Ihis  its  Genius;  and  therefore  we  owe  this  to  others. 

As  diis  Sexagefmal  Notation  Was  u(ed  chiefly  in  the  Agronomical  Tables,  fo  for  (be 
lake  of  thefe,  it  Wa!s  not  laid  afide  immediately  after  the  Introduftion  jof  the  AraUck 
Notation.  The  Sexagen£  Integrorum  went  firft  out^  but  the  Stxagefimal  Fraftions  con- 
tinued till  the  Invention  of  the  Decimals.  JUgiomantanus  about  die  Year  14.64^  19  the 
*rft  Wfe  know  Who  in  his  irtiangular  TaUes  divided  the  Radius  into  lojpoo  Parts  inilead 
of  (Jo,ooo'j  Und  fo  taddy  introduced  decimal  Parts  in  place  of  Sexagefmals,  Kanrus  in 
his  Adth.metick,  written  a!x)at  1^50,  (and  publifhed  by  Lazarus  S€kmen(smiKi6}  v&s 
iecimd  Periods  "in  carrymg  on  the  Extradion  of  Square  and  Cube  Roots  to  Fraftions. 
The  lame  did  our  Country-men  BuckUus^  before  Kamits-y  and  Eecotd  about  .the  lame 
time.  But  die  firft  who  wrote  an  exprefs  Treatife  of  Decimals,  wa3  Sbmm  Sttvhtusy 
about  If 82. 

As  to  the  Chculating  Decimals^  Dr.  Watlis  vf^s  the  £rft  among  us  who  took  much 
notite  of  them.    But  I  have  (poke  of  this  already. 

Anodier  moft  Wonderfullmprovement  that  the  Art  of  Computation  has  received  from  the 
Modems,  is  the  Logarithms  j  the  unqueHtionable  Invention  of  die  Lord  tfefer^  l^on  of 
Merchifion  in  Scotlandy  towards  the  end  of  the  fixteenth  Cenmry,  or  beginiring  of  the 
Teyenteenth. 

Dr.  VP'alBs  is  thfe  Audior  of  die  Aritbmetiek  cflnfimUi  \  wWch  has  been  very  uftfiflfy 
arolied  in  Geometry. 

But  Ae  Confummaltion  of  the  Art  is  in  liitAlgelfrasik'  Method  of.  rpfeSving  Qteftions: 
The  particular  Hiftory  of  which,  1  have  Isdd  nothing  irf; '  becaufe,  iho*  -^ffeeW  bdongs 
to  Aritbmetiek  in  a  laiger  view,  yet  I  have  limited  myfelf  to  Arithmctidk  taken  in  a  more 
ftrid  fenfe,  as  it  is  diftinguiflied  irom  Algebra :  Therefore  I  fhall  q^ily  fay,  duunmoft  dS 
the  Aufliors  m«^ned  have  alfo  Wrote  upon  the.  Atoebraick  Ajt,  which  came  inta 
JBirf<jfe  at  the  fame  time,  and  by  the  iamehanos,  as'flieHufldlqc^^  Lucas  de  S^nrgi 

toeing  recToan^  Ac  6xtt  Bjwqfce^  Writer  on  tjiis  Subjedt 
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C  H  A,  *  •     It  . 

Of  the  Nature  of  Arithmetick  in  general^  as  to  its  OhjeSi 
and  Operations ;  with  the  Divifon  and  Order  of  the 
Science, 

^.u  'DEF  INITIO  NS. 

t     A     RITHMETICK  is  the  Sdeace,  or  Knowledge  of  Number  j  which  iseithef 
Vnit/y  or  a  Multitude  of  Units. 


J\ 


n.  of  Unitt.  When  we  confider  any  thing;  by  itfdf  alone,  ei±er  as  indi- 
vifible,  or  at  lead  undivided ,  or  alfo  confidering  feveral  things  as  conneded  in  ibme  cer- 
tain manner^  thereby  making  up  a  whole,  n^lefting  what  differences  may  be  amoris 
them  in  other  relpedrs^  the  Idea  we  have  of  this  thing,  or  CoUedion  of  things,  confider'a 
in  this  manner,  is  called  Vwtyy  or  O^,  i.e,  an  individual  thing  of  a  particiuarlCiild  aiid 
Name^  as  one  Man,  one  Stone,  one  Kingdom,  one  Army. 

in.  Of  Multitude*  When  we  confider  feveral  things  as  really  diftinfl;  Individuals,' 
and  which  feparately  taken  we  would  call  Units,  whether  they  are  of  the  (ame,  of  of  diflSs- 
roit lands  and  namres  rf  things;  or  whether  they  are  really  feparated  from  one  another, 
OT  only  diftinguillied  by  the  Imagination,  as  the  conceivable  Parts  of  any  continuous  Body 
(for  ExampI^  a  Rod)  loddn^  at  no  more  in  them  but  that  they  are  not  the  iame  indivi- 
dual things  the  Idea  acquired  by  this  way  of  confidering  them,  is  called -M»///VWe  (or  manyy 
in  diftin&on  from  one;)  fo  we  fay,  a  Multimdeof  Men,  of  Horfes,  of  Trees. 

ScHouuM  I.    The  Units,  or  Individuals  that  make  a  Multitude,  may  either  be  of  the  * 

latne  Kind,  or  Species  and  Denotnination  of  Things,  or  they  may  not  be  fo :  for  however 
different  feveral  thicugs  are  in  Name  and  Nature,  die  Idea  of  Miutitude  arifing  from  them 
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is  the  (ame:  So>  for  Example,  a  Man,  a  Tree^  aad  a  Horfe^  make  as  truly  a  Muldtude> 
as  if  they  were  all  Trees,  or  Men,  or  Horfes:  They  are  at  leaft  a  Multitude  of  Beings,  or 
Thui^9  for  the  Idea  q£  Multirude  has  np  dependence  upon  the  Likenefs  of  d^e  Triosi^ 
from  which  it  is  formed,  but  only  unon  their  di&cent  and  diflindfieing  or  Fvifl-i^nrr,  m 
whatever  manner  they  are  conneaea  together,  or  under  whatever  other  differences  diey 
reaUy  ejdft,  or  are  conceived  to  exift. 
Scholium  2.  We  may  alfo  coficeivo  Mukkudes  of  things  under  the  Notion  of  oxie^ 
r  tkitny ;  aitd  Co  t^e  may  (ay  one  Muldtlldei  or  a  Multimde  of  Multibudes.  ftut  it  4s  to 
m  obfer/d)  that  ift  this  eilfe,  xb6  Muldtdks  wdich  fttaUb  the  P^sixts  of  tee  Ntukitudi^  ai« 
concei^d  each  as  an  Unit,  or  one  of  its  own  Species,  {viz.  Multitude,)  to  diftinguiih  it 
from  the  Multitude  of  which  it  is  oee  coaftifiucai;  Part:  fe  that  Mukicude  in  its  -gMtral 
Nature  is  (till  a  ColleAion  of  Units,  which  are  in  all  cafes  fimple  Units  in  reiped  of  the 
Midtimde  which  diey  compofii;  tho*  they  mav  be.themfelves  Multitudes  compofed  of 
morefimple  Units.  And  this  piftin&k>n  df  ynifis  Inay  t^  very  wdl  dillinguifli'd  by  the 
Names,  Simfk  and  ColkSiveVmts. 

IV.  0/  NuMifeR.,  Vnity  and  Mdtifuie  cotfiprft^  the  \^itfle  Ob^eft  of  Arithmedck, 
and  are  both  comprehended  under  one  general  Name,  Nitmber-^  wHofe  Definition  does 
therefore  take  in  tne  other  two^  and  may  be  made  thus,  viz.  Number  is  the  Name  of  that 
Idea  or  Notion  under  which  things  being  COflfidfifM,  th€y  STC  fAA  to  bfe  XJne  6r  Miny  : 
Every  particular  Multitude  having  a  difmid  Name;  as  two,  three,  four,  &e.  As  after- 
wards will  be  uu^t. 

Scholium.  We  muft  make  a  litde  Stand  here,  and  take  notice  of  an  old  Difpute 
amoM  Arithmeticians  about  the  Definition  of  Number;  ibme  denying. Unity,  to  be  a 
Nutt^,  '^ Othe^  kfBrmii^  it:  about  Whi^h  dieie baft  Mta  u  f^Ok  d&l  bf  Aligunienjb 
fifi'd  tritb  abiindaflce  C»f  idle  and  i^ionfesfical,  JaimAi,  to  the  fKame  even  of  fome  late 
Writers:  F6r  ^ef  all  the  l6amedCorlteritfOn,  it  dwindles  irtto  a  mefer  Di^nlte  about  the 
Name,  or  what  ftiall  be  the  Ufe  of  the  word  Kumber-^  which  no  doubt  each  Patty  has  a 
Right  to  eftabliih  for  themfdves  at  pleafure;  but  noRkht  to  impofe  it  upon  others:  'And 
fo  then  where  is  the  Mound  Of  a  Di^ttf  ?  For  if  fay  -Mati  isks  tn6  whether  Unity  v&  a 
Number,  I  muft  firix  know  of  him.  what  he  calls  a  Number,  and  ±en  I  anfwer  him  ac- 
cording to  his  own  Definition^  or  I  firftgive  him  mv  definition  of  the  word  Number,  and 
then  anfwer  his  Queftion  out  of  that,  l^t  we  fhall  near  their  different  Definitions :  Some 
define  Number  a  Multitude  of  Units ;  and  according  to  diem  Jt  is  piain.  Unity  is  not  a 
Number  in  that  fenfe  in  which  IM/jf  zaA  Multitude  are  diftinguiflied,  (for  we  have  obferved 
already  how  Vmty  and  Multitude  may  be  applied  to  the  lameSubjecb  in  difierent  fenfes;) 
fo  that  thefe  by  (fenying  Unity  to  be  a  Number ^  do  only  deny  it  to  be  a  Multitude  in  the 
lame  fenfe  or  ipolication  in  wfiich  it  is  Unity^  which  no  body  will  affirm.  Others  adhere 
to  the  former  Definition  which  comprehends  Unity  2nd  Multitude  j  butfome  of  them  are 
as  much  in  the  wrong,  becaufe  they  contend  about  it  as  if  they  had  the  only  right  to 
fetde  the  Ufe  of  Words;  and  fKD  diey  are  more  ridiculous  to  pretend  they  art  argoii^ 
about  the  Nature  of  Things  themfelves,  when  it's  only  about  a  Word :  and  if  it  does  not 
yet  appear  that  there  can  be  no  more  in  the  Difoute,  let  this  be  confider'd,  viz.  Tliat 
Unity  and  Multitude  are  agreed  upon  to  fignify  different  thmgs.  And  I  believe  it  muft 
be  yielded,  that  thefe  comprehend  the  whole  Objeft  of  AritSnetick;  therefore  Number 
muft  either  fignify  the  fame  with  one  of  thefe,  or  be  apply*d  as  a  general  Name  to  both; 
and  then  the  only  remaining  Queftion  will  be.  Which  is  moft  reafonable?  And  this,  I 
think,  will  be  eanly  decidea  by  confidering,  that  of  two  Words  merely  fynonimous,  one 
18  fuperfluous ;  but  it's  often  very  convenient  to  comprdiend  feveral  things,  which  have 
alfo  their  different  Names,  under  one  general  Name,  becaufe  of  fome  oMnmon  tiling  in 
which  they  toree,  as  it  is  in  this  prefent  cafe.  Andthofe  who  would  makeNi«tt«i^  equivo- 
cal with  a  ilfur/Z/V/^^,  are  prefled  alfowith  this  other  DiffiCTih7>  viz.  Thatif  diey  ftcain  their 
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Definidon  of  jirhbmetieky  viz.  the  Science  ofNumters,  thenUwV/  will  be  no  part  of  the 
Objed  of  JLfitbmetkk^  face  it  is  not  a  NMmber.  But  this,  I  believe,  they  will  not  fay ; 
for  whatever  can  he  any  part  of  the  Da^a,  or  Means  by  which  a  Queftion  in  Arithme^ 
tick  is  folved,  or  be  iddf  a  real  and  gofitive  Anfwer,  muft  belong  to  the  Science,  as  % 
part  of  its  Objed.  And  indeed,  tho'  Euclid  defines  Number  to  be  a  Multitude  of  Unitt^ 
yet  all  along  he  treats  ofXMty  under  the  iame  Name. 

V.  Of  NuMBEHs,  AhfiraS  and  jippUcate.  i.  When  in  things  numbered  we  confidcr 
iheir  Number,  abftradling  from  (/.  e.  not  attending  to)  their  other  particular  Properties 
apdi  Cfififerences  ^  the  Idea  or  Notion  we  hereby  form  of  Numbers,  is  called  abflraB  or 
geverd  ^  or,  we  are  &id  to  confider  Number  abflraBly :  Becaufe  whatever  is  true  of  that 
Number  of  tiwp  confider'd  fimply  and  purely  in  the  Number,  is  true  of  the  fame  Num- 
ber whereverit  isfbund^  or  in  whatever  thing;;  it  exifis. 

Scholium.  We  can  form  no  Idea  of  Numbers,  without  that  of  things  numbered;  be- 
caufe it  is  an  Idea  form'd  by  comparison  of  things :  Yet  while  we  con(3er  a  Number  of 
particular  things,  tho'  we  uill  know  that  the  Number  is  infeparable  from  odier  Ideas  that 
soake  up  the  comjkx  Idea  of  thefe  things,  i^s  in  our  power  to  confider  and  compare 
ooly  die  Numbers  of  things  toother,  and  examine  their  various  Properties  and  Diffe- 
rences; and  the  Mind  can  perceive  at  the  fame  time,  that  whatever  is  true  of  the  Num- 
ber of  the(e  things,  muft  neceflarily  be  tme  of  the  £ime  or  eaual  Number  of  whatever 
other  things,  whminthe  Number  only  is  what  we  confider  ana  compare.  From  whence 
at  is  that  we  ^eak  of  Numbers  without  naming  any  particular  things;  by  barely  naming 
die  particular  Number,  or  joinii^  it  with  the^eneral  word  Thing,  (which  is  always  fup- 
poTcxl,  when  not  mentioned.)  So  we  {pc9k  otthe  Number,  Two,  Three,  ^c.  i.  e.  two, 
three  dunes,  widx)u|:  pointing  out  ^y  particular  thing  :  Becaufe  where  nodiing  is  taken 
into  coiiCraarttdon  ^as  die  Sobjed  of  CoDn^aiifim  axKl  Reafbning)  but  the  Number  of 
things,  dien  any  dungs  may  be  fiippofed;  and  fo  tho'  the  Names  Two  or  Three  are  Names 
of  particular^liiiBben,  hileparable  from  pardcular  thth^  jret  becaufe  the  fame  Numbers 
In  ev«ry  odier  €iingmuft  have  die  fameNames  andProperties;  we  make  ufe  of  the  Name 
widxHit  mentioning  particular  diings  :  not  becaufe  that  Name  belongs  to^  (or  reprefents) 
«n  Idea  of  that  particidar  Number  which  is  not  connefted  with  any  particular  diings ;  but 
becaufe  it  is  g  general  Name  applicable  to  the  fameNumber  of  whatever  particular  dim^ ; 
snd  is  ufed  in  this  manner  vvidiout  mentionmg  any  thing,  when  it^s  indifferent  which 
thtc^  are  fiippofed,  (i.  e.  when  dhe  Number  onlv  is  the  matter  in  queftion ;)  in  the  fiune 
manner  as  we  have  here  ufed  the  word  Number  itfeif,  widiout  mentioning  a  particular 
Number,  as  One>  or  Two,  &e.  Not  as  if  die  word  Number  reprcfent^  an  Idea  diflferent 
from  all  Particulars;  but  as  it  is  a  general  Name  comprehending  them  all. 

2.  When  we  confider  Number  not  in  its  general  Nature,  as  dx>ve  explained,  but  as 
it  is  a  Number  of  certain  particular  things,  as  two  Years,  two  Men,  or  two  Yards  ;  dien 
we  caH  it  an  AfpUcate  Niimber:  which  Name  I  chufe,  for  its  obvious  Meaning,  rather 
than  die  word  ContrdS  or  Ceneretey  which  fome  Authors  ufe. 

ScHoLivM.  Whei^  iHurdcular  things  are  mentioned,  diere  is  always  fomething  more 
coafidered,  riian  bardy  dieir  Numwrs;  fo  that  what  is  true  when  Numbers  are  com- 
pared in  dieir  abftraft  or  general  Namre,  (/.  e,  when  nothing  but  the  Number  of  things 
IS  confider'd)  Will  not  be  %nie,  when  tke  Queftion  is  limit^  to  particular  things :  So, 
for  example,  die  Nutiiber  Two  is  lefi  than  Three ;  yet  two  Yards  is  a  greater  quantity 
than  three  Inches  :  for  the  Comparifon  here  is  not  fimply  of  die  Number  of  things  two, 
and  threes  but  of  the  Numbers  joiqed  with  another  ConfideraticHi,  wa:  that  of  their 
lengidis.  And  when  things  are  of  quite  different  Species,  then  tho'  we  can  compare  their 
Numbers  abfira^lyy  yet  we  cannot  compare  diem  m  any  apflicateSeak-  And  this  Difie- 
rence  is  neccflaiy  to  be  confider'd,  becaufe  upon  it  the  true  Senfe,  and  the  Poffibility  or 
fi3)po(fib3ky  of  Tome  QgeftioBs  depends  ^  as  we  fliall  Icam  more  particularly  afterwards. 
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COROLLARIES. 

I.  Number  is  unlimited  in  refpeft  of  Incrcafe;  fo  that  beginning  at  Unity,  and  adding 
to  it  another  Unit,  and  to  this  laft  Colledion  another  Unit,  and  Co  on,  we  may  pro- 
ceed in  infinitum^  i.  ex  we  can  never  come  to  an  end,  or  never  conceive  a  Number,  but 
ftiil  there  is  a  greater.  But  on  the  fide  of  Decrcafe  it*s  limited ;  Unity  being  the  finft  and 
leaft  Number,  below  which  therefore  it  cannot  defcend.  In  what  feme  Unity  is  ikid  to.  be 
divided  into  Parts,  which  make  a  greater  Number,  (hall  be  confidei'd  in  its  place.  Alio 
we  may  not  only  b^in  at  Unity,  but  at  any  other  Number,  and  increafe  itw  hfimtumy  by 
the  continual  joining  of  Unit  after  Unit  j  or  diminiih  it  to  nothing,  by  continually  retraAii^ 
or  taking  away  Unit  after  Unit 

^.  Any  Number  may  be  increafed  by  any  other  Number,  or  by  any  Number  of  Numr 
bers;  for  every  Number  is  either  Unity,  or  a  ColledHon  of  Units,  which  can  be  joined 
feparately  to  another  Number  till  they  be  all  joined.  Alfo  it  may  be  dccreafed  by  any 
Number  not  greater  than  itfelf;  or  by  any  two  or  moreNurobers,which  taken  all  together 
do  not  exceed  it,  /.  e.  fuch  a  Number  or  Numbers  may  be  taken  out  of  it. 

3.  Every  greater  Number  may  be  confider'das  compofed  not  onlypf  Units,  (which  are 
its  moft  fimple  conftitucnt  Parts)  but  alfo  vaiioufly  of  other  Numbers  |le{fer  than  it- 
felf,  according  to  the  variety  of  Iciler  Numbers,  whofe  Units  taken  all  together  make  a 
Cohesion  equal  to  that  Number;  or,  according  to  the  various  Diftributions  that  may  be 
made  of  its  Units,  by  putting  them  together  in  feparate  CoUecSions:  where  alfo  every  lefler 
Number  may  be  conceived  as  a  Part  of  every  greater;  which  is  as  a  Wholfc  with  relpw9^ 
to  all  the  lefler  Numbers,  which,  being  joined  together,  make  up  that  Number.. 

§.  2.     Of  the  general^ivijian^  and  Order  of  this  Science^ 

THE  mdftjgeneral  Divifion  of  Arithmetick  is  that  of  Theory  and  TraBice. 
The  Theory^  or  Speculative  Part,  is  that  Scietice  which  confiders  and  ei^laiQS  thd 
Properties  and  Relations  of  Pure  snd  Abftrait  Numbers;  confiiting  of  fuch  Propofitions 
as  exhibit  to  the  Underftanding  certain  Truths  concerning  Numb^  either  more  general 
or  more  particular;  as  Axioms  and  Theorems, 

The  FraBkal  Part  is  the  Art  of  Numbering,  or  applying  the  Theory  to  the  Solution  of 
QuefHons,  either  in  abftrad  or  applicate  Numbers ;  conliiling  of  ProbJemsy  or  fuch  Pro- 
pohtions  as  require  fomething  to  be  done  or  efieded :  and  gives  us  a  Rule  for  the  Per- 
formance; teaching  how,  by  means  of  certain  known  Numbers,  to  difeover  other  Num^ 
bers  conneAed  andrelated  to  them,  according  to  the  Conditions  propofed  in  theQueftioni 
or  at  leaft  td  find  that  from  the  given  Numbers,  compared  aodappued  tp  one  anodier^as 
the  nature  of  the  Qiieftion  reouires,  there  arifes  no  Number. 

Obfervey  Some  confider  as  Theory  all  that  is  propofed  in  abftradl  Numbers,  whtther 
Theorems  or  Problems ;  and  the  Ai^lication  to  Queftions  in  applicate  Nunibers  only^ 
diey  call  the  Pradical  Part.  Others  define  the  Theory  as  above ,  and  confine  the  Pra£Hcal 
Part  to  Problems  of  Abftraft  Numbers :  and  Problems  of  ApplicateNumbeisthey  call  the 
EffeSive  Part. 

As  the  Truth  and  Reafons  of  the  Praftical  Rules  are  contsdtiedmTheoremSy  withodier 
more  general  Principles,  as  Definitions  and  Axioms^  fo  they  are.  to  be  reckoned  Dedu&ions 
fix>m  tEem,  or  rather  their  Applications :  And  therefore  in  die  natural  Order,  the  Theory 
ought  to  precede  the  PraAical  Part.  But  yet  thefe  two  Parts  oup;ht  not,  and  cannot  be 
treated  entirely  feparate  from  one  anodier,*  i.  e.  all  of  the  firft  Kmd  together,  and  after- 
wards all  of  the  other :  But  they  muft  be  mix'd  together  according  to  their  Dependence. 
It's  certain  tliat  Theory  muft  precede  PraBice,  becaufe  tliat  contains  the  Grounds  and 
Reafons  of  this;  yet  tisas  tru^  that  we  can  m$ike  but  ^  finaU  Progrels  in  Theory,  till  we 

under-- 
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tinderftand  the  fiindatnental  Elements  and  Rules  of  the  Prafbical  Part :  Thefe  being  in- 
difpeofiblv  neccDGuy  both  for  iinderftanding  the  Senfe,  and  iUuftrating,  or  proving  by  Ex- 
axxr^es,  uie  Truth  of  Theorems. 

wherefore  the  Dsvifon  that  muft  be  followed  in  explaining  this  Science,  is  not  that  of 
7fcw7  and  Fra^icey  fmb'  diefe  muft  alfo  be  difoofed  according  to  Reafon,  and  their  na* 
tural  Connexion  and  Dependence  y)  but  the  moix  proper  and  reafonable  Divijim  is  into  two 
other  Parts,  under  the  Titles  of  the  Simple  and  Comfarative  PlemenU, 

If  we  refle<^  upon  the  DeShitions  and  Corollaries  already  explained^  thefe  are  fo  many 
of  the  firft  general'  Principles  and  Axioms  of  the  Science :  And  from  thefe  we  flialleafily 
undcrftand  me  Reafon  ot  this  Divifion,  and  what  in  general  belongs  to  each  Part.  For 
it's  plain,  that  the  moft  general,  and  what  we  may  call  the  only  abfolute  Property  of 
Number,  is,  a  Capacity  ff  Increaje  in  infinitum,  or  D^creafe  to  mthing:  all  other  parti- 
cular Properties  are  relative^  depending  upon  the  Cbmparifon  of  Numbers  together.  And 
fince  there  is  nothii^  in  Kumbers^  but  different  CoUeftioiw  of  Units,  or  different  Com- 
pofitions  of  lefler  Numbers  m  greater,  thrfe  particular  Properties  muft  all  deperri  upon  the 
EfieA  of  different  Apj^cations  of  Numbers  to  one  another,  whereby  they  arc  varioufly 
compounded  together  or  refolved,  according  to  certain  Conditions.  And  ror  Arithmetical 
Problems,  or  Queftions,  in  which  an  unknown  Number  is  to  be  found  by  means  of  cer- 
tain Connedions  and  Relations  it  has  to  fome  kno\vn  Numbers  j  thefe  Conne&ions  can 
confift  in  nothing  elfe  but  this,  viz.  That  the  Number  fought  is  the  Refult  of  varioufly 
increafihg  and  decreafing  the  faipwii  Numbers  by  one  another,  according  to  the  Condi- 
tions propofed^  fo  that  all  that  can  be  known  or  done  in  Aritlunetick  docs  evidendy  re- 
late to,  and  depend  upon,  the  Application  of  Numbers  to  one  anodicfr  by  Compoutioa 
and  Refolution,.or  Increafing  ana  Decreafing  them. 

Therefore  the  firft  and  fundamental  Part  of  Arlthmetick  is  the  Knowledge  of  the  va<* 
rious  Rules  and  Operations  (with  the  Principles  upon  which  their  ieveral  Regions  depend) 
by  which  Numbers  are  compounded  and  refolved ;  i.  e,  increafed  and  decreafed  by  one 
another^  which  are  die  fundamental  Elements  of  Pra<5lice;  including  in  ^enl  all  that 
can  be  done  with  Numbers;  and  indifpenfibly  necef&ry  alfo  for  undemanding  and  proving 
*e  mart  panitubr  Theory;-  which-  tloes  all  Tcbte-  to  tlie  Efieft-of  the&  Operations^ 
Which  I  have  therefore  juftly,  I  think,  confider'd  as  xbcSimph  and  Primitive  Elements  of 
Arithmetick.  What  further  Subdiyifion  of  this  is  neceflary,  fliall  be  fliewn  in  its  proper  ^ 
place.  '     ' 

AH  the  reft  of  the  Sdence  of  Arithmetick  I  comprehend  under  the  general  Name  of 
Om^arathjo  Elements  *y  becauie  it  confifts  of  fuch  relative  Properties  as  arife  from  the 
cotnpaiing  of  Nuthbers  together,  and  applying  them  to  <^e  another  by  the  various  Mediod)^ 
of  Compounding  mi  Refolvin^  taugfu:  io  the  firft  Part;  as*  alfo  the  Solution  of  iuch 
Queftions  as  de^d  upon  dide  Kdadve  Properties. 

m-  the  remaining  Part  of  this  Book,  with  the  fecond  and  third,  you  have  the  firft  Branch> 
or  Simple  Elements  explained;  and  che  Comparative  Elements  in  the  remaining  Books. 


§.  3.  Of  the  Openaians  pf  Arithmetick  in  general. 
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Ywhat  has  been  ahreach  ^qsjained,  it  will  be  obvious,  That  ail  the  Operations  bk 
Numbers  are  of  two  Kands  in  General,  viz,  Augmentiiig  and  Dirmni/bing.  Each  of 
thefe  are  performed  after  two  difieren^  ways,  and  thereby  come  under  two  difFcrent  Names : 
Thu%  Augmenting  is  divided  into  Addition,  and  Multiplication  j  Diminijhing  into 
6t7BSTiucrioN,  and  Division  :  Which  fhall  be  explain'd  in  order.  Some  add  a  third 
Qafi,  whofe  Branches  are  call'd  Involutiouy  and  Evolution -^  or  alfo  Raifing  of  Powersy 
and  E^ftra^int  of  Roots.  But  diefe  naay  be  comprebeuded  under  Multiplication  and  Di^ 
vifion:^  for  the  C^>eratip&  is  of  dae  &me  eenerat  Kind,  only  under  certain  Limitations. 
TlKy  will  defervc  however  to  be  explained  dffliniSly  by  themfelves. 

But 


6  Nstaiim  $ft^\}Hfi%^^*      .       Bocl^'n 

But  thet«  is  yet  jlbmething  previous  to  all  diis,  ^«.  The  Knowledge  of  tbe  Sigo^ 
whereby  our  Ideas  of  Numbers  are  cxpreffed  or  reprefentedi  for  without  fome  eafy  Method 
and  Art  of  reprefenting  them,  fo  as  they  may  be  clearly  and  diftindtly  compared,  diere 
could  be  little  or  nothing  known  or  done  in  Numbers.  This  Art  we  call  the  Natafiojt 
of  Numbers  i  which,  if  we  confiderby  itfelf,  and  in  its  primaiyDefign,  is  only  aneceflaiy 
Inftrument  for  the  better  and  more  eafy  Comparifon  of  Number*,  and  performing  their 
Operations ;  and  is  therefore  radier  a  Handmaid,  than  an  eflential  Part :  For  we  can  caU 


as  there  m\mm&  be  a  Mediod  of  ExprefTion  inftituted,  whatever  that  is,  fo  far  as  the  Rules 
of  Operation  depend  upon  it,  it  is  the  Foundation  of  them^  and  therefore  itis  commooly 
look'd  upon  as  the  firft  Rule  or  Operation  in  Arichmetick,  making  in  all  five  fundaments^ 
Operations,  viz.  Notation^  Addititmy  SubfiraHioH^  MultipUcAtion^  and  Bivifum.  But  fti|l 
it  ought  to  be  confider^d  only  t»  an  arbitrary  Rule  ancf  Foundation,  which  requires  «i4 
fiippofes  no  odicr  PrinciE*e  but  diis,  viz..  That  anf  of  our  iJ^as  may  ha  refrefe»$ed  Ay 
•  a»y  Marks  or  Sipts  <we  pkafe  to  infiipute :  whereas  the  other  Operatioosj  bdkies  what  tb^ 
owe  to  the  Notation,  have  aifo  a  dependence  upon  Reafooings  from  the  Nature  of 

Numbers  themfdves.       ,   ,  ^        .  ^ ,  ^^^^r       -       ^'  t.  . 

Before  we  enter  upon  thefe  Operations,  we  muft  here  repeat  an  Obfervation  which  has 
been  already  made>  w».  That  all  Science  muft  b^  widi  Theory  as  a  Foundation  for 
VraSice,  Now  this  Order  we  have  in  eflFe<9:  followed  j  for  the  Definitions  and  Corollaries 
en^ned  in  §.  i.  are  the  fiifk  and  more  general  Princiries  of  this  Sci^ncej  to  which  if  w^ 
iouTdiis  general  Axwm^  viz.  That  the  Whole  is  equal  to  all  its  Tarts^  we  have  all  thai: 
IS  neceiwy  for  odring  upon  diefe  pradical  Elements.  What  other  Principles  are  em* 
pkw'd  in  mrticular  Rules,  fliaU  be  explained  in  order  as  we  go  onj  for  they  are  gfuumi 
moft  part  by  confequencc  in  the  pK^rels  of  the  Scioice. 


CHAP.     II. 

Of  the  Notation^  or  Exprejfton  o/Nvubers^  with  their 
DiJUnBion  into  Integral  and  FraSiionaL 

J.  I.  0/  the  Notation  of  Numbers. 

DEFINITION. 

NOTATION  is  the  Method  or  Art  of  Expreffing  Numhers :  which  is  dotie  two 
ways ;  by  certain  Tf^ords  or  Names^  and  alio  by  certain  Signs  or  CharaSers^  called 
Figi^w;  the  one  correfponding  to  the  other  in  theReprefentation  of  the  fame  Num- 
bers, and  both  equaUy  neceflary:  The  Figures  being  contrived  for  die  .eafr  management 
of  Operations,  whereby  the  greateft  Numbers  are  compared,  and  the  Uperaoom  per- 
formed widi  the  greateft  eafe  and  rcadincfij  without  which,  our  Knowledge  m  Numbers 
had  reached  a  very  flion  way.  And  fo  much  does^the  Science  owe  to  thefe,  that  upoo 
^is  Account  fome  call  it,  7&  Art  4  fisuringi  bqt  we  might  better  caU  it,  the  Saetsce 
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efNtmterfy  ast&ejr  «ie  reMefaraed  and  mtaagpd  by  Fi6;ures:  So  that  this  is  the  principal 
Bianch  oEN^uthm'y  vAaai  yet  cacinot  be  without  me  other^  theNaiqes  of  Numbers  being 
neceffiiy  for  our  coov^etfiiig  or  fpeaking  to  one  another  about  Numbers,  and  the  Refult  of 
the  OpcnaaoB  made  by  the  Figures^  and  for  the  a<^al  numbering  or  telling  over  things,  by 
the  AppUcaoon  of  Names  in  an  orderly  Prpgreffion  from  Unity,  Ml  joining  one  Unit  after 
ano^er  to  the  Golle6tion^  or  telling  lUngs  out  one  by  one.  For  without  fome  Sims 
wbatl3jr  the  Number,  as  it  iiKreafi^  is  continually  diflinguiihed,  we  could  make  nothing 
of  tfae  Numben  (tf  tkingi,  xior  compaw  <xie  Number  w^  another:  and  Words  are  the 
CBoft  proper  tod  coHvenieot  Si|^  for  this  purpofe;  which  are  aUb  of  good  and  neceflary 
Ufe  in  niidog  the  Operatiopswith  the  Figures. 

The  Sf^tem  of  the  l4ames of  Numbers  is  indeed  apart  of  our  Language,  and  therefore 
die  Wikecs  on  Aridimetick  fuppofe  them  to  be  known,  and  reckon  it  their  bufineis  only 
to  aqpfaun  the  Rq)re(entation  of  Numbers  by  Figures,  and  their  Correfpondence  to  the 
Names :  But  it  will  be  a  m<»ie  legukr  and  juft  Method  to  explain  both  the  Syftems  of 
Names  and  F^;aiC8  by  themfelTes^  and  then  ihew  their  mutual  Correfpondaice.  Thefe 
two  SfflMBS  I  (hall  espkun  under  the  Tides  of  the  Niraraur/  and  Figural  Notation -^  which 
beiflg  compared,  their  mutnal  Correfpondence  will  be  eafily  underftood.  But  this  I  iliall 
more  parttcukrty  o^laia  in  the  Solution  of  a  ProUevty  teaching  how  from  die  Exprcfllon 
of  any  Number  in  one  manner,  to  find  its  correfpondent  £xpreffion  in  the  other. 

(i.)  NoMiKAL  Notation,  or  the  Exprejfton  ofNumlers  by  ff^ords  or  Names. 

A  DIFFERENT  fimple  Name  fiirevcry  Number,  oreven  -for  as  many  particular 
Numbei^aswe  have  occafion  to  con&ler  in  human  Affidrs,  would  be  a  Burden  aItQ«;ether 
infupportaUe;  but  it  is  more  happily  contrived,  that  a  few  fimple  Names,  and  thefe 

^1  together  ina  veiy  cay  manner,  anftwr  all  the  Ends  and  Purpofcs  both  of 

anaPradice. 
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The  Simple  Names  of  Numbers  are  thefe. 

Explanation  of  this  TA  B  L  B. 
One  is  aiwtherName  for  Unity:  the  reft  of  the  Names 
to  TtnexpseA  Numbers  in  a  Series  from  Unity,  by  the 
continual  joining  Unit  after  Unitj  fo  Two  expreffes  One 
more  One-^  Three  cxpreflcs  Two  and  0«f,  and  fo  on  to 
Ten:  a  Hnndred exprcBisTen-Tent y  a  Ttwfindexprefks 
Tm^Hmndfeib i  ^MUimis  zThoufand-TUufanJs'yzBHIion 
is  zMUion  of  Mllions-^  a  7V/7&'0»  is  a  MlionoE Billions'^ 
z^aJrillion  is  a  MlSon  of  Trillionf. 

So  that  we  have  here  Names  anfweringtDthe  natural  Series  of  Numbers  from  Unity  ttx 
7>s.  But  after  tlus>  die  Series  is  interrupted,  and  we  pals  to  the  Names  of  greater  Num- 
bers: And  all  that  remains  to  be  eicplain'd  is,  how  the  intermediate  Numbers  are  named 
from  Ten  to  a  Hnndredy  and  from  a  Hundred  to  a  Thoufandy  and  fo  on.  Which  is  done  diusi 
after  Ten  the  Names  ai«  compounded  of  Ten  and  die  preceding  to  a  Hundred,  Firftj 
from  Ten  to  v^oTens  we  proceed  tbosj 


One, 

Ten, 

Two, 

A  Hundred, 

Three, 

A  Thoufandy 

Four, 

A  Million, 

Five, 

A  Btttion, 

Six, 

ATfiUion, 

Sevet^ 

A(^adriilior 

E^ti 

^^ 

Nm^ 

Ten, 


s 
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Ten, 

£leven> 

Twelve, 

Thirteen, 

Fourteen, 

Fifteen, 

Sixteen, 

Seventeen, 

Eighteen, 

Nineteen, 

Twenty, 
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T^n  and  One, 
Ten  and  Two, 
Ten  and  Threes 
Ten  and  Four, 
Ten  and  Five, 
Ten  and  Six, 
Ten  and  Seven, 
Ten  and  Eig^t, 
Ten  and  Nine, 
Two  Tens. 


Thenfn^n  Tkventy  we  Gmpfy  join  the  Names  of 
the  firft«i»tf  Numbers  thus,  Tivemty'^neyTweMtj^tnoOf 
&c.  to  lytventy^mnez  then  thenext  Number  islhree 
Tetuy  called  Thirty^  and  the  (ame  Conmofition  of 
Names  we  ufe  ftomlinrty  to  four  Tensy  called  Fcrty : 
and  irom  this  to  Fi//y,  (or  five  Tens:)  and  ibon  to 
Sixty y  Tor  fxTens :)  Seventy^  (or  fivem  Thm :)  Eigbtyy 
{OT  eight  Thu :)  NfMetYy  (or  jww  Tettt:)  and*after 
Ninety  and  trine^  One  added  makes  ten  Tem^or  a  Hun^ 
dred.  Then  from  a  ibmdrei  (or  one  Hundred)  we 
proceed  by joiningwith  it  all  the  preceeding Names 
iromOne  toKinety  and  nine^  ihuSy  One  Hundred  2nd  ane^  One  Hundred  2Sid  tvJOySiCC*  to  One 
Hundred  and  Ninety  niney  to  which  one  added  makes  Two  Hundred,  In  the  fame  manner 
we  proceed  (romT'wo  Hundred^  to  Three  Hundred  j  andfb  on  to  Nine  Hundred  Nif^ty  and 
niney  and  then  one  added  makes  Ten  Hundredy  or  OneThoufimd.  Inlike  manner  we  proceed 
from  One  ThouCandy  joining  with  it  all  the  preceding  from  Umty  till  we  come  to  T^xu^ 
thoufandy  and  to  on  to  a  Tboufandrthoufandsy  or  a  MlUon-y  and  with  this  alfowe  join  all 
the  preceding  Names ^m  IMty  totwoMlUonsy  &c.  to  zMilUanof  MillionSyfixzBsltiony 
and  ib  on  to  a  Trillion  and  Quadrillion, 

Ohfervey  If  we  would  proceed  farther,  we  may  ufe  thefe  Names,  QuintilUonsy  (or  a 
Million  of  Quadrillioas^)  SextiUionSy  (or  a  Million  of  QuindUions,)  aAcTlb  on;  filUng  up 
the  intermediate  Numbers  as  before:  But  for  any  real  Ufe  in  human  Affairs,  we  need  no 
Names  above  Millions.  In  Mathematical  Work,  greater  Numbers  occur;  but  they  are 
manapfd  by  Figures,  and  can  be  compared  without  Names;  which,  if  reauired,  may  be 
contrived  in  tlie  manner  now  mention'd.  Ohferve  alfb,  that  fome  infteaa  of  the  fimple 
Names  BiUions,  Trillions,  Quadrillions,  &c,  chufe  the  compound  Names  Mllions  of  Mil- 
lions; Milliom  of  Millions  of  Millions;  MilSons  of  Mllions  of  Millions  of  ^Millions  y  and  £0 
on,  compounding  the  word  Million  once  more  gradually  :  But  the  otner  fimple  Names 
feem  more  convenient,  tho'  the  contrivance  and  way  of  making  the  complex  Names  is 
more  obvious  and  eafy  ,*  however,  fince  we  have  little  ufe  for  mmes  above  Millions,  we 
need  not  dilute  about  the  difierence. 

(1.)   FiGURAL  Notation. 

A  S  a  few  fimple  Names  ferve  all  our  Purpofes  in  Arithmetick,  £>  y^  fewer  fimple 
Figures  are  found  fufHcient,  not  only  for  common  Ufe,  but  even  to  carry  tis  thro'  the 
Jnhnity  of  Number :  Which  Figures,  with  their  correfpcxoding  Names,  are  diefe; 


Figures 


Names 


5      4? 


I 


I  i 


U4       CO 


7      ^ 


That  a  Figure  fignifying  of  itfelf  Nathingy  (or  no  Number)  is  neceflary,  we  fhall  pro- 
Fently  fee.  In  the  mean  time  ohfervey  that  the  Number  of  fimple  Figures  hdxtgTeny  they 
are  nence  cdled  the  Digits,  from  the  Number  of  F/agerx  {Digiti)  on  our  Hands.  How 
this  Number  came  to  be  chofen,  we  fhall  afterwards  confider. 

All  other  Numbers  greater  than  Nine,  ( 9, )  are  mrcffed  by  Combinations  of  thefe 
Digits;  placing  them  together  in  a  Line  in  various  Orders;  eveiy  Figure  changing  its 
Value  accordii^  to  the  place  it  fhnds  m.   By  diis 
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G  B  N£  rJLL    rule. 


J»  a  1btifi'€f  figures  f  laced  Ugetbef'  in  ^  Ume,  (rideamug  the  Order  ef  Placet  frem 
the  Kgtt  to  iht  Jjfi^mml^  that  $ei0g  the  firfi  ^hich  is  firfi  on  the  Eight-Jfand; 


*  f 
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it  lijg^lddo  in  tke  Preceding  place. 


•  Thti9%  2^  ^^&c.  in  the  firft  place  Cgnriy  (imply  fo  many  Units  as  above  named;  but 
to  te'ficona  pbecoF  a  Rank,  any  >oae  of  them  figmfies  ten  rimes  fo  many  Units,  (or 
fe  toauy  iSmcs  ten.)    ,Kx.  ^  fignifia  ferty  and  «gh^  [i.e,  ftwr  tern  for  the  value  of  4. 


qrten'finitcs  toiJanyTto,  '(jre.  lb  fai«y  tiihAtedJ:^  todlb'on  gradnaUy  cowards  AeLrft-i 
hand,  IHSincrea&ig  ttieir  value  tenfUd  -ctf  tSmt  -df  &e  preoe&ig  place.  So  ^00  e  fix 
hxatSrtd^^  6^^'i9  fiS  ^hundredy  forty  and  two. 

How  diis  eebeiil'B^iturian  ^being  ^ell  ton^ei/d,  k  yn&y  I  (lippole,  be  found  evidendy 
foffidArforflie  'jcxprtiffionttf  sijl  vNimifbeirs;  or-thftt-aM  Numbers  in  a  gradtwd  Series  fron^ 
l^'if "tmyitxi  ifer^llaftcri-tfiferAy . '  ! Airf^ tiife is* not wident,  it  may  be  tnide fo— Thus ; 
Evtt^NtoiBer*  iiijier  JdB  tfaktilTteri  -vflfidh/is  «i^jiiefle4  by  one  <if  the  Ame  fignifi- 
cant  Digits:  oritlsa  Numbei'  (^Tensfefi'tlimisn^'^dMebis'^ienefereexpp^ 
Digit  in  ^  (econd  place,  and  o  in  the  firfti  or  it  is  fuph  a  Number  joined  with  a  Number 
lels  than  ten^  which laft  Number  is  expreffedbyit  Digit  in  the  firft  place :  or  itisaNum- 
ber  of  rTm^ieos  .(or^i^dreds)  ie&  than,  tea;  which  «  therefore  exf  refled  by  fome  Digit 
b  the'tWm^laicc,..anfl  fi^xbcJSrft  and  fecondbkces:  IJut  if  with  this  Number  is  joined 
any  leffcr  r5uifvber,'  (1.  e.  any  of  the  precedingUanes)'  that  is  exprefled  by  Digits  in  tne  firft 
or  fecpad^  oriabpA^laces.  .  The  jPrcMjieffion^to  gtpater  Numbers, .  I  tnink,  jvill  be  now 
plain  enbu^.  Or ,wjc  rtay ' cbftfiihfrHrfa *is  tnaiinef  "=-Ahy  tSofiibinafion  of  F%uresex- 
preffts^femetme  ^etermiinitte  Nmhber,  ^U^c6rdS^  to  ^fr  ifdutiRod  Vatue  e^  fiauts ;  and  if 
Onfty  is  joined  to  this  Ktmiber,;the*8«llttea^  forlto  iadoneby  chaagif^  Che 

Stofreiirtfaeiirftpkce,  iandtdch)gthei%ettgMM«f,-f.^.'for'i,  tddi^  fora,>taking}^r. 
and  ff  ^i^abcadyin  the  firft'phce,  AicaibecaH^rnM  and<)nerim^  ten, we  muft  (accor* 
dtdg  to  ifcc'MHtutiDiT)  ;pat  :o  tnWie  &*  fflace,  and^dito^-Ae'PigiuBe  df  the  fec©nd  pkce, 
takMfte nexrgreatcr^  anii if 'SjAtls-alfo 9,  Mie^ bafofelfceTecond  plaee,  and «Mnge 
ibcKgttrc'6f*thetlnW  ^antjMbohtiil^xfe'CWActe  a^cein  \thkfe,rtiere  i^afPigureldsthanr 
5.  i&that  if afl*thEf E^restjf  the  givpi  Examyle^afe^s,  wefeto  m  all  fhetr{)hces,  and 
fet  ixnitheleft  of  dl.  Example  J.  ±j  ini  1  is  ^.  E*.  TI.  ap  and  t  k  ^o.  Ex.  Ill; 
459  and  I  -fa  roo. '  Ex.  iV.  j^ij^  'vtAfiis  ipoo.     .  . 

'Now  it's.'iftdn,  that  ff  to*any';^i|fipiber"we  cwvartW  one  and-exprefedie  Sum,  by  the 
fame  Rufciwexan  "^  'i'to^'Binni**aiid  i  to  t^islfeft  •Sufti,  and  fo  on.  And  becaufo 
1  tnaf  be  thelgtTiiii  Ntentt^o  ^foU&^s  tha^^ecan  ^by  this  Infticution  «cppe6  any  Num- 
ber in  the  natural  Series  from  Unity  in  infinitum'^  and  the  way  of  doing  it  is  here  i^ 
made  evident. 

S  C  HO  LIV  M  S. 

1.  Wefee  iK>w  tfaattho'  the  Figureo  fignifiet  nought  of  itfelf,  yet  it  is  not  ulHels^but 
<Bdi4)ettfifi^c  oeceflary  to  fill  up  puces^  that  other  Figures  may  poflefs  fuch  places  as  they 
ou^t  to  be  in,  for  the  expreffion  of  certain  Numbers  which  could  not  be  exprefled  by  this 
fuivlamcnnil  Rule^  wtdiout  die  help  of  tUs  Charadter.    One  Example  is  enough  to  ihew 

C  it^ 
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it,  and  we  ihall  chufe  the  Number  Tmh  which  could  not  othcrways  be  exprefi'd:  Ibr  by 
thtf  IniUtudon,  i  in  the  fecond  p^ge  is  ten  ^  but  .there  xannot  be  a  JE^cood  place  unlefi 
there beafirft;  andifany  figmficant  Figure  fbnd  in  the  firft  place,  the  whole  will  make  a 
•Number  greater  than  Ten:  fi>  14  is  ten  and  four;  therefore  the  F^;ure  in  the  firft  place 
muft  GgaSf  nothingy  and  &rves  only  to  make  two  places,  that  die  i  may  be  put  in  die 
fecond,  where  it  fignifies  Ten:  thu^  10. 

a.  TheF^ure  o  ftandtn^  on  the  Left-hand,  or  in  the  laft  dace  of  any  Rank  of  Rgints 
is  altogether  ufelefi;  fi>  04  is  no  more  than  49  becaufe  the  Value  of  Figures  riles  from  die 
Right^iand  to  the  Left. 

3.  According  to  diis  Inftimtion,  each  of  the  nine  fimple  fignificant  Fieures  inay  be 
confider'd  as  having  two  Values;  the  one  certain  and  determinate  known  tiy  its  Form» 
which  is  that  it  fignifies  fimply  by  itieif,  (as  ^kfour^  and  may  be  called  its  fi^  fxfrh* 
mtive  Value:  the  other  is-uncertain  and  varime,  depending  upon  its  p^ce  m  a  Rank 
withothera;  fo  any  Figure  in  the  (econd  place  is  fo  many  Tens;  m  tlie  third  place  it  is  £> 
many  Ten-tens,  (or  hundreds)  and  (b  on  in  a  teo-foki  Increase:  and  dus  may  be. called 
the  fecofuUry  or  iocalV^biCy  i.e.  the  Value  of  the  PAsc^;  andthefetwoVahiescompooi^ded 
(or  me  one  repeated  as  oft  as  the  other  contains  Umnr)  makes  tbe.com{deajt  Value  of  diat 
Figure  in  that  place.  For  Example,  4  in  the  fecond  pla^  is  four-times  Ten»  (or  forty  ;i 
and  m  the  third  place  it  is  four-times  Teo-ten^  or  four  hufidred.  But  in  die  firft  place 
(and  in  noothd-)  thefe  two  Vsdues  coincide  j  for  heredierc  is  no  Vidue  but  the  SmA. 

4.  If  thefe  twoSyilems  of  Names  and  F^et  areduty  compared,  their,  mutual  Corre- 
fpondence  will  be  eafily  underftood;  fo  tbtt  youll  find  litde  difficulqr  in  exprefling  any 
Number  in  the  one  manner  which  ia^ficft  cxpcefledin  die  other.  But  tiiac  no  body  may 
complain^  I  ihall  explain,  this  move  particulatty  in  the  foUowing,  Prehlem* 

PKOB  EE  Mi 

Hmvm  My  Ummher  exfrefed  hy  F^res,  bem  H  teMd  er  exfrefi  it  im  Wonfiy 
#r,  bavHtg  it  exfrelfedm  Woids>  vew  t9  toritA  or  exfreji  it  im  Figures. 

Case  i.  JP^om  a  given  Exj^eJ/lhfifamyK$tmliefimF^gfue^  hovj  to  read  it  m  Words. 

We  have  already  confidet^d  how  that  any  Number  being  exprefled  by  Figures,  every 
Figure  may  be  confider^din  a  double  view,  i.  e-.  according  to  its  finale  and  local  Value. 
Again,  the  Sviiem  of  Names  as  above  explain'd,  is  fo  contrived^  that  Ten  times  Ten; 
Ten  times  Ten  times  Ten;.  Tentimes'Tea  times  Ten  times  Ten;  [and  fo  on>  which 
are  the  Value  of  places  after  the  iecond,  which  isTeif|have  diftinA Names,  either^mple 
cr  compwnd^  and  fiich  Values  taken  any  number  of  times  le(s  than  Ten,  are  named  no 
ether  way  dian  by  ezprdfing die  number  of  times  (|e(s  than  Ten),  that  Vilue  is  repeated; 
fothatif  we  know  the  Names  of  both  values  for  every  Figure  in  any  Rank  (<>r  Ezpredion 
of  a  Number,  which-has  more  than  one  place),  and  expreS  each  according  to  tlie  Compo? 
fition  of  the(e  two  Values,  then  we  have  die  Expreffion  fou^t,  for  the  whole  Rank  or 
Number  piopoled.  The  Names  of  the  fimple  Values  of  Figures  we  have  already  learnt; 
what  remains  is  to  know  the  Names  for  die  kx:al  Vahie^  which  is  the  Defign  of  what 
they  commonly  calltbe  Table  of  Notttkm  ifx  Numeratioii)  which  I  ihiJi  put  in  a  more 
coavouentForm* 


TABLE 
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TJB L  E  of  )^ kU.'R a  fir  the  Local Falues efFkttfei  {m  which 
X  ftmtds  for  tent  C  far  Hundred  sjh.  for  fboufand.) 


<3^ 
ma 

IF  you  would  cany  this  Table  fartbicr>  it  is  to  be  done  by  die  Naoies  T^iti&nsy  £x* 
(already  explaiaed)  me  fiuhe  way  uied>  as  here  MUiom  and  Btlmm  are. 

Now  tbe  tJfe  of  the  Table  is.  plaioly  tfais<  ^ppfy  ^^^  of  thefe  Names  in  Order,  to 
ilie  feveral  Figures  of  a  Ranky  accorang  to  their  Places  fthe  Name  Units  fignifying 
only>  dot  the  F%ure  in  diat  Place,  is  taken  iii  its  fimple  Value)  and  prefix  the  iimple 
Vaoik  making  a  CompoGdon  of  both  (obferdng  how  any  fimple  Value  compounoed 
with  Teh  k  conthb&ed^  tfi^n.  For  two  'j'ens,  uyTwenty>  and  io  ontolUrty,  Foiiqr»  &c. 
as  above  endained)  and  thus  read  all  tne  ^ures  from  tiie  Left  to  the  K^t.  Ob&rvel 
alfo,  that  where  any  Word  belongs  to  die  I^mes  difivtfMl  Flutes^  which  ifamd  all  next 
togedier>  As  do  die  Words>  ThouIand>  and  Mill]on>  and  Billion,  that  needs  not  be  re- 
peated; but  only  o&ce  exprelledy  after  aU  die  Piacot6wliich  it  bdonm  are  Mdijsm 
to  what  is  more  in  the  Name,  as  the  fijUowing Examples  will  makepttto; 

t^,  isEkbtySae  .          « 

a549  isTwo  Hundred,  Fifty,  and  Four. 

74dS,  isSbredThou&fld,  Four  Huildred,  andEi^. 

67040,  is  Sixty  andSeveA  Thouftnci^  and  Forty  ^.^.) Sixty  Thouland,  Seven  liKiufiikfi 
and  Fcfts^« 

4iif  Sio^  is  Korty  Six  Millions,  TWo  Hutidred  and  Fifty  l^t  Thodand,  and  Three 
HundxecC  (#.  f .)  Forty  MilUons,  Six  Milfions,  Two  Hundred  lliouiand,  Fifty  Thoufand, 
and  E%^Tlioiifiiid>  and  Three  Hundred. 

24^100540962,  is  Twentjr^FourThou&nd^and  Eig^t  Hundred^iillions,  Five  Hundred 


.  orty  lliou£md,  ThreeHundred  Sixty  Two>  (i.  e.)  Twenty  Four  Thouiand  Millioiis, 
and  EiriitHundred  Millions,  &c. 

But  mis  may  be  made  yet  eaiier,  by  coniSdering  the  l^eral  adjacent  Plaices  dut  have 
anyooeor  more  Words  cqmi^cHi  inmeir  Names^  fipom  which  we  have  this  other 

■ ,        ..  .  ,    *>.^ 

A«IL  Bto;  .     ''■  di-MiB.  MiD.  Thoufd.         .    tJn. 


c  :  X  ;  Un.      c  :  t :  Un.    '    c  :  x:  Un,      c  :  x  :  Un.       c  :  x  :  Un.      c  :  2( :  Un. 


OA/bw,  If  yooneajfed  the  Woni  Un;  (or  Units)  Which  ftands  firft  in  die  iipper  Lirie 
^  this  TaMe»  and  mleft  -Aie  W6«d  Unit  ftafids  ifter  die  diree  firflf  PUces  in  the  under 

C  3      c  Linc^ 


Line>  put  the  Name  thacftands  over  every  Reperidon  of  c  :  x :  Un.  repeaiiag  it  alfo  wiih 
the  other  rwo>  viz..  c  : )[.  then  you  make  the  lame  Series  of  Names  a^  in  ipe  ,  pty-gHiM 
Tabb.    AndftnduAdvtta^af  U^E«&>-ffi^ihifrpi«(airif  ibclt."''^    '     >     .  •  ."T 

Begin  at  the  Right  Hand  of  any  Numberj  and  divide  or  feparate  the  wfe)le  Figures 
into  ClaQcs  or  Periods  of  three  Figures  eachi*as  loi^  as  difre  are  as  many:  then  each  Pe- 
riod muft  firft  be  read  as  if  it  wcro  atone  by  VjiiUi  Tmtj  flitrndredt,  i.  *,  the  firft  place 
on  the  right  of  the  Period  by  in  fimple  V^p>  ^e  lecond  piacc  asi  fo  many  Tens, 
and  the  durd  place  fo  many  Hnndreds  as  the  fiiq^  Value  expr^es  Qwbich  Pra£lice  b 
exprelled  by  uicfe  Signs  c  :  x  :  Un.  conilantly  repeated  in  the  under  Line  of  the  Table] 
Again,  becaufe  Figures  increaft!  their  Vrfue  towards  the  left,  the  ftme Figures  indifierent 
Periods  are  of  difterent  Values*  and  thnyfore  every  Period  has  a  common  Name  that 
compleats  the  Expreflioni  which.aie  ihefe .in- the uppar  fci*  oftJieTlble;  (in  which 


you  may  find  the  Name  of  the  highm  Period.in  any  Exampte;  md  remembriiig  eiadtly 
the  Names  of  Periods  in  orderfrom  the  left;  you  onuft  bran  from  the  left  and.Erft  read 
die  F^rcs  of  each  Periodj  as  c  :  x  :  Un.  then  join  tfie  Name  of  the  Peripd,  whidiis 

Oi  ;  Period  of  orte'br  twti 

Figur  bawteiis  Bi'fee;'h|ut  tht 

rcftw  tmtBKikin  Penods,*".  f. 

not  h  igain'  Obfiri^,  TTiit  in 

the  P  i»  yoa  need  not  repeat 

it:  b  wor?  Mfil.^hicli  you 

seed  PctiddbcfilTiwirh  o% 

as  he  t4J3tfti3y?S'i*ob)  i-redd 

24  th.  jiSoMill.  &(.  .    ,  T  n    '  ■       I 

See  theft  fivi  mrt  SxMipUt. .  ,     "'j^  {n,-^;.!;!  ,' : 

478,307,000  tf  lyghaU.  W*.1'b.-'-*i'l'':-'-'--i  ■'-*■ 

^8,o2i^o»i33  ■3  348Th.M  A4Hi.<fV^'': 

7,200,809)8157,34.5  -g         7  Bill.  aooTh.  809  Mill.  S6j-Th^^4/li'^ 

336^009,4.74^205,713  gT  3itfBiB.  ^Tli;  i4,7»Ma.'ft»^?ft.;fij. 

Case  2.  An^Numbtr  being  expreffedinVf oxAsj  U«i)*if  it •Jovmim'SimaKi.    -~       <■' 

M  the  preceding  Table  of  Names  correfpondine  ro  the  ilvetil  -places  of  t  'R«yc;  (^ 

Fibres  be  con fidePd,  there  can  be  no  difficulty  mtiMS  part  of  the.PioWcmj  vWch^  but 

the  rcverfe  of  the  former;  yet  perhaps  it  may  hot  be  uieleis  to  fomc  to  point  thepi  out  a 

Method,  which  isthis Remember  exa-ftly  the  Nkmes  ahdOnfcr  of  thePcriodjfrom 

Left  to  Riditi  and  of  the  three  places  in  each'  Period;  Then  xAftrrt  tehat  i*  xbc  Period 
tirft  named  in  the  Example,  alio  what  is  the  Nuinber  (vw.  of  c  :  z  :  Un.)  appUed  to 
that  Periodi  fet  down  mat  Number,  wWi'a^oint  after  it:  then  cooiVder  what  is  the 
Name  9f  the  ncn  Pernod  below  dixin  order,  ■  ■;ff\.  what  NuijiAitr  is  ^liettflo-it  in 
the  Ex»myl«;  fet  down  diat  Ni^M^q  yAe  TOL'iL*'  ftnT^JtWil*'^  Pfh^jfanti 
and  whatever  be  the  Number,  it  irviirbe  ^  o^^  ^:as  to  pofSs  tfvCP  plwck  Pf  1^ 
ting  o  in  thole  places  of  the  Period  to  which  no  Number  it  ap[died ;  (except  the  firft 
orhjgheft  Period  where  ti*  \&iif»^tf;tlSixy\)i»'S:^^'63iitii-i^-y^W^*x,tf^6siim 
any  whole  Period,  (after  that  yAu-<^it  dteiWgMl  ta-tte  BtnfUfftV  bluC^mj»Mi» 
3       I  ^j  three 


•€Aftp;i  Fl^^ff  ft  Aft'  -l^JT-b  *  At  von.  I  ^^^ 

*ft  jryou-  .ted  ^  Na«^  TR^d^ii^-  tpend^nU  befo     Miffibn*  or^SUon,   it  figpifies 


^FH^WH.  'of^  ThhBill.-  tnAi^^^^ediftifflfe^^  fe>in*the»  Period  of  fitni^e  MiB-  or  BilK 
as  in  the  preceding  Table.    One  or  two  Examples  will  fuffidaidy  iMtrate  Ais  Praiaice. 

Ex.  I.  To  write  in  Figures  this  Number;  Forty  Mil/ion  Two  Hundred  Thaujand  and 
Eighty]!  proceed  dius;  MilliM  is  the'i%heft PeribcR  and  Party  the  Number  applied, 

^tf^m  H^.^  V*i€b  \  f«  9pA^  ^iS^^  Pf  tfe^  ^rjper,'.ifcMf  49,3K>o^  Then  foUqwg  ^ 
S^cyl  of^l  ^5y*x,  ^  tjba  iN«WhpK.  here  fJfpM  is  ^^^^  j  jiyj^i^^ . ';^CQf4ii?g  CO 
*«%^l€i  Jff8f'0^  W^EnS9f'4i.efor|nprii^^  ,    . 

*».  a,  •T*V.^^'^«/%»7?!^4ft^/l?0':<?^'^-  ^illf9^*  H^re  the  napie  r^w/i»i/ flartdr 
ii^  before  Million  fignifies  th-MilL  which  is  the  high^  Pecio4  ioi  thjc  E^amplir}  and  the 
hiw^^es-^j^iA  TikDpffjH-^^  24.^  tb^  ^ft>W§  th^  Fedod  of  ^iKvaf; 

wd,ife^.^fa8Ril^  i*'»^-ffWtoJ5rifl«iW  *a  for^aer;  thi^.  a4op(f2i  jand  bpcaufe  there  i$ 

l?fli«r>  i*4«N»*«?LWijfcft>  d|i|Sj,%jflpfeaDoch@w>.  For-jyi^bow  datffethf  otjTffiFigiicc* 
GW^4/»t^fflJigfe:i»♦YP;Th»lfe>*^  i  |f,  iiaa  cQ)E9j^9  jdi<^  6WBpte»  gin^^  fer;4ih^  firft 
PWt  i«WWSijy«  te^.  «»WJ  ft^  ^  fed  P^ 

1.  €}f  «t?|)'Mnnbe!Si  oqiieflfid  l3yiFi0Uta%  (bjt.  tja^  Viyia  andi. Iioftitiickm  esdain'd) 
titttwUcbiuia^wtft  ¥iffr^i{<ir.Sian^'is(Ac'\ez&  Niynber.  EaMnf^yh^,  is  I^'i^ 
ftoa  Soril^*iii^.Sgms,of^Aid!¥AiidikbM  fisnleAJbe  all.the  gisateflr  pOdEuii^  (i.  »«  ^ 
jl^  ^oii  fhoff  of  the-iOch^  bie  tS  tUeikaflrpbflibtes)  ((i  e.  :i}(ia*diii  hi^eft  xilao^  aodtfab 
Yaifcei%>}icatiH;'iadifar  TwiU':w4uttjfl3'l<3iilrx>itO(ii}dte&  wtiikta  tfa&^  .befdnfe  toris  e^  to 
90Dd'i>.  and-iQD-eqpalto  dprand  l^^nindib  oo.r' Ei&K^t^rvaIue<o£.an  Unit  in  any 
a|iiee of-zlkuik  irmtter'tlairtiie  vajhii^.  of  1dlr^K^ preceding Figu  Rightrhand'^ 

^^ufis.C^imfdiat^hMifi'itp  trtievtlk^  it  is  a:  Is umbet  saring  one  pkiCQ  mdrethaa 

r,it*  If  llw^  miqUsrsvBcpn!^  kii^9/aa<'C(ui^iiABml^rof)riacesy'  &dC  is:tlie 

y^a^.Tabwiba  iisfaUhr^ittnfaelifat^  pUcer^  or  |a^<a^-fi|i(tfr.placf,  aU 

A^.pp^eafa|hpbice^AonLtbdde&1>«t9g  eqH^jr£^r^i9|^ir'ld3r^n»l^  istd^ 

Ht«^t3  V  and  ifii;^  i^ikttthanj^^yi; : /^  'r !'-/!:.[  i^J•'^    '  ^' --^  '    .•!.[>'   t    .:  .'•    >'• 
'    9.  jfinKm  iwndser  ii:gr«^cciihatt>aDQAfli^fnd(if  hrc»      'baftim>  etcb  o£  them  in  ^quai 
>mo6er  of  whatever  Fjgpjre%!that  which  suBs^-gDeatsfl:  ibe^atewiU  fliBl^  die  greater.     . 
4.  If  hefotc>  car  ion  the  .R  jghffjbandi  pff^any.  fade  nf  l^jguigsj  (or  NuiBln3]!.etpi:e(&d.by 
'  Fieuno)  be  p^cni  wr  one  ^r^rf^^  diidi  9irc9i!:&akkIcxpDi(3$^  rtBtHdmes;a«faacic 

did  before^:  (or .  wkihoiit  diat  Eigiim:))  r  andif- t^^o.  Ei^pucss  .ate:  iet  h^fot^ify  <  io  iscptdSee,  an 
t}i9id;edHkune8)0rilat'JDdid:bi£3^  anddbrioh  in  aliidf^fQld'Sregpefikih^radcosduig 
fuwtamencalllids.'r  Ear;  :48oy isctQi&dmos<^8;r .^  ^Steio JS^: Hodtimes  489  c^k:  TAockofr 
ii^rve?  That  mdi  ro^eft  to  tfaei  itaifia^  die  vabe  o£  the  giYeodftaidc,  it  is  the  fione  w^fier 
C)  or  any  ocber  Figume  6e  prefixed  ^  it  is  certain  that  axsotber  Figure.  wjU  thake  &  greater 
Kfinber  of  the. whole  Rjob  ttii£.is>  now  cxiaaeafed^  tiufc  mil  nol^  makecdsoi:  paix^of  it 
|lMef>  which  was^tfas  g^teiRaaiM  'Soihaa^  iiK^Bdii  thei^JG^isiefia^  ini7Rdae.toii4^cs 
I'rttoviQ' l^igMl:ei£pds b»inrftr; ':^  ,^r   -^    i  k* 

.   5,  HeQceiagaiii;iAn^|rirti£tf2^'MoB^^ 
tm^  v^majr^cooGidfinimair^^ 

io  wWdi« 'tts fidk  ffioam^oathe'Yigki^  Arndsvandipsle  the N^fim  g£ dhat  pla^e  a coxn^ 
moA  ISitme  tv^loo^Valira  ib;tfaenmQfe  Aank;  >Tbus^  aU'.d».Fjnirc&  of  any  Rank^  eti> 
eludiag  fihe.^bofcjoo  theirigbt^'oe  phce^xf  Iintp>  ifasing  iread  bq;  memfelyes,  (as  if  there 
imse aosFjo^ IsfeterAem  lo. times.  t.A* 

.-  .  p  ib 
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(b  OIL  Bxl  24^^73 :  Ime  the  o^ttSj  is  eqiisl  to  24^^87  Teoi^  (talddg  7  as  it  were  in 
ifae  daceof  Units)  i.  e.  cwemy-foiii:  thou&iid  fix  huiidred  and  e^ty^cven  Tens.  The 
24i{8  is  24i$8 Hundmis;  the  24^  is  24^^  Tboiifiivis>  and  tlsie^^  H  TeortlKHi&ads :  at 
the  2  is  2  IIuDdrod  Thouiands. 

SCHOLtVMS. 

1.  Bddi  in  ^  Oeneral  Rule  of  die  Figoral  Notation,  and.thd^  W6  hft  Coroflarftt>  I 
liave  ftippoied  tbis  for  a  Tmdk,  vhc*  That  Tto-timeS,  (or  a  Hundred,  ^.)  angrNttiXH 
ber  is  the  fittneasttaat  Number  of  times  Ten,  (or  a  Hundred,  &c.y  For  ExamiMe,  Aae 
Ten-times  7,  is  7  times  Ten;  which  Is  a  Tnith  I  believe  wSi  be  eafily  granted:  yet  itii 
-of  that  kind  that  admits  a  Demonftradonj  but  I  ihall  refisr  it  till  we  come  to  JMkr/ri- 
flicati&fh  to  wMch  it  moperly  belongs. 

2.  By  the  Figural  Notation  now  explained,  all  Niunbets  above  Nitle  are  etprefled  iii 
a  compound  Form^  rcprefendnfi;  ddier  a  certain  Compofidon  of  the  Number  Ten,  oi* 
Tuch  a  Compofidon  with  the  addition  of  a  Number  Itt  duA  Ten;  vMch  are  notaUy 
diftinguKhed  by  this  mediod*  of  Exprelfida.  But  there  axe  variousD^gieei  of  Ibe  Corn-' 
|x)Gdons  of  Ten ;  for  a  Number  compounded  df  Tens  is  other  a  Number  of  Tens  felGr 
than  Ten,  which  is  exprefled  by  a  Digit  in  die  lecond  {dace  afid  d  iii  die  firft,  as  xo, 
20,  &c.  or  it  is  fuch  a  Number  taken  ten-dmes,  which  is  expxefled  by  a  Digit  in  the 
diini  place,  and  o^s  in  the  iecood  and  firft^  ts  300, 400,  &c.  or  fuch  a  Number  as  tlie 
laft  tikm  ten-times^  as  2000,5000,  ^c  cndfo  on.  Ail  wfaidi  different  Degrees  are  cx« 
'prefiVi  by  a  Dipt  in  difierent  pdaces.  Fnttn  wUcfa  it^sdear>  dnt  if  feverat  of  tilde  dc 
toees  be  joinedtogedier,  L  e,  if  thei^ is  a  Rank cooixfting  of  morctiian  one  ^ignifiranr 
FSgme,  and  having  wk  ieaft  one  o  oh  the  Rigbt^iand,  as  450,  wliich  is  ^  Tens,  diat 
«xprei&s  a  Nomber  whtdi  is  alio  a  GompoStion  of  Tens;  but  if  there  is  a  %h^CBnc 
Figure  in  tte  place  of  Units,  that  Number  contains  fo  much  odd  or  over  a  certainnusH 
ber  of  Tens,  as  ^%j  which  isA6  Tens  and  Ei^.  Now  diere  are  two  tfaii^  to  beie* 
jnarked  bom  diis  Method  of  Noeadoo:  Firi^  That  6very  Number  is  diftiimifflted  by 
the  very  E2q>reaion  into  as  many  parts  as  diere  are  fipiificantFigures  in  tt^  each  of  wUcn 
as  esmidled  iepanudy  by  fisttiif  as  many  o^  befoie  it  as  there  are  figives  before  it  in 
the  ghren  Exfveffion;  as  in  die  foUowing  Exanqiie.  Aiid(ecoai^,''Ilac  each  ofdiefii 
Parts  is  a  certain  Coospofition  of  die  Number  Ten  (aa  above  cs^iamed)  except  that 
which  isin  the  phceof  Units,  which  is  alwajs  lefi  dian  Tenl  !fUr,  the  Number  4iK82 
is  eqwd  to  4000  and  tf 00  and  80  and  2,  which  is  more  fimpljr  and  oooveniendy  written 
allin  one  Rank  4(82}  whereby  all  the  Parts  are  as  dearly  and  intelligibly  marked  out  by 
the  meer  fkuadon  of  die  Vifprn,  (according  to  the  Rjule.)  Nbw  tha  diis  is  reaUy  a 
compound  Form,  eiqweffing  leveral  Numbers  diftiilfily  from  one  anodier;  yetbecaule  it 
as  die  moft  fionple  way  of  expreffing  that  Number,  or  Term  in  die  naturd  ptQa;reffion, 
iidiich  is  equal  to  the  Sam  or  aB  dideleflkr  Numbers  (accotdingtodiehiftitutkxi;  diere^ 
fore  it  is&id  to  be  a  limple  Expreffion  cf  one  Number,  in  ocfmparifon  of  the  c^erways 
t^expieflbig  the  Parts  feparateqr;  or  of  the  ExpreflSon  of  a  Number  by  any  odierdF  its 
component  Parts,  ieparately  written  each  in  dior  moft  fimple  Form,  (in  eadi  of  wliich 
Aeiefore  there  are  Parts,  or  Figures  that  have  die  lamft  Uoal  Value)  as  if  inftoKlof  8 
we  ihoukl  vmae  y  more  5,  (which  together  makte  8)  or  infttad  of  74  we  ihould  write 
43  more  31,  which  dierdbre  in  diftmdion  from  die  other  we  majr  call  compicst  £31- 
tttSions  repitfcntlng  feparatdy  two  di£ferentJ  Nombers,  die  lefler  or  which  hasP^urts  of 
fibeiame  lood  Vahie  wim  the  greater.  Qrwemay  ca^fadn  dus  diftinftioo  of  fimple  and 
complex  Expreffions,  thus :  That  Ejqpreffion  isca&ed  fimfrie,  or  one  Number,  wiikdi  is  one 
of  thole  whereby  the  natural  Series  of  Numbers  is^enrafisd  in  a  continied  Progreffion 
from  Unitv;  but  when  iwodiffiacnt£xpreffidnso£  mat  .Series  are  iqparateb  vmteenin 
two  diftin&'Ranks,  they  are  £dd  to  be  twadifieresu:  Numbers:  and<  vmk  idpeft  to  that 
l^nmbec  toM^^doey  am  both  ^toge^eyid^  diej^^afelaid  «aba#caBBfi|pc  Eaqxeffion 


of  it;  t^ftdJ^  Widi  fiicne  Mark  or  Word  becwixttfaem  n>  figoifV  their  being  joined  to- 
setfaer.  For  £z»xqple>  4^  is  «  fimpk  Escpreflioa  of  one  diftind  Number  in  the  natural 
Series:  But  32  and  14  are  tvo  Numbersy  which  being  bodi  togedier  eaual  to  46,  there- 
fine  32  more  I4»  is  acbnidcx  Ezpreffion  of  the  Number  4^;  Again,  m  the  fame  man* 
oer  any  Number  which  is  equal  to  the  diffiarence  of  two  Numbm  may  be  complexly 
opreObd  by  thde  two»  with  t  Mark  of  SubftradHon  betwixt  them:  As  for  £xamp]c> 
fmce  3a  more  14  is  eqm  to  4^  therefore  if  14  is  taken  out  of  469  the  remainder  is  32;. 
aixi  hence  32  ottf  be  cqMrdKd  thufl^  4^  leig  14^^ 

llie  iione  thinip  are  applicable  to  the  Parti  by  which  any  Number  in  itsiimple  Form: 
is  exprededy  is  if  for  4/?  we  ihould.  wdte  40  mcxtt  tf.^  or  for  6  we  ihoukl  write  4$^ 
le6  4o. 

lor  die  laft  place  dbfisrye^  That  the  oompeuiid  Form  of  this  Notatfon  is  the  Perfeftion« 
ofic^  not  mcray  as  it  iscompouod^  but  tne  particular  Manner  of  it;  becaufe  of  ^  cer- 
ttuarehtion  that  each  parthas  to  one  Number>  vm.  7>ts  by  the  conftant>  regular  and 
uniform  PiogieflioQ  in  the  Vabieof  Phcea:  Fat  br  dlis  Siinilaiity  or.  Likcn^  of  fome: 
Ructi  in  JiflaeutNunibeg$»  («.  #;  of  Parti  espreflUoy  Figures  in.  the  &me  or  like  places;) 
and  the  Cnnnrftkwi  or  Rcktkm  o£aD- theit  Pans  by  means  of  the  common  Number  Ten^^ 
towiucfa  diey  have  aD  » idadoo ;  Numbers  can»  be  compared  togedier,  and  their  Opei^ 
tkxvperfonned  in  a^very  eafy^  dear  and  diftuift  manner.  Andmore  particularly  we  nave- 
from  the  Mtthod  of  Nofittioa'thia  Prinople  ef  C)peiiatiQii>  f«s.  Thtt  fome  C^peratk3os^ 
Bunr  be  pafotmed  by  the  few  fimple  CoanidUia^  taken  uxi  applied  in>  dbeir  primitive-^ 
Vaues^  and  what  is  vronsror  deficient  by 'Ae  n^M^  of  their  kxral  Vahies  may  be  agaia. 
BwdeiqH  ty  die  Older  or  oue  placing  the  ievenl  figures  ari^  the  Operation:  And 

jaodiec  cws  wbeie  we  cannot  work  l^lin^FiguieS)  yet  we  cantake  the  Parts  of  Num-i 
bcvh  (^•'-  t^^  o^  ^"^^^^^  ^  their  Fitares)  andcomider  tnem  in  the  Value  they  would  havei 
by  themfidlvesi  oorreAmgdie  Defeos  tfie  fime  way  as  now  mentioned.  Which  Principle 
wefliaQftemUed  in^ die  foUowing  Rules ;  and  here  only  T ihall  furdiepobferve,  Thatio^ 
tfm  it  is  diat  me  Rule  of  Noottion  is  die  ground  of  all  odier  Opeiiitknis;  affording  ie« 
gular  and  ei^  Riiks  for  expedidous  and  ceitain  Work)  as  we  fliau  leank 
.  Ab  to  the  Hifloiy  and  lavention  of  this  admirable  Notation,  fie  what  iaiaid  in  die 
PXBF^CiS. 

3.  We  mig^  here  make  ComfMrifiias  betwkt  this  Mediod  of  Notatien,  and  others 
that  have  been  or  may  be  ufed,  m  order  to  Ihew  the  ExcdOency  of  this  Method;  but 
*tUs  will  be  better  underfliood  after  you  fee  the  Applicadbn  of  it.in  the  Operadons, where ^ 
I  have  aflotted  a  Place  for'  ibme  general  Reflednoas  upon  die(e  Operadons.    However9. 
I  (hall  bait  camUn  d^  NS9/«l^j^NiMr^#r^  by  die  Jtmfums-j  which^wiUbe- 

piopcr>  becaule  it  is alfo  pn&i&d  for  Marking  of  C3iapters  and  Sedions,  and  fuchtiiings)^ 
aadFthitbeiqg  caoqxsredwith  what  weuie,  me  di&rence  in  favauL  of  our  Method  wilk 
be  fiifikiendy  evident. 

Of  the  Roman  Notatioit. 

The  CharaAers  whereby  iSo/t'RmaMs  maiked  Numbers  were  taken  ootof  thtir Al^Sahet: 
of  Capital  Let»si  thus: 

Tti  StmfU  Cbarafftn. 

t      V.       X,  .    L.      c      D,      m: 

Equal  to    I.       j^       10^      90.     100.    500.     1000^ 


ii6^  Ofthi  'XS  Nit  Ek^  AX  N>o  ir  A.t  i  ^.        Boc^c  •  k; 

The  ifit^fmcdunee  Mfdvibers betwixt  6a€e  tiire  ^^fprsfied  %  viebtfbtion  U^die  fiune^ 
fetting  diem  together  in  a  Line,  Ytet-eby '^xprdBfig  tte'^Sufti  <afvaa!their  VHnts  (abdfve 
crprefled)  i<Mned  to  one  another,  (for  they  have  no  drfFertirit  Vatub^  ftom;  thbr  Places) 
the  Quraaers  of  gt^tefl:  Vtdue  bem^  fet  nexrthe  Left,  ^  for  Iginffnpld^  II  is  a.  iU  is  3. 
VI  is6.  Vn  is  7.  Xl'is  M.  XV  is  U.-XX  is  a^.  LX  is  fe.  L)tV'is'd5..DX  is  lyiOL 

~  ::OCC  Is  000.  'IX3CCGLXXX5i?VMlt  is  o^o.'^  Thdfe^&Bttorida,! 


!• 


DC  is  foo.   DCOCC  Is  900.  'IX3CCGLXXX5CVMlt  is  t^^.r  TtaJfe'&wfaaplda. 
fafficiendy  ftiew  how  aB  :Ae  #feft  ttpe  ^Ad*.    '    '^   -.-?.>  c'^  -^  ..  ^     '..       "  .:.   • 

But  to  prevent  too  great  a  Repetition  of  the  "^ttle  OriM^tety  'lixf  imie&mes  ^  doe 
l^tftr  Chftradter  before  iAb  'grdoHfr V^^d'  tj^ft'll  k-^^d^^cChi;  «difittf6iBce:bf  tbdfe.-tt^o, 
or  the  efFed  ot'taldftg  the  dfle-l^iiaitfer  <ik^^  fi«m  «he 'o^rs  thos  IV ii  4.  ILK  is  8; 
IX  is  o.  XL  is  40.  CD  is  400.  CM  is  900.  And  when  a  Number  is  exprefied  by 
more  oian  two  Chai^<3ers,  If  aiiy  ^tift  ^  f t  is  tiQ$  ^tprtSS^  it 'is  fit' to  difUngciiih 
it  from  the  Charaf^to  oh  '*e  L«t  Wjf  tt,-bjr  al^otets  thus,  ^4©  «a»jr  be  apnrfTed 
CXL;  (for  CXXXX)  'ttnd  '148  ihwk'.'GjXJLiHX  (for  CXXXXWHL)  AgoDi  -  ±99 
thus CD,XCIX,  »«ead'.rf^^(OCfcGtt.XKXXV^SfI)^^Wch^^  tware «<!biww&t. . . 
^:Aga(fi,^r  Numbbrs'^at^t'  :th4n^ii^^l^r'1^^^>ai^  l^pK^bd^dfter  tfae^Sbne  man- 
ner.   But  there  are  5tlfer'thlitgs'lfilli)eft^^^iA,^W 

and  eT^ciftUy  for  greater;^  Which  I'flilili  bfMt^j^t^aifl.  ^^h  for  ID  oar  500  'they  rvmte 
Y^.  and  then  by  ^(!Khg  another  ;^'k'-]gt^ftifly^relite  %eti^<lKiKss^iLf  mndh;  4b -{33  is 
5000.  1CX5D  i*  '50000,  and  fo  Oft.  %dift  -fbr  M  W  )*otoo  ^bey  t^iteClb^  jand  <b|r 
joining  aiioth^P  (lich  Mttfk  ^  C  •find  :^  eiib^li-^^^Htid,  tietpte|fetai«d0l«svi*uiaiu; 
fo  <KXio  ft  lOoob.    eoecfa^  is  ifc^owb.  "fittt  ilidl^,^*iey  bftii  mmet  aon^ratfaoif 

WKf  qf '^t*Bfii^'W>ftiitebtfrt5f-"^  <JVtP4Biy 

Ei^irefflOh df  aT^ber^ifr.ttan 'a'l^pt^  4h^eb)r "IrtSpreflM  fo-4fctoy*^<XW^ i 

foV  is  5000.  VIls  (fooo.  Xfe  iQc^oo.  EX  is  ^0000.  Cis  ro'oOoo.'^dmisVThou* 

^dmhcu&ads,  orra Million>  :ioooooe.  MM* i5^oc«|opQ.  ^Buc  I ihaU  iniii^no.inore.  / 
.  If  we |K>w.  comparediis  -Mbd^uHal  ?Mf  NoftitioQriyitli  r^xfkmy^  y«efi|n!it^ n^ppeaijs  1^4^ 
preceding  Examplq^ 'th«  fona^rNuinb^gti^afl^  mere  4ord^  ^bvMel&d  tqr  ti|[e.fia2v'f(fK  VVoy-^ 

regular  Prc^eHTion  in  the  Vdiie  of  the  (amefimple  Charadlers  as  in  the  <?^9V  j^e^(% 
9utweCBiift'lwn^tbewor&<rf'this£txnitscA^  :  '    - ,    .:  -,  vl  1.   •     .^/  .; 

.^  '  '  '  •  *. 

t  t 

•^       •  •   .  ........     ^      ,  .  ■  ^       I  i 

Sy  titis  Name  iS¥ior  rAdmt  iny  ^<MftantMof  dhEblifhftdfofMkid  dfllA  e^^^iipviMve  UAbk 
E^iieffita  of  itotieidlir  Mutobe!^;  iHit'aMMlod  of  f^^SitmgMi^^t^^j^^ 
in  6i>d^  to  the  ^meh^e^ '^  and'  g^^ral-EatptdSdn  and  DeniofiftnitiQf^  CVmlfarifVdtiis 
in  Numbers,  which  tho'  thcn^  be  limited  to  particular  Conditions,- Jf0t'taJ9tvcDifana(»ib0 
Numbers,  but  extend  to  all  Numbers,  wherein  the  fiune  Conditions  are  found. 

The  fundamental  PrincipJeAef-^ONbtafii^a'is  <riie  lanft^  the  laft,  viz.  That  an^ 
Mark  or  Sign  may  be  infhtiited  for  the  Reprefentationof  ariy  of  our  Ideas;  and  here  it  is 
jlone-b^  Letters,  niakm  theOime.  Letter  ^and.in^FereacJy'  for  ^y  NunA>er,  .upon  zhis 
Coridfcibri,  *rKat'througn'the  finAe'PropoGaoh  arid  jbemdrt™nQn.iD.be'filppoi^TOTOq^ 
for  the  fame  Number  i  i.e,  when  particular  Examples  are  ap^ed,' Vtre  mtOT  *apply^the 
fame  Number  alwavs  to  the  fame  JLtfte?^^ .  -^Tl^  die  Jtetter  A  or  ft  or  any  other,  may 
reprefent  any  Number  we  pleafe  to  iU{^le.  .   *  " 

Ohjervey  This  Notation,  and  the  ccwflequent^  Otoenftions  are  called  The  Literal  or 
Speciovs  ArithnitHek^  which  is  Qtpart  doc  FoMDdatioq>%of  tho-^^f^^ci^  Arf^  the 
defigned  Ufe  of  which  in  the  following  Work  is  tomakeeafyahduniverlalDemonftrations. 
;-4<>r  when  any  Trutli  is  propofed  which  is  not  limited  to  particular  Numbers,  but  only 

to  certain  Conditions;  itisnotafufficient  Demonftration  to  (hew  that  it  holds  in  one,  or 

any 
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2CV  Number  of  paxticultr  Examples^  it  muft  be  fliewn  that  it  will  hold  good  in  all  Gaiics 
poflihLe:  and  as  diis  muft  be  done  by  an  univcHalMediod  of  ReaToning  abftradted  &om 


all  pszooibr  RYamjplrg  ^  fi>  there  rnuil  necei&rily  be  an  univerlal  Notation  for  Numbers. 
It  is  true  indeed^  that  die  Unhrer&Utjr  of  a  Tnufa  may,  in  fome  Propofitions)  be  made 
xot^at  tfarou^  Qne»  or  a  few  particular  Ezamplesi  but  for  the  moil  ^rt  this  would 
provtvoy  tedious,  aiid  requite  many  Words,  which  would  render  die  Dononftradon 
moie  SScdk  and  obfcure^  and  in  very  soany  Ga£es  could  not  be  done  at  aU.  Which 
makes  liy^jUgebrmck  Method  of  Demonftration  neceilary  in  Arithmedck,  (as  I  have  more 
My  iqsrdented  in  the  Treface)  The  Principles  and  Rulesof  which,  as  far  as  this  Work 
require^  you'll  £nde:splained  gjradually  as  we  proceed. 

Before  we  enter  paiticularlv  upon  the  odbcr  Rules  and  Operations  of  Adthmetickt 
there  is  snodierDiAiadiQii  of  Numbas  muft  firil  be  exj^ained;  i»«. 

§.  2«  Of  Nmnbers  Integrai.  and  Fractionai.. 

• 

THIS  iXftindioQ  proceeds  from  the  Coeip«ri£>n  of  lefler  Qundties  widi  greater; 
ffid  to  oockiifauid  the  N«tai«  of  k  ari|^,  we  mufl  confider  the  diflferent  Notions 
of  r^grtftodl^hy  ttMis,  Ewy  leBbi  Quatidty  is  calkd  a  Part  widi  reTped:  to  a  greater 
of  the  ftme Spedes,  wtacb  is  €aUedanIii#i0*^rorl^%iifr  widirefpedrto^^ 

BatthoK  is  a  morcT  gmend,  and  alfi>  a  particutar  Senfe  in  which  one  Quantity  is  called 
a  Pirt  of  another.  In  the  general,  no  more  is  meant  but  that  it  is  a  lefler  Quantity^ 
vfaicfa  wkh  fbatc  one  or  more  Quamides,  alio  lefler,  make  up  a  Quantity  equal  to  diat 
others  and  into  which  dierefore  that  Greater  may  be  reiblved.  But  in  a  more  particular 
Senfe^  a  Part  figtufi.es  fiich  a  lefler  Quantity  as  is  contained  a  number  of  times  precifely 
in  agreater,  (or  Whok :)  «•  '^  it  is  one  of  thofe  leflfer  Quiuitities,  all  equal  among  them- 
feLves,  into  wYiich  any  Quantity  may  be  refelved  or  fep«aced.  Or  We  may  alio  conceive 
ic  thus,  'vix..  As  aVeder  Quantitv,  of  which  a  certajf^  Number  Joined  together  makes  up 
a  greater  Qggptity  or  Whole.  Hence  iiiph.  a  Part  is  called  an  Equal  orAUfuofV^xtj  and 
the  amaber  gf  times  t  is  contained  in  the  Whole^  or  the  Number  of  equal  Pares  con- 
tained In  the  Whole,  ^ves  a  Denomination  to  the  Fart,  and  is  called  its  Denamindtor:  to  if 
any  Quantity  js  cootamed  in  a  greater  6  time^  it  i$called  a  fixthparc  of  it.  Now  it  isiii 
'^  ienfe  oiuy  th^  atPart  c^  t^.ui)derJ[ix>od  in  Arithmetick:  form  order  to  compare  two 
difib'ent  Quai^titSos  together  by  the  jot^ans  (^Numbers,  we  muft  confider  them  as  com- 
pofed  of  fome  commcxi  £Jemeht,  or  equal  Fart;  by  the  Nvunber  of  which  coptain^  id 
each,  the  Companfon  may  be  made;  and  the  Value  of  thefe  Quantities  with  refped  to 
one  apQtfacr  be  determined.  If  die  leflcr  is  an  .^f  s|p^  Part  of  the  greater,  there  is  no 
more  xo  be  done;  but  otherwife  they  muft  both  b^  conceived  as  coinjpofed  of,  and  re- 
ducible imp,  fome  common  Element  or  ec]ual  Part>  fo  that  if  the  lefler  is  not  one  of 
tbde  ASquQi  Pads  of  the  greater,  yet  it  is  equal  to  a  greater  Number  of  fuch  Parts ; 
fforoAerwife  djqr  cannot  be  compied  together  ^  at  leafl  the  Relation  cannot  be  expreflcci 
m  Nunibcrs ,]  SucK  a.  lefler  Qiiantijy*  .to  <SjQingiri(h  ^t  from.  %n  ^ts^uot  Part,  is  called  an 
^£fittf9/Part.  For  Exwpig^  a  ki&v  Qyannty  equal  t»  ^of  3  Parts  of  anodier,  is  called 
«n  Aliquant  Part  thereof.  ^ 

I  have  hitherto  fpoken  of  Quanuties  and  their  Parts  in  general ;  but  what  is  faid  is 
appBcable  both  to  what  iu^Iled,  Omtmued  Quantity, .  (3^.  CengjjE^  Weight,  Time,  ^r .) 
or  to  pure  Numb^i  For  every  kfTo-  Ngmber  is  a  part  <^  a  greater^  and  is  either  an 
Mi^t  or  ^Uqfumf  Parti  boc^tufb  Unity  id  the  common  Element  or  ^fiq^oJi  Fart  of  all 
Kumbets^  fo  that  every  .Nunjber  is  a  Number  of  iiQhAU^Qt  Parts  (i§  Units  arc)  of 
evan|[  odier  Nuxnber.  But  tf^  dideren^e  i$  very,  retoarkable^  That  the  Ali^t  Part  of  a 
CQOQQued  Qi^ti9»  mifiAm/X  propqljf  t^y  it&lf  ia  che^  A^cure  of  a.opnvoued  Qiiantit}r, 
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is  only  one  finele  individual  thing?  or  an  Unit  ^  whereas  in  pure  Numbers?  one  Aliquot 
Part  may  be  aKumber  greater  than  Unity.  Ex,  The  5**  part  of  12  is  4  (for  5  times  4is 
12.)  It  is  true  indeed,  mat  conceiving  any  continued  Quantity  to  be  reiblved  into  12 
cqualParts,  one  4***  part  of  it  isequal  to  3  of  thefe  partsj  yet  the  Whole  and  Part  are  here 
confider'd  only  as  pure  Numbers  :  for  to  fay  3  is  a  a*^  part  of  12,  whatever  tfain^  we 
fpeak  of>  it  is  but  a  pure  Arithmetical  Expremon;  wnereas  in  continued  Quantities,  bc- 
caufethe  Part  of  any  diing  muftbe  of  the  &me  namrewidi  the  Whole,  therefore  a  4***  of 
any  Length  (for  Ex.;  muft  be  one  certain  Lengthy  which,  in  fo  faf  as  is  necdO&ry^  to  confti- 
ture  a  4*^*  part,  is  not  conceived  to  be  any  further  divided,  but  to  be  an  entire  Length 
equal  to  a  4***  part  of  another.  But  a  more  remarkable  thing  is,  that  any  continued 
C^antity  may  have  any  aliquot  Part,  for  that  we  can  conceive  at  pleafiire^  but  pure 
Numbers  cannot:  For  (bme  have  no  other  aliquot  Part  but  Unity ^  as  <  and  7;  and 
others  have  different  parts  according  to  their  Compofitions:  fo  6  has  a  Half  and  a  diird 
part,  but  not  a  4*^  part  or  a  5***  part.  Afi;ain,  no  I^umber  can  have  fuch  a  Part  as  )s 
denominated  by  a  Number  greater  than  ittelf^  for  Unity  is  the  leaft  part  of  any  Number, 
and  is  the  part  denominated  dv  that  Number  itfelf;;  ib  3  has  not  a  4^*^  part  in  pure  Num- 
bers :  But  if  we  confider  aity  Number  ap^atelyas  (ignifying  a  Number  of  things  which 
are  divifible  into  any  conceivable  Parts,  then  any  aliquot  Parts  of  otie,  or  of  any  number 
of  tl^fe  things  is  pcmible.  For£x.  The'  a  ^  part  of  3  is  impodible  in  pure  NiUnbeis^ 
ic  is  poffible  when  the  3  is  applied  to  things  diviubleintD  any  Number  of  rartsas  4;  yet 
here  it  muft  be  carefully  remarked,  that  tuisis  not  the  4^^  part  of.the  Number  3,  .but  of 
a  greater  Number  into  which  3  things  are  refolved :  Therefore  every  fiich  £iq>reffion  as 
a  4^*^ of  3,  or  3  4^^**  of  2>  miift  be  conceived  with  this  qualificatioB^  i.fi.  as  pofldbleoDly 
in  if^^/rVtf re  Numbers. 

The  fame  aUb  is  to  be  underftood^  tho'  the  Denominator  is  lejs  than  the  Numerator 
which  is  confidered  as  the  Whoky  when  thisNumber  has  no  fuch  Part  as  is  exprelled;  as  ii> 
this  Ex.  a  3**  of  5. 

WeOiall  now  g^er  together  diefe  Definitions;  and  £n>m  them  you'll  fee,  tfae^gioimd  of 
dieDiftin&ion  propoied  with  the  Definioon  of  dteTenqs. . 

Definitions: 

'  X.  Every  lefler  (Quantity  or  Number  is  in  a  more  general'  Senie, '  a  Part  of  every 

Sreater  (ot  the  fime  Kind,)  which  is  called  a  Whole  or  Integer  with  refpeft  to  theP^/.. 
ut  more  particularly, 

2.  An  Aliquot  Tart  is  that  which  is  contained  a  certain  number  of  times  precifdy  in 
the  Wholes  and  that  number  of  times  is  the,  Name  or  Denominator  of  the  Part.  Ex,  If 
any  Quantity  or  Nuinber  is  reiblved  into  3  equal  Parts,  one  of  them  ii  an  aliquot  Parr, 
cadled  a  3**  part  j  (b  2  is  a  3*  part,  of  5.  Andfrom  the  nature  of  Numbers  we  have  this 
toroUaryy  viz.  .     '  f  ' 

Corollary.  One  is  an  aliquot  Part  of  eveiy  Number,  and  the  Denominator  is  that 
Number  itfelf.    Sa  i  is  the  6***  part  of  6. 

3.  h\  Aliquant  Tart  is  fuch  a  lefler  Quantity  or  Number  which  is  not  an  equal  Part; 
but  contain?  a  certain  Number  of  fome  equal  (or  aliquot)  Parts  of  the  Whole.  As  when 
any  Quantity  or  Number  is  not  One  oMquot  Part  of  a  greater,  yet  is  equal  to  3  4***^  parts 
ofthat  greater :  So  9  is  34**  parts  of  12  ,•  for  a  4**  oiri2  is  3,  and  3  times  3  is  9. 

4.  An  Integral  (or  whole  Number)  \&  that  which  reprefents  things  abfolutely  by  the  m- 
felves,  without  any  comparifon  to  other  things  i.  e,  they  are.  not  confidered  as.  Parts  of 
other  things;  as  when  we  fav  in  general  4  Things,  or  particularly  4  Words:  And  they 
are  called  Integral  or  whole  Numbers  onlv  in  dimndtion  frotn  PArts:   ' 

5 .  A  FraSlional  Number  (or  a  FraBion)  is  that  of  which  each  Unit  reprefents  a  cer- 
tain aliquot  Part  of  another  dung,  as  theWhol^  to  which  this  Part  relates,  called  hence 
the  Relative  Integer.  For  Ex.  i  5***  Or  3  5***  parts  ;'  or  7  13**  ps^n^  of  any  duM;.  And 
becaufe'the  Denomination  of  the  Part,  wmct  is  alfo  a  Numberj  muft  be  eixprefleo,  there- 
fore every  Fraftion'cDnflte  of  two  Members,  or  requires'  two'Numbeis :  for  there  is  the 

^     *  Number 
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Number  of  disigs  ibedif  and  immedktely  reprefented  (ds  in  the  preceding  Exampkfy 
die  Numbers  !>  j,  7O  called  hence  the  Kumetstor  of  die  FVaftion  5  and  the  N  utnber  of 
equdl  Parts  of  which  die  Relative  fcteger  is  fiippofed  to  be  compofed,  called  the  Dewh- 
ntinstary  or  die  Name  of  the  Part,  exprefflne  the  Value  of  tach  Unit  of  the  Numerator 
with  reQ)eft  to  the  Quantity  of  die  Relative  Integer.  So  in  this  Ex.  3  5**  parts,  3  is  the 
Numerator,  and  5  die  Denominator  j  dhe  common  way  of  placing  tiiem  bMng  to  fct  the 

Numerator  abovedicodier  thus,  4.  or  |-  SS-'L 

Scholium.  From  this  Definition  of  a  Fraction  it  is  plain  that  the  Numerator  may  either 
belefe  or  greater  than  the  Denominator,  or  equal  to  it^  for  we  may  as  reafonably  fay  ^  (pr 
7  5***  parts)  as  ?  i  if  we  underftand  it  according  to  the  Definition,  i.e.  as  expreffing  7 
things  each  of  wtdch  is  ec^ual  to  a  5***  of  another  things  and  not  as  if  7  were  fuppofedto 
be  uken  out  of*  y,  which  is  impoiCble.  By  comparing  the  Numerator  and  Denominator, 
we  have  this  Coniequence^  viz. 

CoRoiXARY.  If  the  Numerator  is  greater,  equal  to,  or  Icfler  than  the  Denominator, 
the  Quantity  exprefled  by  that  fradioml  Number  is  greater,  equal  to,  or  lefler  than  the 
Integer^  becaufe  the  Denominator reprefents  all  the  Parts  of  the  Integer,  and  the  Nume- 
rator (hews  how  many  are  taken. 

And  this  gives  rife  to  a  Diftindion  of  Frvper  and  Improper  Fraiiiansy  as  the  Nume- 
rator is  le&  or  not  lefs  than  the  Denominator.  But  a  more  particular  Explication  of  this, 
with  other  Diftindions  of  Fradbions,  we  muft  reifer  to  another  j^ce.  And  here  you 
mav  Ohfirve^  That  inftead  of  die  Names  Integral  and  FraSiionaly  we  might  as  properly 
call  them  Aifolute  and  Relative  Numbers  j  which  do  very  well  expreis  dieir  different 
Namres:  For  the  firil  confiders  things  funply  and  ablblutd^  in  thoii&ves^  and  theodier 
confiders  things  relatively,  as  Parts  of  other  things. 

It  is  to  be  alfo  Ohfirvedy  That  Fraftions  are  a  more  general  Kind  of  appUcate  Num- 
bers: For  die  Numerator  (or  the  Number  of  thic£^  diredly  defigned)  is  reibained^  (o 
that  it  does  not  reprefent  a  Number  of  any  things  mdifferendy ;  but  is  limited  to  a  certain 
Bjdacioti  to  ibme  other  thing :  nor  does  it  expreis  any  Part  of  that  odier  thing ;  but  fuch 
a  Part  or  Parts  as  the  Denominator  exprefles:  yet  while  there  is  no  particulirdiing  named 
as  the  ilelative  Whole,  it  is  in  this  refped  a  general  and  abfira^  Fradion,  (but  nota  pure 
abfolute  Number  0  fo  |  is  a  general  and  ahpraEi  Fradion^  but|  of  a  Day  is  applicate. 
Wherefore  in  everj  appBcateYnSdon  there  are  two  Denominations  to  be  ccMifidered, 
which  we  may  call  the  Relative  and  the  Abfolute :  The  firft  is  the  Denmninator  of  the 
Fradion,  and  the  odier  is  the  Name  of  the  Int^er.  But  if  the  Integer  is  not  one,  but 
a  Multitude  of  Things  (as  f  of  (J  Pounds)  that  is  to  be  conceived  as  an  Integer  or  one 
of  its  own  Kind  ^  or  rather  we  are  to  conceive  diis  Exprdlion  as  a  mixt  Form  reducible 
to  a  fimple,  wherein  the  Integer  is  an  Unit  of  a  parucular  Name^  fo  |  of  6  is  equal 
to  V  of  I.    But  thismuft  be  left  to  its  own  place. 

GENERAL    SCHOLIUM. 

of  the  different  Senfes  in  tvhicfo  Unity  is  DiviGble  and  Indivifible,  and  the  Converfon 
rf Numherf  framlntegcH  to  Fraftional,  and  contrarily ;  Jbev^iagin  general  wherein 
their  Operations  mnfi  be  the  fanuy  and  ijoherem  they  diffir. 

Here  now  is  the  place  to  explain  the  different  Senfes  in  which  Unity  is  divifible  or 
indivifible.  And  in  the  firlt  place  this  is  plain,  That  Vnrty  in  its  own  Namre  as  Number 
is  im&vi^ble'^  for  there  can  be  no  Number  of  Things  conceived  lefs  diai^  Owe :  but  if 
we  conlidcr  theSubjed  or  Thing  to  which  the  Idea  oi  Unity  is  applied  ^  as  that  is  capable 
of  divxGon  into  real  or  imaginary  Parts;  or  as  it  is  really  a  Cblledtion  of  dilHnd  Things 
united  by  die  Imagination ;  fo,  what  is  the  Subjed  of  Unity  in  one  View  and  under  one 
Denomination,  mav  be  the  Subjed  of  Multimde  under  another.  For  Ex,  1  Pound  is 
the  &me  as  20  Shillings^  whemfore  it  is  not  the  Number  One  that  is  divifible,  but  fome 

'  D  2  conr 
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cpotmued  <^u|ptity»  as  a  Yar4  «  Dafj  <^^>  or  iibme  Number  of  Tlww  6ocmefaoided 
under  t  fiaguUr  Denbminarion.  Hence  i^;^  ^^  l^^^  to  conreA  a  ^^r  &idiv  lers. 
That  a  Proper  Fiadion  (i.  e.  whole  Numerator  isleft  than  its  Denooaiiutor)  isa  Number 
IdfithaoUiffi/r-  It  docs  indeed reprden^  a  Quantity  left  than  the  rdatiye  Integer  or  Uiik;. 
but  is  not  a  Number  lels  than  Unity :  For  the  NumeTst§ry  which  cannoc  be  Ida  tf»n  x, 
is  as  properly  a  Number  as  if  it  were  ap{died  to  things  under  an  absolute  Denonuttttion : 
fo  f  of  a  Pound  does  as  truly  exprds  time(httigs>  as  3  Pound  does;  dxffiniqg  only  ia  the 
Value  and  Way  of  denominating  the  thiagi.  Again,  becaufe  one  Quantity  or  Number 
cannot  be  referred  to  another  as  a  Pait  or  Pans,  unle6  that  other  be  really  or  con- 
cdvably  divided  into,  or  ccmipofed  of  fucb  a  Number  of  Parc^;  therefore,  ftoOdy 
fpeakii^  die  relative  Integer  or  every  Fradion  is  what  we  may  oiU  a  totteffive  \Jmt^ 
or  a  real  Midtitude  united  together  in  one  Whde  under  a  particular  Denomination. 
Hence  a  Proper  Fradicxi  is  in  eSoEt  finne  lefler  Number  compared  to  a  Number  greater 
than  it,  and  always  greater  than  Unit^.  For  Ex.  f  is  3  things  tai^en  out  of  c ;  or  3  5^ 
Parts  of  a  Whole  compofed  of  y  Parts :  and  in  this  View  only  a  Proper  Fradion  ts  a 
Idler  Number  than  its  relative  Integer }  yet  not  as  tiii»  is  Unityy  but  as  it  is  really  a  Mul- 
titude. To  have  done;  The  proper  AritlKnetical  Value  of  One  or  any  other  Number  is 
invariable,  i.  e.  One,  Two,^r.  is  always  the  fitrae  Number,  in  whatever  thinp  and  how- 
ever denominated^  but  take  the  Number  with  the  Applicadon  complexly,  tSere  may  be 
a  difference;  fo  thtt  what  is  equal  to  Umty^  or  anyooMnr  Number,  in  one  denomination^ 
may  be  a  greater  Number  j^lied  to  another;  as  i  Shilling  is  equal  to  aGroats,  or  to 
12  Fence.  The  mixt  Value  is  die  fame  in  all  dbefe,  m  the  fTumbers  and  Denominadoos 
differ:  Alfb  what  is  an  Integral  Number  applied  to  Things  under  a  proper  and  abfpluce 
DenominadoA,  may  be  convert  to  a  Fraakm  or  rdadve  Number  by  ajpplyiag  a  i^- 
tive  Name  or  Denominadon;  fo  3  Shilling  is  the  &me  as  -f^  IVts  of  a  Pojima.  Xp  both 
Ezpreffions  the  Number  and  mizt  Value  is  the  &me,  only  the  Things  are  difRrendy  de- 
nominated in  die  Apidicttion ;  this  being  indeed  all  die  diftrence  betwixt  Numbei9  In-^ 
t$gra!  and  FraShmsl',  yet  th^  di£^ence  is  the  occ^fion  that  thefe  two  Kinds  muft  be 
himdled  ieparaady :  for  die  Denominator  ef  a  Fra&ion  beingaUba  Number,  re^ft  muft 
be  had  to  that  m  everv  Operation,  which  occafiops  more  Woric  than  in  Int^rab.  But 
ftill  the  fundanientAl  Uperadons  of  Numbers  are  thofe  performed  by  It^e^ral  or  Abfblute 
Numbers^  for  the  Numerator  and  Denominator  of  a  Fradtion,  taken  by  thetnfelves,  are 
of  the  fime  general  Nature  with  every  other  abfolufe  Number,  and  can  have  no  other 
Operatk>n  applied  to  them;  and  the  way  of  making  that  Applicadon  fo  ^  to  fulfil  all 
diat  bodi  the  Denominations,  Reladve  and  Abfolute,  (where  Iboth  are  confidered)  do  de- 
mand, is  die  only  new  thing  in  the  Operations  of  Fradlions.  Therefore  after  the  Opo^dons 
inWhole  (or  Abfblute)  Numbers  are  explained,  which  wiUempby  theremsMning  Qjapters 
of  this  Book ;  die  daeae  ihaU  be  done  for  Fraftions  in  the  iecona  Book. 
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ADDITION  o/Jf^Lo/e  ami ^/raBNv MB EKs, 

jyEWlNITJOJf. 

ADDITION  $s  tbefimSng  mte  Ntmier  efual  ta  tnua  or  mtte  iJumiert  taken 
all  together '^  that  is,  finding  themoft  fimple'Expreffionof  aNumber,  (acccnding 
to  the  eftabliflied  Notation)  containing  as  many  Units  as  are  in  aSf  the  given 
Numbers  taken  together;  which  is  hence  called  dieir  Sum,  For  Examffey  die  S1S9  of 
^hde  Numbm  8>  179  249  6759  is  found  bf  the  foUpwing  Rule  tobe  7^4. 

SCHO« 
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ScHolflUMS. 

1.  Bsfm  we  enter  upoa  the  pemcnkr  Rules  o£  AAHtiomy  k  »  neceflky  to 
make  the  foUowing  Refl^kion  usoa  die  Mecfaod  of  Nvr jttiMs  as  iir  i»  in  pan  the 
Foundedoa  of  all  cdier  Ruks  of  Operatioa;  vi«.  That  as  hj  any  eftabiiihed  Notadom 
^yhatcver  it  be>  i9e  know  ho^  to  eiprefe  any  NuiKiber>  or  the  whole  Series  of  Numbers 
in  a  continiied  SuccefiioD  (irom  Ihut/,  by  me  adding  or  joining  Unity  after  Unity  for 
ever;  b  by  AppUtatk>Q  of  tlusInfticution>  andthe  general AxiQi!n>  that  Tht  Wbok  uequal 
t»  mM  its  Fsrtty  we  fte  a  poffible  way  of  fioding  and  deoEiotiifaatkig  die  Sum  of  any 
twoNuxnbers>  viz.  by  beginning  wkh  one  of  the  givenNundaeis,  (and  it  is  beft  to  take 
^greater)  wd  jotnffig  to  it  all  the  UniiB  of  dae  odxr  one  afbcr  another,  expreffitw  the 
Sutf  at  every  ftefs  accordiM  to  die  Rule  of  KottMti9»y  till  the  laft  Unit  is  sMeiy 
and  thmt  yen  hare  die  Summig^t:  becaufe  if  all  theUnili  in  any  Nuanber  are  added 
fiicceffivdy  to  anodier  Number,  the  fixft  Number  ( which  is  nothing  eUe  but  all  its 
Paiti  tDgflPier)  ii  tfertaitdjr.addedco  the  iecond  Number.    For  Exampb^  if  (accor&ig  to 

die  preient  Naimtiom)  it  were  piooofed  tK>  find  the 

8,     i»    ij    ly    li   I,     1)    I,  >     SbflfiQfSaiid7:    I  take  8,  and  after  ii  iiet  down 
9  :  lo:  II :  xa :  i  j :  14:  X5.S     ^  ihe  UnUB  of  yfeparacely,  and  by  adding  diiem 

one  by  one  ID  8,  and  expreffii^  theSum  as  it  sra« 
daatty  iaenak$y  die  hft  and  totalSmn  k  15.  In  dK  fame  manner  may  wie  find  the  Sina 
of  aa^  other  two  Nunbcrs^  or  of  any  Numbe»  aoee  than  two>  t^  firft  adding  any  two 
of  Aeeoy  and  tHaaa  to  tkeSum  addu^  any  odier  of  them;  and  fo^on. 

JUtuanextai[/Sr<n^,  Whatis  labmziyy  and  what  ia  notfi>  in  this  Operaduoit.  Inthefirft 
|iace^  As.diewmcrfe&rfteaKiof  dieSigns  of  Numlieis,bctth  by  iiFi^i^  aadJ%i»M(f,  isa  pui« 
«toaiyTTi(Kmi?iwii>  to  iheAdditicm  orExpreffioa  of  tkeSom  ol  Uidcy,  and  any  Nqiabeic» 
18  dirbftlp  aadiflvoaedauteiy  a  f^tn  of  that  Inftitution^  and  dieic£bre  haano  omer  Reafim 
orDtmonftrfldoa  but  that  it  is  fo  Inftititted.  Again,  d»>'  the  Names  of  attNumbers  are 
contained  in  die  Ti^ituijnn,  yet  the  fiadmg  dse^umof  aiqroth«r  twaNmabecB^  orcafling 
k  by  fuch  aName  in  tfaeSyilem,  is  not  immediately  a  Part  of  the  IniHmdon,  but  a^CecH 
fequence,  and  therefore  Demonftrable:  For  the  pure  and  fimple  Inftimtion  is  all  compre- 
hended in  the  Syftem  of  Sims  taken  in  a  gAiduai  Skicoeflion  from  Unity,*and  proceeding 
by  a  continual  Incre^  of  U  aity ;  ^d  therefore  contains  immediately  no  QudticHi  or  Qife 
of  Addition,  but  that  of  adding  Unity  to  Unity,  or  to  any  other  Number;  aU  other  Sums 
beii^  found  by  CQnfeayence  from  this,  which  therefore  have  ^  proper  Demonflradon, 
different  according  as  the  Confequencc  is  lefe  or  more  remote.    As  youllafterwards  learn. 

Now  die  Mecbod  of  Addidon  moft  immediately  cenneded  widi  die  BifiiludQn  is  that 
above  czpUned :  But  it  i»  eafy  to  pevcdve  how  tedioui  and  infiippotaUe  tfak  Medmd  oS 
Adiidon  wotdd  be  uj^a  any  SyAiem  of  Notadoo;  and  a^  ufm  different  Svfteaoa,  the 
Remecfy  of  diis  Difficulty  woukl  be  lefs  or  morepecfe&9  fe  dwprefhnr  MnueaakMeduKifc 
of  Notati&m  afibrds  the  moft  eafy  and  perfeA  Rules  for  jidt^tjowy  (and  all  other  Opeia^ 
tiona)  whereby  fiich  AdditioBS  ^re  performed  by  a  few  and  eaft  ^p%  which  cannot  be 
done  all  at  once,  (as  we  add  Unity  to  any  Number)  and  would  be  yifiipporubly  tedioua 
tD  do  by  ib  many  fleps  as  the  preceding  Mediod  pce&ribes :  yet  this  is  to  be  db&rved, 
that  ai  tfar  eftahUfiied  Kol»/Ma  is  the  Ground-work  and  Foundation  of  aU,  fo  there  are 
feme  fiaapk  Ca&s  that  can  he  done  no  ocb»:  way ;  as  (haU  be  prefently  eiiplained^* 

The  moft  fimplie  Ca&s  in  aay  Problem  are  firft  in  the  Order  of  Science^  and  here  the 
Addition  of  Unity  to  anv  Number  is  the  firft  and  moft  fimple  Cafe:  but  as  it  is  con- 
tained  lounedia&ely  in  the  Rule  of  NaUfiaih  therefore  it  is  fuppofed  in  the  following 
Fr^^iemy  as  a  prevk)ua  and  fundamental  Principle. 

X  llus  Sign  or  Charadier  -|-  fet  betwixt  two  Numbers,  fignifies  the  Addition 
ef  tfae  one  to  the  odser ;  and  is  a  compkx  or  indefinite  way  of  reprefentin^  theSum : 
^siB,  9  4~4  iigoifics  ^c  i  <^  4  ^  added  together;  and  we  read  die  Sign  by  dio^ 
Wadmore.  Exant.  3-^4  ^  l^orc/^^  andthusitexpreflestheSum  inacomplex  manner  by 
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the  Parts.  And  when  more  Numbers  areadded,  diqr  are  joined  by  the  ftmeSign  ^  thus 
\  "h4Hh9  ^  ^^  Addition  or  Sum  of  3,  49  and 9.  The  Ufe  of  this  in  particular  and 
determinateNumbera»  is  chiefly  by  way  of  Abbreviation  for  the  neater  and  fliorter  Expli- 
cation of  the  Work  of  Addition  in  particular  Ezam^e8>  asyoull  fee  immediately. 

But  the  principal  Oie  of  this  Sign  of  Addition^  is  for  the  Ezpreflion  of  the  Sum  of 
Numbers,  univerially  or  indefinitely  rqyrefented  by  Letters  in  the  ALgebraick  Art.  Thus, 
Any  two  Numbers  being  reprefented  by  A,  B>  tneir  Sum  is  espre&d  indefinitdy  thus, 
A  +  B,  and  the  Sum  ot  A,  B  and  Ci  is  A  +  B  +  C,  and  b  onj  which  \&  the  General 
Rule  of  the  Literal  Addition,  or  Numbers  exprefled  by  Letters,  ^me  other  particular 
Confiderations  relating  tothis^  youll  findin  another  Place. 

Obfervc  again.  That  as  die  fame  Number  may  be  varioufly  reprefented,  either  by  one 
iimpleExprcmon,  or  by  the  (impleExprellions  of  otherNumbers  variouflv  applied  tor)ne 
another  by  fimdiy  Operations,  whofe  final  Refult  brines  out  the  fame  hTumber  ^  ib  to 
cxprefi  the  ©quauty  of  Value  betwixt  theft  dificrcnt  ExpreflSons  of  ihe  fame  Nimiber, 
we  ufe  this  Sign  ==  fet  betwixt  them ;  which  we  ufe  for  Abbreviation  in  ei^laining  the 
Work  of  particular  Examples  in  all  the  common  Operations.  Thus  8  added  to  7  makes  1 5^, 
whichis  mcrefore  expreded  either  complexly  8  +  7,  or  (imply  15  ;  and  to  fignify  the 
Eqwdity  of  thefe  ExprdSons,  we  write  8  4-  7  ==:  i5>  ^d  readit  mus,  8  more  7  is  equal 
toiy.  Univerially,  A+  B  =D,  fignifiesthat  the  two  Numbers  exprefled  by  A  and  B, 
are  together  equal  to  the  Number  exprefled  by  D  ^  and  fo  of  other  Examples  of  Addi- 
tion. As  j-4-ii-4-5  =  ia>or  A+B-f-C=D.  Ai^cations  of  this,  in  other  Opera- 
tions, you'll  hnd  in  their  Places.  I  have  only  this  former  to  fey  here^  That  die  diflerent 
Expreffions  of  the  fame  Number,  conftitute  what  in  the  Algebraick  Art  is  caUedan  JS;»#- 
fhn^  that  is  plainly  an  Equally  of  Value  betwixt  two  ExpreiSons  of  Numbcnr  :  In  the 
findkg  c^  ^ch>  from  tne  Conditions  and  Circumftances  of  any  Propofidon,  with  the 
various  Changes  and  Transformations  to  be  made  upon  diem,  by  the  Application  of  dif- 
fSerent  Operations,  whereby  one  Equation  is  deducedfrom  another,  conufts  the  Algebraick 
Artof  Reafoning,  which,  fo  far  as  the  prelent  Undertaking  requires,  youH  learn  as  we 
proceed. 

F  RO  B  L  E,M. 
To  add  tivo  or  more  Numbers  into  one  Sum,  or  fmpk  'ExfreJJion. 

Case  i.  To  add  any  4wo  Digits  or  Numbers  lefs  than  Ten. 

Buk,  Take  the  greater  of  the  two,  and  to  it  add  all  the  Units  of  the  other  one  by  one,^ 
exprefling  the  Sums  gradually  accordkig  to  the  Rule  of  Notadon,  as  explained  inSctoL  i. 

Exam,  To  add  9  and  <J,  it  isy  0+i-|-i  +  i  +  i-|-i4-i=i5,-  for  adchx^  the 
6  UnitB  gradually,  and  exprefling  the  Sums  in  the  Order  of  Notadon,  they  make  diis 
Series,  9,  10,  11,  12,  13,  14,  15,  the  laft  whereof  is  the  Sum  fought. 

Demon,  Tlie  Reafon  of  this  Rule  is  already  explained^  and  that  mere  cannot  be  ano- 
dier  Way  of  adding  two  Digits,  is  evident. 

Scholium.  Pradice  by  d^ees  fixes  the  Sums  of  all  the  various  Exampks  of  this 
Cafe  in  our  Memory ;  whereby  we  become  capable  to  pronounce  the  An(wer  as  readily 
as  the  C^eftion  is  propofed:  For  upon  Refledtion  it  will  be  found.  That  we  do  i)otalwa]^ 
calcolatt,  and  add  in  die  manner  direded ;  but  know  the  Sum  purely  by  Memory;  \diich 
was  no  doubt  acquired  by  repeated  Pradice  of  adding  them  together  Unit  by  Unit;  for 
it  could  be  done  no  other  way:  and  therefore  it  is  the  only  Method  we  can  take  to  teach 
young  ones,  who  know  nothing  but  the  Names  of  Numbers  in  the  fimple  progrcffive 
Order  from  Unity;  who  may  be  afliiied  by  their  Fingers  in  this  manner,  wz.  Let  them 
tell  out  the  Units  of  the  lefler Number  upon  their  Fingers,  dien  take  the  greater  Number 
«id  add  to  it  the  Units  of  the  other  from  their  Fingers,  expreffing  the  Sums  gradudly  ac- 

3  cordii^ 
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cording  to  the  progreflion  of  Names,  and  the  hit  is  the  Name  of  the  Number  fought. 
Again,  if  thro*^  any  confufton  of  Thought,  the  Sum  of  two  Digits  fhould  not  readily  occur, 
or  if  one  fhould  wetend  to  deny  or  doubt  of  it,  this  \s  the  natural  and  certain  way  of 
finding  or  demonftrating;  it;  [wnich  may  olfo  be  done  by  diflblving  one  of  the  Numbers 
into  two  Parts,  and  adcEng  them  fuccemvely  to  the  other  Number,  which  is  only  reducing 
the  Queftion  to  a  more  fimple  Cafe,  where  the  Sum  may  be  more  eafily  remembered  J 
And  mis  brings  to  my  mind,  That  in  Converfation  I  have  met  widi  Perfons  who  would 
afiBma  Aat  the  Addition  of  two  Digits  is  a  thing  not  properly  demonftrable,  but  the  im-r 
mecBateEflfed  of  an  Inftimtioni  the  contrary  of  whicn,  1  think,  I  havefufficiendy  fliewn. 
The  OccafioB  of  this  Opinion  may  be  the  familiarity  We  have  with  thefe  fimple  Cafes 
from  our  firft  acquaintance  with  Numbers^  fo  that  remembru^  the  Sums  as  readily  as 
we  do  the  Sum  of  Uni^  and  any  Number,  we  are  apt  to  fancy  we  came  by  them  without 
any  Reafoning  or  Calcuktion,  becaufewe  have  them  fo  now.  I  muft  alfo  obferve,  That 
the  Method  of  our  common  Books  of  Arithmetick  mv}  have  contributed  to  thii ;  for  in 
thefe  we  have  but  one  general  Cafe  and  Rule  of  Addition,  in  which  it  is  flippofed  diat 
we  know  already,  or  can  find  the  Sum  of  anv  two  Digits^  and  this  perhaps  h  done  upon 
a  SuppoGtion  ot  its  being  fimple  and  eafy :  Butthis  wouU  be  no  reafon  for  omitting  it  in 
a  Work  ddmed  for  a  juft  and  rational  Syftem^  which  muftthcrefore  explain  the  Con- 
nedioQ  and^i^endence  of  all  the  Parts  of  the  Science  upon  their  €x&.  Principles,  and 
upon  one  aiiother.. 

In  the  M  place,  then,  fince  this  Cafe  is  fuppoled  in  all  other  Cafes  of  Addition,  it  is: 
ceflary  the  Learner  know  the  Sum  of  all  its  Eicamples  as  readily  as  the  Queftion  is 


neo 


propofed.    InonlertQ;wbich|.I  ihall.exprefithem  all  in  the  foltowii^ Table;  fiDrnwl^di: 
cbey  may  be  got  by  hi»ut  moreeafily  by  thofe/whoare  Beginners  in  mis  Science. 

TABIa'E  JbewBg  the  Sums  of  any  tvM  Digits. 


i 


»  8 


4/  f  >  6  )  7  I  8  1  9  liolTTI  a 


d  /  7  I  8  I  9  hoT" 


8  1  9  IIP  hi 


IO|Il| 12 


1% 


I^ 


12  I  13 


H 


llLi 


nl  4. 


14I  s 


14 1 15  I  6 


i?Ti^  7 


i6\i'j\  8 
^i\9 


The  CbnftmiJfion  of  the  Table  is. 
obvious,  and  the  Manner  of  ufuig  it 
is  this :  Take  the  greater  of  the  two* 
Digits,  whofe  Sum  is  fougjit,  in  the 
upper  Line,  and  the  lefler  on  the  Rjgjht- 
hand  Colimin  ^  in  the  fame  Line  with 
this,  and  under  the  other  ftands  the 
Sum.  So  under  3,  on  the  Head  and  in. 
the  lame  Line  with  (J,  on  the  Side  ftands 
the  Sum  14. 


C  A  8  E  2.     To  add  any  tv)o  or  more  Namhers,  into  one  Skm. 

-RMk  I.  Place  the  given  Numbers, under. one  another,  fo  that  the  Figijres  in  like  pkcea 
of  each  be  direffly  in  one  Cohimn,  p.  e:  aU  Figures  in  die  firft  or  Units  place  in  one 
Column i  allmdie  fecond  tdace,  or  Tens,  be  alfo  m  one  Cohimn ^  and  fo  on  in  the  Order 
of  Plac«s.]  Then  feconJIyy  bepn  at  die  Units  place  of  die  loweft  Line  or  Number;  add 
dm  Digit  to  the  next  above  ofthe  fame  Place  and  Column;  and  to  this.  Sum  add  die 
nctt  Digit,  and  fo  cm  till  aU  die  Digits  in  diat  Column  are  added;  then  if  the,Sum  is  lefi 
lOj  fet  It  down  under  die  F%ures  added;  and  add  up  the  fecond  Column  die  fame 
WW;  and  fo  oa  dirrf  aU  the  Columns,  taking  the  Figures  in  each  according  to  dieirlimple 
Value.  But  if  the  Sum  of  die  firft,  or  any  odier  Column  exceeds  lo,  then  it  is  eidier  a 
ptedfc  Number  of  Tens  (as  20,  30,  ^^ .)  or  it  is  fuch  a  Number  of  Tens  widi  fome 

dumber 
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Number  lefe  tfata  109  (48  ^409^0-^4;  or^ »»io-f-'S.)  latbeiirftCaiic  write  down o» 
and  in  dse  other  the  Nmnber  over  t  precife  Number  of  Teas,  (as  4^  if  it  is  y^\  or  8, 
if  it  is  <f8)  and  for  ever^  10  iii die  Sum  carry  i  to  the  next  Column^  /. «.  add  me  Num* 
her  of  Tens  in  the  Sum  of  cvenr  Cohiam  to  the  next  Column.  Haviiig  thus  gone  thro' 
all  die  ColunuaS)  the  Number  cIl  Tens  «i  tte  Sum  of  the  laft  G)luinn  is  to  be  fet  down 
on  the  left  of  aS  the  Figures  alMidy  fouodi  or^  ^  whole  Sum  of  the  laft  Column  k 
fct  on  the  left  0f  all  the preoedii:^  figures:  ^od  all  thefe  Figures  thus  found  and  placed, 
exprds  the  Sum  ibqgjbt. 

6%\  ^         £jir.  I.'    £54-^  »43:a  897.  wrought  as  in  the  Mai^gin  thus:  Be^nning 

^43 


897  Sum. 


>  £jir.  i:    654+^3^^897.  wrought  as  in  the  Mai]gm  thus:  Beginning 

C  at  the  UnitB  place  of  the  lower  Number,  I  &y>  3  -4-4as79  which  I  fee 

C  under  the  Numbens  addbdj  then  4-f-i;ss$>  ^id  laftly,  at+^=^» 

i  find  t4i«^  .tnffll  Sam  ii  Rot. 


and  the  total  Sum  is  897. 


.897          ^  £ir.2.   897  +  968=3i8<f.    Thufi»8  +  73ai5aBio4*  $9  therefore 

968          C  I  fet  down5>  andcarry  I  tothenextplacej  theBi*4*^ss7>  and7  +  9 

"186c  SumA  ^^^'^^^i^'^''^  foi*  wUchl  fetdovn^  tad  cany  tto  the  aextpbce^ 

■  "  '          J  theni^^'P^i^'^ 'I'^^+B^s^^^K' vbidEibeiqgfi^dDWBytlietotu 

Let  the  Learner  praoife  more  Examples  of  this  Kind  to  himielf. 

•  * 

t.  If  there  dre  more  Aan  two  Numbers  to  be  adAedl,  tbis  Rude  plainly  1^ 
pofes,  that  we  can  readily,  in  our  Mind,  add  any  DMt  to  any  odier  Namoer^  whicb 
tberdbre  might  have  been  confidered  as  a  particular  Cafe :  But,  rather  than  niake  too 
many  Cafes,  I  have  made  this  Suppofition;  nor  has  it  ^ss^  thing  ooatrary  to  good  Order, 
becaufe  it  is  indeed  no  odier  than  a  pardqikr  Cafe  /'^f«pr^KAn/<^  under  tbc  fjOieral 
Rule  hexe  delivered :  ib  that  by  praAiung  Examples  of  thislitii^eGafe,  v^e  fooaaec^e 
Ae  Capacity  ftippafed  for  more  complex  Cai^  For?  if  the  grcaierNumbet  lias,  in  the 
j^ace  of  Units,  iuch  a  Digits  as  added  todie'othcrDigitb  tna&$  a^Smn  kfstUB-**)  the 
Totalisplain;  thus,  ^44-2=66^  22«f<7=20.  fiatvtheSum  of thefwoD^gics  exceeds 
10,  wfaafs  over  b^cnq^  to  the  place  of  Uiyts  of  the  Sum,  and  x  fo)r  t^  10  is  to  be 
added  to  dae  remaining  part  of  thegreaterNuniber.  Tbus4i$4*8s:(4f<s»£.  6-|-8=i4; 
which  makes  4  in  tibe  place  of  Units  of  the  total  Sum,  and  then  1-^4=5  in  the  place 
of  Tens.    AUo  597*^9=40(1  for  74-9=i^j  tfaesi  1-^39^40. 

There  is  alfo  anotherSuppofition  in  thii  Ryfe,  •«?»..  That  we  can  readily  perceive  how 
many  Tens  are  contained  m  any  Number,  or  intlie  ^um  of  any  Column  of  Digits,  and 
alfo  what  remains  over.  Now,  tho^  thefe  do  indeed  belong  to  odier  Rules,  yet  the  Rule 
'of  Kotation  has  alreadv  taught  us  them,  in  ihe  Cifes  here  fuppofed :  For,  if  we  write 
down  any  Number,  tne  Figure  in  the  place  of  Units  is  the  Number  over  all  the  Tens 
^contained  in  it,  «nd  the  remaining  Figures  on  the  Left-bandt  taken  by  theinfelves,  exprefs 
the  Number  of  Tens  ^  as  has  beai  explain'd  in  the  Rule  of  dotation  (fee  C$foL  4.  after 
tkePrx^m  in  Chap,  a.)  thus,  40  s  4  Tens  and  9  over,  87  is  8  Tens  and  7  ov^er,  124 
«  aaTens  and  4  over.  In  fmall  Examples  the  Number  of  Tens  is  eafily  perceived  wttbouc 
wrtdng  down  the  Sutn,  and  in  greater  Numbers  write  it  down.  But  there  aie  odieif 
Mediods  of  managing  Addition,  whewtoy  the  Number  of  T«n3  will  be  maiW  out  m 
the  Opef  anion,  which  dtall  be  prefendyex{M»ed ;  but  I  (hall  grft  make  fome  larger  £xam^ 
pks,  and  Ihew  tbe  Applicat9on  of  the  precediBg  Ruk  tp  tihem. 


lEx.-ul.  ExMb.   J5*.5<*., -»  . •    ThcOpemionofB*.3.istfii«b<J4-9=^if^+i====i^»+^ 
%6i        87M0    "       54    f  .=2i;+9=3ii+3=3i.}4-8=^'5  whichisaforthe 

'753'      2«io6'         J9a       ■nrftplaoeaod4tocairryeoa)e2d:tl)us,4'-f'9=i3>+°^^ 


ft^l  '  789 

374^  «897 

78957*5  •  4/J9S 

450789  440 

■■3a4ido  8^532 

i7(Ji5<f7  780^3 

1804.(^0 


«  r-fa=23  i+7==3o;  +4.=h;  +5=339i  +;^?> 
which  is  5  for  die  2d  places  and  4  to  caify  to  the  3d :  - 
tfajs^  44.7=«ii  j+(J«=x7i +5^2(Jv4^==29 i  4-5afe= 
«54*^5=s36;  4"7==r43i+*==5i  >whicli  being  the  Siixo' 
ot  IM  kft  Column^  is  kU written  down,  ibthe  total Sikn 

is  ^152. Oblerve  that  you  are  to  read  the  Operation 

ttew,  (J+9=iy,  then  i^^ir=:i6^&c,  iBut  to  prevent 
writing  the  laft  Sum  twice,  I  have  feparated  it  fipm  die 
Number  to  be  next  added  to  it  by  a  Semicolon,  by  which  " 
you  mail  underftand,  diat  it  is  added  to  die  next  Nuqi- 
ber.  [But  not  that  diefe  Expreffions  are  all  equal>  viz.  that  £+9>  i^+i>  ^^-  ^^ 
equal]  •  , 

Amr  the  £une  manner  examine  th^  odier  two  Examples,  for  your  bwn  Pradice. 
2.  If  there  are  many  Numbers  to  be  added,  fothat  tlieSumof  every  Column  be  a  great 
Number^  we  nw  fiive  the  Memory  being  too  much  burden^,  and  the  ^  Work  rendered 
thereby  ibore  <fimcuk  and  uncertain,  by  various  tneamj  ^ 

Fir£c>  Bymakiag  a  Poiiit  at  every  40  or  <o,  or  100.  Thus,  Add  up  tbe  Column  tiU 
you  bore  2  Sum  containinff  any  Number  dr  Tens  you  pleafe,  as  50  or  lopl  making  a* 
Point  ar  ^  kft  Figpe  which  makes  up  your  Number  of  Tens,  and  if  there  is  any  ex-^ 
cefioverTeo^  wSA  it  to  the  next  F%ure^  and  fo  go  on  dim'  all  die  Column:  When  you 
have  finiflied  it>  if  the  particular  Sum  after  adding  die  laft  Figure  is  lefi  than  10,  fet'it 
down  m  die  iriace  of  the  total  Sum  (or  Aniwer,)  aiui  for  every  Point  carry  as  many  Units 
to  dbe  next  fwice  as  diere  are  Tens  in  the  Number  pointed,  (#. e,  3,4, 5,  or  10,  for  30, 
4^9  50>  or  100,)  and  if  the  laft  particular  Sum  exceed  a  Number  of  Tens,  fet  down  me 
£xQe6>  and  join  diat  Number  of  Tens  to  the  Number  ari&igfrom  the  Points,  and  cany 
tiie  Sum  to  the  next  Colunm^  and  thus  00  thro'  them  all. 

56  in  tfae'aonefdXx^jiyilf,  which  I  p(Sit'at5o;  Tproceed  Aus;  9-^*7  ^  ^^' 
a0d  8  tf  %49  tod  7  is  31,'  and  9 'is  40,  tod  8  is  a8,  aid  9  is  f 7,  nere  I  point 
at  die  9)  and  take  the  7  wfaidi  is  over  50,  and  fiiy,  7-^6  is  13,  and  9  is 
a2)  and  ▲  is  2|S>  and  5  is  31,  and  6  is  37,  and.  ^  is  44,  and  5  is  49,  and  7  is 
5^  wfucn  makes  a  Potiit  at  the  7,  and  o  over^  with  which  I  proceed,  ikymg, 
^.4-9  tt  I5>  and  8is23  ^  therefore  I  write  down  Vin  die  Sum,  and  I  have  2  (for 
die  20)  to  be  added  xo  the  Number  of  the  tvm' Points,  vfz,  to  10  (for  every 
Point  isbeie  f)  and/o  I  have  \i2*t6  cilrry  in  tor.^e  ne)Et  Gohimn^  which  I  add 
in  die  fime  manner.  "•  \- 

To  prevent  blotting  of  Accounts,  which  is  the  Objedion  made  againft  this 
PtaSice,  you  may  make  the  Points  lipon  "a  Shred  of  Paper  applied  to  the 
Cohimn. 

There  is  aUb  another  uieful  Method  of  Tumming  up  lot^  Columns,  viz,  by 
difiiibuting  the  Numbers  into  Parcels  of  0  or  ^10  Numbers  m  each,  (fo  that  the 
Sum  of  each  Column  in  every  Parcel  fliaU  neyer  exceed  100)  adding  each  Part 
by  ideli>  and  then  addii^  their  Sums  into  One  total  Sum.  As  in  the  following 
ExsmfU^  which  needs  no  further  Explanatim.     • 


*4 


D  E^ 


'{ 


36        AiditMrfj^tfi^-MdWithNmlim'  Vofftt) 


I 


^9n 


Tliis  we  deduce  Irom  tbe  Nftnire  of  Noiadon»  and  the  comaioii 
,  TiMt  the  IVbele  is  eft/^d  iaai/ht  Pgrtf :  Itttf  j  every  Number 
coniilb  of  as  many  Parts  aa  there  are  iipificaoc  V/tgure^is^  it;  and  tbe 
JFiguries  ftandky;  in  the  fasie  Places  of  dtfferent  Number  are.^iefiiajiar 
or  like  Parts  of  cheTe  I^umberaj  which?  being  therefore  added-  togtdm 
accordina  to  their  Gmfic  Values^  ds  Sum  maaUthefiuae  lecoodoif  or 
local  y&Sy  V0i.  That  of  the  Place  ia  which  diefe  Figaici  do  uU  fbiad: 
BiK  (by  C9r.  4.  Cbif.  2.)  aay  Number  is  equal  to  ^  many  Tens  as  the 
Figures  above  the  i^e  of  Units  odoen  by  themfdves  do  expte&y  «id 
to  that  Number  of  Units  more^  (fo  248  is  ofTens-^S.)  Andagain> 
i>  or  any  Digk  Oanding  in  any  pbce  is  eooal  to  10  times  the  Value  of 
the  fame  Di^  in  the  precedioiK  place :  wnerefondaeSum  of  dbeDigits 
ftanding  all  m  the  like  places  oT  difierent  Numbers,  isequal  to  as  many 
Units  ojf  the  Value  of  dae  oeit  higher  place  as  there  are  Ttes  in  the 
SuB^^Bidtoas  many  Unitsof  the  plftoe«ldedi«sneover  that N&imber 
of  Tens.  Hence  wefeetheReafimof  alilie  Ans  cf  theSide:  for 
die  Parts  of  Numbers  edded  mA  ht  itukit^  «lfe  the  Sam  is  ^Mk  ^  fe 
4|.4-7==>H)WhiGhiuppofadiem«o4ielKidit^oaBkiad¥^  hut 
ifdie4lKin  theplaceab0veahe79ilie.Su8aitsiBtii9  httt47:  TUi 
leiqilainsdie  fiift I'm  of  ^dielUile.  Then>  "by  'Oarymf  lopmuaddieMian- 
ber  of  Tens  found  IB  die  Sum  of  every  Gobmn  (added  nccocdiw  so 
the  fimpk  Values)  and  sideling  that  Number  to  the  nest  Qriwin  (widi  wUch  k&s  a 
fimikr  Value)  weadua%iuld4dldieP4uisofeacheftbeMFuoabengiveh 
fo>  as  that  all  die  Units  of  each  MTticQkr  Digk  fet  down  indiefiQtd  Snm  hdKve  one  local 
Value>  which  is  the  fiune  that  me  P^uis  to  whofe  Sum  it  bebi^  have  in -die  Numtees 
added^  but  the PaztB  aie ^qual tothe Wbol^  dieeefoieiheNmiucisfbtidoimscGoidic^ 
to  the  Rule^  exprefi  the  trueSum- 

As  to  the  fecood  Part  df  the  Rukb  vw.  The  canyit^^mmds  Ihelfanbcr^  Ten^ 
.we  may  iee  theRteifon  of  it  anodier  wiy9  Thus^  fitppole  every  Gokmn  ndiodby  itfit^ 
and  the  Sums  fit  downiepantdhrfoas  tbefoftJPiguie  df^die  Sumiftaodliiiidie  maoerf 
that  Column^  and  kt  all  thde  ^ims  be  H^ain'added  in  tbe  fxmc  manner;  andto^i  dl 
we  have  thenioftfimnleExpceffion  of  the  Toiilof  tfaeg^^  ldo«r  this  is  a 

very  natural  way  of  C&eradn^  ^a^dch  carries  itsReafonwiA^y  bntdcisjdfiyidaiil^ifaat 
die  carrying  iiuward  meTou  has^daie  veiy  lame  £ftift}  Ifor  Jt  m  only  dontt  Aar  ^  at 
once>  whioi  is  here  done  atfeveral  £kfh  tmd  is  ^tharehy  A  nore  ctanqpacboiia  Wi^xtf 
'^   *'     die  Number  ibi]ght9  and  therefoe  preferable. 


928 

009 
908 

Total  1^615 


Sum  of  Units 
Sum  of  Tens 
Sum  of  Hundreds 

Total  Sum 


Sxm^ 


Chap,  i,  jMiti^  ef  Mfiraa andWh^k  Nuti^s.       2f 

7,d8 

56  Sum  of  Uniti. 
480  •—of  Teni. 
f  700  --^of  Himdraii. 
49000  TfoCHioofiuids.  ^ 

66  Sim  of  Unto. 
'*-''*•  HO  ~<rfTeni. 

f  too  —  ojf  Hundrecb' 
140PO  i»  of  Thoufiads. 
^    -  jgooo  — ofTenTTKHiftwb. 

f  ».  Of  tbeTrotf  tf  Operations  m  4rithmetiekf  md  fm^Uidarfy 

THE  PfQof  of  tny^Opemjoii  ja  Arithmeticlr  i»  fome  other  Opeifftkm/ %  id^cb  4m 
gre  wadfimny  pcrijw  th^  ^  $fft  Wprk  19  rjgjlit  performed^  ^^.ff^  ^VofiEST 

followed,  die  true  Anfwer  will  be  found:  But  die  Proof  £utppo£e8  the  Tfudi  oTibe  KiU^ 

TVerfOpf of :9Py  Qpfpntio^ oug^ naturally  to  be  anodier  eafier  than  id^,  in  whidl 
there  tflefi  hazard  of  enitt^  ^i^t^wific  wp  are  not  more , certain  pf  the  one  ^an  of  die 
0^:  Aod  if  iwe  b^^mftrupMJpu^  w^may  require  ag»in  a  Proof  of  d^  fecondWork^ 
by  adiiid  eafier  diaii  tbelaft^  and  £)  i^  .till  jure  $ave  the  moft  fimote  Operauon.  9ut.ii 
little  prance  puts  us  beyond  the  need  of  all  this  ^  and  we  may  be  ucisfied  with  any  one 
Proo^  even  tno'  it  is  not  an  eafier  W^  .dia^  that  to  be  proved^  becaufe  there  is  le& 
J»zardjof  En:in^ni  bptjb  than  in  pne.  H9wever^  $e  eafieft  Propfs^  if  dieyarenpt  tedious^  ^ 
are  always  preiferable...  ^         •.     * 

Vme Ih^MmOfBtk ^moxt^ finple jSind  of  Qperfi^  for  Pr^rf  tf  ^dJitwty  we  have 
none  but  the  adding  Unit  by  Unit,  already  fpoken  of  in  Notation.  But  the  Qtnplicicy  .of 
iteMrthod  i§  Jt/bsmiif  xtlwrijMRiwtfdfby to  xiikfoS^^i  dierafareweimift  becootentv^itb 


Aiqp]icaibo4fH(iewiie.iUk^'jvbicb  may  ^  aiade  difierfot  wmrs. 
J.  tf  jriK*Nmtthfi»iiaMe  igSsn  addedLall  tMnber  without  diiHbutinff  mem  into  Parcels, 
(asifaai'haa  /nqplai»rf)  then,  far  mahSn^/fiicb.a  ITiftri^igna.and  ad(Sag  them  that  way, 
weihaU  jnoYcdie  j&nmcr  ^ndbudi  iw^  fiMiad  (the  other  w^y ^  for  die  t<^  Sum  muft  be 
the  fame  i)i  <faod>  Methods:  Bi^  if.itJbaa  been  ttfirft  WRH^this  way,  we  may  makea 
^ioof  ^  jQukiagift  dp^^baent  Qiftribution* 

a.  'Wi^KxcT'inaj  jdiM»  JVoik  lis  4cm  at  &jj,  we  may  do  it  a|;fun  ^^e  feme  WAy>  qnly 
iMginning^at  the  upper  Line,  and  adding  downwards. 

E  a  3.  There 


98       :^mir^^Mfir^:0^mWWi(>le^Nuf^^  Boofcxi 

3.  There  is  another  way  ingenious  enoit{ih,  and  yery  eafy;  but  as  it  fuppofes  a  finall 
Capacity  in  Subtra&ion,  it  may  feem  not  s^reeable  to  good  Order  to  propofe  it  in  this 
place :  For  tfao'  one  Operation  or  Rule  may  no  doubt  be  made  (erviceable  to  another,  yet 
every  thing  ought  to  be  in  its  Place ;  therefore  you'll  lay,  that  according  to  the  utmoil 
ftriSbnefs  of  Method,  what  requires  Subtradion,  oue;ht  to  come  after  Subtra&ion.  But 
the  thing  fuppofed  is  no  more  than  that  we  can  readuy  know  the  difference  betwirt  9  and 
any  Number  Ids  than  18^  and  this  Capacity  cannot  but  be  already  acquired  by  the  prance 
of  Addition,  (of  which  Subtradion  is  but  the  Reverie.)  There  is  alfo  ibmediing  in  it 
which  produces  the  fame  Efleft  as  Divifion-y  but  as  it  does  not  re<juire  the  Rule  of 
Divifion,  that  fumifhes  no  Objedion:  Thd'efo^  I  fhall  explain  this  Method  hei«  as 
its  {froperplace. 

Rule.  Take  each  of  the  g^venr  Numbers  feparately,  and  add  all  their  F%ures  together 
as  (impte  Units ^  and  in  doinglo,  when  you  hav^e  made  a  Sum  equal  to  9,  or  greater  man  9, 
but  lels  thaa  18^  negled  the  ^  takifig^  vAiasts  over  and  add  to  the  next  Figure,*  and  ay  on 
io  till  you  have  gone  thro'  them  altj;  atid  ipaaric  .what  is  over  or  under  9  at  thelaft  Figure; 
but  if  the  Sum  of  all  the  Figures  is  leis  thaa  93  mark  that  Sum.  Do  the  &me  with  each 
of  the  given  Numbers,  fettingall  the;^  Exccil^  of  0  together  in  a  Line,  (in  any  Order,) 
then  fum  them  up  the  fame  way,  ourkii^  the  excels  of  9  as  before^  (or  ^^tfae  Sum  is 
kfs  than^  9.)  LaiUy,  do  die  fiime  with  the  total  Sum,  and  what  is  under  9,  or  over  any 
Number  of  $^^s  in  this,  muft  be  equal  to  d)e  Excefi  Cor  Number  ids  than  9Xlaft  marked^, 
elfe  the  Work  has  not  been  right  performed. « 
^  I  fhall  explain  dus  Practice  by  one  Example. 


Beginning  with;iie  umJcrXine,  I  work  thiis;  a-f-  75=:9i  tiien4+  f 
=  7,  which  I  have  fet  down  oir  tfaelligiht.    Then  tx>  the  &CQnd  Lme, . 


is  I.  over  9.  ^  Then  I  do  the.fiune  widi  the  Line  of  the,Figure$  no^  found,  tnz^  t-^J  -¥ 
jJ^tSyVMHi  is,d  over  9;  and  finding  At  fanfe  EfedT'of  9ViD  ttie^Simi  O^o^O  I 
concldde  the  Work^  is  rimt  perform^. , 

^.  Obfirve^ .It  will  have  ttie  iktne  Eflfeft  if,  inftead'of  fetdng  d6vf!D '  dfe  Excefi^  of* 9>  in 
the  fev6rd  given  Numbers,  we  cany  die  Exceis  of  one  Line  into  atto&er)  and  o^ynuurk 
the  laft  Eircdif;  which  oiig^t  to  be  tne  Excds  in  die  total  Sum. 

Demanfiration,    In  order  to  fHew  die  Trudi  of  diis  Rty&,  .1  tmift  premife  and  demoCH 
fttate  this I^emma^  which  will  be  ufefiil  alfo  afterwards.        -- 


I  ^ 


h  E  MM  A:  •    >'. 

The  Figure  that  fiands  in  any  flaee  afaNimHf^  taken  in  itsjmpkyjuey  is  equal 
to  what  will  remain  after  9  //  taken  out  of  the  comfleat  Value  as  ifir  arfoj^le; 
i.  e.  after  all  the  9'f  cantoned  in  it  are  taken  away: 

For  Exan^le^  If  all  the  9V  concuned  in^oo  aK  taken  .away>  there  femains  the  fimple 
Number  7;  •  '  '  '   .  •'      •'.••.'. 

Demon.  Any  Figure  ftftnding  iik  any  pkce  of  a  Hdmber  is  eqiiat>totQn«caiie8  tfa«  Value  of 
the  &me  Figure  in  die  txext  lower  place,  (by  ^Kdiatfa^  «.  cqaui 

to  9  tlmesf^*  I  time'  diat  Value,  (becaufe  94^  isaxo.)  But  9'itteef  aiiy'Numbfcr  is  a 
precife  Numbei^pf  9^s;  whidh  bdng  taken  .away,  dicre  riemains  onoe  die  Vahie  of  it  in 
that  nextplace^  and  thb  again  .is  equal  to  9  times  -f- 1  time  the  Value  of  tharismae  Fkure 
indie  next  lower  i^e,  tt»dthe9  dmes- bemg  taken  away,  the  t  time  remainsi^  addfoon 
till  you  brin^.it  down  to  the  place  of  Tens,  where  it  ift  equal  to  ^  tiap|ea4ix:^itnple  Va- 
lue -f  once  diatValuei  and  lie  9^rinto  tdcen  aw^>  theie  itrnfltotte^teptt'^alue: 


.  t 

~      -    ■—  -    - r> 


But  thus  W6a^'^{&iip(di*«ff  the  jrg  t^  BeMkeh  out  of  it,  and  ccnfeqiiendy  ^tLmina 

is't^ud:^'  •:/"-/•*  *•  \^,;'    -  •■• ,  ■  '-•        ^   ,    .   ..     !/,.'.. 

'  OrSfllirXt'  ttie  Stun' of  all  dife  P^68  W'  ainy  Nutnbcr,  taken  as  fimple  IMite,  «  the* 
Remainder  after  as  many  p's  aretadcoi  out  of  tnat  Number,  a6  at>e  to  be  (6md  feparately 
in  tlie  compieat  Value  of  each  of  the  fidd  Figures  (becaufe  each  of  thefe  Figures  taken 
^mply,  is  me  Excels  of  the  p's  contained  in  that  "Piity)  and  if  diat  Sum  is  las  than  o,  it 


is  ds^'Remaiodo:  |fttr  die  9's  contained  in  the  given  Number  are  taken  away :  but  if  it  is 

deri  iikdr  all  rfio  jTs  ire  taken  odt  6f  k,  isftheftemaindA-oPo's 


notfefi  Hu^  ^y  ffyfH  R^foainderj 


in  the  jriVen^Nqlnber:    For' it  isplaift  fliat  there  cah^be  no  more  o*s  in  any  Number 
dian  wmf  are  in' th^  t^eni  P^rt^'aild  id  the  SUm  of  the  Exceft^  bif ^  /in  the  fame  Ktrts. 

Haw  &om  ^Ss  LMfM' $!od' C^r^laffy  the  Demonftrtitioa  propc^d  will  be  phHiW  For 
by  adding  the  Figures  of  iany  Number  according  to  the  Rule,  it  is  evident  we  iii^  'the 
J&cefi'OveralPtheys  contained  In  their  Sum  (taken  as  fimple  Units.)  And  this  is  the 
EsotA  of  dF'^  ;f^  ootitained  iifthe  ftidNutpbeir  bf^<:arMary.  But  again,  theExceb 
vt'9\  1ft  each  (rf  twb  dr  more  ^umbenibetK  tak^  fepaiiite^,  and  At  Excefe  ^dP  9*^ 


Scuoi-ixTMs.: 

I.   In  the  bctjaonftktidh  of  the  preceding  ^Lmmky  I  have  taken  it^  for  a  Truth* . 
that  ^  times  a^iy/Ndmber  is  a^  predle  Number  of  pV^  i.  ^.  that  it  is  equaJ  i6  that 
Number  of  tinic^  J,'  (without  any  thii^  over.)    For  "RxdrnfUy  thatj?  times  .7  is  7  times  01 
fcr  the  Dancmftra^on  of  which  (if  it  is  requifedy  I  rtfet  yoii  €b  C3iai>.  <:  as.1  havedbite 
already  ill  a  l^i^^e./ \  '  .       '.  "'  f*  -      •    r^       -      v^  ■-   -  "'   •• 

a.  To  tb& Frpojf  It  is  cfbmiiiobfy  objyaed/  That'a  ^Wt^^hg"  Opetatioh'  tnajr- appear 
to  be  t^e^  which  tntiA^be  ownerf:  for  if 'we  chitajgc^  the  Pkce^-'of  iny-two  hgnfficant 
Figures  in  die  Suin,  it'  t^fll  'ftill  "appear  right/  So  in  thie  precedirig , Example,  thq  true 
Sum  ia  X27W :  But  fuppofe, .thro  iniftake,'  it  had  beeix  127^8;  ft  is  plain  this  Me&od  of 
PtooC  ^^oOili^jiaifc  it 'appear  riAt^  tecjauft  theje  is  the^fime  Excefe  of  tfs  where  there 
^r^  tfife  ismT^^>^j^^  in.  :-.But,'tKeh^c'Qn(}defv>.tn^^^  Sum  v^iil 

aI^axs'appearthie,bt;Qiis  Pit)6f,^(^^  thkr  is*dS^itfohftrafed3L;ahd  co^iHsfte  a.  fiflfe  Sum -ap- 
pear true,  there  thult/be')it  leaft  two  Ei^H  itid  thefe  xipt^t^  td  imp  aii6t;&fer;  /.  ^i  one 
Ffeiiie  greater  than  it  oughffo  bfei'and'jteothef  as  nftich  feff^  tod^  if  thcrfc  ate  m6re  dian 
two  Errors  they  muft  always  balance  among  themfclves;  i.  e,  theShna-df  dte-Pigarefethat 
are  greater  tboi  thev  oug^t  to  be,  muft  always  be  equal  to  the  Sum  of  the  Figures  that 
are  ddEcient^  dfe  it  is  plain,  a  Me  Sum  wilf  not  appear  to  be  right.  But  now  if  we 
confider  wbtt^v^«Jxee(fing  g^^tt  Cikaiace:  thereiia  aga]m):,^thi9;par^j(l;^j[af:@ie^  of 

the  Errors  and  how  fimple  the  Prooitwprlc  4tfelf  \^  ^f^w^^p^  Cv^^lfW  Proo^  ^  %fely 
as  taitqr*oCber.o  't  :o  »•'  ■^'   •::)-/.  -  .    >v;-  !-..• :.  .;:•■;  .:    -*  r  vJ>  v'  :/«  ?irT     ...-^i 


:    .:    •     .  JXEfilNlTION/  ''  !'V 

SUBTRACTION  «r  the  taking  one  Number   out  of  another;   or  finding  tBe 
Dififefence  hetivixt  tiuo  Numbers -^  i,  e,  the  moftfunpIeExpreffion  of  that  Number 
ivhe?eby  the  gii^ater  of  tV7o  given  Numbers  exceeds  5  or  the  leiler  comes  fliort  of 
Ac  other.  Examf/e. 


JO  Std^framMJ^A^r^&moUfhmber^^  Pa*;r» 


Ex0mfk.  The  Diffisrtnce  becwistS  aiid  3  if  5:  Betwin  4^  «Qd  19^  ^  . 

Objerve  alfo,  lliat  for  diftin^cm  the  greater  Number  is  caUed  ti^'  Sifirabemt^  and 
tfao  kiler  die  Suktrm&^r^  waA  the  Number  ibiig||tf>  or  the  Dtfoeno^  i$  called  aSb  >tbe 
ttemMsmler,  i.  r.  what  rwuias  afinr  the  k^  ia  taloea  out  of  chcgreacer. 

ScHOI^ItTMS. 

:.      .     '  .J  '        ■  •      "  .     •    ..      . 

t.  At  the  Efieft  of  tt/tirsSm  isjplaiply  the  Revcrfe^fsi^^  in 

Opcmtian:  Whel^fore  we  have  this  fir&to  pbtutFC^iVtM  by  >  ooiitinual  Mi^^ftiif 
Ufiitf  aft^  Utiiqr  (by  the  reverHie  of  what  w<s  ik>i|e  in  Addjtion}  the  d^St^ooi^  ^f  anv 
t^o  Nombers  may  be  fou&d^  wfaidi  (kiows  an  immfdiatr  Coaoe&ioQ  ^letwixt  dm  Worx 
and  the  Rule  of  Noctfioa.    Bat  die  infu£ferahle  rffdioufajs  of  Am  Mediod  ^  acnove^l 

a  the  foUdwing  Rule^  whcvcby  diat  is  done  by  a  few  «ify  ft^i>  whicji  quinot  be^ooe 
at  dnce,  and  oi^ht  not  10  be  done  by  fnore  (teps  than  are  neoeflidy  •  anddiisTpiaowe 
40  the  Mediod  of  NoctCioa.'  But  wb  ouift  iify  ^bSsrvtr  That  as  ^dui  4^fia^i];ff  JUnity 
'from any  Numbcar  is  die  moft  fimple  Gafe^  6y  it  is  tmmodiatyly  cootahifd  ia ^«.iiy|e  of 
Notation,  and  prefuifMifed  iH  ^  Ibllowi^  PMkmi  fud  is  aifo  tioc  aaijf  MajbOfi  by 
Which  one  Digit  can  oe  fiibtraded  from  anodier;  which  therefore  I  zolate tfaefiift C^ 
of  die  ftdlowing  ProHemy  as  that  upon  which  aU  CMher  C#/}/  dq^end. 

:(,  l)his  3ign  or  Chacaaer  -r  let  betwixt  two  Numboi^  fignifies  ^die  Smkfrsffm 
bf  the  one  from  die  odier>  and  is  a  complex  or  indefinite  way  ,^,  repref^tkig.  tb( 
lyigirena,  Hius  7. — 4  f^gnifie^  that  ^  istakenfiomy;  and  we  rd^d  die  Sigm  )^  ^ 
^Vord/c/!i..  £x4f^.  7 — lA  is  rea4  7 idls  4;  aod  dius  it -emeJO^  die  difrc^eiic^' i^ 
complex  Manndr^T^y  the  Whole  and  Part  tiikenaway.  And  if  inore  Nuxxlbef^  aj-e  iuc« 
xeflively  fiitr^Bed,  we  ^Mfis;  the  ftme  S|gn  to  eacn  of  tb<^9  dia$9  1^*^*4^ ^  %u- 
fies  that  4!ktakmfo;mi  X2!»aM  then  1  from  die  firlll^^  whidi  is'dic&me 

diing>  diat  4  and  3  both  </. >.  7)  is  tadceniBrom  ix  ..By  <diii  %»  we  explain  fn  a  neat 
^uid  brief  way  die  Work  of  tor&ular  Eiamptes  inM^sSmtj  asfou91  prc^endy  lee. 

But  diepnnc^  Uie  of  this  Sign  olSukradrnf  is  for  die  umeOiM  of  die  O^i^te 
of  Numbers  repreientcd .iqr  Lectera  in  tb^jfiehr^M.^-^rfr  l%u^  a-^^leaqM^Ob  di^ 


^Cieferesu^cf  A  flbdB^  A-^B— t^  diediQGGEa^^        and  B4-Ci  ^V  takoig  aO  die 
Parts  of  oneNuxclier  iiiccdBivdy  from  fnother^' we  take  d^Wlkllp^  tNtNAicBba^ 


_,^ . ...         ,         -i  - .       .    .    -.'ftoiu 

diif.    And  diis  is  die  <Srairrji  l&Kk  if^bi  Uinsl  5ii^^4£Em:  odifr|^)ticata^ 
earn  in  another  place. 

P  11  O  B  L  £  JK    . 
J»SUbWift»aiira<fcaiitff  ^awr»s^ 

KiriSp.    Hiis  b  to  be  done  by  a  continual  redra^tiw  each  Umt  of  the titttr^CA^  fiie- 
ceffivehr  fiom  the  Suktrsbendy  and  expieflSng  die  Dimrcnces  gnuluaUy>  according  to  the 

JBjrimi^,  e—- 45335.  For  9-^  —  1— •  i  —  iss^.    The  gradual  Sems  of  Diderences 
hdng8,7,(^5j  becaufe  9— issr«,  — lics;},— ^fEs^— is=5i  die  Number  fought. 


r       V.  ^       .  *     t 


ScHouiTM.  J»  an  odierCafes  4iecefi&rih^  fuapofe  this  oney;  4}ie  A?^^f9V^4lU]t^£x9iDpIes 
b  le^  to  be 'fcaiiy  In  die^Memoi)^-.  ^«^ 

TiAUy  for  their  life  who  are  mere  Novices  In  Atitbmifkk.  But  1  muft  here  obfervey 
That  asthis  is  only  tfael^wW^pf  ^lifoiaaib^hoeirerisMa^of  di^  (as  diey  ought  tobe 
before  they  enter  on  StAtramon)'  will  be  ible  at  once  to  pronounce  the  difierence  of  any 
M!Wo«Qigit9.  "  \\        y         '     r  .  "' 


»  ». 


•  •  •  » 


Chxj^j^  SttHfttBknafyihfit^BfPhkNupt^erL 


n 


TA  JiTWft  frrfm^ tbt DtSSxvoiXi «f  mj  tva  I>fgfir, 


I  I  a 


^   I  4.  I   t  I   6   t    7  j    0    I  0   I  O 


T 


»t*Mi^ 


2» 


r 


o  I   I  j  a  1  3  I  6 

TZLl 


i«««« 


o  I  9 

The  Ufe  t(  tjitf  Tftbk  w9I>  I  tliiQk;>  %e  obvioiis:  Seek  ^  SuhitMS^r  co  die  Ridl^ 
fideColamib  to^  i^gaioft  it  under  Ibe  SmUrmkini^  feted  io  tbeUpper-*Liiie>  is  die  difle* 
Knee  fimght.  Sxmmf.  UtAer  7  on  the  Heid>  and  tgdnft  4  oq  die  Sid.e>  yovi  find  %y  die 
difive&ee  of  7  ttd4.  pr  U^  diii^  iTukedie  MfrdbHklon  theHctd>  ajodindieQdiunii 
uder  i^  leek  ibe  Mfr^&vt^  ^ffi^  wUdi  on  die  Sd^  ti  ^Dtflerpsee. 

Cam  %.    W  grfKritft  ^  Vkmterfm^  ^mthtt. 

Mdf  I.  Write  ike  cae^iidcr  Ais  o&er  eccordkie  to  die  Order  of  naef«»  ^nd  deft 
^omflMmb  ^  iwktrAemi  k  let «bo¥e  tlie  odier;»  tno*  dw  b  not  neceffioy.)  Tlieai^ 
Me^,  tKue  die  Merenoe  betwiR  each  l^jguie  of  die  S^ktraS&r  and  its  Corr^oadcBt 
jD  die  ISfie  place  ef  the  M^/f«*«»4  bquining  at  die  dace  of  y  aks,  andfetdie  Kemaiih- 
JbnisaiAer  tj^em  bk  eid^lMittf  di6¥%iire  in affir pace  of  die  ^«fofVifeM/j^  left ikanitt 
Cbiidlkittfcnt  %i  tjhe  $Uirsii0r,  add  i«  to  diat  f^piiie>  tfid  fubtrad:  fiom  die  S«9^  ulA 
fa  doiiPB^fijf^¥Aidh^mMte;4icnadd  1  to  the  next  Figure  of  die  ^d^/r^fAa^,  an) 
td^^cSitea  fron  teCarre^ondttit  In  die  Stt^frmbrnd'^  ^^fSP  ^  ^  addb^  in  ^ fi^ne 

t^  Rgim  of  ^  f irfi^tfiiiW  is  kail.    AlfdM^  f^iuts  ihicteQ     ' 


Bubnahend    S^tf  '     &r4»f.  </ Ifkdiftraneeof  l7«  and  ^24  &  «f^ 
SubtiaActf     524   gin.    TheOpenttion  ]8thus>  6— ^^2,  wUi»Ym  A^ 

2=5>  and8^-5=s3>  and  die  difiereoce ibugfit  is  352. 


DiC         37^2   fl^e  <]f  die  SuiM^rab^  I  :a44  }  ^u»w  40 

--•-^  ;i:4-|»p4i  dieft  ,6.— 4ar.a.   .AfOpb  ♦th-j  jiwinot  twi  d^rafcee-I 
tribe  14^  asid%^  I4'r-f «f=7-    Aoi®^4t4»=*  «*  7rr-)5wfcft.    Alliiilldiejcasqpleat 
diffiaenoe  is  27243. 
Youmay  aainine  tfaefe  few  more  Examples  in  die  £une  manner. 


Exsmp.  3. 


£XSfl^.  4* 

»83j 


34? 


02< 


I9IO 


26d 


£x^0tp,  6. 

58034 
928 

57106 


5CJB0- 


Scholium.  TMslRuIe  fuppo&s  we  can  TeaflBy  in-  our  Mind  feBinte  *4ny  Digit  from 
the  Sum  of  any  Idler  Digit  andjLo;  whicK  coay  be  eaGl;  admkted:  but  to  make  the 
Difficulty  lefi,  (if  there  cai  oe  any)  we  may  do  the  Work  thus  9  ^ubtrad  from  the  10, 
and  adddieRemamder  tojthe  F^me  of  ^oi^^^ttahkridfo'^l^S^^t  10  fhould  have  been 
jjj    -_j  r-^^._  o —  ^-7,^   -So  iii  JS  wwjp.ry;  %-^'fi^B^>;'cannot>  butfrom  io>and 

J>  E  AT  d  N  5  r  it  ^  r  Wcijiffofthe  Second  Cafe. 

1.  Where  all  the  Figuw 'bf  the  SubtraBor  art  lefi  dian  their  Q>rrefpondents  in  the 
Subtrahend^  the  differencfc  of  the  Figures  inthe  feveral  like  place$  fet  in  the  feme  place, 
muft  all  together  make  |he  true  dmex(3^CQ  ibught;  becaufe  as  the  Parts  makt  up  the 
Whole,  fo  muft  the  diffeitenccs  of  all- the  fimiiS*  Parts  of  any  two  Numbers  make  the 
total  Difference  of  the  Whplbijif  Vhichthefe  are  the  fimilar  Parts. 

2.  Where  any  of  the  ffiguijeaiof  the  Subtrahend  is  lefi  than  the  Correfpondent  in  the 
SubtraBor^  the  lo  which'is  added  by  die  Rule  you  are  to  fuppofe  to.  be  the  Value  of 
an  Unit  taken  from  the  next  higher  place,* (which  bf  Jfotatiojf  is  equal  to  10  in  this 
Place,)  and  then  the  i  added  to*  tjhe  next  place  of  the  Subir^Sor  \$.  to  diminiih  the  next 
place  of  the  Subtrahend  by  i  more  than  is  contained  in  the  Snbtra&gr^  becauiie  that  i 
WJ^  |m2BP^  ^^  be  already  boi;fX>wed fromitx  and  a^pMed  to  the  propedjng  Plaos  ac-^ 
cor^Ung  to  its  Value  there:  Co  diat^inftead  of  adding,!,  to  ihe^i^^i^^r^  we  may  take  i 
from  me  Subtrahend .y  i.  e.  take  the  Subtra6ior  from  the  Subtrahend Fiffm  leflened  by  .1. 
ButtheEfled  is  the  fame,  frnce  either  wnf  duO;,  i  te  taken  freni  :tiiie  Sttbtrahendf  as  it 
0ug|)t'tobcs  fince  it  is  abeady* applied  to  the  lalft  place;  which  ^oolv  taking  from  one 
Pan^.  and  adding  as  much  tp  aix)ther,  whefeby  the  Total  is  oaver^nanged:.  And  by 
jjm  queaiiis  the  Subtrahend  is  refblyed  into  fudb  Parts  as  are  each  greater  than  (or  eqqa) 
.  to).tlie dmiiar  Parts  ;of  the  Subtrm^or/  So  i];i  order,  to  iubti;a<3;  a;£  frpni^i, 
f2.  refi>lye,,tfae  f;x  into  .theie. Parts>  40  t^d  j2y  fy,iim  the  jacqrrdpond.to  the  <(.o| 
pji  ji^.Subtr^Sqry  and  the  40  to  the  zo ;  which; is  in  dfy&  done  by  ^e  Rjilfe :  for  w? 
P"  i^f>^^  i^oxa  p  cannot^  but  ^om  i^  ^and  6  remains;  tben  it  is  pm,  ttuir  i^r  5  Wf 
W^l^  4ia  the-noa  place>' and  it  js  the  iame  thing  to  iky  2  i^oraj^  ot^xfixaxk^* 

*  But  there  if  another  thing  tp  be  accounted  fpr>  which  me  Rule  liii^&s,  'Viz,  That 
the  Difference  t>etwixt  any  Digit  and  the  Sum  of  any  lefler  Pwt  and.  ip>,  will  aiw^  be 
lefi  dian  10;  the  Tmth  ot  which  is  plain;  fbrfince  that  IdTer  Uigit  wants  atleaft  i  of  the 
«Wa>r;(?P  ipakft^  Paft^qjUf^i^tD  tfce.Subo^fl^    ^t  1.  J)eiag  a*cn  ftp»  die  iowKided> 


tj  J 


*^' 


Scholium.  If  it  be  propofed  to  fubtrad  two  or  more  Numbers  from  injrone,  or  one 

ftom  more;  ta  kffily,  thore  thin  ode  from  more  than  one  ;  the  beft  and  moft  fimple  way  is^ 

■   ^   ^  mfubftnua:    So  Idt  ft  be  prc^tol^  to  fube^ft 


rasin^xamji^lea* 


firft  tar  add  ifa6fe~  more  tc^eth^i  and  thien  ^    ^ 

:5<o from  4i6f7 4^135^  «siiiExample  t.  bdow;  00  345+4.32from  o^Sj 

or,  507»4-5<7*'  ftcwl'  i5784*.9d3t;»  a^  fa-Exam^e  3.  '  Alfo-'wiBn  qibre  Numbe* 

Tax*  tor  bfelubcraftcJd  <iut  of  x)n(^i'  it  may  be  done 'by  takii^  awly^'fiift  oncrof  diem,  and 

.tbmrmsi  7£  ^'il^aiflder  ^takcK  a&fod)^;  aadifo^oti^till  diey  «f«  -all  iftlbttaiarecf  ^  itdd ths 

i&  QiJkiiL  Continual SuhtraSion.  ^        .;,..   i   ;     ."- 


^t 


■}■.- 


Ex. 


• 


--i 


«* 


^  ' 


♦   r 


OoLj^S'  MMflkiitimofJFkleatid^flfaB  Numbers,  33 


Mmjn^^^pt^    A* 

4«7 

.221 

Sub*. 

7o» 

Sub'. 

k6o 

Sub*.    ^97? 

345 


Subn      777 


!z%e  pRoo-F  of  Siibtradioo  «f^  fo  fiuuk  iitbet  tjf  AdcUtton  #^  SubMAion.^ 

'  I.  By  jidStmmy  tbns;  Let  die  Remaiader  be  added  to  the  SubPtaSofy  and  the  Sum 
00^  to  be  equal  to  die  SuktrMbendi  For  diis  is  leftoring  back  what  was  be£6re  taken 

ft.  Bf^thrsOkm,  tbas;  Subdraft  die  Remainder  fiom  die  Subtrabieml'j  and  th^  Re- 
mainder oai^  to  be  eqoal  to  tbe  former  StAtrmB^r :  Becaufe  which  foever  of  the  two 
Parti  that  mdoe  up  any  Whole  ia  taken  awayi  die  other  temaiiv-  I  leave  you  to  apply 
thefe  Proofttn  die  preceding  Examples. 

If  we  have  lobcmAed  more  Numbers  out  of  one  by  continual  Sobtraftkm^  the  Proof 
of  dus  Woifc  win  plainly  be,  Addmg  sll  tbe  Swhr^m  swd  tbe  lafi  Bemsiwdn  m>  one 
Sum»  .which  nwft  be  equal  to  the  5d^^#ibnw/. 

C  H  A  P,    V. 

M  u  L  TJ  Ptrc  AT  ION  of  Whole  andj^firoB  Numbers. 


fbulmg 


DEFINITIONS. 
:ONk  thefmhwgMtj  J 


pvem  Number  s  eertMBfrep^fid 


ofed  to  t^  48)  7  tibies;  or  find  that  Number  which  contains  48, 7  timcai 

by  the  following  Rul^  is,  33^. 

I^umber  to  be  moldplied  is  called  die  Multiplicand^  the  Number  by 


IfitiapfopofiBd 
die  Anlwer  by  t3 

2.  Hie  Number  v^  t/%.  uju^u^uv^.  «*  w»u^»  ^^  «*^w»  .  «.^«x.»x^j^,  uj«  x^uiuiA^i  «// 
which  it  is  muldplied,  (or  the  number  of  dmes  it  is  to  be  taken)  is  called  di6  MUlti" 
PLiER^  and  the  Number  found  is  called  the  Product.  Tbe  MultifUcandzxiAMulHpUer 
are  alio  called  the  Factors  (of  thb  MubfpBcatietf)  without  diftindi<Hii  becaufe  they 
make  die  PreJuSy  or  Number  loi^ht. 

Scholiums. 

I.  I  know  tfiere.maybe  made  a  more,  general  Dc^don  of  Mtit^Scstimh  compre- 
hendinj^  in  it  aUb  wlytt  is  Ci^edy  MtJttp&catMm  byFra^ms:  But  that  being  really  a  miz^ 
Operaoon  of  Mtdt^estiM^  and  DiviBmy  I  thought  it  mcN:e  resdonable  to  make  the  Defi* 
nkioQ  here  to  i^ee  taly  to  whole  Numbers,  which  is  projper  and  pure  MultipUcMtiony 
according  to  the  more  common  Soife  of  the  Word^  and  when  you  learn  the  other,  it  is 
onl^  joining  tfaem  bodi  together  to  tnake  that  more  general  Definition :  which  I  ihall 
do  m  iupic^ier  place. 

F  a.  The 


54  Muf^fka*hfi^0>^eafkfj^^ 

2.  The  Senfe  and  Efled  of  Multiplkatiofk  (of  wbole  Numbers)  is  the  (kme  with  AJdi^ 
tim;  for  it's  pl^n,  that  if  we  take  die  fhmfBtmidy  and  write  it  down  41  6A  Hl^iSere  are 


Units  in  tks^MultipUery  the  Sum  of  all  liiefe,  taMl^by  AMtianj  is  theXumberfbught. 

Foo  fisa  to  multiply  48  by  7,  or  ta  take  48,  7  times,-  I  fet  down  48x7  times  (as  in 

48    die 'BiJ^rginV  414  find  the  Sum  33ir.    But  MultifHcatiam  is  aMetbodof  fiading  die 

48    fiune  Ntmiber  more  eafily  and  expadUoufly.    For  Ex.  to  muldplV'  any  Nuitifer  by 

48    46^  what  a  tedious  atid  intolerabfe  thjng:  wotdd  it  be>  to  write,  db^  die  Muld- 

48    pliqand  4(!8  dpes  ?    But  by  the  fqUomDig  JUdbs  dus  is  prevented,^  sfttd  die  ^Ibifhber 

48    u>urtrt  is  found  By  an  eafy  OperadOir— =— JMtfft^&Vif/iMi  then  is  onfy  a~  compendious 

48    A&tumy  limittil  to  diat  pamcular  Cafe  wherein  all  the  Numbers  to  be  added  are 

48    equattxTone  another,  (or  the  fiimeNumber:)  For  it's  this  Qrcumilance  thataflfords 

7:7    u$,  ^ tnomeailf  j^ksboa  q£  wcMrking  than, by  the  general  Rule  of  AMtian,    Yet 

ii.     there  are  (bme  Cmpfe  Cafes  wftich  adtoitr  orno  Cbmpendf:-  Ifhd&aM  dieMuldpt- 

e»a&Tt  of  Nluiibei«>  unAp  xo^  osr  d)»  Di|dtB$«  byr  aati  flodni;  wUduanbK  tl^^f^i/n^f 

Qf^tkm^'iA  Mtdtiflkntkmf  ugmii  wUchtaffi  other  Caftitdapaidl  .  WeisteiftthattbrvoD'^ 

pUyji  Multhlicatson  alfo  in  two  Cafes>  as  we  have  done  AdJitkn.    But  wHereas  the /r^ 

m^^w*  Cafoof  .iMMM^*  diptandi  imnndiMiyp  tlpair  tteftUts  Qailr«Mdl^'di»f9^//ive 

0ifes^  ibJfa^j^/i^depMdktemodtas^  fidrrwe-tio^  MtfrgvbMskm 

j^l^flprilitflMvtM^  fmfl»*w»tfcw»»hy  «ifltamediaapafceyiii  AikUm^  gifcuiliartiqifitf 

,way  of  doing  them. 

34  iniis  %!<  or  Chanifltop  n  m  ImwUu  ewv  NmiileH^  fiyifli  iftni  iiiritfdliiiifci 
^the-ont»by  die  odier-  ^Mdii^ aUMr  of  dim  fdrdie^- iMj^ 
ix^ch  does  not  alter  the  ProduA,  as  will  Int  irfUM^itoteihiifcii(lia»d^'  miSimvXjem^ 
plez  or  indefinite  way  of  reprdendcg  the  Produd.    Thus  7x3  fignifies  that  7  is 

dud  is  ezpreiled  in  a  complex  manner  by  the  FaSfars :  And  if  more  Numbers  are 
fucceffivdy  or  continually  (as  itf^-eaUed)  multiplied^  together^  the  fame  Sim  is  prefixed  to 
each  fiicceOive  Fador.  Thus*  ax  6)^  f-  eMreflbL  t£^  ProduA  made  by  muldplying 
4  by  6y  and  this  Produd  s^ain  by  3 ;  and  u>  of  more  Fadors,  (which  will  ftill  be  the 
&ti!^(Pi$KJl»i^  11^  tiiMBv«3e<dirda».me^S«dtt9;fl3M  be.  dempi^tecL)   By 

this  S^  we  explain  in  a'nea^and  brief  ^y  die  MlAi{tt(haJbif<^  pixrictiAr^tiaiXh^ 
as  youjl  prefenuy  *fee. 

But  the  principal  Uie  of  drip  Sign  0(1 1(Itiki|^t3pirus  in  the  Algebraic  Art,  to  ez« 
prds  the  rrodu^  of  two  or  more  Numbers  in  Letters.  Thus,  A  x  B  is  the  Produd 
oft^aiad'R;  flUii  A*x«KlS  tll»9podtift^of  A^Baiid)<C^aDd)fixtcA^  BHU^Acn^t^^ 
0p  mioft  Ntaibtrs^tttMeiEpMfiWj^  ea^  diai  BfMiiii^vi^alta-eKp^SaSiby 

diefe  ^homn-ft^tamimiV^iribmt/ difc^SIgm  lliua<ABi8dke-Jh«iu<^o&*AxttKl4.A&0 
ttM^  A%  6>  ttiiflG:  Hibis-dfttgttGMiJBali  of  d»cJU/fr«f itiy^^fin^Mi^  odnpar^ 

Qcukr  Odes  youll  learn  afterwards.  *  '  . 

.■•■■'.  •  -» 

lUJe.    Add  t^e  MuhifUcsnd  to  itfdf  as  oft  as  there  are  Units  in  the  UhltifBer^  and 

yeuilttve  Ate  PMteft  fought Bxmmfs  T6  nudftd^  ^bf  i^  I^<^|itf  (<^^>  -f  ^ 

("IN  s8)  .+^=9ft49  die  Number  fourift.  B6td»  mdua»  ot>aB  die'  DMft  oug^  tcvM; 
read)^  i^^id)^  Memofj)  whidi^are'caQy  go^by.  t^  hdp*  o#tt^  fcOdwfi^iVitii^.' 
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Use  trfrfJcTABLE.^ — Se^  Ae  greater  of  the  tWoD%te  mi  the  upper  Liae,  andtmder 
it  againft  tfaelefler)  tatoeQ  in  tfaer^-fideGohunn^  is  die  ProduA  fought.  Ex.  To  taut 
tiply  8  by  4^  I  take  8  in  the  upper  Lin^  and  ynder  it  igainft  4  I  ficd.  32  the  ProduA. 
Aguo,  10  naklplv  7  bf  9^  take  j^  k  the  Uj^pcr  Lin^  aifi  under  it  agiunft  7  pn  the  fidp, 
fou  hWe  ^3  the  Ptx)du&  feug^. 

I>BM0fi«  TkoiODn(fatiftkBxofdieTal^]9plainI)rthi^  Itie  0  Di^ta  beitig  fer  down 
in  tke  umper  Lki^  tMch  of  tiiem  to  eoDBderedT  as  a  MuldpUcand;  aid  is  added  to  itfett 
fucGcffivdy)  as  oft  as  th^oare  tJ^lto  in  ofmy  Digit  tiot  eircecdkig  cdielff  and  the  Mul- 
tipliers are  iec  in  a  Column  on  the  fide  againft  die  reipedive  Sums.  For  Exa$fipley  the 
Muhipilcatloai  eS  6  ftbm  die  opper  Line  are  earriad  no  fkrthcr  than  6  on  the  Uder  ^<i 
fo  of  die  reft.  Tlrift  expkibs  die  Reafon  of  the  JUr/lf  when  the  greater  Number  is  propo- 
(ed  as  the  Miili^[d]Mfi^  onn/heredieNfuIdp!ieaftd  and  MuIttplS^  are  equal:  flut,  wfawe 
die  ledbr  k  «MpafiNl  as  d)e  Middt^aiK},  yet  we  apply  die  gr6itef  to  die  Table^  a#  if  it: 
was  ^  Mritegikaady  FWhirii  t  AaH  herefoppdb  to  be  die  &me  ift  efieS,  ahd  aftlr- 
wtfdi^ir  AaBt«dettioMrat^5 1^.  diat  tf  time^  8  is  the  fimie  af  8  times  Sj^and  (o  df 
any  odwr  tM^  JinStors.] 

Cass  II«    ^9^  midtiffy  m^  hm  Hmaketi  iwn m$e swHbef. 

^le  I.  Make  attf  dT  A»  two  Fa^rs  die  MailHfUcmiy  of  MiJt^fkf;  but  it  will  beii 
goierallymoft  convenient  to  makf  diat  the  JdultipUer.  which  has  iewm.  figtuficant  Fi- 
gasesr  Thini  iHa^  tliere'^ii6  i^ttet  iti  what  Order  thft  f'a^r^  ^e  fet  dowib  yet,  when 
ii can b«  dcM,  "^co^vevoent  to  wHt^  die  Multiptief  under  the  MuldpUcand;  tb  that 
d»  fiift  fipilcafte  Rgure  ofl  the  Righ^faa^d  of  this  be  over  the  £rft  fignl^catit  Fiouxe 
of  the  other,  [whether  thefeFlgttfcs  be  ii>  die  place  of  Cnits  dr  Aof.  See  the  ExampJes/l 
Then,  in  caie  there  are  o's  ilanding  on  die  Risht-hand  of  either  or  both  Fadors,  tiegltft 
them  as  if  the^  were  not  there,  and  proceed  thus : 

2.  Begin  with  die  firft  fignificant  Figure  of  die  Mulriplier,  and  by  it  multiply  every 
Fi^M of ti»'MaltS(licani»  dneifi»rte>difcif5  [ysf'^i)'%mtat^ at  the  firft  ft^cant 
Ki^ag^  and  pfweram  ift  oodHr  to. tin  loft  $igq«e  oit  die  I^;  AM  wifte  dawivthe  Pro- 
dfx^  TlMftjU  d«e  ftft  f!Bodii<S;  j(aiH»t  ^  tM  ftrA:lIgnil[c«sit  Fkum  of  the  Muldpli- 
caod)  is  Ids  tkoi  10,  write  it  down^  but  if  it  exceeds  10,  write  down  what's  aver  any 
Number  of  lo's,  and  carry  that  Number  (/.  #.  i  for  every  10)  to  tfad  Produd  of  die 
next  Figure.  If  dus  Sum  is  leis  than  10,  write  it  down;  but  if  it  exceods  id,  write 
down  me  Exceis  of  10%  and  carry  the  Number^  of  lo's  to  the  Produd  of  the  neit  Fi- 
gure, and  ib  on :  ietdi^  the  Figures  to  be  written  down  all  in  a  Line  ^dtef  oile  atidtheir, 
mierly,  Bxnn  die  Right  to  the  Left.  Having  thus  gone  thro'  all  the  FigUFes-of  theJMlw/- 
*iflkamdy  (not  omitting  the  o's  that  ftand  mixt  with  other  Figures)  write  down  the  com- 
pkac  Piodufi;  of  the  Ml  Figure  with  the  lo's  of  the  preceding  added  to  it. 

F  2  3.  Make 


36  Muhiplicatim  of  Whole  and MfirdB  Niwiierl  J^acki. 

3 .  Make  the  fame  Operatioa  upon  the  Mulfiplicamdy  with  every  %iificant  Figure  of 
the  Multiflier^  (paiSng  all  the  o's)  taking  them  in  order  as  diev  fland  towards  the  Left; 
and  fetting  the  feveral  Froduds  under  one  another :  Thusy  Set  tne  firft  Figure  of  the  Pro- 
dud  made  by  every  Figure  of  the  Mmhifbery  at  the  fame  diftance  from  the  6xA  Figure 
of  the  j^ecechng  Lme,  as  their  refpedive  Figures  in  the  MuhifBer  are;  and  place  thereil 
of  die  Figures  in  order  cowards  the  Lefty  under  the  preceding. 
.  4.  Add  all  theie  particular  Produds  into  one  Sum;  taking  tbemasthey  are  fet  in  the 
Columns  under  one  anodier:  And  if  the  firfl:  fignificant  Figure  of  bodi  FmF^t/ was  in  die 
place  of  Units,  this  Sum  is  the  I^xxlud  (ought  (Ex.  i,  2,  3,  ^  5.)  otherwife  fet  as  many 
o's  before  it  as  ftand  before  the  firft  fignificant  Figure  of  bodi  Fa£farsy  (as  in  Ex.  6y  7> 
8,  5.) 

I  ihall  next  9pplf  diis  Rule  in  Exmnfles. 

Ex.  I.  To  multiply  642.  by  4;  I  &7  J.X2  =  8y  which  is  letdown;  then 

^42  Muldplicand.    4X4=16)  for  which  I  write  down  6  and  carry  i;  then  4x6 

4  Mulriplier.       (=:  24I 4*  i  ss  25,  vdiich  being  written  down,  the  Produd  is  25(8. 

ti^6i  Piodud. 

Ex.2.  To  multiply  i^o6^  by  89  I  work  thus,  8x  5s=s4o,  for  which  I  write 

85065  M^*  down  o>  and  carry  4;   then  8x6  (=:48)  •f*4s=52,  for  which  I  write 

8  M'.  down  2  and  carry  <;  thea8xo(«=o7-4*9^^5>  which  I  write  down; 

rrr^rr:^  Pr  ^^  B  X  5.=s40>   ror  which  I  write  down  o,  and  cany  4i    then,  8x8 

2^2122  ^^-  (=({4)  +4=68i  which  being  written  down,  the  Produd  is68o520. 

Ex.  3.  To  midd^  ^53  by  4699 1  work  thus^  bcginniog  with  9 

84653  M^.  (in  the  Units  place  of  tbeMiudplierX  I  nuiltiply  by  ktbcvAKic 

469  M'.  Multiplicand,  m  the  manner  of  die  preceding  JS^tm^^/.    Then 

761877  P^*  W  9*     I  takethe  next  Figure  of  the  Mdtiplier>  6,  imd  by  it  in  the  iame 

'f079io  by  6.     manner  mul^dy  the  whole  Muitiftticand;  fitting  the  firftFigure 

fti8oi2  by  4.     of  thi9Produd>  8>  under  the Dbcood Figure  of  the  precediog>  and 

^  T/^iPtwi      ^  reftin  order;  making  the  iame  Operationwith  Ac  next  (and 

^9702257  iotairroa.     laft)  Figure  of  the  Mulnplier,  ^4^  and  fetrincr  die  firftFigure 

of  this  Produd  (1^.  2>  under  the  fixond  of  the  precediagy  and  the  reft  in  order.    All 

^hefe  Produds  fummed  up,  as  yqu  feein  die  Ex.  giv^es  the  totsl  Produd. 

Ex,  4.       To  multiply  6452  by  806:  After  multiplying  by  6, 1  pifita8i  and  becaufe 
6452    there  is  one  o  betwixt  diem,  die  firft  Figure  of  the  laft  line  isjet  under  the 


Jo6    third  place  of  die  former,  i.  e.  widi  one  place  betwixt  the  firft  Figures  of  the 
^ijtz    two  Lines,  becaufe  of  die  one  o  b^pTijx  die  Multipliers 

51616 


12 


2760471^4 
1 8403 1436 
368062872 
138023577 

17485102781514. 


Ex.j:  To  mukipljr  4^07859^  by  %%oojS:  After  making  the  Produd  of 

46007859    6  and  4>  I  pw  to  8^  Utting  tea  fizft  Produd  two pbces  diftantftom 

380046    dut  of  die  preceding  Line;>.becauie  of  the  two  o^  becwixt  4  and  8. 


fa 


i    *   ■  *  ^- 

Cliap.5.  Mukiplfcation  ofTf^ole  and^SftraSl  f^umbers.  37 

la  the  four  fbnomug  Example^  wherein  the  firit  fignificant  Figure  of  each  VaBor  i& 
not  in  the  cAace  ofUnits^  the  AppUcadoD  of  the  Rule  is  fo  piain^  that  I  ne^  make  no 
mote  woros  about  it. 


Examf.  6. 

467 
2800 

9H 


Ezamp.  7. 

584000 

93 

1752 
5256      _ 


Examf.  8. 

4^000 
2700 

^22 
9i 


Examp.  9. 
37^890 

5004XH?0 

I507ld 

188445 


124200000    J    188595756000 


1307600    1      54^12000 

In  order  to  the  Demo^ilbacipn  of  the  precedira  Tk\Aty  and  for  the  iake  of  (bme  other 
^Kciil  Rules  fidbwiogy  wc  muft  premile  dide  Troths,  as  belonging  to  die  Theory  of 

L  E>M  MA    I. 

Ifmie  Nimker  if  multifUed  ty  amther^  the.  TtbJmS  nmHh  the  fam^  as  if  this 
tthtrhe  multifSeJ  by  tb& former;  i.  e.  Amy  one  ef  the  pwo  Fwdxxs may  be  made 
Multiplier  9r  Mukiplicand,  the  FroduS  vjill.  he  thefafoe. 

Ex^mf.  A,  times  7  =  7  times4.    A  times  B;=B  times  A. 

Demon.  A  finall  Attention  to  the  Idea  of  Numbers  will  make  this  Truth  evident;  and 
therefbie  flew  Writers  think  it  needs  any  Demonftration.  However^  as  it  is  capable  of 
<X]e,  and  forne  may  require  it^  lihall  &x^  them.    Thtis; 

Any  Number  B  is  only  a  certain  CoUedion  of  UmtSj  wherefore  A  times  B  is  equal 
to  A  times  each  Unit  in  B9  taken  feparately  and  added  t<^edier :  but  A  times  i  is  the  £une 
thing  as  A>  or  I  time  A^  (from  the  Definition  of  Nuiwer:)  Therefore  A  times  each 
TM/inB is  eqoal  to  A>  (or  x  time  A)  takenas  oft  as  there  treXThitsmBy  i.e.  Btimes  A. 
Tbesefore  A  times  Bssfi  times  A* . ' 

Or  take  this  other  more  Teofible  Demonftiatkm.  / 

Suppbfeany  two  Numbers,  A) .  B  ^  let  the  OSw»  of  A  be  reprefented  by  a  Row  of 

.   Points,,  as  in  the  Margin:  Reneat  this  Row  as  oft  as  thereare 

A  Units  in  B,  and  (et  than  ordeny  under  one  atiother,  thenit  is 

'    '.    .    .  .  r  itUiny  that  there  will  be  as  many  Clolumns  of  Points  as  there 

B.    .  .  &c.      are  Points  or  I7i»/// '  in  A ;  each  of  which  Columns  has  as  many 

Points  as  there  are  Units  in  B.    Therefore  the  whole  Number 

&c.  of  Points  which  were  at  firft  made  equal  to  B*  times  A,  (by 

repeating  the, Row  A,  B  times)  becomes  necd&nly  equal  to 
A  times  B.  ^ 

X  E  MM  A    It 

Jf  three  or  more  Nmnhers  etre  frofofid  to  he  tontim^ly  multipled^  the  lajf  VreduB 
nmUfiUlhe'  the  fame^  in  whatever  Order  the  f^iStors  sre^taki^n. 


Examp. 


7^J^5r=?.7^5X,3=5XiX7=:5X7Xj. 


Demon.  Case  I.  If  there  are  3  F^rfflrr 'A,  BiC^  tiien  fince'the  Prociucaf  of^FaSFoh 


is  the  fame  whichever  of  them  is  MultifSer-^  i.  e.  A  times  Br=B  times  A :  Therefore 
the  diiog  to  be  proved  here  is  only,  Thac  whichever  ofithe  3  Fa£fors  is  caft  in  the  laft 
dace,  the  Produd  is  ftill  the  fame,  viz.  that  ABC==CB  A=:  ACB.  Forfmce  AB= 
B  A;  thewfow  ABCasBAC;  For  the  like  RcaTon.CBAssB.CA,,  and  ACB=: 

CAR  ■;       I  '   *       1       .     ; 

'       -•       •       •  ;  '         •'  ..  Now 


38  Hultiplfmrn 

Now  then,  to  prove  that  ABC=e:CBA=5:ACB:  Firft,  -tah'ng  ^tFaSars  inthc 
Order  ABC»  Gcpreflbtbe  Produft  of  A  by  B,  or  BdtttesA,  and  thisPioduA  A'B  taken 
C  times;  which  makes  C  timesB  dnies  A>  or  Ataken  Ctfasae^ times;  i.e.  CB  times  A: 
Sothat  ABxC=AxCB,  or  CBxA;  i.e.  ABCssCBA.  Apiin,  ACB  fignificf 
A  taken  C  time$i  and  thjs  Produd  AC  tak^  B  times;  which  is  B  times  C  times  A;  i.e. 
A  taken  B  times  C  times;  or,  which  is  Ae  fiune,  C  times  B  fimes:  but  this,  viz. 
AxCBorCBxA  wasbcfbre'lhew«itt>|»e  eqiialtoABxC,  therefore ABCs=CBA= 
ACB.  ^ 

Case  II.  If  djCTc  are  mo^tFaSors  riiah  j,  dien  I  piove  tjhe  T^flb  p'ropoied  thus: 
I  fay,  if  ic  is  true  of  aojr  particular  Nuinber  ot^FaBars  xBxm  th|in  2,  it  i^  therefore  true  if 
we  take  in  o^e  FA&ar  motfe:  buj:  ft  is  true  of i?  Ifa^ersy  ^  fli^wn  abort;  therrfore  it  is 
evidently  true  of  4,  M4  4Mncc  agaki  k  '»  mie  bf  ^9  aad  io  on  for  ^ver.  What  is  to  be 
proved  then,  is  tibc  firftPa^t^  viz.  thip  Connexion  of  Jthe  Trut^  of  the  Rule  for  a^y  Num- 
ber of  Pafhri  mgre  than  2,  wirh  tjic  upct  Cafe,  or  on^  F^Set  woie.  Whi6h  I  p»ve 
thus/    •  '      "*  ". 

Let  ABCD,  ^c.  be  aProdud  of  anv  Number  olFaSers^  in  which  jt  is (bppofed  to 
be  no  matter  in  what  Order  they  arc  tatep  %  ^hsiefore  I  may  caft  any  of  its  Terms  laft, 
theProduft  will  ftill  be  equal,  vhc.  ABCD,^tf.=ABC,d^'^.xD=:ABD,€J•^.xC 
^ ACDj&c.xSixzBCDy&e.  X  A.  Now,  ke  mocher  Term  X  be  takw  into  the 
Queftion,  then  it  is  phis,  that  whatever F^rOtr  of  tbe  whole  A^S,  C,  D,  Xicff.  we  fup- 
pofe  to  be  laft  employed,  d^erarious  OrdcM  m  which  tb^  pfiecOcHng^  W^an  my  be  em- 
ployed, produce  the  &me  Efif(%>  by  fiippoGtioai  wtorefore  aU  the  various,  Orders  of  ta- 
kmg  the  whole  F^figrf,  wbencm  zm  partJcwHr  K*fl^  jteew  the  hOt  place,  "produce  the 
fame  Effc<a  j  bccaufc  the  vinous  Orders  of  €jic  t)rec6iibg  Terms  have  no  different  Effeft 
by  fuppofition.  And  fliereforc  whjkt  rem'aip^  tp  be  proved  %  only  this,'  viz.  Tliitdie 
Produi^s  are  all  eqiMl  which  are  made  by  the  feveiral  Orders  w;herem.  di^ent  Fafferx  are 
put  in  theiaft  plac^  which  will  cafily  appear  Aus:  Stace  by  fuppofition  AB  C D,^^  =; 
ABC,  i^c.  xDsABD,  &c>x,Ct  a»d  fo  oxb  puping  each  faaor  laft:  'rtercforc 
^RCD,cf/rvXX:;;^ABQc^c.xPxX5s?ABD><fr.xCxX,  and  fo  on.  But  we 
may  make  X  and  theKf^or  preceding;!!,  change  places  in.  eaph  of  tbefe  Ezpref&bos;  die 
Produft  will  ftill  be  the  fcme  by  Cafii.  bcCMUC  k  isaPPodudiof  5  fo^W,  thus;  ABCi 

^<r.  xOxXa^AJ^Qc^^^H^^^xD-  Alfo,  A  BD,  «^^. xC><X= A  B  tX,  ^f. 
X XxC*  and  ib  on;  whereby  e^b  Faffer  is  caft  in  the  laft  phce.  Wherefore  tfaefe 
ProduiiSb  areall^uai^  being  each  equal  to  the  Produft  of  anotner  Order>  and  all  diefe 
other  Orders  e^. 

CoROL.  If  two.  Numbers  ^e  propoied^  be  multiplied  together:^  itis'  thefame  thing  to 
do  it  by  the  (Sieneral  B^k  at  once;  Qr>  it  one  of  the  Failors  is  equal  to  the  Continual 
Pipdua  of  two  (K:iP9i;c  Kumbers,  then  we  may  multiply  the  one  p^en*  FaOof  &ft  by 
one  of  thefe  Nun?i^  Uwtpi;Qduce  Ae  odjer,  and  then  this  Produd  by  another  of  them, 
and  fo  on  thro*  them  all :  Thus,  24=4 xtf.  'Thei^rc  62X24=^X4X6. 

Scholium.  What  2^1  Aliquot  Fart  is,  has  been  already  explained.  And  from  Lem.  i. 
it  is  evident,  that  if  two  Numbers  are  mukigjied  tc^ether,  each  of  them  is  an  Aliquot 
Fart  of  the  Produ<3o»  and  the  other  is  the  Denominator  of  the  Part.    So,  becaufe  4x8 

=  32;  therefore  8  i?  J.pf  t^^j^^I  of*52.  U.mV^rfall;^  A==:  \  of  AB^^and  B=.t 
of  AB.  Whence  this,  follows,  that  if  we  multiply  any  Number  by  the  Aliquot  Fart  of 
^mother,  ani  then  thia  Produft  by  *C  Den<4miilacor  ^  that  Partj  die  laft-  PtodbS;  u  the 
fame  a5  if  the  firft  Number'  Were!  multiplied  by  that  other  Number^  whfch  is  nTwth 
mmifeft  alfo  from  thp  nature  of  m  Aliquot  Fart^  without  ve^rd  to  this  StQiLommtk 
Aasin  obferve\  Tlvrt.  thfi  Produfl:  of  twt>  Numbers  i»  yexj  naturaUy  called>  the  Mdtifle 
ofeidier  of  ^cFaSftfrty  jujdit  isf  fiid  to  be,  a  ^ffipk^  if  ty*  Ac  odier  FlaB^i  9s>^ 
is  a  Multiple  de9hf6^6r  of  6  By  9.^  Mfo  if  two' Numbers^  «RMmu&ptf6A.bfidipm^ 
Number,  die  Produds  are  called  Like-^Multiples  of  thefe  Numbers,  as  5X4.  and^x  ? 
are  Like-Multiples  of  4  and  7.    Now,  as  Multiple  and  ABquot  Fartzrt  difedtly  oppdicei 

3  fo 


i&  itdbi  wt  ms»  «^-{^fh^  ffi^ fsidvis'^  Tlm'tber  p^»ato  <^  ^«^  Num'Sbt'  v§  tHe 

(=;ACD,)  and  AB  (s ACD)  is  the  Mtb^U  .of  AC  by  D. 


^^      te  ^ 


l^f^^HMAm. 


If  either  er  hth  ^-t^IJumber^a^^d^ho^iij^^  into  tiuo  or  more  'Tarts  ^ 
mnd  if  each  Faff  ^Ae  one  KmnBe/tt  multhlied  into  the  other  Numbery  or  into 
each  Part  ef  the  other  ^  the  SumofaU  fheje  TroduSs  is  efual  to  the  TroduB  of 
the  twopven  Numbers. 


*    > 


C,  then 


Demon..  TheReafcibJb'^nftiufidS^j'  becaufe  the  Whole  bdi^  nothing  eUe  man  the  Sum 
of  all  the  Parts,  tirtitia^ofee  Num^  pt  every  Part  of  k  id  inoltiplied  into  every  Part  of 
another  Nmnbaydtaftis^thrf-one  >yiKrie  multiplied  into  the  dtner^  fo  that  die  Sum  of 
die  Produds  madetrf  tbelto9rmttirbe''equal  to  the  Proauj^oTtEe  Whole. 

DEMOnSTATION  efCMY.Tl.  ef  the  preceding  PROBLEM. 

-  *■..»•  ■-  '  ... 

I.  When  die  firft  fignificant  Figure  of  each  FaSor  ism  the  place,  of  Units^  (^sfamf.  ty 
jiy:^4^>  dt^ Aeaftnrtf  die  RjilfaretlKt^.  / 

.  QiyTi^dtimlhimheT^  tfazf.  ht' tixiA^Ifhb^er  or:.MnkipScamlrii^ipaitm&r^ 
Lemn^jtJ  Bbt  iSaking^tfa^  one  JMMifdiet' 'vhkhha^  &rJ7e&  ngoificant  Figures,  is  t&oft 
OMivefaiefltf  bcttoft^itHnAdg  ftwdb  partialTPi'bdufla. 


(A)  .H  «fc  #Mi^m  ir'arDigi^  (;Eottii2f:)Aabhf:xnxjit^^  Fjguce, J .  e.. 

^gnkyiPoit^  ^tdm  MfUfiitam^  wriDtfltitriKr:dierWhol€f^  add'br  wntfaig^4^  die  Pro^^ 
duds  that  are  le&  than*  10,  or  the  Excefi  ot  lo'sy  m  •  thd  places  of  the  Fioares  1mifldplied>: 
jgti  aHijiuydie  ytapberofr  ivhtio (the  VroAdt  of^tfae  neift  plade,'  we  do  hereby^g&ther 
tq0BdRrdir*fiBiilb0^Pah»'of:'dK  and  So  do'diefiutie  di^in  efl^^ 

aWf  wriW0fcrdami^*Bili»%if^  arfofinas'the'Aarf/i^i&fr  cSprcfles^  afidaSed  tbcnt: 
nrf:  Ibr'th^€tifar:o{^  evo^CcSiimi  ds  .de^Pnidoft^jof  die  Figdre  in^tfae  tbBtc^pl  d».t . 
Column,  whereby  it  appears  that  the  Addidon,  and  the  MbAij&atibir'afcord^'taeht^s 
Rule,  have  die  iame  t&St:  (iee  Ex.  i.'i^jmak&tm  dk fiulris':ri^\ .    . 

(3.)  When  there  are  more  fignificant  Figures  than  one  in  the  MultifUery  as  in  Ex.  3, 
4)  5.  then,  by  Appl;ipg^4^/fqP¥^d¥i  ^e  reftdve  ^Mnlt^ier  inq^  Parts ;  and  if  the 
tnie  Produds  made  by  eacn  dFdiete  Parts  multiptyifig  tGe  v/hme'^JffultiplicanJy  are  added 
tiag^tet^-«be^  Sutn  is  Jm  ProduA  fira^-  (by  I:f9».,3i).  /^i^^  die  Pmdaar  made  by 
cf&-Fip»e  of  dag  Mtdtiglier  Qdien  in  ib  fim^  Y^ue^^  is  truly  fopiid  by"  {he  RuSe^  ^ 
ihewif  ia  tih»^lecegng<Attictel  apd  by  piadi%  tbefeProduds  wifib  refp^  to  :oiae  ano-^ 
dier^  ib' as  theSiArJ^tUJ^<^  each. Pl^  ftands  under  th^t  F%ilre  of  the.firft  Prbduo, 
(or  Produft  of  the  I^jre  in  die  Units  place  of  the  Multiplier^}  which  is  inthe  faj^e 
ptee  as^the'  muMpIyfti^Asir^  ft^aids  ia'  the  -  whole  MthifHef;  thefe  Prddu&s  are  ,addea 
togcdier  acc&rdifagfio'  th6Ttr«e  ViAiq  tbcy'  ouAt  to  Imve,  by  Confidering^die  multiplyl^^^ 
Ffeure  in  its  complete VAt-::  Far  EptaTk^,  Tne  Produd.by  the; feeond  Figure. or  Place 
oTio^s,  is  iet'aid'added^tQi  tfafe  Pfoduft  -of  the  firft  Figure,  as  If  atDyphjpr*  orq  hfd  been 
pwiif d- iif  j^v.^yfaifrebyi tr'tfr iWde'  tp^  tiaaes  ^ ;  much'  as-  wfere  the  multipl^^; Figmre  in 
die  Dhce  of  Units,  as  k  ougjht  to  be,  fince  diat  Figure'is;iTi.|:hC  place  .of  Tais^^suacLnoc 
<f  ^Units;  (fee  Schol.  after  Lem.  2.)  The  &me  RcSibn  holds  in  afl  the  otiier  Fi&ires~df 
die  Mnl^Uer.    Therefore  die  Sum  of  the  Produds  taken  accordi^  to  die  Rule,  is 

die. 
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the  tme  Pxodaft  ibiirirt.    And  the  Region  ^0rtiy;we  don't  aaaaa%  T^dax,  di^  p's> 
becaufe  it  were  £ipemuous  as  tp  the  Sum.    See  tbefe  Examples. 

JEx.  I.  6784  X  3ssao3;2.    For  <f784=B<opo'+ 700+ 80+4.    Aiiddic(>pcrat 
by  Parts  is  mus: 

4X3:==:       12 


80x3=:    240 
700  X  3  =  2100 

(JOOO  X  3  sag  18000 
203^2 


^784 

^Sius,  ($784 


00352 


ExaPtpb  2. 


Common  Wi^.  .  Or  Thus. 

'   d8749  ^8749 

ill       111.  •      . 

206247  206247  Piod.  by  3?  . 

34?745  34374^0  Prod.  by.  JO. 

549992  54999200  Prod,  hy  800. 

58642897         58642897  Total  Prpd. 

.  _  .   •  •  1      .     . 

It.  When  the  firft  fignificant  Figure  of  eitber-cH'  bodi  WsSUrs  does  not  fiand  in  die 
place  of  U»^^^:  TTicn, 

(i.)  When  it  is  foonlyin  one  of  the  F^tiSir/,  (as  Ex.6,  7!)  diea  br  taking  dtttF#tf»f 
j6  if  the  (irft  iigpficant  Figure  were  in  the  place  of  D^//x;  i.e.  neg^eding  all  the  o's  diat 
ftand  on  the  rigiht,  we  (to  indeed  work  only  widi  the  ic*^  or  ibb'^  e^r.  p«rtof  ir^ 
therefore  the  total  Produft  found  is  accordineiy  but  the  lo^**  or  100*^  Part  rf  what  it 
oQ^t  to  be:  and  dierefore  to  faavef  the  true  Piodu&j  wrought  to  imuhi|>ty  the  Uft  Pro* 
duA  by  lO)  100,  &t.  (by  Scbd,  Lem.  2.).  which  is  done  t^  {iXQs%  as  oamy  <»'s  befoie 
the  ProduA  as  weie  bcrore  the  Multiplier.  .      1         • 

(2.)  When  it  is  fb  in  both  FaSdn  <as  in£x.  8,  9.)  there  is  die  fioae  Reafimrioriettng 
before  the  Produft  the  o's  that  betong  to  the  one  Faffory  as  tfaofebdooghigto  theodicr: 
For  kfter  correding  the  Produd  by  me  o's  of  the  one  FsBar^  it  wants  to  belcorreded 

aain  by  tfadfis  of  me  other :  Thererore  iiriicn'there  are  o's  bekniging  to  b(^>  ^ 
1  to  be  fet  before  die  Produft. 
Therefore  this  fiirilf  is  true  in  all  poflShle  Cd($.  -.    . 

P  RO  0  F  v/MvLTipttcAXiott: 

4 

In  the  iirft  tilace)  we  muft  obferve.  That  the  muhif^lying  of  tme  Dipt  by  ittodier  has 
no  other  Proof  than  by  Addition :  But  the  Table  being  ex^SQin'd  andfound  tnie;»  we  are 
to  depend  upon  that  or  Memory  f<^  thefe  fimple  Operations^  -  the  Proof  bene  defigned 
being  for  other  Cafes  where  either  or  both  ^0^01*/ exceed  9:  And  this  maybedone  kvesA 
ways.    Thus, 

1.  By  Mfhiplication  itfelf :  For  if  We  change  the  K^^^x,  and  make  that  die  MukifUer 
which  was  before  the  MultifHcanJj  we  ous;ht  to  have  the  (amd  Product,  by  L«ais.  k 

2.  By  DivifioM :  But  this  cannot  be  appUed  till  that  RmU  is  learned. 

But  both  thefe  Metlxxls  are  too  tedious  to  l>e  of  Ufe^  and  theiefore, 
•  3.  The  moft  convenient  and  eafy  Proof  is  by  he^  of  die  Number  ,9^  jikewhat  we  hsve 
in -AWWw ;  which  is  pcrforincd  thus : 


Csft  oat  Ae  cf g  oat  of  the  vwo^Meifi  (in  die  iMiUMr  taug|K  ia  ihc  l&e  Fr^«^ 
Stte^  sad  imrk  die  Nmnbcr  daat  itt  under  or  over  9's  lo  each^  if  eid^r  of  them  i^  o^ 
pift  JBTweJiwrly  to  die  Prodti<9ib»  tnd  ctft  out  the  9V  of  it  j  the  £xce&  ou|^  here 
to  be  <>>  vUdh  makes  the  Proof.  But  if  tfae  Nomber  under  or  over  9^6  id  ik>c  o  in 
cidKr  nAor,  dMQ  nnikUv  tfaefe  two  Numbers  lQg|ptber>  aad  saevk  atfo  what  is  under 
or  over  ^Vb  didr  Prodoa;  this  KuBlfocr  and  what  is  over  9's  ia  the  toad  Produd  of 
the  Siam{ie  o^i^  ID  be  e^oL 

JBar.  t.  -    .         I    JE*.  ^ 

47^       In  this  firft  Example^  the  Excels  of  1       ,87        La  the  feedud  £acaita»lQ» 
tfS    ^s  in  the  MMftisimd is  S>. in  the!  Mb^   }  ^    dneExcefiof  ^'s in  the i^/- 

the  Eao^  of  9  is  4y  exa^  eqnal  to         ^^^      inifBedlutdiy  cotheiProdiit^ 
^„    tfaeExcefi  of  9*s  in  die  Pfodud  22068.         ^-^--^    whe«  I  find  it  is*  dfo  o. 

l>enmifiratian.  The  Reafoh  of  the  PraSice  of  icafting  out  the  ^s  in  the  fevcral  Nunil 
bera  \m  been  alr^Mty  ^d^m^iftraced  in  Mdkiam^  and  tbeHeafon  of  the  reft  of  the.  Work 
win  estEly  appear^  dius:  i.  If  eidior  ¥a&ar  ii  a  plrecife  Numberof  9'$,  (/,  #.  .when  the^'e 
isno  Excefi)  as  inExample  2.  it  is  plain  the  Pioduft  mdx  be  {o  too,  for  it  is  only  that 
Number  of  ys  takea  a  number  of  times.  But,  2.  If  each  of  them  is  equal  to  a  Number 
of  9's,  and  fonie  lefler  Number  over,  then  let  us  reprelcnt  them  dlu^  Let  one  be  A -f^^, 
where  A  rq>refeDts  any  Number  of  si'h  ^^d  t  the  Number  Cr^r :  ^  Let  die  odier  be 
N-f-r,  where  N  is  ai^  Number  of  9*s,  and  c  die  Number  over.  .  BUt  now,  by  Lew,  4. 
die  PfoduA^  diafe  Pii^hrf  b  equal  to  the  Sum  of  the  Pnodudteof  all. the  Parts  of  the 

one  by  all  the  Parts  of  the  odierj  and  fo  the  Produdl  ishefe  Ax^^  r^A^^c,  +Nx^, 

+  ^  X  r.    But  the  firft  three  Produds  are  each  a  Number  of  $>%  becaufe  one  of  their 

FaSiort  is  fo^  therefore  thefe  being  caft  away,  there  remains  only  ^1(7.  And  if  the  9'sare 
alfo  caft  out^  lUs,  die  Excds  is  the  Excels  of  9's  in  the  total  Produd^  but  by  c  are  the 

Excels  m  AeFaSnsj  and  k%c  their  Produd :  tt^refore  the  Rule  is  true. 

Scholium.  The  dtijeftfCn  made  to  this  Froof  is  the  iteie  a»  that  mentioned  akeady 
^ig^dnft  the  Ukefra^fJbt^jiiJBtiomy  and  therefore  the  fame  Atfwcr  fhyes  here. 

§.2.  Containing    , 

?ARTicui,AR  Methods-  ff  working'  Multiplication  in  certain 
Cafes ;  whewiby  it  is  ^ther  cmtr^edin$§  ajbarter  Work  than  the 
general  Rufe^  or  made  eafier  andmofeeerfam  with  as  large  a  Work  j 
andy  in  Jme^  ^feSy  with  a  little  nt^e  IVtfk. 

TH  E  firft  five  Ck  s  e  s  are  fuch  wherein  the  very  fame  Operation  is  perlbrmed  as  by 
the  General  Rule  j  only  the  Trouble  and  Time  of  writing  down  a  great  many  Fi- 
gures is  iaved. 

Case  t  Ayhen/  onci.aC  iJh:  ^j^aStfrs  has  any  T^iire  whatever  in  the  place  o(Umtfy 
and  I  in  an  the  beft,  as  i^xffi  11  iJ^^  Ofiake  that  the  ^ti^lipry  and  jchcProdud  magr  be 
got  allxatoncefeusj  '  'a    *  ' 

fi.)  Suppofe  the  hunaber  ot  Places  of  the  Huki^lief  do  not  eicf  ^d  thofe  of  the  Mai* 
tipucandy  tnen  midtiply  by  the  F^re  in  the  Units  place  of  the  Mulf^liery  and  widbetrery 
PiodikS^  tiU  JQU  cooae  td  the  Produd  of  that  Fkure  that  ftands  oyer  the  ]a&  i  of  the 
Xkh^&r^  if..e.  t31  you  lUTt  n^ukfpliedas  man¥  Figures  a»  die  Numbef  of  Pkces  in  die 
Afr^p^>  ifH^^  all  dieptxasediri^.lf^es  on  the  ri^t.(^  the  vMi^>^^  tQ^therncat 
IPxodu^iyfc&ffiis^j^     ^  ^.  ^i^wg^cc^^  i^        (or;  tJnirs/place>  a^^^ely 
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Succeeding  ProduA  exclude  always  one  more  in  order  fiomthe  ri^,  [and  when  you  come 
to  dide  exclufioos,  it  will  be  fit  to  fet  a  Point  over  the  Fieuie  \^ch  is  to  be  excluded  at 
the  next  Operation  J  ivs.  the  remoteft  on  the  right  of  mefe  that  were  taken  in  at  the 
hSi  ftep.  Write  down  at  every  ftep  what's  under  or  over  io's>  and  carry  the  lo's  to  the 
next  ftep^  and  when  you  have  sone  diro'  aH  the  Figures  dl  ilt^ MdtiplksMdy  to  the  num- 
ber of  lo's  carried  from  the  laft  ftep  add  in  all  the  Figpires  of  the  MnhifUcjmd  after  the 
laft  Pointy  pointing  aUb  the  laft  you  take  in  at  this  ftep^  diea  rake  in  ail  fiom  the  laft 
Point,  and  u>  xm  tSl  you  take  in  die  yery  laft  F%ure  alone,  and  thus  you  have  the  true 
Produft  fou^t;  as  in  Examples  i,  2,  3. 

(a.)  If  the  Haoes  of  die  MUf^Ser  excMdin  Number  diofe  ofdie  MJtifScamlj  do  all 
as  in  die 
whole 

betwixt  the  Number  of  Phces  of  the  ^Alkr/jTj^rifM/y  and  theNumber  of  i^sindie  Jl£v/r/>&r, 
(«.  e.  plainly  till  you  have  got  a  produA  Figure  under  every  i  of  the  MultifUer :)  then 
beginning  ftill  at  the  laft  plac^  take  in  one  place  fewer,  (as  before)  till  the  laft  place  is 
taken  in  alone.    Set^Rxamph^ 

The  Reafon  of  dtis  PradHce  will  eafily  appear  by  compariif  a  few  Examjdes  wioi^t 
diis  way>  apd  aUb  the  common  way. 


le  former  C^^  only,  when  all  die  Fi^ianeB  of  the  MiUfScamd  are  muhidied,  the 
of  than  muft  be  (umm'd  and  taken  m  as  oft^  and  once  more,  as  die  difterence 


Example  X. 


Exaff^fe  2. 


4/558 
10 


10 


74528 


a7.5>48 

[5 


i*«^" 


5276 
114 


^< 


6014(^4 


^•'^m 


745*8 


•^■■^ 


ExMmpfe  ^1 


Example  4^ 


263487 
293261031 


263487 
1113 

790^1 
263487 
263487 

29^261031 


847 
11113 

941 27 1 1 


8+7 

454? 

«47 
847 

■   I     '       HI. 

9412711 


■■^ 


The  Operations  of  dide  ExamtA»  are  dius;  vh^i 
'  Examf.  I.  6 X  8=48,  Which  is  8 and  carry  4^  dicn  6  x  y  (s=  30 )  4- 4 carried  (=  34) 
-*.?  (die  next  F^re on  die  rig^)  =42^  which  is  2,  and  cany  4.  Then  6x6(=36) 
r-4carried  (=4o)4-c  (aitheri^t)  ^^^'^  wbichis  y,and  carry4.  Theii6x4(=2it) 
+4  carried  (=28)+<5  (on  the  right)  =34.^  which  isj^  and  carry  1:  dieni  (carried) 
4-4  (die  laft  Figure)  =7. 

Exanrp.a.  4x6=24.5  which  is  4,  and  carry  2:  dien4X7(!=28}+2  carried(=3o) 
+  6  fondle ri^)  =36;  which  is  6,  and  canv  3  :  dien  4x2(1^ 4) -f^ carried (=1.1) 
•4-7-f-6  (the  two  nexi^on  the  right)  =24^  which  is  4,  and  cairya:  thoft  4^^^  (=20) 
^2  carried  (==;a2)+2+7  (on  the  right)  »3ir^h*  r  an* cany  3 :  dicn  3  cat- 

^  ricd 
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xied  4*f4"2  (^'^  ^^1^^)  =ioi  which  is  o,  and  carry  i:  then  i  (carriedj+j  (onthe 

Bjmm.  3.  Here  I  iKaS  Ipare  repeating  -what  is  fetdown  and  carried^  or  the  words  car- 
rinly  and  mi  the  fishy  becaufe  70U  know  how  to  fupply  them.    The  Work  is  thus : 

3x7=^1;  then  }X8(=a4)+a  +  7=33>*«*3^4(=^*)+3  +  8+7=^3^i  *^ 
3X3(=9) +3+4+8+7  =  31  i  ,thcn  3X<(==i8)+3+3  +  4+8=3di  then 
1  X2t=o)  +  3+^+3+4=*3fcj  then  2+2+6+3=13;  men  1+2  +  0=9; 
men  (o  canie(i+)'2. 

ExMWf.^  Thus  3X7=:2i;  then  3 X4(=  12) 4-2+ 7  =21;  then  3x80=24)4-2 
+4+7=:37;  then  3  +  8+4-f7=:22,-  then2  +  84-4+7=:^i »  then  2+8+4 
c=:  14;  then  1  +  8=9. 

ScBoLiTTM.  To  compare  thde  Opjerations  with  die  iamd  Examples  at  large,  ohfirve 
what  Figures  6f  the  Multiplicand  (as  it  ftands  written  down  if>r  every  i  in  the  Multif  Her) 
ftand  under  each  Fieiureof  the  firft  produd  Line;  .and  theie  ihew  the  reafon  of  taking 
in  the  Figures  on  the  Rig^t-hand  of  the  Mubiplicandy  and  how  this  Rule  was  invented. 

I  advtfe  a  Learner  to  make  himfelf  familiar  wkh  die  Pradtice  of  Examples  like  the  firft^ 
becaufe  diejr  occur  frequently  in  common  Bufinds. 

Alio  if  the  Multiplier  has  but  two  Places,  ifao'  2  is  in  the  fecond  place,  the  ProduA 
may  eafily  be  made  all  at  once,  by  taking  in  widi  every  Produ<3:  made  by  the  place  of 
Units,  double  the  Figure  od  die  Kight-h«id.  Pra&ice  will  make  this  ea^,  and  it  will  be 
very  ufe&l.  The  like  Mediod  may  be  ufed  whatever  Figure  is  in  die  feccxid  Place,  (by 
taking  in  with  every  ProduiSr  as  many  tim^s  the  preceding  F^re:)but  the  greater  that- 
Fk;ure  is,  it  is  the  more  d^cult^  am  I  would  only  recomoiend  the  Pni&ice  for  2;  un^' 
]£  the  Multipbeand  have  not  above  3  or  4  Places,  and  theie  alio  (mall  Figures^  for 
then  we  may  ufe  this  Method  with  3,  4>  or  5  in  die  fecond  Place. 

545        The  Exicxf^/f  annex'd  is  thus  done^  8xds:s48^  then8X4(=32)+4+i2 

a8    2=548^  then  8x5(=^)+ii.+  8=52^  then  ^  +  10=15. 

— TZZSl  Nf^#>  If  1 18  in  all  the  Places,  the  Pradice  if  fo  much  the  eafier,  without 

_il^  altering  die  Rule.        ^ 

Case  D.  If  one  of  die  VaSors  has  a  fignificant  Figure  in  die  Place  of  Units,  i  in 
die  higbeft  Pkcc!,  and  o's  betwixt  them^  make  that  in  Units  place  die  MultipUery  and 
work  thus. 

I.  Sujppofe  die  places  of  liat  Multiplier  do  not  exceed  in  number  thoTe  of  die  MulttpU^ 
cand;  then  multiply  bv  the  firft  F%ure;  and  when  you  are  come  to  the  F%ure  of  die 
MubipBcand  rbit  Amis  over  the  i  in  die  Multiplier  y  (i.  e.  having  made  as  many  Produda 
as  diere  are  PUces  in  the  Multiplier!^  with  diat  Produd  take  in  the  £uril:  Figure  of  die 
Mdtiplicand:,  and  with  every  fucceeding  Produft  add  in  the  next  Figure  in  order,  (and  it 
will  be  convenient  to  put  a  Point  over  every  Figure  when  taken  in,  that  you  may  more 
readily  know  what  is  to  be  next  taken  in.)  ^er  die  laft  Figure  of  die  Multipbcand  is 
muldidied,  fet  down  all  the  remaining  Figures  of  the  Multiplicand  that  are  on  the  left  of 
the  Figure  lafl  taken  in,  after  having  added  to  them  what  was  carri^  from  the  laft 
ProduS. 

Thz  Reafon  of  diis  is  obvious  in  the  following  Examples^ 

•  •  ' 

Example  i.  lEx ample  2. 

ft         I  All        I  I  ^1 1         «A 


5764) 
57^48  103 

123       17^544 


467I6I2 
G'  2  2.  Sup- 


and  AhfirtiB  Nu9tiben^  Book 


exceed  only  by  one,  there  is  no  place  for  a  Contradion>  (fixamt.  ^,4^)  But  if  thereisadr 
one  Place  more,  it  nuy  receive  a  {maUGoatntOioQ  duu  j  Add  wbirs  carded  at  tbe  hit 
Produft  to  the  whole  MuhtfRcMd^  andlct  down  tbe  Sum  oa  tfac  left  of  dK  Jti^sem  al* 
ready  let  down^  {Ex amp.  5.) 


SxamfU  3.         Examfie  4. 

I 0000 V    I        1000007 
^207160^5     I     4j58ooj27o 


8<J74 

IOOO# 


JLxMnfiU  5. 


lOOM 


86792044 


•MN 


•««•• 


OifirWf  If  thete  are  any  inor€  tfaam  ooei  upon  tfaeLe{t43andof  the  o'l^diiffwia  bebiit 
a  Mixture  of  diis  and  the  preceding  Cafe^  to  be  done  thus;  viz.  After  you  begin  totake- 
ia  tbeFigitt«f  of  die  Mmt^umd^  take  them  in  graduaUyf  fiift  one^  then  two^  and  to  on^ 
tfllyo«  take  is  aa  maay  as  the  nanaber  of  I'ain  the  Mkb^lkr^  (bcjg^ankig  fbiHaf  die  firft 
Figure  of  dhe  Mdtiplksnd^  and  after  that  (taking  in  ftiB  tbs  Suae  Ncumer  of  Fignrss, 
bagii  one  pkiee  nesMf  die  Left-hand,  and  when  you  haire  ndc  aa  many  Fi»irei  to  tike 
in*  take  in  ail  you  have.    The firitoring  E^amptet^  witbout  any  more  Woid%  willfiiffi** 


tr 


4«M 


ExMmpIe  6. 


853467 

IlCM>4r 


8534^7 
1X004 


9^91550868 


«vr«i 


3413868 
853467 
85^4.67 

9*^91550^68 


EksmfiU  7. 

<*7«f?94t 
It  too? 

7532163^7261 < 


fjniftv^  8v 

514170528 


11004 


JEjMMyifr  10. 
ftOOQ4 

50931852 


MMMmple  ti. 

TTO0004 

^o'^3  >i852 


.  Case  Ht.  When  one  of  the  Favors  has  anqr  Figure  greater  dian  i  in  die  higheft 
Pl^ce^  and  i  in  all  the  odier  Places  make  thatPi^iretne  J^luifspSer :  then  work  thu8>  v/^ 
Take  the  Figure  in  Units  place  of  the  MukhlkmU,  and  fet  it  down;  next  tdce  die  Sum 
of  the  firft  two  places,  and  then  die  Sum  or  the  firft  three  Places,  and  fo  on  (berinnii^ 
ftiU  at  the  firft  Place)  tiD  you  have  made  as  many  fuch  Operatiotw  as  Ae  Nuinoer  of 
times  that  i  ^in  the  MulttfUer^  (and  if  there  are  non  as  many^Fifluite'ift.tbe  Multif^^^^ 
as  to  have  a  figure  more  to  take  in  at  every  Operation,  yqu  muft  continueto  take  in  the 
whole  Muttiplkand  till  vour  number  of  Operations  are  c<MD|)leat)  ftill  tvridng  down  the 
Sums  as  mJLJMtkth  and  caffyias  the  lo's.  ^erdiis,  taketfarF^re  iniliehigheft  Place, 
and  by  it  Uaufeiply  die  v^irfc  MuttifUcand  in  Order;  taking  ihto  me  firft  ftodoft  what  was 
carried  froin  die  preceding  Operations;  and  to  this  and  each  odwr  FroehiftHidddie  Sum 
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of  fts  OttOf  of  the  next  following  Figures  on  the  left  as  the  Number  of  I's  in  the  MuU 
tiplieTj  and  if  there  are  not  as  many>  add  all  that  are.  . 

Nbre,  It  will  be  convenient  to  (et  the  ixigheft  Place  of  the  nulti^lier  under  the  firft  of 


Example  i. 


476* 

i! 

I  xt548S 


476& 

19072 

>■■■■■■«  ■» 

195488 


7236.. 

4MI 
2974719^ 


Example  2. 

.a: 


mkiO^ie    9. 


7*50 


723 
28944 


7a3<J 


%6 
4111 


I 


^974:7^9/^ 


35?54^ 


Ca  $  E IV-  When  one  of  the  VaSors  has  i  in  the  firft  Place,  any  Figure  in  the  Wdieft 
Place,  and  o*s  betwixt  them,  make  that  Figure  the  MuhifUn^  and  work  thus;  V12;.  WruscL- 
down  as  many  of  the  firft  pkccs  of  the  Mukifrtcand  as  a»e  in  Number  one  lets  than  the 
Places  in  the  MuliipDer^  (Examp.  i/a^?-)  and  if  theffe  ifeoQtas  AAftyj  «ateit»fwltho's 
fct  on  die  left,  CExamp.  4.)  After  this,  multiply  by  the  laft  Figure  of  the  ilf**/>//>r,  tj^- 
king  widi  every  Produd  die  Figure  of  the  following  Place  but  one  or  two,  &€.  acc6tdtng 
to  die  Jiumbcr  of  oi  in  die  Muhi^er^  (M  fet  a.  Pokit  over  die  Figures  taken  ii^  which, 
win  be  a  guide  to  the  next)  and  you  have  die  Produd  ibtig|it 


ExoMp,  I, 


6yi  678 

501  ^01 


ExMfp*  2t 


204078 

6yi 

ao34. 

- 

90407  8 

104059675  34^7? 

■****""~""^    104.025 


Examp,  3. 

49« 
8001 

3968496 


to4(i|59^< 


Examp,  4^ 

7263 

400001 

^905207263 


I 


'  Case  Y.  When  one  o(  the  Fa^fars  confifts  of  the  iame  Ijiguro  in  all  its  Places  (as 
66^  or  44^  nMke  that  the  JIAi&jpfer)  aad  woilc  dbus.;  v$».  Mutij^y  by  that  Figure,  and 
out  of  thisProdwSsiakeup  thecoialProduSr  m  tUs  matbier:  Bwia  at  the  Place  of  UnicSy 
and  fird  take  one  Fisure,  dite  two,  then  three^  &*-  (ietring  down  die  Sums  under  or 
over  i6*s,  and  carry  me  i6's;)  repeariiw  the  Operation  Mi  from  the  firft  Place,  os  oft 
asthe  Kmnber  d  IHacea  m  thtMtflfipMri  and  if  thape  is  aot  onodier  Figure  to  take  in 
at  every  C)jenitioD>^yo^  n^ui^cootuiti^  to  take  in  die  w)aiA^MuliipUtundy  to  oft  tiU  yoar 
Number  of  Operatic^  t>e  tiaifiied.  Then  b^n  at  the  iecoiid  okce,  and  third  place^i^A 
iucceiSvely  ^  taking  in  from  each  as  many  oii  the  left  ap  the  x^umbcsr  of  Places  of  the 
Multiplier^  as  long  as  you  can  find  as  many  ^  and  when  they  fail,  take  in  all  that  remains 
t3]  tte  laft  Figure  is  qlIksd  in  aionej  (minding  idwoys  to  cany  the  xo's  firom  every  Ope- 
xation  to  die  next.) 


I    .  I 


n 


MMffff* 


8739 

AAA. 


'Examph  i. 


(md^^ftroQNu  Bookr. 


3495  <^  P''<xl-  by  4. 
38801  itf  Total. 


8739 
444 


3495^ 

3495<f 
?495f_ 


45 

333V^ 

138 


i?333i* 


4$ 
33333 


>,'l 


'I' 


u8 


3 


ScfioLiVM.  If  the  Multiplier  cobfifts  of  i  in  all  its  places,  die  VrtStict  is  the  lame- 
only  we  have  not  any  previous  Mukiplication,  the  fecond  pfcrt  of  the  Work  beine  ma^ 
upon  the  Mukiflicand  itfelf.  -  ""e  *  «« 

»t/^*?^-  ^*"  **  MuhipUer.  coofifts  of  any  other  F^res  than  i,  we  may  do  the 
Work  thus:  Firft  find  theProduft,  as  if  the  >f*//^iS«-  confiftedof  as  many  I's,  and  then 
^m&tt  ^"^"^  ^^  ** ^'^^^  **^ **  ^iven  Muhipber-y  fo  the  preceding  £*tfwf/e 


8739x444. 


970029  Prod  by  m. 
± 


3880116 


the  Realbn  of  this  youTl  find  at  Cafi  9.  joined  with  this, 
that444£s;.iii.X4. 


X:ase  VI.  If  die  MtltipHer  is  a  Number  which  has  5>  in  all  its  places,  as  0,^0, 000,  efr. 
fct  28  manv  o's  on  the  Right-hand  of  the  Multiplicand,  airf  fubtraa:  it  from  frfaf  fo  in- 
creafed :  the  Remainder  is  the  Produft  fought,  as  in  thefe  Examples. 


Ex  ample  i. 
4S8X  j^=:42ia 
t)peration.  4680 

468 

4212 


Example  2. 
3726x99=  3CT?74 

372600 
3726 

368874 


Example  3. 
7y<f«x  999  =  7560432' 
7568000 

75<^8 
7560432 


The  Rf4[/J»  of  this  Rule  is  obviou%  for  by  flie  o's  prefixed  to  the  MuhipUcamL  it  is 
multiplied  by  a  Number  which  exceeds  the  given  Mukipher  by  i,  (fo  lo  —  f =^  100  —  i 
=  c^^,  and  fo  on.)  Wherefore  the  Multiplier  being  fiibtrafted  from  this  Produd  die  Re- 
mainder muft  be  the  true  Produd  foudit.  ' 

X)ifervej  This  Subtraflion  may  ca%  be  perferni'd  widiout  Ae  trouble  of  writing  die 
Multiplicand o^er  than  once,  by  imagining  the  o's  thatbugjit  to  be  prefixed:  TTu^take 
die  firft  Figure  of  die  Multiplicand  from  10,  then  the  next  Figure  increased  by  i,  from 
io,  and  fo  on,  till  you  have  made  as  many  Subtradions  fit>m  to,  as  die  Number  of  9's 
in  the  MulttpUer :  then  you  fubtnfl  from  the  Figures  of  the  MmkipUcand  itfelf-  aad  when 
there  are  no  more  Figures  to  ^btmft,  write  down  all  the  remaining  Figures  ^m  which 
no  Subtradtion  has  been  made,  after  fubtfafting  i  from  them  when  10  watf  bontiwed 
in  the  preceding  Subtradion.  The  preceediftg  Examplet  fufficiendy  flicw  how  this  is  to 
be  done. 

Ohfirve  agahtj  To  multiply  any  Number  confiftii^  all  of  9's  by  itfilf ;  die  Pioduft 
has  1  in  the  place  of  Units,  then  after  it  aNumber  of  o's  fewer  by  <Mie  than  dicre  lire  ^s 
in  the  Number  multiplied,  then  8,  and  laftly,  after  it  as  many  9b  as  there  are  o's  be- 
ibiest 

Ex.    999  X  999  »  9980019  afid  99999  X  99999 = 99P9800001. 

The 
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The  "Rtafin  of  diis  will  appear  tx)  be  univerfal,  by  confidering  one  ExatnpU  done  in 
the  manner  of  the  preceding  Rule  j  thus>  995f 9^00000 

99f99 
9999800001 

Case  VII.  To  multiply  any  Number  by  y  i  multiply  it  firft  by  10,  i:^  fet  (or  fup- 
pofc)  o  brfarc  it^  then  take  the  half  o£it;       .  -  .    . .,        j  ... 

£x  I.    645  S  X  5  Scholium.    I  have  here  propoT^  a  Divi^on,  tho'  that  Rule 

22290  Prod.        .  is  not  yet  taught:  But  it  wa&  fit^to  put  aU  together  ^at 

— = fl   ^'T —  relates  to  Multiplication,  tho*  the  Learder  {hould  refer  this 

JSx.  a.    7"7J^  y  Cafe  till  he  has  Divifionj  yet  I  think  it  will  be  eafy  to 

V^AM  ^rov'  gjg  jjQ^  j^jjy  Number  is  halved,  by  confidering  thefe  two 

EzamcOfis.  And  as  to  the  Ufe  of  this  Rule^  it's  certainly  eafier  dum  mnltip^  by  f> 
tfac^£uis  eafy  itfelf .  ;     .  . 

GEMBitAL  CoROLfcARY  t<^  the  tfeciMg  ^  Cafif.  If  ihe  Partsi  of' the  -MirA^fifr 
conddc  with  any. of  the  preceding  Cafes,  we  may  apply  them  fepafatdy:  As  in  thefe 
Examples. 

Ex  I.    74^a  ^*-^-    3^78+1  For  E*.  I.  Work  by  o  (as  in  Cafe  d) 

159  4,118  then  for  15  (as  Calc  I.) 

66212x0  For  J!x.  2.  Work  with  18,  and  41 

i5o8r^4ir       '  0>7  Caie  i.'and  5.) 

'  1514785710         -  '  -    .      • 

Case  Vni.  If  cmfc  df  the  Fsfforr  confifts  of  two  Places,  and  is  eaual  to  the  Produft 
of  any  two  Digits^  jfl28=4X  7 ;  multiply  byoocof  thefeDigits,  and  theProduO'fcttid* 
by  tli  other  iaiul  the  Uft  Produft  is  that  fougjit. 

Ex.      7264X  28  The  Reafim  of  dus  is  obvious  for  7  dines  4  times  is 

4  28  times.    Or- may  be  deduced  from  Lemma  ^.  Coral. 

2goc6  For  having  mulritlhed  by  ij^  >^hich  is  only  the  7***  part 

^^y  '    of  28, 1  muft  muit5)ly  agam  by  7  the  Denominator  of  the 

^    J  '  Fart,  to-  make  the  true  Produa  by  the  whole  28. 

20J392  Prod. 

ScBOLiuM.    If  the  MuMplkr  is  equal  to  difc  ProAB  of  any  diree  or  more  Digits ;  we 

ay  take  die  fime  Mediod,  by  muluplying  continually  by  all  diefe  Digits:  But  dus  will 

rt  in  every  Cafe  afFoid  any  Compefld;  nor  will  it  alw^s  appear  eafily  what  Dipts  will 

o^  V     o  ^  -.  ^  iC\  Produce  die  given  Numberi  However  the  Reafon- 

^ L  748(Ix8X9XiJ=8x9X(Jx748<.=432X7486i 

61488  bficaufe  8x9x65=  432. 


may 
aot 


9^ 


553393^ 
6 


33203.52,  Produft.      .1.. 

Case  IX.  In  Muldplicadon  of  great  Numbers,  one  part  of  the  hazard  of  erring  pro« 
ceeds  from  the  too  ^;ieat  Diftance  oetwizt  die  Figures  of  the  fevers!  Produ  A  Lines  and 
the  coire^poading  Figjares  of  the  Multifiicawd^  and  alfo  their  not  ftan4ir^  dire&ly  under 
Qoe  another,  ib  that  we  n^uibalways  look  adiiwatt  firoiii  the  one  to  the  other. 

In  many  Cafes,  tho'  we  cannot  contrad  the  Work,  either  as  to  the  Operation  orNum- 
b^ff  Bffures  written,  yet  we  may  make  it  more  fimple  and  eafy,  by  help  of  Addition  or 
Sabba&%,  or  more  limple  Multiplication^  and  fometimes  witn  the£^  Methods  we  may 

mix 


ma  fome  of  the  former,  Hie  Allowing  Exataples  will  fufficieadjF  inftniA  ybu  bow  to 
do  the  like  in  other  Odes :  For  the  diSerent  Orcumftances^  of  the  MdtifUir  makes  t^ 
Variety  unlimited>  aal  therefore  there  can  be  no  general  Rule. 


£x.  I. 


6±% 

76 


mta 


3888 


.-  78 


2209 

«   III       "ii    II 


I 


4^7 

78 


36426 


Bx.  J.'      57^84.     J!«».  4. 


173052 
346104 

363-405* 


Ui 


\ 


19^8 
5844 

-779a  - 


83958X 


Xx.5. 


T«89 

28($ 


'4ta 


H378 

4?5ia 

34^4 

16^7054 


£j9.  6.    49f  ^ 
i63 

3^(148 
832608 


495rf. 


832608 


B«.  7.      51648    |l!fi;,8.  724(89 


459 


90832 
254160 


2592432 


1^45^ 


35^8955505 


i^ki 


iW«W«^ 


^M 


< ^. 


'Ex.  I.  After  multiplyiiig  by  6>  I  add  that  PrOdua  fO  tlDA  MtltifScam^  infteadof  mul- 
tiplying by  7. 

Bx.  2.  After  mutt^Mng  by  ^  1  fifteraA  the  MnUfpUctmi^  Mt  (tf  t^  Produft,  inffad 
cihnnAtlplyiiig4)y  7.  Or,  accoidii^to  die  other  Method>  I  (irft  mtdtlply  by  7^  and  to 
this  Produd):  ^d  the  MultifUcanJ.  The  reafon  of  placinig  the  t#»Litie»  aa  you-^tbent 
•Ihind  here,  is  obvious* 

j6x  I,  After  mtiltiplying^  by  3,  1  double  this  ProdiiA  ft>r  6.  .     * 

Sx,  4,  I  mukij^y  by  2,  then  mukit^y  this.  Fxodud.  by  3  (for  6)  thetr-tdd-iliefe  tw6 
Lines  (the  firft  Figure  o£  the  one  to  the  Bx&  of  the  othei^  apd  fo  on)  for  8. 

Ex.  5.  I  mukiphr  by  2^  this  Produd  by  4,  (for the  8)  and  dien  fubtnuft  the  fidL  Line 
ftom  the  fecond  (tor  the  6)  or  multiply  me  firft  Line  by  3. 

Ex.  6.  I  mulwly  by  9y  and  doilkbfe  mis  Phxiuft  (for  die  16.)  O  findtiply  by  i£  and 
halve  this  |^du&  (for  the  8,) 

Ex.  7.  I  o^tipljpjby  .9^'andbeoaafo9iX5:^59  ImnifiipV  t^JaCkProdi^Abj^,;^  akhet 

-the  comaaQoawayi^Orfby<?A/S7-  "         '•''"' 

Bx,  i.  I  muii^^*y>.i[  t«^7.)  for  A6«  lafl:  ^9  airf'  Aife  ProduS-  by  ^  ^Cii/J  6.3  for 

the 45..  •  '  '  .....   ^ 

^»  Universal  Method  for  all  Cafes i  noherefyy  tho*  there  U  n$  CattrafifOJh 
and  even  fome  ntore  to  do^  yet  it  makes  the  J^ork  fo  eaffy  that  tten  U  no  time 
lofiy  at  leafi  in  large  Examples^  and  more  Certainty  in  the  Operatkn.^  ^*f  • 

Write  down  the  Multipbcandy  then  double  it^  add  this  Sum  to  €iq  MuitfpBcandy  and 
thi3  asain^  and  fo  on^  ei^ery  Sum  m^&ie  M^^lfi^oM^  dtt  )^u  hsM  ntei  Nucnbm.  mi 
it's  plain  that  thus  yduhavie  at  Tibte'of  thfe  Ptt)4llAs  of  die  MdtipUiMaii^  all  the  t)ipt3y 
mane  up  by  a  very  fimpte  and  eafy  ObeiatiOA:  And  theft  you  hai^  no  D^ore  m  ^>  hut 
transfer  your  fevoral  Produ^  out  df  oiis  TaMe>  and  fym  Aiem  up. 


» j/<  '..ruJK.iL;* .. 


1:  i.i 


chap.  S.  Multtplkattmoj 

T  A  B  L  E. 
J  »!57o759fSl 


and  j^flraS  Numiers.  49 

4^7853758 
'i8^97f» 

I»7'41!>9» 
23390^8990 
3»7+97«58* 
AI068418S 


16841 
140J5«li94 
374083038+ 

a8o71ia788 

33O0004.885a85<9a 

-    SCBoLltf*il."i 

_i'.ii^t!r^  an  inS  Enmlto  «  Ihi*  f  tlmk  the  Ejfc  «id  R««diiieS  with 
^^■^^J'^if^^^rtSiSBWrpeotin nuking tiieTJ>lei  with diii  AdTio- 
SfttaS  wS  nSS-d^S.?»te<S7,  b^auftif.  .nor.  topi.. 

rt«T^?tirS^.SDS^  And  it'  nuy  h«»^d»t  b,  hdp  of  U.  of  *c  pr^ 
S^mSoS  w.aiu«Sy  tn.k..Ta*  for  few,  or  no  moft  d»n  we  tav.  ulc 


Ex.  1.  78^9  ^  *«97- 
In  intbng  tius  TaUc}  I 


firft  tike  3  i  theo  double 
ia  Produft  for  iS;  and  do 
the  left  bf  liic  onniiKH) 
way. 


1: 


Ex.  1.  78j<9tf  by  385^.  Tablefi>r£)t-i. 
Firft  I  mulciftty  by  ^1  mea  ' 


(u  in  Co/r  7.)  then 
..  .  ttwfe  ProduOi  for  8, 
dwnrofatna  die  firft  from 
this  for  7. 


Vl 


I  783596! 
51350788 

7'T48yi7^l 


MULTIPLICATION  by  NEPER't  RODS. 

The  great  and  everlafting  Honour  of  our  Country,  die  Lord  Ntpery  confideriog  die 
vift  Advudage  of  die  proccdiif  Method  of  TMUlating  the  MmhipbeoMd,  ro  nuice  it  yec 
more  etfr>  oxioriTed  the  following  Machine,  for  the  more  certain  and  ready  way  of 
makii^  nie  Table:  To  underfbndwhichj  we  muft  fa  before  us  what  diey  cil[> 
tTTHAGOnAS's  Table  of  MMltiflication. 
i  Uu  14-1  5  t*^!  7I  STT  The  Conftniaioa  of  this  Table  is  die  lame  as  duL 

—. — ■ '■■■I. ■■■■—. — f-rrrh  Ihewnin  Proilemi.  with  this dif&rcDcei  thatheretherc 
is'  1  comdelt  Column  of  Produi^fiomeTerY  Digit  on 
the  head,  to  9  times  that  Digit:  fo  diat  dmer  of  die 
Fa<^i3  may  be  found  on  die  head,  or  00  die  1^  lide. 

Now,  fuppofe  this  Table  to  be  made  upon  a  Plate 
of  Metal,  Ivory,  Wood,  or  Paft-board;  and  then  con- 
ceive the  feveral  Columns  (ftanding  down^nrds  from 
the  Digits  on  die  head)  to  be  cut  aTundcr^  and  thelo 
are  wlut  we  call  Keper^s  IWr,  for  JUitlt^SeatUit.  '  But 
then  dteremuftbeajiood  number ofeaai;  forasmany 
H  timet 


4l8jiati6laoMNj32J3<^ 
5[io|MM25t^o|nl4gi4-5 
g|i»ti8l24l3o|3<l4a|#|H 


^21 128^51421^9156^63 


Wll6\:,^i^\^d^4i\^6\6^\7t 


bi'8i27h<ti45i?4Kifr'i«i 


59;  Ma^fiitMti(*t^Mei»^^iKieSJ>fm^f^^^t, 

times  as  any  5'ig|H'e  is'  io  the  Multiplicand,  So  many  Rods  (rf  tb«t  SpfCNp>  ('-  «.  with  dut 
Figure  on  the  Top  of  it)  muft  we  have  \  tho'  6  Rods  of  each  Speeiet  will  be  fu£GcicDt 
for  any  Example  in  coiUnxm  Afiairs.  There  muft  alTo  be  as  many  Rods  of  o's.  But 
before  we  explain  the  way  of  uling- Um£;  Rods,  there  is  another  thing  fobe  Imown,  viz. 
That  the  Figures  on  every  Rod  are  written  in  an  Order  different  fn^  chat  in  the  Tabic; 
7*w,  The  .little  fquorc  Space  or  Divifion  in  which  tjie  ieveral  Pfoduds  of  every 
Column  are  written,-  ii  divided  into  two  Parts  by  ai  Line  a-crofi  from  the  upper 
An^c  ootheRight  to  the  lower  on  theLrftj  and  if  the  Produiiisa  Digit,  it  is  fet  in  the 
lower  Divifion  i  if  it  has  two  Places,  the  Eril  is  lit  in  thfc  loWer,  aftd  die  fecood  in  the 
upper  Divilion;  but  the  Space  on  theTop  is  not  divided,  Alfo  thercts  a  Rod  of  Digits 
not  divided,  which  is  called  the  Index-Rod;  and  of  this  jscneed  but;  one  fingte  Rod. 
See  here  the  Figure  of  all  the  diHereniRods,  and  the  Index,  Iqparaie  from  oiwaootbei. 


1    ■-    u»z  tfifti  lions/  "    '  "  ' 

Lay  down  ft  t  ^  Rpd  on .  wfcofi  Tap  is  tlw 

F^ure  in  die  h  lis  agwi  fet  tt^  Rod  tm  wliofe 

Tpp  is  the  ne»  ofdw^ti  tht^Fmrer  Tli«j 

^  your  Jtf«f**fi  iii  ^  Omtiline-ot-ftpviW 

ftanding  .yinft  re  th?  ProdUAi  of:  thttJiguwj 

and  theretoio^yi  rotti^  Muf^pi  phem^ 

Bujt  in  taking  >da-  in  whiGh  the  Figurtsllan4 

oUigca  you  to  s  i  do  taka  owe  the  Fimrcin  tha 

towei;Part  (ori  on  the  RigfeEi^adi a»  FkuRj 

in  the  upper  Pi  sf  tbci oem^  an* ft.  on;  W&H 


cb^.f.Mi^h^l^imhf^)joJtM'Mjh-hn^A^^    li 


tamp.  Mdtif^r  47^8  bjr  38^.' 


3  -Apftnft  8  diij  Number,    —   —     38144 

*S  •  J^iaicA,  5  thi>  Number,    —    —  14^04-  .: 

^  Total  Proana,-    i«?^«B 


To  make  the  Ufe  of  the  K<«fr  yet  more  regular  and  eafy,  they  arekept  inaflwfqintre 
Boi,  wfaofe  Breadth  is  that  of  Ka  Rods,  and  ate  Length  that  of  one  Rod;  as  Thick  as  to 
hoid  fix>  (or  as  many  Rods  is  ypu^[2l^fe^.  thcCstpacits^  the  Box  bdag  divided  into 
fen  Cd^  for  t&c  different  Species  of  Rods.  When  die  Rods  areput  up  in  the  Box,  (each 
SpedcB  in  its  own  CcU,  diftingy^hed  by  the  firft  Figurp  of  the  Rod  iet  before  it  00  the 
Face  rf  the  Box  near  the  Top,>  *  muc^  o£'eve*y-RoJ  flanda  without  the  Box  as  fiiews 
the  farft  Fieure  of  that  Rod :  Alfo  upon  one  of  the  fiat  Sides,  without  and  near  the  Edge 
upOTthe  Left-hand,  dieJadcfrRp^i*  fwedi,Bjd-^onK  theFoqrthcir  fc-arfifaJ'Ledget; 
fbdttttfaoR^  wMi  ^fllibd  tTt^%u^  bpM-tii^Sidc^,  »Ad  ru6[k>i^ 
makeg  die  Pradice  very  eafy.  But  in  cale  the  MtUipBf^mt  mould  have  more  thui  9Pkces> 
dar  ijppa  Face  <rf  die  Box  may  be -madetupadci.   i    ;     . 

Somemakc  the  Rwt  widi  fbii  dificrdit  Faces,  and  Figures  on  each,  for  difierentpur- 
pofet:    But  I  hsve  es^unedv^arir  Bccd&y  fofOfmmmi.M^^^Mim  and  Ihalf feaffc  iti 

■      :  ■■■         ,   ,.    ..■  ■;...  ■;.:■-■■■  '•-->       •'  -  ^    :■■      /.    ■  ^  \     i 

.■■: . ^.limw -Mit-t^isit tf -0 jiifa^mvfhBif 'TAB t's:\_  ..'■.]'". 

toJ^bqfeinte^buitlbM^ipfbMfb'die'l)^^  tidp  of 

C*li  Vt-  mi  ^ffLaoA  babe  ^iaar^-iiliia-Oi^X.  t^i  I  bdiev^  bfc  near  as  eaiy  anJ 
QCpedhxxu  as  the  Rodr.    Thus : 

I.  MakeaTableof  the3&//^£f«)«i/<oalyr^'die-Hiinbersi,x,  5i  (ufiog C«/»Vn.  for 
5.)  and  make  it  upon  a  bit  of  loofe  Papeij  that  it  may  be  alwiM  applied  dircaiy  and  im- 
nafatrif  <»i*-"tiATO[*  "^hsti  ett^  pirtltulal-  Ptod^fl  Is  lo  'bfe  Writteb  dovrti^  (fortauch 
(rfdw*ffl«iliy.He^'«'Jhave«r^ypWave4  ihthi^DOTiiic^andCrtjfs'Pdfin^^  ofthtf 
*M**ft#,«i,(|#|ij^trttd=ft6diias,)'  and  but  bf.diis  flnaU'Tablfe  firid"  yodr  Produft 
thai:  ,  1    ■     '  1     ■       .       ■■  ' 

Sappofrfird  MlilripliCa^jd  ^i^$1- , 

TABJ^Bt   .    ■When  Arf  I^tiife  trf  the  Multi6tibr  is  tf  or'  5,  here  you  have  the 

^-  -■  -  iyih-i_     P«>dua»;  ditfi  m'iijSA'it'vo'i;  (i V- 1^  NoiBber*  ftgahift  land  i',) 
y\^^m\  j*»+  ddBWetBtfWitthbefil^ttaff  i-  Fdr«,  «d*5  irid  ij  or  mul* 
I  I  1370994I    tiply  1  by  3.    For  7  add  5  aiw  a.    For  8  add  5,  2  and  ij  for  5i»  ufe 
T  I  Xijt7±%^\    thcAfctbodofCWfVI. 
""" —  H  a  a- We 


5« 


Divijm  (f  f^bpk^  and  ^ftraB  Ni^tnh^s^^  Book  t . 


2.  We  may  alTo  make  the  Table  for  ;  and  5>  as  here:    And  then  for  2»  doubk i; 

for  \y add  3  and  i ;  for  tf,  double  3)  or-add  5  and  t;  for  7>  double  ; 
and  add  I  ^  that  is,  to  e\rery  Produfi;  ad4  die  Figure  of  tnc  Mnb^ 
cand.    For  8,  add  5  and  3  ^  for  9,  ufe  C^ft  VI. 

3.  Or  aUb  make  the  Table  for  3  and  7:  ^id  to  get  the  7,  Irnul^ 
tiply  3  bv  2,  and  add  i.  Then  in  uikg  the  Tiiblc^  toget  tfaeProdud 
bjr  4,  add  2  to  I.  For 5,  u&C^fi  VII.  For  6j  <touUe  2^  for  8,  add 
I  and  7 ;  for  9j  ufe  Cafi  VI.  or  multiply  3  by  3. 

4.  Or  we  may  make  the  Table  for  I9  1>  4.  Then  for  3,  add  landi; 
for  5>  ufe  Cafl  VII.  or  add  i  and  4.  For  £,  add  2  and  4  j  for  7,  add 
I,  2,  and  4  j  for  8,  double  4  ^  for  5b  ufe  Cafi  VL 

5.  Or  laftly,  make  the  Table  for  x,  3,  4.  Then  for  2)  double  i; 
for  p  u&CafeVn.  for  6,  double  3)  for7,  add4  and  3,*  for  8, double 
4>  ror  9,  ufe  Cafi  VI. 


3 

5 

685497 
10504^1 

542748? 

1 
•• 

I 

3 

7 

685497 
2056491 

A7«)8a7<> 

• 

I 

a 

4 

685497 
I37099A 
2741988 

I 
3 

,4 

685497 
2056491 

2741988 

Ufe  any  of  thefe  Tables  you  pkafe;  and  for  different  Multipliers,  one  of  them  may, 
perhaps,  be  preferable  to  another.  But  if  all  the  9  Digits  are  in  any  Multiplier,  it  is 
mdi£ferent  which  of  them  you  chufe,*  tho'  I  diink  the  third  Methoa  has  die 
Advantage. 


CHAP.     VI. 
DIVISION  of  AhfiraEi  Whole  Number* 

DEFINITION. 


p         ■  •  »  • 


DiyiS10NjhJttbb§V€ftmel1vaiihetis€m^aiMeJiMaM§ttir. 
The  Numbor  divided,  (or  which  is  confider'd  as  the  containing  Number)  is 

ia  called  the  JHvifir;  and  the  Number  fought,  is  called  the  ^gctknty  or  §lgotey  (fro|D 
§lM9tkfy  H9W  aft;}  becaufe  it  ihews  the  Ihku  rff  feught.  !  ^Mamf.l£  w6  eo^re  how 
St  3  is  contained  in  129  the  Aafwer  is  4  times :  Andia  10  i3^  JHvtJiMdy  3.  Ae  liiviftr^ 

Scholiums. 

1.  Every  greater  Number  is  not  %Midthk  of  every  leflcr :  tfaerefare  whaa  a  fr*^' 
Numbar  is  propofed  to  be  divided  by  a  lefler,  ^md  !is  not  a  Multq)le  of  it^  ;dusOpcrttio«t 
finds  how  on  me  Diviibr  is  contained  in  die  Dividend  j  and  aUb  what  remaids  after  toe 
Diviibr  is  ndcen  out  dP  the  Dividend  as  oft  as  poflible:  So  that  in  feme  Cafes  tberear^ 
four  Numbers  concerned  mDivifim;  ow.  the  DMfir^  Divubnd,  SfoUy  andl2««*«*^*^" 
Examf.  3  is  contained  in  ia,  4  tirods,  and  2  temasm,    ^ 

2.  As  MmbifUfatiam  is  only  a  compendious  ^^/imi;  fo  ia  JlK^iAvonlyacompeadious^ 
Suktraffwm  olt  one  Number  out  of  another  as  oft  as  poffiUe:  For  it  is  plaiib  t^.^ 
oft  as  any  Number  is  contained  in  anotfa^^  lb  oft  pre^ifefy  it  can  be  twea  out  of  ^ 


f 
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fo  thit  if  we  find  how  oft  the  lefler  am  be  taken  out  of  the  greater,  we  thereby  find  how 
oft  k  is  contained  in  it :  but  to  find  how  oft  it  can  be  taken  out,  is  plainly  die  work  of 
Sufacnaion;  fi^r  by  taiong  the  lefler  out  of  die  greater,  and  thefiune  leflTerout  of  the  firfi: 
Rentiainder,  and  out  of  every  Remainder  fucccffively  till  the  Remainder  be  o,  or  le(s 
than  the  &ibtra£b>r,  we  have  found  what  is  reouired  is  Divipm;  die  Number  of  Sub- 

braftions  being  the  Quote.  So  hi  thefe  Example  we  find  ^t  3  is 
contained  in  la,  4  tunes;  becaufe  it  can  be  taken  out  of  it  4  times, 
and  o  remanis.    And  3  is  contained  in  149  4  times^  and  a  remains; 

^    becauie  being  4  times  AbtraAect  diere  remains  a. 

t^         ji  But  tlio*  me  tliinff  Co^iAt  in  Divipon  may  be  found  by  Subtradbion, 

^  3        yet  it  would  be  intolerable  Labour  m  moft  Cafes ;  and  therefore  die 

-J      — g        following  Rules  of  DivifioM  are  contrived,  which  do  diat  by  a  few  eafy 

^  °        fteps  which  cannot  be  done  all  at  once,  and  would  be  too  tedious  to 

^      .^        do  by  Subtractioo.. 

3  5  Again  pifirvty  That  tho*  there  are  here  alfo,  as  in  the  preceding 

i        Operatioos,  ibme  more  funple  Cafes,  the  ready  performance  of  which 

^  "^        is  ui^iil  in  more  complex  Cafes :  yet  in  moft  Cafes  we  are  left  to  gue& 

^  at  the  Anfwer  in  die  ieveral  fteps  of  the  Work ;  with  this  help  only, 

chat  we  havea  certain  Rule  for  proving  the  Numoer  guelled  to  be  rkhc,  and  when  it  is 

wrong,  how  to  come  nearer  to  itat  me  next  guefs,  till  at  laft  we  mid  it,*  as  you  will 

prefendy  levn. 

3.  In  an  QuEes  where  there  is  a  Remainder  in  li^DiviJlon^  or  when  thel>/t//<^i/  isnot 
a  Mult^  of  the  Divifir^  die  Number  called  die  ^gote  is  die  dired:  and  proper  Anfwer 
to  that  Queftion,  How  oft  is  fincDnMr  contained  in  the  DMdendl  yet  the  Remainder 
may  be  bxougjht  in  fractionally  as  a  Part  of  the  ^0/^,  making  the  Remainder  the  Nume- 
rator, and  die  Divifir  ^  Denominator  of  a  Fracbion:  And  then  we  may  lay.  That  die 
Dividend  contains  die  Divifir  fo  many  times  as  the  Integrsl  §^ff  erpreties,  and  fuch  a 
Partner  Puts  (^  a  time,  ('.  e.  fuch  a  Part  or  Parts  of  the  Divubr,)  as  that  FraAion  exp- 
and 2  remains;  which  be- 
Partsof  a  time;  i.e.  that 
Expreffion,  44-i>  or  dius, 
4p  may  be' called  T^f  Complete  Suofey  in  diflindion  from  the  Integral  Quote.  There 
wiU  be  die  fime  Reafon  in  all  CS&s  for  completing  the  §}^te  by  a  Fradion  made  of 
the  Remainder  andDiv^,  andunderftaadug  it  as  we  have  done  in  diis  Example.  Thu^, 
univer&Oy,  if  any  Number  A  is  contained  in  another  .B,  a  number  of  times  exprefledby 

D,  with  aRemaindqrR;  then  is  the  complete  Quote  Dj  :    For  any  Number  R  beings 

the  fime  as  R  times  i^  and  i  being  fuch  a  Part  of  any  Number  A,  as  that  Number 

denominates;  /.  #.  the  j^  Part;  therefore  R  i<  4;  P^rts  of  A.    Wherefore,  if  by  the 

WQids,  Bow  eff^  in  the  Definitioq,  we  nciean  how  nwiy  times  and  parts  of  a  time,  (as 
now  expkinec^)  the  Integral  Qtiote  muft  always  have  this  Fradion,  made  of  the  Re- 
mainder tfid  EKhrifbr,  anoex'd  to  it  as  a  part  of  the  complete  Anfwer  of  the  Queilion. 

Hence  again  ohfervey  That  in  this  fenfe,  die  Dividencl  may  be  a  lefler  Number  than 
the  Dtvifbr;  tot  tho*  a  lefler  Number  does  not  contain  %  greater,  yet  it  contains  a  cer- 
tain Fradion  of  it,  which  is  what  we  call  containing  it  a  certain  part  or  parts  of  a  time; 
and  the  Quote  is  a  Fradicxi  whofe  Numerator  is  the  Dividend,  and  its  Denominator  the 
Diviibn  So  3  divkled  by  y,  the ^^/f  is  |>  fignifyii^ that 3 contains 5,  \  partsof  atime; 
or  diat  it  contains  I  parts  of  <. 

4.  But  again,  for  the  fiune  lUafimy  {viz.  rbst  any  Number  A  is  equal  to  or  contains 

g'  Parts  of  any  Number  B)  die  complete  Quote  of  any  Number  divided  by  any  odier 

Number 
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Number  may  ht  mdefimtely  exprdled  hf  a  Fradioit  ^gvfaoft  Svaatntm  kibe  EfMinaA' 
and  its  DenomkMtor  die  Dtvifor.    llkUB  5  ^U^idad  by .3^  die  ^0/r  a  |f  «ul. 3* 


by  y,  the  ^p/e  is  {.    Umverfalfyy  A  divided  by  B^  tibe  Sn^^  »  J*- 

Now,  as  Fradions  arHe  from  impeffe^  Divlfam  when  the  Dividend  b  not  a- Multiple 
of  the  Divifor ;  So  the  ConGderation  of  Fradions  <k>es  necedirnfy  bqgm  with  Divijion  ^ 
Wifk  Numbers:  For  winch  Reafim  there  are  iboae  thiiigs  relaciagto JFra&iocts  muft  to 

explained  in  this  Part ;  particularly  I  itmft  here  fliew  you,  That  tfee  Fraftio^^g^   is  in  all 

Cafes  equal  in  Value  to  the  complete  Quote  of  A  divided  by  B;  and  this  being,  detxton-. 
ftrated)  it  will  follow,  that  if  we  ufe  fuck  an  ExprefHon  of  a  Q^ote  in  any  Reafbning  or 
Operation,  inftead  of  the  morediredand  immediate  Expreffion  of  the' Quote,  which  tt  is 
often  very  convenient  to  do,  the  ESefl  will  be  the  feme.    And  this  Idemotiffnite  tEus: 

I.  If  A  is  leffer  than'  B,  there  is  no  other  Quote.     2;  if  A  it  greater  than  B>  then  h  -j 

an  improper  FraSion  j  and  from  the  nature  of  fuch  a  R-aftion,  (as  it  is  defined  and  explafced 
in  Chap,  I.)  this  is  manifeft,  That  as  oft  as  B  is  contained  in  A,  fb  ra?tny  Uinics  j[of  that 
kind  to  which  the  Fradion  refers)  is  the  Fraftion  eoual  to,  aiidto  foch  a  proper  Fradtion 
more,  whole  Numerator  is  the  Remainder,  (after  B  is  taken  out  of  A  as  oft  as  pofSble) 
and  its  Denominator  B.  For  when  the  Numerator  and  Denominator  are  eqiial^  the  Va- 
lue of  the  Fradion  is  i  ^  fo  |  Parts,  or  ^  Parts  of  any  thing,  is  equal  to  that  IThkig  or 

Unit:   Therefore,  if  B  is  containedia  A>  It  dmes^without  a Remaiii^er,  'g  is  eqoal  to 

R  times  i,  or  R.    And  if  there  is  a  Remainder  »,  the  Value  of  it  feft+j,  or  R  ^  - 

The  Divffion  or  ^utae  of  two  Numbers  is  alfo  exprefled  by  this  Sign  -r«  fet  betwixt 
them ;  the  Dividend  being  fet  firft,  thus  5  -r-  3,  figni&s  5  divided  bv  3.  A  -r-  B  fignifies 
A  divided  by  B.  It  is  a&  fometimesexprefled  by  this  Sign ),  witn  the  Divifir  before 
the  I>rTO*«/„  dws  3 )  ^    A )  B. 

Here  then  you  have  d^e;  General  Eule  of  the  Li^xeral  DivisioK. 

« 

Corollaries. 

I.  If  the  Integral  Q^ote  (or  Number  of  times  the  wfaple  Divilor  ib  contained 
ia  the  Dividend,)  is  multiplied  into  the  Diviibr>  and  tJO  the  FxodiKS:  be  added  the  Re^ 
mainder,  (after  the  Divifor  is  taken  out  of  the  Dividend  as  oft  as  poffible)  tJie  S^m 
iseqtttt  to  the  Dividetid  For  Example,  3  is  contained  4  times  in  129  and  nothing  re- 
mains^ therefore  4  tithes  3  is  12.  Again,  31$  contained  4  times  in  14,  and  2  iemaihs^ 
therefore  4  times  3,  and  2  added,  is  i^:  ror  4X325=12,  and  i2-4*'2s=:-i4;  Ueivei^ 
fsUjfy  if  A-^-'Bssf,  and  notlung.remainingi  Aien  is  Bf c=> A.  But  ir  r  remain^^  then  is 
Bf+r  =  A. 

IIw  The  Remainder  in  Dinjipon  fflufl  ah^ays  be'  lefs  dian  tfie* Divifor :  for  elfe  the  Di- 
vifor is  not  taken  out  of  the  Dividend  as  oft  as  poffible :  and  ^ttris  thcrerore  is  a^Msitk  that 
the  ^upte  is  taken  too  fmall ;  As  again,  if  the  Produft  of  die  Divifor  and  Quote  cJtceed 
the  Dividend,  it  is  a  fign  the  Quot<e  is  taken  too  great.  And  fience,.  laftly^  d&e  PJxxluft 
of  the  Divifor  and  integral  CJyote  is  die  greatefl:  ^ultijAe  of  tlie  Divifor  codtaincd  in 

die  Dividend.  :    '       . 

Scholiums. 

L  We  have  here  learnt  a  mumal  Proof  of  Multtpruatien  and  Um/Sws  ««  ^^9 
Operadons  are  in  th^  EfFeds  diredly  oppoiite  to  one  another.  TBu^  in  ,i^^^^^ 
plication^  if  the  Produft  is  divided  by  any  one  of  the  Fadors,  die  Qyote  isthe  othcrv 
And  in  DMfony  if  the  Divifor  is  mulridled-by  the  integtal'"Qabte,  and  to  the  PitkteA  ba 
added  the  Remainder,  die  Sum  is  the  Dividoid.  Other  Preefi  of  Dhrijwn  you  will  find 
afterwards.  _  _ 

3  n.if 
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II.  if  we  compleat  tfae  Quote  by  a  FnuStion  nttde  of  the  Remainder  and  Divifoft 
d^CD  it  is  a  genend  Truth,  that  the  iXviidr  multiplted  by  the  cocnpleac  Quotes  prockices 
die  Dividend :  For  being  mukiplied  by  the  intepal  Quote>  the  Produ  dt  is  the  greateft 
Muldpie  of  the  Divifer  contained  in  tfae  Dhndend ;  and  multiplied  by  the  Fnu9ion, 
{u0.  mdi  a  Frafiaon  of  it  beix:^  taken>)  it  producestfae  Remainder;  thus,  14^^  ^=±4^^ 

t})en  4X  3=si23  and|of  }  =  2.    Arid  12 -|- 2=  14.    Vniverfalljy  if  A-T-B=jg,  then 

AtsrBf -f-g  of  B=:By-f"^>  ^^  ^^^'-  ^'    ^V^'^^  «lfi>>  That  as  in  Whde  Numbers, 

ic  is  no  matter  which  of  two  Numbers  is  the  Multiplier;  fo,  to  multiply  a  Whole  Num- 
ber by  a  FraSiot^  or  this  by  that,  has  the  lame  ESe&y  as  will  be  explained  in  Book  2. 

But  in  tfae  Cafe  now  before  us,  the  Reafon  is  obvious.    Thus  to  muldply  B  by  g^ 

jg  only  takitig.  5  Parts  of  B>  which  is  A.    Again,  to  muldply  g  bj  B,  istakingB  times, 

A  dooes  J:  J  (fi?r  5  is  A  times  ^\    JBut  B  time$  A=:  A  times  B,  therefore  B,  timej 

A  times  "5= A  times  B  times  ■§==  A  times  1  ;  (for  Btimes  Bi=  i)  or  A.  Wher^re 
to  mok^ply  die  two  Parts  of  the  complete  Qiiotse  by  die  Divifor^  or  to  multiply  tbeDi- 
vifer  tyy  tfaefii,  tfae  Sum  of  die  ProduOs  is  die  Dividend.    Fdr  ^  of  BcsB  times  ^ . 

ser;  juidBf+rceA.  Qrtakittgtfaecomplete  Qsiote&adiDna^>dien  g*  of  B=»Btime& 

PRO  B  h  E  M. 

7b  Divide  one  Number  bj  amnhetl 

CASt  1.  When  fi^Divifor  is  a  Digrty  or  JfngfeFigurey  anJtheDmdend  either  a  mgify 
or  4»  Vtwmher  of  t*^  ^igures^  thereof  that  in  the  flace  tfTent  is  left  than  the  Divifor. 

Itule.  Take  fuch  a  D^jt  as,  muldriied  into  the  IXvifor,  will  cxadUy  produce  the  Di- 
vidend; but  if  there  is  riot  fiich  a  Digit,  take  the  greatdl,  which  multipKed  mto  the 
Divifor,  makes  a  Produft  lels  than  the  Dividend^  that  Dirft  is  the  integral  Quote,  and 
the  Remainda-  (which  muft  be  lefs  than  die  Divifor)  fet  fraaionally  over  the  Divifor, 
compleats  die  C^ote.    The  Reafon  of  diis  Rule  is  in  Schol  i.  precedin|. 

Bxamf  I.  12 -=-3  =4;  becaufe  4X3=12.  Examp^,  26  —  4  =  6,  and  2  femairir;  . 
fothccompletc(ixot6i»<fi5  fof"<SX4=^4^then24+^=a<^-  Examf.'^.  8^5==!,, 
and  ^fcimans;  fo  the  <y>tnplete  Quote  is  1  f(  ^^  * 

Whoever  is  familiar  with  the  TaWe  of  AfultttHcl^twny  can  find  at  firlt  hearing  the 
Anfwer  to  any  Exampfe  of  diis  Cafe.  Os  we  may  tiatee-  hdp  of  that  Table,  dius :  Seek 
die  Dividend  in  die  Tables  and  if  it  is  not  there,  feek  the  greateft  Number  which  is  lefs 
dian  it-  the  Digit  iathe  feme  Line  on  the  Side  of  the  TaWe,  or  in  the  fame  Column  on 
die  head  of  die  Tabfle,  is  die  Divifor,  and  tlic  odxer  is  die  int^al  Quote. 

Case  II.    To  Divide  any  Nrnnber  fy  another. 

Jtule  Set  die  Divifor  on  the  left  of  the  Dividend,  as  ki  die  following  Examples;  dien 
take  as  many  Figures  fttrni  die  Left-hand  of  thfe  Dividend  as  are  in  Number  equal  to  the 
Places  of  theDrviTor;  atid  tf  thefe  Figures,  confidered  by  thcmfelves,  make  a  Number  lefe 
dian  die  Divifor,  take  in  one  Figure  morei,  [which  ^««n«ceflarUy  make  a  Number  greater 
than  die  Divifor,]  dns  we  cafi  thefirftJOri'/^ir-^/jCoJr  partial  JWvft*»^.)  We  are  then  to  find 
how  oft  die  IHvifor  i^  contained  in  diis  Dividual,-  and  here  it  is  diat  we  are  leftima  gr«t 
meafure  to  guefi  at  die  Figure  fou^t:  But  this  we  know^  dian  die  Quote  cannot  eae* 
cccd  g,  ay  ftall  be  afterwards  demonffratcd.  And  then  alfo  (by  Coral.a^  pi eceding,)  tit 
-^^  muft 
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muft  be  fuch>  that  theProduft  of  theDivifer  byit  do  not  exceed  the  Dmduab  (fbrtfaen 
it  is  too  great  a  Fi^re^  and  the  Remainder  (or  Difierence  of  the  Dividual  and  Produd) 
beleis  than  the  Divifor,  (elie  the  Qgote-Figuie  is  too  litde^)  and  thus  we  itiuft  find  the 
Q^ote  bv  trials.  But  to  prevent  too  many  ufeielstrials>  we  have  this  hdp^  ^'«.  Find,  by 
Cafi  I.  how  oft  the  firft  Fizore  on  die  left  is  contained  in  tlie  firft  on  the  left  of  tte 
Dividual,  when  this  and  theDivifor  have  equal  number  of  Places^  But  in  die  firft  two 
Figures  on  the  left  of  die  Dividual,  when  this  has  one  place  more  than  thfe  Diviibr  ^  and 
thS  Number  limits  the  guefling,  ta  that  you  cannot  take  a  greater;  and  if  this  happens 
to  exceed  9,  [which  it  will  in  no  Cafe  but  the  laft,  and  diat  where  the  firft  of  the  two 
Figures  in  die  Dividual  is  equal  to  the  Divifor-Figure^  for  ir  is  certain  this  will  be  found 
in  thefeatleaft  10  dmes,]  your  gue&  b^ins  at  9.  But  then  it  wiQ  often  happen  ^t  this 
Number  is  too  great,  and  we  have  no  other  general  Rule,  or  Hdp  here,  but  to  hcgn  at 
this  Figure  and  make  trials,  by  mukiplyii^  theDivifor^  for  if  the  Frodud  does  not  exceed 
the  Dividual,  diat  is  the  Figure  fought :  if  ir  does  exceed,  cake  dienext  lefler  F^re,  and 
with  it  nudce  the  like  trial;  and  go  on  fo  gradually  till  you  find  a  Figure  whofe  Produfl 
does  not  iexceed  the  Dividual ;  for  then  the  Remainder  will  certainh  be  Ids  duin  ^  Di- 
vifor,  which  is  the  true  Proof  of  the  Quote-Fi^ute^s  being  rieht.  Having  thus  found  the 
firft  Figure  of  the  Quotj?,  fct  it  down  (on  the  EGg^t-hand  of  me  Dividencfi  and  write  the 
Produa  of  it  by  the  Divifor  under  the  Dividual,  and  fiibtrafk  dmt  out  of  dus;  and  then 
before  the  Remainder  (on  die  right)  fet  die  next  F%ure  of  the  Dividend,  (or  the  Figure 
on  the  right  of  the  firft  Dividual,)  and  this  Number  is  the  (econd  Dividual.  Then  in  cbe 
iame  manner  as  *  befofre,  find  how  oft  the  DivHbr  is  contained  in  this  Dividual;  let  the 
Figure  fixmd  on  the  Right-hand  of  the  Quote  Fioire  laft  found ;  then  multiply  the  Di- 
vilor  by  it :  write  down  the  Produd  under  the  Dividual,  and  fubtraft  as  before;  then  to 
the  Remainder  prefix  the  next  Figure  of  die  Dividoid,  and  this  is  die  next  Dividual  to 
be  divided  as  before.  In  this  manner  proceed  till  every  Figure  c^  the  Dhrklend  is  em- 
ployed ftep  bv  ftep :  And  ^bferve^  that  if  any  Remainder  with  <me  Fifl;ure  of  the  Di- 
vidend prefix  d,  makes  a  Number  leis  than  the  Divifor,  iet  o  in  me  Qjots,  and 
prefix  alio  the  next  Figure ;  and  fo  on. 

All  the  Quote  Fisures  thus  found,  taken  in  order  as  they  axe  placed  as  one  Number, 
is  the  true  Quote  fought;  and  the  laft  Remainder  is  what  the  Dividend  contains  over  fo 
many  dmes  the  Divifor  as  the  Quote  exprelTes. 

I  fhall  next  illuilrate  this  Rule  by  Ejcamples. 

Div^  Di\*.  Quote.  To  divide  6^9%  tiy  4^  I  proceed  dius:  I  fcek  how  often 

4)  ((392  ( 1598.        the  Divifor  4.  is  contains!  in  6y  (the  firftFigure  of  the  Divi- 

4.  dend)  which  is  but  once;  therefore  I  fot  x  in  the  Qyote;  then 

25  XX  4 as 4  (<»•  the  Diviformultiplied  by  the  Qiiote  is  4^)  which 

20  I  write  under  the  Dividual  d,  and  fubtraOing,  the  Kemaiikier 

-r^  is  2,  to  which  I  prefix  3,  the  next  Figure  of  theDividoKl,  and 

^^  then  I  take  22  for  my  next  Dividual;  and  examining  how  oft 

'  4  is  containedfin  it,  1  find  5  times,  (for  hadltaken  6y  it  were 

3*  too  great;  ftwr  6x4ca;:24,  which  is  jereater  than  die  Divi<lual 

^^  23^  and  hadi  taken  4,  it  were  too  &tle,  hr^x^^sziS^  and 

^  00  23 — itf,  isy,  which  isgreaterthan  dieDivi(br4;)  tfaereforel 

phce  5  in  die  Quote  on  the  Right  of  the  former;  and 
under  23  fet  20=5  X  ^;  then  iubtra<aing,  the  Remainder  is  3,  to  which.  I  prefix  the 
next  Figure  of  the  X>l^end^  via.  9;  then  is  39  my  next  Dividual :  and  in  this  I 
find  die  Divifor  4  contained  9  times,  which  I  write  in  the  Qiidte  on  the  right  of  d>e 
former;  thai  9  x  4SS  $(,  which  I  write  under  the  Dividual  39,  and  the.R.emainder  is  3, 
vo  which  prefodng  die  next  (and  laft)  Figure  of  ibz  Dividend  a.  This  >Tumber,  v/^c^ 
^  '32 
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32  is  mv.  nejct  (and  hSi)  Jpividual^  in  which  the  DIviTof  is  contained  8  times,  which  1  fet 
in  the  Quote  on  the  right  of  the  j>rec^din2  Figures;  then  fcttipg  down  the  Produft  32 
(  =;  8  X  4)}  there  is  no  Kemainder  j  and  the  Quote  fought  is  155^9  that  is>  4  is  contained 
in  6i^±y  1598  times. 

Examf.  2.  To  divide  85^09  by  3<J,  I  proceed  thus :   There  are  two 

^6)  85^9(2378.       Places  in  the  Diviior,  therefore  I  take  the  firft  two  Places  of 

72-  the  Dividend,  vix.  85:,  which  making  a  Number  greater  than 

^rjj  the  Divifor,  I  take  mem  for  the  fint  Dividual,  and  feeking 

jQg  how  oft  3  (the  firft  F^re  of  the  Divifor)  is  contained  in  8 

■  (the  firft  Figure  of  the  Dividual,  becaufe  diey  have  equal  Pk- 

^^^  ccs)  I  find  it  2  times,  which  I  find  alfo  by  trial  to  be  the 

^^^  true  CJuote  of  85  by  36^   fo  I  place  2  in  the  Qiiote,  and  fub- 

289  fcribing  the  Produdt  72  (=  2  X  36  )  I  fubtrad  it  firom  85,  the 

288  Ijlemaindcr  is  1 3,  to  which  prcfixiM;  the  next  Figure  of  the 

I  Rem'.       Dividend  (J,  my  next  Dividual  is  130^  Thenlfeek  how  oft  3 

(the  firft  Figure  of  the  Divifor)  is  contained  in  13,  the  firft 

two  of  the  Dividual,  (becaufe  it  has  one  j)lace  tnore  than  the  Divifor,)  and  I  find  it  4 

times:  but  this  is  too  great  for  the  whole  Divifor,  (becaufe  4 x  3^=144)  therefore  I 

try  the  next  Figure  3^  and  find  it  rig^t ;  therefore  I  fet  3  in  the  Quote,  and  fubfcribing 

th;  Produdt  108  (ssjX  3d,)  I  fubtraa  it  from  1^6,  and  the  Remainder  is  28;  to  which 

prefiang  o,  the  next  Figure  of  the  Dividend,  my  next  Dividual  is  280.  Then  I  feek  bow 

oft  3  is  contained  in  28,  and  I  find  9  times^  but  this  is  too  great,  (for  9  x  3^=  324.)   I 

take  again  8,  and  find  it  aUb  too  great,  (for  8x3d=s288)  and  at  laft  I  find  7  to  be  right; 

Aercfore  I  ftt  7  in  the(2uote,  andfiibfcribiiifi;  the  Produit  252  (=  7  X  36)  the  Remainder 

is  28 ;  to  wfaicn  prefixitig  9,  the  jaext  and  lait  Figure  of  the  Dividend,  I  have  for  my  next 

and  laft  Dividual  289^  in  which  I  find  as  before,  that  the  Divifor  is  contained  8  times,  and 

I  remains.    So  the  true  Ch^ote  is  2378,  and  i  over ;  which  is  2378  ^^ 

Exmi^.y  To  divide  2744895  by  4(^5,  I  proccSi  thus:  my  firft. 

4^5)^744^97(^9^3         Dividual  is  2744^  I  leek  how  oft  4  (the  firft  Figure  of  the ! 
2325  Divifor)  is  contained  in  27  (the  firft  two  of  the  Dividual.) 

^g^  I  find  it(f  ^  but  thisistoo  great,  andltake  ;,  andfind  itri^t. 

^1^  Then  multiplying  and  Cubtn&ixy^  and  prdSxing  to  the  Ke- 

mainder  the  next  Figure  of  the  Divklena,  mv  next  Dividual 

'397  is  4198;  and  here  Inndthe  Divifor  contained 9  times.  Then 

^395  procenung  as  before,  my  next  Dividual  is  139;  which  be- 

2  Rem'.      mg  leSk  ttem  thcDivifor,  I  fet  o  in  the  Qyot^  and  then  prefix 

.  another  Figure^  fo  that  my  next  Dividual  is  1397,  in  which 

theDbjforis  contained  3  times,  and, the  Remainder  is  2;  fothe  trueQiioteis  5903^  or, 

taking  in  the  Remamder,  it  is  jpo^  ^ij. 

Examf.±.  To  civide  3235^86  by  4(^2.    The  firft  Dividual  is  ^37,  in 

a£2)  3235380(7003    which  the  Divifor  is  contained  7  times,  and  the  Remainder  is  i ; 

the  next  Dividual  is  13,  in  Which  the  Divifor  is  not  contained; 
therefore  I  fet  o  in  the  (^uote,  and  bringing  down  the  next  Fi- 
gure I  haye  138  for  a  new  Dividual,  wmch  is  alfo  leis  than  the 
Divifor,  therefore  I  iet  another  o  in  the  (^uote;  and  bringing 
^^^^  down  another  Figure,  the  next  Dividual  is  1386,  in  which  the 

'Divifor  is  contained  3  times,  and  o  remains. 

Exoff^.  %.  .  To  divide  149100  by  572.    The  firft  Dividual  is  1491,  and 

37^)  149^^^  (4^^  die  (^te  of  this  is  4,  tnen  die  Remainder  is  3,  and  the  reft 

^488  of  tfae.Dividuids  are  30  and  300,  v^ch  are  eadi  Ids  dian  the 

300  IlcBX'^  .    'Dvnfosx  and  tbejrefqre  the  Quote  is  400. 

» 

I  Divide 
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ExatM,  6.  To  Divide  ajoSop  by  do,  the  Quote  is  j4po. 

<2)aTQ8oo  (3400         In  Ca&s  like  thi%  when  mere  is  no  ^Ssmainder  in  aoy  ilepi 

i8<?  and  that  the  Remftioii^  F^;urc>.of  the  Dividaid  are  ^  0%  we 

248  h^ve  no  more  to  do  man  to  joki  as  many  oV  to  Ae  preceding 

24.8  Fig;ure>  found  in  the  Quote. 

diligent 


and  I  ihall  onlv  fet  down  a  few  more  fixamples,  with  their  AnTwen,  leavit^dae  Operatioa 
for  an  Exerciie  to  the  Student. 

Examp.  7.    To  divide  571307004^?  by  678,  the  <^ote  is  ^42^; 


Mxamp.  7.     10  divide  571307004^5  by  678,  tne  Q^ote  is  84263 57. 
Bxamp,  8.    To  divide  0069944827  by  837^>  the  Quote  is  724083  t^. 
Examp,  9.    To  divide  293082135930  by  8405,  theQijote  is  3490007  J  ^^. 


i|>ecial 


DemanfiratioH  of  the  preceding  Rule^  and  for  thefiJce  of  46me  odier 
llow>  we  muft  premife  the  followii^  Truths  in  theTheory  of  Divifa^. 


LEMMA    I. 


1.  If  two  Numbers  confift  of  an  eqyal  Number  of  Places>.  th^  lefler  is  not  contained 
in  the  greater  above  9  times.  * 

2.  Again,  If  the  greater  of  two  Numbers  has  but  one  Place  mar$  than  the  leflpr;  and 
foppofing  akb  that,  excluding  the  firll  Fkure  on  the  ^g!ht  df  that  ^eater  Number^  the 
remaining  Figures  on  the  Left  make  a  Number  k6  daanthe  fcffer  given  Nitobcr>  dica 
this  leffer  Number  is  not  contain^  in  the  greater  iSbve  9  times. 

Demon.  F^rt  i.  If  a  Cypher  is  prefixed  tsb  the  lef&f  of  two  Number?,  {which  have 
both  the  fame  Number  of  TPlzcesy)  it  is  thereby  multiplied  by  10  ^  and  cont^uendy  that 
is  the  leaft  Number  which  Contains  it  10  titne^ :  but  dtic^  other  given  Number  having 
one  Place  fewer  than  this  Produft,  is  a  leSer  Number,  and  confequerxdy  ^ttes  mft  con- 
tain the  lefler  given  Number  lotimes^^  pr  d06s  not  fontaio  it  above  9'ume^.  Exampkj 
ri  is  lefi  than  99;  but  is  not  opntiined  in  it,i6'tiriics:|  for  io  times  11  isjxo^  wixicn  rs 
rreater  than  ^^.  UniverfaUy^  Let  A  be  the '  greater,  and  B  the  lefler  rf  two-Numbers 
having  an  equal  Numborof  Pkces;  Bxxo  contains  B  precifdy  10  timdsi,  and  it  is  a 
Number  that  has  one  Place  more  than  6  or  A,  and  cbnfe^uently  is  a  fetter  dumber 
than  A;  wherefore  B  is  not  contained  10  times  inA.      . 

Tart  2.  The  lefler  given  Numliter  (as  476)  is  ^ater,  by  {upppfidon,  ttamt  m  many 
Places  (475)  on  the  left  of  the  greater  given  Nutt^ier  (47^  j)  and  muft  exceed  it  by  at 
leaft  i:  therefore  10  times  this  tefler  Number,  .^T^rz.  .4750,1  mu^wimt  a|:  l,^ft  10  ot  |o 
times  the  given  leflfer  Number,  (Vte.4760.)  But  Whatever  Digit  we  add  t^tBis  deficient; 
Pioduft,  or  put  in  the  Place  of  the  o,  (makingfli  the  ^^dmtExamp.^y^^^y  it  cannot 
makeuptheddfeft  of  10^  and  therefore  the  given  le0er  Number  (47O  vnot  contained 
in  the  given  greater  Number  (4759)  10  times,  or  not  above  9  times. 

ScHOL.  The  (eoond  Part  of  this  Lemma  is  but  a  particular  Cafe  (acoommodated  to 
our  prcienr  purpofe)  of*  a  more  general  Iheoremi  which  is  thisi  vh^  If  my  Number  A, 
is  greater  than  another,  B ;  and  if  B  is  multidiea  by  any  Number R,  ^bsfi  A'js  not  con- 


R  times  in  R  B,  noryet  in  the  Sum  of  KB,  and  any  Nupober  N  which  is  le6  than 
R;/.e.inRB4-N. 

ThteRtafbm  is ;  fince  A  is  not  once  contained  in  V,  nettfaer  is  R  A  once  contained  in 
RB,  which  muft  want  sit  leaft  as  many  Umts  as  R  to  poake  k  equal'  to  RA  j  aod  fince 
N  is  M  ishan  R,  RB-f-N  cannot  be equalto  R  A;  i.  e.  A>  which  is  containedpcecifely 
R  times  in  R  A>  is  not  contaiiied  R  times  inRB-f-N^  irtuch  is  le^'Aiui  RA^ 
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t^lE  H  M  A    Ji, 
If  vtf  Number  N  is  irfolyed  into  any  Parts  A»  B,C,c^r.  i.  e.  if 'Ns=A+B+C> 

X-  If  ftli  thde  Parte  A,B)C,€fr.  are  feverally  Multiples  of  any  Ndmber  D,  or  all  ex- 
cepr  one,'  then  diYiding  A,  B>  Q  ^^.  rcveraiy  by  D^  the  Sum  of  the  Quotes  is  equal  to 
the  Quote  of  N-?-D.  (Ex^emp.  i,  2,  3.)  And  the  Remainder  in  the  Divifion  of  that 
Patt  ^vbdi  Is  not  a  Multiple  ofD,  is  die  Remainder  in  the  Divifion  of  N-r-D. 

a.  If  diere  are  more  than  one  of  the  Part^  of  N,  that  are  not  Multiplcsof  D,*  and  if 
tlie  Sum  of  die  RemaindeRy  in  the  Divifion  of  thefe  Parts  that  axe  not  Multiples  of  IX 
islds  thanD)  then  the  Sum  of  die  Integral  Quotes,  is  ihe  Integral  QjiOte  of  N~-D}  and 
the  Sum  of  the  Remainders,  is  the  Remainder  in  the  Divifidn  of  N  -H  D.    (Exanf.  4.) 

3.  If  the  Sum  of  the  Remainders  is  equal  to>  or  greater  than  D^  then^  being  divided 
by  D,  and  the  Inte^  Quote  added  to  the  Sum  of  the  Intend  Quotes  of  the  Parts 
of  N>  this  laft  Sum  is  thelntegral  Quote  of  N-r-D;  andtheKemaimer  in  the  Divifion 
of  the  Sbm  of  the  Reoniiideti^  it  eqadto  tlie  Remj^ider  tn  dMi  Divifion  of  N^D. 
(Examf.  5.) 

DuiON.  ITiellttlbfi  of  aH  tkcb  AxJadt&m^aSfyCtm  60m  tfae.Eqaality  of  die  Whole 
sod  aS  its  PattSi  lathefiffflf  andAtandAsticleit  is  obvicHist  teas  oft  as  Dis  cooGiiiiod 
in  A,]^C;  €^^,  bfcni&fs  bdbtt  kdk  as  die  Sum  of  tfaefe  times,  it  mtift  be  oMuainBd 
iadiewfaofe>f»  andif  meSumof  dieRenaaitidm  intl»Divifioa  of  diePfe^ 
is  kis  than  D,  then  it  is  plain  that  D  is  contained  no  oftner  in  N  than  the  Sum  of  the 
times  it  is  coatained  in  «i  its  Parts 'A»]%C>c^.  and  the  Remainder  in  N-r^D,  muil 
be  dieSum  of  the  Remainden  in  the  DMSoa  of  the  Pans,  when  tUsSumiskfi  dian  D; 
but  if  diis  Sua  is  e^ualfio,  or  exceeds  P»  (as  fuppoled  iii  Arddb  3 .)  then  fince  diefe  Re< 
maandersare  Pans  of  the  Dtvid«»d)  it  is  evident  that  as  oft  as  D  is  concsinad  in  dieir 
Sum^  that  muft  be  added  tso  AeSumof  the  times  it  Is  contAtned  in  A)  ByC^^c.  and 
Hak  kft  Sum  is  d)e  timei  it  is  contained  in  N ;  and  the  Remainder  on  the  Divifion  of 
the  Sum  of  the  Remaindersb  s  the  Remainder  in  dividing  N  by  D. 

ScttoL.  If  wa  take  the  complace  QuoM 
by  Fra^otts  nuHk  df  ibe  Rmbaiilden  and 
Di^r}  dienir  k  toCM^rf^i/TVi^^Thai 
dtf  Sum  ^  die  C^tsbs  of  the  Puts  of  K  di^ 
Tided  levwdiy  by  aoy  Number  D>  fi  ec^al 
tDtfaeQuoteofNdividodbyD.    For  die 
fradtional  Parts  of  dw  Quotes  have  idl  die 
fame  Denominator  D,  and  dudr  Numera- 
tors are  the  itvend  Remafaiders.    Butfiom 
the  nature  ^of  FraiAiatis  it  is  obvious,  diat 
fev«nd^FnidiMs  having  the  &me  Denomi^ 
nator,  aftd  being  tefemad  m  die  fame  Ince^ 
•  ger^  dieir  Sum  is  die  Sum  of  the  Niimer»> 
tors)  appliid  ai  a  Nwneeaior  to  the  Ame 
Denomitnamr.    Em&mf.  ^  of  any  thingy  and 
^  of  die  Otnediing,  make  4.    So  diatif  the 
9mcL  k  an  improper  Fmfuon^  we  find  its 
Value  in  a  whole  jMumber,  or  with  a  wo- 
per  FradHon  annexed,  by  dividing  die  Nu- 
I  2  merator 


Divifi>r  4;i3d8Dii(<-pift«f8.Di!ridends. 
Quotes        9=4+3+*- 

Divifiir  5)  48  s=:25  +  if  ^'S-  Dividends. 
Quotes        ysr  5+  3  +  1. 
Kfaminders  3  a*  3. 

Efcmmf,  3*'    •  ••     - 

Divilbr  jQ4(smi^.4^sli4*^4•Dtyidknds* 

Remamdeia  4^^^  4* 

Divifbr  €)  5^  s=ao 
Quotes  8=e  3 
Remainders  5  =s  % 


y 
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'Exavip,  y      -*  merator  ty^  th6  Denominator,'  (as  before 

Divifor  (J)  88=46  +  294-i3.Divid.  explained.)     It  is  plain  then,  that  if  the 

Quotes  14    5      7+    4+    2.  t:-  -^----t     f         .  .  .         _ 

Remainders  4  ,    44^   5+1. 


In  this  lafl  Example,  the  Sum  of  the 
Remainders  is  4-f-5  +  1 :7=io>  which  is 
greater  than  the  Divifor  6^  and  being  di- 
vided by  it,  the  Quote  is  10  -=-  (J  =  i,  and  . 
4  remains.  Then  this  Quote  i  added  to  the 
Sum  of  the  former  Quotes,  the  Sum  is 
7-f-j.-;f-2+i  =  i4,  theQuote of 88-HJ, 
and  tne  Remainder  of  88  -H  6,  is  the  feme 
^5  that  of  10 -r- 6,  which  134. 


Fraftions  belonging  to  the  complete  Quotes 
of  the  Parts  of  N  divided  by  D,  are  added 
together,  and  the  Valpe  of  the  Sum  added 
to  thelntegral.Qubtes,  the  Operadw  is  the 
fame  as  exprefied'  in  tjie  Lennf^^ :  fyf  it  is 
adding  the  Remainders  i  and  if  their  Sum- 
exceeds  the  Divifor,  taking  the  Number  of 
times  the  Divifor  is  contained  in  it,  and  ad- 
ding this  Quote  to  the  Sum  of  the  Integral 
Quotes ;  which  makes  the  Univerfil  Trudi' 
here  propofed  evident.     . 


Corollaries.    . 

,  I.  ff  a  Number  N  is  refidved  into  any  Number  of  P«ts,  and  thefe  Parte  be 
divided  feverally  by  any  Number  D>  in  this  manner,  viz,  Firft  divide  one  Part,  and 
if  there  is  a  Remainder,  add  it  to  another  Part,  and  divide  the  Sum  ^  and  fo  on,  adding 
riie  Remainder  of  every  Divifion  tx>  the  next  Part^'and  if  any  Ptrt  widi  the  prece^ 
Remainder  is  leis  than  the  Divifor,  then  we  add  another.  Hlivibg  ttnjs  jgone  thioudi  J 
the  Parts,  the  Sum  of  the  C^fies  is  the  Qpote  of  the  fiift  Number  NT  divided  ^  the 
fame  Divifor  D^  and  the  laft  Remidnder  in  the  Divifion  of  the  Parts,  is  the  Remiider 
in  the  Divifion  of  N  by  D. 

That  this  is  in  ESs&  die  lame  Cafe  as  the  firft  Aitide  of  the  precediiw  Lernmny  or  a 
plain  Cbnfequence  of  it,  will,  be  obvious  by  confidering,  that  if  die  firft  Remainder  is 
taken  out  of  the  firft  Dividend,  it  fcaves  a  Multii^e  of  the  Divifor,  w«.  tfePrtxiuft  of 
the  Divifor  and  Quotes  wd  die  iamc  being  true  in  all  the  reft  of  the  Steps,  it  foBows 
that  the  Cafe'is  the  fame  as  tf  N  were  rcfolved  into  Parts  eqiial  to  thefe  MuMples  of 
the  fevcral  Quotes  by  the  Divifor^  all  .which  Multiples  with  the  laft  Remainder  make 
up  the  Dividend  N..  For  Example,  50=174.8+25,  dien  i7-t-3s=:c,  and  2  re- 
mains, which  added<o  8,  makes  10;  then  10-7-3  =  3,  ^^  i  remains,  which  added  to 
a5,  m&kes  26^  and  26-7-3=8,  and  a  remains  j  laftly,  the  Sum  of  die  Qgotesis  5  +  3 
-f  8s=i6,  the  Integral  Qyote  of  50-T-  j/  and  the  laft  Remainder  2,  i^  the  Remainder 
of  50-4-3.  And  mis  Work  -is  the  fame  in  eficd  as  if  we  refdve^co  iifto  thefe  Parts.' 
i5Ci=3M)+9(=«?X3)+2^(=3X8.):  -. 

Or  this  Truth  is  plain  independentiy  of  AeLemma^  becaufe  the  Divifor  is  taken  out 
of  every  Part  of  the  Dividend  as  oft  as  poffible^  by  carrying  the  Remainder  of  every. 
Part  forward  to  the  next. 

n.  If  die  fime  Divifor  D  is  apolied  to  two  different  Dividends,  whereof  die 
greater  is  a  Multiple  of  the  leflei;,  as  N  and  Nwj  then  if  N  contaiiw  D,  a  number 
of  times  f,  without  asRemainder;  N19  will  -contain  D,  m  times  as  oft  as  N  does,  or 
«rf  times^  fc  f.  if  N-T-D=y,  theft  Nm—D=ma.  Again,  if  N-^-D  has  a  Remain- 
der r,  then  N  m,  will  ooatain  D  at  kaft  m^  4mes  with.a  Remainder  equal  to  a»r.  Andif 
w  r  is  equal  to,  or  greater  than  D,  dien^  as  oft  asD  is  contained  in  mr,  fo  many  times 
oftner  than  mqisit  contained  in  N  m.  The  Dedu<9ion  of. this  from  thcLemma  isvhdn'y 
becaufe  Nw  is  rcfolvaUe  intoN+N-f-N,  &c.  taking  N  as  oft  as  w  exprefles,-  io  diat 
if  NH-D=:f,  and  r  remains^  then  D  i&cohtained  in  Nm  at  leaft  m  f  times,  with  a 
Remainder  equal  tor  0r.    See  thefe  Examples,  wlleieio.nr&aioo.  . 

.     ■  "   >    :.    , 
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^      'Examf.x^    j)  i8    (»6.  .      £^4MR!f.2«    3)^3(7.  3)2300(700. 

ai==;Dj.      then         2ioo=Dx»jr. 

3)i8ooCtfoo.  — —  .         — 


/ . 


^cffoL.  Thefe  Examples  are  of  the  Kind  which  we  have  particular  Ufe  for  in  De- 
>mtTating 


-^-^ may  be  got  _ ,  ,^-  ^. ..  ,.  -..«,  wx,.  ^^  »^vv>* 

CO  ir^  (which  is  the  (^oce  of  mr  by  D>)  all  the  Figures  will  fall  in  the  Places  j6f  the  o's 
ftandii^  on  the  rklit' of  that  Part  orth^i  Quote  whibh  is  already  found>  and  can  never  be 
of  the  mne  local  Value  with  any  of  the  odier  Figures.  So  3*  is  found  in  2300  as  tnany 
times  oftner  dian  700  times,  as  tfae.Quateof  200  by  3^  yet  no  Figure  of  this  (^uote  can 
rife  CD  the  Place  of  100;  the  Reaion  of  which,  and  cv  all  iiich  Cafes,  is  es^ained  in 
ScboL  to  Ijtmmal,  For  3  being  greater  than  2,  is  not  contained  100  times' in  200. 
And  which  will  alio  be  true,  tlKx  we  &t  any  other  Figure  in  the  Place  of  the  o's  that 
fiaod'OD  theiKht  of  the  Remainder,  fince  die  Remainder  without  diefe  o^  is  ld[s  than 
the  Diviibr.    See  die  Scholimm  referred  to^ 

.  '    •    .        *  '  '        •  >       . 

UL  If  N(«A-f^B)^isaMultmleofC*  and  if  A  is  alfiy  a  Multiple  <ax::^  then  (a 
ffluft  B  be.  Again,  if  Nc=sA+B+C+D,  ^r.  and  if  N  is  a  Multiple  of  R;  and 
aUo  if  each  of  the  Pares  of  N  to  the  laft,  are  Multiples  of  R9  £>  muil  that  laft  be. 


If 9m  KmiAet  is  dhkbd  by  amtber^  and  the  ^&te  agam  dtvMd  'by  the  fdme^  or 
smyotifery  awdraety  Jusctedmg  §hf9te  again  iBvided  as  leng  as  youffUafe  or  tan  ^ 
the  Ufi§l^U  'wiU  be  equal  te^he  §uote  of  the  Jlrfi  Dividend  by  the  continfiat 
^odnarf  all  tbefe  Divifors. 

Demon,  i.  We  fhallfirft  (uppofe  the  feveral  Dividends  are  Multiples  of  the  Diviforsj. 
and  in  this  Cafe  it  will  eaGly  appear,  as  in  the  annex'd  Example. . 

The  Kealon  is  this.    .If' we  take  the  laft  Qjiote  and  all  the  Divifbrs 

2)  16% (8^        in  a reverfe . Order,  and  multiply  them  continually,  they  mu^-produce. 

3)  {4(2^.        the  firft  Dividend,  (by  what  is  ^eady  (hewn  of  the  mutual  Proof  of 
7)  28 (+.  JMaltipUcation  vaADivtfon)     Thiis,  4X  7  =28.     2^  X  3  =  84.  ,  84  X  a. 

then  becaufe     .  =  i6i.    But  we  may  take  thefe  Faaors  in  any  Order,  they  will  pro- 
2X3X  7=42^    dilce  at  kft'  die  fiune  Number,  {by Lemma  11.  iiiMuitipli'catien,)     And 
merefore         if  we  order  thiem  (b  as  the  laft  (^l^ote  in  Divifion  be  the  lai^  Fadbr  in 
42)^1^8(4.         'multiplying)  the  Truth  propofed  will  be  manifeft,  dius^  Becaufe  4X7 

X 3x2  =  1^8.  Thereforealfo 2x3X7x4=1^8.  But2X3X7=42i 
therefore  42x4=1^^  and  iCi-r-Aim:;^:  The.  fame  Reafooing.  will  hold.in«aII 
Cafes,  which  we  may  reprefent.  by  Univenkl  CZharaders.  Thus;  ff  A-r-*=:Mi  and 
M-r-r=Ni  andN-r-i/=j,:   then  A-r-*V^=?f.     For,  j^=Ni  N^=M>  and  Mi 

=5Ai  that  is,  qdcb=zAy  or  bed^T=:A:    Bnt  be dq'-r- be d=^a;  i.e.  K'-r-bcdzsiq.' 

2.  Suppofe  there  is  a  Remainder  m  each  Divifion,  yet  the  laft  Ouote  will  ft  ill  be  equal 
to  die  Quote  of  the  firft  Dividend  by  the  Produd  of  all  the  fingle  Divifors,  tho'  the  Re- 
maunder  ¥nil  not  be  the  £une  as  the  Remainder  of  the  laft  Divifion.  That  we  may  fee 
the  TruA  pr^Kxfedin  this  Cailb,  and  alfo  how  to  find  Uy  the  feveral  Divi&rs  andRemair^ 

3  \  <1«* 
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den>  what  the  Remainder  would  be  upon  dividing  bv  the  Produdl  of  the  Divifbrs,  we 
ihall  confider  the  Example  annexed;  whetein  the  tning  proofed  is  proved.  But  to 
fee  the  Realbn  of  it,  we  muft  tsdce  Ac  rtverfi  Midiifbcstkm^  as  k  the  Maigitt  on 
the  Ri^bt. 

Thuj i  Take  the*  fiftC^jote  and 
^)  4.79(1^9         Ac  feveral  Divifors,  as  to  many    ,  ^.  -  ^ 

iwiTr  fimple F#4F#r/,  ^  multiply  than  ^J?^  7  ^  3>laftrcm. 

rrjrrTTj  coacinuatty>  taking  in  die  corre&oii-    laftdnr>  4 

i«in    I  ^^"^  Renu^en  with  theProatt&j    %^  ouoce  )i  :  4^  a^  rem. 

^  (to  make  up  diefeveral  Dividends.)    a*  div'.  y 

4}    3^.17  Now  die  &ft  thing  to  be  fliewn    tfl-  nintitt  i«o  •  n.  iftrem 

f^"^'  3  fiomdiisMakipUd^  ift  mote  lyj  .  2,  ittrem. 

tbenbecatife       fiai  why*  Tbu:  tho' die  lift  Pft>-  >      ^     ■■    - 

jxyXAsBsdo       duft  U79)  exceeds  the  oofttbual  4*7': 

therelbre  PnxkiftoftheArfl^ir/jx^xyX) 

^)479(7  s3tA30|^(astt  miiiib  do>  becaaftoK 

rem.  59  tberfumben  taken  in^  yet  itcan- 

not  eaoceed  k  by  a  Number  as  great 
aa  the  OMStinnalPnxiod  of  dieftvenl  Wmfbrs  cKCluding  the  firft  7/ (v. >.  diecibrml  Di^ 
viibrS)  'TIS.  ±x  5  X  ^sstfo;)  whichis  thus  fliewB. 

The  Number  by  which  the  laft  Produd):,  or  Sum  (^479)  exceeds  the  continual  Pro- 
dna  ef  aUtbe  fifliple  WaBori  (^ao,)  is  nlatnly  to  be  fmui^  «»t.  Takd  die  Produft 


ding  Divifor  (3,)  and  to  this  Produa  (57)  add  the  next  preceding  Remainder  (a^)  and 
fi>  on :  for  the  tail  Remainder  3  is  taken  in  with  the  firft  Muldplication^  then  it  is  mul^ 
tipl/d  in  the  fecond  Muldplication  by  y,  with  which  the  fecond  Remainder  is  taken  ini 
(whicfamakes  15 -^ aircas  19.)  Thenis  afl  thjs  muha^ly'd  in  the duiid  MuMpltoitkm  by  3> 
and  the  firft  Remainder  a  is  taken  in^  and  the  whole  is  59^  &>  die  troe  Remaiader  (biig^ 
h  59.  But  this  muft  be  always  Ids  than  die  Produft  of  die  Divijbics>  becaufa  in  the 
feveral  M uld]^cadons  the  Numbers  taken  in  are  le&  than  die  coocftoadeiit  .Mokipliersy 
ffor  they  are  Kemaindets  of  a  Divifion  wfaetein  that  MuldpUer  was  the  Diviibr  0  v^ei^ 
tore  the  Produ£b  of  any  of  d^  Diviibrs  by  the  following  Remainder,  for  Remainder  of 
die  next  Divifioos)  with  the  prefent  Remainder  added,  is  k&  than  the  Produd  of  the 
&me  Divifbr  by  die  foDowing  Divifor,  and  conftquently  the  continual  Produft  of  all 
die  Divifors  is  greater  dian  the  Produd  of  all  th6  Divilbrs  (excluding  tbe  laft,)  widi  the 
Rjemalnders  tami  as  direfted.  This  being  once  dear,  the  Truth  concerning  the  laft 
Quote  IS  manifeft;  for  nodiing  elle  can  imke  it  di£Eerent  from  die  laft  Cafe  but  thde 
Remainder^)  or  Numbers  addM  in  the  Muldplicauon,  which  can  never  make  the  Quote 
left:  and,  by  what  is  now  ihewn,  they  cannot  make  it  greater,  b<^aule  all  the  Ihcr^e 
uron  the  laft  Dividend  is  lels  than  the  total  Divifbr,  (or  Produd  of  the  partiquJar 
Divifois.) 

As  to  die  iraxftiona]  Port  of  the  Quott,  it  will  be  of  the  fime  Value,  tho*  noc  of  the 
(Ime  Etpid^oh.  But  die  Trudi  of  this  WiU  not  appear  fiy  eafi^  tiQ  we  have  learnt  the 
IkShrhii  cfVtaSkinsy  where  you'll  find  it  pardcuEmy  explained. 


\  * 


DltMOH- 


Demonstration  of  the  freceJing^Mh  of  Ca,sz  II.  of  DiYiSIO  N. 

As  to  finding  everyone  of  the  Figures  of  the  Quote  Gdz^y^  ^  the  tme  Qupt€».of  the 
DiviBx  into  me  ieveral  Dividuals  confidered  by  themfdves,  we  need  no  fijvaher  Dfr-. 
mooftntioQ^  beanfe  eadi  of  tfaem  is  found  bf  trial,  and  proved  to  be  true  by  a  certsua 
and  iflfiJUbk  Maik>  (dHcomredin  Conl.  2.  to  the  Defimtion)  befbre4t  is  admitted.  All 
dMCl  hammore  toaddj  is  toohloTe,  That  you  have  in  i>im0#  i.  die  'Roafim  that  the 
Hrrifir  can  never  be  feiind  in  the  DtinduMl^  (or  F^rtial  Dividend^  as  it  is  to  be  taken 
by  the  Rule)  above  9  times. 

The  only  tiring  then  that  renudns  to  be  piovedis,  That  thefeveral  Fniresof  dteC^idtt 
takra  ts  one  Number)  accordii^  to  the  Order  in  which  they  are  placec^  is  die  true  Quote 
of  die  toed  DMdewd  by  dbe  Divifir-y  and  this  will  be  eafily  ihewn,  thus:  It  is  |^ain>  that 
JB  thtt  Opiaratipii  we  nave  refolved  the  DtvidtMd  into  Parts,  and  divided  them  feverally 
in  the  manner  proeofed  mCorpl.  x.  Lem.  %.  For  we  have  firft  taken  one  Dividual,  then 
added  ibe  RemaJtwer  of  that  te>  aoodier  Part  of  die  Di'viJend^  and  after  ^viding  this, 
wehave  added  to  the  Remainder  another  Part  of  the  Dividend^  and  Co  on*  But  we  have 
confidered  die  ieveral  Dividuals  without  r^;ard  to  the  Places  diey  poflbls  in  die  Tf1i)ole 
Dhfidendy  and  thereby  taken  them  in  a  lels  than  their  true  V$lue^  put  if  that  Defedia 
fupplied  by  placing  thie  feveral  Quotes,  (or  Parts  of  the  total  Qgote)  fb^  the;  have  tiie 
trueVahietbey  ou^  to  have  from  the  complete  Value  of  their  re&e^ve  Dividuals,  {91 
Pans  of  AcIHvuttnd^  and  that  bv  fo  placingthem  th^  make  one  JMumber  equal  to  the 
Sum  of  their  compl^  Values  j  tnep  is  that  Number  the  true  Quote  fought,  (by  die 
£ud  CoooL  I.  JLtm,  2.)  But  thus  it  anally  is :  for  the  complete  Value  qf  t^^&ft  Divi- 
dual is  10,  or  ^oc^^^.  times  the  Value  in  which  it  is  taken  in  the  C^radon^  according 
as  diere  is  one^  two,  &€.  Figures  {landing  before  it :  Alio  its  quote  figure  Guiding  fidt 
on  the  Left-huid,  there  are  as  many  Figures  of  odicr  Quotes  fet  b^orett*  as  the  Number 
of  reiji^iitiiqg  F^;ures  in  the  Wvidend-^  becaufe  for  each  of  thefe  diere  is,  bg^  the  Kuk,  t 
Flfevffcjw  in  the  Quote:  dierefore.thb  firft  quote  Figure  receives  by  its  J^ce>  %  V^i^^ 
10,  or  iop>  or  1009,  ^c.  dmes  it;5  fimple  Value^  according  as  theyeare  one^  or  two,  or 
ilhx^e,  ^c.  fignjr&  b^rie  it,  correfppnding  to  the  true  Value  of  tbQ  DividuaJ^  <^ 
<Su^  to  be  ioQC  by  Corol.  ^.  Lem.  ^.)  Therefore  this  firft  quote  Fi^e  taken  in  iC3  cpQii* 
pl^  Value  from  me  ^lace  it  ftands  in,  is  the  true  Quote  of  the  Ovifor  in  the  cotnplete 
Value  of  the  firft  Dividual.  For  the  lame  rea(bnj^  all  ±e  reft  of  tfaeRg^ues  in  tjhe  Cgiote 
oken  according  to  their  Places,  are  each  the  tmeQuote  of  the  Divifer  in  tbe^omplete 
Value  c^  their  Dividuals^  becaufe  as  the  firft  Figure  on  die  right  of  each  fuccee^i^  Di- 
viduftl>  is  Kn»  Pl^c  more  p  the  r^t  of  the  preceding,  (or  has  one  Figure  fioRerftandii^ 
before  it,)  fo  oqght  their  Q}jpM  to  have  ^  and  fo  are  diev  alfo  ojrdered!  Con^mptiy 
taking  all  the  4uO(e  Figures  in  order  a3  they  ^re  placed  by  me  Rule,  they  make  one  Num- 
ber, which  is  cquii  to  the  Suai  pf  th?  true  Quotes  of  di^  fcveraj  Par»  of  d^e  Pividaui^ 
ynhktx  is  diensfore  (})e  true  Q^ioteof  that  whoIeDm^W, 

To  leare  np  OMburity  m  this  Demonftratiofi,  j  ihiSk  iUttOttte  it  by  two  EidMlei. 
In  ^PiMcb  I  flukB  kt  dovn  ibo  PsvidiMUb  Q^ofifi^  vd  KaBMiodera^ateOflfaig  hd  cUr 
tnieValMa.    : 

J  .  ^  »  •  •  ' 
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1 


300 


Divifor.  DivuleDd. 

ift  dividual  85000  (  2000 
55  X  2000  =72000 

iftremaia.     13000 
add  .      6qo 

2**  dividual     1 3(^00  ( 
t36x3oo==io8oo_^ 

2*  remain.      ajJoo 
add         00 

3^*  dividual      2800  C 
36 X   yogs  2520 

__9 

.th  dividual 
36X     «== 

laft  remain. 


70 


^remain. 
^       .  add 


In  tbe  firft  Escample,  ^  Dividend  £5^9  is  te- 
folved  into  tbefe  Parts,,  viz. .  8500  >^  6boff-  00+9- 
For  tbo'  the  firfl  Dividual. n  coniidered  as  85,  yk 
it  is  truly  85060;  and  therefore: its  Q^otie  inftead 
of  2,  is  2000,  and  tfaeRemaindft  vyfiooy  and  fo  of 
the  reft,  as  you  fee  in  the  (^^eradon.  But  if  we 
take  die  Multiples  of  die  Divifor  by  die  fevetal 
Quotes,  with  the  laft  Remainder,  and  confider  the 
Dividmi  as  diftributed.into  tfaefe  Parts,  (which  are 
here  72000-4-10800-4^2520+288+15)  then  the 
Work  is  reduced  to  tbe  Conditioos  of  Lmms  a. 
Article  a. 


8 


23  78  Sum 
oftheQuotes. 


.  ExMffff.  2. 
Divifor.  Dividend. 

^S  )  2744897   Quotes, 
ift  dividual    2744xxx>  (.  5000 
4j(i5X  50005=2325000^ 

lift  rctn:  4I5KX)o 

add  800 

2*  dividual 


419800  ( 
4<J5X  goQgs  418500 


900 


In  this^  iecond  Example,  wl^  we  have  got  the 
fecond  Quote,  the  Remainder  is  1300;  theii  we  add 
the  two  next  Figures  of  the  Dividend,  becaufe  the 
Figure  of  die  C&pte  muft  be  of  the  lame  local  Va- 
lue as  the  lai):  ^  thefe  Figures :  For  fince  4.6^  is 
not  contained  in  139,  it  is  not  contained  10  times' 
in  1390;  and  fo  the  next  Figure  in  the  Quote  after 
9  miift  be  o,  and  the  (imificant  Figure  ofme  Quot(? 
of  ij9o-r-4tf5,  muft  be  in  thefccond  Place  afterp* 
i.e.  m  die  prefont  Example,  in  the  Place  of  Units: 
and  therefore  we  take  in  aUb  die  Figure  %  which  is 
in  the  Place  of  Units,  to  find  at  once  all  diat  Part 
of  the  Quote  which  belongs  to  the  Place  of  Units  j 
for  had  we  divided  13900  by  4/^5,  the  Quote  is  2, 
and  die  Remainder 4(0^  to  which  addingmelaftFi- 

Sire  of  die  Dividend  7,  the  Sum  is  4^7,  in  which 
e  Divifor  is  contained  once,  and  2  remains;  and  fo 
thefe  two  Quotes  both  in  the  place  of  Units,  viz.  2+1  make  3,  which  is  more  con- 
veniendy  found,  as  in  die  Opcaradon  in  the  Margin.  The  like  r^dbn  you'U  find  in  all 
Caies  wnere  diere  are  o's  in  the  Quote.  And  for  the  kft  Example,  take  ii37({4-r-28 
s=:4o(^>  die  firft  Dividual  is  113000,  the  Quote  4000,  and  the  Remainder  looo,*  to 
wfaiich  if  we  add  700,  the  Sum  1700  does  not  contain  the  Divifor  28  £ich  a  number  of 
tunes  as  can  M  in  die  Place  of  Hundreds ;  dierefore  we  take  in  another  Figitfe,  which 
makes  iT^fo;  and  die  Quote  6  fidls  in  the  iecond  Place  after  the  preceding  Quote  4- 
The  laft  Figure  of  die  Quote  is  3. 


2^  rem. 

add  _ 

^^dividual  . 
laft  rem.       ' 


13P0 
97  - 

1397  ( L 

1395  5903 


$.2. 


|/lt:PA&TK;vx*ARkiJLEsy«r  cmttfoditig  the  Workof^ivifiimm 
terfdhi  Cafes :  Andy  far  managing  it  with  m$u  Certmnty^  th0\ 
^ith  tMfe  Wori,  m  aU  Co/is. 

CAs  E  I.  When  tfaeDivifi>r  is  a  t>igit,  the  tnuldplyingof  theDivilbr  andQuotes,  and 
al^theSobttiAfoo  of  the  Produds  from  thci  Dividuab>  may  be  ea%  performed 
wkboift  ^n^dng  dbwii  my  thing  but  the  Remamdeis;  and  thelb^  widi  the  Qiotes^  Cem 
more  toar^iiwmify^fn  tUa  JExsmfk;  wheran  375^  is  divided  by  4.  Thus,  4  in  3^ 
it  f  aam,  and -I  remuna  j  Aa  Quote  9  I  ^  under  the  Dmcleod)  and  the  remainder  t 

above^  then  this  Remainder,  with  the  next  Figure  of  the  IXvidend 
x     J^  prefixed, maices  ly  J  die  next  Dividual,  in  i^ck4  is  contained  3  time^ 

olt^ft  ^^  3  temaifis;  die  Quote  3  i^fet  after  the  preceding  Quote,  and  the 

^^     •  *ltcoMindar  3  over  the  y  of  the  Divideiid.    Then  is  die  nettDividuaJ 

34,  vbo6  Quoce  is  11,  andi  reoMins;  then  the  h&  Dividual  is  2(S,  and  the  c6rr^)ond- 
tn^  Qgote  is  6y  and  a  remains.  Agai9$y  in  this  Cafe  it  will  be  very  eafy  to  do  die  Work 
withouc  wndDg  dt)wn  die  Remainders,  only  ^oncetvin^;  them,  in  the  places^  yi/tietc  they 
oujijht  to  be.  And  the  Convenienqr  of  doing  it  this  way^  youll  fide  in  Cafi  3.  Ob&rve 
aUo,  diat  you  may  eafily  ufe  the  &me  Pradice,  if  ^  Dmfor  is  11  or  12. 

Cass  2»  If  the  Diviibr  has  o's  in  the  (irit  Places  next  die  Ri^t-hand,  take  no  notice 
of  diem  in  the  Operation,  making  the  DivKbr  onty  the  remaining  Figures  on  the  Left; 
ct£d  OBdiidft  as  tmny  Figures^  wfaacsvsr  ther  areii.  i^ 

o's  of  the  Dfvifix-)  mal&pthe  xcmaiaing  Fig^rc9  on  tite  Lm  the  Divkietid.  Haviiia; 
finii}ioi  tius  Divifidn,  you  have  fbund  tte  io^qgrd  Qgbte  fiii^:  ^nd  lor  the  fiafitioni 
Pare,  to  Oe-Remaiflder  of  die  Dtvi&m  pttfix  dl  die  Fieiires  exduded  fiom  tiie  Dn^ 
dead;  that  is  the  fnie  Rdmauider  that  would  fasffien  if  me  DiviGon  were  done  by  the 
oomxndn  MedK4i  This  Rotaiittder,:  widi  the  girdQ  Diviibr^  makes  the  Frii%on.  Boe 
o\3&rf&y  liat.jl  ihae  are  any  6's'  ftaodmg  ckiir  od  the  R^^hand  of  this  Ren^inder,  vou 
may  omft  cbem  afl  (m  alahaaig  your  FvaAiqn)  if  tliay  donor  exceed  tlaeNiuifaeroto^ 
-esdudad  6tila  tlvDivJfar;  Or  asiAanyof  ttao,  aa  ate  oooal  in  Number  totfaoftihthb 
Divifor;  andoantitf;die  fiimeNumWof  d'siat^  iaf  the  lemahniig  Figuiaa 

im  die  Left  Hufce  yote^£ni£^bn. 

Ex4agfle  I.  To  divide  84700  by  4600,  I  dmdo ^47  by  4^  cbe  QaOte  is  18,  and  vp 
rematns^  but  tl^  ti^  Jtunaindcr  isr  1906:  Making  this  Fraftion  j|||>  which  is  dqm^ 
valeattodda  ||.  . 

Mx.  a.  To  ittnde  3^40  1:^  Sooy  i  divide  ^tff  taf  8^  the  QwKc  «  4.y>  and  4  moalnii 
iMit  diic  true  Rienudndor  ii  400:  Makhigthis  FrnOiim  ^  equal  ib  ttus  }|. 

Exam^.  3.  To  dhride  tfS704by  ft4ioo,  I  ditide  687  by  24^  ifce  Quote  is  a(8,  and  if 
re9[daiiia3  boc  the  true  Renoteler  it^theC^eftion  is,  t<o4,  and  the  Fra^on  is  J43|. 

ExdMf.  4.  To  divide  ^7854  by  8o(>>T divide  94S78  by  8^  the  <^!uotei8  4597  aiad  the 
RetBaMer  tf ;  bm  the  mm  Rismittiider  is  654,  snd  die  Fradaon  41$: 

The  li#jryfai  of  dw  Rule  is  eontaii^  mtiik.  4.  lluis,  if  anequsdNumber  of  olstfe 
etckded  maki  Dfvtibr  md  DMdeod,  die  reinliiliiig  FiMtes  oti  the  left  expifefi  like  ^- 
qoor  Pms  e§  dicm,^a;HH  a  temh  FaMif  one  o,'  a  hdktteddb  if  two  o's  v^citc  excluded, 
and  £>  on.  But  like  aliquot  Parts  of  tvnp  N^n^s  iilake  the  feme  Quote  as  their 
Whoka,  (by  Lem.  4.}  JU.  ^  and  847  are  die  htuKlreddiPam  of  4<oo«nd  84700^  and 
fe  bme  tS»§me<^fat  i<^  4ddi  a  ReaMinder  »,  whicb  is  tiie  faundreddi  Part  of  die 
Remainder  ki  dMim^  ^T^  by  4<bo  v  and  therefore  die  two  o^  eut  off  from  tfti^  Di- 
vidottd  a»lobepM^il>it>logivieit^iettueValHe.  ^4lis,  if  die  Figttnes  excliided 
die  Divkiend  are  not  all  o^s,  yet  if  we  funpole  them  {o,  the  QiiOte  is  right:;  And  that  it 
cttmot  be  increafed  by  the  Value  of  die  figures  cut  off^  whatever  diey  are,  is  plains  be^ 

la  caufc 
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Cftufe  being  prefix'd  to  the  Remainder  found  bv  the  Rule,  they  tnuft  make  a  lefi  Number 
dian  the.  giyen  Dlvifor;^  fince  that  .Remainder  is  left  than  ^  Divifor  without^  its  o's> 
which  are  as  many  in  numbar  as  thefe  FigOres  i^efix'd  to  thfe  Renifliitidbs  ^U6U  tkerefoFC 
can  never  make  up. the  DdFeA.  So in£x.  4.  when  3678  is  diviijed  by.  '8>  t^e Remainder 
is  d,  which  being  lefi  than  8,  no  Figiires^  J)refix'd  to  it  can  make  a  Number  equal  to  8, 
with  as  many  o's  prefix'd.  But  thefe  Figures  being  a  part  of  the  Dividend,  bel)[xig  to  the 
Remainder  ^  whicn>  inftead  of  600,  as  it  would  have  been  had  the  Figures  cut  off  been 
o*s,  is  654.  .  -         .  f    . 

Tho'  this  is  the  proper  Demonftratiot)  of  this  Rule^  yet  you  may  be  fufficieady  ^tisfierf 
of  the  Juftnds  of  it,  by  confider in^  any  Eo^mtdewrou^t  at  leonth^  wbemn  it'WiU  eaGlv 
appear,  that  by  excluding  the  o's  m  the  Divifor,  and  as  many  F^ih^.  in  tbe.Dividencl, 
we  only  &ve  the.  Trouble  of  writing  mai^  (iiperfluous  Figures,  and  jfet^bri^  QOt  the 
fiune  Q^te.    As  in  thefe  ^xamfles. 

46oo)847*o(i8  .    8pp^)?^78j4(459.  A»  to  that  nan  of  the  Rule  for  con- 

4^00  .  '     ^200  tcafting  -me  Fraftton,  youi  find  die 

"38700"  4785 ;  ",    RejifoaojFiceii*utfdtoBodkIL 

3^00  40<^  .  .         , 


J 900  7854 

yaoo 


Cass  3.  If  the  Divifixr  is  the  Produd):  of  two  or  more  Digits  and  that'yaacair  eafily 
difcover  thefe  Dieits^  then  divide  &rft  by  any  one  of  tfaefe,  and  die  Quote  by  any  <xher, 
and  fo  on^  the  lalt  (^ote  is  that  fou^t.  And  for  the  Fradion,  mukMy  die  Divifor  by 
the  kft  Quote,  and  oke  die  Produd  from  the  Dividend,  you  have  the  Remainder;  which 
would  happen  by  dividing  after  the  common  way.  Or  find  it.  thus ;  Multiply  the  laft  Re- 
mainder (of  die  Work)  by  die  preceding  Diviibr  (or  die  bft-buc  one>  andto  the  Pro- 
.jduA  add  die  preceding  Kemainder^  this  \Sum  muldply  byr  die  next  preceding  ^Divifor, 
and  to  the  Produft  add  the  next  preceding  Remainder,  and  ib  00,  i'dU  youluve  goos 
thro'  an  the  Divifors  and  Remainders  to  die  firfL  .  But  whentdiei^  artf  no  Remainders 
in  any  of  the  particular  Divifions,  the  Dividoid  is  a  Multiple  of  die  Diviibr. 

£x.  I.  To  divide  9048  by  24,  I  divide  by  4  and  6,  becattre4X6ss:^  ThuS) 
.  9048 -H  4=s:  23£a,  then  22(62 -7-^  S3  3 yr. 

Ex,  2.    To  divide  1%^%%  by  42,  I  dnride  by  ({and  7^  becaufei£x7tB^42,<asi]iti» 

"^Margin^  wherein  the  firft  Quote  is  12J780,  and  3  i^tpains,' wWchl 

.  <  I  71^4^83  have  fecover  a  Line  after  die  Quote;  then  die.fecondQuoteis  179^8, 

7     125780^         and  4  remain^  which  multiplied  into  die  preceding  Diviibr  £>  pro^ 

i79^Ht       ^u<^  249  to  which  die  firft  Remainder  3  being  addbd^  makes  27;  fo 

that  the  true  Remainder  is  27,  and  the  firaoional  part  of  theQuote  Jr- 

JS46.3.    Todivide  18472  by  32,  I  divide  by  4  and  8^  becaufe  4x8  =  32^  dictirft 

Qiiote  is  45i8>  and  nodiing  remains;^  die  fecond  Qjiote  is  cyy,  and  % 

t     1 8472  remains,  which  mukiplied  into  ^  induces  8,  die  true-  Remainder. 

46x8  But  in.diis  Qiiei  where  diere  is  no  Resmimbr  in  dsefunft  Step«.ihc 

^77^        FradHon  may  be  made  of  die  Remainder,  and  Di^t  of  die  ieconi 
Step.    So  here  it  may  be  |,  . « 

E».  4.    To  divWe 487^7  by .  15,  I  divide  .by  3  and  5,  becaufe  .3  X  f  «!.? :. die  firft 

Qu^e  is  102^5',  and  2.remam8i  the  fecond  Q^iooe  is  XM^  and  no- 
3  }  4^7^7  diitig  repiaips^  wherefore  there  is  no  Piodu&  to  be  added  to  die  firil 

5     1^255!.  Rjpmaindor : .  Mid  fo  diat  is  the  true  Reminder,  siod  diQi.Fra&ion 


Ex.  5.  To  divide  34aS(S&9  by  126^  I  divide  bv  3^  d,  7,  becaufe  %%6y.j^=^\2jS\ 

the  firft  Quote  is  xi4a89tf>  and  tne  Retnakider  i  >  the  fecond  Quote 

3  I  34dS(^89         1919048^  and  theRjeniaL3der4;  the  laft  Qioce  1827211,  and  theke^ 

6  I  1 142 Sod  1     mamder  5>  ivhich  inultq>lied  intx>  the  preceding  DivKbr  d,  produces 

190402  i      30^  tx>  which  die  preceding  Rexaainder  4  added,  makes  34  ^  which 

^^%\\^  'imddi^d  by  the  pieceding  mdfirft  Ditifer  3,^produce8  102;^  and  the 

Remainder  i  hdded,  makes  103  the  true  Remainder,  ^nd  the  Fradion 

.  »4i|:  ■        ■  .r  '      :  J 

The  ^sfim  of  this  Kule  is  explained  mhem  1.  and  as  to  theContradion  of  the  Frac- 
tioninEx.  3.  youll  learn  the  reafon  of  it  in  Bbok  11. 

Tbia  Ptaoice  is  of  very  good  tife>  efpeciaHr  where  the  Divi(br  is  the  Produft  of  two 
D^ita;  becauiewhen  it  is  fi>,  they  are  eauiy  diicovered :  and  the  ufe  of  it- you'll  find  more 
remarfcabty  in  the  next  Chap.  §.  5*.  Obferve  alfo,  that  if  the  Fadors  of  the  Divifor^are 
II  or  Z2,  kfa  eafy  to  divide  b]eichem  as  by  a  Digits  Thus  todivjdeby  1449  cbufe  X2,  12, 
becaufe  t2Xi2si44.    For  .^1  tike  3,  11.    For  S49  take  7,  12. 

C  A  s  E  ^  One  who  is  tolenKHy  acquainted  with  the  Pnuflice  of  DivKion,  according  to 
the  preceding  general  Rul^  m^  contrad  die  Work,  by  omiting  to  wrice  down  the 
Produd:  of  every  Figure  of  the  Quote  by  the  Divifbr  j  doing  it  in,  mind,  and  gradually 
as  die  ProduA  is  made,  ilibtrading  it  from  the  correfpondii^  Figures  oF  die  Dividual; 
fettsng  tbe  Remahider  eitheria)x>ye  pr  bek^:w  the  Dividend,  in  the  manner  of  the  follow- 
ing Exasajrics :  For  if^  no  matter  whetl^er  the  Figures  o^^y  Remainder  or  Dividual  ftand 
ail  in  one  JUne^  if<th^are;duly  ficuated  with  reff^  to  one.  another,  from  Left  to  Right- 
hand.  AUq,  inftead  of  ienis^  the  Qiiote  on  die  Right-hand  Of  the  Dividend,  it  mayf&nd 
as  cooveniendy  libder  or  over  the  Dividend. 

Ex.  I.    72849-H46S315S3,  and  3iiiemains. 

Thttt  you  m^y  perceive  the  manner  pf  working  without  ^Confiifion,  I  (hall  reprefent  it 
as  it  appears  fepffately  at  every  Step. 

26  3  31  313 

4^07184^  i268    '  2ijaf:  ^Ui 

I  407*849  4^)72849  \  46)728^9 

15  u  t^i    -  *58}|i  (^ote. 


The  fiift  Dividuai  is  72,  the  Quote  i,  and  Remainder  2(J.  The  fecond  Dividual -is 
268,  die  Quote  j,  and  Remainder  38;  which  is  found  gradually  ^  Thu$,  5X^=30; 
then  o  (die  firft  Figure  of  die  Produd)  from  8  (die  firft  Figure  of  the  Dividual)  re;- 
maiitt  8.  Again  5  X  4=20,  and  3  (the  Number  of  lo's  carried  from  the  laft  Produifl) 
\s  23 :  dien  23  from  ^6  (of  the  Divkiual)  remains  3  ^  whence  the  aestt  Dividual  is  38^^ 
the  Quote,  8,  and  Remainder  itf ;  Found  thus,  8x(J=48,  then  8  (of  the  Produd) 
from  4  (of  dieDividOat)  cannbtl>etakbn,  but  from  I44  ando  remains:  Again  8  x  4=  32, 
and  4  (from  the  kft  Prodtafty  isa5^  then  ^iJ  from  37  (^iflaeadof  38  of  the  Dividual,  bar 
caufc  I  was  tAai^tsfitfthe^'Slin^i'tiie  fcUtStipto  aiafcfr  14)  leaves  ^  ..Or  it  coiiies  to  the 
fame  diii^  if  V^  tfefc  PpoduftviR^t  iidd  t^  fifcr  tbd  Jo.  that  was  bprrqwed  in;  the  laft  ftep; 
ft)  the  Produd- 35  aAd  I  (fcwribwcd)  iri  37^  which  cajcea  frqm  j8,  there  remains  i.  The 
nett  Dividusd  iti  i6^  the  Quote  ^,  :and  Heniaioder  31*/ 

By  this  Example  you  may  nndoftand  how  to,  dp^  or  examine  othersl    See  the  fol- 
towing.  -  '  ..  .     ;  ^    '    - 

,33  "3  .         *?  . 

'     »  -  4304   .'  Olid  may!  '  '.:  .  .3<?4i  ^  {.  ;■'     ;     r       .    ?5^7 

Eic.1i:   :<8)247W;  ;  ftaAdtbus.'- 68)a478<  .    ..^    t    ..     445H5    . 

•  '    <^«r.      3*4lf-     '-    '    •    -    '  '    c    3^4* J:  '.  :  £^- 3- 4^7);3H7893    . 

K  2  Vtfjervey 


69  Dhifionof^^^ anS^J^a^Jfkfmi^s,  fiopk  i*. 

Obprvei  When  in  any  Step^  diere  is  to.  bont^Wed  ift  die  SubtniAkHfe  dWtt  the  &e- 
iminder  wHI  be  dwftys  eMHttr  thi»  the  Subcrahemd,  (bocau&  if  toy  Digtt  is  taken  from 
the  Stim  of  lo  and  %  lefler  Dig^t)  the  Reonainder  oraft  be  ptafier  duwt  that  lefTcr 
Dkit.)  And  when  you  come  to  the  next  Step,  kx>k  back  upon  die  kft  Remainder^ 
its  being  greater  thai)  liie  Sbbtraftor  over  which  it  ftandfi>  is  a  catkin  figa  dm  to  i/as 
borrowed  in  the  kft  Ste(S  and  coATequendy  dnt  i  for  diat  xo  x$  to  beJtjsdim  fipm  the 
SttbtrtAoT)  or  Added  \»  ^  9iOdaft  inthis  Stspi  Ahd  diiiObifanFmion  is  very  ufdFul, 
becaufe  we  are  apteft  to  forget  this  i.  So  in  Ex,  i.  die  laft  Diti^iiat  152243,  the  Quote. 
4,  and  Remaaider  ^75:  Tnas  found,  4x73^28;  dien  8  bom  t%  kavte  f:  Agtun, 
4X 6  =  24,  and  2  (^carried  from  the  laft  Produd)  ia 26%  aad  i  (bonowod,.  becaufe  f  is 
greater  dmi  3  over  which  it  Hands)  makes  27^  dun  7  ftom  14  leaTes7.  Again  4X4«=9id, 
and  2  (carrioi  fiom  the  tall  PmxIuA)  «id  i  (bonowed)  makes  151^  which  takea  fJooma^ 
leaves  3. 

In  me  common  way  of  nraAiGiig  diis  Medmd,  dief  daft  a  Lioc  dm>*  evoiy  F4^<^ 
the  Dividual,  gradually  as  me  ^igiMs  lof  die  Renaibder  aie  fet  ov«r  tfa«iy  iisi  order  fi9 
Jprevent  Confblion;  becaufe  the  next  Dividual  appevs  die  n»re  diftinft^  fipm  die  Fi- 
bres of  the  preceding  IXvidoals  diat  are  dius  caacdlcd.  As  kidiia  Enmi^hf^  cepf^efeflttd 
m  ail  its  Steps  feparatriy. 

9  2  »t  Q»/»>^.  Aa  it  ]|  to  dbe  fittfie  Pni^eri^ 

24)1726        .  $0  jr04  ^  t&er  ^  wiibe  die  Remainders  over  or  under 

2       H}^7^    H)jr7;i^  tb6  Dividend,  fb  the  Msdhod  of  pUu:iag  dieo 

22  2^843  has  a  Bcde  Ctefttfion  m  it,  wMch  ia^  helped  by 

daiUngdie' Figures.  Burl  dOakitaflKmcoo* 
venient  way  to  fet  die  Repadodegs  imdg  difr  Dividual^  and  faas,d)e  Fijgures  ofcfae&me 
Remainder  be  in  a  Une ;  leaving  the  next  Figure  of  the  Dividend,  which  makes  up  die 
t>ividual,  where  it'ftauds)  and  iSxing  the  Qijote  over  ilie  Dividend)  a3iii  dtefelV^^^^^* 

238    Quote. 

24)572<$    Dividend.  I  ihaii  recommend  diis  Mediod  of  DMSxm  <xdy  t^ 

9     7.  fudi  aa,  byPraOice,  have  acqokedaHabit  of  dofe and 

20   VRemftindlers.  caroful  Attention ;  odierwife  ^ds  toodifficult  But  diere 

143  arc  fome  pvticularQrcumftances  wfaeretn'ds  vcrycaiy 

-"■"^^  and  convenienr>  tsin  d^  two^  foUovyiog  €mfn. 

3^4    Quote. 
£8)14786    Dividend. 

43     ■> 
30  vRemaindera. 

34^ 


^c.  dw 


Pisces^  as  9»  99k  99h^P:^\{ 

UMC  vmutc  w  «ujiw   ^,   yriM^  «w  *^*t^—  -  ^—  ^«  »^  Dlvifor i  Of  tf  ^  H^^^^T^  A^ 

one  ^ce  more  dian  -die  Divilbr,  die  Quote  ir^ddier  die  fiift  Fi««e  €#,die  Ufc or  w 


Dividual^  or  die  next  greater  F^pire>  Thus,  if  d»e  fikft  KnflsiaddQl  io  t|ie  semam^ig  r^ 
gures  (taken  as  one  NumberV mafaes^ s[ Sum  fefr  dnn  dKi>ivJrori  Att  firft  ^^^S^^rL 
Quote,  and.  diat  Sum  is  die  Remainder;  after  ^  Produ&  of  die  DiviTcM:  snd  <^^/^ 
tdEen  out  of  die  Dividual    Bitt  if  diitt  Sum  is  eoud  tp,  or  greater  diaa  d^^ 
I>ifierence  is  die  Remainder,  and  die  Quote  is  die  Figure  next  greater  than  die  nrit  r 

ffure  of  the  Divklual.  ,  «.^  «^  tnav 

Thus  rhe  Ouote  and  Remainder  bete:  eafily  fmiid,^  («diout  M  Produft)  ^^L 
chufe  die  Medxxl  of  the  preceding  Csji  ftirtplacaDtt  dni^  *^  we.tmy  atf^jjjf^tj, 
ihorter^  by  not  writing  down  fuch  3Qgures  of  the  Remainder  which  ajfttnf  tt»^  ^ 
their  Uinefpondents  in  the  Dividua|»  pk  leaving  diem  where  they  ftand^  ^^ 


Ex.  1.    35      <.     '-  '    f    .  Har  ^ii»4Bft  Dividuaf  'is  4<J1,  she  Qsa«e  4,  and  the  Re- 

7H^8  .  .  mainder  72  (=(f8 +4)    The  next  Dividual  is  727,  the  Quote 

99)4^8793     ,  ,    .       7,  and  Remainder  34  (=27+7.)    The  next  Dividual  is  349, 

Q90«c-473???    '.  -     die Qijote 3,  and  Remainder  52(^=49+3.)  The  next  Dividual 

':    \(  ¥'P3'  *^  Quote  5,  an^d  Jlew^i^er  28. 

iJjr.2.  o    :•         '  ,.  '   ^    Here  the  firft  Dividual  i^'^;fc9 3,  the  Qiiote<J,  and  Rcmain- 

92    .14      :,.j       der799  (=793+^0  The  next  Dividual  is  7994,  die  Quote 

999)^79345^  is  8  (=  7  -f.  I J  and  the  Remainder  2,  (becaufe  994  +  7  =  999 

Quote.   68oo2||$  "Jr'^V  '^^^^  Dividual  zu  and  the. next  agaia  258,  being 

each  Ids  than  the  Divifor,  the  Quote  Figures  are  o^  the  la£ 
Dividual  is  xfis^y  the  Qyot:e  >  andBcmaiqder  5^84  (=^89^4*^) 
%  diefe  J^^asnples  ]^ou  i^<  (»%  . 

aodR£0Q^ioder;(vb6n,tpe}^)^^  oof^flacf  mpre£bao.tbf  Xwiioi^wliich>  ^ip^  sili^r 

AmattTohi  vo^  lie' joy  ^bviouf^  >')f;^  -9g;m^^>' ^  xogb((and  any  Nximbo*  expi^dGCbd 
tbus  b9rVs»  wapes  d  qt  acNuoiper  ^xnptned  ojfi'i^  and  as  taixxf  0^;  And  Bowevcr  oft 
ifiois<cpabw)pdit)^acaf.Hiiu^^  oijc 

as  the  firii  Fig^p^  the  X^.ppip^lte^  dbie.i^eix^wiiw  Eig^  on  meAight  being. tbe^Ro. 
^f^^^k,:^  ^^yrWr^ft  M3;^,xMiwas),,^^  wWco^fitaitteddn  it: 

^d  the  Remamder  will  be  the  Sum  or  ^tn^  ^^qaji^er  .>;^hfi«  diyi<|^  Ipy  xoo^  ajad  o£.the 
QjKXe  or  firft  Figure;  which  is  theKemainder  when  99  is  taken  but  ot  ai^  Number  of 
Hundreds.    Thijs>  458-7^90^=4^  and  72  remains,  viz.  68-f'49  forin  4^0^7-00,  the 


^Qofirtitifes,  arf  (f  rcmaihii  ihAilJ7f.yj^j|ji-4-Vi^  which  99rireoQtxtnedonce>  an 

I 

Examf.  3.'  £x<Mi;p.  4.'  Bxump.  y^    •   - 

7tfM  99)3997*  599)*79^ 

999)746985  Qyotc-403§f         Qjiote.  ol 

,  .    <;^  747i{f   ,      . 

ExMtf^.  6.  Exoffff.  7.  Examf,  8.  Zx^Mji^:  1^:    -  '  ^^' 

71  9    tfi  9  -'.'.-.,'  *  809^ '.    •:  . 

Qjp^.  XQ04^,  .      QilotCi,/;QQ4(i'. ^     W^^M^^        Quofifc.68ij 

TlM.Ufis  m^(SflBPf^ifiim!i''n^  .C«/i,  .y^^iai  find  fllik^  in  C*4^.  4  B$9k  r*.  wh^ 

Cii««f  i$.  ^  ^  pivifor  {OS)  jam  59d|Mn:>  Ej^ire  t|vu|  9  ni  all  its  Places,  as  44,  b66y  &^ 
daiog  the  Work, iaidii^  fnaoafr- pt4>y^^  ^^  eofi^  than  if  the  Fisures  wete  alLdtl^ 
fcnoit;  But  is  ^rill be Mi49&esw33iM^  Thus,  divide  oy  11  or ^li,  d^^ 

'mdx^^tai;^V^im  for  it  iseit^ 

the  firft  Figure  on  the  Lett  ot  theHDividualy  or  the  neztlelKr  Kuaiber  ;  or  o,  i£  die  Dir 
'^6Aul\m^^tW^i>^}^^  ^^  tf  ^^ DividMal  fafiionc  Place 

nem  ^If^ibA:^^^  t|«  ;Q^  ^  .91^  ;T)i«tbQ:Pfadu£l  0^  ^tDiyii(br  an(i  Ckiocr 


fx* 


70  Divifim  if  Whole  and  Abfir)i0^i7uniik^   Book  i. 


Thus. 


Thus, 

I   lO  . 

1308 7X 


/•«■ ' 


« J 


;i» 


'      r  .  . 


,   rti)4j(J7aW9 


s  « 


v^ 


A  GeKEHAL  Method  fa  iwai^  DtJ^SIQlt  certMim  snd  eaj}. 

The  Work  qt  Divifim  tatjht  made  more  certim.  torf  caly  with  die  writir^  a  k^ 
more  Figures ;  by  makint  a  Tabic  of.  the  ?rt)3AAy  of  tfie^Divifor  by  «11  Ai  Tteits^.  as 
was  dofie  itt  5.  i.  tif  the  jireeedihg.  C*»p.*  terMt*dfifita^^  T9  te  ufcd 'tl^iis:;  Seek  the 
Dividual,  or  the  next  feflfcr  Number,"in'  die  TaWB  iagainft-  ftf  is  die  <^66e  P^c,  and 
duit  Number  itfelf  i«  the  Prodiia  of  die  D*W^  ind  Qfiote:  .B\r 'diis  means  die  yS^brk 
may  be  done  as  faft  as  Figurd  can  be  written,  ^br  nera  t!ie  Proiluds  be  copied  out  of 
the  Table,  but  tikten  ^here  diey  ftand:  TheRehMMofsmay^e  found  an*wmtcn  under 


I 
a 

3 
4 

5 
6 

7 
8 


a  whierc^difcy^ 

Exantfk. 
+83p352<B749(7a5^4?J 

14«9 


1952 

2918 
3401 
3884 

+J^7 


1258 
985 


2727 


•  Hft-c  the  ^firfl  Dividual  is  j  f  2^ ;  theneareft  Number  to 
it  in  the  Table  is  ,j+o  j,  againft  7,,  which  is  rher^rc  the 
Quote,  tad  3401  is  the  TiodJi^r^'l^,jM^^iyi^M  is 
1^158,  whofe  next  Number  iiiffie  Tible  ¥  ^iS/&c:     ' 


<  ^ 


2924 
291B 


<J9 


/  '  t 


>  $ 


1  **.  -«\  0 

But  die  Work  may  be  made  without  writing  the  Produ&s'out  of  the  Table  ;  and  it 
wiUftanddius.  f    /^.tj.rxn  ;  .v^:-,:^.  t.  »    ...:i 

)3^2«8749(7a5fortJ- •     .  '^     '    .. 

'i2f  ,  SctloLiuMf  As  tb^thls  Niediod  ctf  Phi&'ee,  *thp Rea- 

272'  *  r ' " ^dinefi  \Wdi  which  the  QclbtMiid  PrdduA  is  -focMd,  may 

292  be  reckoned  a  fufEcient  cdance  for  the  Tune  and  Trouble 

-    ' ^    ^  '.  '  >     ^     '^thAingtMdVTtye^'MidDCiifi^^hjA^^'el^ 

two  Places,  and  the  Dividend  ^  i^  liirge  ^  Nlinibi^  ^v  die 

i      .         '  i  ^     •  '•'  i  Q^t^'^ffl^fe(i«ito'rf^feV!6^  Ilgufte^i  arid  clbeclally^Ao,  if 

i !  ' !  i   V  •-.  .     :  r^e  ftibtrkd  the  PWdfi'fts  is  «cy  ftahd  iii  dieTitfey  ^th- 

^  •  '     'ou^tvridng"»th«»ft  u^A*4^  the  Dividual:^ And  thi9't>an  wiB 


I 

2 

4 

7 
8 


483 

986 

1469 

1952 

M3J 
291B 

3^ 
4367 


jBill  be  more  eafy,  if  w^^yrite  thfi(  TaWe  ttpOB  a  ffi^^  blt'of  Papet,  fo  as  we  cin  place 
eachProduftUndef  thcDivklual.^^-  -    •     '^    .      .-^r^L'.      ;  :^    •      :   .•:  :!  .;  i  : 


toiivfeniettt,  as  ytnilf  fMd  rfiet#W*. 


-    Nip£>s'R(^fis  tiiiiy'alfe^l«r!uted*r/i!«^  " 

m     ^ 


cf 
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I.  Wc  have  idready  explained'  die' ^rwf  bf  DWiyfo*  "by  Muk^cdfk^^  which  fa  this;' 
-w;&.  The  ProdudJ:  of  the  Divifor  aijd  Imegnd  Quote  added' to  the  Remainder,  is  equal  to 
the  Dividend.  ^"\'  ' 

a.  Bfut  it  may  be  alfo  proved  by  t>tyifan.  For  the  Dividend  h&ag  divided  by  the  Inte- 
gral Quote>  the  fluote  of  thk  I>f^{fiMr  \^1  be  equal  to  the  former  Div^or,  with  thefkme 
Hemsinder.^  Thus,  ,3  is  cpntamed  %  times  in  \^  and  i  remains:'  owt  4  times  3  =  ? 
times 4i  therefore  4  mufl:  be  cbntimed  '3  turies  irt  14,  with^the  fitme  Kemjuhder  2  ;  as  it 
aOualhris.    Thelkme  Reafon  i^'gbod  in'aHCifd.         ^'    •  .       -   ' 

3.  Laftly,  Divifion  may  be  proved  bjr  calling  but  the  j^s.'  Thus^  Subtraft  the  Fe- 
mJnder  out  of  the  Dividend^  wfalt  remains  here  oueht  to  be  the  Produd  of  the  Divifir 
and  §ljfote;  vAdch  you  may  provt:  by  cafting  out  me  9%  as  was  done  in  Muhiptication. 


'  i» ^:^    ..".'.    '.1    -»:      .  . •:») 


•*.''  .'J    :  :j\i..ii  I  •'  f.  ii  /T 
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""    '->^'.,      '■       '■/      !    l.'r.i:    I 


Explai^m^jhe^pr^cedi^'  PUnda^miaf  \  Opefdtionsy  as  they 
are  Applicable  'f&  Queftiaiis»  ^^»/  Patticiilar  Things, 
with  thir  Cihufftfiances  in:  Human  j^airs»     , 


I  .0 


§.  r/Cy^Applicatc^Kuiriiicrsr  and  their  ^ijlin^ian  1^  Simple 


'•'    "'  ■  -^   ^r.-y.i  ',.jf  f,  -  • -imrf^Mir'd'-- '''  -f 


.  w    i '  f  * »    ■     .  '       '     •    "*     . ,       •         I      ■ ,'    *  ■ 


<  •  f 


^tb.TA'Bt.EB  of-  the  VaYHh  of  06in$,  'Wfiomts,    and  Measures 

■  of  CT'k'E  AT  B R tTA I N. 

^fi Y  K(imbeffi&retx»QMf^:A»/^^  already; -  But  jqqw wesre 

toi  ccn^idte^nibBtfttttitli^tift  of  Soditiy*^  It^wasnecsflaiytba^i^erta^.g^ 
im^dd  f  fliauld  be^'Jubdbv^^  inoo^ooKr  leSer  one»>  t$xi  chde  agaip.  into 
othenkffia'veaurh  hftvingliisi!dUbii&andpmp^  but  all  conlidered  as  Tub- 

^Mdinate  Spede$*  6f^  the-'granar ;  in  cMdertothe  ^jiving  and  recdving  more  or  le&  of  any 
Goods  or  Oommodisy >  ^  occafion  (hoidd  reoutre.  As  for  Ex^vmple,  One  Pound  (of 
Money) 'is  divide iiil80('2o>Shittbai8,>  oneShiSkijg  into  12  Pence>  and  one  Penny  into 
4  Fankingf.  >Tfiefeibv«b9iJcffttrrQuaniiii^Ja8  tbey  hayediftindl  X^eppminatipnsy  are  as 
jeaHf  Af^^iviof  miv'b^  Idtttrasiiilie  greater^ ;  qC ^nrhich) they ^e^ .Part i-  fnd  a^ Number 
of  escbSpedbiic«tafidihtgd)hf  iifti^  <isicailea  ^fimph  ttmhtt  $:  a9  4S  Pounds,  or  56  ShU- 
Ungs^ef^;  Burwhen  "om  ndfeytbgeriier  a  Number-  of  fevemJ  Species>'  taking  Ml  le&  pf 
each  inferiour  *  Speoiea  thaa  ivbac  makes  an  JMt  o£  due  higher^  and  confidering  it  as  a  Part 
of  that  Umitj.ms  taakes.:z  miv^d  Ntmier^  ForExah\ple^  ^8/..  14/.  9^.  a/  isoqe 
mix'd  Number. .  Agttt  tbnfidfBr9..thatxaff  tiieNiiiid)eis  of  tbr  mferiour  Species  that  make 
a  mii^d 'Numbed  aii^flB&xlianAii;  Uiiit>ofr^xheJbp^riodr>s.and  jkavc  always  a.  known  and 
.      '..  • '..*..!.'  •:  w..n  ^ai.'jj  .'Mtij   iv)  i,^'>;'      .•■'/.:..  .    .        cqr- 


certain  Reladon  to  themi  (as  i  Shilling  is  a  20^*^  Part  of  a  Pound;)  (b  tiie)r  are  in  effed 
Fraaionsy  and  being  fiiomked up widfi  a  ije^g^d  P^i^  ^F^^!^  M'^  fliaUkam)  they  are 
truly  cociidered  as  FraSionsy  (or  JNuxnbors  raatea  to  one  anotner)^  in  die  Operation.  But 
the  rebtire  DnOTwimtioa  {which  in  .evaqr.FiwStiatx  isi  ar  Number^  beii^  uipgr^&d  and 
qnderftood)  ^tha'  confidercd  in  the  Operation  J  and  ^each  &>ecies  difiio^^^edby  pro- 

Ser  Denominations,  which  of  themfelvcs  expreis  no  (uch  Kdatfon^'  they  isure  all  conTv- 
ered  as  H^fZr  Numt0rs:  a3  ipited  each  Species  ia,inAe  copft.  fl;rif9:.  and  proper  fenfe, 
confidercd  as  an  Integer  widi  refoed  tqt  the  lowers .  Sti.  thai;  each  of  wth^'^cept  the 
hi^ft  asdlowfft,  iscpniiJbrcapothJM^  ;^; 

This  Accotua;  o£  the  Naturp  of  »?/f  V,Jfei<wiw  rai^t;^  be  fofficj^j  yet- there 
are  fcveral  Refleftions,  ufeful  to  luch  as  ]W9^  l^ve  cobglete  J^quons  gf  Things,  con- 
cerning the  Naxnre  of  the  wious  Kiod^  ot  mix'i  Jiimbinsy.  that  may  be  very  proper  in 
this  Puce:  for,  tho'  it  may.bi;  thought  4  .DigreflSoa  fro^i,  tlie  buGDH^D  pf  Arsthmetkat 
<  Oferatiimsy  yet  it  caa  f^evej:  be  itapem^PV  to  qiake  u^/ul  B^efle^ons.  upon  thfi  Subjet^ 
of  thefe  Operations.  v     ^       1  • 

The  Nature  and  Defign  of  Society  has  introduced  among  Men  a  Neceffity  rfd^ 
cliahgingfuch  things  as*"5rtE?Pro3utt  oFffiffi  "LjjSourT  fof 

every  CxHmtry  does  not  produce,  nor  evoy  Man  apply  hiinielf  to  every  thiqz:  Now, 
whatever  way  this  Exchai^e  is  xki^'->  wh^iq^  4bin|sf  are  Valued  fay  dieir  rod  Ufe,  or  by 
Fancy,  there  is  always  fome  Equality  fuppofed^  or  nuide  by  ^pneement  of  Parties,  bowixt 
certam  Quantities  of  one  diingand  anc^er.  And  that  Conmiercc  m^ht  beregidar  and 
certain,  it  was  necef&t^  tocin^tutv  feme  Exid/and  iflandard  Qukiiaties  under  certain  and 
•conftant  Names;  otherwffi*  Men  could  never  be  able  to  treat  aboiit  thefe  Exchanges  un^ 
lc&  they  were  to^pcheiix  aftd  tl^.^uibi^.V^ete  Imtn^x^ly  before  tjbcm^.gpd^evcn  thqi 
not wipnout  great^  Ihconveniency:'  Agatri,  becilife  M^  nebd1e6i  and *more' on  dBftrent 
gecaftiil,  it  was '  aearfiuy  -thcS^r.  ;j(iiwld;-!  hc^  M W^ .  Quwttityt'^0f  ^i^  Kind^-  which 
oifl^ring  only  as  lefs  or  mcre^  it  was  convenient  that  each  (or  (i^enu)  df  t)ie  greater 
ihould  contain  a  precife-  Number  of  >tfie  IcMftr  as  Afluvft  iAa:'4Maia.Pait^:orthem, 
whereby  fubordinate  Quantitys  coming  under  one  general  Name,  confljtute  one  kind  of 
mis^d  Numlrer;^  the  r«vera|  Pm^  or  J^nominatioiis  of  which  we  call  tl)^  %V^  Species 
•of  chia»*Jind.  v'      ••»  ''^"     ^  '^^  i^\   \^*''    •    i.'...irj^..  :•*:    yv,    ^.,  .:    ; 

The  more  common  SubHe<9s  of  tbefLmbtAHumk^s  are  the  external  fenfible  Objeds 
which  we  fee  and  feel,  and  which  in  general  we  call  Bodies. 

>fow  the  Quutticy  of  Bodies  cin  ppiy  he^confidared  in  tP9  rwEpcSt$^  dtirr  »to  dioff 
BuUj  i.  f .  the  external  Meafiirc  ^f  l^nffk  Bmaitky  and  Ttricknefs  ^  or  didr  We^bt: 
And  to  compare  different  Bodies  in  thefe  relpeds,  tbert  muft  be  certain  common  ftan- 
dard  Meafures  and  Weights  to  which  all  others  are  compared.  In  fixne  Bodks  only  one 
IXmenfion,  tvfoch  we  aJlXn^^afe^ia^doafidl^red^  ^cattK  ibe  ochertwio  are  £ift£ri^( " 
(idera&Io  in  ^lefHOlvt^  'ocr  mdwr,!becau£e  in la  lO^jinfirifim  of  move  snd:  Ids  <lf.  ^ 
dungBy  t^odierDlmaifionsiateeqtHli  (or  fii^pofed  tobe.fl>j)  andtteDimaKifionl 
is  that  which  admifis  of  racft  Degrees:  jb  tbet  the  mose  and'ieft  are  here  acoordw  to 
^t  Length,  Henee  ptoceed  what  we  €?^tfarirff#jfrrg».rfX<^  nUet 

^frmj^d  Ntkffierf.  Again!,  infeme,  Loigth  and  Breadth  aoe  both  coafidered^  and  from 
this  pftKxed  the  5i(f(erjm«/ or  ^M»rr  ;Maifi]rea.<  Qtbccs.  are:inoifiirod  in  tU  tijpx  three 
Dimenfibns;  hence  the  SalU  mu  iiukkii  M^tvesc  Under  whkk  mn/  be  coaapndtapdod 

whatwe  can  the  Jl^w/birtof  C^mui^^  barw^^^  QjMKOt^  oi  LifmJh 

and  of  aBfiichdung^aacsoiififliiigoffmiJlP^ 

very  loofely,  cannot  be  meafiired  fin^lje^  nor  giveaont  byl^famber^  but  tie  confideroa 
4u:corduig  to  the  BirA  diey  make,  when  being  laid  tMctfaartliejiippMr  as  one  cotiti^^ 
Body;  forExamplef  Conis,  and  Mdl,i  or  my  blad  fiody  seduGel  tx»  Powder 

Apidy  other  mif^  aref  oiort  coBP^anatif  mflaiutxl<by  thebr  Miigbt. 

In  the  nextpfaice  we  inufr^iySrve^ .That fome tfaingyjune  ezdMEnged  fay. Number^  tte 
individuals  (which  muft  all  be  of  one  Species  of  thiqp)  being  reuly  iqftrated  and  di- 

1  ftina^ 
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fkm&;  and^M^iich  fiftVBigiidtfaer  fi^mour  nor  infierioar  Specie^  are  nol  valued  bv  Weight 
or  Meafare,  or  one  of  mem  being  fo  valued^  the  reft  are  luppofed  to  be  equals  or  the 
things  are  iuch>  as  cannot  be  weighed  or  meafured-  In.  this  manner  are  Cattle,  and  in- 
niunerftUe  other  thi^s  bought  and  fold  by  5r^&>  ( in  the  common  Phrafe , )  and  for  thefe 
there  is  no  diftidA  Order  of  fm'xW  Nitmlers.  But  there  is  alfo  a  kind  of  pHx'J  Numbers 
cOQ&tuted  for  (dm^  ch^n^  that  are  exchanged  bj  Tale^  the  ^)ecies  of  which  are  called 
Grofi  and  Dozen^  ^c.  Now  here  the  Species  are  not  any  real  continued  Quantity^ 
but  certain  Numbers  diftingqiilied.  by^,, particular  Denominations,  which  therefore  re* 
cjuire  no  Standards,  but  to  nave  atriieiaea  of  theNunibertheyare  aflSxed  to.  Whereas 
in  odier  tiung%  the  feveral  Denominations  give  us  immediately  the  Idea  of  fome  con- 
tinued Quantity ;  and  we  apply  Number  to  them  only  by  an  arbitrary  Subdivifion  into 
Parts:  So  that  we  may  concIude>  that  mix^d  Numhrt  anfe  more  generally  and  properly 
from  the  imagined  Parts  of  continued  Quantitys,  either  Solids^  SiAerfititSy  or  Lhtes, 

As  to  Co  IN  85  obfervfy  That  they  are  properly  nieafiired  by.  Weight :  But  the  Weight 
being  aicertained  by  publick  l^al  Marks,  their  Species  have  not  the  proper  Denomination 
of  Weight;  and  therefore  we  &>n\  ordinarily  talk  of  them  as  diinss'  'weighed-:,  yet  w}icl) 
there  is  any  fu^idon  of  ialfe  Weights,  they  are  compared  t»  fome  ftamlard  Weights. 

As  Numbers  are  not  only  applied  to  Bodies,  and  their  imagined  Parts,  but  alfo  to 
every  thing  thtt  is  c^ble  dr  nwre  and  left',  as  to  the  conceivable  Paxes  of  Time  j  fo  we 
have  aUb  nom  this  laft  a  particular  kind  of  mx^d  Number. 

Again  *<j/Jr*v^f  That  fiar  ditferent  thiijg^  weiiave  different  kinds  of  W-eights  and  Mea- 
iureSjj  fi)  we  hav^  IHtof  WeigfH  and  Averditpoje  Weighty  c^r.  *  We  have'  diflerent  Mea- 
fures  for  Cmrih  B&er^  Wip^y  V'c,  Wh^ein  .thefe  different  ^/^^/x  and -M?*Ar^/.  coincide 
and  ^^ree,  or  what  the  Rdcition  betwiiet  them  is,  and  bv  wli^t  rht^ini  thdor  Stanclards  were 
firft  ^tied,  is  not  ib  ftridtly  the  bufineis:  of  this  Work  to  conficlcr'  The  Statutes 
explain  and  determine  theie  things  ^  and  perhaps  Cuilom  only  is  the  Foundation  of  fome 
of  them.  •       .    ..         .  .  .. 

Thekft  thing  I  jfhall  obferve  upon  this  Subjefl:,  is,  !|1bat  o£  theDcpoihinatiori(sp!f  Cpht/y 
Weights^  and  Me^fires^  &>sae  are.  mereiy  imagiiiary,  /.  e,  are  hot  Naipes  of  any  one 
real  diftin<9:Qii80tfly,but:  of  fonjyei  poffibk  Quantity  fiippofed' equal  R>  a  certain  Number, 
or  a  certain  Part  of  fome  real  Aandafd  Quantity.  So  for  Exampl^)  zFound  of  Money 
is  an  imaginary.  Quantity  .equal  jto  aoohilUngf.  |  AI<4ry?4S  an  imaginary  Quantity  equal  to 
12  Barrels.  And  again,  yot;  wiuft.  *i^rw,  that  thfre  are  inany  more  IDenominations 
known,  and  ufed  upon  different  Occ^onsin  treating  or  ^akif^  of  thefe  things,  than  are 
convMent  Or  ordiacuJly  ufed  in'  keepiqgAccounts.  Ip ,  the  fo^wing  Tables,  I  Aall  give 
you  a  fuQ  account^of  ,all  the  Kinda  and  Denooainadons  that  are  commpnly  knownV  and 
diftinguiik  riiofe  that  areufed  iniiecpingAccqiiDits.'    ..^  /'  „V  ... 

»  C**-'"'         '*^w'  *>**\'i^.' 

TABhRS  of  tb€  inojl  commn  Coins,   weights,,  a^J  Measures, 
[Realafdlmaginixry^ofGREAT.BRitAIK  \ 

.  £nghjb  Money.  T*he  l^al  Cows  'tow  Current  and  com* 

.  „  .;^    ,     ,    •  .^,  .,.-.  .  , monly knaWn,. a^e thefe :    *  , 

4  Fardiings    """  "     V     '1  Penny.  '  '      Jr.  Of  Coppef^MBh^'j  a  l^arfliirig,'  and  a 
4  Pence                    ;,  I  t\^'P^^^^^ 


6  Pence  '  \    *^i  TZeftef. 

-12  Peace,  .  ,    ,  ,_. .    _  -^ 

5  Shillings  '      '     *'     >=V  Crown. 

6  ShiHiog5  +  8  Pcoce  I.   .pi.NQbl^. 


2,0  Shillings  J      i  Pound. 


.Halfpenny...  ,    .  .  ,.,,',* 

,  \   i.' Of  Sil^cV^oney;"  i'TeAiiy,  'Two- 

.  DQnce,  Four-pence,  Six-penc^'  a  , Shilling, 

Half  a  Crown,  a  Gfown^         ' 

.  3. '  Of  'OolArMiney'i  Hair  a  -Guinea  ^ 

10  aiiUins  '  '  *'/'  -  :1V  I  :Angei;  ;!   'ioShilUngs4..iJTfeice;  aGmft^:=-iiShil- 

is  Shaiih§4'4l^encej^    i  Mfl^;  *  P  fmgs,''"^^^  •'' 

" '  *  There  are  many  other  Gold-Coins,  and 

fome  Silver,  but  not  very  common. 
L  Ac- 


74  Of  AppUcate  Numhtt. 

cottoti  are  kq>e  m  Poaods»  ShillioBB>  PcaioQ>  Md  Ftnfaiifi;  nftieh  ti 
Cbandm^  I  :s  :  J:  j  eg  f.     Whofe  Rdttkw  I  maik  <nrer 

J  ^^^   ^i  i.e.  ^f=zlJ.     i%ds=zlf.     20fs=:if. 

Oifirv$y  In  Scotlsad  AfCf  ufedie  fiune  Deixxnkitcioc^  except  Fartbn^ 
Ea^  s  12 Pound  S€9i<h.    But  they  bcgmnow  to  ufe J5«f/^ Money  m the 


Book 


English  Weights. 


Xroj  Weight. 
24  Gfiini  1 

20  PeoDfJvmgjhcs 
12  Ounca 


Afctbeeary^s  U^bt. 


1  Pcouy-weigbt. 
I  Ounce. 
I  Pound. 


Accounts  tre  kept  m  die  £une 
nooh  OMBrked  d^us : 
12     10     24 
ft  :  o&  :  dw  :  gr. 


1  Diansu 


4  Qiiartersof? 

aPraooL  S 

if  Drams  x  Ounce. 

16  Otmces  I  Pound. 

14  Pound  ss  I  Stone* 

%9  Pbund  I  Quart,  of ftHuad. 

ao  Hundred  i  Tun. 


20  Grains        i  Scruple. 

a  Scnq^__i  Dram. 

8  Dtams        i  Ounca 
12  Ounca       X  Pound. 

Marked  dsus. 
12    S     3     20 
ft  :  S  :  5  :  a  :  gr. 

In  keeping  Accounts,  dns  Wei^  is  fbb- 
divided  int&  two  Kind%  catted  jivndifeifi 
migb$y  the  GresPery  and  ske  LeH^- 

Tlie  Oeater  comptAcads  ttai^  DeDomi- 
narioM,  Tua.    Hundred  We^t.   Quarter. 

ao      4     2S 

Pound.    Marked  thus^    T.    C    Q:-    *• 
But  the  laftj,^it.  C.  Qr.  Ifc.  are&mcicAt. 
The  leflfer   comprehe^is  ^efe>  Stone. 
Pound.  Ounce.  Vtisx.  Qtiarter.     Marked 

14    1^    i<     4 
tbus:    ft.    ft.    c^    dr.    qr. 
Obfirvey  hi  Scotland  die  Stone  is  common^  reckoned  i4  Pounds. 

TheOri^MM/of  aDWeighcs^mBa^^MM/wasa  C^r*  of  Wheat  tsdosn  out  of  the  Mkidle 
of  the  Ear;i  and  M9tU  drifed,*  of  which  ;a  made  onePenajr-wei^t)  inftead  of  whidb  ^ 
made  afterwards  anodier  Divifion of  thePenBy«w«ffi;ht  kitx>  2^urains.  Mr.  H^a^J  (u^  ^ 
Toimg  Mstbemati^ia9^f  Gmide^)  cites  a  Statute  of  E^MrrdlU.  by  which  there  ou^t  to  be 
no  Weight  ufed  but  9^^^.  Ait  Cuftom^  firys  he)  afterwards  pveviaded  in  giving  1^^ 
Weight  to  coanfe  and  drof]^  ConunoditidSi  and  thereby  intnMuccd  the  Weight  called 
Averdtfpoifey.  Ajo^  as  to  the  Proportkm  betwixt  7V0/  and  Averdufoifi  Weighty  ^  ^y^' 
Thtt  by  a  very  nice  Ejperimcnt  he  found  that  iPound  -^'vm&pog^  is  equal  to  14  Ounces, 
XX  Penny-* wei^t^  xy  aid  i  Grains  7)^oy.  So  that  neither  the  Ounce  nor  Pound  are 
die  fame.  '        '     .  •' 

By  IVcj  Weight  are  weighed  j^visby  Gotdy  fihtfy  and  Breifd. 

By  A'vefdMfoife  Weight  are  wew;hcd  ill  Grufety  Wvasa.      \  , 

TTie  Apothecar/sPound  isTroj  Weight:  but  inftead  of  fubdividii^  dieOunce  ioCO  ^• 
4iey  diviqe  it  into  Dramsand  Scruples. 

Shefiis  IVod  Jfiifbt  ha»  tfaefe  Denominati<ins  j    ^  Poundsps  i  Cfcve :   a  ^^^^ 
Scone;  2  StooesBBi^Tod:  df  Todss=;i  Wej:  iWeyscsxIack:  wSackssssiLait- 


I 
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LlQ^UID  MlASt/ltX^ 


2  KJlderldxis 
ivBarreb 


.ifilr  iNMf  Beer  iitedjurel 

%  Pirns  I  Quart.     ^  Apirldrt 

tOyarts  i  G^(hi.     |  of  Soap 

GalloosAle  >        Vw^n       l^'odHer^ 
9  GalloasBeer  >  Srii^are 

%  Firkins  i  Kilderkin,  f  the  fame 

I  Barrel.       |  withthac 
I  Hogfliead.J  of  Ale. 

Mr.  IPkrdizjh  This  tKftbaibn  of  die  Ale 
and  Beer  Meauiresare  now  uied  only  inL^*^ 
don\  but  in  all  otlier  Places  of  Bi^lamd it  i^ 
by  a  Statute  of  Exciie  made  in  the  Year  i6%^ 
without  diitindUon  8 1  Gallons  to  l  firkfn. 
And  this  Meafure  may  be  reduced  to  thefe 
Denominations,  o/^it. 

48      ♦      a 
fid  :  gaU  :  qt  :  pt.  fbrAIe. 

hd  :  gaU  :.  qt  :  pt.  for  Beer. 
dr,  llCCOxditig  to  the  kft  Account  for  both, 

yi      4      a 
hd  :  gall  :  qt  :  pt. 

There  is  dfi>  aiio^er  way  of  keeping  Accbonts,  efpecially  in  ihe  Affiursof  ^Kin>Hmei 
as  die  Excifij  wfaeie  they  make  the  loWeft  Denomtiiadon  a  Cubicd  Inch,  (i.  0.  a  Mea* 
fiire  I  Inch  long,  I'Inch  bioad,  aiild  i  Iflch  deep:)  And  theft  of  Wsie  Mesifiire^  231 
Gubick  Inches  make  1  Gallon.  In  Ale  and  Beer  Meafuie,  s8l  Cubick  InchcSs  ihakd 
iGaUod^  add  you  inay  chufeas  many  of  thefuperiour  DenoifilnadonS  in  yoUr  Ac^cMnts 
ts  youpicafe. 

As  to  the  Ori^al  of  ligqid  Meafure,  itis  from  TVo;  Weight.  Thus;  8  ft  2>«r  Weight 
of  What  gatbertd  out  oftke  Middle  of  the  Ear,  and  wdl  drledj  is^  bf  tbe  oM  Stetites 
of  Hfw/  m.  &c.  ordafaed  to  be  a  Galkm  of  Wiiie  Mcafare^  neitfier  were  any  odirf 
Meafiires  allowed,  dK>'  Time  and  Cuftom  has  introduced  odiers.  Mr.  ffierd  metxtkMisaxi 
Experment  he  was  witnels  to  ztGutUball^  before  di^  Lord*Mayor  of  I^MulSniiuid others; 
wtiereby  it  was  fouhd  that  tne  old  Standard  Wine  Gallon  contained  issradly  224  Cubical 
Inches;  dio',  lays  he,  for  Ibveral  Reafons,  the  iiippofed  Content  of  231  Inches  was 

contmucQ* 

Oiprvey  lit  Stettgnd^  Ae  cciftuMc»,  DlenoininatkMs  of  Liquid  MeafkMf  tie  tftde: 
HoeOteid.  D^on.  Pitt.>  ftferctkia.  (%fi»  and  4  Gat«ti9*iMfltchkin^  4MHt€&khtf!k;x 
Pint;  A  Pfaics=:=;t6allM^  ^okt  i«GflA0iw=  i  H(%(head  The¥  aKt  ead  2  Motclddas, 
i  Chopid;  and  2  Pints  i  Qtta^.  "tlie  EH^UJb  Pint  is  a  very  Hide  tttgdt  di«  a  Scotch 
MutchKin.    Bdt  the  'Sjoi&mSc^Ptsieiy  fincte  the  Union  of  thetwo  Nations,  is  circulated 


tPme  MeMfure. 

A  Pints  i  Quart. 

4  Qtnrts  I  GaUdQ. 

42  Gaboos  X  Tierce; 

I  iTicrce  i  Mogflieadi 

ifHogQiead  '^i  Punduon. 

2Butt5<v  Pipes  I  Tuh. 

Which  may  for  Accounts  be  reduced  to 
diefe;  Tuti.  Hogfli^  GaUon.  C^urt. 
Pmt    Tlius  Marked: 

4     ^3      4     ft 
T  :  hd  :  ml  :  qt  :  pt. 

Or  itmaybefiifficipnr  toufe  hd  :  gu :  pt. 

^  Ohfirve  dfo.  That  all  Spirits,  Mead, 
Peny,  Cydcr,Vincgar,  Oil,  and  Honey  are 
mewiiea  ^  Wine.  Again,  18  GaUoiis 
tnake  i  Runlet;  and  31  i  Gallons  make 
a  Wine  or  Vinegar  Barrel. 


tt 


t 


R  V 


K. 


*  ^     11 


<•*    i 


v§ 


sOf  j4pflkta&Wi(f^ 


3oDkir 


Dry  Measure,  calUd 
alfo  Corn  Measu  re. 


a  Pints 
2  Quarts 
2>  Pottles 
2  Gallons 
4  Pecks 
y  Pecks     = 
4  Bufhels 
a  Coombs 

4  Charters 

5  Qjartcrs; 
a  Weys 

Calculation^  tb^t 
The  common 


Quart. 

Pottle.  . 

Gallon. 

Peck, 

Bufliel,  Com. 

Bufhel,  Water. 

Coomb. 

Quarter. 

Chalder. 

Tun  orWcy. 

Laft. 


For  Accounts,  diefe  Denominations  arc  fuflBicicnt; 
4       3        4      k; 

Ch  :  qr  :  bufli  :  pk  :  pt. 

I  have  taken  thj^s  Table  as  it  is  in  Wtngau  and 
others  J  hntJVard  fyjsy  ib  Quarters  =  i  Wey,  and 
12  Weys=  I  Laft  of  Corti. 

As  in  Liquid  Meafure,  fo  in  dry,  the  loweft  De- 
nomination ufed  in  the  Calcuhtions  of  the  Revenue 
is  a  Cubic  Inch)  whereof  2(J8  +  f  make  i  Gallon: 
For  the  Winchefter  Bufhel  with  a  plain  round  Bottom 
and  equally  wide  from  Top  to  Bottom,  is,  1 8  ^  In- 
ches wide,  and  i  Inches  deep}  whence  fpllows  by 
268  f  Cubical  Inches  make  i  Gallon. 

i6       4 
Denominations  of  Com  Meafure  in  Scotland^  are  Chaldron.  Boll.  Budid. 


4         4 
Peck.  Qyarter.    But  they,  are  different  Meafiires  from  the  EngUfi  of  the  fime  Name. 


ift. 
12  Inches         i 

3  Feet  i 

45  Inches         i 

2  Yards     s=sx 

5  j  Yards.        i 
40  Poles  I 

8  Furlongs      i 


Measjures  (^Length. 


Foot. 

Yard.  *      For  Accounts  ufe  thefe  Denp- 

Eln.  minationsj        » 

Fathpm.  8     220      3         12  . 

PoleorPerch.     Mile  :  fiirl  :  yd  ;  feet  :  Irjich. 

Furloi^. 

Mile. 


2d.' 

4Nails__iQuarter 
4  Qua' ~  I  Yard. 


Marked 
4 


yd 


4 
na. 


The  Original  of  Long  Meafures  is  from  a  Corp  of  Barley,  whereof  3  taken  out  of  the 
Middle  of  SieEar>  and  well  dried^  make;  1  Inch  -,  an4  therj^ore  i  Bajrley-Com  is  the  kaif 
Mea£ir^  but  not  ufed  in  AccQuncs. 


I  Minute. 
I  Hour. 

I  Day. 
I  Year. 


T  LM  E. 

6q  Seconds 
<$6  Minutes 

24  Hours  ss= 

3(55  Da.-)-5hpt"4-48  1| 
min.+57iec.    $ 

Becaufe  i  Day  is  not  ^oi  aliquot  Part  of 
a  Year^  therefore  dl  thefe  Denominations 
cannot  conveniently  be  mixed  in  Accounts. 
And  we  may   chufe  to  make   Days  the 
greateft  Denomination  in  Accounts  >  and 


then  any  Number  of  Days  may  be  again 
reduced  to  Yeai^  b^  dividiog  them  by 
3tf5  Davs,'5  Hqurs,4.8  Minutes,  57  Seconds, 
as  wiU  be.  afrerw^fos  uoght.  In  Aftrono- 
mkal  Qdculations  there  is  -a  neceffity  to  be 
thus  exa<% ;  But  for  comymon  Ufes  we 
may  negled  the  5  Hours,  48  Minutes,  kj 
Seconds,  and  make  365  Days = i  Year.  Or 
alfi)  calHng  away  i  Day  4- 5  Hours,  ^r.  we 
may  call  3(^4  DaysrsiVear:  And  make 
this  DivifioD  of  me  Year,  vm. 
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60  Seconds 
60  Minutes 
24  Hotirs 

7  Days 

4  Weeks,  or? 
28  Days  S 
1}  McMiths 


.    I  Minute. 

I  Hour. 

I  Day. 
=  1  Week. 

I  Month. 
I  Year. 


But  to  make  3^5-  Days  =  i  Year,  and  ufe 
no  Denomination  betwixt  Year  and  Day,  is 
the  better  way  in  Calculations  of  Intereft, 
where  it  occurs  mofti  as  youll  find  after- 
wards: yet  Months  and  Weeks  make  aconr 
venient  Divifion  of  Time. 


CySuPERFiciAL  or  Sqjj are  Measure. 


16  Sqiure  Qiaiters  ?       ^  ^^^  j^^^ 


of  an  Inch 
144  Square  Inches 

9  Square  Feet 
30 1  Square  Yards 
40  SquaiePdes 
4  Rods 


I 


I  Square  Foot. 
=  1  Square  Yard. 
I  Square  Pole. 
I  Rod  of  Land. 
I  Acre. 


Ohfervey  Square  Meafure  is  that  which 
is  as  long  as  broad;  and  therefore  as  4 
Quarters  make  i  Inch  in  Lei^th,  fo  a 
Surfece  I  Inch  long  and  i  Inch  broad  is 
divifible  into  16  Parts,  each  |  Inch  long 
and  broad ;  and  fo  of  die  reft.  The  Rea- 
fon  of  which  will  be  underftood  after 


vou  know  what  Multiplication  is, 
■  For  finall  Surfaces  the  Denominations  of  inch.  foot.  yd.  are  enough.  And  for  Land 
thefe  of  Acre.  Rod.  Pole.  Alfo  whea  we  lay  fo  many  fquare  Feet  or  Yards,  &c.  it 
were  the  &SBt  tfaiiig  to  Cxf  fo  many  Feet  or  Yards  long,  and  one  broad.  And  thus  aRod 
is  40  Pdcs  (or  200  Yards)  tong,  and  i  Pole  (or  5  i  Yards)  broad^  which  is  alfo  1210 
Yaids  loog^  and  i  broad. 

ScHOLitrM>  relating  to  the folltrwiieg  Applications.    . 

Thofe  wha  would  be  very  nice  and  fcrupulous  as  to  the  Method  and  Order  of  bringmn; 
in  the  following  AfpUcatims-^  would  firft  explain  all  the  four  fundamental  Operations  of 
Addithn^  SubtraStion^  Multifile  ationy  and  Divijiony  as  applied  to  fimple  Numbers,  before 
they  6y  a  word  rf  mixed  Numbers;  and  they  have  this  Reafon  for  it,  viz.  Becaufe  the 
Additkm  of  mixed  Nilmbjcrs  is  indeed  not  the  fitnple  Effed  of  Addition,  but  of  that  and 
DivifioD  too:  and  therrfore,  according  to  the  ftriaeft  Method,  ought  to  be  brought  as  a 
mixed  AppJication  of  both.  It  is  true,  that  according  to  the  Order  we  have  hitherto 
foUowed,  (the  general  Rule  of  Divifion  being  akeady  taught)  we  may  propofe  any  Rule 
wkb  a  Diviiioa  to  be  performed ;  for  this  cannot  be  called  the  propofing  to  one  the 
doing  of  a  thing  which  he  has  not  yet  learned:  yet  ftill  it  will  have  thus  much  of  Difirder 
in  itj  thai  we  mall  anticipate  fomething  that  does  more  immediately  and  properly  belong 
to  the  Api^icatkjn  of  Divifion.  But  diat  being  fimple,  and  the  Reaton  of  it  very  obvious, 
I  have  chofen  nidier  to  explain  the  Pradice  of  5/«rf/e  mA  MxedNumbers  one  immediately 
after  the  other,  in  each  of  the  four  Operations.  And  to  ferve  thofe  who  incline  to  learn 
the  Addition  of  Applicate  Numbers  before  diey  learn  Divifion  of  Abftraft  Numbers,  I 
teve  alfo  explain^  the  Method  necefl&ry  to  be  ufed  in  that  Cafe. 
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^.  2.  ADDITION  ^  Applicatb  Numbers. 

C  A  s  E  I.    To  add  Simple  Numbers  all  rf  cm  Vimminatkn. 

to  U  LE.  This  is  dofic  in  all  refoefts  as  AbfiraS  Numkerfy  thefe  being  flo  other  than 
AV  Numbers  afflicMhk  to  any  kind  rf  thing.  So  that  a  particular  Application  can  never 
alter  the  Rule  and  Realbn  of  Operation.  And  that  they  ougjit  to  be  all  of  one  Deno- 
inlnation,   is  alfo  plain.    But  fee  the  following  SchoUmns. 


Scholiums. 


L,  Sterling. 

7890 
5(J78 


18^81 


Sum 


I.  That  is  called  a  Prof&  AdStsmt^yAieTLi^ysm^ 
bers  are  ib  added  together  u  that  their  Sum  is  a 
new  Number  diftkiA  from  either  df  tfacm^  and 
that  Aff^tate  Numbirs  may  be  added  in  d)is  man* 
ner  toeedier^  theDiiigr/  of  each  dutareto  beadded 
muft  be  of  the  iame  Value  and  Denominodon,  or 
applied  to  the  fkme  Species  of  thir^,  elfe  the  Sum 
ran  have  no  particular  Denomination^  and  fo  be  of  no  iife  in  Pradice.  So  4  Men  and } 
Books  make  jthingsj  but  are  not  cither  7  Men  or  7  Books. 

Again,  Nutnbers  of  difierent  Deoomhiations  are  tiud  to  be  added  ^jiyryirfjr  wheaeacb 
Number  is  diftinfily  reprefented  by  itfelf  with  feme  Maik  or  Word  for  Additioa;  as  for 
Example,  3/.  znd±r,  orxL-^^t.  or  ooore  fimply  3/:  4/.  andfiiehAddidcmgoofifticut^ 
^ixea  Numbers,  But  fUli  it  is  to  be  minded,  tnat  afpUcate  J^umbers  cannot  be  added, 
even  improperly,  i.  e.  to  makeone  mixed  ftitmbery  unlefi  thnr  haw  certain  Rdadons  td 
one  another^  k>  th^t  a  cercsoD  Number  of  one  kind  is  equal  to  one  of  another.  And 
for  the  (ame  Reaibn  when  tber«  are  feveral  mixed  Numbers  to  be  added,  the  Numbers  of^ 
each  Species  muft  be  (eparatdy  and  diftindiy  added  tether,  as  in  the  fottowing  Cafe: 
Concerning  which,  carefully  Ooferve  the  followitffi  Article. 

•  2.  The  dum  of  ichi^eral  mxed  Numbers  may  be  found  and  earpreflfel  ftfter  xy$f6  very 
Tdiflferent  manners,  (i.)  We  mav  add  the  Numben  of  every  Species  by  itfi^  into  orid 
complete  Sum  y  add  exprefi  theie  feveral  Sums  diftindly  and  leparateiy.  Or,  (a.)  Re^ 
gardmg  the  mutual  Relations  of  the  feveral  Species,  the  total  Simi  auy  be  foand  and 
txpre&d  in  a  more  firaple  manner  i  fo  that  there  flidl  be  no  Number  iii  it  o(f  day  iofis* 
riour  Species  but  what  is  leis  than  an  Unit  of  the  next  above.  [The  Valtoe  ef  the  Sesat 
X)(  each  in&riour  Species  be^  exprefled  id  Numbers  of  the  nes^hig^rSpefdis,  gradadly 
to  the  highcft.]  .       . 

Now  the  Firfi  is  the  dnlv  Method  natural  and  proper  td  Addhieu ;  fiw  tW  Anfiv«rit 
Unds  is  the  pure  ££fe£l  or  AdStien  y  and  is  indeed  only  fo  many  diftinft  Queftions  of 
fimple  Numoers  added»  without  aay  dependence  or  f  egi^d  to  bne  another.    As  in  the 


iUinex^d  Hxampre. 

/. 


s. 


d 


Ift Method  911  :  4.8  :  ^8 
ad  Mediod  913 


II  :  02 


But  the  Anfwer  found  by  1^  (eoedd  Method,  (whicfi 
(hall  be  taught  immediately,)  is  the  moft  Simple  aiw  Ufe* 
ful  in3d{ineis;  becaufe  itexprefies  the  Whole  in  one  Spe- 
cies (and  that  the  higheft)  as  near  as  poflible  j  a^d  b 
malKs  the  Compariibn  of  different  Quantities^more  fimple 
and  eaiy:  yet  the  Operation  is  more  complex  ^  for  it  is 
the  mixed  EdeSt  dr  Addition  atid  DMfim,  I  have  in 
this  Example  exprdSed  the  Slim  both  ways.  How  the 
fecond  is  performed,  you  learn  in  the  following  HiriJr. 
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latilh  Ohfirvty  That  tfao'  tbe  Numbers  to  be  added  are  all  of  one  Denomination^ 
and  io  tax  belong  to  the  firfl  Cafe ;  yet  if  diey  are  of  fuch  kind  of  things  as  have  fupe- 
rior  Speciesy  the  AnTwer  may>  in  fome  Cafes,  be  found  and  exprefled  two  ways ;  dcher 
in  their  own  Species  b^  iimple  Addition,  as  inCafi  t.  or  regard  may  be  had  to  ttie  fiiperior 
species:  And  then,  if  their  Sum  taken  in  their  own  Species  is  greater  than  an  Unit  of 
the  Superiour,  the  total  Value  of  tlie  given  Numbers  may  be  expreffed  in  the  fuperiour 
Species,  as  far  as  it  reaches.  And  fo  it  will  be  either  a  dmple  Number  of  fome  oru£  fu« 
pcriour  Species,  or  a  mix^d  Number  of  feveral  Species,  (cne  Rule  for  the  performing  of 
which,  is  contain'd  in  that  of  the  next  Cafe.)  For  Exafnpky  feveral  Numbers  of  ^or 
Jb.  beW  piopo&d  to  be  added,  we  may  nnd  the  Sum  all  in  d,  oxfb.  or  in  /.  /.  d,  as  far 
as  tbe  V  Joe  wUl  reach.  So  if  we  take  ±e  Shillings  of  the  preceding  Examp,  for  the 
given  Numbers  of  a  Quefbon,  the  Anfwer  is  either  48 /.  or  %L  is,  which  you*U  find 
equal  to  it  by  the  Rule  given  in  the  following  Cafe. 

CaseH.    Ta  41-4/ MIX'D  NUMBERS. 

JUde  X.  In  every  Line  of  mixVl  Numbers  let  the  Species  be  diftindUy  feparated,  and  in 
cvder  CO  diis,  wxke  firft  down  die  Names  (or  Charadlens)  of  the  Species,  [the  higheft 
on  dbe  LefeiuMld,  and  the  reft  in  order  toward  the  VLiAiC]  and  then  write  every  Line  of 
lhsnA^fX$  in  oider  under  thde,  the  Number  of  each  Species  under  its  own  Name^  and 
in  evtiy  Speciea  obferve  duly  the  Order  of  places  of  each  Figure. 

2.  ficgWM^at:  tbe  k>weft  Denomination^  add  aU  the  Numbers  of  diat  ^Column  toge- 
liier  (a»  fifnideNmidDer&)  and  when  you  have  found  d)e  Sum,  you  muft  find  how  xnany 
Units  of  tbe  next  fuperiour  Denominadcm  ic^a  equal  to:  Thus,'  Divide  it  by  thatNumber 
of  AeSbedes  idde^  widch  is  eooal  to  an  Unit  of  die  next  six)ve^  what  remains  in  the 
Divi&oii  wike  dovm  undtir  die  Numbers  added,  aa  a  Part  of  the  total  Sum  which  be- 
lono  to  dttt  Spoaxah  and  dv^  Numb^  of  the  Qooee  take  and  add  to  the  Numbers  of 
dnenext  Spedea.  Bnt  if  the  Sum  ii  kfi  dian  an  Unit  of  the  neitt,  fet  down  what  it  i^, 
and  diere  doodling  to  be  carried  to  the  nexc  Go  thus  thro'  every  Denomination,  riil 
oa  oome  to  diekA  or  bigbeft,  and  wrke  down  the  total  Sum  of  that  as  it  is,  becaufe  it 
Las  idatkxi  to  no  bigfiery  and  all  tbefe  Numbers,  kx  down  under  every  Denomination^ 
make  dietotal  Sum. 


voa 

has 


AcMy.  of  Money. 

I.        /*.      d.    /.  Thttf  J  in  the  annexM  Example,  the  total  Sum  of  die  Far- 

I   ■'   I  Alogs  joichl  find  to  be  14;  then,  becaufe  4  Farthings  =  i 

1^:   IX  :  %  VttfBfi  I  (S^ide  14  by  4,  die  Quote  is  3,  and  z  remains, 

x6  ii  10  :  )  whicn  is  written  in  the  Sum  under  Farthings,  and  the  Quote 

e^  :  06  :  %  5  I  carry  to  the  Pcnccj^  and  the  Sum  is  6id.  which  I  di- 

»  :  09  :  o  vide  by  ra  (becaufe  f^d,=:tjb,y  the  Quote  is^  5,  and  8  re- 

ooi  :  II  '  3  mains,  wfaidi  is  Written  down  under  /  and  the  <  carried  to 

tS  :  q8  :  1  ^  ShS^gs,  whofe  Sum  is  909  which  I  divide  oy  20  (he- 

19  :  10  :  3  caufe  io^=ai/.)  theQuote  is  4,  and  10  remains,  which  is 

A      ■  ■  -  ' — -    \  written  mtierjb.  and  the  4  carried  to  the  Pounds,  whofeSum 

358P  :  iQ  :  Qg  :  a  ^  ^^^^^  tbMitig  tfac  total  Sum  35*32  /.  10/.  oid.  %f. 

The  Ueafgji  of  making  tbe  Drvifiofis  direfl^ed  (which  is  the  only  new  diiug  we  have  to 
accouflt  for>  is  plasily  this,  ^i,jz.  Becatrfe  4/=:  i  ^.  therefore  ascvtas  4  Farthing  is  Con- 
tained in  any  other  Number  of  Fardiings,.  fo  many  Pence  is  that  Numbei?  of  Pardiinga 
equal  to:  and  the  like  Rcafcning  is  good  in  all  other  Cafea. 

But  for  thofe  who  do  not  yet  underftaod  the  Rule  df  Divifion.  (and  eveni  tho'  they  doi 
Ae  foUowing  is  a  convenient  Mediod. 

a* 


5923 

%\% 

tt94 


/. 

*. 

J. 

+f  • 

14- 

:  (J 

6i   : 

18 

:  II- 

y^:- 

10- 

:  10- 

9+  : 

9 

:  8 

£89  : 

n 

:  II 

80  Addition  of  Applicate Numbers^    Bookxi 

To  add  MIX'D  NUMBERS  imtlmt  tht  Suit  rf  Diviftm. 

IRute.  Begin  at  the  loweft  Species,  and  add  the  Numbers  thereof  together  j  not  by 
fingle  Columns,  as  you  do  fimpfe  Numbers,  but  take  the  whole  Number  that  is  in  every 
Line  together,  and  add  them  to  one  another,  pointing  when  you  come  to  fuch  a  Sum  2$ 
is  ecjual  to,  or  greater  than  an  Unit  of  the  next  higher  Species,  (but  lefs  than  two  fuch 
Units)  and  carry  on  the  Excefi,  adding  it  to  the  next  Number  j  and  fo  thro'  ail  that 
Species ;  fetting  down  in  the  total  Sum  what  Excefi  there  happens  to  be  after  the  laft 
Point.  Then  for  every  Point  carry  1  to  the  next  Species,  and  go  thro'  all  the  Species  in 
the  &me  manner .j  but  the  bigheft  you  are  to  add  by  fingle  F^res,  as  fimple  Numbers. 

Bxavip. 

The  Operation  of  this  Example  is  dius :  B»innine  at  the 
Penceof  theloweft  Line,  Ifay8  +  io=si8,  wKchis  ia+6; 
therefore  I  make  a  Point  at:  the  10,  and  carry  forward  the  6\ 
thus  6-f  11=17,  which  is  12 -fy,  diis  makes  another  Point 
at  II,  and  5  to  carry  forward;  then  y-f.<J=  11,  wMch  be- 
ing ids  than  12,  I  write  it  down :  Then  for  the  twa  Points  I 
«rry  2  to  the  Shil^,-  thus,  2+9  (=11)  -f  10=21, 
— — — tor  which  I  make  a  Point  (for  die  20)  at  10,  and  carrv  for- 

wards the  »,ov«-2oi  Aus  i-f  18  (=19)  +14=35,  ^*>'  '^i'^h  I  mate2i*«l»St 
at  14,  and  dieRemamder  13  <over  20)  is  written  down:  than  for  thefe  ttro  Pokol 
carry  2  to  tte  Pounds,  .and  add  them  as  in  Cafi  i.  .  , 

Obferve,  We  need  not  poipt  the  Shillings,  but  take  this  eafy  Method,  w».  Add  thefiift 
^lumn  and  wnte  down  wha^s  over  io;s,  (as  fimple  Num4s)  thra^arryite  AeK 
^»^u  °  V??""  fecond  Column,  (or  Pkce  of  10^)  fum  it  up,  and  if  the&Si,  L  Jrai 
Shf'  f.  ^  I '^i^  the  half  of  the  Sum  «>  the^Poundsj  bat  if  ifs "^ 
Number  fet  down  the  odd  1,  and  carry  the  half  of  the  Remainder.  V"  '"  "*  *«**. 
The  Reafon  of  this  Praftice  is  plain,  for  two  lo's  make  20;  and  we  may  eafilv  fiiiv 
pofe  any  body,  the  leaft  acquainted  with  Addition,  can  take  the  bdf  of  aTwrn  nSIIK^ 

Another  Method. 

Some  propolc  to  make  Tables,  tlut  may  ferve  inftead  of  Divifidn:  whetebv  when 

the  Sum  of  any  Speaes  «  taken  by  itfelf  <as  fimple  Numbers)  you  mayrbffcSeS 

Snd  how  many  Umts  arc  to  be  carried  to  the  next  higher  Sp«,i« :  Tl^MedKfwhf^h 

will  be  very  otvious,  by  confiderlng  the  foUowingXn^S  MoncjT wStS  £ 

fimpfe  Addioon. ,  Thus  j  Beginmng  at  4.  /  xvrite 

agauift  It  I A  then  4+4= 8,  aSagainfl:  itwritfi 
2i  ^en  8  +  4=ia,  and  fo  on,  ftiD  addii»  the 
laft  Sum  to  the  firft  Number.  The  fame  w^ay  pro- 
«<«^hi  all,  oth«a:  Species.  And  for  the  L^igtb  <5f 
tillable,  you  carry  it  on  as  far  as  you  jSeafe; 
which,  for  long  Pj^  or  Cohimns  of  Numbers 
may  require  40  Lines  {  But  if  ypu'U  fub^ivide  die. 
Column  into  Parcels  of  about  12  or  20  Numbers, 
takmg  their  Smns  feparately,  and  adding  them  to- 
gether, then  a  Table  carried  fo  fer  wiS  be  fiiffi* 
cient. 


Table  for  the  Addition  of  Money  I 
f.       d.    d      fb.    Jb.       L 


4—  I 
8=  2 

12=  I 

20 —  1 

24=  2 

40=  2 

12=  3 

3d=  3 

00=  3 

ios=  4 

48=  4 

80=  4 

20  a=  5 

60=  5 

lop—  5 

14=  6 

2*^  7 

72=  6 

120=  6 

84=  7 

140=  7 

32=  8 

9(J=  8 

i<^o=  8 

3<{_.  9 

1085=;.  9 

180=  9 

40  =  10 

• 

I20e=I0  200=10 

It 


The 


Chap.  7' 


Adjutioh  of  A^icaie  Numbers, 


Bi, 


The  Ufi  of  diis  TtUe  (and  all  others  of  the  fame  kind)  is  obvious;  foty  having  fiim- 
med  any  Spedes^  feek  that  Number  in  this  Tat^Jo  (in  its  proper  Column^  if  it  dpes  not 
exceed  die  ereateft  Number  in  die*  Table)  and  if  that  preciie  Number  is  not  there,  take 
die  next  letter,  and  againft  it  you  have  me  Number  of  the  next  fiiperiour  Species  con^ 
tajned  ia  diegSum:  much  Number  you  are  to  carry  to  the  next  fuperiotur,  and  take  the 
Differc&ce  betwixt  die  Sum  and  tmt  Number  next  lel^b  which  you  are  to  write  down 
under  the  Numbers  added.  I  (hall  leave  you  to  examme  the  preceding  Examples  by  this 
Table,  or  make  otheisi  far  your  Exercife.  .        ..    ;      ; 

Ohfirve,  Thofe  who  propofe  £ich  Tables  do  it  to  pre[veat  bk>ttin0  of  Accounts  b^ 
poinon^;  for  tbey  defim  iben^  for  ti^  more  Ignprant^  who  can't  do  Divifion.  But  as  I 
nave  find  enoug)^  alreafqy  fio  die  0(>jediQn  aga^oft  poio^ing,  I  (hiH  only  obferve,  that  any. 
Accounts  fiich  Peiibtis  can  be  intrufted  with,  can't  require  Co  sreat  Nicety  as  to  make 
pointiag  a  Fault*  r  And  I  dunk  'tis  plaii^  diere  is  Ids  Trouble  wim  it  in  the  Pra&icei  and 
is  even  more  convenient  than  to  do  the  Woik  by  Diviiion  (when  coe  can  do  it  fo)  be- 
caufe  noorefimple. ..  .  j 


EXAMPLES  fir  the  Exercife  of  ADptTlOK  m  Mix'l>  Ncmbehs. 


/. 


346 

4^80 

0320 

25681 

64 


4f2i5> 


Mbn^, 


10 
s. 


12 


09  : 

10  : 
00  : 
18  : 
12  : 


17  :  o?. 


}■ 


08  : 

3 

10  : 

.» 

II  : 

'2 

06  : 

3 

04  : 

0 

00  : 

2 

II  : 

I 

3V»/  ffftisht. 


ft. 


4768 
434? 

702 

id 

6j 


11 

5- 


20 
dv). 


24 


II 
10 
08 
06 

04 
II 


18 

If 
10 

12 


d8  : 


o 
13 


20 

10 
06 
09 
22 


I2?97  :  01  :  19  :  12 


Averdifp9ifi  Wsigbt^ 
the  Greater. 
4     28 
C/.     ^.    lb.  . 


■**« 


448 


3 

2 


^7 
10 


5^9}  :  o  :  10 
^78  :.2  :  18 


97<f 

789 


3 

I 

2 


4558. 


19 


12 


Wm9  Mamfmre^ 

4    d^    4    2 
Ton.  hi.  gal.  f /.  ft. 


43«: 

■  '  , — r-r— 
■3  :  62; :  4  :  I 

67%  . 

:  2  :  60  :'3  :  0 

5*^9  : 

I  :  48  :  I  :  I 

456: 
789: 

.  0. :  29  :  3  :  i 

I  :  36  :  2  :  0 

087; 

;  2  :  54  :  I  :  ,1, 

672  ' 

;  3  :  46  :•  3  r  I 

4591  : 

I  :  24  :  I  :  I 

H&e. 


8 

fwrl. 


Meafkre. 


^-fmm^ 


** 


Xi. 


34^7.: 
45^7: 

|«78: 
7M7,: 

5.<J789  •• 
I4608 


5 

I 

4 

3 

2 


•inn^^i.^ 


ai9  w» 
184  :  I 

062  :  2 

009  :.o 
084  :  2 
147  :  I 


12 

in. 


209871  :  o  ;    80  :  o  :  o^ 


10 

II 

08 

09 

n 

10 

06 


J  I 


la  rhtt  T,xa»ple  of  Long  Meafure^  becaufe  220  Yards=  i  Furbng,  dierefore  in  adding 
up  die  Yards,  the  eafieft  way  is  to  add  up  the  Column  of  Units,  wridng  down  wfaa^ 
over  10'$,  and  carrying  the  Number  of  lo's  to  the  other  two  ColumnsTium  diem  bodi 
^J^Setber,  pointing  at  every  22,  or  dividing  the  Sum  by  22. 


M 


General 


9i  A^ffD  I T I  o  N  ^  i^^ieati  Num^s.     3Qak  i. 


A  good  Ariitmtfiidn  mviA  be  capftble  ^  fetae^mlg  more  than  bariety  to  peiform  dny 
Operations  with  ^ven  Kumbers,  wheii  the  Queftion  ia  (knply  prdpdfed  to  Adki^  Sub- 
trad,  &t.  f.  t.  when  he  knows  what  Opetadotk  is  to  be  t^hed,  oyna  to  What  NuAbm. 
For,  the  great  Art  of  Application  lies  in  the  Solution  of  meh  Q^ftibns  ^,  tx^  <ffifti6gui(li 
ibtiii  from  the  Other,  I  caB  iHTirV  <k  mfiMfNmtUte  ^e^ttii^  /r^!  ^Mhereln  M  <)pera- 
Aon  is  ]!iamd,  but  we  are  teft  to  finct  the  i^rot^llV^oilt;  bma  lite'  iffitiiire  litfcK&cum- 
fiances  of  the  Queftion.  Nbw,  for  i^  #iere  ^re  hot  ^  i^'^ftdas^t'itiA  gi§Aeral  RoJes : 
it  depends  upon  Ae  gdod  SMife  ^A  Jtldgfrient  c^  Ae  Afi&iMitician,  whereby  he  cm 
diftin69y  «ia  perfeAIf  c6mp^€iieiid  ibe  Nature  tod  OrcutiiAaikes  of  a  Oueftlon.  It 
fuppofes  him  to  tindarlteid  the  Nalfi#e  df  {he  Subjedi  abGiut  whiifb  the  Qa^ioft  h\  and 
laMy,  to  underftand  perfedly  well  the  true  general  Import  and  Efii^  of  tte  fciver^ 
fimple  Operations  of  Arithmetick.  By  which  means  he  may  know  when  the  Reafon  of 
the  Queftioft  reqoixQS  fudb  afi  Operation. 

The  more  fimple  the  Circumlbances  of  a  Queftion  are,  it  will  ,be  the  more  eafy  ^  and 
where  thert  i^  but  doei^ieration  to.tie  applied^  it  will  be  alwaya  obvious :  But,  where  a 
Variety  of  Girctufiftances  occur,  and  (everal  Operations  become  diereby  neceflary,  the 
Difficulty  ilicrealb ;  which  Experience  osiy  can  make  ea^.  And  dierefore,  as  a  proper 
Introduoioii  to  .^t  Etperience^  I  fhall  dye  you^  after  each  of  d»e  Rules,,  fome  pradical 
Queftions,  ^irafe  S^udons  be^  confideredy  may  help  to-  jguide  die  ft»%ment  in  like 
Apdicatiohs.  '  ' 

The  Eflfea  of  AMihm  beii^  theDiTc&rery  6f  a  Number,  wHicb'  is  ^Woal  to  certain 
given  Nunabers^  tak«  all  t«^eflieri  ^heneVer  fee  Senfe  arid  Reafon  df  a  Xjjcftion  fhcws 
that  any  givto  Nutnbei^  muft  be  cdUeded^,  or  &at  the  Number  foi^ris  e^iul  in  Value 
to  feveraf  Nuciibers  given,  then  Ad^fition  s^  the  Kule^  as  fi  thelbUoWing^Exsctoples. 

M I x'd  1? r AC TXCj^t  Slj) tsrxo N s  far  AUhVtlQ ii.      . 


:m  ,  .  .  /   . 


gijp/?.  I.  -A  ^adi«r  was  i^  ¥et»- 4  Months  oM,  (reckening^ 13    2%. 

I  ^Months  to  one  Year,   and  28  Days  to  one  Month)  when  ye.    mo,    da, 

his  eUeft  Child  was  bote.  *  Bttwkt  the  ddeft  and  ftodnd  were  18  •  o^*^"^ 

XI  Months  10  Days,    fiecwixttfae  fecond  and  dbird  were  3  Ytars*  .*  ^  \  xo 


8  Months.    When  the  (bird. is   la  Years,  6  Months,  aoDays,  1  *  08  *  00 

how  old  is  the  Father  >  >"Aafiwr-^>¥ears,  4  Mondu^  x^Bvp;      -  A.  '  q6  -  lo 

For  that  all  diefe  N4itfibtt»  <k%^  tb  be  added  togfedier,  i^ina^  '  — ^ '- — - 

nifcft.                                   ^^'                                             ■     .  35  •  04  '  o^_ 

3g9fi.  a.  I  boudit  a  Pai'del  6f  Gobd^  whereof  4e  iSrfl:  Coll  /.       s.     d. 

was  40/.  10^  paSdlbr. packing  01^  13^.  forCarri^  iL6s.  %d.  •  ■'         - 

and  fpent  about  the  Baigain  making,  ij{s.  6  J.  \mtdo-thefe  '  .   .  4o  :  10  :  00 

Good&ibndmeiiuaU  -MEfibTiT/.-JX  2J,      .._: -..l."  ~  !  J|  I  S 

— --  00  :  15  :  06 


'      ji 


•»» 


r,,     «....-     ,  ,  %     •    -         ".         ^  .     ^  -      .    ,.       . 


ggefi.. 


.    '»  - 


§gtjt.  5.  Thete  is  owing  me  bv.dw  ioUowiag  Debtors,  viz.  f.      i.     J. 

A.ofmctol.  \%t.  Srowet  looA  Cowe^flS/*  lo*.  i.d.  D.cmea  ao  •  ic  ;-  00 

«2/.  ;8x.  4^.    What  is  .the  Mount  of  th*  wixAs?    Anfw^,  100  ;  00  :  00 

ate  :  04  :  00 


*^« 


§«f/?.4.  The  Dfiftance  betwkt  two  Places  is  lucB;  that  if  |  m.   furl    yd, 

Mte  au  f  Furlongs  U  taken  fiom  ft,  .wnat  remains  is  pqual  to  ' 

8  Mile%  4Turfoi^  a|i^  ic^  l^ardls.  /What  is  l^e  IHfhmcc  of 
thefe  two  jPlaces  ?    An^er,  12  MU^  i  Furl,  ax)^'  106  Yaitfe. 


05    :   QOQ 

04.  :  100 


12  :  01  :  100 

1.  \i     »m-  ^ 


.1 


«.  3.   SUBTRiACTIGN  0/  A^licate  Numberi^ 

Case  i.  To  fubtra(9:  ilmple  Numbers  of  one  Denomination. 
iUk.    This  is  <l(tee  as  AbfifFp(»  NMecr.         .       ^    ^ 

/.  Gallons. 

.      Slit*:    4^8  .     Sub*  .j^l^otf 

Sj^ib^     ni  :.    ,.  ft^.  94^2         

ESSnr^/.  Dig:  ¥2844  G4i7d^ 

•        J  .  1  . 

CAsfe  a.  To  febtraft  Misi'd  Ntmbm. 

lUJe  I .    Havfi^  Ket  die  SubtraAor  orderly  under  the  Subthil^^  with  a  due  regard  to 
the  Places  and^Spdcics^-a.  "Bepn  at  the  IdWeftrSp^es  of  the  Subtriftdr,  affd  take  .&e 
Numbcrof  tV^alfrom  ics.cc^^ndpitiotHe  Subtr?Wt^>.«^d.7mtp,4(3pTO tfeefl^ 
Do  die  fame  widi  aff  the  S^i^  and  yod'KaVe  the  Dirctebfce  fought. 

But:  if  .Ae  Number  qf  any  iafi^r^.  Svpci^  .in  .di^  Subtn^oi:,  is  gr^Mer  ^bm  its  Cor- 
refpottdent  in  the  Subtrahend,  then  to  i£is  addva  Number  equal  lo  an  Unit  ^  the  nsst 
Species  [fot  Exafff.  top.  add  20,  and  to  d,  add  12]  and  fubtraft  fit>m  vm  Sum ;  and 
then  to'Se  Number  of  the  ne>rt  Species  in  the  Subtrador  add  i,  (or  take  i  fiom  the 
Subtialjciid)  and  then  -  fubtrad :  And  when  you  come  to  Ae  h^ieft  Species,  do  as  in 
ftrq^k  I4ua4>erS)  h  e.  add  10  where  you  can  t  fiibcraA. 
.  . :  .,     .V  ; .   ••  J  -  : •  .|    ■»'  '    •  r  .     :.,,-. 

.  t.   Jb.    d  /.  A    ^  4.  .   .     - 

Sub<*.  72  :  18  :  10  48  :  14  :  6  - 

"  *    gub^  29  :  10  :  04  atf  :  17  :  lo 

Diff.  4^  :  08  :  06  ai  :  id  :  08 


Tbc  {ifS  'Mxamfk  is  fiooi^  'abd  es^.  -  JTor  dMPlbc^dd,  I  d^  4i  iJMIf,  ii^  (fa. 
from  6  cannot,  but  frotn  ia-f><(  ^i8,  9nd4<  MAiaii^  to  be  fet  ^d^wn^ in  tke'^f    l^^ii 
I  +^7 i»^0  ==  18,  which  from  14  cannot,  but  itom  20-|-*  14  (=  34)  and  id  remains, 
tp  beict-dawn  in^i.    TheA  i+d  (in  /.)  is  7,  which  taken  from  8,  i  remains:    Then  2 
nom  4,  and  2  remains.   So  the  total  Diference  is  21  /.  idx.  %d. 
J^*^  of  this  Vt^  »  fi#9cnf^  Plato  f^«?,  dltia??  ^«f9?^uHfo^thc 


/r  . 


^4  S  tj  fi  T  k  A  c  T  ION  of  A^licate  Numbirl      Book  i i 

Scholiums  ■       • 

1.  What  was  obferved  in  Addition,  is  true  here  alio,  i;it.  That  Number  ought  to  bcfet 
down  in  any  inferiour  Species,  but  what's  le(s  than  an  Unit  of  the  nertj  odierwife  the 
Species  are  confounded :  Yet  ftili  it's  arbitrary  to  make  any  Species  the  h^heft^  and  then 
iii  it  we  writedown  any  Number. 

2.  Obfervey  That  this  ^k  fuppofes  we  can  readily  (or  In  our  Mind)  difcover  the  Difie- 
f  ence  betwixt^any  Number  of  any  Species  Ids  than  an  Unit  of  the  next  higher,  and  any 
other  Number  greater,  bi)t  lels  aUb  than  (ucb  an  Unit ;  or  b«twixt  anv  fuch  Number  and 
a  lefler  increafed  by  a  Number  equal  to  ilich  an  Unit.  And  to  do  tais  readily,  requires 
a  little  PnuSbice;  but  then  the  Operation  for  each  Species  may  be  performed  ^parately, 
Figure  by  Figure,  which  will  remove  this  Suppofition ;  yet  it  will  be  more  tedious  Work  i 
and  we  muft  by  Practice  acouire  the  Capacity  which  the'  Rule  fuppofes.  And  to  make 
it  fomewhat  eaher,  take  this  Mediod :  Wnen  the  Subtrahend  Figure  is  leaft,  take  the  Sub- 
traftor  Figure  out  of  the  Number  to  be  added,  and  the  Remainder  add  tcX  the  Subtra- 
hend Fimre^  the  Sum  is  theNumbo:  tobe  fi^  dowil  iii  tUel^fSbrehcei  'Asin£Vtf»r/-2. 
above,  Tfay  lod.  &om  6  can%  but  fiom  12,  and  ;t  remains}  which  added  to^^.mal^  & 
to  be  iet  dowQ. 

Other  Ejxamfles  in  Subtra&ion.' 


noj  Weight.  1¥ine  Meafare.  Lang  Meafire^: 

12  ao     24  \      31  4    2  4'      4 


342  :  08  :  10  :  6d  24  :  42  :  2  :  i  18     :     2     :     o 

84  :  o^  :  15  :  20  1^  :  ^6  :  ^  :  o  9.    '     3     :      i  - 

258  :  04  :  14  :  16  8  :  4.8  :  3  :  i    \  8     :     2     :     3 

'     .  '  ■  '  .  .  .  ' 

Mix'd  pRAcricAX  Questions  /«v  SUBTRACTION. 

I.         /.       «• 


9iufi.  1.  Having  bonowed  20/:  ixt.  4.^.  and  raid  thproof  8 /. 
iStiS.  What's  yet  due?'  Anfwer,  n'^  i«'-  i*  '\  ' 


*.  f'. 


-f      • 


S^P*  2.  Having  bought  2  hund.  Weig^,  and  3  qr.  of  Sugar ; 
andibid  thereof  igund.  2  qjr.  and  14  it.  what  is  yet  uniold? 
Anfwer>  X  C.  14^.  ' 


14 


Ss^Jf.  3^  A  Father  was  24Tcan,  9  Months,  loDays  dd'^hen' 
Us'^ieft  Son  waft  bom^  add  »  MW  56  Yeatif  3iNu)nth^  and 
and  :t2Day«.    How  eld  istheSw^?    AaTwor^  3i,>t..  7m*  la.^. 

*  ■ 


*-  ♦- 1 


'I  .i 


^(•/?.  4.  What  is  that  Sum  of  Moneyi  which  being  added  to  50  ;  60  :  00 

i6T6sj,  id.  wiU  make  50/?    Anfwer^  13  A  ^S'-  4^  36  :  o<?  :^ 

"  13  :  13  •  Q4 


Chap.  7 


of^h 


8S 


The  fbllowmg  two  Queftions  are  mixed  in  AdJiPm  and  StthtraShn. 


d. 


Queft.  c.  HaviDg  borrowed  loo/.  and  paid  at  one 
tiiTC"2o/:  t3x:4^«tanothertime3?/:<^  :2^.  How 
much  i5  yet  due?  Anpm.  46/  :  6i. 


Borr**    100  :  00  :  00. 

20  :  13':  04. 

7,%  :  00  :  02 


Paid      53  •  1^9  :  o(^ 
46  :  00  :  06 


«j»jf.  A  There  are  a  Odo of  Sugar  i  the  W«gteof 

The  WeiAt  of  one  empty  Cask  b  25  »-.of  *f  ^X? 
l^-.-jT  Whatis theWaight  of  Sugar  m both<^sks  ? 

Amfia.  2.C :  14*. 


C  :  ff 

:  &. 

JL  :  2 

I  :  0 

:  00 
:  18 

Full  Casks 

2:2: 

,  18 

Empty  evades 

0:0: 
0:1: 

0  :  2 

as 

:  0^ 

2  :  0 

:  14. 

^4.  MuLTiPLicATiOKefAppLicATE  Numbers. 

INTRODUCTION. 

TN  order  to  kno.  what  Variety  *- ^^JJ-ffi^ofy^^^tS^ -^^^ 
.1  firft  confider,  What  is  a  &«^  ^^r^'^'SX^SS  CircufflLices,  or  in  no  other 
is  plain.  That  the  is  a  Queftion  piopofed  with  °^^'*' ^S^TfaUrwinthat  the  given 
FoU  but  barely  To  m^ipfy  one  Number  by  anot^  ^^J^^JiiSe^DefinitiD^  of 
l^umbm  muft  be  fiicb  as  are  agteabk  to  *rj?^'5_^S  the  one  Number  as 
Sat  C^*ii»  i  which  being  no  other  Aan  ^« 'W§i°i^e  Multiplier  muil  aV- 
•oft  asX  other  expreflw,  or  coneuns  Vmtn  tt  fj^^.  o^^ttaJ^Muldplicand 

^be  an abftiaa  Number,  expreffiM  W^^JSo„  rfTi^c^ 
is  i  be  taken.   Therefore  the  W^le  \r^enrfnJ^?U«Oono^^j^^^ 

oriy  two  diflEcrent  Oifes.  ...       t.-..L 

H« 
AppI 

Nw,'b6eMfefomehaxe  tRougia  nt  w^^t^— e;;;":,^^^^^^^  for  foWing. them, 

true  Senfe  and  Meaning  ^fthem,  and  P^^'JiJf^ifSsenfe  of  the  .Queftion  isonce 

S^^^'^'^^Tt^'^^^^^^^^'^^  i«  proper  pl^  y<«. 
find  theRules  for  folvinR tbcm.  a^hv  1/    1  ihotdd ask  tbe  Propofcr, 

Supnofe  then,  Aat  ^  mjd  t^mdn^^^  But  ftat^t ydje 

Whatlbe  means  by  multipMngS  /?  Kte  "T  ^^  ^  ^^ple  and  proper  Defimtran  of 
repeating  8/.  a  certain  number  of  tunes,  (*«'  °!^^,^  bave  AxepefXiei}  And  if 
^^«/»».)   Then  I  ask  him,  How  many  ^nc»  he  wowa  nave  m^  ^ 


^6      MnLrifhicUiriov£f./^lk(ffeJ^^ 

he  ahfwers  3  /.  I  hope  the  Abfurdity  is  manifeft.  He  may  indeed  fay^  that  he  means  to 
haveictakcQ  asoft  as;/,  comaias  x/.  But  dbim  diedired^mple  Anfwer  coxny  Quefiion 
is  5  times,  and  not  3  /.  And  fo  the  Denomination  of  /.  applied  to  3,  does  not  belong 
to  It  as  a  Multiplier,  and  is  only  a  certain  circutnftantial  way  of  fignifying  bow  oft  the 
JMultiplksnd  is  to  be  Repeated :  which  is  going  round  about  to  no  piirpoie,  when  your 
Meaning  can  be  expreflea  more  Gm'pbfy  Sxr  yaa  fie  it  te^  ftill  end  inchijs,  that  d^ 
Multiplier  is  an  abitrad):  Number  expreffiog  only  how  oft  the  ocher  Number  i£  to  be 
repeam. 

j^gain  ebfervej  That  the  Authors  of  fiich  Oi^^ons  give  us  this  for  a  Princ^Ie,  That 
-die  two  Terms  muft  be  both  app4icate  to  one  kind  of  thing,  as  Mtrntfy  Wtigbty  Cft^fmi-^ 
fo  that  they  would  very  readily  pronounce  this  Queftion,  Nonfenfe^  *ui%.  To  multiply 
8  A  by  3  Days.  But  here  their  confufed  Notion  of  this  matter  will  appear  yet  dearer  j 
for  diLs  Pio{x!kfition  is  every  whit  as  reafonable  as  the  other:  Becaule  it  3  A  cannot  be  a 
diredl;  and  reafonable  Anfwer  to  .that  Queftion,  H^kv  ^flr  ?  till  you  explain  it  by  (aymg)  as 
ofc  as  3  /.  contains  i  /.  it  is  plain,  thatt^  ^  fame  MetfaQd9  I  ninr  pn^xjfe  op  ^uraply 
8/,  by  3  Di^s;  meaaiog  to  take  8/.  as  oft  as  3  Dayscomaut  1  Day,*  wixk^  ps^qpualty 
good  Serae  as  the  other. 

But  further :  Since  an  Explication  is  nec^Iary  ^  and  fonethiflg  muft  1t>e  laiclerihxxl 
which  is  not  direifily  exprefled  in  propoling  to  multiply  8  /.  by  xL  it  jmay  as  Vf^  .figEufr 
the  taking  of  8/.  60  times,  p.  e.  as  oft  as  3/.  contains  \Jb,  which  is  d^odmes^]  for  fo 
I  may  explain  it.  Again^  to  multiply  8/.  by  %jb.  fignifies,  according  to  their  meaning) 
taking  ^  Tarts  of  8/.  (becaufe  iJo=^  ofz  /.)  which  is  not  purdy  1  Qyeflion  of 
JMulttflicationy  but  of  that  and  Divifim  too.  But  vAxy  may  it  not  as  well  umify  the  taking 
% L  3times (/. $.  as  eftas ^ $i.  contains  ifi)  or^6  uxoes^ (i./.  .as  pft  as 3/9. ^contains i d) 
All  thde  meanings  are  equally  reafonable;  fince  thefimplepropofingto  mmtiply  8/;  by  ifi- 
limits  it  to  none  of  them :  for  it  h^no  meaning  till  it  be  exp&ed;  or,  it  has  any  one 
pf  thefe  meanings  indifierently.  And  this  (hews  how  ambiguous  fuch  Prppofitions  are  9 
or  rather,  no  Proportions  at  alU  till  their  meaning  is  thus  aearedup  and  detenpined.  . 

But  now,  after  all  this,  you  are  to  know  that-  Queftions  may  occur  which  are  foIveiJ 
fey  MultifikathM'j  yet  die  mi»'dlCtrcuxnftanceS'6f  the  Queftionpe  fuch>  that  allthejgiv^i 
Numbers  tnay  be  particularly  applied;  whereby  the  Re^nablenels  of  fuch  Propdudons 
«s  I  have  here  cenibredf  may  foem  to  be  fairly  accounted  for.  To  which  1  anfwe^ 
That  in  all  fuch  Cafis,  before  we  Jmow  whai:^  is  to  be  done,  wie  are  obljgjed  to  reafont 
upon  die  Nature  and  Circuniftances  of  dae  Qiseftion,  iuid  by  that  means  we  dtfc0\^er, 
that  fome  one  given  Number,  of  .tbiop  is  to  be  taken  a^  on  (i.  e.  mtil tidied)  as  fome 
other  contains  an  Offs^  of  a  certain  peooooinadon,  .  But  then,  as  the  MultifUcatiim  im- 
ports only  the  taking  anumberof  tliic^  a  certain  number  of  times^  Co  in  the  Op^tioil, 
tlie  Muhi flier  (ignifies  ontv  h&v»  eft  the  other  is  taken,  (this^  heii^ig  the  pK)per:and  formal 
Notion dFa  Multif&er)  too' k  is  difoovered  by  the  Cifcum^ce  6f  a  Number  applied 
TO  fome  particular  thing  in  the  Qyeflion.  '   '^ 

A^in,  the  very  iame  Number  of  .things  in  diSerent  CJueftions  wiU  he  conlidered  in 


poAtidn  lefe  or  moce  coafodaUe^  tho'  the  two  Terms  are  applied  tp  ^i^fenf^tiiqgsv^cli 
.'  can  be  explained  «o  die  famenTCMiiflg  as  the  other,  and  occur  ^  often  in  theCircumftances 

*tjf  mixedQueftiQns.    '     * 

I  (hall  illuftrate  all  this  by  particular  Examples  immediately^  but  i^all  firft  ^lain  the 
Traffice  in  "lifmle  QoeflioDS :  wfaidbi  occcmlidg  Xo  tbP,PS^^ion  abdve-mentiaded) 
tonfjfcW'twiQifes.    ' 

i     •      •         •         ...         .  •         '  ■  :  .  .  .  1 


C  As  &  I.    To  muhipfy  0  Simple  ifuoibdr. 

RuL  E.    This  0  to  be  done  by  the  GenirMl  Rmle  far  AhfiraS  Numhers ;  and  die  Pro^ 
du&  is  an  Applicate  Number  of  the  fame  Denominadon  with  tfae  MfltipSeamt. 


Example  i.  Exa^k  2. 

746A  L.  tfii  YeaTSs. 

< -  --  ••  1 


Scholiums. 


I.  Since  ai^  one  of  two  Numbers  may  be  made  die  MnldpCer^  and  that  ir  ia 
fometimesntdre  convenient  to  thake  it  the  one  than  the  other,  tbo^tbu:  one  b^pens  to 
be  Ae  Api^k:^G  Number^.  (L,e.  the  Number  to.be  mukiplied)  ther&  ia  no  mattery  be^ 
caufe  it  is  Diit  fiippoling  the  Denomination  to  be  /hifted  ana  applied  to  the  other  Numbery 
and  thtii  the  £flfea  is  me  yoy.fame.  For  Example:  To  muldply  3/.  by  48,  I  apply  ) 
as  the  MuMptier,  as  if  it'were  48/.  by  3;  whereby  I  make  the  Mulcijplier  according  to  its 

f roper  Notion^  ABfllraS:^  which  gives  tbs  fione  Frodud  afnd  of  the  ume  Denomination: 
or  fince  48^  times  3=^  times  48 ,  if  the  Denominarioa  oi  the  Multiplicand  is  theiame> 
AePK^Iua  is  in  flJIreQjfeas  Ae  tome. 

U.  MbMpBcatwi  b^ng  in  e£feA  only  a  compendious  Addition  of  Numbers  equal. 
smong  tbemielyes,  or  the  Repetition  <3it  die  fiuEoe  Number,  die  Obfehrations  made  ^ 
ScboL2.  after  Cafii.  in  Addition^  are  ap[dlcable  here  alio:  vi%.  That  tibe  ProduA 
of  a  mixed  Number  msiy  be  fe^  and  exprbfifed  two  ways)  eitler^  i.  By  caldng  the 
Produ&  of  eadi  Number  by  itfelf  as  to  B^any  diflikid):  Q^eMofns  and  Applications  of 
Cafi  I.  Which  finake  a  eoaMed  A^fwer,  dio*  diei  Work  is  fmifrie  Mult^atioii.  Or,  3. 
Re^sdiog  the  R^lappd^  of  ilbeS{$ecie^  aod  exprcffing  it  in  the  b^eft  as  fkr  as  poffibie ; 
which  is  coofklenfig  it  preperiya^  a  miiBQcl  Nui&ber>  .\^bereby  we  make  a  mote  fonple 


and  MbAA  Aafwer,.tte'  the  jOpesacioir  ia  more  coidplex,'  for  it  requires  Dc^ilbn^  the 
fune  way  as  Addition  of  nidxed  Numbers.. 

UL  4g^;  When  the  Number  muldp&d  is  a  iimpicNcimber  of  fiich  things^  have 
a  fiipenour  Sjpecies,  the  Product  may  be  found  aUb  fimply  in  its  own  ^ecies;  or  may 
be  ezprelTed  in  (uperk>ur  Sj^ies,  as  far  as  it  reaches;  according  to  the  Method  of  the 
following  Rule  for  mixed  Numbers.  But  whereas  in  Addition  we  had  an  eaiy  way  to 
fupphr  the  Rule  of  Divifion  by  pointings  we  cannot  aM)ly  that  Method  here ;  and  therefore 
Diyffion  is  indifpenfible,  if  we  would  exprefs  the  Pfcxiua  iii  its  higheft  Species,  unlcis  we 
make  ufe  of  the  Tables  defcribed  already  for  Addition;  and  then  the  Examples  muft  be 
cither  vay  finall  Numbers*,  pr  the  Tables  exceeding  Jaqje.  But  there  is  yet  anodier  way 
of  cxpreffing  thi  Produft  of  mixed  Numbers  fimpfy  without  Divifion,  which  youTl  find 
in  the  next  Cafe.  In  the  mean  time^  before  we  piticeed  tor  that,  there  is  a  fpecial  Oafi 
of  mixed  Praftital  Queftipfts  preparatory  to  it,  which  are  Applications  of  the  firft  Cafiy 
comprehended  undte  this  Tide  j  viz. 

R  E  DUCTI O  N  fttm  a  Higher^*  a  Lower  ^rifx^i.  e, 

a  Num^pNcr^of  thir^  of  a  Lower  Species,  (Denomimttk)%  or  Value) 
Equivalent  to  a  Sfven  Number  of.  a  Higher  Sfecies.    For  which,  diis  is  the 
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Rule.  Multiphr  the  given  Number  by  that  Number  of  the  Species  to  which  you 
would  reduce  it,  which  tittkts  an  Umit  of  the  Species  reduced  ^  theProduft  is  the  Num- 
ber fought. 


Examp.  I. 
48  /. 
20 


I     Examp.  1. 
34  tt. 


^60  Jb. 
12 


1 1520  d, 
4 


12 

4oSd«. 
20 


8168  ito. 
14 


196032^. 


J5jf^)«.  I.  To  i-educe  48/.  to y&.  it  is  =^60  fb,  and 
this  again  to  </.  is  =11520^.  and  again  xofar.  is=: 
460^0  f.  According  to  the  Operation  in  the  Margin  i 
each  Step  being  in  tSc&  a  new  Queftion. 

Examp.  2.  To  reduce  34  »  Tray  Wd^t  j  it  is  = 
408  oz  c=  ii6idw  t=s  15^^032  p". 


46080/. 

'  The  Reafin  of  this  I^raffice  is  obvidUs:  for  if  i  l=26Jb.  then  48/.  1^=48  times 
*iofi.  or  20  times  48^.  which  is  the  fame  thing,  (the  like  Reafon  will  Be  tound  in 
other  Oafes.)  Therefore  yon  are  to  obferve,  Thattho"  the  Denomination  of /.  is  left  with 
the  given  Number  48,  as  jt  (lands  in  the  Oneratidn,  yet  it  is  p^formed  in  a  quite  difierent 
viewi  for  we  are  to  confider  it  not  as  the  Multiplication  of  48  /.  by  20,  the  funple  effea 
of  which  would  certainly  be,  960/.  But  fiom  the  Reafons  now  explained,  we  confide: 
it  as  the  Multiplication  of  ^.ifi.  by  20,  or  of  20/&.  by  48  j  which  is  =Q6oJb  And  So 
of  the  reflr.  Which  takes  away  the  feeming  Abfurdity  of  naming  the  Produdt  difierently 
from  the  Multiplicand.  ^ 

SCH6Lit7MS. 

I.  If  it  is  required  to  reduce  a  Number  to  sr  Species  which  is  not  immediately  the 
next  to  it,  as/,  to  d.  Wemay  eidier  do  it  by  Steps  thro*  all  the-lntermediate  Species,  as 
above  i  or  it  may  be  done  at  one  Mulrij^aoon,  if  we  know  how  many  U«/x  of 
that  Lower  makes  i  of  the  Higher.  For  Example;  To  reduce  t.  to  d,  we  multiply  by 
040  i  becauic  i  Issz^d.  And  for  this  purpofe,  it  is  ordinary  to  have  Tables  ot  Re- 
dudion,  OicwiMhow  many  Umts  of  any  Species  (of  common  Ufe  in  Bufitids)  make  i 
of  any  others  which  areeafily  made  by  the  preceding  Rulc^  from  the  known  Relations 
ijetwixt  each  Speaes  and  die  next,  which  you  have  in  the  Tables  of  Addition  One 
X)T  two  Tables  will  be  fuffident  here  to  explain  this  Mattery  and  you  may  make  die  like 
for  all  other  mixed  Numbers,  at  your  i^eafure. 

TABLES  rfREDVCT ION. 


I.  Money. 


/. 

'fi'd 

:    / 

I 

=  20=240: 

I-^    12: 

I 

=  960 
=  48 

ft  :  6% 


2.  Troy  Weight: 


n    "1 


d^ 


gr. 


I  =  i2==;i4o=57do 
1=:    20=  480 


1=       24. 


The  Ufe  of  thefe  Tabl^  is  plain;  for  under  every  Denomination  you  have  1,  and 
in  die  fame  Line  the  Number  to  which  this  i  is  equal  of  each  fnferiour  Speaes :  So, 
for  Example,  to  reduce  /.  to/  at  once,  the  MdripUer  is  ^6a.  - 

But  vouTl  fold  diat  it  will  generally  be  as  convenient  to  reduce  any  giveh  Number  co 
any  mfenour  Species  by  reducing  it  graduaUy  diro*  aU  the  Denominations,  rfpedaSy  for 

diis 
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dtt  Reifixii  tbtt  k  weie  impoOibleto  ranember  «n  dide  Tables>  iad  too  much  trouble 
to  turn  to  tfaemopaa  every  occafion;  whoeis  the  gradual  Rdanons  of  tfaefeveralSpecura 
axe  eafily  kept  m  mind.  And  kftly^  die  Redudioos  tbat  tnoft  frequently  bappen>  are  of 
mixed  Nombeis,  which  aeoeflarily  muft  be  done  graduatty ;  as  in  the  following  Ardde. 

n.  ff  a  iidxid  Hmmhr  is  prapofed  to  be  reduced  to  die  loweft  Species  expre(Ied  m 
it.  Tor  to  die  loweft  poffiUe ; J  bq;m  ^  the  hig)ieft>  and  reduce  it  to  dsenext  Species> 
adcm^  to  the  Piodua  the  ghren  Number  of  tbic  Sfctia.  Then  reduce  diis  Sum  to 
the  next  Svtdesy  and  fo  on  diro'  them  all,  tddnK  hi  ahms  die  given  Nfimber  of  every 

icriour  Species:   As  in  die  foUowii^  Examjdbi  whidi  needs,  I  dunk,  no  fordier 


I. 

lb  :  d 


7214  :  X7  :  09 
ao 


1/ 


zyadd 


H497A 
1% 

1735^4  '- 
9add 

^73973  ^- 
4 

,     a  add 
695S94/ 


Otfir^j  The  Numbers  of  the  inferionr  Species  may  be 
taken  into  the  Produd  of  their  Species  without  the  pains  of 
writii^  them  down  and  addiw  them,  by  adding  them  Figure 
by  Figure  to  the  likejplaces  of  the  Produd^  as  diev  arefound 
in  the  Muldplying.  Yqu'U  eafily  nnderftaod  the  Mediod  by 
citamtning  tbe  ^owuig  Examples.  I  ihall  only  fiirdier  6b- 
fove,  diat  it  is  beft  to  take  them  all  in  upon  die  Muldplica- 
€bn  wkh  dieUnitx  place  of  the  Muldplier,  in  cafe  v^ien  this 
has  two  Places,  you  do  the  Work  at  lenedi.  But  in  the  (oh. 
lowing  Esnmpfes  I  have  made  the  Produa  at  once. 


1>  >  ag  :  dm  :  grl 


a8  wm  ■  wx  .  :.>       ^'^'  IhthisE^Ti:  as  you 
4»  .  09 .  i<  :  ^3  may  reduce  Oicdw.  tttwo 

Stops,'  muldplyingfiift  by  6y 
and  ^en by  49  (l>ecauieoX4 
SS24)    you  muft  mind  dut 
JJTltf  dw:  the  zigr.  are  to  be  taken  in 

94  widi  &  laft  Multiplication. 


:itiio7  g^* 


Ex.  3.*  JiverdiffOffiJreigbts 
St :  fk  :  0z  :  dr  :  yj* 

2^61  iz  :  14;  oi  :  2 
16 


ioy^474  y> 


Thefe  Esam^  fliew  die  PraAice  fuffidendy ;  and  we  need  give  no  odier,  but  leave 
Exu^iii  of  odier  kinds  rf  Thio^  to  die  Student's  own  C3ioice  and  Essnctfe. 

YooH  oMsrve  here  alio  die  great  DifierenCe  betwixt  nuddplyiif  a  simp^i/Nmm^,  and 
itdocittr  it;  tiwr  this  is  performed  by  Multiplicadon :  For  mnldpfyit^  it,  is  a  Repeddm 
of  die  whole  lb  many  tunes,  or  finds  a  Number  whkh  containsevery  Part  of  the  given 
nuxedNiMaber  fo  tnam  timesi  but  reduck^  is  oolv  finding  aNumber  eqiul  to  thegivan 
miiBd  I^bmber  in  the  loweft  Denomination  j  in  wnich  every  part  of  it  is  diflFerendy  mul- 
tiplied, .and  the  hft  part  not  muldplied  at  all.  So  in  the  firft  Example,  724  /.  is  muldplied 
I720,  and  12,  and  4  continually,  that  is  by  9^0.  But  17/&.  is  only  muldplied  by  i^ 
•nd^or  aS*  and  9/  only  hjL  TheAnfwer  of  theQueftion  being  695  894./  Whereas 
the  Produd  of  724/ :  17  x  :  9  rf :  2/.  by  any  Number  would  be  equal  to  tnat  Number 
of  dmes  695894/  N  Case 


^ 


•  •  •  ■     . 

Rule.  Begin  at  the  loweft  Soecicg  oiF the  Midt^cmJy  )mi  baying  miUtiplied  that 
Number,  r^uee  the  Pioduft  to  the  next  Species^  i\  e.  findbyDivifion  £in  the  manner 
already  escpkined  in  Additim  cf  AUmed  NunA^riX  how  many  Units  of  the  next  fupaiour 
Species  it  »  equal  to>  aj}d  whtu^semaias  over^  let  wlukfiis  over  as  a  Paif  of  the  Amwerof 
the  Denomination  multiplied.  Then  wdtiply  the  given  Nun^ber  of  the,  next  iuperiour 
Species,  and  to  the  Prpdua:  add  that  Nmnber  to  which  the  Produft  of  the  precedii^ 
Species  was  reduced  j  and  reduce  this  Sum  to  the  next  fuperiour  Species  j  nurldng  the 
Remainder,  or  what  is  over,  as  a  Part  of  the  Anfwer  of  theSpec!ies  multiplied';  arid  gooa 
thus  thro'  all  the  Species  of  the  MultifUcand. 

Examp,  To  multiply  23^/  :  i^Jb  :  ^d,  by  16. 

In  the  annexed  Scheme  you  fee  the.  Method  of  the  Work  of  iMs  Rule^  rr^q^  t^?^  the 
Eflfeft  of  the  Redudion  of  the  feveral  Products  is  fet  down  withoat  the  Opcnition  by 
which  it  was  done^  thafe  being  fuppofed  txr  be  done  a-fUPt  by  themfy ves,  and  tttuisferrcd 
to  this  Scheme.  But  youli  find  another  wajr  immediately,  wherein  DiWfioil  h  ii^  aad 
the  whok  Operatkm  appears  in  one  Scheme)  wi^uMit  any  c(xifuik>n. 

I     :   Jb  :    d.  '  ' 

ajd  :   1+  :   OQ  Awoti^r  ^AhthodviitbaMtJSMRfim. 
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6zy6  :  964  :  a^  Prod,  of  eadi  ^ectes*        Reduce  die  Multiplicand  to  the  lo5^eft 

ig  .  ~^      =23j.V  Species,  as  has  been  abeady  tapgbt;  Aen 

•^                     J\ '     iu  CHilfiply  tto  Number  by  tiie  ffven  Mul- 

3ii =304+19/^-  tipUer,  and  theProdufts  thefrumbcrof 

19  •      3 =3*37*-  that  Species  equivalent  to  the  propofed 

5i^5  .  .  .  .  ■  .  .  .  =di3d-f-x9'-  Numl^r  of  times  the  Multiplicaofll.  - 
61^^  :  03  :  06  Total  Produft. 

Operation.            Exapfp.  To  multiply  48/  :  16 Jk  :  id.  \Kf  4a>  6  is  -eqad  to 
^:fi:J.    .  49"+o  ^- .  ^  «*  die  lylargin.    .     ^.        .-  ' 

48  :  16  :  8          rj^j^  Anfwer.is  Ae  only  .'proper' arai  naturaf  tfFeEt  of  Mulripli- 

^^  cation.    And  if  it  is  required  to  know  the  Value  of  it  in-b^bcrSpe- 

976  Jb.  cies,  this  is'properly  a  (Wftionof  Divifion,  to  be  perfortnedin  the 

la  «aanner  already  explained^  v^ch  is  tx>  divide  by  the  Number  or 

11720  d.  every  Species  which  makes  anUnir  of  the  next  abow^  '  Huf  I  fhall 

A2,  refer  ypu  to  Bfivifion  to  fee  the  befk  and  neateft  Medtod  of  or- 

■            J  .            dering.'the  Operation.    And  here  only  obferve  thefe  .ftwo  «iings- 


»^ 


I.  Thatwitb  kige  Mukiplky?,  ihis  laft  Miethod  (o/ia;.  of  roducM  to l^toimA  Specap^ 
by  MnhipKcaiiafi,  and  then  to  the  higher  jity  Dsv^ioik)  wiU  f^sneraUy  piove  4^oxe  con- 
^feaient  ^fethod  than  that  of  ^  firft  Rule.  But,  :i.  If  the  MiUdpli^  if  a  £i$;le  Dipt, 
m  any  PioduA  of  two  I>«i»y  die  Woik  pkaj,  in  moft  Oife%.  be -fs^ijy  jpeeSsfm^^^^' 
4ingtDthe&rftRiile^i»ichottCWJd^  A^ia^tbfifoUpwif^^bmWdei. 


•  <  «  » 

• 


I 

f 


> 


«.       t 


chap*  7^  MuL.TiFLicAa*ioN  ofAfxplicate  Numbers.        gi 

Hcrelfiiy,  5x7  =  21^  which  is  1/  over  2o>  or 

/    \  Jb  \  i.  £j^°^^  4* '  ^^i^i^  I  ^vdte  down  i,  and  carry  5. 

15jr.  X.      68  :  14.  :  09  :  3         Then  7^9=^<^?>  «*<i  f-  carried,  is  6%d^  which  is 

8  ovet  ({09.  or  5.  dtnes  J2:.fb.l  wriee  8^  and  carry 
5.  Then  7x14=398,  and  5  is  103 ^  for  which! 
write  3,  and  carry  ^,  (for  5;  times  20  is  100.)  Theft 
mult^ty  the  68  //  and  add  the  5  from  the  Siillings. 

for  ibe  ad  Examp^  I  refolve  Ae  Multiiriier  into  4 
Ex.  2,         37  :  3  :  18  by  28.     and  7.    Then  beginning  with  4;  I  fiy,  4X  18=72, 

which  is  2  times  28  (  =  56,)  and  .16  over  j.  or  re- 
folving  the  4,  I  fay  2  X  18  =-  -ifiy  whidi  is  28,  and  8 
over  y  confequendy  in  2  times  jd  ( =  72)  there  are  2 
times  28,  and  2  times  8,  or  16  over.  The  reft  is 
eafy.  Th^n^for  die  7,  I  confider.  that  7  being  the 
4'**  Pait  of  28,  and  4  the  4^**  Part  of  16;    therefore . 


/    : 

.      6%  : 

14.: 

d. 
09  :  5 

7 

483  : 

C 

37 

I4» 

£3_L 

:  jr: 
•  3  : 

:  »  : 

8  :  I 

J^  ■    • 
iSbyaS 

:  id 

7 

isia 

:  2 

:  00 

7Xitf,or  j<5 
7X2=:'i4».a2)d  4 


times  7,.is^qual  to  4  times  28;  fpr  which  I  write  oo>  and  carry  4.  'Then 
A^=xi^.»L4d  4  carried  is  18^  for  which  t  write  2  ff.  tpid  carry  4  C. 
£^  fiidi  means  as  theic^  one  may  by  Practice  eafily  perform  any  Queftions  of  this  kmd. 

SosoL..  As  to  the  Solution  of  other  mixed  Queftions,  there  is  no  other  general  Diredion 
can  be  dvea  whereby  to  know  when  Multiplication  is  to  be  applied^  but  only  diis>  viz. 
To  cot£der>  tbiit  |he  true  Efieft  of  Multiplication  being  the  repeating  of  any  Number» 
or  caking  ic  flr  cort^  number  of  times^  therefore  whenever  the  Sen(e  and  Reafon  of  a 
Queftion  rec|uires  that  any  given  Number  of  things  be  repeated,  or  that  a  Number  be 
found  equal  in  Value  to  a  certain  given  Number  of  things,  repeated  or  taken  as  oft  as 
fome  odier  given  Number  in  the  Queftion  contains  Unity;  then  Multiplication  is  the 
Work  required.    As  in  the  following  Examples. 

Mxed  PraSiicai  ^JHons  in  Mult^Hcatim. 

Spf.  I.  There  kjaeach  of  28£ig%  44/ :  ^6fi  :.8^:   How  much  is^  in  the  W^Ie? 
^xf/h;.  I2f  j/  :  6fi  :id.  .  ^ 

/  \  fif  \  d.       HeffetbeNaturdef  the  (^eftion  plainly  requires  that  44/* :  \6Jb  \%d^ 
44 :  16  :  8    be  multiplied  by  28,  .the  Number  of  ,3ags;  for  if  i  mg  contains  fo 

4    much,  28  Bags  muft  contain  28   times  fo  much,  which  imports  a 

179  :  o^  :  8    Muki|toit!On  by  28 ;  which  is  taken  abftradly  in  the  Operatk>n,  tho! 
'y    k  ii  ^lied  t»  A»  in  the  limed  PropofitkHi.    As  to  tne  Manner  q( 
— ■'  cA  '"k  '  '^®'™*  '  htvecrofeb  4atKl  7  a^  ^avrs^  becaufe  4X  7^=28. 

^«Jf.  2.  At  3  / :  tfjfr  :  4  </.  ^r  Yaid,  what  is  the  Value  of  4tSy  Yards  ?  The  Reafon 
of  rms  Qud^on  ihews,  that  3  / :  6jh  :  4^.  muft  be,  taken  4^5  times;  or  multiplied 
4^"^^ ■  For  the  Vahic  of  465  Yards  muft  be  465  times  as  much  as  the  Value  of  i  Yi 
And  to  do  the  Work,  I  reduce  3  / :  6Jb  :  4^/.  to  /  it  &  ssj^ d.  whidi  muftqpited 
4^5)  produces  370140^.  which  is  again  egwU  to  1542/  :^/b.  iff  Divifkn.  As  yoa 
'<ani  afterwards,  '  *         ^ 

/I 
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§^P'  V  There  are  7  GheOrof  Drawen^  in  each  of  which  are 
^_^__^  18  Dwwcrt,*  and  in  eacbof  tbeie  are  6  Diviftons  ,•  in  each  of  ^irioch 
98  :  o  :  o  there  is  id  / :  CJb  :  8iL  HowmuchMonejr  isin  the  Whole?  jiufio. 
18  12)48/ 

^1  It  is  plain  there  miift  be  a  Sum  of  Money  equal  to  the  cootinual 

ia}4a 


xt  u  pam  ojerc  nioii  dc  a  aum  or  ivjonei 

Pfodud  of  i</  :  £/&  :  8  /  by  6,  18,  and  7. 


Sgeft.4.  If  i/.  give  4/&.  oflnterefttnany  time^  Hoivr  much  will  34^/.  gi?eni the 
fiunetime?  ^jsyiv.  1381.7%=:  34^x4^^.  Here  the  t4i!i  is  applied  ft>/.  in  the  Propofitioiv 
but  is  an  zbSxzSt  Number  in  the  Operadon,  whioi  is  not  multi^iog  ^Jb.  by  34^/. 
but  by  the  abihaa  Number  34^. 

If  misQudSion  bepropoTed,  viz.  If  tjb.  vvSAi^Jb,  Intettft;  Hbw  mticliwifr4/ :  to  fib, 
yield  in  the  fame  time?  It  is  plain  it  mdt  be  \jb.  taken  as  oft  as  4/ 1 10  A  oootaics 
ijb.  viz.  ^  times,  (for  4/:  lojb^sz^olb,)  wmch  makes  %(k>Jbss^x^jk.  But  dais 
is  not  mumplyii^  ^Jb.  by  4/ :  107!^.  which  would  be  an  abfivd  PropoGdon. 

Again,  Suppole  the  Queftion  were^  If  i  /.  yidd  4A  what  wffl  4/ :  10  fb.  pdd?  The 
Anfwer  is  6jS.  equal  to  4^.  taken  as  oft  as  4/ :  10 Jb.  contains  x  L  wfaidi  is  one  and  a 
half.  But  tfais^  mi  all  otner  Qyeftions  where  Fradipns  comein,  are  not  fimrieQueftions 
of  Muldplicadon.  And  as  either  dF  thefe  Queftions  have  an  equal  rig^  to  be  caDed  the 
Multiplication  of  4/.  by  4/ :  10/.  it  (hews  us  tK>w  unreaiboaolb  (uch  Propofidons  are^ 
iinceit  is  the  mixed  Qrcumftances  of  the  Queftion  diat  determine  hem  the  Md^licadon 
is  to  be  made^  which  is  difierent  it  dt0a:ent  Qrcumftances. 

f.5^  DIVISION  IJ^WHOI.Eil»/^ApPLICATB   N^UMBERS; 

I  Vi  T  n  O  D  V  C  T I  O  N. 

BEfore  we  enter  upon  this  Application,  we  muft  cooiiderthe  varioas  Setdes  that  may 
be  put  imoci  Dr^fiem, 
In  the  Dennition,  Cbaf. 6.  Aet^  is  but  one  Senie  exprefled;  but  there  are  odier  three 
ways  <^  propofiiig  a  Queftion  inDlvifomy  to  dtpeodpm upon  that  in  die-DefiiitkMi^  that 
Ae  fame  Number  felvesthe  Qu^ion  in  all  dieSenfes  in  which  it  isapoffibleQueflJOQ. 

llie  firft  Seide  istfaat  in  thelDefinition,  viz.  To  find  howoft  one  Number  is  con- 
tained in  anodier.    The  iecond  is  to  find,  Whtt  Pan  of  die  Dividend  the  Dii^ 
to.    The  tUrd  is,  To  find  aNumbar  whidi  is  contained  in  the  Dividend  as  oft  as  the 

Divifbr  exprcOcs.  Theftxirdiis,  To  fmd^aNumberwfaKhiafiidia  Partt)f  die  Dtvt^ 
dead  as  d)e  Divifor  exprefles  or  denominates. 

Now  it  wiD  eafily  appear.  That  the  Anfi^ers  to  all  diefe  Qjieflaon^  cMrthelmpoflibility 
AFfi3aie^<diem4n  ibme  Cafia^  ia  discovered  by  dsvidkigflCCordfigtiothGprec^dingRule 
taken  in  die  firft  Senfe :  Thus, 

.  x.  Let  us  firft  fiippofe.  That  tfae^DivMioo  iawidiout  a  Remainder,  and  all  is  plain:  For 
me  Number  ilKwiitt  how  oft  one  Number  is  .contained  in  another,  (which  ts  the  firXi: 
Senfis)  does,  firDmi&  ni|areof  an  iv£f«a^Part,  denominiite  what  Part  the  Divifor  is  of 
die  Dividend,  (which  is*%e  iecond  Soiie.)  Again^  die  fiune  Quote  is  a^Number  con« 
tained  in  die  EKvidend  at  oft  as  die  Divifor  express;  (whidi  is  thethird  Senfi^  as  has 
been  ihewnin  die  FrorfrflXvifim.  And  hence,  lafljy,  itis  fudi  a  Part  of  the  Divtdend 
M  d)ie  Divifor  denominates;  (which  is  die  fourth  Senie.) 
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£xtfn».  iii-f^3s=4^  and  DOJikig  remaining)  that  1%  3  is  contained  4  times  in  12, 

(die  firft  Senfe.)  And  it  is  the  4^^  Part  m  Z2>  (die  fecond  ftnfe.)  Agidn^  4  is  a 
Number  contained  3  times  in  12,  (the  third  Senfe.)  And  it  is  the  3^  Part  of  12/  (the 
fburdi  Senfe.) 

2.  SippoTe  in  die  next  place>  That  the  Divifion  has  a  Remainder;  or,  that  the  Diviibr 
is  not  an  JiUfuot  Part  of  ifae  Dividend,  (which  induda  that  Caie  wherein  the  Diviibr  is 
greater  than  the  Dividend.]  Then  die  Queftioii  \a  Poifible  or  Impoffible,  according  to 
mfienenc  Views  and  Limit^ioiis;  as  I  fliallhereeq^latn. 

Lee  the  Divifi>r  be  3^  ind  fhe  Dividend  14;  tte  Qadlion  is  poffiUe  inthefirft  Senfe ; 
and  die  Anfwer  is4  times>  if  we  confine  it  to  die  number  of  times  diat  the  whokDivifor 
is  contained m theDivideod :  biitCBkii^lri&  a]aiKerSenfe>  theAidwer  is4-4-|*  Andin 
thbVie-w^Difdfortttaf  begreitar  dsutfaeDivid^  80  if  we  ask  how  oft  14  is  eon* 
oined  m  3,  dse  Anfwer  is  A  P^u^  ^  *  Time;  the  plain  Senfe  of  which  is,  that  3  con- 
oins  -f^  Parts  of  14. 

In  u^eiecond  SemV^C^jeftkMi  fuppofes  die  Divtfor  is  an  AUtpm  Part  of  the  Divi-- 
dend;  luidis  therefofeimpofllblewhen  it  is  notib.  fiutif  we  take  a  Part  more  lamlv 
ibr  Pat-t  .(%M/ or  ^%iMisi|,  and  adr  ^friiicFiiaioa  die  D  dien 

dieQucftton  is  DOffible.  But  tlin«  is  no  new  QuBftkm>  .ftridUy  fpeaking ;  far  it  ooinddea 
widi  die  firft  ^leftkn,  chami^die  Dividend  and  Divifiir,  and  eald^  bwi  rfi  mihs 
krgeft  Senfe.  llius;  tf  wem  v^  FiaAion  1  is  of  x^^  the  Anfwer  is  ^4;  wmchis  alfo 
die  An^rcT)  if  we  ask  Asfr^  14  is  conninedin  3.  And  therefore  Ihadnuher  in  this 
Csfe  call  3  die  Dividend,  ana  reduce  it  to  the  former  Gtfe;  efpecialhr  for  this  Reafen, 
Thstdic&xneC^xMemay  be  the  Anfwer  to  dl  the  really  difeentSenle»  of  die  QiMftiQD^ 
widle  die  Names  of  Divubrand  Dividend  are  applied  to  die  feme  Numbers. 

In-die  third  Senle>  V  we  ^AyAuit  is  die  greateft  Number  contained  3  times  in  14; 
dfen  if  we  limit  it  to  a  Whole  Number,  the  Aofwer  is  ^  And  if  the  Diviibr  is  greater 
dian  die  Dividends  die  Queftion  under  this  Limitation  is  impoffiblej  as  it  alfo  is  if  we 
ihould  ask,  what  Whole  Number  is  contained  widiouc  a-Remainder  3  times  in  14;  for 
this  is  cobtraiy  to  fiippofition.  But  if  we  cnbu^  the  Seafe  ^  the  (^oftion,  and  ask 
what  Number,  Whole,  or  Fnidion,  or  Mbfd,  is  contained  in  theDi^idend  predfely  as 


contained  3  times  in  14  of  that  thing.    For  it.  has  .been  aheiufy  Ihewn,  (in  Cbmf.6. 
ScbQl^t&sx  the  Defimdon  of  IVvi/S#%)  thacBthnes  ^  Parts  of  any  thing,  isequalto  ^. 

Bartsof  Bdmes  that  diing;  dierefofeas  3  iscomained in  i^  '/  times ;  lb  ^  is  contained 

3  times  in  14.    Or,  becSufe  ^^sb4|;  dierefore  as  3  is  contained  4  |  times  in  149  lb 

4  I  tfcomained  3  times  in  14. 

in  die  fourth  Senfe,  the  Q^ftionis  impoffible  in  Pure  and  Integral  Numbers,  when 
the  Diviibr  is  not  an  AB^mtP^xt  of  the  Dividend^  lb  becaufe  1  irnot  an  ASfwot  Part 
of  14,  dietv  is*  no  Numner  wfikh  is  a  tttird  Part  of  14;  for  if  nwe  were,  3  would  be 
fecfa  apart  of  14  as  rhatNumbdr  expraifes.  But  tsiking  the  Queftion  -more  at^dv^  and 
admitdng  Fradions,  it  is  in  aH  Cafes  poffible:  Sa  4|  Parts  of^any  diing  is  a  3d  Fart  oT 
149  beaufe-  it  ir amtamed  ib-it  ^  times. 

As  to  die  Grcumftance  whicn-  makes  the  tfaicd  and  fourth  Senfe  poffible^  when  the 
is  notan^Afir^  Part  of  the  Dividend^  iris  itmarkable.  That  the  Subjeft  of  the 


QuefUon  is  not  pure  Numbers,  but  fiich  Qyantitp  expreffed  by  Numbers  as  are  diviGble, 
eSier  really  or  imaginarily,  faito  P^uts  or  lefler  Quandtys :  for  in  pure  Numbers  14  has 
not  a  diird  Part  ^  but  con&lering  the  i±  as  applied  to  fomedivifibleSubjed,  die  (^lanritv 
cxprelfid  by  14  has  a  third  Part,  whioi  is  eiqprefled  l^  4  f }  therefore  die  Qgdbon  is 

%'  From 
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From  ^That's  expkm'd  we  fee  evideody,  that  as  «H  the  fix^r  Qyeftioos  or  Views  of  Di- 
vifion>  are  poiGble  "^en  die  Dlvilbr  is  an  Aliquor  Fart  of  the  Dividend;  £b  when  it  is 
not  an  MaiiotParc>  ttere  are  but  three  rbUydiffi^  and  which  arc  all  poflible 

when  the  Subjeft  of  the  Qiieftion  is  not  pure  Numbers,  /.  e.  Wncn  we  admit  another 
Con(ideration  dian  that  of  the  Namber  or  Things  expreOed).  vtT^.  theit  Ph^ifibility  into 
Parts  or  lefler  Quantities:  For  thoiaFra&iDn  cooi^  naturally  into  thcAnfwer,  and  makes 
a  compleat  Quote. 

Now,  from  thefe  dificrent  Views  aniSenfes  o£Divificv)y  .we  JqMHwhat  VarijCty  there 
can  pofllbly  be  in  the  particdar.AppUcation:  of  Numbers  for  a  QiieilioQ^Qf  Divinon;  of 
which  dsere  can  only  be  two  C^fis,  >     •  .  ,s . 

1.  To  tnake.a  Qvteftion  in  the  firft  or  fecond  Seofeb  liHe .Diyifor  a^l^ividend  mufl 
both  be  applicate,  and  bodi  td*  things  of  the  iame  ktod;  -sAad  mutually^.if  the  Diviibr 
and  Dividend  are  (o  applied,. the  Qwsftion  admits  only  the^firft  or  lecQad  Senfe;  and 
the  Quote  is  an  abftraft  Number,  fhewing  how  oft  the  Divifer  is  contained  in  the  Divi- 
dend, or  denominates  what  Part  tfaeDiyiteis  df  the  DivideQd>.4f  t^ieceis  no  Remainder. 
For,  as  it  is  a  reafonaMc  Qutftion  to  ask.  How  oft  ooe  Number:  of  any  kin4  of  Things 
is  contained  in,  or  what  But  it  is^of  anodicr  of  ite  ftme  kini.of  T]iii^  j  6^^  Q^eftion 
being' pr^fied  in  tiiis  maniier^  and  eidiat.PiviCbrorQiifidcbd' being  a^^  to*  a  particular 
kind  of  ThioB,  theNanue  (tf  tfae^Qiefb6aimpbrt5,^d3At.ttM'Od!|er  k  alfo- applied,  and  to 
the  fame  kma  of. Thing;  finee  it/s  abfiird^  to  8sk>  How  oft  a  Nvtnber  iof  one  kind  oi 
Tiling  as  ;  P)ounds>  is  conbuned  in  aNumba:4<^a«od)er;kii|d  pf  Tjiiii^  fljs  i^Davs? 

2.  Tomoke  aQueftkm  in  the  thad  or  fourth  Senfe,  theDividoxl  mwTbeanApplicm 
Number,  and  th«I>ivifar  Abftrad^  denomtnacing  what  P^rt  of  the  Dividend  the  ^ote 
is,  or  how  oft  it  is  contained  in  it*:  £>  that  die  Q»DCe  is  a  Number  ap[dicate  to  die  ume 
kind  of  Thing  as  the  Dwkiend^ 'die Part  (^anyThif^  bciog^  the  ame  Natuse  as  die 
whole.  Again,  muttia%  the  Dividend,  bdng  confideted  as  a^ed,  and.  the. T^iyifoT  as 
abftrad,  t&  Queftion'caif  admit  only  of  the  third  or  fourth  Sea&^  J 

That  the  Appiicatkni  moft  beordered  in  the  manner  now  explained,  may  be  al£i  de-  ^ 
duced  from  me  ConnedHon  uid  Dependence  of  Mulcqplicaiion  and  DivificMi :  For,  fmce 
in  Multiplication  the  Product  and  oneFador  muft  beapplicateto  dic&mekind  of  Thing, 
the  other  Fador  beine  ahfttttd ;  andt  in  Divifion  th^  Uivifor  and  Q|K>te  produce  the 
Dividen^ :  it  foUows^  mac  the  Dividend,  with  dieiDivifor  orQiiote,  ^ire.  alike  applied^  the 
other  being  ahftnwft.  ; 

Again,  Oiy#r*i^,  Th^tnciix'dQoeftkms  itwillhappen  t|iat£WQ  Nmnbers  which  in  the 
Pro^ition  are  applied  to  dii^rtet  Things^  muil  be  divided  one  by  the  other :  But  in 
this  Cafe,  youH  always  find  that  the  Number  made  Divifor*  is  confiaered  iri  the  Opersr 
tion,  as  abftrad^  denominating  what  part  of  the  other  the  Nature  and  Reaibn  or  die 
.Qudtion  requires  to  be  taken.  So  that  in  all'  Cafes  it's  true,  that  the  Divifor  is  either 
ab!lraft,  or  applied  to  the  fame  kind  of  thing  as  the  Dividend. 

Wc  iliall  ne^ct  explain  tlie  fimple  Pra^e  in  Divifion  of  Af^iuite  Ntnoiers. 

.      •  :  -  .» 

Case  i.  The  Divifer  and' Dividend  bein^  both^a^xdied  to>the  fame  kind  of  Thing. 

Buk.  Reduce,  (if  ntei  Be)  theDrvifor  anaDivxJenato  fimple  Numbers  of  oncNam^ 
(the  loweft  exprefled  in  either  Term;)  then  divkle  diefer  Nuinbears  by  the  gsneral  Rule. 
The  Quote  Ihews  how  oft  the  Divifor  is  contained  in  the  Dividend  or  what  Part  the 
Divifor  is  of  the  Dividend,  when  diere  i^  no  Remaiivier. 
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The  Reajim  of  this  Hv/r  is  plain;  for  the4>mfiK^.and  Dividend  expreffing  Things  of 
the  lame  V  alue  and  Name,  it  is  evident  the  Operation  is  to  be  managed  as  ^th  abftraA 
Numbers,  by  the  General  Rule ;  i.  e.  The  .Qsgntity  j^prcffed  by  the  Divifor  is  contained 
in  the  Quantity  exprefled  by  the  Dividend^  as;oi^asl}ie  Divifor  is  coiitainol  in  the  Divi- 
dend, talcen  purely  as  Numbers.    j^gssMy  If  the  Divifor  and  Dividend  exprefi  Things  of 
the  fame  general  rf ature,  -which  can  be  iaid  to  coatam  xsne  another,  then  iho!  they  are 
not  of  one  particular  ^ci^  qr  Kame,  vet  the  Queftiop  is  pof&ble,  only  it  requires  that 
they  be  feduced  fcp ^^anhers  that  ^expreis Quantities x)f  one  Species  or  Name;  ^4tfld  4)en 
it  is  maaifdl,  diat  the  Divifion  of  mefe  Number^  by  thef^eneral  JUJe^  ^ves  the  true 
Quote. .'  So-  in  Bxam.  i.  3  /.  is  contained  in  24/..as<cfft  as  3  in  2^..    Eiut  m  Ex^fif,  2. 
3  f.  is  ofoier  contained  in  12/.  than  3  in  12 ;  foe  at  .is^as  6ft  as  3  m  240,  the  Number 
of  Shillings  equal  to  ki^  •  S!^nd,  becaufe  the  Divifor  tand  Dividend  arcTltten  Otdyin  a 
State  to  oe  managed  as  pure  Numbei%  when  *fbey' are  lk)tb  iimple  Numbers  of  one 
Name,  this  Ihews  the  Aeafon  dof  wducing  miifd  Numbers-  —  •        - 

C  A  s  E  2.  The  Dividend  bcjng  AtfUcatt^  ^aj  die  pSV&Sr  AbfiraS, 
Rule.  If  the  XBvide^iis  srfimple. Number,  greaterv  tjian  the  Divifor^  divide  it4>y  the 
eneral  Rule;  the  Quote  is  a  Number  of  the  &mt  things  as  the  Dividend  : '  and  if 
there  is  no  Remainder,  the  Operation  is  finiihed ;  but  if  there  is  a  Remaiadei!^  xcdixcc  ic 
to  the  next  Denomination,  and  divide;  and  fo  on,  as  long  as  there  is  a  llemaii^der,  and 
any  lower  Denomination,  and  make  a  Fra&ion  of  the  laft  Rlemainder.  ,  TUys  you  have  the 
Amwer  in  one  Species  or  feveral;  which  is  an  Applicate  Number  contained  in  die  Divi- 
dend as  oft  9s  the  Divifor  exprdTes,  or  is  fuch'  a  part  of  the  Dividend  as  the  Divifor  de* 
nominees*  (Pee^Bir.>ir.)/"  :.•••.  ,      .   -   . 

A^am^  If  the  (QiMidend  ii  a'fipiple  NiiiDbcEi.lefe  tlon  .tb6  Diirifot^  yoii  muft  63A  1re« 
duce  iL  to  a  )pwcir'Spedte>  tiiii  it  Ise  £()ual*t«l>  :itft  neaifir:than:(the  iI>urifQr,  fln4:tibien,di- 
vide  ai^  proceed  iiwh  .the  Remaindqr  ^  ittfoMi.  :(See^£}(c.,^  4;) :  if  it^  noc  «qual  co  ithe 
Divifor  in  any  Spades,,  itben  dw'ikifiver  is»a  £ra^ifint»f  *qtt  giviea  Spcck^  wbofo  Nu- 
merator is  the  ^ivenDi^^dctid.    >(£x«:&)  •'    ' 

^fihy  I^  ^^  Dividend  is  a  mix'd  Number,  you  may  do  the  Work  two  ways :  £idier 
(i.)  Kfiduce  it  to  a  £mple>Niitbb«r  txfrdie  kxweft^Speci<a»  ^nd  then  divide;  fo  youll 
have  the.  Aqfwer  in  idiat  opcctcs,  Cwh^may  be  reduced  again  co  fupetiaur  Species  by 
Dtvifioib  V  hofi  been  fotmerly^  e^qiained^  jnd-wiiiibe'JBOtt^particahurly  \xf  and  by.)  But 
it  will  be  bearer  tpiptocoed  in  tins matoar :  (2.)  fi^in  widi  jdie  iNumber  of  the  bigbei): 
Species  ia^e  J^vioeitdj  di:\dde*it»:and'ixiiuoe.^iRt  the  next  Species,  Cftking 

in  the  given  IsTiipibar'Qf .  that  jiesct  Spcciss^  then  divide ; . and  fo  gp  on.  (See  Ex.  ^.)  But 
if  the  Number  of 'd!ve;h(g^)eft.£pecktsiis  Icfs.tfam  the  Divifor,  reduce  ii^  caking  in  die 
givcDt  Number  of  the  next  Species,  and  fo  on,  till  you  have  a  Number  equal  to,  or 

greater 
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grealwdttiitheDhrifOT:  (JS».  5.)  And  if  that  be  not  fc  iny  of  Ae  faio^Wi  Spedcs,  then 
Ae  Anfwer  is  only  t  Fraaion,  whofe  Numerator  is  the  Dividend,  leduced  to  the  kweft 
Species,  and  refirai  to  an  Unit  of  Aat  Species.    (Sec  £4PjMpl  7.) 

Exgmf.  I.  /.    /.  d.  Exsmf^  5, 

? )  14/.  (4/.  Exsmf.  2.  6)  22 :  10 : 8  (3 /. 

la ig  24)18/. 
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40x.(i3xJ  no/.  (18/.  ^ 
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ExM^^,  Exsmf,%.                                  Sx4mf.6. 
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ao  1:4)  8 :  15                                               ducedtoFaithiDgs 
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294  17  c/.  (12  A 
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4 


42 

30 

The  Remfim  of  dits  PraOice  is  plain:  For,  if  we  find  ttjr  propoled  Part  of  all  the 
MmbeiB  of  which  any  Nuinber  or  Qoamity  is  oomp^  we  have  the  like  Part  of  die 
Whok}  finoe  die  Whok  is  midiing  eiie  but  aU  the  Pasts.  And  if  the  Dmdend  is  kfs 
than  die  ]>[vilbr>ycc  if  reduced  to  af«Dd>erSpeciet^  it  is  equals  or  greater  than  theDi* 
vifor;  it's  plain  dtattfae  equivdent  Number  in  anodher  Spedia  haag  divided  by  Ae 
ftmeDivitor,  gives  the  true  Aofwer :  Thus  i8/.s33do/.  dierefeie  tbe24^  nart^iS/ 
is  die  24«*  Put  of  ador.  -r    r^ 

Scholium.  What's  idready  done  ihews  die  Pnftice  of  Divifion,  or  the  Scdotion  of 
£mi4e  Qoeftions,  where  die  PitqiofidoD  is  direfiiy  atid  fim{4y  to  divide  oneNomber  by 
anadier,  (in  any  of  die  Senfbs  above  cabined.)  And  as  to  die  Sdution  of  mixM  Que- 
fbons,  all  dieiurdierDiredion  can  be^given  for  knowii^  when IMv^fen  is  to  be  applied, 
is  to  £om^  well  die  Efei  of  Divifkm  as aboiie  explained:  Which  may  bereduced  to 
two  principal  Views,  viz.  Finding  how  oft  one  Nunaberis  cotiadned  in  andtJier,  or  find- 
ing a  pn^iofed  aliquot  Part  <^  a  Number;    Then^  when  the  Reafon  and  Nanire  of  a 
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^dUcm  ieqi]tic%  thiC  700  find  how  oft  one  Number,  fimple  or  miz^d,  of  any  load  of 
TO^  s  oontained  in  anotber  Number  of  tbe  fame  kind  of  thing,*  or^  that  you  find 
fach  a  Part  of  any  Number  of  diii^  as  anodier  Number  denominate^  or  as  an  Unit  of 
any  Spedesof  Tbings  is  of  a  certain  given  Number  of  Ae  fime  Things}  dien  is  Divifion 
your  Work,  as  in  &  foDowiflg  Examples. 

Mix'd  Practical  Qj7E«TioNs)if  DIVISION. 

A  ^ial  Qafi  of  fuch  Quefti(»»  is  comprehended  under  Title  of> 

HBDVCTION  from,  k  hnuer  to  a  higJber  SpecUsy  L  c.  To  find  a  N^mhr  rftbin^  of 
s  htgber  SpeckSy  emtal  in  Value  to  a  given  Nwnier  of  a  hwer  Sfecies;  ort^  at  ftajty 
to  find  tbe  greatefi  Number  of  tbe  Ugber  contained  m  tbe  Ntmber  of  the  lovjery  with 
nabat  remams  over  of  that  lower  Species :  Sufpofi^  always y' that  an  Unit  of  tbe  lower 
Species  is  an  oBiuot  Part  rf  an  Unit  of  tbe  l^ber.    For  which  this  is  tbe      ^ 

Jbde.  Bmis  die  given  Number  by  that  Number  i^vhich  exprd&show  manyUnitsof 
die  ^>ecies  to  be  re^ed,  are  contamed  in  an  Unit  of  the  Species  to  which  it  is  to  5e 
reduced,  llie  <^>te  is  the  Number  fin^t  of  that  hi^^  Specie^  and  the  Remainder 
Is  a  Number  of  die  Species  reduced. 

Thus  you  may  reduce  gradual^  from  the  loweft  to  die  hk^eft  Species  ^  or  all  at  once 
todie  h^heft>  ff  die  Number  ot  Units  of  die  loweft>  which  makeone  of  tbe  higheft^  is 
lEoami.    (As  you  may  know  by  die  Redudion  Tables,  ocplained  in  §.4.)  ' 

In  all  die  fblbwine  Queftions,  I  have  performed  tbe  Invifions  by  die  contracted  Me- 
thod^ «^amed  inCl>^.yl  $.  2. 

Examp.  I.  In  Money. 

laj xs65ao9S ds.\  a  /.  •  if.  over  j  mae  jo.  oiviaoa  oy  ao, v^uuic  7 77 xy  *.  •»«  » >• .  w^»  • 

20]  ijrf434i s\id.  Wherefore  ji^oSjpj/ = 18652098 d.  3/=; iSH34t '•  * 4 
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By  diis  you  know  how  to  explain  tfa^  following  Examples.* 
Sxan^.  X.  Tioy  Wei^t.  Examp.  3.  Umg  Mcafure. 
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The  Re^/S*  of  Dividing  in  thefe  Cafes  is  obvious :  For  Ex,  Since  +  F«tfhiu^« id. 
ftetefeie  «s  niainr  times  as  4/  art  contained  in  any  Number  of  /  fo  inany  ^.  b  ttat 
Number  of/,  equal  to.  In  wMch  obtbrve,  Aat  the  immediate  Efica<^  the  Dmfon  js 
an  abfttaft  Number,  flwvring  how  oft  4/.  is  contained  in  a  greater  Number  of/,  and 
we  mij  dw  Name  of/  tothe  Qjwte,  from  die  Reafon  of  die  Qucftion,  as  now  ex- 

^^Jl.  I.  S  Men  have  equal  Shares  of  a  Stock  of  14^/.  i6s.  what  i««chMan^  Share? 

Aolwerri8/.  7*.  w».  die  8di  Part  of  lilSl.  16  f.    For  the  Namre  of 

%)  XAfil. :  lit.    die  Queftion  plainly  direfls  us  to  take  an  8di  Part.    Where  obfer^^, 

i8    :    7      diat  dx)' 8  expreffes  a  Number  of  Men  in  die  mttt  Propofiaon,  yet  m 

die  Opmtion  it  is  confidered  abftra<aiy  as  die  Denommaoon  of  that 
Put  of  145/,  li  s.  wWch  die  Nature  of  die  Queftion  requires  to  be  taken. 
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A  certain  Number  of  Perfons>  each  of  whofe  Ages  is  15  Yean 
^Mmths  (rcckcmiiigi^MonthstoiYcar)  makeupiiiaUiSiYearsi 
10  Monifag;  how  many  Pedbns  are  there?  AnTwer^  u.  <!«»«  The 
Number  of  times  dm  15  Years^  \  Monsbs»jue  contaioed  ia  182  Years, 
10  Mondtf. 


^j?.  3.  What  is  the  Value  of  i  Yard  of  Cloth,  whereof  48  Yards  cofl  1%  L  10 x.  4/ 

Anfwer,  (fr  5</.  2|/.=aifPart  dix^L  lox.  4^/. 
For  it's  plain?  the  Value  ot  i  Yard  of  ^8  Yards, 
muft  be  die  ^th  Part  of  the  Vsdue  of  me  whole 
48  YardS)  which  direds  us  to  Divifion,  or  taking  a 
48tfa  Part  of  i^ /.  10/.  4^  And  fa'tUs  ji8>  which 
in  the  mizM  PropoHdon  is  applied  to  Yavas>  isc<xb 
fidered  abftra&ly  in  the  Operation  9  ^bich  is  therefore  not  tBivifion  of  Mcmey  by  Yardi) 
which  cannot  be  made  in  any  Sen(e>.but  takii^  fuch  a  Part  of  the  Moaey  as  i  Yard  is 
of  48  Yards^ 'Stf x;.  a  48dli  Part.  .. 

Obferve^  Had  it  been  propofed,  m  the  laft  Queftion>  to  find  the  Value  of  iQ^isuter  of 
ft  Yard,  we  may  do  it  either  oy  ^ding  firft  the  Value  of  i  Yard,  and  then  the  4th  Part  of 
dus  is  the  Value  of  i  Quarter;  or,  by  reducing  48  Yards  to  Quarters,  whidb  make  192'j 
and  taking  the  192^  Part  of  the  given  Money.  The  Reafbn  for  whi^h  is  the  &sie  a$for 
die  other  Cafe. 

Jiiefolbwhg  QyelHoQ  nquiret  0H  the  four  Operatufm  tf  Aritbrmtifk. 

,  confifttog  0(500/.  ihCdTi;  with  ^illsj 

^ beftowfcd  npon  his  Burial,  and  hiii.i)cbts 

to  be  paid,  amounting  to  1(^4/.  Then  his  free  Mate  to  bt  divided  in  this  manner,  viz. 
The  eideil  Son  to  havethe  3'  Part,  and  the  odier  4  Sons  to  have  equal  Shares.  What  is 
the  Share  of  each  Son?  Amwer  itH  4/.  2</.  to  the  cideft  j  and  93  /.  l/.  id.  to  each 
of  the  reft. 


,   $ni^'  A  Father  left  among  %  Sons  an  Eftut^^ 
each  m /^L-t6f.  ir    Heordered  20/.  to  be 


48/. :  10/.  :6d. 
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Scholium.  Ah  Qijeftions  maybe  ran- 
eufly  ihixM,  fo  the  Seliition  will  dmnd  itpon  a 
due  Confideradon  of  die  feveral  I^tts  of  the 
'  Queftion,  and  what  Operation  each  may  r^uire, 
according  to  die.Senle  andEffed  of  the  dififerent 
Operadons  in  Arithmedck.  But  there  ^emix'd 
Applicadons  of  Multiplicatioil  and  Divi(ion> 
which  require  other  Rules  and  Diredions,  to 
know  yAxeti  and  how  they  are  to  be  made;  A^c 
youll  leam  in  Book  4.  afid  efpecfaHy  in  Bodk  6. 
under  the  Name  of  'Proportion,  What  has  becit 
ritieady  dotte  in  this  Book^  beii^  fufficient  for 
expkining  the  Natutfe  of  the  ftindamental  Ope- 

tttiora,  and  their  more  fimple  Appliv^ations  in  wb<^  Nutabeia/  For  the  DoArine  of 

Fiadions,  you  have  it  in  the  next  Book. 
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C  H  A  P.    Vilt 

ContaiHiHg  tht  tnore  particular  Ruiei  ff  the  Literal 
Ari  t  h m  b  ti  c  K|  neceffary  in  the  fouowing  Parts  of 
•   this  Work. 

»  -  *    * 

I^     For  AtoDlf  lOM   »  SUBT&AGTIOH. 

CA  SE  I.    If  i!h^  Numbers  to  be  added  or  fiibtraaed  are  expneflcd  all  bjr  the  fame 
Letter,  uittltiplicd  by  certain  Ntimbers,  as,  5  -«,  or  5  *,  add  or  fubtraft  the  Co- 
efficients (f.  p.  die  Numbers  by  yMch.  die  Letters  are  multipKed)  and  multiply  the 
feme  Letter  into  the  Slmi  dr  Diflferencc,  it  is  the  Sum  or  Difference  fougjht. 

•  .»-■•■'■  ' 

,  ScRoLiuM.  In  Osder  to  underftahd  the  other  Cafes,  we  tnuftpremiCe  this  Otfir-^ 
iatMy  vii.  After  the  Addition  or  SubtraAion  of  one  Number  to,  or  from  another,  we 
may  fiq>po£e  another  added,  to,  or  fubttaded  ffom  the  preceding  Sum  or  Difierence ;  and 
another  added  to,  or  fubtraded  from  the  laft  Sum  or  Difference,  and  fo.on :  Then  is  this 
T9Md Wi^rk  «xpceSed  by  fittdtig  tbe  Nat)ri>ers,  or  Letteis  reprefentmg  ttiem,  iii  thefitme 
oitler,  with  the  proper  SS^  of  tbe  Several  Opecadons  bec\^^.them.  Thus,  if  ^  is  added 
to  «,  aoE)  fhna  die  Sam  t  p&LhwuStoiy  md  frxim  this  DiflTerence  d  fiibtnided,  ttid  to 
thislaftDtfik^etxce^  added ^  theRe^olt  of  aB'liusisexpieilttldiu^  But 

j^na,  OUiroif  Tbtt  if  d^  ikaae.NuiaberB  can  be  added  or  fiibtnfted  in  anv  c^chtr  or- 
der,  die  tod  Refiilt  or  Efied  wiK  ftUl  be  die  &me;  whidi,  in  flU  die  podSble  Ordeii^ 
wfaereiathe  O^ernons  can  be  nade^  is  piainly  die  Difference  betwixt  me  Sum  of  a& 
dxfe  Tchna^iit  a»  added  in  the  femd  Stqss,  and  dM  Sum  tif  all  thefe  dutt  are  (ub-^ 
tiaAed:  Bdcocire  ia  w&Reveir  .oeder  any  Nudibert  are  added  and  fid>traAed,  lA  evident 
ftei«iiibzmichiQwlnIeadd|sd^  as  die.Sutn  of  all  diefe  that  aere added  in  tlieIeveralSteps> 
and  as  modi  MmtSt^i  m  wfaol^,  as  die  Sum  of  all  tha£  are  fiibcrai3»d  in  die  jfeveral 
Seeps:  Wberefore^  die  final  Refiilt is  tbeDifierence  of  tbefe'Sutna.  Whence,  asain,  thi^ 
RiUdW^  That:*tis  iio  matter  in  what  order  we  place  the  fevend  Tertns  of  a  mix'a  Exprei^ 
fion,  if  we  always  prefix  the  £ime  Signs  to  the  &me  Letters,,  and  alfo  take  the  Meaning 
of  tke  E^^ceflSion  to  be  urtiverfiHy  die  fubtrafting  all  thefe  Tcrhis  that  have  —  prefix'o^i 
out  of  die  Sum  of  all  itoefe  that  have  -}-  prefix'd :  So  that  when  the  Operations  can  bet 

grformed  ia  a  propoied  Order,  we  may  explaki  the  Expreffion  either  acirording  to  that 
der,  oi  in  the  preceding  general. w^,*  -(if  that  is  not  the  ji^tb^td  Order.)  And  if  diey 
(annot  be  performed  in  the  propoied  Order,  then  we.  explain  it  after  the  general  way,  as 
theunivcml  Meaning  of  all  £icn  ExpreiGons^  for  th6'  fome  may  be  explain'd  another 
way,  yet  die  final  R^t  is  always  equal  to  this.  ^ 

For  Example^  Ifiis  greater  than  ay  then  a  —  i-\^c  can't  be  explained  in  the  Order  of 
thefe  Letters  arid  Signs  j  and  if  it  is  at  all  poffible,  it  is  fo  in  thisOrder,  tf-f-r — *;  yet  it 
nay  reprefcnt  the  iame  thing  ftaiiding  thus,  a  —  ^+f,  while  vk  do  not  fo  much  regard 

O  2  ■  ^"-^  'the* 


roo    Parfieular  Rulei  of  the  Literal  js^iii^       ISockr, 

the  Order,  as  tbe  geoeral  Meaniag  of  the  Sigci8>  which  is  as  if  it  were  in  diis  Order, 

Case  n.  If  any  complex  Exprcflion  [whether  it  is  a  Sam,  having  all  iis  Terms 
joined  by  the  Sign  +  >  ^^  *  pifftrence.  Having  its  Tertnil  pardy-f,  pardy — '}  is  to  be 
fubtra&ed  from  another,  (expiefled  fimpiy  or  c<miplexly)  me  Dlfieience  Kxig^  may  be 
exprefled  two  ways. 
Rifle  I.  By  4rtwiflg  a  Dne  over  the  whcde  Terms  of  dbe  Subtra£bor,  and 'KHtiing  it  {6 
the  Subtrahend  with  ^  Mark  of  Subtraftion  between  them.    Thus,  the  Difierence  of 

a  and^-f-^  ^  espreSbi  i»— ^-f*^?  fignifyuig  that ^ and  jc  both,  or  their  Sum,  is  taken 
from  ay  which  is  a  quite  di£^ent  thing  from  d — t-^c  widiout  the  Line,  ^i^chwould 
fi^dfy  die  Difference  betwixt  s-^^c  and  k    Ag4a»y  if  the  Subtnuftor  is  the  EtpteflSoa 

of  a  Difiercnce,  as  h'^e  from  a^  theDiflference  fixi^tisezfvefled  a-^f^Cy  iknifyin^ 
that  the  Difference  of  y  and c sstiken  fiom  m;  L  r.  That  c  u  taken  from  ^,  andtfae Re- 
mainder taken  from  #,  which  isadtfiorent  diing  from  ^i— 6 — e^  which  exfrnfles  the  Dif- 
ference of  #  and  hy  c  hoAiy  i- 1.  That  t  and  c  are  both  taken  fiom  a.    ■ 

Now,  tbo'  this  Method  is  fbmetimes  convenient,  yet  it  would  often  prove  too  general 
and  indefinite,  which  is  £upplied  by  anodier  Bttky  whereby,  from  the  fimpk  Teroos  of 
the  nven  Subtrador  and  Subtrahend,  another  Expref&on  is  fo«nd  equal  to  tneDi£RarcQce 
ibi^t    Thus, 

Ernie  2.  Change  die  S^  o£  all  the  Tenns  of  the  Subtrador>  and  join  diem  ta  the 
Subtrahend  widiout  a  Lme  over  them^  and  this  eacprefles  a  Number  equal  to  the 
Difference  foi^.  Thus,  if  the  Subtraoor  is  a  Sum>  as  ^4"^>  ^  DifEeitnce  of  dm 
and  a  is  *— i  —  c  (=:^  —  h^c.) 

The  Reajim  is  plain;  for  the  Sum  is  fubtradecf,  when  all  die  Parts  are  fubtraded  one 
after  another ;  fince  die  Parts  are  equal  to  the  Whole. 

jigahh  ff  die  Subtra&or  is  a  Difierence,  as  if  t — c  is  to  be  taken  from  «,  the  Re- 
mainder is  a^y^c  (ssii— ^n^)  which  more  digefllY  reprcfeott  dbe  Difaencc be- 
twixt  a-^c  and  ^,  yet  is  equal  to  tbe  Difierence  of «  and  t-^e. 

The  Btajim  is  plains  for  by  adding  the  lefler  Tcnn  ^,  and  dien  taking  away  die  greater 
sy  we  take  away  as  much  as  was  before  added,  and^dib  all  that  m  efSeeds  h:  Or>  if  i 
does  not  exceed  Sy  we  may  fiift  take  h  bom  Sy  and  to  the/ Difference  add  r;  for  thus  we 
reftoce  all  that  was  tdcen  away,  except  fi>  much  as  t  exceeds  ez  And  fi>  both  waysi,  the 
Thing  really  taken  away  is  predfUy  what  k  exceeds  r,  or  their  Difierence.  If  the  Sub- 
traAor  is  a  more  complex  Exprdfion,  or  confifb  of  more  than  two  Terms  added:nid 
fubtiaAed,  tbe  Reafon  of  die  Rule  is  itill  die  fime,  from  what  has  been  riplained,  mc. 
That  fuch  Enxreffions  fimify  no  more  in  Efieft,  than  the  DiiSerence  of  the  Sum  of  aD 
that  are  addedG  laad  the&un  of  all  fiat  are  fiiboraded.  Wherefore,  by  wfaafsDOwihewn> 
all  that  are  added  in  the  Suboador  moft,  in  exprelling  die  Difierence  fought,  be  fub- 

traded;  and  all  diat  are  fubtraded  in  i^  muft  be  added:    Tbus>  s-^t+c—J^^t 
zsta — ^  — c-f-1/4^,  or  lS-f-^+^*~^**"'' 
ScHOLIUM.    The  lail  C^^r  of  dits  lUifr  may  be  confideied  as  a  Ttf^MP,  and  ex- 
prefled thus:  If  the  DiflTerence  of  two  Numbers  is  fubtxaded  from  a  third  Number,  the 
Kemainder  is  the  fame^  as  if  we  aickled  the  Jeffa  of  thefetwo  Numbers  to  the  third,  and 

from  the  Stun  fubtraded  the  greater.    So  a-^h^^c  =  a-^c-^k 

• 

C  A  s  E  m.  If  any  complex  Expreffion  of  a  Difierence  is  to  be  added  to  any  otfier 
Expreffion,  join  them  without  chax4>^  ^^^  Si^DS>  or  any  Line  over  them.  Exmmf^  If 
to^  we  add  *4"^>  theSumis  4+>^f.  Agam,  to^  add  A — r,  dbeSumis^i^-^ — c. 
To«~^addc~i/4-e,  the  Sumis4— *+r  — rf+r  (sii-f  r-f-^--**-— ^O 

The 
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The  Rfj/Mi  of  diis  JU/r  is  evident^  when  the  Expreflion  added  has  all  its  Tenns^  as 
\siExMmf  I.  And  if  die^  are  fi>me -f>  fiHue -^  asinEvia.  the  Reaibnis  this;  we  are 
to  add^ — r ;  but  to  add  ^  would  be  too  much  by  r,  therefore  out  of  the  Sum  #-f-^> 
we  muft  take  away  € :  which  is  die  iame  inE^d,  as  if  die  ^  had  beenfirft  taken  iit)m  t^ 
and  die  Dificrencc  added  to  ^r.  And  here  ptferve^  diat  tho'  a  Line  is  drawn  over  die 
compieg  Expreflion  added,  it  alters  not  die  ElfoSt:  Soa-^^h—e  b  the  fame  inE£b9:  as 

a-^i — ci  Gncc  both  ways  die  Difierence  of  ^  and  ^  is  added  to  ^  as  has  been  ex-- 
{dained. 

Now,  tp  fiimnip  diefe  Csfis  miltifks  in  one  GeMersl Sttk^  it  is  this:  To.i4U4  join 
theEs^^Sons  w&nout  changing  dieir  Sqgns;  and  to  SMhtruBy  join  diem,  chaneiqg  alt 
the  Signs  dS  die  SubtraAor^  or  draw  a  Lme  over  die  SubtraAor,  widiout  rhflnging  the 
%ns,  only  ym  die  whole  Expreffion  diua  united  (and^  as  it  were>  made  one  &cpreffioE» 
I7  die  Line)  bydieSigo— betwixt  it  and  die  Subtrahend.  I^ljy  If  die  Numbers  added 
or  fitbtraAed  are  exprefledby  the&me  Letters  with  Coefficients  or  particidar  Numbeia 
prefii^d^  add  or  liiboift  dtde  Numbers,  and  prefix  the  Sum  or  Difletence  to  thecom- 
mon  Ltefal  Part 

It    For  Multiplication. 

Cas  s  L  When  two  Numbers  are  exprefled  by  aovLetter^  widipardcular  Numbeis 
prefif  d^  (^r,  multiplying  diem)  dien  if  two  or  more;  inch  are  to  be  muloplied  togediers 
multiply  aQ  die  Coefficient^  and  prefix  tiie  Produd  fe  tiie  Produd  of  the  Litenl  Ex-* 
ppeffions.    Thus>  4iiX  3^^=5  12 #i;  alfo>  xahxi^  actsziod^^hc. 

TbelZf^yivisobnous;  for  it  i^  oofy  a  coodauai  Multiplication^  wUch.mqr  be  done 
io  any  Order.  * 

m 

Cass  II.  If  die  Multiplier  and  Multiplicand^  one  or  bodi,  are  complex  Ex-» 
preffioos,  die  Produdr  may  be  enreflied  bv  die  general  Rule,  thus:  Draw  a  Line 
over  the  cooiplcx  Terms,  and  jom  them  by  the  general  Sign  of  Multiplication  x» 

gx^syfe,  To  multiply  it-f-*  b7^  +  <^  the  Produd  is  #4.^  x  c-^d-j  or,  is+*  byr— 1/ 
makes  s  -^h  x  c—d.  Which  would  be  very  di£ferent  Expreffions,  if  any  of  the  com- 
plex  Terms  wanted  the  Line  {pxVincubgmy  asthcAlgebraiHscall  it;)  thu8is4-^  Xe-r^-d 
wouIdbedieSum  ofiS,.and  dieProduA  oSh  imo  c-f-^>  ^  if  4-Ax  c-^d^  is  theDifn 
ferenceofi^  and  the  Produd  «-f-^x  c. 

So  diat  we  are  to  underffamd  the  Sign  of  Mukiplication  to  refer  only  to  diefirft  of  this 
fimple  Terms  on  either  hana,  unlefi  two  or  more  of  diem  are  joined  by  a  Fmculmm. 
And  here,  too  obfervey  That  when  feveral  Letters  ftand  together>  with,  or  widiout  the 
S^  of  Muldriicadon,  (whereby  the^  alfo  exprefi  die  Produd  of  thefe  Letters)  this  is  to 
be  rocbooed  but  one  Term,  with  reiped  to  the  following  or  precedingSign,  whether  of 

Muldplicttidfi,  AdditioiH  &c.  as.  ab^^-dy  or a-^-bx  cd.  And  mind  alio,  that  all  the 
Terms  joined  togedier  by  Multiplication  or  Divifion,  upon  the  Right-hand  of  the  Sign  of 
Addition  or  Subtnidion,  make  but  one  Term  to  whidi  that  Sign  refers;  ^s  it-^^bc^c-^d 
which  is  not  to  be  underftood  as  iS  a-^bd  were  multiplied  by  c-f.i^  which  then  would 

be  made  «-^^^  x  c-^-d;  but  it  is  the  Sum  of^sand  die  Produd  of  ^^  hyc-^d. 

Obfimty  Tbo'  this  general  way  of  reprdenting  the  Produds  of  conoplex  ExpreiSoniis 
often  convenient,  yet  there  is  .another  Auk  nioreufefiil,.wheret^  die  Pnxhid  is  not  ex* 
prcflbd  b  iodefinitay,  but  all  reduced  to  more  fimple  Terms  widiout  txsf  Vhtculum^ 
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Multiply  tuSi  fimpleTenn  of  the  Middplier  by  each  iimple  Tertxi  of  the  Multk^caod, 
(accorduip;  to  the  gBDend  Rule.)  And  if  ioc  Siga  before  each  of  the  t9ro  diniderenD8> 
tnuldplieatogetfaer^  are  the  bmt  ox  like  («!'«.  both  *^  or  both*^)  pcefix  t^  Sign  4-  to 
the  Produftj  but  if  they  are  unlike  (w«*^  die  one  -l^a^  the  other — )  prefix  theSipi— . 
The  following  Examfies  fufficiently  ihew  ^e'  Application. 

Demonstration.  ..  . 

1.  Where  all  the  Sigtu  ^e  -4^  as  in  J^^f^.  i<  aad  2.  dM  Riffon  is  plain,  and  it  has 
alfo  been  (hewn  in  Lethma  3.  <J*ii>.  ^  ]4<>^;^'^ir  ^  ^  -  • 

2,  If  one  of  the  Terms  is  fiinple,  or  aSumj  and  the  other  a  Difference,,  as  in  Ex.  3,4. 

then^  for  Ex.  3.  to  multiply  ^-^.Sx^^  ^^  evident  that  ah  is  xoo  much^  for  we  iaufl 
take  only  a  times  the  Diabencp'^jjf^  and  f>  or  what  h  exceeds  c>  thereftrfe  if  we  take 
ac  out  of  ab^  the  Remainder  is  a  tunes  the  Numbed  by  which  b  exceed^  f/   Or  thus. 

Let  Assf+Z,  thchtf^==*x^+i/==a#«.4-^<#  (by  the  ift  jBx.).  fip«n  which •  take  4c, 
there  remains  if  </,  viz,  the  Produd  of  <>  into  the  Diffaence  of  i  ana  c.    -4^1^^^  If  • 

^Difference  c — W  is  tq  bq  multiplied,  by  a  Sum  ^Hh^j  ^^  Reafon  is  the  fame  for  the 
Multiplication  of  each  Tet-m  ot  the  Sum  into  the  Difierence :  As  in  Ex.  4. 

%'  If  both  Multiplier  and  MukipHcand  are  Differences,  as  in  ii.  5.  then!  ha\^  mul- 
tiplied c  —  d  by  Ay  (as  in  Ex.t^:^  the  Pmdudt  is  Ac — ad^  wfalCh  is  Ir'tfeies  ^  —  ^  or 
f — ^  tiines  « :  But,  if  infteid  of  ^  —  d  times  tf,  we  ought  to  takebnly  Cr—d  times  it  — hj 

therefore,  reafoning^  as  in  Ex.  3.  it's  plain  we  have  taken  too  much  by  r  — ^tim&  *,  or 
r*— rfi;  and  this  being  taken  from  the  preceding  Produft  mc-^md^  the  Remainder  is 

the  true  Produft,  viz.  ac — ad-^ch  —  db:s=iac'^ad--^cb'\-dby  (bytheRulesof  Sub- 

traftion)  which  is  according  to  the  Rule.  

Or  we  may  reafon  thus :  Inftcad  of  taking  a  times  e  —  dy  which  is'Mi-^ady  we  ought 
to  take  only  a—b  times  /—  d;  therefore  we  have  taken  too  tauch  by  the  Produft  of 
c — dhy  by  which i&cb  —  db.  Oralfodius:  Leti»=:A+»,  thenf  xc — d^b-^^xc — dy 
^bxi^+nxc^dy  (by  Artie,  i.  t^Jdof^c^d  as  one  fingieTeiin.)  And  aibeii^  the 
Difference  of  a  and  »,  therefore,  nxe—d  is  the  Produa  fought:  Confcquendy 
txc^d+n'i^c  —  dy  oritsEquriiiXr  —  //,  exceeds  it  by  *Xr—/=  *f—W;  which 
taken  from  ac^cdy  leaves  ac  —  ad-^Sc^bdy  as  before. 

.  ObfervBy  If  any  of  the  Terms  are  more  complex  than  thtfe  ExampJeSy  yet  the  Reafon 
is  tlic  fiime  in  allj  bccaufe  they  are  nothing  elfe  but  a  Sum, or  a  Difference* 

ni.    Fol:  Divtsioirf- 

••••  *•       .>•  •, 

A  L  L  the  Ufe  that  is  to  be  made  of  the  Literal  Divifion  in  Ae  following  Work,  re- 
quires only,  that  to  the  General  Rule  I  add  thefe  two  Obfervarions. 


etters  repreientlnt^er%  fpthat  the  QuoDc  thus  seprdented  has  the  proper 


1.  If  the  fiime  Letter,  or  Exprcffion  whatever,  is  multiplied  into  all  the  Terms  of  both 
Divifor  and  Dividend,  by  putting  it  out  of  both,  the  Quote  is  thereby  expreffed  more 

fflBWy*    'xHtBK'    ^^"""TBIBS,  OBT***"'*     TlIM  mMM)'*CuM*'tz  ORG   x-Cffft  ©r 'tne*x:llVlror'Or  Ot" 

vidend  is  multiplied  into  all  the  reft,  then,  in  putting,  out  that  Multiplier,  fee  i  in  the 

Place  where  it  flood  alone^  thu^t     ^^  %^d  -^^      *h     ^^  "a — ^/or 6=5x2. 

The  Reafon  of  this  will  app^  in  the  4***  Book._  See  Chi^.  i.  General  Corollary  21. 
And  if  all  die  Letters 
Form  of  a  Fradion 
CVr.3. 

2.  If  a  Quote  is  ezprefled  by  the  Sign  *^-  or  )  (et  betwixt  Divifor  and  Dividend,  it!s 
to  be  iclliiui  uuly  m  ibu  fuuult  Teifs  ea  eioh  hwid>  og  m\iit\\  hKfe-^trVfmmkmvSfi^ 
4-+-i-T-f  15  theSum  of  4,  and  the  Qjiote  i-r-c.  But  however,  many  iimple Terms  (or 
fiich  as  become  one  Term  by  z^fmcukfm)  are  Qpedst^Mjfly  joined  by  Signs  of  Multi- 
plication and  Divifion  v  we  may  explain' mem  ail  ih  't)rder  as  they  ftand^  one  after  another. 

by^,  and  this  Produft 

The  Produa  aH  dividedby  the  ProduA  ed,  and  this  Quote  dividerf  by  e:  Or,  a  multi- 
plied l^  die  Quote  h-r-Cy  and  this  Produft  multiplied  by  die  Quote  a-^e.  All  which 
$re  ^qamitm-    Th^  ^^esiS^n<)£yafii!S^  .mU.  appeal: 'fro^i  thf  Ruks  of  FisaftionfyMlipn  ^ 

Gcprefi  ti^  Qootes  ftaiXofialty,  t^  aaddiia  Method  is  generafly  npf|^  f^fi- 

veoienC}  as  it  kaves  no  Siga  but  diat'of  Multiplicadon.  ^ 

The  Aj^cadon  of  this  umverfaiNptation>  and  it's  Operation^  laourReafooxog  about 
Numbers^  is  suuk  by  means  of  diefe  JE^  fimple  iipd  eaj^  Principles^  or        ' 

t.  ftio  imy,»aW^  afaofWemttda^'^  be-fobtraftea  the  Number 

added,  the  K«M6jd6rV*e'fliftl^^ifiAberT'<95r*  tim^  if  wcfirft  ibbtraa 

ahdthenadd.    Thus,-4  +  **^*^'^  ^> '***''^+^**=''' 

2.  Theiame  or  equs^  Nuipber^  added  to  the,  feme  pr  equal  Numbers,: -ittakc  the  Sum^' 
equal.  SoifWefoppofc  A^=fe*rthen«-f-^*=*'*^+*;  if  ^^-^t^fct+^j  Aeh  i^+^-f  ;^ 
=5^-f^-f  »i  if  if=*  — r,  then4j-fr=*.    (For*— ^-ff=:*  bytteiftflr:)    " 

3.  The  (ame  or  equal  Numbers  fubtra(3:ed  from  the  £ime  or  equal  Numbers,  make 

^'Remainders  equal.    So  if  4l^i,th«i^Jr^T|p4te— i/^.Tf  tf4'*  =  ^+*»  ^ben  a^ie^ 
]fir-f.*=f,  thenif=r— *j  if  a^h=:e'^by  then  if  =s r -— 2 *. 

4.  If  m  Ninfeeris  mukkSed  by  aMcbbr^  ind  th^  Prdduft  dividod  by  the  &me  Num- 
ber, (or  firft  divide  md  mn'iXMiUfily)  tta^Qiiote  (or  Prodia&)  is  diefrft  Number.; 

5.  If  the  £uxie  or  ecfjd  Nunlbprs^.tre  imulHpiiod  eiqually>t  Ac  Prodmftsittc  equal.  So 
if  tf=^,  then  tf»W*^   if  &-|i;f-L>iii  iif»4.va^^>Xi^4.*— rofcs  rxdn-^e.  or 

r£^rh-^rc==^rdn'^re  ;  X{j^=qytheaa=hqyX{dTj'Xh^     by*  the  lalt)  iAqd.this; 

Oifel8thefe«e^fhePrt3irft)fDSviffcfc.-f'   .-     •  r:'--^-'         v- 

6'  If  die  Smut  ot-  e^iab  Numbers.  ar«  divUed  eqn^y^  tbt  i^otes  are  eqifd.    So  if 

0^wi  Tii&  TF*d^ ngooraiied'  ^.^»fcl-^<?W.i  V^  ^Wiy^A^r  whether.  the.%pofed 
"ttmbtti  are  Integers  or  FnKaions,  **        " 
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HAT  a  VrMOkn  is,  and  the  S^fsthm  of  it,  has  been  abetdy  eqibined.  I 
have  fliewn  whatin  the.efloitial  Diflbpeacebeevmc  iM^ml  iad  FrsSi^Msl 
Ne/miers  docs  confift^  and  have  ob&rved,  that  diere  cannot  be  any  ocfaer 
OperationB  in  Ari$hmetkk  but  thde  K^iJFMilhmhers'^  and  tbattlieGroand 
and  Rttfim  of  different  Rules  for  the  management  of  Fradions  lies  in  their  rdative  Na- 
wre  and  Value.  But  now  more  pardculaitv  0bfirve^  Tlat  fiom  dus  rdative  Nature  it 
follows»  that  the  fiune  Quantity  may  be  fiadionaUy  ezprefTed  under  a  variety  of  dtfeent 
Fo™^^ch  in  moft  Uies  tequires  ibme  preparatory  Work  for  redudng  the  Numbers 
p^pofed  into  a  like  Form,  before  die  common  Operadoos  of  AdditioD,  9v.  can  beper- 
formed.    The  firft  diing  dieicfore  to  be  done,  is  to  eq^ain  die  feveral  Difttnakms  of 

Fra^ons,  widi  die  genaal  TtffM/ of  dieir  Natuici  a^ 
one  Ezpreflbsa  to  ancxher. 

Okferve^  For  brevity  I  contiaft  die  wofd  Naawr^M*  into  Num'.  and  die  wocdAiw: 
wuneuw  into  Detf*. 

From  a  Gomparifim  of  die  Num'  ^to  die  Den^  as  a  Part  (taken  more  generally) 
tD  die  Wholes  Fnidkms  are  diftmguiflied  inm  Pri^fr  and  Iinpr^ 
^  I.  A  Fr0fif  Prsffhrn  is  diat  of  which  die  Num*^  is  left  man  die  Den',  as  |^  and 
la  called  Prefer  with  refped  to  die  rebdve  hmegar^  becaufe  it  eiprBfles  a  Quandrv 
lefi  than  it^  (as  has  been  already  explained  in  tLCerallatj^  to  the  Definition  of  aFti^Jon;) 
^Jf  die  true  and  proper  Signincadon  of  the  word  Fradioo  wer^  fa  Part  or  Quandty 
leflfer  [dian  anodier. 

a.  An  Ifffreper  PraSiem  is  that  of  which  the  Num'  is  ecpial  tXH  or  gveattr  than  the 
Den*,  as  f >  or  f ,  and  is  called  imfreper  widi  TtSpc&  to  die  rdaiive  Intager,  becaufe  it 
exprefles  a  Qgandty  j;reater  than  it^  and  is  dierefoie  not  a  Part  of  it  in  any  fenfe.  But 
takingdie  ^otd^Framm  as  I  have  defined  it,  there  is  no  iiich  Diftinffion;  for  each  Unit 
of  the  Numr  isan  AU^t  Partof  the  Integer,  and  die  Whole  is  a  Number  of  fuch  Parts; 
And  fince  die  applying  a  rekdve  Value  or  Donominariop  to  any  Number,  makes  it  a 

fta^iooal 
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{rafitiooal  Number  ^  therefore  all  iuch  ire  equally  true  and  proper,  according  to  this  larger 
Saiie:  fo  that  wherever  this  diftini^oii  is  applied^  the  meaning  of  the  word  FraSian  is 
lefbained;  or,  without  mjnHing  thaJ^  we  may  take  the  Terms  Proper  and  Imprapery  to 
fignify  no  more  than  a  Diftindion  of  tfaefe  different  Circumftance^  viz.  ^Ntmerator's 
hdng  leis  or  not  lefs  than  AcDenamimatar. 

FmSdods  arealfo  dtftinguifliad  into  Smj^  $od'  ComMmk 

3.  A  Simple  FraSiom  is  one  fiogle  Fiaftiooy  refeWQ  immediatidy  to  fome  Integer ; 
as  ^  or  S  of  any  thing. 

4.  ACampamkiFraaidn  is  aFraftion  of  a  FrafHon^*  coo&fkii^  of  two  or  more  fimple 
Fradions  referred  to  one  another  in  order,  artd  the  laft  referred  to  fbme  Integer  ^  as 
I  of  f  of  any  tiling;  or  |  of  |  of  }  of  any  thing;  the  Particle,  ef,  being  the  Mark  of 
a  GofapouDQ  Fradion.  c    .  .  . 

ScBoi^iv M.  One  Fni&ian  may  he  ^itbetao  ^Uqitot. or  Jtiiqusnt  .PArcof  anothei^ 
as  well  as  one  whole  Number  is  ot  another ;  fo  that  a  Fraction  which  is  |  of  f,  is  an 
Ahftet  Part  of  | ;  but  f  of  f  is  Aliquant. 

5.  A  Whole  Numker  with  a  Fraction  annexed,  is  called  a*  Mx'd  l^nmhery  and  if  the 
Fradbn  is  referred  to  an  Unit  of  the  fame  thing  that  the  whole  Number  reprefents,  then 
they  are  fet  tcM;ether  without  any  mark  of  Addition,  that  being  underftood ;  for  Example 
^\L  but  if  the  Fra<iion  is  not  referred  to  an  Unit  of  the  fame  thixig,  they  muft  be  fepj^ 
rated,  that  the  name  of  each  thingmay  be  diftindly  appl/d,  as  if  it;  were 46/. 4- 1  '?^. 

ScHOL  lUM.  In  Abftradt  Numbers  when  there  is  no  particular  thing  named,  a  Mx'd 
Numier  is  always  underftood  in  the  firft  fenfe,  (i.  e.  the  Fraftion  is  fiipixned  to  relate  to  an 
Unit  of  the  (ame  thing,  which  the  whole  Numoer  reprefents)  and  fo  it's  written  withoilt 
any  mark  of  Addition,  as  245-.  Obferve  alfo,  that  if  we  fiippofe  (as' we  (hall  immediately 
prove)  that  two  Frafijons  exprds'd  in  difierent  Numbers  may  be  equivalent,  then  thefiun^ 
inte^  Number,  with  the  fame  or  equivalent  Fradionj  makes  the  (ame  or  equivalent  im? 
proper  Fraffion.  <.      ' 

COROLLARIES,  .  :     * 

1.  Every  Improper  PraSioH  is  equal  to  (bme  whole  or  mix'd  Number,  and  particularly, 
if  Acl^ttmerator  and  Denominator /jirc  equal,  the  Fraftion  is  .equal  to  i^*  for  then  you.taKe 
as  many  Paro  as  tiie  Int^;er  contains,  that  is,  the  whole  Int^er  or  Unity,  fo  |  =  i .  'And 
where  the'  Num'  is  greatfei'  dian  the  Denom**,  the  Fraaion  is  greater  than  Unity, 
(for  the  Integer.)  But  1k>w  te  reduce  it,  o^  find  die  equivident  whole  or  mix'd  Number, 
we  Ihall  Icam  ftfb^rWJirds.  •     ,•/'•-  v;.    j  . 

2.  Every  compound  Fra<£Hon  iseaual  to  foma  (Imple  Fraction,  for  tl^t  which  is  aPaitof 
a  Part;,  is  certaimyft  Part  of  thi^  Whcde,  and  we  Iludl  fee  fodow  how  to  find  that  fiippk 
FraAion. 

AXIOMS. 

1.  the  like  VftiEddns  6F  t^o  equal  Quanddes  or  Numbers  are  equal  -y  that  iS}  if  A=sB 
then'iof  At=-  ofB.  •  ' 

2.  If  two  Fradtions  are  luppbfed  to  be  equal;  and  if  aUb  one  of  theirfimilar  Terms  be 
equal,  theother  is  fotoo;  thusif -j  =  ~  then  is *fi=rf.  '      •  ^     . 

Ail  the  other  common  Axioms  of  Numbers,  hold  in  FradUons  as  well  as  Integers. 

•  •  •  .  ' 
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LEMMA    I. 

The  ^eater  or  lefler  die  Numr  of  a  Fradion  is  widi  the  fiune  Den',  the  greater 
or  lefler  is  the  Value  of  the  Fradion.    Or  dius, 

TWo  Fradions  widi  the  iame  Denom'  and  diSemn  Num",  repreflht  quantities 
of  difierent  Value;  and  the  greaceft  Num'  mokes  the  greatieft  Fradion.  Exsmf.iis 
greater  than |  (of  the  fame  thii^ :}  For  the  Num^  being  thediredNumber  of  thingsex* 
preiied>  and  the  Denom*  bong  the  &me,  the  Value  of  each  Unit  of  the  Num'  is 
the  £une>  and  therefore  the  greater  Numr   makes  the  greater  Value  in  die  whole. 

But  more  particularly^  if  die  one  -Numr  is  Mukiple  of  the  other,  that  Fradion  is 
Equi-muldple  oftheodier;  fo  ^is  double  of  7  becaufe  419  double  of  2.  For  die  Value  of 
each  Unit  of  the  Numn  being  equals  die  comparim  of  them  is  die  ftmc  as  if  they 
were  pure  abftrad  Numbers. 

CoROLL.  A  Fradion  is  multiplied  or  divided  by  any  Int^er>  if  we  multiply  or  divide 
its  Num'>  ani  diis  is  a  proper  Muldplication  or  Divinon  ofthe  dired  Nuinberof  dungs 

reprefented:  So|X2=^  and4-r-a:^|;anduniverlally#  X— =s  — and  —  -r-#=-  or 

the  ipartof  —  =— . 

Okfirv€y  That  theDlvifioo  is  fuppoled  here  to  be  without  a  Remainder,  for  odierways 
a  Fradion  cannot  be  divided  by  dividing  its  Num'.  Becaufe  the  compleat  Qw(r  beiw 
a  ndx'd  Number,  it  cannot  be  the  Num'  of  a  Fradion  in  prooer  terms.  Oijeroe  alto 
diat  when  the  Num'  of  a  Fradion  is  !»  it  is  multii^ied  byany  Number,  byphcingthat 

Number  inftead  of  the  x :  diuft  n  times  ^  Part  is  ^  Parts:  the  trudiof  whichneeds  not 

this  Limmny  but  is  comprehended  in  the  very  Nature  and  Idea  of  a  Fradion.  So  ^,  or 
3  4*^  Partf)  is  an  equivalent  Expreffion  for  3  dmes «  Part,  as  every  Number  of  any  Jdnd 
of  tUngs  fignifies  fo  many  Units  of  that  kind. 

LEMMA    II. 

Any  Fradion  of  any  Number  is  equal  to  die  Sum  of  die  like  Fradioos  of  all  the  lefler 
Numoers  of  which  tbt  Wholeis  compoied.    For  Examf.  ao=s  12+ ^-    therdbre  4  of 

OO  (b5)  is  =  4of  I2(s:3)+:(of8(ss2.)      Alfo|0f20(s=l5)is=i0f  I2(e=:9) 

+Jof8(=tf.)    Or  Umvirfslfy^  If  MssA+B+C,  ^^.  dicn  i  of  M  is=r  i   of 

A+i^f^+i^C-    Or,  £  ofM5=i  of  A  +  y  of  B+ J  ofC.    [Howfe- 

veral  Fradions  are  added  together  in  one  fimple  Fradion,  we  learn  afterwards;  all 
that  is  defigned  here^  is  a  general  Truth,  concerning  a  number  of  Fradions;  for  whatever 
way  diey  are  expref&d,  me  general  Idea  is  the  (ame  dung. 
The  Eeajin  of  this  Truth  is  very  plain;  for  the  Whole  being  nothing  dfe  but  all  the 

Parts,  when  you  have  taken  die  }  or  J,  (or  gqierally,  j-  Part,  or  j  Parts)  of  'cadi 

Member  ofthe  Whole,  you  have  taken  die  like  Part  or  Parts  of  the  Whole* 

ScHoL.  We  msy  aMbexprcfi  diisTrudi  in  thismanner,  viz.  If  one  Qujmtity  is  made 
up  of  a  number  of  odicr  Quanddes,  A+B+Q  and  anodier  made  up  of  as  many 
tf +*+^3  &^'  v*ich  arc  refpedtivdy  kffibr  dian  die  former,  and  which  arc  each  equ^ 
to  die  &me  Fradkm  of  their  Correfpondems  in  die  odier,  (i.  e.  ao(Ay  and*of  B,^rJ> 
dien  IS  the  Whole  ^+*4-tf,  &e.  equal  to  the  ftme  Fndionof  die  Whole  A+B  +  C, 
<^^.  that  is,  the  Sum  of  the  like  Fra6dons  of  any  two  or  niorc  Numbers,  is  the  like 
Fradioa  of  die  Sum  of  diefe  Numbers. 
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CVROLLARIBS. 

I 

1.  Any  Fiadidn  of  accf  Number  k  equal  to  diat  Nubber  of  times  the  like  Fradion 
of  li  for  S3CM^.  I  of  a  is  s=ax  f  of  i  (=|  of  i  Cor<^.  Lem.  i.)    Alfo  ^  of  a,  is  = 

axf  of  I  (=^  of  I)     Or  UniverfaUj,  i  of  -«  is  «  times  ^  of  i  (=  1*  of  i,  by 

C*f   l»em.  I.)     For  -  *^  *>  is  the  Sum  of  the  £  Partsof  every  leffcr  Number,  which 

makeap  #,<•«.  of  every  Unit  id  *,  which  is  ^  of  i,  as  often  takenas  there  are  Units 

tn«^  or  -times  -  of  li  thatis,  J  multiplied  by  « s=  ^'  of  i.  (Cw.Ltm.  i.)  [And 
kt  it  beah»w»mtocW,  that  when  the  Fradion  of  a  Number  is  propofod  which  has  no 
Sh  SSfai  pure  kumbet8,.we  muft  luve«courfc  to  tpplicate  Numben^  fo  tjot 
SrNSa  wt^ofcd  is  conceived  to  reprefent  a  Qiianaiy  fiibdivifiblc  &  as  to  have  the 
Part  propofed.  J 

«  ^ti «  r  Tfi  Am  CoreUan  we  have  a  compleat  Demoftftradotl  of  what  we  have  in  part 
ftoiSdJ;"  SvSn  5  wSe  app&ateNumW  and  referr'd to  this  Place,  -viz.  Thatany 
pSTSX  NSSr^TODgsTequal  to  thatNumterof  Times^the  likePartof  one  of 

diefe  Things.    Examf.  That  |  of  a  /=a|  of  i/.  or  f  of  »  =  -  of  i. 

^  A  Tf  At^  ..e.rrfA  to  am  Number  is  equal  to  a  FradUon  wfaofe  Num'  is  that 
giv«  jStS^^Tte.' tbT^ren^  andihichis  referred  to  the^given  N«mr 
as  the  Whole.  Thus,  |  of  »-f  of  3:  or  generally,  ^  of «»=«  -  of*.  For 
1   of  » is=-  of  li  and  -  of  *as7  of  «  (?«•  Ac l«ft)    Cottfequently,  y  ofii< 

Ji  • 


"    Oftf. 


-4    \jx  m» 

J  Pr^frt  ^fi^  twA  lift  this  follovw  acun.   That  any  FraAion  of  any  Number  is  an 
Ji^^^^v^C^^S,^^  referred  i  theProdud  of  the  Num'  and  the 

givenNumber,  as  the  Whole:  Thus,  $of  5-?  of"-    Vrnvtrfslfyy  ~  of  *a-.J^  of**. 
For^  of*=*time8  i  of  i  i  or,  ?  of  i,  (by  the  firft,)  and  i*  of  i  is  i=  i  of  **, 

(by  ihe  hftj)  thaefore  1  of  *  =  -j  of  «>• 

4.  The  Sum  of  two  or  more  Fiaftionahaving  the  fime  Den»,  is  equal  w^a  Fradion  rf 
the  £une  Detf,  whofe  Nusr  isthe  Sum  of  .the  given  Num».  Examf.  i  4.  -.  +  i 
^H±i:i-  For-;  of  *+  i-of  *+  7°f '^^  of*+*+'i  but^  of-='-^  ofi. 

t.iZt^'S'S:^^^^ ^W-auo^e  of  .he  Sgnj thefe 
N^nWwng  an  divided  by  the  fame  Divifor.    fof  A±i±^ ^4 +-  4^ ;  a«l 

.h«e.erthd-e^0t«j«.  t"^,^„jaM^^^t^|^lS25S;S^.£ 
^tesofthefeNumb^bvAeDen' j^t^mjw^^  ^^_ 


Incegral  Divilbr :  For  whatever  kind  qfNutQbers^j^Gai;^^  it  is  true>t]ut  i  of  A-f-i 

of  B  -f-;  of  C=  -i  of  A  +  B-f  Cj  and  the  -i  of  any  Quantity  is  the  Quote  of  it 

divided  by  n.  Afterwards  when  we  leam  what  the  meaning  of  dividiiig  by  a  Fra<aion  is, 
we  fliall  fee  the  iame  truth  hold  in  that  Cafe  alfo :  So  that  it  is  Uiiiverfal  for  all  Caf^ 
whatever  the  Dividend  and  Divifor  is  ^  as  you  taay  eafily  make  Examples  of,  when  you 
have  learned  the  Operations  of  Fiaftidns.  ^ 

6.  Any  Aliquot  Vzn  of  one  Quantity  or  Number  whatever,  Whole  or  Fraaion,  is  die 
fame  Fradion  of  the  like  AUq^t  Part  of  anothei",  as  the  one.  Whole  is  of  the  other :  Or 
thus,  any  two  Numbers  or  Quantitys  are  the  fame  Fradtions  one  of  another  as  their 
Equimultiples.    Examf.  If  |  of  any  Quantity  is  equal  to  {.  of  the  f-  of  amnhcri  then  die 

firft  Whole  is  J  of  the  other :  Or  if  7  of  one  Quantity  is=  ^  of  -^  of  aootber,  die 

firft  Quantity  i»  ==  ^  of  the  olter :  For  each  Whole  being  compoied  of  equal  PartS) 
they  are  reprefented  thus,  A  + A+A,  €^r.  and  a-^a^a^  ^c.  And  the  Number  of 
Parts  being  equat  ^  and  A  are  the  like  AUguot  Parts  of  their  Wholes  i  and  ^  is  the  like 
Fraftion  of  A,  as  the  Sum  4;  +  ^,  &€.  is  of  A+  Pi^&c 

mm 

7.  If  we  compare  any  FfadHon,  as  -  of  any  Quantity,  or  Number  ^^teyer  A  and 

the  like  Fraflion  of  anbther Number  B^  then  is  1  of  A  equal  tothefimeFhuaion  of  i 

of  B9  as  A  is  of  B;  which  is  jdain  from  *e  kft :  for  »  x  ;;;  of  A,  aUd  »x  i  of  R.arc 

Equimultiples  of  i  of  A,  and  -j^  of  B :  And  by  the  laft.  Equimultiple^  or  like  Aliquot 
Parts  of  any  two  Quantitys  are  the  like  Fraftions  one  of  another  as  tbefe  Quantities  are  • 
i.e.  »x  ^  of  A  (=  -;  of  A)  is  thefame  Fradion  of  »x  -  ofB  0=  *  of  ^^\   as  1 

of  Ais  of  --^.of  B:  Alfo  -  of  A,  i$.the  fimeFraftibn  (if  -i  <if'B;  asA  feof  B:  Hoicc 
]ifthr,  Jl  of  A  is  the  fiune  Fraftiqa  pf  f^   of  B  as  A  ctf  B. 

L  B  MM  Am. 

The  Diflference  betwixt  the.  like  Fradiohs  of  two  Qaahtitj^s  of  NumBew  whatever  is 
equal  tb  the  likef  Fraftions  of  the  Diflference  of  d»sfe  Numbers:    E^mp. .  f  pf  15  (=  /o) 

^fdf  6  {—4)  \s  =fdf  15  — (f  (=i(J;)  or:.gene«lBy>  ^  of  A— ^x>f  B:=:l    of 
A— B.  Or  thus,  if  /r,^  are  like  Fra£Hons  of  A,B,  -ate.  -2  ,  Parts,  then  ^1— .*t=  -2  of  A^ 
Demonst.  LetA— Bbe  =  </i  dien  isA=i/-f  B:  Whei^re  *  of  A-^Bss  -  of 

'    '       '     •        -  ■  W  M 

dy  and  -  of  A=:  -  of  rf^rSj  wWch  is=  ^-  of rf-j-  J  .ofB,  (by kft !*«?».<,>)  Con- 
fequendy,.^of  A  =  ^  °*'''+^  of  Bj  out'of  eadj  o£  thefetake  -  of  ^,-  dwn  is 
i  of  A-  i  of  B^  2.  of  </.  But  i  trf  X^sBB  Z  qf  4,  QBabovei)  therefore  £  of 
A—^  ofBsi-^  ofA^^ 

.'     .  ■■■■•''■'•;,•  ■.  ,    . 

•  ■'•••'..      .i'..         :     ■"  *>?»•, I'}.,-         ,.'.'.  Co  ROI.- 
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CoRo  li.  The  DifFerence  of  two  Fraftions  of  the  iame  Den'  is  equal  to  aFradlion 
of  that  Den',  whofe  Nutn'  is   the  Diffbtence   of  the  given   Numbers.      Example^ 

7-7=="-,  for  i   of  *~-  ofi,and  i    of  b^i  ofi,and  -  of^^ss'- 


of  I  :  Therefore  «  —  -.  =5  — . 


LEMMA    IV. 


The  more  (egual)  Parts  any  Number  is  divided  into,  the  fmaller  thefe  Parts  are;  and 
the  fewer  the  Number  of  Parts,  the  greater  is  the  Part.  For  Examf.  f  Part  is  grciiter 
than  J  Part  ^  andfo  of  others  :  For  it  is  plain,  you  cannot  divide  the  Whole  into  mc^rc 
Parts  without  breaking  the  former  i^arts  into  Pieces  or  fmaller  Parts.  But  more  parti- 
cularly, if  Ac  Den'  o?  one  Part  is  Multiple  of  the  Den*"  of  another,  then  this  Part  is 
Equimultiple  of  the  firft.  For  Examp.  \  of  any  thing  is  double  of  j.,  becauie  6  is  double 
of  ^.    Am  it  is  evident  that  the  fame  reaibn  muil  hold  in  all  Cafes. 

Or, we  may  exprels  it  dius^  Ifany  Quantity  is  divided  mto  any  Number  of  equal  Parts, 
and  die  fame  (or  an  eoual)  Quantity  is  divided  into  2,  3,  4,  ^c,  times  as  many  Parts, 
then  die  Pait  of  this  laft  Divifion  is  but  |,  -J,  J,  &c.  of  the  Part  of  the  former.  For 
yea  cannot  nwke  2, 3,  &c,  times  as  many  Parts,  otherways  than  by  breaking  or  dividing 
cacli  of  the  former  Parts  into  2,  3,^^.  whereby  they  will  become  ^y  f,e5-f.  of  the  Part 
divided ;  and  reciprocally  if  the  laft  Divifion  is  into  |,  f-,  :J-,  &c.  of  the  Number  of  Parts 
of  the  firft,  then  is  the  Fart  of  the  laft  Divifion  2,  3,  ^&c.  times  as  great  as  that  of  the 

firft.    Umverfaffjfy  ^  Part  of  any  thing  is  equal  to  r  times  ^^  Part  of  that  things  and 

Reciprocally,  ^^  Part  is  but  the  ^  Part  of  i-  Part :  So  that  if  the  Den'  of  an  Aliquot 
Frafticm  is  the  Produd  of  two  Numbers,  that  Fraction  is  equal  to  the  Compound  of  two 
Aliquot  Frafticins  whofe  Den'*  are  thefe  Numbers.    Thus,  iftf=r»,  then  is  -i  =  i 

.  a  r 

LEMMA    V. 


Fnidion 
2  or 


ion  is  but  i  or  f,  &c.  of  the  other.    And  Reciprocally,  this  Fradion  is  equal  to 
3  rimes  the  former;  fo  J  is  -^  of  5-  (^d  |  is  2  times  i)  becaufe  3  is  f  of  6y  and 

^  is  i  of  4,  becaufe   7  is  i  of  28.    Umverfalfy,  ^   is  7  of  7)  and   -  is  rtimes  -^  > 
becaufe  »  is  ^  of  r  ». 

r 

The  Reafbn  is  plain:  Thus,  .7  of  any  thing  is  r  times  -^  of  that  diing,  (Lem,  4.)  /.  e^ 
-  of  as=:rx  ^^  of  a-y  but  •;;  of  a=  ^  of  i,  and  ^^  of  ^=  ^^  of  i,  (by  Cor.  2, 
Lem.  2.)  therefore  •;   of  i  =  r  times  7„  of  i. 

Or  we  may  fee  die  Truth  of  this  fomeyrtiat  otherwife;  thus  -^  and  p  are  the  like 
Aliquot  Vmz  of  i  and  J!^  vi%,  the  I  Part;  (for  -  =-  -i-tf,  or  -i  of  -,  and 
p^rs-  -i-45=«  of  ;^:    {CoroLLm.i.)  But  -i  =-  of  •;>  (by  Lem,  4.)     There- 


fore 
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fore  dittWhoJe  of  which  i  fa  the  i  Part,  (viz.  -2)  is  alfoAe  -  Part  of  that  Whde, 
ofwhkh  I  is  the  •;  Part,  (w».  ^y)^-  *•  ^„  »8  the  i  of  -i,  (Or.y.  I>m.2.)  And 
ReciiMwally,  ^  is  r  times  r«* 

1.  A  FrtAbn  is  multiplied  o^  divided  by  any  Int^er^  if  we  divide  or  mukij^  its 
Den^  So^/xr=^,  and  •;-^''  =  r«'  Fo^  r«=7  ^^  7>  (by  this  I,e»m^.; 
But  the  -i  Part  of  any  Quantity  multiplied  byr>  produces  that  Qtiantity^  therefore 

Tn^^—lii    whence  again  ^  -^r«=;2.- 

And  take  notice,  That  dieDiviiionis  fiippofixi  here  to  be  without  a  Remainder;  for 
otberwife  the  Fradion  cannot  be  multiplied  by  Divifion  of  its  DenS  becau^  the 
complete  Quote  is  a  mix'd  Number,  and  fo  cannot  be  the  Den'  of  a  Fradion. 

ScHo  L.  As  to  this  Cmrottenrjy  oUerve,  That  by  multiplying  or  dividkig  the  Dea'  of  a 
Fradion,  what  we  call  properiy  the  fra£tional  Number  is  not  multiplied  or  divided,  for 
that  is  the  Num'^^  but  me  mird  Value  or  Quantity  exprefled by  the  Fradion  is  multiplied 
or  divided^  fo  that  it  is  ftiU  proper  to  fiiy,  me  Fradion  (i.  t.  the  Qijantity  expreffin  bj 
it)  is  multiplied  or  divided.  Ag^,  it  is  maoifeftly  the  (ame  thing  in  efifed,  to  increase 
or  diminiln  a  Number  of  things,  keeping  die  fame  Value  of  each^  or  to  increafe  or  di- 
jninifli  the  Value  of  each,  keeping  the  mne  Number  ^  fcH*  either  way  die  Qjiaaticy  or 
mix'd  Value  of  the  Whole  is  equid^  increafed  or  dimini/hed.    Hence, 

2.  If  the  Nutm  and  Den'  of  a  Fraction  are  equally  multiplied  or  divided  by  any  Num-^ 
ber,  the  Produds  or  Quotes  (where  diere  is  no  Remaimler)  make  an  equal  Fra£tion : 
Or  thus;  two  Fradionsare  equid  if  the  Num'  and  Den' of  the  one  are  Equimultiples,  or 

like  Abfuot  Parts  of  the  Num'  and  Den'  of  the  odier:  So  ^  =  -j.    For  by  multf- 

plyii^  or  dividing  the  Number,  die  Fradtionis  multiplied  or  divided  in  the  Number  of 
things  disedly  exprefled,  (Or.  Lem.  i.)  and  by  multiplying  or  dividing  the  Den' by  die 
lame  Number,  the  Fradion  is  contraruy  as  much  divided  or  multipli^  in  the  Value  of 
the  things  exprefledy  (laft  Car,)  fo  that  what  the  Fradion  gains  or  lofes  in  the  one  Mem- 
ber, it  contiarily  lofes  or  gains  as  much  in  the  others  and  confequendy  it  remains  ftill 
the  fame  Fradion,  only  in  diflferent  Terms. 

3.  If  we  find  a  Number  which  will  exadly  divide  die  Num»  and  Den'  of  a  Fradion, 
we  can  thereby  reduce  it  to  lower  Terms,  (i.  e,  find  another  Expreffion  in  lefler  Num- 
•bcrs,  which  is  an  equal  Fradion,)  w«.  bv  dividing  the  Num""  and  Den'  of  the  riven 
Fradion  by  that  Number,  and  taking  the  Quotes  in  place  of  theformer  Nutria  andDeri^ 
Thus,  7=1,  by  dividing  6' and  8  both  by  2. 

ScH  OL.  Such  Divifoss  will  be  eafily  dilcovered  in  many  Cafes^  and  from  the  Na- 
ture of  Numbers  we  have  thefe  particular  Rules  for  finding  a  Number  which  will  divide 
two  other  Numbers,  (i.e.  the  Num'  and  Den»  of  a  FradM>n)  viz.  i.  If  both  are  even 
Numbers,  or  have  in  place  of  Units  2,  49  6,  8,  or  o;  then  they  are  bodi  divifible  by  2,' 
fo  !$=/;.  And  after  one  Divifion  by  2,  if  they  are  ftill  even,  divide  again  by  2,  and 
fo  on  as  long  as  dicy  are  even;  thus,  |^=s||s:  JJ^ss^. 

2.  If  any  (me  or  both  of  them  have  5  or  o  in  the  nrft  Place,  then  will  ;  divide  them 
boA  7  -ot  n  tbey  have  both  o's  in  the  firft  Phces  on  the  Rigbt-httd> -cut  away  an  equal 

.  Num- 
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Number  of  o'$  from  both,  (wbicb  \s  dividing  them  both  equally  by  lo  or  loo,  &c. 
according  to  the  Number  of  o's-cut  off;)  and  jdEtcr  thefc  are  cut  oflj  apply  feme  of  the 
odier  Divifioos,  if  the  Cafe  admit  it. 

Zxmmp.  I.  V4V=A  (^«-  i?-^J  =  3j  and  a4jo-^y=:+8.)         Ex.  2.  ^ssyV 


When  ooneof  thefc  Cafesoccur,  yet  in  finall  Numbers  you  will  eafily  difcover  a  Num- 
ber which  will  divide  both,if  there  is.any  fuch;  and  tho'  2  will  divide  them,  yetyouTl  fre- 
qucndy  find,  at  firft,  a  greater  Number  which  will  divide  them. 

^*^  iT^^r  4t  —  W  41 — 1>   S4  —  t>  ?i— ?'/• 

Definition  i.  Two  Fradbons  are  fidd  to  be  reverfe  or  recifrocal  to  one  another, 
when  tbe  Numr  and  Den^  of  die  one  is  the  Denr  and  Num'  of  the  other,  as  \  and  {,  or 

genendiy  j*  tnd  ^  are  Reciprocals;  and  becaufc  any  integral  Number  is  made  an  impro- 
per FradioQ  by  makii^  i  the  Den':  Therefore  a  whole  Number  has  alfo  its  Reciprocal, 
«».  a  Fradtion,  whole  Den'  is  that  whole  Numbor,  and  its  Nmir  i.    So  2  and  4j  or 

tf  and  ^  are  Reciprocals. 

2.  Two  FraAions,  i^ereof  the  Terms  of  the  one  are  dbe  2  Num"^  and  the  Terms  of 
^e  other  thetwoDen'*  of  other  two  Fradions,  are  called.  The  Alternate  Fradions  of  thefc 

A  B  AC 

odier  two:  Thus  g  and  ^ are  die  Alcemate  Fradions  of  thefc  two  f    5    and   thefc 

Alternate  of  thofe. 

I,  E  M-MA    VI. 

If  two  Fra&ions  are  equal,  then  thefc  Truths  follow. 

1.  Tbe  Produ^  made  of  the  Numerator  of  each  multiplied  into  the  Denominator 

of  tbe  other  are  equal.    Thus,  if -7=-^  then  is  amssbm. 

Examp.  f = J,  therefore,  2X6=3X4  (  =  12.) 

Demon  ST.    Since  ^=^  multiply  each  by  m,  the  Produds  muft  be  equal:  But 

^  xmss^  (by  C^r.  Lem,  i.)  and  -^  X  i9v  =^  or  fh    (Corol.  i.    Lemma  4.)   that  if, 

^  =9.  Again,  multiply  each  of  thefc  by  ^,  the  Produds  are  alio  equal,  vJz,  am:=iif, 

which  2iS6  follows  fipntn  the  Proof  ofDivifion. 

Hence  we  have  learned  a  certain  Rule  for  trying  the  Equality  or  Inequality  of  two 
FradJOQs. 

The  Rfverfe  of  this  Article  is  aUb  true,  vi%.  That  if  the  ProduAs  made  of  the  Nu* 
mentor  of  each  FnuSion,  multiplied  into  the  Denominator  of  the  other,  are  equal,  thefc 

FnftioDs  are  equal.  Thus^  if  ^amasfap,  then  7=£*,  For,  divide  amwA  h»  both  by^, 
the  Quotes  are  equal,  viz.  ^^=^n }  and  again  dividing  both  by  mr,  the  Quotes  are  equal' 

Corol.    If  ■t==''9  doi are  »,  i»,  both  lefi  or  bothgreater,  or  both  equal  to  their 

Correfpondants  Oy  ^yfor  fince  am:=ilhfy  if  mis  lels  than  a,  b  muft  be  greater  than  kv,  elfc 
it's  pbmly  impoflibfc  dttt  buOxoxM  be^s^nrjandifvis  gveater  than  a,  b  tmift  be  lels 
thanar,    Lajfl/y  if  m^0y  ^eabssim. 

2. 
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a.  The  RecifrocalFfaSiomzrt  alfo  equal  j  that  is,  if  y=^,  then  is -=S.  Ear.  iff =1 
then  is  4'=|. 
D  E  M  o  N  s  T.    Becaufe  -j  =  -^j  therefore  am = »^,  (^rf .  i .)  Divide  c«u:h  by  n,  and  the 


hn 


Quotes  ore  equal>  'Vfz.  «?=- :  then  divide  each  of  thefe  by  »,  the  Quotes  afe  equal, 


b m 


Scholium.    Becaufe  the  Reciprocals  of  two  equal  Fradions  are  equal>  we  may 
alfo  fay,  that  the  Reciprocal  of  one  of  two  equal  Fradions,  is  a  Reciprocal  to  the  odier : 

Soif-j  =  "  then  are  -  and  ^Reciprocals,  alfo-j  and  ^      But.  then  it  will  be  convenient 
to  diftinguifh  betwixt  immediate  and  remote  Reciprocals.    Thus  -j  and  -  are  immedi: 


a      m 


ate  Reciprocals,  and  r    ^   are  remote  Reciprocals.    But  when  we  fp6ak  of  Redprocab 

in  general,  without  diftinguifhing,  then  either  of  the  kinds  may  be  fuppc^. 
C  o  R  o  L,    If  the  Mamerator  of  two  reciprocal  Fraftions  are  multiplied  together,  and 

alfo  their  Denominators,  the  Produfts  make  a  Fraftion  equal  to  i.    So  if  ^    "  are  Re- 

ay    my    , 

ciprOcals,  then  |^=  i^  for  1  s=  ^  and  am:=ibny  (Art.  i.)  henpe  ^=^i- 

3.  The  Alternate  Fradions  are  alio  equal :  That  is,  if  j*  =  " ,  then  tdfo  i^  i  =1 
and  -^  =  f .    Examf.  if  f  !=J,  then  J=:J. 

jg  mm 

Demon  ST.    Since  j- =:  jj- then  am^=^bn  (Art.  i.)   divide  both  by  »,   and  the 
Quotes  are  equal,  wk.  <;;•=  »,'  tugiaay  divide  both  thefe  by  m^  and  tlie  Quotes  arc 
equal,  7  ^  -  C^r  2?  -^m^^^  and  b-^m^  J  0  And  becaufe  7  =  *  therefore  - 
cs;  2-    By  Art.  2.  • 

Co  R  o  L.  I.  If  two  Fraftiofls  are  equivalent,  as  j-  =  ^  the  Terms  of  the  one  arc 
like  Fradions  of  the  correfponding  Terms  of  the  other :  Thus  »,  w,  are  likeFradlions  of 
i?,  hy  or  ay  hy  like  Fraftions  of  »,  w.    For  »=  1  of  tf,  and  »»=  r  of  *:  but  -= *  • 

h  a  b   '^  ^  ^  a        k  ' 

Alfo  a=^^6f  ffy  and  ^=  ^of  w;  but  ^  =  - 

2.  If  two  Fradions  are  equivalent,  as  j-  =5  ;;^  the  Terms  of  the  one  are  the  Quotes 
of  an  equal  Divifion  of  the  correfpondent  Terms  of  the  other,  byfome  Number,  either 
int^ral  or  fraftional:  For  by  Cor,  2.  Lem.2,  -  or  ^  of  i  is=  ^  o(a^  and  ^  is  =  - 

of  *.  Suppofe  then,  that  7  =  ^>  then,  whether  1^  is  a  whole  Number  or  Fradiot),  its 
plain,  that  n  times  d  is^=iay  and  confequoitly  d  is  contained  in  la,  » tunes,  or  -a  -r-d^^n. 
Again,  i  =  .-,  therefore,  -■  =  ^  and  for  the  fame  Reafon  aa.  before,  d  is  contained 

w  times  in  ^,  or  i  -^d^s^m.    In  the  lame  manner,  if  we  fuppofe  ^  =  ^,  dien  n-^  i 

=  4fi  and  becaufe  7  =  f,  therefore,   y  =;rf,  and  m-r-d^b.   ■ 

Obfervcy 
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oWirw,  Wtoi  we  Imre  kftmed  afterwards,  that  the  Quote  of  any  Number  (Whole; 
or  Fradion,)  divided  by  any  odicr  Number,  is  fuch  a  Fraftion  of  the  Dividend,  as  the 

Redprocal  of  the  Divifor  espveSkh  ('•^-  the  j-  Part,  if  the  Divifor  is  a  whole  Number 

tfj  ordie  i  Parts,  if  Ae  Divifor  is  the  Fradion  y)  th«i  it  will  be  plain  that  the  one  of 
thefe  two  Corollaries  is  contained  in  the  odier,  fo  as  either  of  them  may  be  deduced  from 

the  other. 

L  M  M  MA    Vn, 

If  any  Number  A  (whole  or  fradlional)  is  equal  to  any  Fraftion  (proper  or  improper) 
of  aiwAer  Number  B,  then  is  B  equal  to  the  reciprocal  Fraftion  of  A.    Exam**.  If  A 

=:|  of  B,  4en  is  Baa%  of  A;  univerfiJly,  if  Acs:  i  of  B,  then  is  B=  -  of  A. 

DsMoHsT.  If  A=  i  of  B,  this  fuppofes,  that  B  being  divided  into  m  Parts,  A 
contains  n  of  thefe  Parts;  which  infers  reciprocally,  that  A  being  divided  into  n  Parts, 

B  contains  m  of  fiich  Parts.  ^^,      ^a., 

CoROL.  Hence  we  have  another  Proof  of  the  2*  Amcle  of  me  preceding  Lemmd^ 

viz.  That  if  two  Fraidtions  are  equal,  their  Reciprocals  are  alfo  equal :  For  if  A=  ^  of  B> 

thenisB=*  of  A^  and  if  s=  7,  therefore  A  =  y  of  B>  and  B  a  i  of  A.    But 

Cnce  alfo  B  =  "S  of  A,  it  follows  that  2  =^^  die  B  would  be  equal  to  two  dificrent 
FjadionsofA,  which  is  impoffible. 
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CHAR    II. 

Reduction  ^Fractions. 

PROBLEM    L 

•Tp  0  reduce  an  improper  TraBion  to  its  equivalent  Whole  or  ikCxV  Number! 

Rule,    Divide  the  Num'  by  the  Den^  the  Quote  is  the  Anfwer. 

Examp.  I.  J=  I.  Ex.  2.  */=4,  (the  Quote  of  24  by  6.) 

Ex,  3.  ■/=34>  or  3!,  (becaule  |=|,  Cor.z.  Lem.j^) 

Demoks't.  The  DenF  reprefents  the  relative  Integer  or  Unit,  cirpreffing  it  by  a 
Number  of  Parts  ^  therefore  as  olft  as  the  Num^  contains  the  Den',  itfs  eqiial  to  fo  many 
times  im  Integer,  (or  fo  many^Int<^ral  Units;)  and  ^what's  over  in  the  Di^dfion,  makes 
a  Fraction  of,me  given  Denominator. 

TROBhEMH. 
n  redmi  a  mix'd  Nmtery  to  an  equivaUnt  iinp/ro^r  TraSi^n] 
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VmU.  Molciply  the  integral  Number  by  the  Den'  of  the  Fradioo^  aod  to  the  Pioduft 
add  the  Num'^  make  the  Sum  a  Num'  to  the  given  Den',  and  that  is  the  Fiac- 
tion  ibughc 

Examp.    6|=Yj  *^>  ^X  35=18,  Aen  i8+a==2o. 

DemonsT.    Thi3  is  plain  from  die  laft,  for  it's  only  the  Reverie  of  ic 

T  RO  B  L»  E  M    III. 
To  reduce  a  Whole  Number  to  an  hnfrofer  Fraifiony  having  any  given  Denominator, 

Kule.  Multiply  the  given  Number  by  the  given  Den'^  and  the  Prbduft  is  the  Nuffl> 
of  the  FradHon  fought. 

Examp.  To  reduce  8  to  a  Fraftion,  having  6  (or  its  Detf,  it  iiB=V- 
.  D  EMo  NST.    This  is  alio  plaiA  from  ProhL  2.  being  the  Reverie  of  it. 

C  o  R  o  L.  Every  Whole  Number  is  reduced  to  theTorm  of  a  FiaAion,  by  making  r 
theDen^j  thus,  4=^- 

Scholium.  The  fame  or  equivalent  mix'd  Number,  1.  e.  the  fame. integral Nun> 
ber,  with  the  &mc  or  equivalent  Fra&ion,  will  always  make  the  fkme  or  eauivaient  im- 
proper Fraftion,  only  in  diflFerent  Terms,  according  as  the  fradional  Part  is.  ^nd  Ee^ 
verjilyj  The  fame  or  equivalent  improper  Fra&ion  will  always  reduce  to  die  fame  or 
^uiv^nt  mix'd  Number.  • 

Examp.  4!  =  ^*,  and  4|=V>  and  becaufef =|,  therefore 4 1  =545.,  confequcndy, 
y  = «/ ;  and  from  this  it  follows  reverfely,  diat  4 1  (=  Y)  =4!  {—^t) 

Hence  we  fee  the  Demonftration  of  a  Truth  propofed  in  Schol.  2.  to  Divifion  of  whole 

Nmhbers,  viz.  That  the  fiune  Quote  will  always  be  exprefTed  by  the  fame  Fradliojt;  r.  e. 

That  if  two  Numbers  are  propofed  to  be  divided  by  omer  two,  if  the  integral  Quotes  arc 

the  fame,  when  there  is  no  Remainder ;  and  when  mere  is  a  Remainder,  tf  the  feuaional 
^  -ir^  — :-..i^.   *.u-.-,  *u^f\,,r^^  ^\,^  c^xi: — IK.  /-•  -  u^  r^_._^  ^^e  Dividend 

Qutotes  arc 

1— ,  -^  . ^  thelefler 

mix'd  Quote  is  of  the  greater,  the  fame  will  the  equivalent  fradional  Quotes  be.  So  dut 
in  the  Comparifon  of  one  Quote  to  another,  it^s  the  faxnc  to  all  Inomts  and  Purpofes  to 
exprefif  them  fraftionally  by  the  Dividends  and  Divifbrs,  or  to  reduce  {/.  e.  divide)  uid 
exprefs  them  diredly  and  properly.  But  theUfe  and  Conveniency  of  this  way  of  expref- 
Bug  Quotes,  we  fhall  leam  more  particularly  afterwards. 

PROBLEM    JY. 
To  reduce  a  compound  Fra&ion  to  an  eqmvaknt  finple  WraSi^. 

Rule.  Multiply  all  the  K\m^  continually^  the  lafl  Produfl:  is  the  Num»  fought; 
and  midtiply  all  the  Denn,  the  laft  Produd  is  the  Denr  fought. 

Examp.  I.  I  of  ^  =  /f,  (for  a X  4==  8,  ah^  3X7  ss^i.) 
Examp.2.    f  off  off=mJ  (for  2x5x8=80,  and5X7X^=3i5)  s=;^*. 

Demomst.  I.    If  the  compound  Fradion  confifb  of  two  Parts,  as  *  of  ^  ;    the 

Reafon  of  die  Rule  is  this:  Since  ^  Partsofany  thing  is ss^f  times  ^  Part>  (Cor.Lem,  i.) 

or 


Chap.  2.  Redu^im  of  FraBions*  115 

or  aUb  =  ;^  Part  of  4  times  that  thing,  {Car.%.  Ijtm.%.)  Thence  it's  plain,  that  if  we 
take  firft  a  times  J-  which  is  =  -  and  of  diis  take  ^  Part,  which  is  =  £;  .  or  firft 
take  ^Part  of  ^,  which  is  =s  :^.  and  then  a  times  this,  which  is  y  '  We  have  either 

m  M  '  Mil ,  MM 

way  taken  ^  Parts  of  ^,  which  gives  the  fimple  FraAion  according  to  the  Rule. 

2.  The  fame  Reafonii^  holds  if  the  compound  FraAion  has  three  or  more  Members  ; 
for  dw  two  firft  being  reduce  to  one,  chatoneimd  the  third  make  the  fame  Cafe  as  that 
of  two  Numbers^  which  bdns  reduced,  gives  the  (imple  Fradion  equivalent  to  the  Com- 
pound of  three  given  ones,  (which  will  be  plainly  according  to  the  Rule,  vis.  the  Con* 
tinual  ProduA  of  Numn  and  Denn )  and  fo  on  for  four  or  more  Members. 

Scholiums. 

I.  Itfs  no  matter  whether  die  Members  of  a  compound  FraAion  be  Proper  or  Im- 
proper, the  Redu&ion  is  done  the  fame  way,  and  for  the  fame  general  Reafon,  wherein 
there  is  no  Regard  had  to  the  Diftin&ion  ixFrofer  and  Imfrofer. 

But  diis  is  to  be  obferved,  that  if  all  the  Members  are  Ttoper  WraSsonfy  their  equiva* 
knt  fimple  Fnnftions  will  neceflarily  be  Frofer;  and  if  they  are  all  Imfrcfefy  'v^slmfroper: 
But  if  fome  of  them  are  Treper  ana  others  Imfrotety  the  (imple  ones  will  in  fomeOdes  be 
Fffet  and  in  fome  Improfer^  according  as  the  value  of  the  Prefer  and  ImfreperMetabcn 
happen  to  be.  But  it  is  notto  be  known  what  it  will  be,  otfaerwife  than  by  applyii^  the 
Rufe,  and  adfaially  finding  the  fimple  Fraftion  fought.    So  here. 


iding  the  fimple  Framon  fought.    So 
|of$-ofl  =  /^ibutJof{of| 

i  ar«»  rt^rrtHi  tn  a  "Miimhw  creator  tV 


1.  Fradions  which  are  referred  to  a  Number  greater  than  Unity,  as  |  of  3,  may  be 
alfo  confidered  as  compound  fi:adional  Exprefiions  (by  putting  the  whole  Number  in 
form  of  a  Fraftion,  as  7  of  f,  reducible  to  a  Fradion  of  an  Unit  (of  the  fame  things), 
by  die  lame  Rule,  (and  for  the  fame  Reafons  as  before  0  where  it's  plain  we  have  no- 
thing to  do  but  multiply  the  Num'  of  the  Fraftion  by  the  given  whole  Number,  and  ap- 
ply that  Produft  to  the  given  DenJ^  j  fo  f  of  3  =  f ,  and  J  of  2  ='5.  (=¥•)  But  the  more 
origiifial  Reafon  for  this  Cafe,  we  have  alrwuly  learned  in  Cor,  2.  Lem.  2.  Ohferve  alfo 
that  here,  as  in  the  other  kind,  the  fimple  Fraction  will  in  fome  Cafes  be  Proper^  and  in 
fome  improper,  even  tho*  the  given  Fradion  is  Pn^ ;  but  muft  always  be  Improper ^  if 
tbc  given  Fraftion  is  fo.  Again^  We  may  have  a  Fraftion  referred  to  a  mix'd  Number> 
^  4  ^ 5  7>  ^^  die  Reduftion  to  a  fimple  Form  is  plainlv  this^^  Reduce  the  miifd  Num- 
ber by  ProhlcTm^  and  then  apply  the  prefent  Prohlmy  thus,  y  f  = «/,  and  then  J  of  V 

3.  Some  Authors  propofe  as  a  kind  of  compound  Fraftions,  fuch  Expreffions  wherem 

Vl  9* 

the  Num*^  and  Den'  are  themfelvcs  Fraftions  pure  or  mixed  ^  as  thefe,  — 2:    or      ^ 

2/  I3t 

or  ^.    But,  inmyOpimon,  we  cannot  call  any  of  thefe  a  Fraftion  with  any  Propriety  j 

for  they  exprcfs  not  a  certain  Number  of  determinate  Parts,  which  is  the  true  and  pro- 
per Notion  of  a  Fraftion.  They  are,  indeed,  reducible  to  an  equivalent  Expteffioh  in 
the  natund  Form  of  a  Fraftion  ;  but  that  does  not  make  them  Fraftions  in  the  proper 
Notion,  more  than  a  Number  of  Shillings  can  be  fidd  to  be  an  Expreffion  of  Pence^  be- 
caufc  if s  reducible  to  fuch  an  ExprefEon,  (/.  ^-  becaufc  a  Number  of  Pence  can  be  af- 

0^2  figned 
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figned  equal  to  the  given  Number  of  Shillings.)  For  this  Reafon  I  would  »eiPer  coafidcr 
thcfe  Expreffions  as  Fraftions,  but  only  as  a  manner  of  fignifylng  that  the  one  is  to  be 
divided  by  the  other ;  or  at  naoft,  as  aa  indefinite  vw  of  exprcdJng  the  QuQtQ  of  ^ 
upper  Number  divided  by  the  under :  The  finding  ot  which  Quote  (or  the  Redudion, 
it  yoi)  pleafe  to  call  it  fp)  muft  therefore  he  learnt  from  the  Divifion  pf  Fradions.  And 
lipon  the  Divifioni  of  Fradions  does  alfo  depend  another  FrobUm^  which  fgrne  Authors 
brinjr  in  among  MaJt/Sfhwiy  viz.  To  find  of  what  Number  any  one  nven  Number  (Whole, 
pr  Fradion,  or  Mix'd,)  is  another  given  Fradion.  Examf,  To  tod  of  v4»t  Numhor } 
J3  the  ^  ^  or  to  find  of  what  Number  6  is  the  j :  But  thefe  we  muft  leavQ  to  the  Rule  <tf 
Dlviiion. 

4..  The  preceding  R«/e  is  general,  and  finds  the  true  fimple  Fraction  required  b  aQ 
Caies,  as  has  been  demonftrated^  and  that  fimple  Fradion  may  b^  ^ain  reduced  ^  bwer 
Terms,  in  the  manner  (hewn  in  Cor.  3.  Lem.  5.  But  you  may  more  eafilv,  in  many 
Cafes,  find  the  fimple  Fradion  required  in  lower  Terms,  at  the  firft,  than  the  General 
Rule  gives ;  by  this  Method :  Fim,*  fee  if  the  given  fimple  Fradions  can  be  expreffed 
lower  by  the  M^od  of  Car,  a.  Lem.  5.  and  uie  theie  new  Expreflions  in  place  of  the 
ibrmer,  which  muft  certainly  give  the  true  Fradion  foi^ht^  be^uie  equal  Fradions  are 
the  fame  Fradions,  only  differendy  expreffed.  Examf.  i.  |of|  (  =  Jt)  is  the  fame  as  $ 
of  ^  (==?f )  becaufe  1=1.  But,  a^.  When  you  cannot  reduce  the  given  Fradions, 
or  after  you  have  done  it,  proceed  thus  j  w*.  Cooqpare  the  ^vesra)  Num**  and  Denn  to- 
getlier,  and  if  the  Num'  pr  one  Frs^dion  and  the  Den'  of  another  are  divifibie  by  the 
vme  Number,  (which  m^  fometimes  be  the  kfler  of  thefe  two  Nusnhers  themfdves) 
take  the  Quotes  and  put  in  the  Places  of  the  Numbers  divided  \  and  do  this  \i^th  as  many 
as  you  can,'  and  then  apply  tlie  General  Rule,  which  ynH  give  the  Fradion  fought  in 
lower  Terms.  ThcHe^n  of  which  is,  that  by  thi*  Method  you  have  done  the  fame  in 
cffed,  as  if  you  had  fi3und  the  fimple  Fradion  by  the  General  Rule,  without  fuch  previous 
Work,  and  then  divided  both  Num'  and  Den'  by  thefe  Numbers  which  were  made 
Divifors  in  the  previous  Work. 

The  following  Exantples  will  illuftrate  this  fufiSciently.  I  have  made  Exa^ks  only 
with  two  Members ;  but  you  can  eafily  do  the  feme  when  there  are  nwre  Mem- 
bers :  And  as  for  fuch  Examples  as  thefe,  where  there  are  but  two  Members,  there  will 
be  no  need  to  fet  down  the  Effed  of  the  preparatory  Work,  but  the  Anfwer  of  Ac 
(Jueftion  all,  at  once,  the  intermediate  Steps  being  eauly  done  without  writing.  The 
finding  the  finiple  Fradion  in  the  fmalleA  Numbers  poflible,  depends  upon  the  next 
iProt/em^  which  you  are  to  apply  to  the  Fradion  found  by  the  preceding  Rule. 

Ex4Jf^.z.    Jof^=|of^=|of|=f  Ex.  I.    f  of  4=1  off  5=5^. 

Ei/4.    ^offl  =  f  of^=fJ.  Ex.?.    Aoff=Jof^=TV.. 

Ex.6.    fof^=*of^=^.  Ex.7.    |ofJ|— i-of|  =  *. 

Ex.i.    r?  6fA=f  ofi=:f  Ex.9.    4of7=f  off=:8. 

COROLLARIES. 

1.  In  whatever  Order  the  Members  of  a  Compound  Fradion  are  taken,  it  is  fljll  equal : 
So  I  of  f  ^f  of  f ;  and  $  of  f  of  2-=: J  of  f  of  f 

Or  alfo  exch^uiging  the  Nun/*  and  Denw  ot  any  two  of  the  Members,  it  is  ftill  equal : 
So  y  of  f  =  f  of  f .  In  (hort,the  fame  Number  of  Simple  Fradions  make  an  equal  Com- 
pound one,  if  che  Nutn"  of  the  Simples  in  each,  and  alfo  the  Den"  are  the  feme  Number?, 
tfao'  in  fuch  Order  as  not  to  make  me  fame  fimple  Fradions.    The  Reafon  is^  becaufe 

"      "  "  *         I  die 
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the  Simple  Fn£Hofi  to  iriuch  each  of  thefe  Gompouods  is  eodiioed>  wS  be  die  &m^ 
being  produced  by  the  fiime  Numbers. 

a.  Hence  we  learn  how  to  didblve  a  Fj-aiftion  (jf  podible)  into  two  or  moiis  compo- 
nent Parts  ;  i,  e.  to  reduce  a  Simple  Fra&ion  to  a  Compound  one :  Thus,  if  we  can  dif- 
cover  two^  or  three,  or  more  Numbers,  which  multipfed  toeether  wfll  produce  a  Num- 
ber equal  to  the  Num'  of  the  riven  Fn^on,  and  as  many  whidb  will  produce  a  Number 
equal  to  the  UtrJy  then,  of  thefe  Numbers  we  may  m^ake  as  many  Simple  FraAi(xis» 
which,  conne&ed  as  tbe  Members  of  one  Compound  Fra&ton,  vm.  be  equal  to  that 
Simple  Fraftion.  Bxaw^.  i-  i^  =  f  of  |.  ^  Examp.z-  ^=:f  of  |.  Examp.  9.  Ii-=i 
of  14,  or  f  of  i  of  |.  Examf.  4.  4V='i  off  of  f .  And  this  Refolution  does  not  de- 
pend upon  the  Simple  Fradions  being  reducible  to  lower  Terms;  for  this  Fraction  y^, 
which  IS  not  reducible  to  lower  Term*  is  yet  equal  to  f  of  f .  In  fhort,  as  many  Num- 
bers as  diere  are  which  will  produce  the  Den^  me  Fra^on  m  reducible  to  a  Compound 
having  as  many  Members,  whereof  thefe  Numbers  are  the  Den";  and  tho'  the  NumJf  is 
the  Produft  ol  no  Numbers  but  i  and  icfdf,  yet  that  wiH  afibrd  as  many  Num'*  for  the 
Members  of  the  Compound  Fradlion,  as  in  ExMmp.  2,  and  4. 

Definition.  As  one  of  two  equivalent  Fradionsmuft  be  in  leder  Numbers  than 
the  other,  (by  Lem.  6.  Car.  to  Psrt  i.)  So  that  one  which  is  exprelOfed  by  the  teOer 
Numbers,  is  mi  to  be  in  Iovkt  TnpH  than  die  other:  And  a  Fradtion  is  fiiid  to  be  in  its 
kaf  or  bmfilhviSy  when  there  cannot  be  another  equal  tx>  it  exprei&d  in  {baalkcNum- 
bos:  So  |=Bf>  and  I  is  intheloweftXerm&r 

PROBLEM    V, 

7b  redMCiaPraSHoM  to  its  lonoeft  Terms '^  i.  e.  tofitsd  an  tquivahntPra^km  exprejfed 
m  tbi  leaft  Numbers  fojjibk. 

We  have  already  in  I^w.  5.  Cor,  3.  learnt  how  a,Fra<9rion  may  be  reduced  to  lower 
Terms,  by  finding  a  Number  (if  there  is  any  fuch)  which  will  exa6tly  divide  both  its 
Nun:'  ana  Denom' :  But  to  reduce  a  Fra<93on  to  its  loweft  Terms,  (or  find  if  it  is  fo 
already)  you  muft  take  the  following 

Rule.  Divide  the  greater  Term  by  the  lefler,  and  the  Divifor  by  the  Remainder, 
and  die  laft  Remainder  by  the  preceding  one,  continually  till  noAine  remains.  Then  bv 
the  laft  Remainder  divide  the  Num'  and  alfo  the  Den' ;  (in  which  Divifion  there  will 
be  no  Remainders,)  the  Quotes  are  the  Terms  of  the  Fraftion  fought.  So  that  if  the 
laft  Remainder  is  ij  the  Fradlion  is  already  in  its  leaft  Terms. 


Examp,  I. 


«41  ==:  -^ 

^  irreducible; 

Operation. 
14+) 5^0 (3 

4?  2 

iI2)i44(  I 
ia8^ 

i<5)i28(8 

for 

7)^7(5 
ai 

<S)7(i 

L 

000 

^ 

Then  144-?- 16=9,  and 
5^0 -T- id  =  35. 

■ 

Examp,  2 . 
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Demokst.  There  are  three  tfaines  to  be  heredemonftrated,  ^tA%.  i.  That  tiie  laft 
Remainder  will  divide  the  Numr  ana  Den'  exadly,  (or  without  a  Remainder.)  a. 
That  it  is  die  greaceft  Number  that  will  do  ia  3.  That  the  Quotes  make  the  leaft  equi- 
Talent  FraAion. 

For  the  firft,  I  muft  premife  thefe  Truths,  ^tz,  1.  If  any  Number  does  meafure  (or 
^divide  without  a  Remainder)  each  of  two  or  more  Numbers,  it  will  alfo  meafiirfe  their 
Sum^  for  it  is  contained  in  theSum  preciTely  as  oft  as  die  Sum  of  die  times  it  is  contained 
in  each  of  the  Parts,  (I*«w.  2.  in  Divifim  &f  Wbok  Nsfmbirs.)  Therefore  die  Number 
which  meafures  another,  will  aUb  meuure  all  the  Multiples  of  that  other.  2.  Every  Di* 
y  vidoid  is  the  Sum  of  the  Remainder,  and  diat  Muldple  of  the  Ditifor  prodiicoi  by  the 
JnteCTal  Quot^  (by  the  Proof  of  Divsjion.)  Hence,  3.  If  theRonainder  of  any  Divifion 
tnealure  the  Divilor,  it  will  alio  meafure  the  Dividend ;  for  it  meafures  the  two  Parts  of 
the  Dividend,  inz..  the  Remainder  itlelf,  and  that  Muldple  of  the  Diviibr  produced  by 
die  Integral  Quote.  /" 

From  thcfeTruths  we  have  a  clear  Demonilradon  t)f  the  firft  thing  propofed :  For  in 
the  Operation,  every  Diviibr  and  Dividend  (upward  from  the  laft)  is  the  Remainder  and 
Divifor  of  the  laft  Divifion:  Wherefore  fince  the  laft  Remainder  exa6dy  divides  the  hft 
Diviibr,  it  will  alfo  meaiure  the  laft  Dividend  j  but  thefe  being  the  Remainder  and  Di« 
vifor  of  the  preceding  Divifion,  it  muft  alfo  meaiure  die  precedmg  Dividend^  and  for  the 
fame  Reafon,  the  Di^end  preceding  that^  and  fo  on  it  muft  meafure  every  Divifor  and 
Dividend  to  the  firft,  which  are  the  Terms  of  the  |iven  Fradtion;  d^  thins; 'to  be  proved. 

For  the  fecond  Article.  The  laft  Remainder  is  the  greatcft  Number  mat  17m  meafure 
die  Num»  and  Den*.  In  order  to  prove  diis,  confider.  That  if  a  Number  meafure^ 
the  Sum  of  two  Numbers,  and  alfo  any  one  of  them,  it  muft  meafure  the  other  j  for 
die  Sum  and  one  Part  beine  Multiples  of  that  Number,  fo  is  the  other  Part,  {Corel  3. 
luevi.  2.  in  Divijian  ef  Whole  Numbers)  and  every  Number  meafures  itfdf  and  its  Mul- 
:tiples.  But  that  Number  which  meafures  the  Divifor,  meafures  any  Multiple  of  it,  viz, 
that  Multrole  produced  by  the  Intend  Quote,  which  is  one  Part  dF  the  Dividend^  and  if 
the  fame  Number  alfo  meafure  the  Dividend,  it  muft  meafure  the  Remainder,  which  is 
the  other  Part  of  the  Dividend.  Now  then  if  the  laft  Remainder  is  not  the  greateft 
Number  that  meafures  the  Num""    and  Den'  of  the  given  FraAionj  fuppofe  anodier 

K eater  will  do  it:  Then,  by  what  is  now  ihewn,  that  other  will  alfo  meafure  the  firft 
emainder,  (which  is  the  fecond  Divifor  i)  and  becaufe  the  firft  Divifor  (which  this  fup- 
pofed  Number  meafures)  is  the  fecond  Dividend,  it  will  alfo  meafure  the  fecond  Re» 
mainder,-  and  fo  on  every  fiicceedirig  Remainder:  Confequendy  it  will  meafure  the  hSt 
Remainder,  which  is  abfurd^  for  this  Number  is  fuppofed  to  be  greater  than  the  laft  Re- 
mainder :  Wherefore  the  laft  Remainder  is  the  greateft  Number  which  meafures  both 
the  Numerator  and  Denominator. 
.  For  the  laft  Article^  viz.   That  the  §^otet  make  the  Equivalent  FraBion  in  lowefi 

Terms:.  Let  the  given  Fraftion  be cxpreffed  g-  >  andanyFradion  inlowerTermsbe  j- ; 

Thefe  Terms  a  and  h  are  Quotes  of  an  equal  Divifion  of  A,  B,  (by  Cor,  a.  Lem.  6.)  But 
the  greater  the  Divifor  is,  the  lefler  is  the  Quote.  Therefore  the  greateft  Number  which 
jcneafures  A  and  B,  makes  the  leaft  Quotes,  and  confequendy  the  leaft  Terms  of  an  Equi- 
"valent  Fradion. 

Co  R  o  L.  If  a  Fradtion  is  not  in  its  leaft  Terms,  the  Terms  of  it  are  Equimultiples  of 
its  Iqaft  Terms ;  and  thefe  hke  APtquot  Parts  of  thofe.    Hence  again.  All  Equivalent 
'Fradions  in  different  Terms  are  different  Multiples  of  the  leaft  Terms. 
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TItOB  LE  M    VI. 

n  tedute  tna^w  more  FrMBums  to  &ne  Denamnator^  i.  e.  tg  find  as  many  Efti^ 
valent  Fra^iom  havhtg  all  the  fame  Demminator. 

RvLB.    Multiply  all  the  Den»   continuallv  into  ofie  another)  the  Produd  is  the 
conuDoa  Den^   fbiij^.     Then  muldplv  eacn  of  the  given  Numn  into  the  Den'* 
of  all  the  odier  given  Fradions  continually  ;  the  Produd  is  the  Numr  of  the  Fradion 
bxs^y  equivateit  to  the  Fradion  whofe  Nurn^  was  muItipUecI. 

Examf.  I.  T,  I,  =5f>  if.  Thus,  3X  7  =  21,  the  common  Den«  :  Then  ax 7 
K14.)  vdiidi  makes  if  sss}.    And  3x5=^x5  makes  ||=^, 

Exam^.  %.  f  ^  Ti=/^>  yflpml-  Thus>  9^^%  X  I3=:i7ir?>  theconunonDcn'* 
5 X 15  X 13  =  07^,  the  firlt  Num^  13  X  j> x  1.3  =i4ai>  the  fccond  Num',  *  8x15x9 
:^  10803.  the  third  Num^^. 

Demon  ST.  The  Num^  and  Den'  of  each  FracSSon.is  equally  multiplied,  viz.  by 
de  Deni»  of  all  the  other  Fra^taons^  confequendy  the  Frad)ions  produced  are  equiva^ 
lent,  \>^L^m.  4.  C^r.a. 

Scholium.  If  it  is  propofed  to  reduce  any  Number  of  Frafiions  to  as  many 
equivalent  Fradions  in  the  loweft  Terms  that  can  be  widi  a  common  Den';    it  is 

Slain,  that  having -reduced  them  fidl  according  to  the  preceding  Rule,  if  we  can  find 
legreateft  Number  that  will  meafiire  the  common  Den'  and  all  the  new  Num'*^  thefe 
being  divided  by  it,  die  Quotes  will  make  the  Fradions  fought.  But  die  Demonftration-^ 
c€  the  Rule  for  finding  that  greateft  Number  muft  be  referred  to  another  Place.  To 
which  I  Ihall  dierefore  refer  this  Part  of  the  Frohtem  -y  and  here  only-  ekferve^  that  tho' 
die  given  Fradions  are  in  their  loweft  Terms,  yet  being  reduced  to  a  common  Den'  by 
the  preient  Prehkmy  the  new  Fradions  will  not  always  be  in  their  loweft  Terms  that  ad& 
mit  of  a  common  Den'.  Examp.  |j  if,  are  both  in  diek  loweft  Terms;  and  being 
reduced,  diey  are  /jft-,  \^l,  which  are  again  reducible  to  thefe,  J|,  » J  j  for.  3  metres 
75>  ^^h  (^•^-  3^^5  =  75)  *^  1^7  ^y  39>  and  135  by  45. 

CoROL.  Hence  we  have  another  Demonftration  of  Article  i.  I^emma  5.  viz,.  That 
two  Fnidkins  are  equal  when  the  Produds  are  equal  vHbich  are  made  of  the  Numr  oF 
each  multiplied  into  the  other's  Den':  Soj  =  |i,  becaufe  2X9=3x6.  Forwhen^ 
the  two  Fradions  are  reduced  to  one  common  Den',  by  the  preceding  Rule,  diefe 
Produds  are  the  new  Num'«  ^  and  it  is  certain,  that  when,  two  Fradions  are  reduced  to  a 
common  Dea',  if  the  new  Numr"  are  alfo  equal,  thefe  new  Fradions  are  equal,  and 
confequendy  fo  are  the  Fradions  to  which  they  are  equal;  fo  in  the  preceding  Example^ 
^  and  y  being  reduced,  are  each =|5 ;  therefore  f  and  ^,  which  are  each  equal  to  the 
lam^  muft  aUb  be  equal  to  one  another. 

PR  O  BXBJtf    VH. 

7b  rtduce  a  Fra&ion  to  an  Equivalent  one  flf  any  pthen  given  Deftr  [if  fofftbU  •) 
i.  e.  te  find  a  Num^  vihich  vrith  that  given  Denom^  will  make  an  Equivalent 
VraSion. 

.     '        .      -  Rt?L£« 
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Rule.'  Multiply  the  given  Denom'  by  the  Num'  of  the  Fraftion,  and  divide  the 
Produdfc  by  its  Den'  ,•   the  Quott  "(Jf^^theit  Is  90  Rconrinder)  is  the  Num^  fought 

Escamf,  To  reduce  ]{  to  an  Equivalent  Fradion,  having  fi(^r  its  Dear  la.  It  is  ^. 
Thus,  3x12=36,  and  30 -—4.=  9,  the  Num'  fought. 

Demon  ST.  This  fdiows  from  C#f9/.  co  die  laft.  For  let  the  given  Fra&ion  be 
1    if  the  Dcn«"    to  which  it  is  to  be   reduced  be  dy  fuppoCe  the  Nurd'  fought  is  ^ 

And  becaufe  -y  =  -3  by  fuppolition,  dbefa  ^  dssst  c ;  therefone  <lividing  both  by  *>  it  i* 

-rj-  :s=  f,  according  to  the  Rule.  * 

Scholium.  If  the  Divifioo  has  a  Remainder,  the  Protlem  Js  phdriy  itnpoffible,' 
yet  the  given  Fraftion  is  equal  to  the  Sum  of  two  Fra^ons,  one  of,whi9h,has  die  given 
Denr,  and  its  Num'  is  the  Inregral  Quote  of  die  Dividend diiwftcd,  by  thcprecedingKulei 
and  the  orfier  has  for  its  Num'  the  Remainder  of  the  Divifion>  and  the  Denr  is  the  Pro- 
duifl  of  the  given  Den'  and  the  Den'  of  the  FradHon  reduced.  Tor  Examp.  if  ^  is  pic- 
pofedto  be  reduced  to  the  Den'  f,  I  take  4X  5  =20  j  then  20-t-7=2».  and  6  remains. 

Whence  I  conclude,  that^=f+"*V     ^f^^fi^f/y    Let  it  be  propofed  to  reduce  7 
to  the  Den'  m.    And  let  n )  am:=qy  and  r  remaining;  then  the  FroUem  ifli impofliHe 

Butllay>  that  ^  ==  ^  -f-  ii» 

Demon  ST.  Since  -^  =?  +  '^j  then  dividing  both  by  «>  itis  ^  =s  -t  J,Z^  by 
Lemma  2.  For  —  expreffing  die  Sum  of  j  +  -  the  w  Part  of  — »  which  is  the  Sum, 
is-ssthe  Sum  of  the  »  Parts  of  ^  and'  tj  ^'- «?•  -^  +  •^. 

t     • 

t 

p  no B  L  E M  ym. 

To  reduce  a  TraStm  to  an  Equivalent  one^  haiittg  a  givenKum^y  Of  P^JP^^^-) 

Rule.  Mulriplv  the  given  Nym'  by  Ac  Dea'  of  the  given  Fra<aioo,  and  divide  the 
Pro4u£l:  by  its  Numr,.  the  Quote  (if  there  i$  no  Resnaiader)  is  die  Correfpondent  Den^ 

fought.;  ..'... 

Examf,  To.seduce^  to  a  Fradtioo  having.iS  ibr  its,  Numt:;  it  is  done  t)u]s>  iix6 
:iEsio8,addioSvi-^i--.27:  SoAeFradionfooght  isfj.  l7Wvery2i///;  To  reduce  ^   to  die 

Num'  r,  take  cn'^a^ssm^  then  »  7  =  "J* 

Demonst.  By  reverfmg  the  given  FradHon,  and  taking;  the  given  Niuh' as  a  Den^j  it 
becomes  the  fame  Cafe  with  the  preceding  Problem',  and  it  has  been  (hewn,  that  if  two 
Fradlons  are  equal,  they  are  fo.irtfenlrcvftfe*.  .Bijt  we'inay  argue  for  this  the  fiime  way 

as  in  thsitProtlem:   Thus,  if  y  =  -i*  ^^  ^m^cn^  (Lem.  6.)  mim=  •;*• 

••  ■  >  ' 

Scholium.  If  there  is  a  Remainder,  the  Protlem  is  impoflible;  yet  wc  can  find 
two  Fraftions,  the  one  of  which  has  the  given  Num',  and  whofe  Difference  is  eoual  to 
Ae  given  Fraction.    For  which^  this  is  the  Rule,  v/s.  Having  muldplied  the  given  Num' 

into 


Chap,  i^  •'  Mgdt0m:of  FraSttdns.  lai 

into  Ae  Dew  of  tiha  BraSioQ>  wA  divided  die.  Protfts^  by  its  Num^  t»ke  the  ftHegml 
Quote  t»a  Denr  to  tf»c  grven  NBrn".  And  if  from  Ais  Fratftioo  you  fabtra^  anomer, 
vfade  Num'  is  the  Remainder,  and  the  Den'  is  the  Produa  of  the  Den">  (wz..,  of  itc 
giren  FraAkm  and  diat  laft  found)  diis  Difference  is  equal  to  the  given  Fradion. 

Extmf,  If  ifg  propof^d  to  rediics  f  K)  a  Fruition  whoTa  Nutn'  is.  9 ;  work  thus, 
yx^^Sy  Then  (^-H5  =  w>  and}  remwm-  And  then  I  fiy,  ^  =  s\  —  j<i  (84. 
beings  7X12.)  Vniverfallyt  If  it's  propofcd  to  reduce  4  to  the  Num'  »j  and  if  -  =!" 
y,  with  r  remainii^  then  -j  is  not  reduciMc »  fuch  a  Num'.    Butl&y,  7  =^  ~  T/ 

Demon  ST.  Since  -*  ^  j,  and  r  remaining,  thenis  tn=BB4(^-f.(i,  (bf  dia  Proof  of 
Dij^nJ    HiRf:«  4iwiiiig  «(iiMtty- 1^  fc,  ii  if  «,»stlill-    And  agw  "^idiag  by  7, 

««>  •^=^^*^=*r?+^,  (i*w.  1.)    BuiT^=4,  EC<w^.  1.  £nw.  5.)    Where- 


♦ 


^-*r  ^^'iTi+Si*'  ^^-  "'^  ^'  H^ 


foje  -^  ^  ^  -f.4  Henv  Uftly/  by  eqyai  Subtw^uMi,  -j  —  -!  =  ^.  Acoaxfii^  to 
the  Rule.  ...,-..- 

reajceJ,  ^na  that  to  which  it  is  reduced,  are  fuppofed  to  have  the  fame  abfolutp  De^iOr' 
miojrion,  or  all  to  be  applied  to  the  fame  Int^ei^. therefore  there  is  none  mentioned.' 
^fiaBeifMn^  JWohw  C0Wei«-IV<*«toiv  M  '^-  aw  fpMlattji  Jl^att.-  '■ 

RtiL  E.  Take  the  Reciprocal  of  the  Fraaion  whicli'  expreffcs "what Part  or  Parts  tiia 
lower  Unit  is  of  the  higher,  and  jqakifu;  that  with  fii%gj}(ea  FraOion  (of  the  higher)  the 
two  Members  of  a  Compound  Fi^ftion,  reduce  It  to  a  Simple,  [byProt.4.]  i.t.  multiply 
the  twa  Nufli"*  togqipi  fsA.'^t^.  J^\. t^  Pigi^qa  b^  the  FraiJUpff  foupt- 
And  oBfirvty  if  the  loWer  is  an  -rfA^iwr  Part  or  the  higher,  we  h^c  ta  moie^to  do  but 
multiply  the  Num'  of  the  given  Fraffion  of  the  hi^ier  by  the  Dcr.""  of  that  Part. 

f *^  t,  T^f<ti)uM  %^f,i,l  tpa,p«4iW9f  S>vi  "^  htJ'V'lP.:  %'h'^^ 

Exav^.2.    To  reduce  *  cf  i/.  to  a  Fracti?!^  9S  i  it.i5ia=f  :.ThjJfc  iMerK 

"S  i  of  £  ^-  TTwrefiare  s-  /.  is  f  of  i  R4e^,  (t*w-  7-f at  $  ot  i  /.  is=  J  of  4  of  i 

^k-Flt,  ^^\t  ac,cQr(lifl(| ro^tfc  Ru!%  (ftfe^fjj  iheFri^oa fought.       ,  -     , ,  . ,     , 

;  Og^^iftHJT-i  ^JhpJT'V^ie^iE'fwtWl^  T-^v^  P*4?  thp  K.ea(oi|i  aVpus,  pu^to 
dcmonfbatftitj^we-  i^mrfi/^i^iltit  i^twpmpofbd-'tof^^'io^ '>|  .of^  ^ighccUoitto  A 
F«iaioQofa  lower,  whichis  ^-^ih*  %*Jf-,\  t^,*^  ^'*  7  of  ^  of  the  lower:  fiw 
fiDce.thelqw«.is  4^»he4(ighei;^th^  jp^uft^)^  ^.<t^  gttjjfr,  {I^«?.  ^^^^  "JJierefore 
■J  of  the  higher  is  = -J  bP  *!.(:»  ^  of  the  lower,  according' to  the  Rule.    And  if 
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die  lower  Unit  is  an  ASfwt  Ptit  of  the  higher,  all  we  have  to  do,  ig  to  iimhi^y  the 
Numr  di  the  given  Fra&ion  (of  the  higher)  by  the  Den'  of  the  AIifM0$  Pare    So 


It  B  — •• 


S  cH  oL.  If  a  Compound  Fradion,  or  a  Fraftion  of  a  Number  greater  dian  Unity,  it 
^ropdTed,  firft  reduce  it  to  a  Simple  Fradioii,  and  then  proceed  as  above. 


PROBLEM    X. 


To  r$iuce  a  FraShn  of  a  bnoer  Unit  to  s  bigher^  {tin  bwer  bavh^  s  kmvm  Rt-^ 
UtWM  to  the  b^her') 

Rule.  Makea  Compound  Fradion  of  die  eiven  Fradion  fof  the  lower,)  and  that 
Fiadion  which  exprcfles  what  Part  or  Parts  the  tower  is  of  the  higher^  and  reduce  this 
Compound  to  a  Smiple,  you  have  the  Fradion  fought. 


ioliftcd  on/ 

ScHoL.  Indiheroftbe  tfto  h&Trobkm^  if  there  aie  any  interknediatse  Spedes  be^ 
t;wixt  die  two  given  .Units;  and  if  inftead  of  tihe  Re||tion  betwixt  the  Idg^  andlower, 
there  be  ghren  the  feveral  Relations  betwixt  the  Extremes  and  the  Intermediate  Species, 
then  reduce  the  given  Fradion  to  the  firft  intermediate  Species,  and  from  that  to  the  next. 


meratora  gradually  by  20,  12,  and  4. 

PR  OB  L  E  M    YI. 


t.  <\ 


n  exfrefs  any  Afplkafe  Wbok  IXmAer^  fmfh  or  mixed,  fy  a  IPraShm  9f  fimejw 
feriour  Integer: 

Case  i.  For  a  Simide  Number,  make  it  thcNum',  and  for  Den'  dlte  the  Number 
of  the  inferiour  Species  which  is  equal  to  x  of  the  fupeiiour ^and  that  i^  the  Fraction 
fought.    So  8^1  IS  ^  of  .1^.  or  tJ?  of  i  /. 

Case  2.   For  a  mixed  Number,  reduce  it  to  the  loweft  Species  expreUM  in  ity  and 


t  RO  B  LE  M^Xa. 

To  find  the  Value  of  a  FraSiom  of  any  Unit  (or  other  Nnmhr)  (fa  given  Namei 
in  Integers  ef  lower  Sfecies,  {where  there  are  anyfncb.) 

Rule.    The  given  FiadioQ  being  (or  made)  t  Simple  Fradion,  reduce  it  to  a 
FraOion  of  the  next  lower  Specie^  (by  Prok  9.)  which  bdog  improper,  reduce  it 

(by 
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(by  Tr^>  i.)  tod  die  Integnd  Quote  is  die  Anfwer  in  due  Specie^  if  diete  is  no  Re- 
mainder^ bat  if  diere  is  a  Remainder,  it  makes  a  Fntdion  bt  that  Species ;  with  \;^ch 
you  are  to  proceed  to  die  next  Species,  and  reduce  as  l>efore;  and  fb  on  to  the  ioweft: 
dien  dielncq^  Number  found  m  each  Species,  with  the  Fradion  of  the  lower,  if  there 
is  aRemainder,  make  up  the  complete  Anfwer.  [And  obferve^  if  the  FraSion  of  the 
iiril,  or  any  focceeding  k)wer  Species  is  Proper  y  it  is  plain  you  can  have  no  Integer  of 
diat  Species  ^  and  fo  you  muil  proceed,  and  reduce  it  to  the  next  continually  till  you  have 
an  htfr^fer  Fradion :  And  if  you  never  find  fuch  a  Fra&ion,  then  die  given  Fradion  is 
not  expreffible  in  Integers.] 
Eximf.  I.  fof  x/.  is=  13,/ft.  4//.  which  Ifindthus,  \l:=i^Jb  {Frob.  10.)  =:i;y&. 

+  f  A  {^rok. I.)  and  i)!&  =  ¥ ^-  {^^^^'  10)  =  4  ^-  {^rob. i.) 
**  The  Iteif/te  of  this  Kiide  is  ^Tidem  of  kfelf. 

ScHOLrUMS. 

1.  This  PrMem  {uppbBss  ^  given  Fra6tion  a  Proper  one;  but  for  an  Improper,  firft 
reduce  ir,  aid  die  Intend  Quote  is  the  firit^art  of  die  Vahie  fought.  Then  proceed  with 
the  Reiminder  accordmg  to  die  Rule. 

2.  This  Rule  is  accommodaitel  to  all  Caie^  whedier  the  lower  Units  be  Abjit9t0c 
ASp/4MS  Puts  of  die  hkjber.  But  becaufe  in  the  Cafes  which  mpft  commonly  occur, 
di^are  AUftot  Parts,  merefore  the  Operadon  is  the  more  Simple;  and  the  Rule  m^y.b^ 
cxprefled  dnis,  iriz.  Reduce  die  Num'  of  the  given  Fradion  its  an  Integer)  to  the  next 
lower  Species,  dl  theProduA  be  equal  to,  or  greater  than  the  Den';  then  divide  bf  dw 
J>eD',  die  Intx^ral  Q^ote  is  die  Part  of  the  ibifwer  in  that  Species :  Reduce  the  Remainder 
to  the  next  Species,  and  divide  as  before  (bv  die  Den')  and  fo  on  to  die bweft  Species; 
and  yoii  have  the  Anfwer  either  in  a  Simple  Whole  Number  of  one  Species,  or  Muted  of 
difFerent.  And  if  diere  is  a  Remainder  upon  the  laft  Spedes,  it  makes  tint  Part  of  the 
Anfwer  bdopgii^  to  that  Species  a  Mixed  Number  witn  a  FnuSion.  And  this  ia  eficft 
is  the  £une  as  die  precedingRuIe. 

Exmt.  2.    To  find  die  Value  cfHi.ku  13 A  9  J.  af|/. 

OferdtkBl 

24/. 

>  20  ,    . 

il.  ...  Thb  way  of  orderiiu;  the  O^^^km  isdiilanftand  eafy,*  and  it 

1 30  is  exadly  according  to  the  General  Buk  of  die  Problem^  which  you 

X05     .  .  will  reaaQy  perceive  by  comparing.    For  this  Redudion  of  the 

"sTlUnL:  Remainder,  and  then  die  Diviiibn  of  the  ProduA,  is  exa&iy  the 

12  OferMtiom  whereby  the  Fradioo  made  of  that  Remainder  is  re- 

.— -  J,  o  J  duced  to  dieFraraoQ  of  tfaencxc  Species,  add  diat  acaia  redaced 

^'  aS  t»«WWe^umbcr, 


loKeoi* 


^    -  -  '  .     '  ''.  *  <i 


*  I    •    '     •    'i  »'       *    ■  ■  .,;.■  .     J  it>    ^       i  ' 


«.  ^        i    -     •        ..  ■    I-     .  4-         I?  If 


at  24-  MeRthn  ^  ^rut&ions.  .  Bqck 


Or  to  a  WOsOC 

fttid  then  find  the  Value.  If  thtt  iknple  Fradlioh  is  ifn^eper^aFeduce  k  to  is  6quLvaIeac 
Whole  Number)  and  then  find  the  Value  of  the  Rediaiaders^ajU^enour^tecies,  Far 
the  valuing  the  Fradion  of  a  Mix'd  Whole  Nutnber,  ^  \q£  4^.  ^/b.  %4.  it  is  «o  be 
done  by  maiciid^^  the  Mix'd  Number  \rf  the  Nutn^  ot  ^  r  nu^oa,  4uid  dividing  the 
Produ(^  by  the  ucry  ^  for  4  of  any  kind  of  Quantity  i&  {be  ba^  as  f  of  ^  times  that 

Quantity.    Or  Generalfyy  ^  of  any  Quantity  is  y  of  ^f  titocs  fliat  Qttdntieyj  wfateh  ftew 

the  Rcafon  of  diis  Rule. 
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CHAP.     III. 

Addition  ^FaACTioNfe, 

DDITION  of  FiuicTioNs,  is  findi^  a  Fra&ion  eqtil^I  to  aH  8ie  given 
FdraflioDS  taken  together.  .     =      .v       v 


■  i 


JSvfr.  Hodiice  all  the  wan  Fradbiotis  49  £nide  Fra(^ibQs>  x>f  one  t^nit,  and  'otiet)en^ 
<(if  tbey  afO  boc  ifi>>alfetdy;).ii>en  the  Snn^  ot  4iie  Nunc"  being.>pai4j^.  ji  Kgnir  to  ihe 
conifnoa'Dei^j  mokes  ifie  -fraAioiiil.  Sum  ^ugh%  ((which  may  1^  tuifthpr  ^^doeed  asidie 
CafeadmitsO    '  .         .-ir-      .    . 

Scholium.  In  the  fc 
the  Operations;  but  I  have 
them  from  each  ijther  by  .A< 
to  what  precedes;  being  only  the  fame' fractions  reduceS  (wfierelt'Was  necefBuy)  to  a 
different  Stat^  according  to  the  DireAion  of  the  Rule :  Which  therefore-  Jbdi^)  com: 
pared  with  the  Rule>  all  will  be  clear  and  manifcA.  \" 

{n'dift^p»08dk4J&xm^'the.  jmtgec  «6  ifiipp<xlM'«of]i^.4ie  iame  in  alt^fae  given 
VnSaxx&y  therefore  I  have  named  none,  hMLfa;fi^slWMrinuwe  ihJMl<i]^db6^<Adm  dif: 
fcient.  j£-  - 

fist::4}{  c?r 
Exui-p.y.    f /.+  fA==VV^-  +  f^-- V-/'-'-  =  HA==8  :  10  :-Hf 


Again,  ^enihete  are  Triir<J  n-i&iow?  as  45+71,  we  may  cidjer  rcduce-thefe  4x> 
improper  ftaftfan^  jccd  jpmceed  ly  the  tSeneri  Rulei  oi^  add  the  fradioflal  Parts  by 
theorfehpe%  and  Tte  inttffral,  4md  then  join  both  their  Sums.  Thus  in  the  precedi^ 
Exiif^h^  the  Fraftions  aiJded  makt  {  ==  i i)  and  the  Integers  make  ii  ^  fo  the  TotaTls 
n-|.  /^ain,  takeihis  £sf»»pA  to  add  24  J/,  and  i(^/.  10  l/b.  TTie  Sum  of  the  two 
Fradtionsj  wjt,  |/.  and  ^fb.mlhe  ift>und  15^^.  4^.  3  v/-  The  Sum  of  the  whole  Number^ 
is  40/.  tojb.  and  the  Total  is  41  /.  $Jb.  4^.  if/  Obferve  alfe,  that  if  the  relative  In- 
tegers dF  two  Frad±ons  ^e  Xi<st  of  one  general  Nature,  10  as  to  have  fome  relation,  there 
can  be  00  Additfon. 

DeMO'Nst.  It  is  ah-eady  fliewn,  in  Cor, a,  Lem.a.  that  if  feveral  Fradtians  hare 
one  Dtti»j  iJie  Sum  cff  their  Nutn"  j^pplifed  to  daat  Denr,  is  a  FraSion  equal  to  their  Sum  ; 
but  wiAoift  thit  t^mma^  this  Truth  Will  appear  very  fimply  and  eafUy  thus:  Tlie  given 
Prawns  'being  inch,  or  ^^uced  to  fuch  a  State>  that  all  the  Numn  reprdent  thines  c^ 
tte-  ikme  DendttxinariOQ,  Ixsth  abfolute  and  rdative,  [i.f.  of  ihe  iame  Species  and  Value 
in  ^  TefpCdte,^  their  Sum  is  therefore  a  Number  of  thuigs  ctf  the  iame  land,  or  aNuca-; 
ber  of  fuch  Parts  as  the  tommon  Den^f  e3cprefles  of  the  lame  common  Integer. 


:  c  H  A  p.   IV. 

DEWlKITlon. 
UBTR  ACTION  is  the  finding  a  JFra&on  equal  to  the  Diflference  of  two  given 

l\     .jjPROg  L  E  M.    To  fuhtrfSaj^Wtafffon  from  aM»er:      - 

*  r    • 

Rfi^.  ^Kedttce  llian  both  to  funple  Fnuftions  of  one  Unit,  and  one  Den>r,  (if  thqr  arc 
not  b)  dien  fubtraft  the  one  Num'  out  of  the  other ,  and  make  the  Remainder  a  Numr 
to  the  cooimon  Den',  and  you  have  the  fiaiftional  Difference  fixieht. 

The  Iteafim  of  d)isrlMr-J04)unded  upon  the  fame  Principle  «th«t^  JiJJitwm^  which 
need  not  be  laepeated.   *Or  mfor  allb  be  deduced  from  L'emf^  3.  wbore  ifs  fliewn  that 

of  A=s  -*   and. 


S 


)f J3 mm,  A  -and  ^-xjf 


J     •  I  t '   „ 


P*.    ^'       5/ —  5  r  ^*®  c  I— *f  «—  i-^  **  J  —  "^^  =  L.*®  f    =1  rf'r 

Ex.5.  .^of^/.-.{/.  =  ,V--^'.«  VV'-'T'—  '-TTF '•- W'=^  =  ^« 

When  diere  is  a  Whole  Number  concerned,  citheV  in  the  SubtraBw  or  Subfrahendy 
^  or  botl))  du:  Di&reiKe  may  be  found  al§{  by  die  General  Rule^  after  reducing  Whole 
'     '    '  '   0  and 


*     y^  -      ^ 
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snd  Mii'd  Numbeit  to  Improper  Fndtions:  But  fiich  Cafes  mty  be  £>lved  eafier,  b7 
redacing  only  the  inAioDal  Parts  according  to  die  Rule>  and  then  fubtradting  Fradioo 
from  Kaffion,  and  Whole  Number  from  Whole  Number.  See  Ex,  6y  7.  below. 
Obferving  this,  that  where  the  abfolute  Denomination  is  the&me,and  the  fraftionalPartof 
the  Subtraftor  is  greater  than  the  Subtrahend,  borrow  Unity  i  i.  e.  add  the  l)en'  f which 
reprefents  the  integral  Unit)  to  the  Num',  and  then  fubtrad,  and  for  that  carry  and  add  i 
to  the  Whole  Number  of  the  Species  to  which  the  FradUon  refers  :  And  if  there  is  no 
Fra6^ion  in  the  Subtrahend,  fiippofe  one,  whofe  Num*"  and  Den'  are  eaual  eadi  to  the 
Den'  in  the  Subtraftor,  and  the  Fra&ion  therefore  equal  to  i  j  and  uibtradl  from  it 
(that  is,  fubtrafi  the  Num'  of  the  Subtrador  from  tXB  Den')  and  for  that  add  i  to  die 
Whole  Number  cf  that  Species,  (£x.  8,  9.)  And  if  there  is  no  Whole  Number  of  ditt 
Species  in  the  Subtrahend,  or  Ids  than  ^  to  be  fubtraded  from  it,  (£x.  12.)  you  muft 
fupply  it  as  in  Subtradion  of  Whole  Numbers.  And  laftljy  fnind  that  die  Unity  bor< 
-rowed  for  die  integral  Part^  muft  be  repaid  to  the  Integrals  of  the  next  Species,  {Ex.  11.) 
and  aUb  the  Unity  which  may  happen  to  be  borromd  for  the.  Fra(£faoQ  of  diat  next 
Species,  {Ex.  13.)    But  the  foUowxng  Examples  will  make  all  Clear. 

Examf.  6.  Exmaf.  7.  Ex^mf.  t. 

Subtrahend.    7^=7  A  041=5241$  14 

Subtraftor.     4^ =4^!^   .  icj^=njf  if 


JLfe  Diff M  I>iff   5* 


Examf.  9.  Exsmf.  10.  Examf.  itl 

46  22|  /.     fi.     i, 

1%  16  52  :  12  :  2 

Diff.  :^2  :  05  :  ^j^ 


^Exsmf.  iftT  Exsmf.  13: 

/.       fi.       d.  I       fi.      d.               I.       fi.        d. 

28  :  x^^  :  y  •        82  :  09*  :  00    ss    82  :  09A' :  00 

6  :  10 j^  ;  2|  60  ;  14I  :  og|  as    60  :  i\if,  :  o8j 

Diff.  22  :    4^y  :  6}  Diff                                     21  :  M^  :     7} 


Such  Sxsmfkr  aff  die  xl^  and  13^  may  peihaps  never  (or  veiy  mdom)  occur  in  Bk- 
finefii  yet  diey  m  an  uteful  ExfKik  tp  oon^detkt  o^eV  Koooo  of  die  Nature  of 
Fra^om. 

SmUrsSim  rftrsSkxs  if  piovcd  by  Additioti>  tbefioe  W«y»  4Uid  fcrdie  fime.Reafi>Pi 
as  inWhokNumbav. 
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CHAP.     V. 

Multiplication  ^Fractions. 

[jltiply  any  Number  or  Quantity  by  a^FraAioii,  is  no  other  thing  Aan  taking 
a  rart.or  Parts  <^  it  as  that  Fradm  ezprefles. 


BROS  LE  M.    To  multifly  one  FraShn  hy  another. 

JbJe.  Reduce  both  to  fimple  Fraftions  (if  they  are  not  fo)  and  then  multiply  the  two 
Num«»^  toeedier,  and  the  two  Den"  5  their  Produds  make  a  FraOion,  i^ch  is  the  Pro- 
dud  fini^t. 

Bxsmf.i.     •.xf«|J^;         Ex.2.    fof,l^xA=fTv(=TVV> 

When  either  oF  the  two  Faftbw  is  a  Whole  Number,  and  the  other  a  FraAion  or . 
Mifd,  or  both  bdng  Mfd;  thcfe  CSdcs  come  alfo  under  the  preceding  Rule,  if  the : 
Whole  or-  Mix'd  Numbfers  are  firft  reduced  fo  the  Form  of  fimple  Fraftions,  (as  in  die 
IbDowing  ExampUs.)    So  that  when  Aere  is  a  Whole  Number  to  be  multiplied  into  a 
Fraftion,  it's  plin  we  have  no  more  to  do  but  multiply  die  Num'  by  that  whole  Nun»-  - 
bcr;  fi>  4  by  f  —  V :  And  the  Reifon  of  this  we  have  alfo  leam'd  before,  Cor.  Lem.  i. 
for  I  of  4  tt  4  times  |  =  V  j  fo  Aat  it's  no  matter  which  of  thefe  you  call  the  Mul- 
tiplier. 

E»«w/:  3.    a4X|.=:y  (=3i4|.:) 

Ex.,.    tf4X8^";rf«iJ4X8if==iVxVT  =='-^^ 

ScHoL  I  u  M.    After  .the  Produ&  is  found  by  the  General  Rule,  it  may  be  reduced'' 
to  lower  Terms :  But  this  MdtipUcatk>n  being  nothing  elie  than^  the  Redu&ion  of  a  com-  - 
pound  Fraftioo  ta  a  fimple^  we  may  applv  t&  Diredions  mSchoL  4.  TroU,  4.  BitJuSion^ 
lor  finding  the  Produd  m  lower  Terms  tnan  the  General  Rule  gives  it  ^  of  which  iee  die- 
Exdmfks.  diere  ezdained,  which  will  be  needlels  to  repeat  here. 

Demo  ns t.    To  multiply  bv  a  Fra&k>n  iigpifies  no  more  by  the  Definition,  than  to* 
takefuch  a  Partor  Ptets  oiuieMuMpUcandastfaatFradb  plaiidy  mking> 

the  giycQ  Fradlidns  as  Members  of  a  compound  Fra&ion,  and  reducing.it.  to  a  Simple;  , 
which  is  ddioe  (fee  VrohL  4.  HeduBion)  precKely  accprding  to  the  Rule  here  ^ iven :  Sa  • 
to  muk^y  \\yj  %  is  no  other  thing  than  taking  \  dF|sT|>'  (by  Pr^^/.  4.  and  this  Rule.)  . 
And  becaufb  it's  equivalent  in  what  Order  di6  Members  of  a  compound  Fradion  aretaken^  . 
therefore  it's  the  £une  which  of  them  is  callal  the  Multiplier  or  Multiplicand. 

For  die  froef  of  this  Worl^  it  canxx»t  hive  any  whkn  is  a  more  funple  or  eafier  than^- 

itietfrbuc  it  has.  a.GOuacer  Opcmcioii  m  Divifian^  as  we  ihall  explain  when  we  come  r 
to  it. 

X'  For- 


I »8  MuhiflkatiM  if  B^oBsml  Idpokt. 

For  ^PPLICATE  NUMBERS. 

Attf  ri^fefatfr  DcttominAtion  may  be  appfed  tx^fwe  rf  die>TeHa»»  bwfe  the  oriirr  mnfii . 
be  abftrad  by  the  Definition  ,•  for  it  can  fignify  only  what  Part  or  Parts  of  the  other 
arc  to  be  taken,  and  the  Produft  is  Applicate  to  the  fcrmt-  Tilings,  which  is  to  be  farther 
reduced  as  the  Cafe  requires.     For  Exaprpfeyll:  X  ^  =  yj  /.  =  i^flf.  64. 

If  the  Multiplicand  is  a  MixM,  AppUf  ate,  Whole  Number,  and  the  Multiplier  a  Frac- 
tion, then  reduce  tha  former  tt>  tdiSow^  Speoiis  '^  aflii-if  tfefp  inm  tfaaCTerm  a  Frac- 
tion, make  the  whole  an  improper  Fra<91on,  and  then  apply  the  Rule. 

Examf.  6.    To  multiply  24/.  it/t.  tl^J:  bjt  4|..    Bjijleduaion  tfiey  are  equal  to 

But  here  if  the  Multiplier  is-  a  Whofe  Number,  anda  fittalf  one,  lb  that  the- MultijJi- 
cation  can  eafily  be  performed  without  previpus  Redujftiorif  IfCitbe  done  that  way,-  -hc^ 
ginning  with  the  Fraftion  in  the  loweft  Species.  Examf.  7.  14: /^  rax.  \o\d,  by  4^ 
=r  58/.  Jix,  5.{i:  Tbus.^  yk4^^=^\'^\\k  wjwch  x  i»<;apie4  to  f^eJPrjadiiS  f f  I?€m;e. 
Exap3p,  8.  78/.  14/.  (f  <i  by  |:  Muiriplv  the  Mix'd  Number  by  5j,  tbeo  divid^'tb^  Pro 
duft  by  9;  and  this  is  a  QueiHon  of  tdat  fame  kind  which  we  Tiave*fcen  ake44y  '^ 
SchoL  3.  TrohL  12.  ^^Siion.^ 

The  word  MulaplicatiQn»-moro  properly  aa^  ftriaiy  taken,  toift?5  tfef  gn^^aaf^  o£a 
Number  by  Repetition;  wbcteas  to,  multiply  by  a  proper  ^r^ton  (aQCQrdTmgL  ta  Ac 
preceding  Rule)  does  plainly  fiiidaNumbet  lei5,tW  theMidtii)KC4nq  i  .wfeife^         ^^k* 
fqrc  rattier  divide  than  multiply  it.    But  more  panicularly,  when  the  lyWtijJhfer'  is.  an  Ali- 
quot Fraftion,  as  f>  the  Eflecl  of  this  Openation  is  pUixjly  notiiins  ejfe  bun.Divifion, 
viz.  of  the  Muttiplicand  by  3,  wluch  finds  f  of  iiu    Aga'wy^  If  tjie  NMtipliejr  i?  a  Frac9:ion 
of  any  other  Ijijdr  proper  gr  improcer>  as  f  or  J>  tbe 'Qpe»tiQn..is  miK'd/  whereby, the 
Multiplicand  is  firft  multiplied  and  the  Produd  divided^-  for' we  tike  a  teixm  Part.  Of  a 
certain  Multiple  of  it.    Buttfcis  Dif&r«t>pe  \s^r^vw^i!c^c^  yiz^hsx.  if  the  Multiplier  is 
a  proper  FraAion,  the  Divifion  prevails^  and%he  NunAei^  fkiifto  be  multiplied  is  really 
Icflened :  But  if  i?s,  an  Improper  FcajfHon,  the  MMjtipli(;ation  jjrevails,  and  the  Multipli- 
cand is  cncreafedL    The  firft  is  gijrefore  in  fome  fenf6  morf  propeWya  Divifion,  and 
the  laft  a  Multiplication ;  dio',  according  to  die  Definition,  tfesy  are  both  called  Mulri- 
plicatioi^;  <noi^  dp«  tbe^firlL  agree* to  mt  Dcfiniu^Qn^i^  Dj^ifioJGb  9^^  if^^/iist  in  the 
next  Oiapter.)    J^gaiur  Take  notice,  thit  if  a  Whole  Nufnbe/*  and  a  Proper  Fradion 
are  multiplied  together,  the  Fradion  is,  in  a  ftrift  and  proper  Smfe,  multiplied  y  feut 
the  Whole  Nombir  isfeBened,  and  in  ooly  multiplied  in  thaf  j^ii^  m,  wWcR  Mdi^ip- 
tioo  b)t  a  Fraf^ion  is  here  defiaed.  :  And  now  at  liril  if  you  enqjrii«,|  5^w  AigWfetpe  of 
Multi^cation  comes  to  be  applied  to  a  Work  which  really  dipiipHhe^  >  ''  ft  ifeems  to  be 
fromttriaConfideradon,  viz.  That  whether  AeMdt^lier  is  a  Firadtion  qt' Whole -Number, 
the  Number  found  has  die  fiune  relation  to  the  one  Fadlor  a?'the  othj^  has  to  i ;  Le.  it 
contains  itas  life,  or  as  many  Parts  of  1^  ^  the  oA^  cxprofl«>'bt  as  it  contain?  Vhitv 
or  Parts  of  Unity ^  which  ia  plain  from  Ai  De6«itipni    Sp  ia WBole  Numbers,  axl 
(or  the  Produift  o£  mbj  t)  conttias  Oj  k  times,  atid  ^  doe^  ^'<:oitC^  I9  ^4m^..   In 

Praftions  the  Ptoduft  of  #  bji  £  i|  £  Parts  of  ^>  .a^  *  •  pi{ppeflr<t<  ^  2  ?^  ^^  ?  •  ^ 

becauie  of  dus  f^nierd  Liloene£  in  ibt  £fied^/hodi  arte  called  Nfot^pUcation ;  which  i^ 
alfo  defined  in  this  geoo'^  maimer,  nfiz.  Ffasding  a  Number  which  meSl  have  the  &ne 
xdation  (above  exptused)  to  one  cf  .At  rnon  f^mi  HanAyefh  as  dw  oAct  has  to  Unir^'  ' 
1^'  the.  Ef&ft  of  this  is  ia  fiunelCafe  xaify  Divifion^.  and  fa  att^vlie^  is-tBix^d  of  Mul- 
tiplication and  Divifion,  taking  thefe  in  their  more  ftriA  and  proper  Senfe. 

CHAP. 
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C  H  A.P.    VI. 

Division  «/  Fractions. 

I>EFlNiriON. 

tyi  SION  is  taken  here  in  the  fame  Senfe  as  already  esplained  in  Wh<d€  Num- 
berS)  viz.  finding  how  oft  one  Fra<3abn  is  contained  in  another. 


D 


GsMsaAL  Scholium. 


We  fee  now  by  comparing  the  Geninral  Nature  of  Multiplication  and  Divifion  by  Frac« 
tioQs>  as  it  aroears  in  their  DeEEnitions^  that  diey  are  die  lame  way  oppofite  in  their  £({e<3:^ 
as  in  Whote  NumbCTS.  For,  let  any  Number  A  (Whole  or  Fraoion)  be  multijiwd  bv 
any  Number  B,  (Whole  or  Fxa&ion)  and  let  the  Produd  be  reprefented  by  D^  then  D 
contains  A>  B  times,  or  fiich  a  Fradion  of  A  as  B  exprefles,  (according  to  the  Nature 
Of  Multiplication  by  FnuSions^)  coafequaady,  if  we  cUvide  D  by  A>  ^  ^'  enquire  how  oft 
A  (or  what  Fraction  of  it,  if  ids  greater  tbm  D)  is  contained  m  D,  the  Quote  inuft  be 
B:  And  rwctfify>:if:any  Number  (Whole  or  Fxaiaion)  is  contained  fo  oft  (or  fuch  a 
FradioQ  of  it)  in  D,  as  B  etprefles,  dienmuft  fo  many  times  (or  fuch  a  Part  of)  A,  as 
B  ezbrtides,  be  eqoal  to  D.  Therefore,  whatever  be  the  Rule  for  finding  how  oft  any 
Fra&ion  is  contained  in  another  Number,  this  is  certain,  diat  the  Qiote  muldplied  into 
the  Dtvifor  faccording  to  die  Rules  of  Fradtions)  muft  produce  me  Dividend^  or  its 
eqoK^iksit  VK)r  it.ma^  ariie  in  dilfebent^^ 

f  • 

P  ROB LE: M.    7b  dMA  one  FrgSkm  hj  mnather. 

Me.  Reduce,  both  to  ^ple  Fr^ions^  then  take  the  Dividend  and  the  Reciprocal 
tif  the Diviibr,  as  Members ota  Compound  Fi^adioijb  and  multiply  diem  together^  the 
Simple  Fra&ipn  produced  is  the  Quote  (bu&tit; /.  e.  die  Quote  is  equal  tQ  fuch  a  Frac- 
tion of  the  EHvidend  as  the  Reciprocal  of  me  iSiVifor  expreffcs:  Or  jius,  (which  is  die 
£unediiog);  Mukiply.the  Numr  of  the  Dividend  intio  the  Detf  of  theDivifor,  then  the 
Denf  of  tR  Dividend  into  the  Num'  of  the  Divifor  j  make  the  firft  Produft  the  Num«> 
and  die.odilar  Den'  of  t  Eradipn,  an4  it's  die  Quote  fou^t;  which  is  to  be  fusther  re- 
duced according  to  the  CircumftaAces  and  Sen&'of  the  C^eilion. 

«*•  3-    i)  ri-rt-       .        «*•  4-    T°fT>  ^>  ""^  f)  A  (ff  ■ 

If  there  is  a  Fradion  any  way  concerned  in  either  of  the  ,Terms,  i.  e.  if  either  of  them 
is  a  whole  Number,  and  the  other  a  Fraction  -or  raix^d,  or  bddi  mix'd  Numbers,  they 
come  both  under  the,  preceding  Rule,  if  the  Whole  or  Miafd  Number  is  firft  reduced  to 
the  ForiA  of  a  Simple  Fradion,  (as  in  die  following  Examples,)  So  that  when  t^Axx  of 
them  iL'  a.  .Wboke  Niimfacit,  >we.'  hesc  'no  moce  to  do.  bur  mulu]^y  die  Num*  or  Den^  pf 
tiie  odier  by  it,  according  as  that  whole  Nulcnber  is  die  Dividend  or  Divifor. 

S  Examf. 


Ohfirve.  The  precedtng  Exfmflef  me  til  Ih^bftrafi  rKup^itKiFS  r£^  foi^  tbe  Manag^ 
mcnt  of  applicate  Numbers,  where  Fradions'are  concerned,  I'fhul  confider  them  oy 
themfelves,  foeotufe  of  fome  thiogss  that  require  to  be  particularly  explained  as  to  d)c 
Senfe  and  Meaning  of  Divifion  applied  in  fome  Cibsh^  but  I  fliall  firft  demonftrate  tbe 
preceding  General  Rule. 

Demonst.  The  Rcaibn of  tfais^Rde  may  be  variouOy  deduct  dius:  (i.)That  isdKtriK 
CJiioce,  which,  multiplied  bytheDivifor,  produces  the  Dividend,  (by  what's  Qiewn  lode 

preceding  Gfw.5^Aa/.)  Now  if  y  is  divided  by  y-,  riie  Quote  According  to  the  Rule  is  ^ 

which  multiplied  by  the  Divifor  y  (i.  e.  take  y  of  ^^  the  Produft  5s  equal  to  q. 
But  this  being  reduced  to  lowep  Terms,  vhi.  by  dividing  both  Num*^  and  I>ea'  by  iA 
(or  tsf)  becoxfaes  equal  to  j  the  given  Dlvideild;  therefore  ;2  is  the  tnieiC^KXe. 

■ 

Or,  a.  Wc  may  pK»ve  it  thus:  Suppofe  ^  -t-  y  «  1,  thacifc  y  is  contained  m  j 
*  tim«i  wlSerefore  ^  doles  y»  or  iof  Jsk  j-:  But  ^  of  y*=p-af  i,  wiifehii 
therefore^  7  i^iiSKlhnce  (by  Lmr.  7.)  ;;k;  of  ^^  which,  <4KXX»rdiog  tD'tbe  Ruk^  ti 

dieQsymof  2"^  X' 

Now,  tho'  eidierof  tMfe  twois  a  fbiftDtaiotiihition  eftbeRid^ 
only  from  the  Oppofition  betwixt  Multiplication  and  Divifion,  it  will  be  uiefiil  to  fee  die 
Reafon  and  Inventioti  bf  kfXuxcibtQif  and  Jtamediatdy  fititti  the  Nature  of  Divifion 
itfdf.    Thus,. 

3.  Let  it  be  requiied  to  divide  ^  by  f .  If  we  firft.  enquire  faow  oft  is  «  contained  id 
1j  the  Qjjote is ^V^  ^^- 1-  J^-^^- 5-  ^^f- 1)  Butbecaufc  we  ougiht to enquipcb  how 
oft  ^  or  x*  of  4  is  contained}  and  this  muft  be  ^  times  as  oft,  therefore  mnltiply  the 

laft  Quote  £  by  *,  the  true  Quote  is  ^(^  ^cf  ^,)  accdrdrng-tb  die  Riie. 

4.  We  have  yet  a  more  (impIeView  of  it,  thus:  Suppofe  tbe  Divifor  and  Dividend  have 

g'r  are  reduced  to)  one  common  Den^  then  it's  evident  that  the  Dividend  contains  tbe 
ivifor  as  6ft,  or  as^  ttiaiiy  Ptfts  of  it,  as  its  Num'  does  tlie  odier;  iW  having  oneDea*; 
they  are  in  the  fame  State  with  refpedt  to  one  another,  as  Wboit  Numbers:  So  that  die 
Num'  of  the  Divideifd,  let  fnAKniaBy  oVer  theNum'  of  the  I>hnfer,  ^tpt^Scs  die  true 

Quote.    For  it's  evident,  that  ^  contains  ^  as  oft  as  is  contains  ty  Gnce  rhtk  Numbers 

ezpre&Units  of  liie  iame  Value.  Now,  tho'  there  is  noword  in  tbe  Rule  of  reducing  to 
one  Den',  yet  tbe  fradional  Quote,  found  by  the  Rule,  is  plainly  the  fame  as  that  now  men- 
tiooed}  for  ^  Operation  is  me  fiune  as  mi  by  which  me  Num'*  arefound,  when  diey 

iretedttCed«(Hr<OCilitMtEi  Den*;    TbiXh  iff 'Oi  ^  ftic  tednted  to  a  CDttaaoH  Den', 

they 


ixf  txe^aad^  and  die  FraAkn  made  of  tbdr  Nam>*  ^  i.e.  the  Number  of  times 

Q  IS  cootaiiied  in  j^,  is  tniljr  exprefled  by  ^j,  which  is  the  Q^ote  of  y  divided  by  ^> 

icooidioK  to  die  Rule. 

Corollaries. 
If  dipDiviibr  and  Dividend,  being  fimple  Fradions,  (or  reduced  to  that  State)  have  a 
common  Den'^  their  Qiote  ia  the  Qjiote  of  the  Num'>  uken  by  the  Rule  of  Divifion  of 
whole  Numbers.    Sof)^{\zDdi)i{i  =  z. 

n.  From  die  General  Rule  this  plainly  follows :  That  die  Reciprocal  of  any  Qljotc 

will  be  d^e  Qgote  when  the  Plvifor  and  Dividend  are  chained.    For  Exantpk^  f  "^  7 

=  J,  and  7  -r-  y  =  ^  Orthus,  iff-r.j3=idKni(ijofy=pand  y=: 

y  of  J-,*  ^bere&re  7  "*^  f  '^  7:    And  the  Amis  dung  being  true  in  whole  Numbera 

sdfo,  we  learn  this  general  Truth)  viz.  That  if  any  two  Numbers  are  divided,  either  by 
die  oAer>  the  Qj^oje  of  the  oat  by  the  other,  is  the  Rclc^Jtocal  of  die  C^ote  of  that 
other  \ff  the  former. 

Scholium.  When  die<>uQte  is  found,  it  may  be  reduced  to  lower  Terms;  but 
if  you  confider  the  Dividend  aod  die  Reciprocal  of  the  Diviibr,  as  Members  of  a  com- 
pound Froif^n,  (according  to  the  Rule)  then  you  msBf  ap^  the  Diredioiis  gtvea  in 
Stbol./^  VtqH  a.  ReduMmj  for  finding  the  Quote  in  lower  Terms.  But  the  Rules  for 
the  more  ul^  of  thele  Cafes,  applied  to  Divifion,  may  be  expneiled  in  this  moaner, 
viz,  * 

(x.)  tf  the  Num'  and  Den'  of  t^  Dividend  are  Mult^les  of  the  Numr  and  Den'  of 
die  Divifor^  dfvkle  theqi,  and  make  die  firft  Quote  Num'  and  the  odier  Denr,  and  that 
IPrai^on  is  die  Qyioee  ^(ught.  ^ 


^3.)  V  Ae  Numr  of  the  Dirvi4!fnd.is  M^]d^  of  thd  NiW  pf  the  Divilbr,  but  not 
die  Jm^j  then  take  the  Quote  of  the  Numn  ^pd  muldply  it  into  die^FraAioQ  made  by 
ietdar  db  Den'  of  die  Di^mor  pver  die  Den'  of  die  Dividend. 

Examf.     •.)  ^(axfasf. 

(;.)  If  die  Dcttf  of  die  IXvidend  is  Mddpk  of  die  Den'  of  die  Divilbr,  but  not  die 
Nuai»9  theniAedPe  Fra^tipn  made  by  fettios;  die  Numv  of  die  Dividend  over  t|ieNumr 
ofdie  DiviferA  wi  divide  it  by  d>e  Q^ote  of  the  Dean;  /.  e.  multiply  its  Deoi'  by  that 
Quoce. 


(f )  ff  die  Nw»r  Of  die  Di^aend  is  NWplc  of  t^  l^vm  of  die  l)lvifor,  and  the 
Tw  of  the  DMibr  MuUpfe.of  the,  Denr  of  dpie  DiyjdeQd,  divide  the  Numr<  one  by  the 
other,  iib  die  Dehrt/tfae  noduft  of  diofe  Qyp^  is  'dieX^^e  fought 

Bxsmf.    ^>tY«=^  fat  6-Hjs#a»»4j9-^  11=3. 
The  Ihafim  of  sH  ditie  Rides  is^eoniiineit4&fAMi|dt^^  ift  tke  fbce  ^^bove  re^ 

-•   •   —  ;    .S  *i      '.    '  ■  PfT 
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9 
I 

There  is  the  &mc  Variety  in  Divifion  of  Applicate  Number$  where  FnStkms  are  co&- 
fidered)  as  when  all  are  Wnole  Numbers.  But  before  we  make  any  Examples  of  diis 
likidy  it  will  be  prooer  that  we  firfl:  refled  upon  the  four  different  Serifes  exphtned  in 
Divifion  of  Whole  Numbers,  and  confider  how  they  are  to  be  applied  wiA  Fradions. 

Firft,  If  the  Divifor  is  a  Whole  Number,  the  Dividend  being  a  Fra&ion  either  pure 
or  mixed,  the  diflferent  ScoScs  are  ApfticMe  the  fame  way  as  if  the  Dividend  were  alfo 
a  Whole  Number.  For  we  may  enouire,  i.  How  oft  tlie  Divifor  is  contained  in  the 
Dividend.  2.  What  Part  it  is  of  me  Dividend.  Or,  3.  What  Number  (Whole  or 
Fradion)  is  contained  in  the  Dividend  as  oft  as  the  IMviior  exprefles.  Or,  4.  What  is 
that  Number  which  is  fuch  a  Part  of  the  Dividend  as  the  Divifor  denominates.  In  aU 
which  there  is  no  matter  what  the  Dividend  is;  for  the  Answer  of  the  Queftjon  in  the 
firft  Senfe  will  anfwer  it  in  them  all,  except  in  the  fecond,  whfio  the  Divifor  is  not  an 
jiUfHotV^xtof  the  Dividend;  as  has  been  already  explained. 

In  the  next  ^lace^  let  the  Divifor  be  a  Fradion  pureor  mixed;  whatever  the  Dividend 
is,  the  firft  two  Senfes  are  sqpplicable  without  any  Variation :  for  we  may  redonably  ask, 
J..  How  oft  a  Fraftion  is  contained  in  any  Number.  Or^  2.  What  Part  it  is  of  any 
Number.  Ohferwng  this,  That  whether  ttie  Divifor  is  an  Integer  or  Fradion,  if  it  is 
not  za^bf&^t  Part,  yet  we  may  ask  what Fxadipnittsof  theotber.  3.  We  may  enquire 
what  is  that  Number  which  is  contained  in  the  Dividend  fijch  a.FraSion  of  a  time  (/.  0. 
of  which  the  Dividend  coatains>  or  is  equai  to  lUch  a  Fra<9ion)  as  the  Divifor  exprefib. 
It  is  plain,  the  Quote  taken  in  the  firft  Senfe  will  aniwer  this  alfo;  becaufe^the  Quote 

and  Divifor  produce  the  Dividend.  For  let  -3  -^  -j  be  =  £ ,  ^^Mclx  in  die  61&  Senlc 
fignifies  that  -J  is  contained  in -j,  -^  Partsof  atime;  /.  e.  thgt  "j  =^  5  of  -J.^  But  jj 
of  -2  =  7  of  j2,  (by  Car.  1.  IV^/.,^.  *'of  RedudHon.)     Therefore  -^  =  7  of  i^i.e. 

^contains  •£,   ^  Parts  of  a  time.    Wherefore  £  is  the  Qobte  in  this  third  Senfe.  alfo. 

And  this  Qu^ion  applied  to  a  firaAional  Divifor,  is  parallel  to  the  third  Senfe  applied  to  an 
Integral  Divifor.  And  to  comprdiend  both  widiout  diftinguifhing,  we  may  aoc  what  is 
the  Number  ^^ch  is  conuineel  in  the  Piiadend  fo,  many  times,  or  fuch  a  FnuSion  of  a 
time  as  the  Divifor  ejcpreflfes.  "      .  " 

4.  The  fourth  Sente  in  Whdc  Numbers  is  fiodii^  a  Nijmberwhich  is  fuch'a  Part  of 
the  Dividend  as  the  Divifor  denominates^  which  i$  in  efiedl:  tnultiplyihgby  its  reciprocal 
Fra&ion^  for  it's  plainly  takins  fiich  a  Fraftion  of  the  Dividend  as  the  Keciproad  of  Hoc 
gPivifor  expreiles.  So  to  divine  by  49  in  this  Senfe,  is  to  take  |.  And  tomakeaQiiefiion 
lilos  this  with  a  ftaAional  Divifor,  we  muft  feek  a  Number  whicfi  is  foch  a  Fra£tion  of 
the  Dividend  as  the  Reciprocal  of  die  Di^or  exprefles^  which  is  the  immediate  efied 
of  the  Rule  given  for  finding  the  Qyote  in  the  firft  Senfe:  So  that  it  is  plain,  the  Qtiote 
which  aiifwers  the  Queftion  in  the  firft  Senfe,  does  fo  in. thisb  Senfe  alfo ;  /.  r.  is;a  Num- 
ber which  is  fuch  a  Ffaftion  of  the  Dividend  a^  ttie  Redprddd  of  the  Diviibr  expreffis. 
This  therefore  is  a  general  Tf^  that  whjitever  the  Divifor  and  Dividend  be;,  the  QiioQe 
found  by  the  general  Rule)  ir  fikha  Fnftkm  of  the  Dividend  as  the  Reciprocal  of  the 
Divifor  expreffes.  -  -      v  c 

But  laftly  alfefWy  Thatif a  Qiicftidil  if  tbws  B^pefid,, Y«'  P>:  W  i  ?f^®^  7'  ^^ 
is.diredly  in  the  Form  of  Multiplication,  and  fo  does  iK)t  4jppar:al  a  Qs^onpt  Divj- 
fioni  nor  is  it  fo  ia  any  other  Sme  tbm  sis  Ac  Anfwer  of  it  is  equal  to  the  Number  of 

-  J  times 
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times  dwc  its  Reciprocal  -J   »  cbntained  in  -j  •    Or,  as  itis  dieAnRiwof  a  Queftioa 

of  Divifion  made  with  die  Divifor  -j  in  the  third  Scnfe. 

Now  then,  as  in  Divifion  of  Applicate  Whok  Numbers,  fo  here  in  Fraftions  Acre  are 
but  two  Cafes  :    For  either, 

I.  The  Divifor  and  Dividend  are  both  Applicate  to  the  fiune  kind  of  thing;  and  the 
Queftian  is  always  in  the  firft  and  fecond  Soife :  Therefore  the  Quote  is  an  Abftrad 
Niimber.  And  to  find  it,  you  muft  reduce  the  given  Numbers  to  one  abfdute  Denomi- 
nation or  Integer,  and  then  apply  the  precedi^  general  Rule.    See£*««5?.  8,  9,  lo. 

a  The  Dividend  is  Applicate  and  the  Divifor  Abftrad;  then  the  Quethon  can  be 
nropofed  only  in  die  dnrd  and  fourth  Senfe.  Minding  diat  the  fourdi  Senfe  is  to  be 
called  Dfvi&on  only  as  it  is  die  Anfwer  of  the  Qgeftion  propofed  in  the  third  Senfe,  with 
the  Reciprocal  of  the  Diviiox,    See  Examp.  14,  15, 16.  ieUw. 


ExMi^s  rf  CASE  I. 
Ex.  8.  |./.  )  I  /.  (  ^=if  -E*.  10.  3|  /.  )  18  f  A    Or,  V  /.  )iLlLA 

K  eUier  Divifor  or'OWdcnd  is  a  mix'd  Whole  Number  of  diflFerent  Species,  reduce 
bodhtoaamtie  Number  o£ die  loweft  Species;  and  if  diere  is  aFraSion  in  oneorbodi, 
they  muft  alto  be  reduced  to  one  Inoeeer,  and  dwt  die  lame.  ta;w*ich  die  Integral  Num- 
bers  are  reduced.  But  this  wilt  be  beft  done  by  reducing  to  an  Improper  FraOion,  and 
thenreducmg  duf  to  the  Integer  required. 

Ex.12.    44->-)  48/-  i8>'  9'f'  -  By  RedudioD,  ill  rf)Zli±irf(  i^^^ 
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Ex.  15.     j/.  4f  A  )  38^  "A  i^j^J. 

By  Redudion. 

«4^A)  9a7»^^.    Or,  tLSjt.)±l^J.    Or,  ti^A )  ±1^  A  (  LLiL!^ 

^^  ^^  '1.1  ■&■"&'• 

ExM^let  »f  CASE  W 


Wbete  tit  tUviiexdh  AfpBiittei  axd  theJXvifir  AifiraS\  i.  t.  ivhtrehtls  ftxgbt 
a  VtMrntiry  tf-attad  fitb  #  VraOiw  trMiltifle  mt  tbt  Divifor  ««/r*^»,  w  tpsl 
U  the  Dividend. 

Exmf.  14.    f  )  f  I.  Cf/.  =a  1  f/.  5=  i/.  6^fi'  ^^ 

BM4mf.i,.    ^^)2^I.i6f.s4.    Or,  V>-"r^^(^^T^*«"55lT'-=' 
5/.  7/,  11^/  "  ^ 
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I£  the  Divilbr  is  ft  Whole  Number>:  wa,  need  not  alw^s  leduce  the  Dividend  wheoit 
is  a  mixed  Number,  but  cany  on  the  Bivifion  by  d^ees  to  the  loweft  &)ecks>  where 
the  Fradion  is ;  and  what  is  Kemaindcr  upon  diyidlDg  che  Integral  Part  ot  that  Specks, 
annex  to  the  Fradion,  and  reduce  them  to  an  Improper  Fradhon>  and  then  divide  as  ii 
done  in  the  following  Example. 

Exsmf.  16.    4  )  18  /.  137I&.  9|rf.  ( 4/.  i\Jb.  5  |i  /. 

General  Scholium. 

As  we  obferved  before  upon  the  multiplying  by  a  proper  Fraftion,  that  it  diminifliesthe 
Number  multiplied  by  it,  contrary  to  djeeflfeSt  of  an  IntcB;ral  Multiplfer,  and  to  the  more 
iirriited  Senfe  of  the  wordMultipiication;  fo  here,  to  divide  by  a  proper  Fraftion  does  al- 
ways quote  a  Number  greater  than  the  Dividend,  contrary  to.  what  is  done  with  an  W 
grai  Divifor;  andcontrarjr^o  to  the  more  fliift  Sbnfe  of  the  word  DiWfion,  n^h  im" 
ports  the  leflening  of  a  tbii^:  and  fo  the  Quote  will  in  fome  Odes  be  a  Whole  or  Mix'd 
Number,  tho'  the  Dividend  is  aFraftioa^  becaufe.  one  FraAion  may  be  equal  to  another 
taken  once,  twice,  or  any  Number  of  Times,  or  Parts  over.  Now,  that  the  Quote 
mui^  6e  alwausgreajler  tmiXr tike  Divide,  is  plain  from  t&e Rak^  Fof  the ^ivifbt  being 
a  Proper  Fraction,  its  Recijprocal  is  an  Improper  Fra<aiori  greater  Aan  Uniqr,  by  which 
the  Dividend  is  multiplied,  whichi  is  tbei^fofe  taken-iAore  man  once  ^< make, the  Quote. 
Again  more  particularly,  if  the  Divifor  is  an  Aliquof  FtMSkm^  the  Operation  Is  in  effed 
a  proper  Muln{>}ication  f  fo?  to  divide  by  ;^,  is  no  othei;  thing  thaa  multiplying  by  4  And 
the  Divifor  bang  a  Fraction  of  anr  other  kind,  die  Operation  is  mixViof  a  jgtuoper  Mulr 
tiplscation  and  Divipony  in  which  tiie  Multiplication  prevails,,  if  the  Oivjfor'  is  a  proper 
Fradion  ^  but  the  Divifion  prevails,  if  the  Divifor  is  an  improper  Fhtftkp.  NtMTib  hecaui; 
the  Quote  may  be  in  fome  Cafes  j^eater  than  the  Dividend^  we  may  enquiry  How  the 
name  Divipon  ctmt vo  beappliedto  an  Operadon  whidi  reaHy  incveaiea  a  Number: 
And  theReafon  of  this  is  probably,  (as  before  we  alleged  in  MiMpiiaadoi^)  tbejoDenl 
Kkeneis  in  the  ef!^  of  dividing  t^  a  Whole  Nwiber  and  by  a  Fittftaoo,  nm.  l^at  die 
Qoooehtsthe  fiffiie  Rdatk>ft  ta  theDkideiidtlMU^Uiiky  has  to^^IX^vic^  i.  thatfiie 
Quote  containsthe  fiime  Part  or  Parts  of  theDfvid^kias^JRaiqr  does  of  die  Dinfiir.    This 

is  maniAdio  Whole  Numbevs^  for  jf  B  ia divided  by  A>  the  Quc^  is  ^  of  B,  aod i 
is  ^  of  A.  InFra&ions  the  lime  truth  will  exadly  appear;  Thus,  let  tfaeDividcndibeD, 
(either  a  Whole  Number^  or  Fradtion,)  and  the  Divifor  •; ;  by  the  Rule,  the  Qiiote  ii 

=:  i  of  D;  but  I  is  alfo  =  -^  of  4  9  (thefe  being  Reciprocals,  Cor.  Lem,  5.)    And 

^jcGBx  hcBce  fomedefine  Dhtfim  'm  this  Ottinei^  vis;.  Finding  s  Number  vikubfisUb^ 
the  f^me  "Rslatson  (as  before  explained)  to  the  Dividendy  as  Unity  has  to  the  Divifir,-"^ 
But  we  have  alfo  this  Difference  to  obferve,  in  the  Definitions  which  I  iay^  ^^  ^ 
MtJtif  ligation  and  Divifion :  Tha^  in  Dhnfimy,  thp  XJefioicion  is  the  (ame  for  F^acooqs  and 
Whole  Numbers  without  changing  one  Word,  viz.  fincfing  how  oit  the  Divifor  is  con- 
wood  to  the  i^'ojjdW.  BQtfo>AfcJie^*<#i|yas.theieiaV4rie^;  ff^ 
isrcpeatisg  the  MulQidicaad>  a^d  anting  the  Whole  of  it  a  Kumbier  of  Tiodcsj  but  with 
a  Pradion  it  is  only  takii^  a  Part,  or  certain  Parts  of  it.  Yet  this  is  fljU  tmQ>  That  the 
Opeiations  of  MultifBcation  ai|d  Divifion  are  reverie  to  one  anodier^  fo  drnt  the  one 
undoes  what  the  other  did>  whereby  ibey  prete  <ve  «aetbtr^    A^d.b^evieliaMechis 


GENERjtL    C  OROLL  j^RTyTotke  Jtrnkt  rf  MmlHflkatim  snd  I>Mfo»y 

Ufb  fy  49lf9h  Vbimhen  s»d  Frs£Hont;  Viz, 

Tonmihiply  b? mof  Niiaiber>  Whole,  or  Fraftkxi,  and  to  divide  by  its  Reciprocali 
hart  always  tke  wne  cfieA,  or  brings  out  the  iame  Number^  £08x3=  8-r-  f.    or 

generally,  Ax»  =  A~^,  etCh  being  (by  their  proper  Rules)  =iAm;  or,  5  X» 
^A^i,cachbeing=Y-  And  Ax  £  =  A-r-^  5  for  each  is=:^-  Alfoj 
x£  =c:|-r-2,  each  being  j£. 


ampi^  i  or  a  uung^  is  noc  cauca  j^ruiptmy  uuv.c  f  »  ivuuu  uv  uiviumg,  \vix».  wrai  3.) 
The  Anfwer  is  plainly  this.  Dividing  by  3  is  the  fame  as  multiplying  by  f .  So  that  to 
fisd  I  we- do  multiply  according  to  the  Riiles  of  Fractions,  wmch  makes  the  Produft  a 
Fii&ioa ;  and  when  this  happens  to  be  an  Improper  Fra^on,  (as  it  is  always  when  die 
Dividend  '»  a  Whole  Number  greater  than  3)  the  Divifion  by  5  is  only  theRedu<2ion  of 
that  Impioper  Fra^ion.  And  ror  the  feme  Keafon  to  find  f  will  alfo  require  a  Divifion, 
if  die  Frat^on  produced  be  Impioner :  But  to  make  the  Compariibn  aright^  let  them 
confidcr  theDiference  betwixt  dividingby  3  and  by  f;  thefe  cannot  have  the  fame  Efled. 


muft  take  MiUblicsti&nmiDsvifipmsLCcot^xig  to  their  eftaUfflied^^finicknis,*  about  whidi 
I  have  ittd  all  mat  is  neceflary  to  make  them  oe  ckariy  underftood. 


G  H  A  P.   vn. 

O/tie  more  fpecial  yippHcatim  of  FraStions. 

I  Have  in  the  preceding  Chapter  not  only  explained  the  general  Principles  and  Opera- 
tions  in  Fraotoo^  but  alio  made  Application  to  particular  tUngs  by  Examples  m  all 
the  Operatk>n».  Thefe  Examples  are  indeed  Smple,  and  but  pure  SuppoTicions : 
And  if  we  coofider  diat  Fradions  require  more  Operation  than  s^biblute  Numoers^  it  is 
unre^bbable  to  brin^  them  into  Bu(ine(s  without  secef&ty.  It  remains  then  that  I  make 
afewiurtfaer  Refleftion^  and  (hew  you  how  they  neceffiriiy  occur  in  Bufinefi.  In  the 
firft  place  obferve,  diat  in  what  we  call  mix'd  Whole  Numbers,  the  itrferiour  Species  are 
indeed  Fiadion^  but  fiich'as  we  may  c^^tadu  oms'^  becaufe  dietr  Denominations  are 
never  exprefi'd,  it  being  dioi^t  more  convenient  to  diftinguiih  them  by  common 
Names  tnan  by  numeral  Denominations;  yet  thefe  are  always  underftood,  and  really  ap- 
plied in  all  Operations:  And  the  Rules  given  about  them  in  the  ft^  Book^  are  either  me 
very  fione,  or  deduced  from  the  general  Rules  of  Fradk)ns  explained  in  diis  Boai^  and 
fo  nave tlie£uxie  tSsSt:  For  fince  each  of  thefe  Roles  is  demoaftrated  to  be  true  and 

3  »«ht> 
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right,  the  Eflfeft  of  each  muft  be  the  ikine,  when  applied  to  the  fame  things.    But  I  ihall 
mo  fliew  it  by  a  ihort  Companion,  thus : 

In  Addition  of  mix'd  Whole  Numbers,  we  add  the  Numbers  of  each  Species  by 
themfelves  without  any  further  preparation,  becaufe  they  are  Fradions  of  the  fime  Iih 
tcger,  vi%,  the  next  higher  Species,  having  all  one  common  Denominator,  (or  nmnod 
Relation  to  the  next  Species,)  which  is  exadly  the  Rule  of  Addition  of  Fradions  \  and 
then  if  the  Sum  is  greater  tluui  that  Den*^,  it's  an  Improper  Fraftion  ^  and  accor^y 
we  do  in  efied  rec&ce  it  to  an  Integral  Number  of  that  Species,  in  the  very  Addition, 
(which  is  equivalent  to  dividing  it  by  the  common  Den' )  leaving  the  Remainder  in  the 
loweft  Species  to  which  it  belongs.  So  Pence  are  12***  Parts  of  a  Shilling,  and  therefore 
we  carry  the  Number  of  12's  contained  in  the  Sum  of  Pence  to  die^hillings  y  and 
fo  on. 

In  Suttra^ion  we  do  the  fame  in  eSeSt  as  the  Rule  for  Fra^ons  requires  ^  for  the  like 
Specie*  are  Fraftions  having  the  fame  Denr,  (with  refped  to  the  next  ^bove,)  and  when 
the  Number  in  the  Subtrahend  is  leaft,  we  borrow  Unity  from  the  next  Spedes,  /.  e. 
the  Den%  (as  in  Exawp,  7,  8,  9.  Suhtra&ioM  of  FraBions.) 

In  Multtplicsthn^  which  is  but  a  reiterated  Addition,  the  G>mparifon  is  the  iame  as  in 
Addition,  if  the  Work  is  performed  by  beginning  at  the  lower  Species,  and  multiplying 
upwards  i  and  if  we  reduce  firft  the  Mix'd  Number  to  a  Simple  Number  of  the  lowelt 
Species,  then  it  is  a  Fradion  of  the  higheft,  whofe  Den'  is  the  Relation  betwixt  the! 
loweft  Species  and  higheft.  And  this  Fradion  is  multiplied  by  multiplying  its  NumS 
(1.  e,  the  Number  produced  by  the  Redudion^i)  and  me  Produd  ma^es  an  Improper 
Fradion  ^  the  Redudion  of  it  being  nothing  elfe  but  finding  its  equivalent  Mix'd  Num- 
ber, and  ^;ain  reducing  the  Lateral  Part  to  the  higher  Species. 

InDivifaf^  if  the  Dividend  is  a  Mix'd  Whole  Number,  and  the  Divifor  a  fimple  Ab- 
ilrad  Number,  the  Comp^on  is  the  fiune  as  in  MuhifBcdtunh  if  we  take  the  Method 
of  reducing  the  rnix^d  Numb^  to  the  loweftSpedes^  and  if  we  dividefrom  thehigheft 
Species  gnulually,  then  it  is  the  fiune  as  if  we  exprefs'd  each  Species  as  a  Fradioa  of  the 
next  above  it,  and  divided  each  Member  by  itfelt.  Again,  if  the  Divifor  and  Dividend 
*  are  both  Applicate,- whether  both  are  mix'd,  or  only  one,  the  Redudion  of  bodi  to  the 
feme  loweft  Species,  is  maldng  them  bo±  Ftadions*  of  the  h^eft-Speeies  and  of  00c 
Den*^,  {viz.  the  Rdation  betwixt  the  higheft  and  loweft,)  and  men  dividing  their  Num«) 
which  is  according  to  die  Rule  of  Fradions. 

Sut  again,  as  in  Whole  Mix'd  Numbers  each  Species  has  a  Relation  to  all  the  reft? 
fo  the  feveral  Members  of  a  Mix'd  Whole  Number  may  be  exprefled  as  Fradions  of  the 
higheft  Species ;  and  dieo  If  thefe'are  all  added  togetfher,  diey  will  mak£  widi  the  Number 
of  the  higheft  Species,  a  Mix'd  Fradional  Number.  For  Example,  8  /.  6jSJ.^  d.  is  equal 
to  /.  8-f  ^/t  +  T^y /.  and  this  reduced,  is  equal  to  A  85^4^  And  when  feveral  MW 
Numbers  of  one  kind  are  tlius  ex^eis'd,  the  Addidcm  or  Subtradion  by  the  Rules  ^^i 
Fradions,  will  \>m%  out  for  the  Sum  or  Remainder,  a  Number  equal  to  wlkt  will  arife 
from  exprelHng  the  Sum  or  Remainder  got  by  the  common  Rules,  in  dbs  feme  fradioo^ 
manner  with  refped  to  the  higheft.  And  the  feme  thing  will  hold  for  the  Produds  and 
Q}X>X£s  in  Mubiplicafum  ^ndDivifimi  for  if  this  were  not  true,  either  the  Rules  given  for 
fradbnal  Operations,  or  thofe  for  Whole.  Mix'd  Numbers  muft  be  falTe.  But  each  of 
theie  are  demonftrated  to  be  true. 

But  again,  Ohfirve^  that  the  common  Rules  for  Mix'd  Whole  Numfcersdo  makceafier 
•and  diftmder  Work  than  what  would  happen  by  that  way  of  exprcfling  the  inferiour  Spe- 
cies, except  upon  certain  Suppofitions  of  their  mutual  Relation^  as  we  (haH  immediately 
explain.  But  keeping  to  the  common  Subdivifions  at  prefent  inftimted,  it  is  better  ^ 
exprd&  them  as  Mix'd  Whole  Numbers,  and  ufe  die  Rules  given  about  thde  in  the  firft 
Book:,,  and  never  briw  in  Fradions  wh»i  they  can  be  avoided :  But  this  cannot  always 
beJonej  for  fince  Fradions  neccflarily  arite  from  Imperfcd  Divifibn,  therefore  they 

w  will 
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will  unavoidaUy  hi^q^efi  upon  thcDivifion  of  Numbers  of  any  loweftSpede^  or  of  things 
ibr  which  j)d  mfaiour-  Sp«cao  are  infticutod. 

Now,  tho*  the  Operattons  with  Mix'd  WBole  Numbers,  according  to  the  prefent  Sub- 
di?ifion%  are  e^er  diaQ  what  would  be  if  the  Numbers  of  their  imeilour  ^cies  were 
Gtpct6'tl  fii^onalfy,  and  the  general  Method  of  f  racoons  applied ;  yet  there  is  a  Sup- 
poution.in  die  Subdivifion  of  Qiantitys>  /.  e.  a  certain  Species  of  Fradions,  according  to 
which  the  DMfan  being  made>  it  would  be  more  cafy  aiid  convenient  to  exprefi  the 
fcffcralwavs  asFraSions  of  the  greater:  and  that  Species  is  the  Decimal  Fra^hn  already 
mentioned ;  whofe  Princifdes  ana  Operations  I  (hall  nrft  explain,  and  then  more  particularly 
tfaeir  Ufe  iad  Application. 


c  H  A  p.    vitt 

(y  Decimal  Fr Act ro^Ns. 
fi.    DEFINITION. 

IF  we  fiippoib  akif  Integer  (fivtded  into  loPart^  and  eachof  diefeagSuilifttoxoPamy 
maldngca  the  Whole  looPans;  and  each  of  tfaebft  Parts  agam  into  lo  Parts>  mv- 
king  of  tbe  Whole  looo,  and  (6  on :  thefe  Parts  are  called  Decimal  Parts  y  and  any 
Number  of  diem  is  caUed  a  D§€imat  FraSumi  Wbofe  Definidon  is  therefore  diis,  ovz. 
a  FradiQn  whofe  Den'  is  io>  or  lo  X  xo,  or  lo  X  xo  X  lo^r  ^c.  i.  e.  io,  or  zoo,  or 

ikamp.  ^f  -tm^  rirerwi  ^^• 

Tt  is  jdain  therefore  diat  die  Den'  of  any  Deemsl^raSum  is  t,  with  one  or  more  oV 
on  tfae  Right«4]and  of  it.  And  in  diis  ues  the  eflential  Difference  becwlzc  Decimal 
PraSi§ms  am  all  odiers.  But  there  is  alfo  another  DS9erence,  whith  is  in  die  Natation 
of  them:  For  tbo'  dic^  may  be  writtsn  in  the  Vulgar  Form,  yet  from  this  Property  of 
the  Denf ,  we  have  a  Mediod  of  Notation  difierenc  from  and  eafier  than  the  General  or 
Comax»i  Way  u&din  the  preceding  Chaotefs.    And  hence  aUb  we  have  OpeittiOfte  m 

Simple  and  Eafy  as  thole  of  Whole  Numoersi 

♦ 

§.  2.      NotAYlON  tfXittTi/iAl^Si 


THE  Uunuratar^sA  Demminatar  o(^  Decimal  Fra£fimh  whedier  Propet*  ot  Impnn 
per,  being  known,  write  firft  down  the*Num',  tiien  cotifider  how  many  Cyphers, 
or  o's  bdong  to  die  Denr ,  and  beginning  at  the  Rkht-hand  or  Place  of  Units  of  the 
Num',  reckcm  towards  die  Left*hand  oiie  Figure  or  Place  for  every  o  in  die  Den'.  And 
if  there  are  not  as  many,  i&pply  the  Defed  widio's%  fet  cm  the  Left-^hand^  and  iet  before 
d^m  z  Pdint,  (teprefeitingme  i  bdotidng  to  the  Denr)  called  the  Decimal  Point  9  which 
is  therefore  the  Mark  of  a  Dectmaltramon :  As  in  the  foUowing  Examples,  written  both 
kib/tyt^^uid  Decimal  Form. 

T  Ex* 
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■  « 

Examf.  I.    T^  is  .3  Exmp.%.    -r^^  -H  Exmfip.'i^.     riw^^  -^4^ 

Examf.  4.    TaVg-v  ^  '^^^'      Examf.  5.     ^-v*  is  4.^     Exan^.  6.      nV  ^  34-^7 

This  Notation  is  arbitrary,  and  requires  no  Demoaftration,  but  only  to  ihew  that  the 
Num'  and  Denr  are  thus  diilinftly  marked,  tho*  not  altx^ether  fcparated  from  one  axK)ther: 
And  this  is  very  obvious  j  for  tne  Num'  is  completely  exprefled,  (what  Cyphers  are  in 
(bme  Cafes,  (et  on  the  Ldft-hand  of  it,  changing  nothing  of  its  Value,)  and  becaufe  the 
Den'  conMs  of  a  Number  of  o*s  on  the  Right-hand  of  i,  we  want  only  to  know  how 
manv  are  of  thefe  o's :  and  this  we  know  by  numbering  thePlaces  that  ftandontbe  Right* 
hand  of  xbc  Point.    Therefore 

7b  read  a  Decimal  luhicb  is  ^written  in  its  froper  Form  y 

Take  the  whole  Rank  of  Fifi;ure%  which  tc^ether  msdce  one  Number)  (/.«.  the  whole 
Rankexcluding  tbeo's  thatftand  on  the  left  of  all)  for  the  Numr;  and  for  the  Denr^  rec- 
kon as  many  o^  as  rhere  are  Figures  before  t^e  Point  on  the  Right4iand.  So  .057  is  t|Jp 
and  .004^07  is  Ts^rei 

S  c  H  o  L.  The  £ime  ProUems  ^md  Rules  of  ReJuffion  belof^  to  Decimab  4tf  to  any  other 
Fradk>iis,  which  need  po^  b^ Repeated..  Ther^  arc. only  thefe  fe^  particular  things  to  be 
remarked,  which  are  confequences  of  the  Nature  and  Notation  of  Decimals,  and  the 
gaieral  Rules  of  ReJtt&ion  ef  FtoBiam  already  ei^lained ;  and  which  wilt  ferve  as  Frio-' 
cipio  for  the  Demonftration  of  die  following  Riues  of  Operation. 

COROI^LARIES. 

X.  A  proper  Fra&ion  in  Decimals  can  have  ho  Figures  flandine  on  the  Left-band  of 
the  Point,  but  all  upon  the  Right ;  for  the  Den'  muft ,  necefTarily  pave  more  Pkces  than 
die  Num',  and  fo  tne  Point  muft  £dl  without  them  on  the  Left-hand :  And  an  Improper 
one  muft  have  Figures  on  both  hands  of  the  Point ;  for  becaufe  the  Denr  caxmpt  have 
more  Places  thm  the  Num',  therefore  the  Point  cannot  faB  without.  Examp,  "04.63  is 
Proper,*  and  4.^2,  is  Imprc^>er. 

a.  A  mii^d  Decimal  Number  and  its  equivalent  Improper  Fradion  have  the  fime  N?- 
trntim  in  Decimal  Form,  and  therefore  rtxjuire  nb  Operation  to-  re>^u':^  them;  and  fo  the 
Diflinftion  can  only  be  made  in  the  reading  them.  For  Exaniple,  \^  ^=  34 "+  \*^  have 
the  &me  Decimal  Notation,  w».  34.<f7.  For  this  is  the  Redu^uon  of  the  improper 
Fra(9ion,  by  the  General  Rule^  and  it  is  plain  the  mijfd  Number  can  have  no  other 
Notation,  except  that  a  Mark  of  Addition  may  be  put  betwixt  the  Intern  anS  Fradion 
thus,  34-f-.^7-  But  this  Mark  is  fuperfluous.  Hence  any  Decimal  ExprefEon,  where 
there  are  Figures  flanding  on  the  Left-hand  of  the  Point,  may  be  read!  either  as  an  Impro- 
per Fraftion,  or  a  Mixd  Number ;  thus,  as  an  Improper  Fraflion,  taking  the  wWc 
Rank  as  it  fbmds  (without  minding  the  Point)  for  the  Num',  and  for  the  Den*  reckon  as 
many  Cyphers  as  ffand  on  the  xtffiX.  of  the  Point ;  or  as  a  Mix^d  Number,  by  taking  all 
die  Figures  on  the  left  of  th^  Point  as  a  Whole  Number,  and  ^^hofe  on  the  ri>ht  as  a 
Decimal  Fraftion.    So  this  c^tExamfhy  234.08,  is  either  ^-^J^y  or  234-f  ^l? 

5.  It  is  manifefl,  that  all  ExprefSons  wherein  diere  are  do  ligiires,  but  os  atrer  the 
Pomt,  are  pure  Whole  Numbers  compofed  of  the  Figures  flanding  before  the  Poiiit. 
So  34«oo  is=  34.  Yet  fuch  Expref&ons  are  equal  to,  and  may  be  read  as  an  improper 
Dechxial  Fradwn,  whereof  the  Numx  is  all  the  Rank  of  Figures  on  each  fid'^'  *he  Point, 
and  the  Den'  has  as  many  o's  as  fiand  after  tbc  Poioti  ib  me  preceding  is  '^j  which. 
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tccoidii^  to  die  Decimal  Notation  is  34.00.  Wherefore  a  Whole  Number  is  erprefled 
in  Decimal  Form  by  fetting  any  Number  of  o's  after  it,  and  a  Pointbctween;  which  is 
to  be  read  asa  Fraoion  in  the  manner  explained. 

4.  Cyphers  ftanding  in  Places  next  the  Right-hand  of  a  Decimal,  make  the  Fradion 
the  fame  as  if  they  were  not  there;  fo  .2400  =  .34.  Becaufe  thefe  Cyphers  being  rec- 
koned both  to  the'Nutnr  and  Den',  if  they  are  taucen  away,  do  equally  divide  bom;  fo 
.3400  being  ^USsy  divide  both  Terms  by  100,  (or  take  two  Cyphers  from  each)  it 
is^  or  .^4  - 

5.  Two  Decimal  Fradions  having  the  iame  Number  of  Figures  on  the  right  of  the 
Point,  have  the  fame  common  Den' ;  fo  .34  and  .06  have  the  fame  Den',  viz,  100. 
Hence  two  or  more  Decimals  arc  reduced  to  one  Den'  by  adding  as  many  Cyphers  on  the 
right  of  thofe  that  have  fewer  Places,  till  they  have  all  an  equal  Number  of  Flaces.  So 
thefe,  .4,  .2^  .0(^7,  ^e  equal  to,  .400,  .25^0,  .067^  having  acoiqmonDetir  1000. 

6.  Every  proper  Decimal  Fraftidn  is  equal  to  die  Simi  of  fo  many  le(fer  ones,  whole 
Nutrw  are  the  feveral  fignfficam  Fi^res^of  the  gben  Nuct*,  their  Den"  having  as  many 
OS  as  there  are  Placed  from  the  Pomt  to  that  Figure.  'Yor, Exatpp:  i,  .54=. 3  +  .04, 
for  .3 =.30,  which  hasthe  fame  Deni^  with.  .04^  and  therrforc  thatSum  is  .34.  Ex, 2. 
.04^08=5 .04 -j^  .ooiJ -}- .00008 

'    ^.  3.    Addition  i^Decimals. 

RVLE. 

WHedier.the  Numbers  given  are  pulre  or  tmx^d  Dedtnals,  or  fome  of  them  Whole 
Numbers,  write  them  down  under  one  another  in  fiich  ofder  that  the  Decimal 
Points  ftand  all  in  a  Column,  and  the  Figures  all  in  diflanft  Columns,  ill  order  as  they 
are  removei  fitvoi  the  Pcnnt  either  oh  the  Rig^t  or  Left*hand^  diea  beginning  at  the 
Column  on  tlie'  ^Ikhf-haii^  add  the  Figures  in  every  Cokittm  toeeiber,  and  cany  lorward 
I  for  every  16'  iti,n^  Suhi,'  a^  in  Whole  Ntunbers  j  {dating  a  Point  in  the  Sum  under 
ihc  P(»nt5  of  the  given  NuaA>ers^  .  .      ,; 

p  

Exsmf,  I.  Examf.  ^  Examp.  3» 

.  .24  .004  3(^.24 

4378  .5  4^0.058      ' 

.057  .40^7  378.62 

.6827  .23  c  42.007' 

2.29:^^  i.6257  9830.82^ 

If  tbtfw;  of  jche  Numbers  given  are  Whole  Numbets  without  a  Fraftioti,.  die  Worfc  k 
the  Jun^  fetdog  thefe  Whole  Mumbere  on  the  left  of  the  Column  of  Pointi,-  and  if  the 
Sum  <rf^  the  fim  CoJkmn  in  tbe  deci^nal  Part  i$  a  Number  of  lo'si  the  o  need  not  be 
written  dowi^  but. proceed ;  and,  do  the ,  I^e,  if  the  Figure  to'  be  let  dowh  in  the  neJrt 
Column  happens  alfo  to  be  o.  But  mind  that  aiftef  a  (khmcant  f%ure  comes  in  die  Sunl^ 
fuch  o's  bdonging  to  the  foHowic^  Columns  muft  not  be  negle&ed. 


E».ifmp.  f. 

Rnmf.  $. 

.08 

37.<Jo+ 
478^6 

.8 

8.20^ 
^18 

.>8 

Mxdfif.  4. 
4^8. 

48.724 
237a. 
8.4 

Demonst.  If  you  conceive  as  many  o*s  tt>  be  fe£  pn  tii^  B^hMwM  pf  ^  De- 
cimal Point  in  each  or  the  Numbers  added,  till  they  baye  aU  an  equd  Ni^a^bsr  qf  Figure^ 
aftei*  the  Point)  they  are  thereby  reduced  tt>  Eraoipn^  (PtOMr  or  Imnrooer)  bavpg  a 
common  Den*^,  (C^^/.  5.)  and  the  Sum  of  die  Numn  ia  the  Niun«  of  m^^u^  l^M^hcto 
be  appKed  to  that  common  Den^;  but  thefe  q%  adding  nocbit^  to  ch^  S^ash.  npodaoc  be 
filleq  up)  and  therefore  the  •Sum  of  the  Numf*  is  truly  Ibimd  by  tbe}^u}e;  i|n4  by  lectii^ 
a  Point  in  the  Sum  under  the  Column  of  Points  in  the  Numbers  wUm^  die  c^mmoa 
Den'  is  right  applied,  therefore  the  Rule  is  good. . 

Or  we  may  deduce  the  Reafon  of  this  Rule  thus:  AH  the  Fkures  of  the  fradional 
Parts  (landing  in  one  Columm  are  N^9l'*  of  Fradions  havii^  the  fame  common  Deary 
(by  Corol.  6.)  and  from  tbe^natcure  of  a  Decimal  Dodx^  eadi  la  in  .^e  Sum  of  any  Co- 
lumn is  equal  to  a  Fradkion  whole  Num'  is  i,  the  Den^  having  one  b  lels  than  the  Den' 
of  the  Column  added  ^  i,e.  .010  =  . 01.  Thjcrdbfe  it  is  plain,  that  adding  and  canyic^ 
of  evoy  10  from  the  feveral  Columns  according  to  the  Rule,  gives  the  true  Sum. 

r 

ScHOXi.  In  Affhcati  NumietJi^  thfi  PeciiW^  t^^  ^^  muft  ^  rei^  tp  one^J^ 
Ujger,  or  be  reduced  to  that  ftate  ;  and  in  dpjng  dp^s^  W^^  4w^f  ^  bighcr  ^^ck$ 
to  the  tower,  by  lioukiplytng 'tbe  tfrmimifosy  QK  ^  if?fWr  to^  t^  ^Im^  ^  dividim  the 
Njutn',  if  it  call  be  600^^  and  .ti£bcv  way  the  Fra&ion  tippod  i^i^  b^  sf,  Da^ipaj.  ^ut  if 
youffediice  any  odiier  way,  itbeEmaipa  walfcMt  ^im  bq  a,  t^ecijDial.r '.  ^x^fp^^  .6  Yxds 
-f  .08  Qyarters,  are,  by  Redudion,  .24  qr  +  .08  qif.  Of,  -^  >*+  *02y^.  Bkit  if 
inftead  of  .08  qr,  you  put  .07  ar.  then  if  you  reduce  this  to  a  Fraoion  of  a  Yard,  k  wiH 
not  be  a  Decimal ;  for  it  can  dniy  be  made  4^  Yurds.  An^thacforc  reducing  theHi^ier 
Denomination  to  the  Lower  is  the  General  ^Tule  that  will  keep  theExpreffioninpedmals* 
But  fiich  Examples  iektpm  occur ;  as  we  fhall  leeafterwards  in 


§.  4.    Subtraction  i^f  DBCi?id>ALS. 

RU  L  R. 

ORdet  die.Subtrah^  a^c^  Suhtja^r  die  £ux^  w^  as  dire&ed  in  Ad£ttm^  then  fub- 
traftas  in  Whple  Niimb^i^s,  every  Figgife  of  thc;Stil^9iu3of  from  what  ftands  over  it 
ip  tbp  Subtr^Ai^nd,  (iiippofjn^  o  to  liand  wh<w»thCTe  fe'iy)  Ftofe  tohttafe  Place  oi^  the 
Siibtraheui;)  and  fii  ^  PoiQt  ip  thp.RemMnd^,"  ip  the.  &me^  Gtd^fla&i^A  the  Points  of 
tji^  ffivenjl^^mb^-sij^  an4  wtoi  q's  ftllflS^i '^3^  R|^t:''vpd  of  &e  Bediaindw,' they  need 
not  be  fet  down.       *  ^     ^      ' 

Jg^ff.  X.    .84  £x.2.    d8.28  £x.3.    48.  £x.  4.    478. 

.^2  24.05^7  9-8tf  .o?7 

.52  44*2^^  3«  14  47:' 


£x- 


Ch^S, 


Examf.  ^. 


0/Decmai  FraBhm. 

82.0642  Ex.  6.    254.07^^ 

2^.75*2  8^.94 


:I4Z 


Ex.  7. 


12.308 


>5<>t^5 


;t8.24 
16. 

12.24 


Tbe  Bm^wfir^tk*  of  this  Rule  flaiids  upon  die  fiune  Princtples  as  diatfor  Additioa; 
TbfijaxDc  Scb^Uttm  t»  aUb  applicable  herc^  which  was  made  after  Addition. 


T 


$•5.    Multiplication  ^t^Dibcimals. 

AKE  die  Numbers  proppfed  (i.  e.  the  Rank  of  Figures  in  each)  as  Whole  Num* 
ber5>  and  muldpty  them  one  by  die  other  as  fucb^  ntt;lefting  the  o's  that  ibnd  next 
the  Left-hand,  as  ufdds  in  die  Mumplication ;  then  tsJce  the  Number  of  Places  or  Fi- 
gures, whatever  they  are^  that  ftand  atter  die  Pointy  both  in  ^the  Miilti[diier  and  Multi{>li« 
cand,  and  numberixi^  as  many  Places  &om  the  SJ^t-hand^of  the  Produd>  fet  a  Point 
l>efi>re  them  I  and  ifthere  are  not  as  many,  fapply  the  Defed  with  Cyphers,  and  you  have 
(he  Froduft  duly  cxpreflfed ;  whichy  according  to  the  Circumftances  of  the  Fa&ors>  may 
be  odicr  a  Pore  FradHcHb  {Exa^,  ly  2,  30  or  a  Mix'd  on^  {Examp.  4,  5,  6.)  or  a 
Wfa^  Number,  {Exm^.  7.) 


Ex.  3. 

Ex.  4. 

.OM486 

6.0% 

.024. 

.47 

17112 

■04.02132 


1944 

P7^ 


.000011664 


723. 24< 

48.00^ 


2  16973^ 
5785  968 
28q2Q  84 

t^/fyi 7.977  7'^8 


Ex,  6, 

578.32 

<f 

2313  28 

34^992 
3701248 


4256 

2.857^ 

Ex.  7. 

4  5*. 

g-7y 

22  80 
3152 
912 

I254..OO 


D  E  M  o  N  »T.  The  Jtedfim  of  tbisRule  is  obvious  ^  for  if  you  conceive  die  two  given 
Numbers  as  Fra<91ons,  Proper  or  Improper,  the  Work  of  the  Rule  is  plainly  multiplying 
did*  Num*^  together,  [wl?ich  are  the  Rimif  of  Figures  propofisd,  tAett  as-  whole  Num- 
bers;] and  sippTying  to  the  Produ6b  a  Decimal  Den"^,  equal  to  the  PJrodud  of  the  given 
Den" :  [Whicn  is  done  by  taking  as  many  Races  from  the  Produft  of  the  Num'  for 
Decimal  Places,  as  diere  are  in  the  Den*^  of  both  the  Faftors;  fbr  the  Sum  of  thefe  is 
die  Number  of  Places  in  the  Produft  J  And  this  Fradtion  is  thcProdudl  fought,  by  the 
gieneral  Rule  of  multiplying  Fraftions,  fCfe^pr;  5.) 

Scaoi^.    Tp  miitipJy  anv  Decimal  (Pure  or  Mix'd)  by  10,  or  100,  &c.  (r.  e.  atqr 
Number  eroneOed  by  i,.  wicn  o's  after  it,)  it  is  plain  we  have  no  more  tt>  do,  but  so* 
move  the  Point  as  many  Places  towards  the  Right-hand,  as  there  are  o's  in  the  Multi^ 
pUeii  and  then,  if  all  happen  to  be  o's  on  the  Left,  they  are  ufeleis  and  to  be  needed. 

Exsmf^ 
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Examp,  t\  \^%ip^=i^6     Ex,%.  .004X  xooass.4      Ex.%.  82.037fX  toos=  8203.7; 

•  I 

It  is  plain  diat  this  has  the  &mt  E£Feft  as  the  preceding  Rule;  according  to  which  we 
fliould  fe  as  many  o's  after  the  Muidpiicand  as  there  are  in  the  Multiplier;  aod  then 
taking  from  the  Produ<£i  as  ihahy  Decimal  Places  as  are  in  the  Muitidicand,  (fbr  we  iiow 
fuppofe  none  in  the  Multiplier)  the  P6iht  will  be  removed  as  many  Places  to  the  Right} 
as  the  Number  of  o's  annexed;  and  thefe  being  fupeifluous  on  the  Right  of  a  Decinial, 
need  not  be  fet  down.  But  .if  there  are  not  as  inany  Places  after  the  Point,  the  Defed 
muft  befupply'd  with  o's,  andtheProduftwill'be  a  whole  Number.  804.6x100=460. 
Or  the  Realon  of  this  PradHce  is  alfo  dear  by  confidering,  that  by  fetting  the  Point  i 
Place  nearer  the  Right,  every  Figure  is  diereby  10  times  me  Value  it  was  ;  and  conTe- 
f}uently>  fo  is  the  whole.  * 

Hfm  to  Contract  Muhtflication, 

When,  beDVixt  the  Multiplicand  and  Multiplier*  there  are  more  decimal  l^laces  thaii 
Ve  incline  to  have  in  the  Produft,  then  we  may  find  the  Produft  true  to  as  man^  deci- 
hial  Places  as  we  pleafe,  (or  very  nearly  true)  witnout  jproducing  all  the  reft  of  the  Figures, 
tvhich  will  in  many  Gdes  make  a  great  Abridgement  ot  the  Work.  For  which  take  mis 

Ruk,  Confider  how  many  decimal  Places  you  would  have  in  the  Produft;  fet  the  Figure 
in  Unit's  Place  (via.  of  Integers)  of  the  Multiplier,  under  that  decimal  Figure  ofthe 
Multiplicand,  whofe  Den'  is  what  you  would  have  in  the  Produd,  (/.  e.  under  the  i^, 
±%  or  3**,  &e.  Place  after  the  Pbint,  If  you  would  have  only  one,  two,  or  tht^  decimal 
Places  in  the  Produd.)  Then  fee  the  other  Figures  of  the  Multiplier  in  the  reverie  Order 
from  that ;  and  multiply  by  every  Figure  in  the  Multiplier:  In  doing  which,  he^  only 
at  the  Figure  of  the  Muldplicanc^  under  which  the  multiplying  Figure!  Aand^  t^tSdng 
all  towards  the  Right.  But  at  the  fiune  time  confider  what  would  luve  besa  carried  froni 
the  Produft  of  the  preceding  Fi^;ures  on  the  Right,  (which  will  be  found  Ih  moft  Cafes 
by  multiplying  the  two  next  j)recediafl;  Fifi;ures)  that*  it  may  be  added- ce -the  Produd 
which  is  firft  written  down.  Again^  Let  ^  the  partial  Produfts  be  fet  under  one  ano- 
ther, fo  as  the  firft  Figures  in  each  ftand  in  one  Column,  and  the  reft  in  the  feme  Order. 
It^filyy  In  adding  thefe  partial  Produds  together,  you  muft  judge  as  near  as  you  oA 
what  would  have  been  carried  from  the  preceding  Columns,  if  we  had  negle&ed  none  of 
the  Figures  of  the  Multiplicand  ^  fo  as  to  add  that  to  the  &:ft  Column  written  down.  See 
the  ft>uowing  Exan^les. 

Examp.  To  multiply  47.32685  by  8.4/? j,  and  have  three  Places  of  Decimals  in  the 
Produft. 

Operation  at  large.  Abridged- 

47.32685  47.32685  As  the    Allbwahce  for 

8.46^  3  64«g  what  may  be  carried  from 

141 98  055  378  61 4  the  Columns  n^eftedisal- 

2  839  61 10  18  93  o  together  a  Guel^  we  may 

1%  930  74  o  *  83  9  ^^7  ^^^  TM^t  the  Pro- 

^7861480  141  duA  Ids  thad  it  ought  to 

■= -—  *       '  be,  by  I  or  2  in  the  laft 

4°°-^^7  n  155  4X)o.y»  7  •  PbceV  whicli  can  fcarccly 

be  hdp^l  otherwife  than  by  makifig  one  or  two  more  Columns  than  the  Number  of  De- 
cimal Places  you  would  luive  in  the  Produd,  and  thefi  you  may  cut  oS  die  two  laft 
Places  from  tne  Produd. 

t^xamfl 
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Bxionp.  a.  To  multiply  4^3^5639  by  SjM^  fo  as  two  Places  of  Decimals  ihall  be 
true  ia  the  ProduA. 

Operation  at  large.  Abridged.  In   this  Example  I 

463.25  63  9  4^3-^  5  ^39  ^^^  ^^t  ^c  7  which  is 

6'7M±  4  6  8.76  in  the  Unit's  Place  of 

277953834    -  324*794  r/i^'?'^^^^'^^''^,*? 

370605  II  r  370605  Multiplicand,,  thtf    I 

^427947?  27  79^  wanted  only  two  Places 

a^rtr^sti  i8?5  ^  ^e  Produd,    that 

■  ^^^  ^  ^  ^ T  ■      '    ^    ■  by  diat  Other  Place,  the 

^1438431  <^5  096  31438.43  two  firft  Places  may  be 

true. 

Oijirvey  If  there  be  not  as  maoy. decimal  Places  in  the  Multiplicand  as  are  wanted  in 
the  Pxodud,  you  muft  fu^ply  them  with  o's.  As  if  in  the  preceding  Example  the  Mul- 
tiplicand were  463256.39  and  I  wanted^fbur  decimal  Places  in  die  Produ6l>  then  I  write 
the  Multiplicand  vami  463256.3906  (or  widi  one  o  more)  and  fet  the  7  of  the  Multi- 
plier under  the  laft  o. 

jigam^  If  die  Multiplier  is  all  a  decimal  FraAion,  imagine  a  o  in  tiie  Unit's  Placej 
andLfe  the  other  Figures  in  order  from  that  on  the  Left. 

For  the  ^afin  of  this  Praftice  it  is  feen  in  the  Comparilbn  of  the  Work,  at  large  and 
^nc^;e4»- whkh  you  fee  is  but  the  former  reversed. 

§.6.    Division  of  Deci-mai^s, 

RULE. 

TAKE  the  Numbers  propofed  as  Whole  Numbers,  i.  e.  fiich  a  Whole  Number  as 
theRaok  of  Figures  would  make,  without  regard  to  the  Point,*  (in  which  View  o's 
next  the  Left-hand  will  be  altogether  ufeleis)  and  as  fuch,'  divide  the  one  by  the  other. 
If  there  is  a  Remainder,  which  is  neceffiuily  lefi  than  the  Diviibr,  fet  a  Cypner  after  it, 
and  dien  divide  again:  But  when  the  Remainder,  widi  one  o  added,  makes  a  Number 
lefi  than  the  Divifor,  tit  o  in  the  Quote,  and  add  another  o;  and  fb  on,  till  the  Re- 
maindos  with  the.  o's  added,  make  a  Number  gicater  than,  (or  equal  to)  the  Divifor. 
And  dnis  continue,  adding  Cyphers  to  the  Remainder,  and  (Uvidingj  tiU  there  be  no  Re- 
mainder. But  as  tfaifi  wfll  not  happen  in  every  Cafe,  the  Divifion  is  to  be  thus  carried  on 
to  a  greater  or  let&r  Number  ot  Figures,  according  as  theCircumftaticcs  of  the  Qucftion 
requite,  as  iliall  be  further  explained  in  die  ufe  of  Budmalt.  Obferve  alfb,  thac  iFat  the 
beginDu^  of  the  Work,  the  Dividend  makes  a  leflcr  Number  than  the  Divifor,  when 
both  are  confideired  as  Whole  Numbers,  then  fet  as  many  o's  after  it,  till  it  be  greater 
than  (or  equal  to)  the  Divifor  y  and  then  begin  the  Diviiion,  proceeding  with  the  Re- 
mainders, as  before  direded. 

When  the  Divifkm  is  finifhed,  or  carried  on  as  fiu*  as  vou  tliink  fit,  theQuote  muil  bt 
quaHfyd  in  this  manner^  vi%.  Confider  how  many  Decimal  Places  (or  Figures  after  the  Point 
on  tlie  Right-hand)  there  are  in  the  Divifor,  and  alfo  in  the  Dividend  ^  (among  which  laft  are 
to  be  reckoned  all  the  o's  added  to  the  Dividend,  and  to  the  Remainders :  and  if  the  Dividend 
isaWhde  Number,  the  o's  added  are  reckoned  the  Decimal  Places  of  it.)  Then,  i .  If  the 
Number  is  equals  in  both,  the  Quote  is  a  Whole  Number^  {Ex,  i.)  2.  If  the  Number  in  the 
Dividend  is  greateft,  tafae -the  Difference,  and  feparate  as  many  for  Decimal  Places  from 
the  Right  of  tbe  Q^tc^  (fupplying  iheDcfed  with  o's)  by  a  Point  k%  before  them  ^  and 

theo 
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ijj+  Of  Decimal  ¥r«8!»m.  Bxiks. 

Jmffftty  i.  f.  t'MbcV  Ntnnber.     | 

__    ,  _.  1,  «!rc.)    ?.  Jt  the  NumDcr  m  wcuTwv»f» *  -•-  •»-«* *■ 

hct  as  many 


(iTW  a^,  <^')    3 .  If  the  Number  in  the  DWfiw"  pwtteft,  take  AeKfieitto^  v^ 
my  o's  after  the  Quote,  and  tjJct  aB  fiw  »  Whofc  Number.  {Exmf.  7, 8.) 


Examp.  I.  JE«.  »•  ^*-  3'  ^'-  +• 

•.00+)  .laS (3»  .  -.ja)  .ija  (47T  •.«+).847<S(i-3*+3     »7>  »^-35(4fif 


i» 


128                                  ^+ '0^ 

8                              a»4                                '9*  t^^ 

156  OOP 

128 


000 


940 
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Ex  ^'.  -Ex.  tf.  Ex.  7.  **•  *"• 

.»)2.o+(a.55     4?«).o^8(  .024)  48(^  .jfi;)  ^7*  t.l(48oo 

*    16  or  ^^* 

4.iJ)  .oaSo  (fo8< 

27^      True  Quote> 

368 


00  320 


Rem. 
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Of  Valmxg  tke  Stm^kfder^  mwt  cprnphating  the  §^te: 

There  remftin  y€t>  as  a  Part  of  dw  Ri]Ie>  feme  further  Confideriitioas  about  die  Ri^ 
mainder  and  Compleattng  of  the  QvK>te.  For  tfao'  in  die  Applicatioa  and  Ufe  of  Dcci* 
mal^  as  we  fliaU  afterwards  learO)  the  Remainder  i^  neg^eoed^  yet  what  I  am  now  to 
ftdd)  is  not  only  fit  to  be  known  as  t  PSart  of  the  Theory,  but  necel&nr  for  our  P^^ 
ar^bt  bow  fiir  the  DhriBon  ou^  to  be  carried  cm  in  different  Caie8>  mat:  the  D«ft  (f 
the  Quote,  arifins  finom  the  Ne^eft  of  the  Remainder,  may  not  be  too  mat.  For  this 
iscenaiiH  dMtwtemdiere  is  a  Remainder  the  Dirifion  is  not  perfeft^  lo  that  dieQyote 
found,  and  qualify'd  by  the  pieceding  Rule^  w31  be  deficient  of  die  compkat  Quote; 
and  this  Defidency  depending  on  the  tnie  Value  of  die  Remainder,  we  ffaall  firft  ice  how 
that  is  to  be  founds  and  then  what  is  to  be  added  to  ^  Quooe  already  founds  to  make 
the  compleat  Quote. 

i«  TbeRemainder]s.to  be  valued dius:  MUceitdieNum'of  a^FniAbn,  wfaofeDen' 
is  thai:  of  the  tDividend,  (taking  in  all  the  Cyphers  added  in  the  Qpeiation.)  So  in 
M9»>  V  die  Remaind^  fat  its  true  Vahie  is  .000048;  in  Bx.  6.  it  is  .0000044^  and ia 
£4r*  8«  itis  .2. 

2.  If  you  demand  the  compleat  Quote,  (when  ttere  is  aRemainder)  i,  e.  ^nUcb  mul^ 
dplied  by  the  EMvifer  will  produce  the  Dividettd  (rdfpefiinfl;  their  true  Values)  you  may 
find  it  tnr  the  gaacFal  Ruk  in  Chitf.  6,  But  if  you  wouU  keep  dte  C^ooe  already  fbuna 
as.  one  dfiftinaJEto>  and^wouki  know,  what  is  to  be  added  to  it  that  theSum  may  be  tbe 
compleat  Q^ote;  then  take  the  Remainder  inics  true  Value  (as  above,)  and  divide  it  by 

1  tbe 
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die  IXvifiH^  bfkdi  ?d<c»  b  tethie  Valuer  by  the  Rule  61  Cbmp.  H:  add  ihat  Quote  is  the 
thing  fix^.  Or  diuft:  Firft  mmke  a  FttiBdoa  of  the  Remainder  and  I>ivifor  (as  Whole 
Numbers,  without  jf^^)ediiie  their  true  Value)  and  then  fet  as  many  o's  after  the  Den*  as 
the  Decimal  Places  of  the  Dividend  exceed  in  number  thofe  of  the  Divifor  ,•  or  if  thofe  • 
in  the  DivKbr  be  radft,  fet  as  many  Cyphers  zs  the  Difference  after  the  Num' :  But  if 
they  are  equal  in  Number,  you  havenotning  mo*e  to  do.  And  thus  you  have  the  thing 
fought,  which  win  be  the  Ume  as  t^iat  found  by  the  Rule  oP  Cb^f,  6.  only  in  lower 
Tcnns,  as  Vili  ea^y  appear  by-  comparing  them. 

Thus  in  Ejp.  3.  the  compkat  Quote  is  1.324.3  +  y^lly^;  in  Ex.  6,  it  is  .006086  -f 
uAUoSy  ^  ^*-  *•  it  is  4800+ Iff.  See  alio  the  toUowing  Examfi/cs^  where  I  have 
only  wnttcn  down  the  Quotes  widiout  the  Operation. 

Ohferve  j^in,  that  this  additional  Member 
Examf,  9.    .23)46.8(187+5^-  to  the  Quote  will  always  be  a  proper  Fraftion, 

when  the  Number  of  Decimal  Places  in  the 
Ex.  10.    .0432)  342.8  (7900-^  '115*.      Dividehd  is  equal  to,  or  greater  dian  that  in 

the  Divifor ;  (ox  the  Remainder  which  is  the 
Ex.  II.   .008)  2.68  (3 30 +  V-  Num"",   is  lefi  than  the  Divifor  which  is  the 

Den',  and  the  o*s  are  added  to  the  Den' :  But 
Ex.  13.    .08)  274^  (3420O+«*i-. '  if  it*s  lefs,  .^ben  it  will  be  an  improper  Fraftion 

infome  Caies,  {Ex.  10,  ii,  12.)  which  fhe\^r5, 
that  die  Divifion  being  carried  further  on,  the  integral  -Nuni)>er.of  the,  Quote  would  be* 
come  greater  J  and  particularly  if  you  reduce  Aat  improper' Fraflion,  then,  as  many  Fi- 
gures as  its  equivalent  Whole  Number  contains,  after  fo  many  more  Steps  in  the  Divi- 
fion, the  Quote  would  have  in  it  all  the  whde  Number  that  can  poffibly  belong  to  it,  fo 
that  the  adSitional  Member  will  be  after  diat  a  proper  Fraftion:  So  in  Ex.  lo.  the  com- 
pleat  Quote  being  7900+  'Jrr*?  and  this  Fraffion  being  =  3^// ,  makes  the  compleat 
Quote  7035  /^.  i^ain,  if  the  additional  Mem^ber  is  an  improper  Fraftion,  equal  to  tome 
whole  Number,  it  ftcws,  that  after  fo  many  more  Steps  as  th»t  Whole  Number  has  Fi- 
gures, the  Divifion  would  have  been  perfect  without  a  Remainder.  So  in  Ex.  ii.  the 
additional  Number  of  the  Quote  is  V  =  5,.  and  the  compleat  Quote  is  3  3  5  5  and  in  Ex.  12. 
the  addidcxial  Member  is  *••  =  ^5,  making  the  comj^eat  Quote  3427^. 

Whorcfoie,  diat  the  additional  Member  of  the  Quote  may  be  always  a  proper  Fraftion, 
(and  &  the  firft  Part  never  want  an  Unit  of  tiife  cxMnplcat  Quote)  carry  on  the  Divifion 
till  the  Number  of  Decimal  Places  in  the  Dividend  are  equal  to,  or  greater  than  that  in 
the  Divifor^  uhlefi  the  Divifion  is  finifh'd  without  a  Remaiilder  berore  you  come  to 
that^  for  then  die  Quote  found,  and  qualifyd  according  to  the  Rule»  is  compleat.  '^ 

Demonstr  ATioN  cf  the  frecedm^  Rule. 

The  Divifor  and  Dividend  being  confidered  as  Whole  Numbers  in  the  Operation^  and  . 
the  o*s  added  to* the  Dividend  and  Remainder  as  belonging  to  the  Dividend^  then  die 
Quote  being  found  by  the  Ride  of  Whole  Numbers,  all  we  have  to  account  for,  is  the 
qualiiying^f  the  Chiote  and  Retaainder,  and  the  additional  Member  .for  compleating  d^ 
Quotc.^The  Realon  of  which  will  eafily  appear,  t)y  comparii^  it  with  Muftiplication, 

We  flwdl  filft  fuppofe  there  is  no  Remainder,  ana  then  the  Produft  of  the  Quote  and  • 
Divifor  is  equal  to  me  Dividend^  but  the  decimal  Places  of  any  Produft  are  .equal  to  the' 
Sum  of  the  decimal  Places  in  the  Multiplier  and  Multiplicand :  So  the  Number  of  decimal 
Places  of  tbe  one  Faftor  is  the  Diffe^ce  of  the  Number  in  the  Produft,  and  in  the 
odier  Faftor,  if  e.  die  Nun^er  of  decimal  Places  in^  the  Q^e,  muft  be  {(pial'tacbe.: 
Difference  of  the  Numbers  in  the  "Dividend  and  Divifor,  when  the  Number  in  the  Di- 
vidend is  greater,  or  equal  to  the  Number  in  the  Divifor,  (which  accounts  for  thefe  two 

*  U  Cafes, 
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Cafe}  &eJS4r4»y.  i,  %i  v)  <4Sk^  When  die  Nuodier  <tf  4m«i4Fl«p»ift^tbR  DMiv 
is  gir«R9r  ^lan  in  the  Divit^eodji  tilneii  tiie  Qaoic  ftMiod  (Wid^MC  any  Quati&CjMMi)  bidog 
mulGi()liGd  into  the  Divlfoo  tber^  would  be  ait>re  dccimat  Pbec9  i»  i^  Psoduft  thai  i& 
the  Dividend:  wherefore  that  is  not  thet  true  Q}iO0e:  Bttc  now  i«  as  tomf  atc^Piaces 
of  o^'s  as  the  Difference  of  the  Number  of  Placer  in  ^  DiyUpr  tod  DUxriduuii  be  an- 
nexed to  the  Qiipce;  and  this  xnukiplied  ifttorthe  IXvi&r^  tfauife  wUl^  be.  the  fame  Number 
of  decimal  Places  in  the  Produ&  as  befen e.  Btic  v^  many  of  thete  Places  msm  the  RJek 
as  the  fore&id  Difference  of  decimal  Places  io  the  Divifor  and  DivkleQds  being  o's>  De^ 
caoie  of  the  o^  annex'd  to  the  Quote,  they  don't  mcreaiib  the  decimai  Paai  and  there- 
fore being  cut  iway  from  the  ProduA»  diey  leave  no  cnore  decimal  Places  in  the  Produd 
than  in  me  Dividend,  the  Produdl  being  the  Tcr^fiune  Rank  of  Figures;  therefore  die 
Quote  is  truly  qualifyd.  So  if  48  is  divided  by  24,  the  Quote  is  2^  but  if  the  given 
Numbers  are  .024  and  ^^  the  Quote  oauft  be  20,  for  .024  x  2=  .048,  which  makes 
one  more  decimsu  Phbce  ui  the  Prodod  tbon  in  the  Dividend  ^  dierefore  that  is,  not  the 
true  Quotes  but  reckonins  this  2o>  the  Prodad  is  480=2 .48 

In  me  next  place,  fuppote  there  is  aRemainder ;  cheo^  that.  theQuote  andRemainder 
are  duly  quaUfy'd  by  the  Rule,  will  eaGIy  appear  dius :  The  Produa  of  the  C^te  and 
Divifor  is  equal  to  the  Dividend,  after  the  Remainder  is  fubtfadcdoutof  it,  (taking  them 
all  as  Whole  Numbers  9)  therefore  the  Remainder  added  to  that  Produd,  makes  die  Di- 
vidend. But  now  the  Qiiote  being  qualify'd,  as  in  the  Ruie>((.  e.  witli  rc^g^d  to  the 
number  of  decimal  Places  in  the  Dividend  as)d  Divifor  J  the  Ffodu^  muft  hecefiarily 
have  as  many  decimal  Places  as  ^  Dividend,  otberways  the  Qjipte  (which  is  quslif^d 
with  a.  Regard  to  the  decimal  Pkices  of  the  Dividend)  would  not  be  tbe  true  Quote  out 
of  that  Produd^  \;rtiich  ihews  the  Reafon  o£  the  Rule  for  mialifying  the  Q^ote  ia  this 
Caie.  Then  for  the  Value  of  the  Retnainder,  it's  plain  its  Figures  muft  be  of  the  lame 
Value  with  the  Places  qS  the  Dividend  of  which  it's  the  Remainaer,which  arethe  hft  Places 
on  die  Ri^-hand:  Or  dfo  thus^  That  the  Retnainder  adM  to  the  Produd  of  tbe Di- 
vifor and^ote  (in  theirtrue  Values)  may  make  up  theDlvidend^  it^s  evide«t  itmuft be 
of  the  iameVaioe  with  die  Pkces  of  die  iUviaend  to  which  it's  added^  fnd  thele  are  dit 
laft  Places  on  the  Right-hand,  which  make  the  Nunv'  of  a  Fradion^  wBoie  Den'  is  that 
of  the  Dividend  ^  wjberefore  the  Remainder  mi^  be  (o  alfo,  (whidi,  according  to  di£> 
ferent  Circumilances,  will  be  a  Whole  Number,  or  a  Fradiofi^  or  ]^&Kfd.) 

Am$bir  Demonstration. 

Th/tDewtmfir^im  of  aU  diat  relates  to  d»%Rule>  {visi,  for  both  Membeis  c^  thecom- 

geat  Quote  when  €hefe  is  a  Remainder)  may  alfo  be  eafity  deduced  from  the  General 
ule  in  Chap,  6.  and  ihewn  to  be  the  £ime.    Tbusy    When  the  Divifion  is  finifhed,  or 
Iou  bive  put  a  Stop  to  it,  coniider  the  Dividend  and  Divifor  as  Fradions,  Proper  or 
mproper,  as  they  happen  (reckoning  always  the  o's,  added  to  theDividoid  and  Remain- 
ders, to  belong  bodi  to  theNum'  and  Den'  of  the  Dividend.)    And  let  ^  be  tbelXvifo^ 

and  ^  the  Dividend^  (whefeiti  the  »  and  m  are  bodi  decimal  Deli's  or  the  ooeof  tbem 
ittch,  and  the  other  i,  as  happens  when  there  Is  no  dedtnd  Place  in  that  Term,  bur  all 
4  Whole  Number.)    Then  by  the  General  Rule,  thp  compLeat  Quote  of  ^  (fivided  bf 

7»  is  ^  cqualto  7  X  j;'  Now  7  is  die  Quote  of  the  two  Num",  which  if  it'isaWboIc 
Number  (diercb  eing  no  Remainder)  call  it  ^  tnj  jf  there  ia  a  Remaiada,  let  it  ber- 
tbcD  is  7=»*+7  (the  very  thii^  found  by  die  Rule  of  Diyifipn  cf  Dcdm*:)  But 

tbis 
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Ifak anft be  n»4^)]id[  by  ^,  Le.  bodt Ptit^  f>-  and  ~  if  diOKsi aReAAinder;  vfakh 

is  die  &sne  verv  tbtng^ih  eflfed  tiiat  this  Rule  £redh  tx>  be  done,  for  oadifynig  dieQitote 
firft  found)  tna  then  comideadi^  it.  For  ft^s  plain,  if  »=«»  (i.  e.  it  the  dccimd  Phc^ 
in  the  DMfbr  and  Dividend  are  e<]ual  in  numoer)  the  Quote  found  is  not  thereby  aL 

ter^d,  and  therefore  94*  7  ^  tfaecon^deat  Qpote. 

AgMy  Siq)pQfe  »  and  m  unequal,  then  bf  cutting  oiway  an  equal  Number  of  0*5  from 
naodak,  diey  aie  equally  divided.    Now  therefore  if  «i  (the  Den'  of  the  Dirtdend)  ha^ 

more  0'$  dun  n  (the  Den'  of  the  Divifor)  the  Fn&ion  ^  is  equal  to  a  Fradtion  whofe 

Ntsvis  XtaaiittDfoFadodmiloiie,  havingasmany  oliaatheDiffiuredceof  theNum^ 

ber  <rfo*i  Id  ii  and  ay.    For  Ex^mf.  ^  as  ^^a ^.    But  to  nml^ly  by  fuch  aPncc- 

tiocb  i<  tt>  divjdr  by  itsDis^;  thai  is^  {rfain^  to  divide  f  4-  7  (^  Nunber  foi^d  bf 

die  Operation)  by  a  decimal  Dent^  having  as  many  o*s  as  die  decimal  Places  of  the  Di- 
vidend exceed  in  Number  thofe  of  the  Divifor.    And  this  Divifion  is  done  by  fetting 

offib  many  decimal  Places  k  the  Part  f^iHid  in  ^  Part  ^^  byimttagaaaianyo'sirfbQr 

die  Deep  a^  which  ii  the  2/ Qtfe  ia  the  Rule. 

A^My  let »  be  greater  than  m^  then  is  ^  equal  to  a  Whole  Number  confiiHic  of  x, 

tad  after  it  as  many  o*s'as  thofe  in  n  exceed  thofe  in  ».    l^xofffp.  1  =  «•••  si  100. 

Bet  f  4*  '-'9  ^  ^  be  muliipUed  by  this  j  which  is  done  by  letting  as  many  integral 

Places  of  o's  both  after  f,  and  after  r,  as  there  are  in  ;;;p  ib  reduced^  i.e.  as  the  decimal 

Places  of  the  Divifor  exceed  in  Number  thofe  of  the  Dividend.  Which  is  the  laft  Gde 
of  the  Rule. 

We  have  here  demonftrated  the  Reafon  for  qualifying  the  Quote,  and  compleating  it ; 
but  have  not  confidered  the  true  Value  of  the  Remain^  by  irfelf,  which  is  that  in  wnich 
it  muft  be  added  to  die  Produft  of  the  Divifor  and  Quote,,  taken  in  their  true  V^ucs  to 
make  uo  cfce  Dividend^  (aceordimg  to  its  true  Value)  But  this  is  done  in  the  former 
Demonftration. 


Of  the  Uic  and  Application  of  Decimal  Fractions. 

WE  have  already  obfcrved,  that  the  great  Benefit  propofcd  by  Decimal  Fradtons,  is 
a  more  funple  and  eafy  Operadon  man  what  Vulgar  Fra^ons,  taken  either  in  their 
proper  Form,  or  as  mixil  Integers,  do  require.  We  Inall  confider  how  the  Ap^katiao 
is  made  for  anfwering  that  End,  and  bow  hx  it's  a  real  Advantage. 

In  the  firft  (Aace,  this  is  very  evident,  dut  if  inftead  of  the  Subdivifion  of  Coins> 
Wciglus  tsid  Mofures,  (and  otbf  r  kind  of  Qimddes  ufefol  in  Society)  which  now  obtain, 
there  were  one  ftandard  fuperior  Species,  and  all  the  Suhdiviiions  were  DecinuJs,  whis 
thcr  dse  feveral  Parts  were  alfo  c&ftmguilhed  by  Names,  or  only  by  their  decimal  Demn 
minatioBS,  it  were  the  iame  diing  to  the  purpofe^  then  the  Common  OperatJOiu  would 
be  as  &npk  and  eafy  as  Whole  Numbers.  The  Rules  and  Reafons  of  whichaf«>  I  bop^ 
comoleatfy  explained  in  the  preceding  J^art.  But  fuppofing  this  were  fo,  yet  either  we 
could  DOC  entirdy  avoid  the  Confideration  of  Vulgar  Fradtions,  or  we  muft  admit  of  fome 

*  U  a  In. 
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Inaccuracies  in  Calculations,  which  are  unavoidable  with  Decimals ;  and  which  will  be  of 
more  or  iefi  Oonfequence  in  <li^nnit  CirccmfftanceB.  For.  we  haVe  ieen  that  Decimals 
jvill  have  Remainders  (becaufe  every  Number:  is  not  an  Aliquot  Part  of  every  other) 
and  then  the  Quote  is  not  compleat  without  bringing  in  a  Vulgar  F&£iion^  and  uierefbre 
if  we  take  the  Quote  without  this  Corre<flion,  it's  lefi  than  juft  according  to  the  Value  of 
the  Remainder,  or  rather  the  Value  of  the  Vulgar  Fraftion  that's  neceflary  to  compleat 
it. .  Now,  if  the  Number  found  by  this  Divifionis  the  final  Anfwer  of  aQueftion,  wnich 
^  to  be  applied  in  no  furdier  Calculation,  then  if  it  is  brouehc  b  low  as  to  be  lefe  than 
any  Qijantity  of  that  kind  that  \s  ufed>  (for  Example,  the  finaMk  real  Coin  or  Weight,  ^^ 
than  has  any  Name  or  diflindt  Being,  in  Society)  then  the  Defedl  is  not  to.be  complained 
of  j  becaufe  if  you  do  compleat  the  Quote,  tlie  additional  Part  is  of  no  ufe :  But  if  a 
Quote  is  to  be  further  empW'd  in  Calculation,  efpfecially  if  it's  to  tiemultipKed,  thcD^ 
kSt  may  become  confiderable^  and  it  wiU  be  the  more  fo,  as  the  Multiplier  is  greater) 
and  alfo  according  to  the  Value  of  the  Integer.  Now  the  only  Remedy  for  tJiis,  while 
we  life  none  but  decimal  FraAions,  is  to  bring  the  Diviiioh  very  low  ^  i.e.  carry  it  on  till  the 
Den'  be  very  large,  and  confequently  what  is  deficient  be  veiy  little:  and  this  is  to  be 
regulated  according  to  the  Circumftances  above-mentioned ;  for  which  voull  find  more 
particular  Rules  afterwards.  But:  tben  this  Inconveniency  will  frequently  happen,  That 
by  this  means  we  (hall  have  very'  iarge  Numbers  to  work  with,  vmich  will  prove  tnore 
troubleibme  than  the  Method  of  Vulgar  Fractions.  Thele  things  we  fhall  find  more  par- 
ticularly exemplify'd  afterwards. 

Again^  Tha  aecimal  Subdivifions  are  not  in  common  ufe,  yet  they  may  be  applied 
by  a  Reduc^on  of  the  common  Species  to  Decimals,  and  thefe  oack  again  to  the  other: 
r  fhall  therefore  explain  this  Redu<9ion,  and  then  by  particular  Examfles  fhew  the  Ap- 
plication, with  fuch  Remaps  as  vtm  give  a  seneral  yie^f  of  the  Conyeniences  and  In- 
conveniences of  Decimals,  and  cpniequently  help  to  judge  where  they  are  preferable  or 
not  to  the  common.  Method. 

P  R  O,  B  L  E  ilf    I: 
•       T0  reduce  a^  Vu^ar  Fra&ien  to  a  Decimal. 

Rule.  Tothe  Nuip'  of  the  g^ven  Fradion  add  one  or  mofeoVy  as  Decimal  Places, 
till  it  be  greater  than  (or  equal  to)  its  Den'^^then  divide  by  the  Den',  ading  o'stothc 
Remainders,  and  carryine;  on  the  Divifion  (as  ikeSitAmDiviJian  ofDecimaby)  till  0  re- 
main, or  as  far  as  you  pleafe:  then  make  the  QuoteaNum',  and  apply  to  it  a  Decimal 
Den*",  with  as  many  o's  as  the  Number  of  o's  added  to  the  Dividend  and  Remainders. 
This  Decimal  is  exadUy  equ^  to  the  gl^en  Vulgar  Fradbtm,.  if  there  is  no  Rauainder  in 
the  Divifion ;  but  if  there  is  ftill  a  Remainder,  that  Decimsd  is  deficient  by  a  Compound 
Fraftion,  the  one  Member  of  which  is  a.  Simple  Fraflion  whofe  Num'  is  theRemaindcrr 
and  its  Den'  the  Dlvifori  and  the  other  Membet  is  a  Fraftion  whofe  Num^  is  i,  and 


Places  the  Decim^  fijund  has,  tfce  left  is  the  Defeft. 

The  Eeafin  of  this  Rule  you '  hav^  in  the  Divifon  of'Dechrtab  ,•  for  the  Dividend  with 
the  o*s  added  is  an  Improper'  Decimal.  Ox  yoi?  tnay  take  it  from  Trob-  7.  Chaf,  2.  for 
the  rfs  added  to  the  Num*  and  Remainder  belong  to  the  Decimal  Denominator  of  the 
Fra^on  fought,  by  which  the  Num*"  of  the  jgivenFradion  is  multiplied,"  and  the  Divifion 
made  fioda  the  correfpondent  Numr  accordmg  to  that  Rule^  to  which  die  Den^  is  ap- 


Chap.5.  Of  DeeimalFroBwts:^  ♦,4^" 

Ijied  according  to  AeNoiaticm  of  Decimals  j  and  what  this  Dedm^Fraaion  is  dcfieienr, 
IS  alio  found  according  to  the  lame  Rule.  uvuwwi. 
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Iiithe4<*JBjfiW»/.  there  is  ft  Remainder  8;  and  fo  the  Qjiote  wants  7;^^  .of  the  com- 
pete Value  of  the  given  Fradionj  I  e.  /!•=  .5384  +  77^*9  ^  bonig  the  true  Va- 
Itte  of  the  Remainder. 

Ohfervty  The  Decimal  may  be  found  all  at  once  ia  the  Divifion>  by  firft  fistting  a  Point 
m  rfie  Place  of  the  Quote ;  then  if  one  o  docs  not  make  th^  Num'  equal  to  the  DeaV 
fct  0  after  the  Point;  and  if  another  o  make?  it  flail  Icfi  than  the  Den',  fet  another  o  in 
™  Qpoje,  and  fo  on :  That  isy  fet  as  many  o*s  after  the  Point  in  the  Cbote  as  the  Num- 
ber of  o's,  which  being  fet  on  the  Right-hand  of  the  Num*",  leaves  it  ft  ill  left  than  the 
I)en'i  and  then  after  thefe  o's  comes  the  Num'  of  the  DecimaJ,  found  byfetting  one  o 
roore  00  the  Right-hand  of  the  Num'jjrfiichghrestlje  firft  fignificant  Figure  of  the  Quote, 
and bvo's  gradually  annex'd to  the  Remainders,  the  Work  is  carried  on,  and  the  Num' '• 
and  Den'  of  the  Decimal  ibi^ht  are  thus,  both  toother  formed ;  the  Reafon  of  which  is 
^'J^nifcftfrom  the  way  of  findmg  and  applying  the  Den'  to  the  Num'.    See  ^y&Exam^U. 


£x.   r7r=.oo78i2f 

Operation.. 

11%)  1000  ( .ooTJiac 
89(J 


T-» 


1040 
IQ24 


160 

lag 

320 


Cor  o LL  A RT  I.    In  dividing  any  WholeNgmber  by 
another,. when  there  is  a  Remainoer,  inftead  of  making  a 
Vulgar  FradHon  of  it,  we  may  turn  it  into  a  Decimal  equator 
neany  equal  to  it,  by  carrying  on  the  Divifion  with,  o's  added 
to  the  Remainders,  (in  the  manner  taught  in  Divijkn  ofDe*. 
csmaby  or  in  the  preceding  Pf^iil?iw>)  till  o  remain^,  then  the 
Deciinal  is  eaual  to  the  Vulgar  Fradion :  or  till  there  be 
many  Decimal  Places,  and  then  it  is  nearly  equal  to  it.    Bu& 
bow  fer  it  ought  to  be  carried  on,  depends  upon  Circum- 
ftances  of  the  Application     (See  the  folk>wiog  Scholium  2.) 
And  after  the  luteal  Quote  ft)und»  fet  a  Point ;  ib  that  all 
the  Figures  that  come  ^er>  are  Decimal  Places :  As  m  the 
ft)llowing  Example. 


jS 


*i$Q  0/ Xkemtfi  Fri0iift*f  .'Booki. 


1^ 


19^ 

Rem.    4  whofe 
true  Value  is    .0004. 


Cor 01.. 2.  When  of  ft  fiiqple  ftppiicate  Whole  Num- 
ber it  is  propojfedl  to  &id  a  eqi^sun  Part)  ^Aea4  of  rcdin 
cing  tne  Remainders  in  die  Divition  to  lower  known  Spe« 
cies>  we  may  carry  on  the  DivKion  decimal^^  and  fi>  ail 
the  Numbers  of  inferioQr  Specici  that  WQiiid  ariTe  by  r^ 
ducins  and  dividing  are  thus  mmed  into  a  decimal  Frac- 
tion, (Bie  Defign  and  Ufe  of  which  you  will  hear  of  more 
particular^  afterwards.)  If  the  Divifion  does  not  (boa  come 
to  m  end,  carry  it  on  asCtroumftances  make  it  neceflary. 
200  See  the  Rule  in  ScM.  2.  foUowing. 


Scholium    I. 


That  ev^  Vtilj^  FnAipii  i«  not  reducible  to  a  detmnkiiie  Deeimalf  f^-  9.  vliere 
there  is  no  Remainder  in  the  Divifiqtb)  we  Ipiow  in  h&  by  Examples^  in  wbichwe 
find  this  certain  Mark  That  the  Divifion  will  never  come  to  an  co^  <Km,  that  d^reh^ 
pens  a  Remainder  which  is  the  (ame  with  a  former  Remainder ;  in  which  Cafe  it  is  not 
only  certain  tliat  d:ie  Divifion  will  never  have  aa  end>  but  this  we  know  alfo  that  tlie  re- 
maining Fijgures  of  the  Quctte  muft  neceflarily  be  a  concinusl  Repetition  of  the  iame  Fi- 
gures (m  me  (ame  order)  mat  ftand  already  in  the  Qujokg.  from  that  one  which  pro* 
ceeded  from  that  former  Remainder ,  as  in  thefe  Examples. 

l)^o{66y&f.  To  reduce  |  toaDedma),  it  is  .66Ay  ^.  (the  6  beingftbrayi 

iS  repeated,)  for  it  is  mAnifeft  idle  £une  Figure  6  will  always  arife  n 

"^ST  the  Quote)  becauCe  ic  is  the  6me  Divid^  2o< 


20 

18 


Oft  <^. 

Wxamf.  %.  To  reduce  |^,  it  is  42^2^9  ^c.  the  26  being  ftill  repeated^  for  the  R^ 
mainder  at  which  the  Operatioo  is  ftcqp'd  being  the  iame  aa  a  former  which  was  the  very 
firft  Remainder,  it  is  plam  that  carryii^  on  the  Work,  we  fliould  have  for  the  next  nvo 
Figures  in^<^K>te  26,  and  fo  onftiU  26  inwfimtum.  Therefore  whenever  this  happens 
in  any  Cafe,  we  need  proceed  no  further,  but  obferving  what  Figures  m  the  Quote  would 
be  repeated,  take  as  many  of  them»  or  ^  whole  of  them»  as  many  timesas  wethinkfit. 

Oferatim  rf  E».  2.  ^  Such  Deci«uils  are  vory  prqperly  called  Ctrcniating  Deci- 

495 )  21 10  ( .42^,  <^r.  ■      mab,  because  qf  die  continual  Return  of  tiie  fame  Figures^ 

i9to  and  may  be  called  Indeterminate  or  Infinite  Decimak,  be- 

•■j"^  caufe  they  can  never  come  to  an  end :  as  we  alfo  call  thofc 

^  which  are  the  Effeft  of  a  Reduftkm  which  has  no  Rcmain- 

— der,  Finite  or  Determinate  Decimals.     Oifirvialbh  ^ 

3  '00  thefe  Infinite  Decimsds  may  be  reckoned  as  complete,  bccaufe 

^^70  tho'  they  are  compofed  ot  an  infinite  Series  of  Fraftions,  yet 

Rem.    1 30  thCTc  is  a  certain  and  known  Orcfcr  in  the  Progrcffion  rf  the 

Series,  from  the  colxftant  Repetitic^  of  the  fame  Fipires, 

wftrcbjT 


Chjlji.^;  Of  DMimhlFramom,  ♦xji 

Bat  the  Demonftration  of  the  Theory  aSd  Rides  of  Operation  with  luch  Fra<5tiorM  re- 
quirts  other  PMncipte  than  have  yet  been  explained,  and  muA  therefore  be  referred  to  ano- 
Uier  place:  (See  Bpwfry.  Chap,  4.)  wherein  yoaTl  fitid  it  demonftrated,  that  every  Vulgar 
Fradioa  will  reduce  to  a  Decitnal,  either  finite  or  circulatiag. 

Scholium    II. 


Tho'  fome  Vutear  Fradiokis  wilt  become  finite  Deckntbb  yet  if  thefe  have  a  great 
many  Places,  the  Ufe  of  them  will  become  very  inconvenient  and  tedious  in  PraSice. 
Alfo,  tho'  we  have  Roies  for  mamgine  Circulating  Decimals  without  any  Defeft,  yet 
the  ba^  IncQQTeniency  will  arife  in  mefe^  vrtien  m^  circulate  upon  many  Figuf  es>  or 
when  the.CireulatiQa  begins  ac a  eteot  diftance  from  the  Pointy  therefore  it  is  %ifBcient 
for  common  Ule  to  carry  the  Redudion  fo  jBur  only,  as  diat  the  Defedt  be  inconfiderable  ; 
(far  the  fiirtfadr  the  Redui^ion  m  carried,  die  JMc&  is  the  lefi :)  in  order  to  ^hich,  I 
ihaJl  here  ihew  you  how 

T  no  BhE  M   VL 

T9  carry  fheJ^duBion  iff  a  Vulgar  VfaSkn  fi  far ^  that  the  Decimal  f9$mdjbalt*want 
hfs  than  taj  af^gted  VraShtm, 

Rule.  Let  the  ^f%]edFraAic»i  be  reprefented by  ^>  if  a  Decimal  is  carried  to  {o 
many  Places  after  the  Point,  as  are  exprefled  by  h-^  the  ddPed  of  that  D^skad  cannot  b^ 
equal  to  -j  :  For  It  cannot  want  a  FraAion  whofe  Num^  is  i,  and  its  Deii^  that  of  the 

decimal  Quote  already  found,  which  we  may  exprels       y-  the  Denr  having  as  many 

o's  as  2»  has  Figures.    Since  in  that  Cafe  the  F^ure  in  the  laft  Place  fowid  would  neceffii- 
rily  be  greater  than  it  is  by  i  ^  or,  becaufe  by  the  preceding  Rule  df  this  Vrohkm  ^e 

dcfefl:  is  only  a  compound  FnuSion,  whereof  one  Member  is  this  Ftadtioa     '   ^^ 

which  Dcfed  is  therefore  kfe  than    ^^^^    and  this  is  evidently  lefs  than   ^  ^    fince 
jop,  ^c,  having  as  many  o's  as  ^  has  Figuresb  vaaSk  be  a  greaser  Number  j  and  ^r  is  not 

le&  tfaao  I :  Wherrii»B  -^rs-  muft  be  le6  than  4- 

To  ^ly  this  more  particularly :  Coofider  to  what  lacker  any  Decinud  cefers  \  reduce 
that  Integer  to  the  towefl  known  Denomination ;  if  the  Decimal  has  aa  many  (lacc^  after 
the  Point,  as  that  Number  of  the  loweft  Denomination  which  is  equal  to  the  Oriit  to 
which  the  Decimal  refers,  theri  the  Decimal  doer  n^ot  Want  the  Value  of  an  Unit  of  that 
loweft  Denomination.  And  if  the  propofed  Decim^  were  again  to  be  multiplied  by  any 
Kumber>  dien  to  make  it  fa  that  the  ProdaS- AoU  Hot  be  dtiBckm  by  ati  Unit  of  the 
loweft  X^enomination,  make  it  have  as  raany^  Placets  ftfttr  dad  Poiitt^  iA  the  Sum  of  tito 
Number  of  Figures  in  the  propofed  Multiplier,  and  il»  die  Number  of  Unhs  of  ftio 
ioweft  Denomination  which  makes  an  Unit  of  the  Denomination  to  which  the  Decimal 


Cor  Kxamf^  M  %  Decimal  of  i/.  has  )  Places  alter  the  Potitt,  it  do«s(  not  v^mX 
7^7  of  it>  therefore  does  not  want  i  Farthing,  which  is  ^^  of  if.  And  tf  the  Decimai 
/i  2^on  to  be  multiplied  bv  a  Number  of  5  Places^  let  ttie  Decimal  have  S  ( ==  5  4-  3  ) 
Pfaicea,  foAAePwluft  ftaU  liot  want  1/   For  being  carried  to  8  Places,  it  cannot 

^^W^rV^iWr^  ^^'-^^^^Tififa-^v  ^T«W'    ButTvrt^islefithajij/.ana 

1  hence 
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^^^^^T^sWr  of  TTjW'-i^lelsthan.rTrTWir  ^^^f-  Confequendy  if  the  Decimal  car-i 
ried  to  8  Places  is  multiplied  by  a  Number  of  5  Places,  (which  is  lefi  than  1 00000) 
thcProduft  cannot  want  if.    The  UniverMty  of  this  Rcafon  for  all  Cafes  is  manifeft. 

PROBLEM    HI. 

To  reduce  Intesral  Ntmbers  offnferhtfr  DeTt^minathns  to  the  Decimal  of  a  higher. 

C A SE  I.     71?  reduce  a  Smfh Number. 

^  R  u  L  E.  Exprefs  it  firft  as  a  Vulgar  FrAdion  of  the  higher,  by  making  itfelf  the  Num^ 
and  taking  for  the  Den'  the  Number  of  the  inferiour  Denomination  thiat  is  equal  to  i  of 
the  higher.    Then  reduce  this  Vulgar  to  a  Decimal  Fradion,  by  the  laft  Frohlem. 

Examp.  I.    To  exprefs  ^Jh.  in  the  Decimal  of  a  Pound:  Ficft,  it  is  J^/.  and  this  t- 
gain  is  reduced  to  .2f  /. 

Examp,  2.  3  ft  Averdufoife  Weight  the  greater,  to  the 
Decimal  of  a  hundred  Weight.  It  is  ^U  C.  and  this  is  again 
.02(^78  C.  Here  x!laitBivifon\s  imperfedt,  and  we  are  to  carry 
it  on  leis  or  more  as  Circumftances  require  according  to  the 
preceding  Directions. 


Operation. 
112)  300 (.02^7857 
224, 


760 

6^72 

Wo 
784 


9(^0 

640 

'500 

800 

784 

Rem.    16 


Another  Method. 
ft. 
.00 

.75:00000 
.1071428 
.0267857 


IE. 

28(  7 
\4   . 


It  will  be  in  moft  Cafes  eafiej-  to  divide  gradually  fix>m  one  Species 
to  another,  as  in  the  Margin  ;  where  3  ft  is  divided  by  285  (at  two 
Steps,  w«.  by  4  and  7.)  to  bring  it  to  the  Decimal  of  i  or,  and 
this  again  by  4,  which  brings  it  to  die  Decimal  of  i  C. 

C  A  s  E  11.     7b  reduce  a  Mx'd  dumber. 

Rule.  Reduce  each  of  the  Numbers  by  the  firft  Cafe^  and  then  add  their  Deci- 
mals tc^ether :  Or  reduce  Ae  mix'd  Number  to  a  fimple  Number  of  the  lowcft  Species, 
and  then  turn  that  into  aDecimaL 

<         • 

Examp.  To  reduce  ^Jb,  6d.  to  z  Decimal  of  i/.  it  is  .475/.  by  adding  .45,  (the 
Decimal  equal  to  9  jb,)  and  .025,  (that  equal  to  6  d)  or  by  reducing  9/&,  6  d,  viz. 
1 14^.  equal  to  ilj  /.  =  .475  /.  • 

Another  Method  to  find  the  Decimal  rf  a  imx^'d  Kumber.  .Reduce  the  Number  of  the 
loweft  Species  to  the  Decimal  of  the  next  above,  (whether  there  be  any  Number  of  that 
Species  in  the  Qyeftkjn,  of  not,)  add  to  itr  the  NImber  of  th^t  Specf«s  in  the  Queibon, 

(it- 
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fif  there  is  any)  nd  reduce  ^  Sum  to  the  neict  higher  Species;  addiog  to  the  Number 
hmAy  i3»  Number  of  tbat  Species  given  in  i^  C^eftion  ;  andgo  on  ib  till  you  come 
to  diepropofed  Integer. 


4 
12 

20 


Exgmp,    To  reduce  ii^.  yd.  \f.  to  the  Decimal  of  a  Pound:  Makes  .2^22^161. 

•%     Thus,  3/ 

7.750000         f     •< 


3.00                 *%  Thus,  3/  is  .7jf  </.  to  which  add  jd.    Then  is  7.75  equal  to 

7.750000         f  .6458333,^^.  Jb,  to  which  add  J^.Jb.  and  thenis  4.045833,  c^r. 

4.^^4583 33,€$'^.  ^  eqiud  to  .2122^1666^  i^c,  /. 

^3229163 


ScUoLiuM. 
tencenmgthe  CanJhwSioH  and  Uft  tf  Decimal  Tables.' 

In  order  to  die  Application  of  Decimals,  we  ought  to  have  Veady  calculated  the  Deci- 
mal of  any  Int^;er  of  Money y  Weighty  Meafureykc,  an{wering  to  every  Number,  Simple 
or  Mhfd,  of  inferiour  Denomination,  and  of  left  Value  than  that  Integer;  which  Deci- 
mals beir^  orderly  coQe&ed  and  difpofed,  make  what  we  call  Decrmslilaiksy  by  which 
4ny  Dedmal  required  may  be  readily  foumi,  or  aK>  the  Value  of  any  given  Decimal  in 
known  inferiour  Species. 

As  to  the  Conftrudion  of  thde  Tables,  it  would  certainly  be  a  very  tedious  Work  to 
find  every  Decinial  by  a  feparate  Application  of  this  Protknty  [tho*  this  i»  a  complete 
geoeral  Rule.]  There  are  odier  Memods  to  Shorten  and  make  that  Q)nftru(3ion  eaher ; 
which  I  &all  here  explain  as  fiur  as  the  Principles  already  taught  do  permit 

Rule.    Find  the  Decimal  vqual  to  an  Unit  of  theloweft  JEpedes;  and  if  that  isa 

detemunate  Decimal,  then  from  i^  as  the  Root,  the  Decimals  of  all  the  reft  nuy  6e 

^bund  accurately  by  Additiom.    Thus,  double  the  Root,  that  gives  the  decimal  Fradioo 

for  2  of  thattoweirSpedes,-  then  addthe  Decimal  of  i  and  2,  the  Sum  isdie  Decimal  of 

jy  and  fi)  on  by  adding  itill  the  laft  Decimal  to  the  firft,  till  you  come  to  a  Number  of 

that  Species eijual  to  an  Unit  of  the  next  Species  above^  dien  make  that  thePirftor  Root 

of  all  me  Decimals  of  that  Species,  making  them  up  the  £une  way  as  the  laft,  i.e.  doubling 

the  firft  ibr  tjhe  Decimal  ofa  (of  that  Species,)  add  the  Decimal  of  i  and  2  for  3,  and^ 

on  in  diii  manner  go  duoudi  ail  the  Species  till  you  come  to  the  Integer  itfelr  ^  and  if 

you  add  the  Dedmal  of  the  Number  next  Ids  than  die  Integer  to  the  Root,  the  Stun  will 

be  Unity  in  the  Place  of  Integers. 

If  the  Root,  carried  to  a  certain  Number  of  Pkces,  is  not  determinate,  dien  is  it  ade- 
ficient  Dedmal;  and  if  we  make  up  the  Table  from  that  Root,  all  die  odier  Decimals  in 
the  Table  are  aUb  deficient,  wanting  gradually  more  and  more  from  the  Root  upwards^ 
b  that  the  Number  that  comes  againft  die  Integer  will  be  a  Decimal.  But  the  more 
l^laces  the  Root  is  carried  to,  the  l£  is  die  defeab  in  that  and  every  other  Part  of  the 
Table.  And  that  diere  may  not  be  wanting  in  any  of  thefe  Dedmals  an  Unit  of  the 
loweft  Spedob  or  any  Part  you  pleafe  of  luch  an  Unit,  foUow  the  DireOions  almidy 
given. 

Ohfirve  ogMMy  That  as  all  Vulgar  Fradions  become  Decimals,  which  are  either  de- 
terminate or  circulate,  fo  there  is  an  eafy  way  of  maldng  up  the  Tables  by  Addition  from  a 
Root  whkh  has  one  or  more  circulating  Figures,  (and  that  by  ufing  omydie  firft  Period 
of  them)  ib  as  all  thefe  Dedmals  which  wcmld  be  found  determinate  by  a  feparate  Re- 
dudion,  (hall  come  out  lb  in  the  Table,  and  all  the  reft  circulate  upon  die  fame  Num- 
I'er  of  Figures  in  the  iame  Phces  as  die  Root  does.    But  as  die  Reafon  of  this  Mediod 

♦X       '  dc^ 


depends  upon  the  pitrticukrDoarine  of  circuWiihg  Decfmtb,-  tad  bcHiR  the  Mfetbod  and 
Reafon  wU  be  eafify  underftood  when  yoti  team  that  DoiSWhe  m  Bodk  5.  Cl^<r^.  4.  I 
(hall  (ay  no  more  of  it  here.    And  only  obfetve  tbefe  few  things.- 

I.  That  to  bring  fome  Vulgar  Fraftions  to  a  Decimal,  determinate  or  circulating, 
will  be  fuch  a  long  Work,  that  it's  more  convenient  to  take  it  imperfed  with  a  le&  num- 
ber of  Places. 

a.  As  to  the  following  Tables  ohfervcy  That  die  Roots  of  fome  of  them  are  determi- 
nate; whence  all  the  other  Decimals  of  fuch  Tables  are  alio  determinate;  and  are  known 
by  their  wanting  this  Sign  +  after  them.  In  others  the  Root  circulates,  and  io  the 
Table  is  made  up  not  by  the  Method  of  Addition  fimfdy^  but  with  a  due  re^ifd  tt>  that  Cir- 
culation; fo  that  the  Decimals  in  the  Table  are  thefe  which  would  be  found  by  calculatiog 
each  feparately,  and  carrying  it  to  theiame  Number  of  Places.. 


3.  But  ittjain  obfetve^  That  the  Roots  of  fome  of  the  Tables  circulating  upon  a  fuigk 
gure,  that  Decimal  is  taken  as  far  as  the  firft  Figure  of  the  Qrculadon;  and  what  Deci- 
mals in  iiich  Tables  do  circulate,  are  marked  by  the  Sigp.  -f*  after  the  drculatijigFigurei 
thofe  which  want  it  being  determinate. 

4.  In  thelaft  place  ohferve^  That  for  theTaUes  o^Avrthfifi^ei^bt  tk  grester,  and 
of  TTme,  the  Root  was  carried  on  to  a  Circulation,  and  the  Tame  made  up  wi^h  a  regard 
to  that :  But  thefe  Etecimals  running  to  many  Places,  you  have  here  only  ihe  firft  feven 
Places,  which  are  enow  for  common  Ufe.  And  for  Money y  I  have  made  two  different 
Tables;  th<sMato<»-i^(f  Defi^  of  "which  I  hav«*e»lainedipndi  the  Tabic 
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DECIMAL  itABLESof  Money,  Weights,  MiMsASVEESt 


TAMLE  L    MoKtr. 
The  Integer  1.  Pound, 


F«tb. 


Pentiy 


X 


I 
2 

3 
4 

7 

8 

9 

Jto 


Stalling  s 
2 

3 

4 

i 

9 
10 

ti 

12 

14 

'.J 

18 
19 


.OOIO±I(7  + 

.ooapjj     -f- 
.00^12^ 


■^-*i 


.00416 

.OQ&3 
.OI2f 
.016 
.09083 

.oaiy 

.oj 

.0375 
.O4)io 
.041583 


i*rt»> 


.Of 
.1 

•If 
.2 

•*f 

•3 

•3f 

•+ 

•4f 

•5 

:? 

•7 

.85 

•9 

•95! 


i^w/Aw-  r-^iL*  ef  MoKftV; 


Farth. 


Penny 


X 

2 


I 


>opio±t6666 
.0020^33332 

.00?  12490^8 


I 
2 

3 
4 

I 

9 

10 

II 


6U!iii« 


.004.1666664 

;oo8}333328 
.0124990^92 

:.oi665do6y( 

'.02083333^10 

.0249^9^5*1 

.0291666(148 

•<^333333« 

•03749?9?7<5 
.cl4i66l>664^ 

:04.l833.3tlQ^ 


X 
2 

3 

4 

5 


9 
10 

ti 

12 

13 
J4 

20 


^4999999^8 

J099999993* 
^49999990^ 

'^999999^7^ 
.24999998^ 

.2999999808 

•3499999<77^ 

•3999999744 

•44999997  lia^ 
.4999999680 

•f499999^48 
'i9999V7^TA 
,6499999584 

.69^9999552 

•7499999f«' 
•7999999488 
1849999^456 

•89999994*4 

*^9999939a 
49999999360 


,  Oi^rw,  Thb'fiscond  Tabk  of  Money  I  have  made  for  no  oAer  end  ;hut  to  fliew,  that 
if  the  Root  of  any  Table  is  not  determinate,  yet  being  taket  to  maiy.  Pial:ei^  the  Error 
wiD  h^  v«fyy;Jiritle  i  for  the  'lable  being  here  carried  to  207^}  fhis  inltead  ^f  being  equal 
to  1/.  [as  i€\9b«U^  be  had  the  Root  been  determinate,  or  tHelNumbtxs  .cfdculated  with 
aduc  «gi«i  ttTdit,  as  in  die  firft  Table,]  it  is  a  Decimal  4f1i  /.  but  which  wants  lefi 
*^waA|«ff'^"^-i  the  reft  wanting  lefe  asth^ftand  nearcrea^  1/    For tlfe^rror grows 


*X2 


TABLE 
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TABLE  II.    Tr^jJVtighty 


.Book 


TABLE  m.  Averdmfoife 
Weight  tbt^heffer. 


TABLE  IV.  Averdufoifi 
^  .    .  if'^f */  ite  Greater^ 


X  ft. 
.0029290    4- 


The  Tabte  for  Penny 
Weidits  is  the  iame  asthar 

for  ^lilliagBvijthrefoeato 
I  Pound. 


TAB  LEV.  CfLipmt 

Meajk 

The  Integer 
q'ofaPinti 


3 

4 

7 

8 

9 

10 

It 
12 

«3 

»4 


.0039662^, 

.0078 1 2f 
.01171875 
.015025--  - 
.01953125 

•«a3+375 
.02734375 

.03125 

.035i5<f25 

.0390625 

.0429(875 

.04<$875 

.05078115 

•54*875 
.05859^75 

1  I  .0625 

2  .125 
.1875 


.25 
.3125 

•375 

•4375 

•5 

•5^45 
.(25 

.6875 

.8125 

.875 

•5>375 


Pint 


I 

A' 

3 

4 

! 

7 


ig^. 
.0312^ 

.002^ 
.125 

•375 
.025 

•875 


TbeJmteger 
t  of  an?  J 


g 


'unce 


Ounce 


' 


Pound 


2 
1 


I  Cwt. 
.000IJ9J 

00002790 
1  .00041 8< 


I 

2 

3 

4 

5 
6 

7 
8 

9 
10 

XI 

12 

13 
14 


".■0005580 
•ooiiido 
•001(^741 

•0022321 
.0027901 
.0033482 
.0039062 

.0044542 

.0050223 
.0055803 
.00^138} 
.0066964 

.0072544 

.0078125 
.008^705 


I 

2 

3 

4 

5 
6 


9 

10 

XI 
12 

13 

H 

15 
i<{ 

\i 

19 

20 

ai 
22 
23 
24. 

26 

*7 


.0089285 
.0178571 
.0267857 

.035714^ 
.0446420 

.0625,  Exad. 

.0714285 

.0803571 

.0892857 

.0982142 

071428 

160714 

25)  ExaA. 

339285 

428571 

117857 
^07142 

696428 

875,  Exaa- 

964285 
.2053571 
.21428^7 
.2232142 
^1321428 
.04x07x4 


TABLE 


TAB  LEVI. 

Muffinr*. 


Of'  'Ekci^l  BiottBfkmTs 


'57 


CfPrjr 


Tte  Jutegtr 
Pint         X 


1  ft  Cbsld. 
.001953 
.003906 
.00^850 


a     .oiffoy 

3  f  023437? 

For  Pecb  snd  Buflieb> 
diejr  have  the  ftine  Decimals 
as  q'  of  Piiiws,  tnd  Pints  in 
Liquid  Meafiire  Ivicfa  lefpeA 
to  iGallon. 


TiiBLE  Vn.    Of  Un 
Mtsfurt. 

Tfc  I«f  ip^  X  yd. 

q'of  NaBix  |  .oi^fo^- 

%  I  .0312^ 


Nails 


I. 

a 


qr  ofYami 
3 


.0625 

1875 


■^ 


■5 

•75 


Mtsfitrt. 

'if  Integer         i^w*. 


£d"l 


Inches 


2 


.02083 

^  .041(1 

.0(f2^ 


+ 


I 

X 

3 

4 

5 
6 

i 

9 

JO 

II 


•°2 

5«? 

•O 

.916 


t 


TABLSm.    Ofnme, 


>  t 


Tttf.  Integer, 
Days 


X 

2 

3 

4 

5 


I  KPifr. 

.00273J7 

.0054794 
.0082191 

.0109589 

.013(985 


In  thii  faUe  of  Tine,  tbe 
Decimal  for  i  Day  is  ts^en  by 
the  3(^5  •''  Part  of  a  Year,  and 
fb  ene  Table  is  carried  on  to 
12  Weeks,  or  84  Days.  Then 
^  as  I' reckon  13   WecJcs  to  i 

Weeks       i  |  .0191780      Quarter  of  a  Year,  fo  after  la 

Weeks  comes  next  i  Quarter^ 
But  that  Decimal  and  the  fol- 
lowing 3xe  taken  accuratelf, 
Vi4iich  wouU  not  happen  if 
they  were  continued  from  the 
piTeceding.  So  that  as  tbeDe* 
cimals  from  i  Day  to  84^or  12 
Weeks,  are  true  to  7  Places; 
thefe  for  Quarters  are  accu« 
rate,  tho'  a  Quarter  is  not  a 
precife  Number  of  Days,  but 
Quarter     i     .25  91  Days  and  i  of  a  Day  ;rec^ 

^"  koning  365  IHjs  to  a  Year: 

So  that  in- applying  this  Table 
todieCalcuuHaons  of  Intereft^ 
for  which  chiefly  it  isdefigned, 
you  muft  reckon  91  Days  to  a  Quarter^  by  which,  means 
the  Decimal  will  bea  little  greater  than  what  correfbonds 
to  91  Days.  But  if  we  continue  the  Table,  then  the  Deci- 
nuus  fori 3  Weeks, 26 W.  39  W. 52  W j(which are lc6 than 

r  i<     ' 


X 

2 

3 

4 

i 

9 

10 

XI 

12 


.0191780 
.03835(1 

•057534a 
.0707123 

.0958904 

.11506184 

.13424/S5 

.1534246 

.1726027 

.1917808 

.2109589 

.23013(9 


I 

2 

3 


•^5 
5 

•75 


13  Weeks 

'20 

5* 


I  .2493150 


21' 
.4980301- 

•747945a 
.9972002 


ear  by  i  Day,)  are  as  in  the 
Margin.    And  if  we  reckon  13 
WedcB  a  Quarter,  then  thefe  are 
the  Decimakfor  I,  2,  3,  4  Quar* 
ters;  but  deficient  for  the  exaft 
Quarter  of  a  Year,  €^r.    And  per- 
haps it  tnay  be  beft  to  ufe  thefe  Numbers.    So  that  if 
the  tithe  is  within  13  Weeks,  or  91  Days,,  take  the  Deci-i 
mals  in  the  2  upper  Parts  of  the  Table  ,*  and  if  it  exceeds 
'91  Daysj  take  for  91  Days  (=2  13  W*)  or  i8a  Days 
(=  26W.)  or  2^J>iys  (=fc: 39 W.)  the  jSecimalain  tins 
laft  Part;   taking  Decimals  for  what  Days  are  over  any  of 
thefe.  Numbers,  and  lels  than  91,   in  the  former  Part; 
land  add  all  together.    In  fliort.  Reduce  the  Number  of 
.J. If  Days  to  Quarters,  Weeks,  and  Days,  (at  91  Days  to  a 
X| I  Quarter,)  and  take  their  corre(ponding  Decimals  and  add 


+i 
+ 


together.    Yqu  (hall  fee  the  Application  particularly  af- 
terwards. 


VSE 
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17 5  E  of  the  frecuhtg  TAB^iES.  V  .  • 

I.  Tofifld  die  Decimid  of  any  lotoger  (which  is  in  tbeTlfMes)  anfweting  to  anjrNum* 
ber,  fitnple  or  voifdy  Ids  tfaafi  that  Integer.  •  . . 

BuU.  (i.)  If  it  is  a  fimple  Numt^,  iceUit  in  the  Left'^lutnn  of  ifae  ')rid)l^rekiii| 
to  that  loceg^,  and  aeaioft  it  you  baye  the  Decimal  ibughf :  So  for  7/.  i(iD|  dhe  Tabled 
Money)  we  find  .j<r  .      '      .        1  *l    --'— — --'.-^ 

;  (2.)  If  it  is  a  Mix'd  Number,  feek  tiie  vecimals  anfw^ijing  to  the  feveml  Mitnbets; 
their  Sum  is  the.  Qecimal  fought.  Ex^mf,.  TheDednjul  fcir  9/.  8^.  is  .4.93  (the  3  cir- 
cularing  for  ever)  which  is  the  Sum  of  .49  and  -03^3/  th^  E^ecinials  6F  9/.  ^nd  otU. 

Ok/erve,  Decimal  Tables  Would  be  more  compleat,  if  [they  were  niade'  uj)  for  every 
Number,  Mix'd  as  well  as  fii{iple.  Ids  than  the  Intq^;  but  aa  this  vKxM  fwdtthem  to 
a  great  Bulky  To  thefe  for  the  (imple  Numbers  are  fufncientj  beoaufe.ftom  them  theothos 
can  be  got  eafily  as  there  is  occaubn.  Or  if  any  body  walCB  fiich  Tables,  t^  soe  <a% 
madc^  either  by  adding  th^  Parts,  or  by  the  Method  of  ciitfe  %.  PrM.  3.. 

II.  Having  die  Decimal  of  any.  Integer  to  W  the  rnnf»(pnty4^i^  ]^i|phiigj.i;»gl*i  ^ 
^mix'd,  of  known  inferior  Species.  , 

.  Me.  (I.)  Seek  Ac  given  Decimal  in  did  Table ;  if  yoil Saik  itbfere,' iffuiSBi k  i^ 
the  Number  fought :  So  againft  .75  in  the  Table  of  Monc|r  ftands  15  /•    . 

(1.)  If  the  giren  Decimal  is  not  cxaftly  ^bund  in  the  TAle,  take  the  next  \cBks  found 
Aere^  the  Number  .^ainft  it  is  Part  of  the'  Anfwer  ;  ihetk.  take  UerDifiEerence  bifcDintt 
that  Decimal  aAd  die  .given  ope^  and  feek  iij  or  the  neitt  lefier  inrtfae-Tabk,-  tid.iffM 
it  you  have  aooidier  part  of  ^e  Anfwer  in  a  lower  Species  dian  the  preooing  part,  (jo 
on  thus  as  long  a&  wo  casf  and  you'll  find  the  Anfwer  las  near  ^  polfiple  m  known 
.^qjccacs. 

.  Examp.  I.  To  find  the  Value  of  .6875  '•  I  ^^ek  diis  in  the  Table>  butjthe  nearcft  to 
it  Heffer)  which  I  can  find  is  .65,  to  which  anfwers  13  x.  dien  the  DifJFertnce  of  .(875 
ana  ,65  is  •0375,  which  I  find  in  the. Table,  againfl  9^.  therefore  the  Aufwei  is  1 3 /.  ^d. 

Exanf,  2^  For  -47^8  /.  the  neareft  lefler  Decimal  is  m  againfl:  9  f .  die^i  .47^8  kfi 
.4^  is  .o2<$8^  and'  the  next  leis  than  this  is  .025. againft  6d,\  then  .o2<(8  leSs  :.o)5  is  .00189 
the  next  lc6  than  which  is  .oo^of,  &c,  s^;ainft'  i  fartb.  $0  the  Anfw6r  is  ^s.  6d,  if. 
with  a  Fradion  of  a  Fardiing.  ,  !  I 

But  oifervey  That  if  any  Decimal  dven  .is  ilot  found  eia^  ^  flie  Tflhfes,l]it  Wx 
"of  it  nuv  be  had  ki  moft  cafes  as  eamy,  by  R^edudUon  (as  in  ProH.  ^ta.  JRidu&ion  of 
Vulgar  FVadJons.)  And  for  any  Integer  in  the  preceding  Tables,  it  will  beiufficient  (o 
take  thefirft  threePkces  after;  the  PoinL  But  the  eafidl  way  to  folve  d^  f^oblem  is 
by  fuch  cxnnf^t  Tables  aa  are  already  mentioned.  ^  \  -  ^    ' 

.  As  die. Dnyw^^ 'of  Money  are  of  the  ^reateft  uie,  foalfoidoereisarieac^  Vay'x)f  finding 
the  Vahaenfatiifr  Decimal  c^aFoimd<^  or  finding  the  Deciiial  for  any  NuhiDer  leis  than 
1  /.  widoom  Tables.  '  Thus :  , 

I.'  To  find  the  Valu9  cf  any  'Decimal  ikf  ^  L  ^wtthouf  Tables  &r  PSft. 

Rfile.  Take  the  firft  dirce  figures  after  the  Point,  TicgleAing  the  reft ;  Aen  double 
that  Number  which  ftands  in  the.  firft  Place  ^fcer  Ae  Point)- it  is  fo  tftaay  Shillings  of 
the  Anfwer.  And  if  the  Figure  in  die  fecoild  Place,  is  5  Or: greater,  add  i  to  Ac  Shillings 
already  found ;  then  take  what  die  Figure  in  the  feccmd  Plice'-^xceedsf  ^f  vl^dx  the  Figure 
in  the  third  Place,  (and  if  there  is  no  Figure  in  the  third  Plac^  fuppcfe  o)  |c^feifider  mefe 
two  Figures,  in  order  as  they  ftand,  as  one  Number.  If  their  make  a  Nutnb^  not  exceed- 
ing 23^  take  fo  many  Farthings  (and  reduce  them  to  Pencej  for  die  renl»Bi|ig:Part  of  die 
.       r  I  '[  '       ^       Anfwer: 


Chip,  a,    '        o/:ikKtf^.Fr^im  ^^59 

Anfwer:  But  if  that»Number  exceeds  aa,  p^lcp  i  from  U^  ffnd  the  Remainder  is  fo  many 
Farthings  in  the  Aj^wer:  ^Thus  you  fliali  have  the  Anfwer  exa^  in  all  its  V^u^  of  kaqwn 
Species^  or  &>y  that  the  Enor  fhall  not  be  i  F^thing. 


I. 

4/.;9=:8r. 

Examp  5. 

.089/.=   I/.  9</.  2/. 

%. 

.35/.ss7r. 

<• 

.67/.  =  13  A  5^. 

?• 

.2^ii.z^^f,  11  J.  if. 

7- 

.038  i==       ^y.  1/ 

4- 

.HjL^fs,    4.d. 

8. 

.04/.=;=      91/.  3/ 

If  you  compaie  thefe  Examples  with  dhe  IlirA:)  thc  manner  of  finding  the  Vohie  Wili  be 
pi^^Tb  without  any  fuitbi^  Ewlicatien.  .    ''      - 

Toe  B£apm  of  thi3  Rule  is  thus : 


I. 

makes 


hace  X  ShiUinc:  k  the  s^  Part  of  a-  Pound)  and  double  any  Number  of  10*^  Part5> 
fo  numy  «o^^  Parts  i  ilp  rs^^rg)  therefore  double  the  Figure  ia  the  1/ .Place 
(whofe  Dtxf  is  lo^^.Part^)  is^qiMi  to  fo  many  m^  Part?>  or  Shillt^    Again, 

n.  Skice  ^«=tfc>  ther^fow?  5  in  Ac  2*  Place  ^whefc  Den?  is  loo*"^  Parrt)  is  1 
lii«.    Thcfb 


Shili 


Table  for  Fanhings  fiqm,  i  to  47,  (which  is  11  J.  3/,)  we  find  this  true  in  Fadl,  That 
from  I  to  23  Farming  the  Figures  in  the  2*  and  3*  Pkces  of  the  Decinul  are  the  feme 
with  tbc  Number  ffFartta»gs:  But  from  Ti^tp^j^  the  Figure?  in  the. 2*  and  3*  Places 
inake  aNumber  I'more  than  the  Number  ot/Earmings.  And  tho^  in  all  thefe  p^cimals 
^c€spt  that  (or  6d,  or  z^f.),  thyere  a»e  Figures  after  the.  3*  Place?  y^t  their  Value  is  poc 
I  Farthing)  becaufe  they  do  not  make  .00 19  which  is  Ids  than  i  Farthing. 

n.  To  find  tie  DiecmalofA  Foundy  avfujerijtg  to  any  Number  of  SbiUingty  Fence ^  and 

Wattffi^gSy  lefs  than  a  Foundy  imthout  Tables  or  Fen. 

IbJe  I.  If  the  Number  of  Shilliiffisiseven,  take  its  Half  and  fet  in  the  firft  Place  after 
the  Point,  (Ex.i.)  Ifit'jodict  let,thektalf  of  ^anext  lefler  even  Number  in  the  firft  Place, 
and  5  in  the  2*,  {Ex.  2.)  then  reduce  the  d.  and  /  to  /  and  if  they  are  fewer  than  ^ 
(/.  e.  die  d.  fewer  than  6 = 24/.)  let  that  Nutnhcr  in  the  2**  and  3*  Places  (/\  e.  in  the 
3**  Place  If  it's  but  one  Figure,.  (JE«,  3.).  and  if  it  has  two,  add  that  wluch  is  in  the  Place 
of  Tens  to  the  Figure  ftanding,  already  in  the  2'  Place,  if  there  is  any,  and  fet  the  other 
in  the  j^  Places  Ex.  4.)  But  ittbefeFarthings  exceed  23  (/.  e.  if  the  d.  exceed  5^  add  1  to 
them,  and  fet  that  Number  in  the  2**  and  3*  Places  as  befiKe,  (Ex.  5>5.)  Thus  you  have 
the  Decimal  foi^ht>  true  to  three  Places,  which  is  fufficient  for  common  ufe.    But, 

2.  DF  you  wouB  comi^eat  the  Decimal>  then  if  the  Number  of/,  to  which  ^e  d.  and 
/.  in  the  Qyeftion  ^re  equal,  do  not  exceed  23,  take  that  Number  of  /  or,  if  they  ex- 
ceed 23,  take  the  Remainder  after  24  is  fubtrafled  from  them,  and  divide  daat  Number 
or  Reminder  decimally,  {viz.  by  prefixii>g  o's  to  it^  by  2^  (which  is  eafily  and  readily 
done  by  4  axid  6)  ibc  .Quote,  whida  wiU  either  be  deterramate,  or  circulate  on  6  or  3, 
being  let  after  the  Figures  >already  founds  the  Decimal  is  compleated. 

Examp,  X.    4/.  =  .8  /.  Examp.  6,    ^s.  ^d.=i  .4875 

a. '  -13  /.  »=;  .df  7;    7  d  ^f  =5 .0322916  ^c. 

3.  \6r.  2/.==*3o8*  8.    ^r.  id,  3/==a3(f4y83  ^r. 

4.  Sx.. 3^. 3=  .4125  9.    5x.  44/.  ifssz^6y'/oii  &c. 
•f.    yr.  tfrf.«.375f  The 
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Th&Reafin  of  this  ^uk  is  this: 

1.  For  the  Shillings :  The  half  of  any  Number  of  20*'*  Parts  (/.  t\  of  any  Number  of 
Shillings)  niokes  fo  many  10'''  Parts;  and  if  there  is  an  odd  Shillings  it  is  equal  to  5  in 
the  a*  Place,  or  rly  Parrs,  becaufe  il^  is  i^. 

2.  For  the  Pence  and  Farthings:  If  we  make  a  Table  of  Decimals  for  any  Number  of 
Farthings  from  i  to  47  (equal  to  11  /  3/)  then  for  any  Number  Ids  that  24  (or  6i) 
the  Decimal  has  that  Number  in  the  3^,  or  2^  and  3^  Places,  (;\  t.  it  wiU  hare  10  many 
looo***  Pafts.  And  if  thefe  Farthings  exceed  23,  the  Decimal  has  r  more  1000**  Parts. 
Again,  For  any  Number  of  Farthings  lels  than  24  (or  4^^.)  confider,  that  becaufe  i  Far- 
thing is  -^  Part  of  a  Pound,  which  is  greater  than  ^^Part;  therdfbre  be&desfo  nlany 
ico:)^''  Parts,  theremuftbe  addedfuch  a  Decimal  as  is  eoua!  to  tfaeDifierence  of  fo  many 
960*^  Pans  and  xooo*''  Parts.  Now,if  we  fubtraft  -^^  m>m  ^  the  Remainder  i&  94^; 
wherefore  any  Number  left  than  24,  of  24000"  farts,  will  make  a  Decimal,  whole 
firfl:  Place  will  M  in  the  fourth  Place  after  the  Pcnnt :  Confequently  this  Decknal  which 
remains  to  com^eat  the  Decimal  fought,  falls  after  the  %  Places  ahready  found.  ' 

Laftly,  If  the  Number  of  Farthings  exceeds23,  it  iseitber24^  and  thenthtreisnodung 
to  be  added  to  the  Number  of  1000  ^  Parts  already  let  .down :  Or;,  icfs  c^Mre  than  24. 
And  what^s  more,  being  lefi  than  23  ^  the  Decitnal  to  be  added  for  tliat,  comes  under 
the  &me  Rule  as  die  bffl  Article. 

QUESTIONS,  fljenoing  the  Application  ef  Deciinals  «f  MultipUcation  and  IXviJhn. 

^ft'  I.  There  is  14/  :  %s  :  6d  in  each  of  6  Bigjs:  How  much  is  in  the  whole? 
Anfivery  i6l :  1 1  r.  Thus,  14 /  :  8  x  :  6^  is  14.425  /.  ^hich  multiplied  by  6  pioduceth 
85.55  equal  to  i6l :  iif, 

Sl^efi,  2.  If  I  Yard  of  Qoth  coft  14^  :  id.  what  is  the  Value  of  24  yds:  3  jr  :  i«i 
jinp  18  /  :  3  y  :  2/.  neareft.  Thus,  14/  :td  is  .7333  &c.  I.  and  24  j^^jr  iJtjrMns 
b  2^,762*1  yds :  Which  multiplied  by  .7333  produces  18.158  ^r.^.  whicnis  le/'.jf  ra/ 
nearly. 

§h/efi,  3.  If  30/.  buy  124  yds  :  i  jr  :  2na.  of  Qoth,  How  much  will  i  /•  buy? 
^n/vj.  ^yds  :  2  na.  and  .32  nearlv.  Thus,  12^ yds  :  i  ^  :  2  na.  is  124.375,  which 
divided  by  30,  quotes  4.145  ^r.  wnich  \s±yds  \  2  na.  ana  .32  nearly. 

Sa^fi'  4-  If  8  / :  97*  :  A  </.  buy  3  hundred  Weight :  i  q' :  and  18  Pound  of  Sugar, 
What  may  be  boughtlfor  i  /?  Anfiv,  i  qr  :  17  lb  and  .1  nearly.  Thus^  8  / :  -9^  :  ^^^ 
is  %,A666dtc.  and  3  C :  I  yr.  18  lb.  is  3.4.10714,  which  divided  by  the  odier,  quotes 
-4028  ^c.  which  is  I  q' :  17  lb  and  .1  nearly. 

Ohfervey  The  Ufe  and  Application  of  Decimals  will  ihore  fiilhr  appear  in  the  remain- 
ing Parts  of  this  Work  ^  efpecially  by  applying  them  in  Book  6.  As  to  which  ApplicatioD, 
this  in  general  only  needs  to  be  further  laid  here.  That  any  Int^er  being  confider'd  as 
the  highcS:  Denomination,  all  Numbers  or  Quantitys  lels  than  mac  are  to  be  expreflcd 
decimally  by  taking  the  Decimal  of  thatlnt^eranfwering  to  that  lef&r  Quantin^^  andinj 
the  fame  QuefticJn  ufing  Decimals  of  die  &melnt^er  for  all  Numbers  ^  the  feme  kind, 
(/.  e.  for  aUrlumbers  of  Money,  ufe  the  fame  Fnt^er  as  i  /.)  Then  multiply  and  divide 
by  thefe  Numbers  according  to  the  Rules  of  Decimals.  And  in  Multiplication  you 
may  ufe  the  manner  of  Contraction  explained  in  Cb.  8.  §.  5. 

I  ma&obferve  in  the  laft  place,  dut  moft  Queftions  in  common  Buiinefi  are  fooner 
done  without  Decimals,  by  the  conmion  Methods  of  Reduftion ;  but  when  to  ufe  De- 
cimals, or  die  common  Methods,  muft  be  left  to  every  bod/s  own  choice :  and  indeed 
a  good  deal  of  Praftice  will  be  necel&ry  to  enable  one  to  chufe  judicioufly.  And  par- 
ticularly as  to  the  preceding  Examples,  ohferve^  That  the  firft  is  csiierdoneby  die  com- 
mon Method ;  becaufe  it  (can  be  done  without  Redu^on,  the  Mulriplier  being  'fmall. 
The  lecond  and  fourth] cannot  be  done  by  any  Method  hitherto  explained,  (except  by 
Decimals  j)  becaufe  by  the  Method  of  Rediiftion  they  require  both  Multiplication  and 
Divifioni  as  you  will  afterwards  undcrftand  in  the  IteiSr  ojTbroe^  {Book6.)  The  third 
may  be  eafily  doncj,  die  common  way.  BOOK 
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Of  the  Powers  and  Roots  of  Numbers. 


CHAP.     I. 

Containing  theTHEORV. 


f^'m 


Definitions, 

L    A    Fonverb  a  Number,  which  is  the  Produd  of  a  certain  Number  of  equal  Fafiors> 
/A     i.  f .  of  the  fame  Number  multiply^  into  icfelf  continually  a  certain  Number  of 
-i.  JL  Times. 

11  A  Hoot  is  a  Number*  by  whofe  continual  Multiplication  into  itfelf  another  Nutsc^ 
bcr  (which  is  csdled- the' Power j  is  produced. 

Example.  Let  any  Number  2  be  multiplied  into  itfelf,  the  ProduAs  are  4  f=3  2X'i) 
*f=4X2;  16  (=8x2)  &c.  Then  is  2  called  the  Root  of  thcfe  ProduAs,  which  are 
called  the  Powers  of  that  Root. 

Hence  it  is  plain,  that  Power  and  Root  are  relative  things.  Every  Power  is  the  Power 
of  fome  Root,  and  every  Root  is  the  Root  of  fome  Power:  So  that  by  calling  one  Num- 
ber the  Power  or  Root  of  another,  we  mean  that  it  is  the  Number  proauced,  or  the  Num- 
ber producing  that  other  by  continual  Multiplication. 

But  the  feveral  Powers,  and  the  Root  in  rektion  to  thele,  are  aUb  diftinguiihed  by  parti- 
cular Names,  which  (hall  next  be  explained. 

III.  The  firft  Produft  fviz,  that  of  the  Root  multiplied  by  itfelf)  is  called  the  Square 
oF  tbe  Number  multiplied  j  wh&h  in  refped  of  the  other  is  called  the  Square  Root  So 
4  is  the  Square  of  2,  and  a  the  Square  Root  of  4,  becaufe  2x2=4. 

The  fecond  Produft  (viz,  of  the  Square  by  the  Root j  is  called  the  Cube,  and  the  Root 
in  refpeA  of  it  is  called  ^he  Cube  Root:  So  S  is  the  Cube  of  2,  and  2  is  the  Cube  Root 
C'f  S;for  2x2x2,  bt  4x2  =  8. 

Others  of  the  Powers  had  al(b  pacticul^v  Names  among  the  Ancients;  but  they  are  very 
complex  and  burthenlbme  to  the  Memory,  and  tend  no  way  to  the  Improvement  or  Ea- 
hnelsof  the  Science:  Whereas  it  is  obvious  that  we  have  no  more  to  do,  but  diftinguiHi 
ihem  by  their  Order  in  the  Series  of  Produfts,  calling  the  firft  Produft  the  firft  Power, 
^bc  fecond  Produd  the  lecond  Power,  arid  fo  on;  whereby  thefe  Names  do  of  themfelv^ 
in  a  very  (hnple  and  eafy  mariner  difHiiguiHi  the  feveral  Powers,  in  confequencc  of  the 
general  Defioitioaro(  aPo^er:  for  th^  eiprefs  the  Number  of  Multiplications  of  the- 

T  Root 


• 


I 


• 


-^' 


138 


7%e  Theory  Book  III. 


Root  in  the  ProduAion  of  each  Power;  which  the  ancieot  Names  do  not  For  the 
Names  Square  and  Cube>  of  which  the  reft  were  compounded*  are  NamoB  of  geotnetri- 
ctl  Qyantmca  applied  toNtimbefy>  etAf  frmn  thia  Confidefation^  xfaafthcr  Metres  of  thcfi 
Quanrides  are  found  by  (uch  an  AppUcatioo  of  N«iiBber»>  aa  do  produce  the  Nambm> 
which  are  hence  called  Square  and  Cuhe. 

But  obferve  ajgain>  that  tho'  in  confequence  of  the  preceding  Definitions  of  Power  and 
Root*  tbefe  Terms  ought  always  to  be  costradiftinguiAcd,  fy  chat  the  Products  only  can 
be  called  Powers ;  yet  for  the  lake  of  a  particukr  GonYenieiiey*  which  we  (lull  prefeotly 
underftand*  the  Root  is  called  the  firft  Powen  and  the  Produ^  in  order  are  oiled  the 
iecondi  thirds  &c.  Power*  as  here : 


a. 

3XX 

4X1. 

'8xa. 

16X2.  &€. 

3. 

4 

8 

16. 

.     32       &€, 

^i 

8li 

^  6 

• 

m 

5| 

il 

CO  N 

& 

1 

a-s. 

t 

•S 

Ih  which  Method  the  Root  is  Ae  (ame  with  the  firft  Power*  and  cpntrsdiftiogui(hed 
only  horn  the  fuperior  Powers*  with  refpedl;  to  which  we  call  it  the  fecond  or  third,  &c. 
Root;  thotmoic  commonly  weu&  the  Names  Syiare  and  Ciibej  tad  Squtre  Roor> Cube 
Root^  ufingthe  Names  fointh>  fifth,  ^c  Power  and  Root*  for  died^ees  above  the  Cube 
or  third  D^ee. 

Of  the  univerfal  Notation  of  Powers  and  Roots* 

I.  0/ Powers. 

AKE  any  Number  A  for  a  Root*  and  the  Series  of  iia  Powen  accoidiog  to  tlie 
efioiUQO  will  be  dius: 

A.       AA.       AAA-       AAAA.    &t. 
^i        ^  It  t 


TAl 


Each  of  thefe  Terms  exprefling  the  continual  Produdik  of  A,  taken  fo  oft  as  it  is  placed  in 
each  of  them,  which  being  once  more  at  eve7  Step  gradually  firom  the  Root.  >e  haw 
aHb  this  more  convenient  Method  of  expreffing  them,  viz.  by  writing  only  the  Kootwim 
a  Number  over  ir,  to  fignify  how  oft  the  Root  is  to  be  taken,  or  placed  as  a  Factor  in 
producing  that  Power.  Thus  the  ^b  Power  of  A  is  AAAA,  to  be  written,  according  to 
this  other  Method,  thus.  A*  j  and  fo  of  others,  the  whole  Series  of  the  Powers  being  tt- 

prefented  thus:  ^      ^      ^^     , 

^  AS  A»,  AJ,  A^  A5,  A«,  &c. 

When  a  Number  A  has  no  Figure  or  Mark  of  Powers  it's  fuppofed  to  be  the  fifft,  fotbat 

A'  or  A  arc  equivalent.  -     .      u- 

Thefe  Figures  wc  call  Indexes  oT'Zsfctmts  of  the  Powers j   becauib  by  lh«wiM  tnc 

Ifumhcr  of  Fadoi^  they  fliew  what  Power  is  toufied  by  that  Expteffion,  or  what  Term 

in  order  of  the  Series;  for  the  Numbers  of  Factora  iacicaft  gradually  in  the  Scries,  the 

'  Root 
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Root  flmdiiig  alone  ia  the  ift  Term,  tvnce  in  the  2>i>  and  fo  on.  And  Cucie  the  Deno- 
minations of  the  PowetB  are  taken  fifom  their  Places  in  the  Series,  they  do  alfo  expreft  the 
Number  of  equal  Faftors,  or  the  Number  of  times  the  Root  is  placed  by  MultipUcation 
iD  every  Power«  and  coffifequently  the  Index  is  the  Denomination  j  (b  if  A=4  then  A?= 
AAA=2X2X2=8. 

Agim:  By  this  Method  any  Power  indefioitely  may  be  exprefled  by  a  general  or  inde- 
finite Index  thus,  A*»;  which  is  any  Power  of  A,  according  to  the  Value  we  put  upon  the 

Index ". 

Hence  any  Scries  of  Powers  dccreafing  from  a  given  one  down  to  the  Root  may  be  ex- 
prefled thus : 

A«,  A»— S  A"— »,  A»— 5,  A"—*,  &c. 

Still  rubftreding  one  more  from  the  Index  till  it  become  equal  to  i>  and  then  you  have 
the  Root. 

II.  For  Roots. 

The  Root  of  any  Number  conlkiered  as  a  Power  may  alfo  be  conveniendy  exprefled 
by  that  Number  wkb  an  Index  ^  thus,  over  the  Number  which  k  the  Denoynination  of 
4he  Root,  fet  *>  in  form  of  a  Fraftion  ^  this  is  the  Index  of  the  Root :  For  Examine ;  The 

I  r  f 

Square  Root  of  A  is  A^j  the  Cctbe  Root  A"^,  the  4th  Root  An  and  fo  on  j  fo  that  if 

A=^,  then  A^sa:  Or  if  Ass8,  then  A^:^a;  And  an  indefinke  Root  thus,  A». 

There  n  aUb  anether  way  of  ittarking  Roots*  by  this  Mark  y,  fetting  tfae  Power  before 
iCi  and  the  Index  above  it:  Thus  the  Square  Root  of  A  is  yk,  the  '^  Root  is  /  A. 

And  nowj  to  underftand  the  0)nveniency  of  difUnguifliiK  the  Powers  by  their  Order 
in  the  Series,  i.e.  by  the  Number  of  Fadors  or  Indexes,  Conner  that  the  various  Powers  of 
tbe  fame  Root  differ  only  by  thefe  Indexes,  or  Numbers  of  Fadlors^  and  the  Rules  for  their  mu- 
tual Application  to  one  another  by  Multiplication  and  Divifion,  (by  which  chiefly  their  difierent 
Prmtties  are  difoovieredJ  depending  upon  the  Con(ideratioa  of  thefe  di£Eerent  Numbers 
of  Fadors,  ic  is  a  more  iimple  and  nfy  Method  to  make  the  iam^  Number  exprefs  both 
the  Number  of  Fadors,  and  give  a  Denomination  to  the  Power  ^  which  would  not  be,  if 
^e  fliould  begin  the  Nomeradoit  of  the  Powers  at  the  firft  Produfi,  calling  AA,  or  A* 
the  Firft  Po^er.  It  is  true  indeed,  that  by  this  Method  the  Denomination  would  always 
be  one  lefi  than  the  Index  or  Number  of  raAors>  and  fo  would  be  a  certain  regular  Me- 
thod of  fliew4ng  that  Number;  but  ftill  the  other  is  more  fimple  and  eaQr :  Which  tfae Ap- 
plkations  to  be  made  afterwards  will  make  appear  more  evidendy. 

There  ia  €me  tinng  taoie  you  may  obferve  upon  this  Method  of  denominating  Powers^ 
t^z,  Thattho'theRootisnotaProdudt  of  itfelf  muttif^ed  into  itfelf,  and  foisnot  a  Power 
according  to  the  general  Definition ;  yet  we  may  always  contra-diftinguifh  Root  and  Power, 
uoderftamlmg  them  according  to  the  general  Definition,  and  at  the  ume  time  tdce  the  De- 
nominationa  of  Powers  from  the  Indexes  or  Numbers  of  FzOxm;  provided  we  underftand 
^wfe  Denotainatiotisor  Indexes  to  exprefi  no  other  thing  but  the  Number  of  Fadors,  i,e. 
a  Power  compolbd  of.  (o  many  Fadois  as  the  Index  exprefles,  and  not  as  fignifying  the 
Degree  and  Order  of  the  feveral  Powers  from  the  firft  rroduA,  which,  accordiiig  to  tfae 
general  Definition,  is  the  firft  Power,  tho'  the  Index  is  2 ;  fo  for  Example,  A*  is  called  the 
Fourth  Power,  not  as  being  the  fourth  Term  in  the  order  of  Produds,  for  it  is  only  the  3d 
Produft,  but  as  being  compoled  of  four  Fa&ors;  viz.  the  Root  fbted  as  a  Fadtor  four 
times;  fo  A*::*=AxAxAxA. 

Rjt  now  after  aB,  lA  to  the  fime  Purpofc  in  which  of  thefe  Vfews  tou  take  the  Deno- 
nioation ;  for  the  .whote  Conveniency  lies  in  having  the  Number  of^  Fa&oa  expreiled, 
which  i^  done  ^ithef  way.    0:b^rs  a^n  confider  i  as  a  FaAoc  in  every  Power>  und  then 
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they  make  the  Indet  wrprds  the  Nutrfjcr' of  Multiplications  by  which  a  P6w«  ispiodaced: 
Thus  A*=ixAxA;  in  which  are  two  Multiplications,  ifk  ixA,  ad  ixA  by  A. 

D  E  F I N.  IV.  Vomits  or  IRmU  are  called  Uke  or  Similar  to  one  another,  whole  Deno- 
minations or  Indexes  are  the  famej  fo  A*,  B*,  or  A",  B",  are  fimilar  Powers,  and  thefe  fi- 

milar  Roots,  A",  b«.    Such  are  alfo  faid  to  be  Powers  or  Roots  of  the  fame  Degree  or 
Order.  ^ 

And  when  the  Indexes  are  different  or  unequal,  they  are  called  unlike  or  of  a  different 
Order:  As  A",  B"j  alfo  A°,B^. 

V.  The  finding  any  Power  of  a  Number  is  called  'Raifmg  that  Number  to  fuch  a  Power; 
as  finding  the  4th  Power  of  A  is  called  Railing  A  to  the  4th  Power :  And  this  is  alfo  call'd 
in  general.  Involving,  or  the  Involution  of  that  Number,  according  to  the  Index  of  the 
Power. 

VI.  The  finding  any  propofed  Root  of  a  Number,  is  called  the  Extraiiing  of  fuch  i 
Root  from  that  Number  ^  as  finding  the  Cube  Root  of  A  is  call'd  the  extrading  the  Cube 
Root  of  A  i  and  this  we  call  in  general  Evolving,  or  the  Evolution  of  thai  Number,  ac< 
cording  to  the  Index  of  the  Root. 

VII.  As  any  Number  may  be  made  a  Root,  and  involved  to  any  Power,  fo  if  a  Number 
Cis  a  Power  of  another  B,  which  is  agaitr  a  Power  of  another  A,  then  may  C  be  called  a 
Compound  Power  of  A,  i.  e.  a  Power  of  a  Powor  of  A>  f  as  with  teSpoSt  to  B  it's  a  fim- 

pie  Power,)   and  way  be  generaflv  expreffed  thus:  A^j",  that  is,  the  "  Power  of  A".  Ex- 
ample :  64  is  the  Square  of  the  Cube  of  2,  for  it  is  the  Sauare  of  8,  which  is  the  Cube  of 
2.    The  ComTX)fition  may  alfo  confift  of  more  than  two  Members,  as  the  ^^  Power  of  the 
'  *  Power  of  A**.  '         •  "^ 

Vni.  If  any  Number  A  is  a  certain  Root  of  another  B,  which  Is  alfo  a  certain  Root 
of  another  C,  then  may  A  be  called  a  compoand  Root ' of  C  (as  with  refpeft  to  B  it  is 

.a  fimple  Root)  and  may  be  expreffed  thu8,C'^»'^,  that  is,  the  «  Root  of  O".  Example:  i 
.  is  the  Cube  Root  of  the  Square  Root  of  64.   . 

Scholium.    That  thefe  Compound  Powers  and  Roots  niufi  be  equal  to  focne  im- 

.  mediate  or  (impde  Power  or  Root  or ,  tbe  Number  to  which  they  ate  referred,  wjK  eafily  be 

underftood  from  the  Nature  of  fuchNunbersj  that  is,  the  *»  Power  of  tbe  "  Power  of  A 

,  is  foa|c  immediate  (imple  Power  of  A,  as  A^^  and  fo  of  Roots :  How  fuch  iimpie  £spref 

'  iaona  are  found,  ftiall  be  explained  in  its  place. 

IX.  A  Number  which  is  firft  confidered  as  a  certain  Root  of  another,  as  the  "  RooCi 
may  be  itfelf  involved  according  to  fome  other  Index  ™,  and  this  Power  bping  referred  co 
the  fame  Number  to  which  the  preceedipg  Rpot  was.  referred, .  may  be  called  a  mix'd 

Power  of  that  Number,  fo  if  ft^A",  then  the*»'Power  of  B,  that  is,  the  «■  Power  of 

•  the  »  Root  of  A  is  a  mix'd  Power  of  A  ( Whidi  referred  to  B  is  a  fimple  Power  )  and  may 

be  expreffed  A  •v°'.    Example:   9  is  the  Square  of  the  Cube  Root  of  27>  for  it  is  tbe 
Square  of  3,  whoie  Cube  is  27*  •         .        ^ 

in  the  fame  manner,  a  Number  being  confidered  as  a  certain  Root  of  a  certain  Power 
(  who(e  Index  is  different' firom  that  of  the  Root/  of  a -Number,  it  may  be  called  a  mi^d 

•  Root,  as  the  » Root  of  the  «*  Power  of  A,  reprefented  thus*  A*^.     Example:    j  is  the 
Cubie  Root  of  the  Square  of  27s  for' the  Square  of  27  is  729*  which  is  alfo  die  Cube 
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Ohferve,  Fot  either  of  thefe  Kinds:,  viz.  a  misfd  Power,  or  mix*d  Root,  we  may  infti- 

tute  this  manner  of  Reprefentation  A^ ,  which  may  fignify  cither  the  «  Root  of  A°,  or  - 

J,  ' 

the  ■*  Power  of  A".  But  then  obferve,  that  we  can't  make  it  reprefem  either  of  thefe  in- 
differently, till  we  have  firft  demonftrated  that  they  are  equal;  which  fliall  be  afterwards 
dgne  i  and  till  then,  I  fliall  only  ufe  it  for  the  «  Root  of  the  "  Power. 

Scholium.  Every  Number  is  a  Root  of  any  Order  whatever,  becaufe  it  may  be 
involved  to  any.  Ttnaer-^  but  every  Number  is  not  a  Power  of  any  Order ;  fome  being 
Powers  of  no  Order  but  the  firft,  which  is  only  being  a  Root;  /.  e.  there  are  fome  Num- 
bers which  cannot  be  produced  by  the  continual  Multiplication  of  any  Number  whatever; 
and  fuch  are  3,  5,  (J,  7,  and  an  infinite  Number  of  others.  Some  again  are  Powers  of 
one  particular  Order  only;  as  4,  which  is  only  a  Square;  and  8,  which  is  only  a  Cube. 
Some,  in  the  laft  place,  are  Powers  of  more  than  one  Order,  but  limited  to  a  certain 
Number  of  different  Orders;  as  64  is  both  a  Square  and  a  Cube;*  its  Square  Root  being 
8,  ana  the  Cube  Root  4;  for  8x8=4x4X4  =  64:  The  Demonftration  of  thefe  things 
youli  learn  afterwards;  to  mention  them  in  general  is  enough  here,  which  was  only  necet 
iary  for  the  fake  of  the  following  Definition. 

*  D  E  F I N.  X.  When  a  Number  A  is  propofed  as  a  Power  of  any  Order  ",  and  yet  is 
not  a  Power  of  that  Order,  i,e,  if  it  has  no  determinate  Root  of  that  Order,  or  there  is  no 
Number  wliich  involved  as  the  Index  "  A\tt6tf%  will  produce  that  Number ;  yet  it  has 
what  we  may  call  an  indeterminate  Root,  (as  fliall  be  afterwards  explain'dj  and  |his  ima« 
gin'd  Root,  under  the  Notion  of  a  true  and  compleat  Root,  is  called  a  Surd  {i.e.  inexpref^ 

fiblcj  Root,  and  is  reprefented  in  the  general  Form  A";  and  fuch  Roqts  as  are  real,  are,' 
in  Diftin&ion  from  Surds,  called  "Rational  Roots,  Exam.  8  is  not  a  Square;  for  there  is  no 
Number,  which  muiripiied  into  itfelf,  will  produce  8.  No  Integer  will,  fince  2X2=^^, 
and  ^x  3  =:9^  and  that  no  tiDix'd  Number  betwixt  2  and  3  can  do  it,  will  be  afterwards 
demonftrated. 

But  now  as  to  Surds,  don't  miftake,  as  if  fuch  Roots  or  Reprefentations  were  nothing  at 
all,  or  fo  merely  ima^nary  as  to  be  of  no  Ufe  in  Arithmetick;  for  though  there  be  no 
fuch  determinate  or  affignable  Number,  whofe  ^  Power  is  equal  to  A;  yet  we  can  find 
Numbers  roix'd  of  Int^ers  and  Fradions,  that  fliall  approach  nearer  and  nearer  to  the  Con- 
dition required,  i>r  infimtum-^  i.  e.  we  can  find  a  Series  of  Numbers  decreafing  continually, 
whofe  Sum  taken  at  every  Step  is  a  Number,  the  Power  of  which  approaches  nearer  an4 
nearer  to  the  given  Number;  and  this  Series  confider'd  in  its  infinite  Nature,  as  going  oa 
by  the  Btme  Tenor  and  Law  without  end,  and  thereby  approaching  infinitely  near  to  the . 
Condition  of  a  true  Root,  is  truly  and  properly  what  we  call  a  Surd ;  which,  ^m  plain,  is 
fomething  real  in  itfelf,  though  we  can't  expreis  the  whole  Value  of  it  by  any  definite  Num- 
ber; for  that  is  contrary  to  its  Nature:  So  we  find  that  the  Surd  Roots  of  di£%rent  Num- 
bers have  certain  Connexions  and  relative  Properties  the  fame  way  as  rational  Numbers 
have;  fall  which  thin.7s  fliall  be  demonftrated  in  their  proper  place.) 

Therefore  we  conceive  Surds  as  Quantities  compleat  of  their  own  kind,  and  £0  ufe  the 
lame  general  Notation  for  Surds  and  rational  Roots:  And  hence  the  following Theorv  rela- 
ting to  Roots  are  to  be  underftood  generally,  whether' thev  are  Surds,  or  rational  Roots; 
corceming  the  Reafon  and  Application  of  which  to  Surds,  you'll  learn  more  Particulars 
afterwards  in  Chaf.  3* 

XI.  The  Toners  and  Roots  of  Ffaffiom  are  to  be  underftood  the  &me  way  as  of  whole 
Numbers;  that- is,,  any  Fradion  being  continually  multiplied  into  itfelf,  is  a  Root  or  frfi 
To'iiXTj  with  rclpca  to  the  Products  wnich  are  the  fupcrior. Powers. 

Exsnh 
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Example,  fx  {=::§«  and  $  \s  (herefore  the  Square  of  f,  and  may  be  uoiveiftlly  ex- 
prcflcd  thus,  ffj  or  thus,  ^;  and  the  Root  thu«,  -F:  or  dius,^* 

Ohferve,  That  onlv  is  the  proper  and  immediate  Power  of  a  Fraftion,  whole  Terms  are 
the  Powers  ot  the  Terms  of  that  Fradionj  yet  as  the  fame  Fraftion  may  be  cxprcfled  ]ii 
various  Terms,  (b  all  equivalent  Fradions  may  be  taken  for  the  Power  or  Root  of  die  fame 
Fra&ion,  becaufe  they  have  the  fame  Efieft  in  all  Operations,  if  any  one  of  them  is  fo, 
according  to  the  Definition.  Thus,  becaufe  fxf:=|»  and  becaufe  $  =  x'i  therefore  $, 
which  is  the  Square  of  f,  may  be  alfo  called  the  Square  of  i\  alfo  -^  (=yj  may  be  cal- 
led the  Square  of  f  or  $. 

Scholium.  When  a  complex  literal  Expreffion  is  confidePd  as  a  Root,  to  exprefi 
any  Power  of  it  we  draw  a  Line  over  the  whole  Expreffioo,  and  then  annex  the  Index  j 

thus,  A+B  is  the"Powerof  A+B,and  AB  is  the  "  Power  of  the  Produd  AxB:  But  i( 
there  is  no  Line  over,  then  the  Index  is  applied  onlv  to  the  Member  over  which  it  is  i(n- 
mediately  ku  as  A-f  B"  is  only  the  Sum  of  A  and  B",  and  AB^  the  Produ^  of  AxB°. 

AXIOMS. 

Tfip  Like  Fowers  or  Rf^ts  ^  epsl  Nmrnters  (however  dilferendy  exprcfled)  are  equal. 

Thus:  IF  A=sB,  dien  A^ssB",  and  A"=B^.  But  unequal  Numbers  have  their  fimilar 
Powers  and  Roots  unequal;  the  greater  having  the  greater  Number  for  its  Power  or  Root. 
Hence* 

C  o  R  o  L.  If  the  different  Powers  of  unequal  Numbers  are  equaL  the  Power  of  the 
lefTer  Root  has  the  sreater  Index.    Thus:  If  A°=:B»,  and  A  be  kfi  tban  B;  thenis* 

Sreater  than  m:  For  itn^sim,  then  is  A"  le&  than  B^;  and  much  more  ia  it  la»  if  i  is  le6 
lan  w.    Exam.  8*  =5  4*  =64. 

11J»  If  a  Number  is  involved  to  any  Power,  and  from  this  Power  a  Root  of  the  fame 
Denomination  is  extraded,  this  Root  is  the  fiune  Number  which  was  firft  involved.  So  if 
A  is  involved  to  the  n  Power,  and  of  this  Power,  ^9^  A"i  we  €xtn£t  the  "  Root,  it  is 


equal  to  A,  ».  e.  A  =  A"f*.  And  reverfly  extradl  any  Root  of  a  Number,  and  then  in- 
volve that  Root  to  a  Power  of  the  feme  Denomination  ;*  this  Power  is  the  fime  Num- 
ber &om  which  the  Root  was  firft  extraAed ;  fo  the  '^  Power  of  A''^  or  AT&aA.  Hcdcc 

CoROL.  I.  An  Expreflion  of  this  Sort  As  where  the  Numerator  and  Denominator 
of  the  Index  are  equal,  whether  it  is  undcrftood  as  the  "  Root  of  the  "  Power ;  or  the " 
Power  of  the  "  Root  of  A,  is  no  other  thing  in  EflFed  and  Value  but  A.    Hence  again ; 

2.  Involution  and  Evolution  are  direftly  oppo&te,  the  one  undoing  the  £fib&  of  the 
other  J  whereby  they  are  mutual  Proo^  one  ot  the  other. 

T  H   E   O    R   E   M      I. 

If  two  fimilar  Powers  of  different  Numbers  or  Roots  are  multiplied  together,  the  Pro- 
dud  is  the  like  Power  of  the  Produd  of  thefe  Numbers  or  Roots.    Thus,  the  Produd  of 


two  Squares  is  the  Square  of  the  Produd  of  their  Roots.    Unk/erfiffy  A'^x  ^^ssAB . 

Demnffif' 
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A^»»  A*=4  Deimmjh.  In  the  ProduA  A"»xBn,  A  and  B  are  applied  as  Fa- 

B^5r»B^  — 2^  ftow  equal  tinaes;  (b-diat  in  the  whole  Produft  there  ia  aNum- 

Ab=  JO.  /i*xli»=  ber  of  Faftora  equal  to  2 »j  and  confequentlv  the  Produft  A B, 

100=  AB*  confidci'd  as  one  Number  or  Fafior,  b  applied  in  that  Produft 

*  n  times  [for  in  whatever  Order  the  Faftors  are  taken,  the  Pro- 
dud  is  ftili  the  fame]^  fo  that  the  Produft  given  is  AB  ratfed  to  the  n  Power«  or 

AB.     Thus  parricubrly,  AjxBj=AAAxBBB  =ABx  ABx  AB  =  Al^ 

C  o  a  o  L.  Hence  we  Icara,  how  the  ProduA  of  a  Number  exprefled  as  a  Power,  and 
aoodier  not  cKprefled  as  fuch  ^but  foppofed  to  be  one )  may  be  reduced  to  fuch  an  £y- 

preffion.    Thus,  A°  X  B  =  A  x  B^^T;  for  (he  n  Paver  of  A  is  A",  and  the  n  Power  of  B^ 

is  B.  therefore  A»xB=AxiT. 
ScHOL.  This  Theorem  is  true  alfo,  when  the  Roots  are  the  fame;  as  A"xA"= 

A  A  .  But  I  have  not  taken  this  Cafe  into  the  Theorem,  becaule  it  falls  within  another  ((be 
Theor,  6,)  where  the  Produd  is  exprefled  in  a  more  fimple  and  convenient  way.  You  are 
to  underfland  the  &me  of  the  Theorems  2>  3«  and  4. 

Theorem    II. 

If  two  fimilar  Powers  of  difierent  Numbers  or  Roots  are  divkied  one  by  the  other, 
die  Quote  is  the  like  Powet  of  the  Quote  of  the  given  Roots.    Thus  the  Qjiote  of  two 

Squares  is  the  Square  of  the  Qiote  of  their  Roots  ttrnverfilfy  B»  -r-  A"  =  B  -r-  AT*- 
A  =  3.  A5  =  27 


Demonftr.  1.    Suppofe  A,B  are  Integers,  then  B-h  A  ezpref 
fed  fradioittlly  is  ^,  whole  n  Power,  according  to  Dt/Im.  ii.  is 


A 

B«      « 

—  sssBn-^  A" 


2.  Suppofe  B  and  A  fiaAunsal;  thus,B=:-  and  A  ss  -,  then  s  B"  =  -  and  A^  ss  -r;- 


AlfoB«-r-A«=3^^==S^=il  Crteor.i.}  Bat  ^=-h--=5B-^A.  and  its  si 


ac 


Power  is  — ,  which  isB-=- A  . 
ScHoi»iUM.    I  have  not  here  confidered,  whether  B^-^  A'^  is  a  whole  Number  or  * 

n 

Fraftkm;  for  which  (b  ever  of  them  it  be,  you  fee  pkinly  that  it  is  equal  to  B-r* A  .  In 
inother  place  youll  find  it  demooftrated^  that  according  as  D^  -r-  A"  is  integral  or  fraAionaL 
fo  is  B-r- Aj  and  reverfly. 

Tie  following  Corollaries  i,  9, 4,  attd  f ,  are  deduced  from  this  af$d  tbefirft 

Thsotcm  jeintl^  confidered. 

CoROLL.  ?.    The  Quote  of  two  Numbers,  whereof  one  is  ezjpfefled  as  t  Power 
and  the  other  not,  ftho'  fuppofed  to  be  ooe^)  may  be  reduced  to  iucfa  an  Expreffioo 

thus;  A»-^B  =  A-r-B^;  for  A**  is  the  "  Power  of  A,  and  B  is  the  "  Powei  of  #. 

2.  If  any  Produd  and  ope  of  the  Fa£bon  are  fimilar  Powers,  the  other  is  alio  a  fimi^ 

hr  Power,  and  its  Root  is  theOuote  of  thcRootsof  die  other  two  Teems.    Thus*  if 

•  ^^ " '  A** 
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A"  X  B  =J  D",  then  is  B  =:D"  -r-  A^=D-^A^  whofc  «  Root  is  P  -?=-  A.    In  another  Place 
it  (liall  be  demonftrated  that  D  -r-A  muft  be  integral  if  !>'  -r- A°  or  B  is  fo. 

III.  If  the  Dividend  and  either  of  the  other  two  Terms^  viz,  Diviibr  and  Qootej  are 
(imilar  Powers>  the  other  of  thole  Terms  is  alfo  a  fimiiar  Power>  whofe  Root  is  the  Pro- 
dufl  of  the  Roots  of  the  Dividend  and  the  former  of  the  other  two  Terms.    Thus  if 

B^-f- A  =  D",  then  A=  B-^x  D°=BD". 

4.  The  Produdt  of  two  Numbers  being  a  Power>  the  Fadors  are  eidier  both  like 
Powers  with  the  Produft,  or  neither  of  them  is  fo.  AUb,  if  one  Fador  is  a  Power,  and 
the  other  not  a  like  Power,  the  Produift  is  not  a  like  Power.  Let  A  B  5s: p**,  if  A  is  a 
Power  of  the  Order  ",  fo  is  B,  for  if  A=<j"  then  is  «"  X  B=^,  and-confequcntly  B  is  ot 
the  Order  **  f  by  the  2d)  whence  alfo  if  the  one  A  or  B  is  not  a  Power  of  the  Order", 
neither  is  the  others  for  one  being  fo>  the  other  would  be  fo  too.  Again>  if  A"xB=Di 
and  B  not  a.  Power  or  the  Order  '^,  neither  is  D;  for  if  D  were  C09  B  would  be  fo  too. 

5.  If  the  Quote  of  two  Numbers  is  a  Power,  thefe  Numbers  are  either  both  Powers 
like  the  Quote,  or  neither  of  them  is  fo:  This  is  the  Reverfe  of  the  laft. 

Scholium.  In  thefe  Corollaries  you  are  to  underftand  Rational  Powers  j  for  odier- 
wife  any  Number  may  be  reprefented  as  a  Power  of  any  Order. 

Theorem  III. 

If  two  fimiiar  Roots  of  different  Numbers  are  multiplied,  the  Produdl  is  the  like  Rocc 

of  the  Produd  of  thefe  Numbers.    Thus  two  Cube  Roots  produce  a  Number  which  is 

i        i    —a. 
the  Cube  Root  of  the  Product  of  their  Cubes.    Univerfally,  A"  x  B"=Ai3^ 

Example: 


A=   37.  A'^=:  3 

B  =    8.  B^  =  a 
AB=2i6.A"^xBt=(J 
ABt=(S 


'Demonflration   This  is  but  the  Reverfe  of  the  \&Tlmrm,  and 
follows  eafily  from  it.    Thus,  Let  A  B  be  any  fimiiar  ?owtrs, 

then  is  A  X  B  =  A"  X  W^  by  Theor.  I:  and  by  Ax.  i.  aTB"  = 

A"  X  B",  which  Is  the"  Root  of  A*^  x  B"!. 
C  o  R  o  L  L. .  The  Produft  of  two  Numbers,  whereof  one  is  expreffed  as  a  Root  and 

the  other  not,  may  be  reduced  to  fuchan  Exprcffion  thusj  A^  x  B=  A  x  13°!" ;  for  A  is 

the  "  Power  of  A",  and  B"  of  B  j  therefore,  by  this  Theorem  A*  x  B  =A  X  B"P.    This  is 
alfo  the  Reverfe  of  CorolL  Theor.  i. 

Theorem  IV. 

•   •        •  •      •  *  .     ■ 

'     I F  two  fitailar  Roots  of  different  Numbers  are  divided,  one  by  the  other,  the  Quote  h 
the  like  Root  of  the  Quote  of  the  one  Number  divided  by  the  other.     Thus,  two  Cube 

Roots  give  for  a  Quote  the  Cube  Root  of  the  Quote  of  the  Cubes.    Univerially,D~-rA" 

=  t)-r-A.". 


Examfle  : 
D=2i6.  D^=:6 
A  =  27,  As  =  3 
D  -^  A=  8.  D^-T-  At=2 


"T-Ar— a 


DemonfiA  i.  SuppofeD'SA'^  are  both  Integers,  then  are 
D>  A  alfo  Integers,,  (viz.  the  Powers,  or  Produ£ts  of  integral 

Fa£l:ors,^  therefore  D"  -r-  A''  or  —  is  a  Fraftion  in  Terms 

A" 


whofe  «^  Power  is -r-;  /.  e.  the  **  Root  of -r-  '^  '^  or  D"  -r-  A^  ,. 

^  A"  "  *  ^'^ 
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2,  If  D";A''  are  fbdionaU  tlien  9fe  D>.A  aUb  fradiooaly  (accoi^djog  (o  a  former  Ob- 
fevarion.;    Suppofc  I>»=  -,andA^-,  then  is  D  =  ^a  and  A  =  ^.  (^x.  i.)  Alfo 

-.=  D'»-r-A^ 

Co R o  L  L.    The  Qiioceof  two  Numbcn  whereof  oiie  is  expreflcd  as  a  Root,  and  the 

other  not,  may  be  reduced  to  fi^h,  thusj  I>'?'-r-Aa=U-T-A"lt  BbrJD*  is  the  «*  Root  ot 
D>  as  A  is  of  A".    .  ^ 

*  "  •  f  " 

Scholium.   From  the  two  Jaft  Theorems  joindjr  confider'd,  we  luve  four  W^/- 
/niff  after  the  fame  manner  as  the  24,  yl»  ^h,  %th  CorolUries,  deduced  from  Tbeofam 

Theorem  V. 

.  \^  l.^^^^  orQuote.of  any  like  Mixc  Power  (or  Root)  of  two  diflferent  Numbers, 
IS  the  like   Mixt  Power  of  the  Produa  or  Quote   of  thefe  two  Numbers:    Thus 

A" X  B"=  AB"  andA"  --  B"  =  X?^;  ■  ' 

Demn^.  I.    A»x&»=5A^    (Theor.L)  and  A^  xS^«=A"xB^    (7hw.  JUA 
But  A3i==  A-  and  g* «B^  b7. die  Notatioo  j  ind,  fince  A» x  D»  «  a1°,  hence  AS* 

a.  An-r-BossA-f-fi"  (Thetr.U.)  AudJ^  -f-BPf^  c=:  A'>-7-B4'«  CI*wr.  IV.)  ss' 
Anr=,  f  ^*.  L)  That  is,  A»  -r-  B»  s=s  K^^'t, 

Examflf.  Th6  Square  Root  rf  i«  is  4,  and  the  Cube  of  4  is  64^  thenfoie  die  Cube  of 
theSquareRoOtof  liJ.  or  ifi*is«  ^4.  In  lite  manner,  die  Cube  of  the  Square  Root 
of  81,  or  8i*  is  =  729.  Then  Uxi6=z  u^,  whofe  Square  Root  is  35,  and  the 
Cubeof  diis  is  4<J(Jj5=i  54x719  i  diatis,  16^  x  81^  s=  16  x  8ii^. 

Theorem  VI. 

f.iliJ!!l^°v*!?  ?^^tJie  *«»«  Root  are  multiplied,  die  Produdis  fuch  a  Power  of  the 
rf  th?*^'  whofe  Index  is  die  Sum  of  die  In.fcxes  of  die  Faftors.    Th.«,  m  pJoduft 

Exantpk. 

^7l}'^*ni\,  I       ^M^-     A«  and  A"  being  each  a  Produft  of  A 

A»-.a7^    A»xA»==;a43        connWly  multiplied  by  itfelf/didr  ProduiS^aSlb^ 
A'  —  243.  f    Produft  of  A  continually  by  it  fclf  j  i.  * .  a  Power  of  Ar 

■  ■       y  Alfo 


Alfo  it's  plainjtbflt  in  k^  x  A"^  the  Root  A  is  y>plied  as  a  Fador  as  oft  as  the  S(Mn«4.M, 
ft)  thfat  A»  X  i¥«  =  A«+».    Pattoiiarly,  feppofe  A*  x  A^  the  ProdWa  ir  A  A  x  A  A  A 

=  AAAAA=kA^ 

*  Scholium.    What^  hei*  proved  ft)r  two  Faftors,  holds  equally  R>r  three  or  more: 
Thus  A"  X  A«  X  A'  =  A**+"^-«'. 

C  o  R  o  L  L.  Hence  we  learn  how  to  find  any  Power  of  a  given  Root^  without  finding 
all  th»  iBtennediate  Powers  9  vi%.  by  multiplying  cogAher  two  or  more  rowarsref  *<batRoot« 
the  %m  of  whole  Indexes  is  the  Index  of  the  Power  fought:  "Tbus^  havingthe  \i%sAtih 
Powers,  their  Produd  is  the  ^tb  Power. 

Theorem  VII. 

If  ope  Power  is  dittied  by  another  Power  of  the  Atne  Roof;  the  Qu^ote  is  equal  ei- 
ther to  another  Power  of  the  fame  Root  >  or  to  a  fradional  Power  whofe  Numcwror  if 
x»  and  the  Denominator  fome  Power  of  the  (ame  Root.  Thus, ,  particularly.  If  the 
Dividend  is  grcacer  than  the  I>i<^dr,  the  Q$K>ee  is  a  Power  df  tbe  fitoe  llbot  Vhde  In- 
dex is  the  Diffoence  of  the  Indexes  of  the  propofed  Powers;  and  if  the  Dividend  is 
lefs,  the  Quote  is  a  fradional  Power  whofe  Numerator  is  i,  and  the  Denominator  is 
fuch  a  Power  of  the  given  Root  whofe  Index  is  4be  Difierence  of  the  given  Indexes. 

Thus  A"  -r-  A"  is  either  A"  — «,  or  A»— «. 

Exdpfpk  I. 
A=ta3     A*=:8i' 
A*  =9.  A*-r-A*  =  9 
A*^=A»=9 


Exampk  2. 
A*^:^9"     A*  =143 
A»^A5=5-Ha43s= 

9x  f    tare  of  Mokiplicacioo  and  Dt- 


Denmftr.  This  is  the  R^ 
veric  of  the  laft  Theorem,  and 
the  Reafon  of  it  contained  ia 


^s^^^^ A  - :  that,  from  the  reciprocal  Na- 

^         —  ^~--  I     Car*  of  MaltiDlicfltfon «id Di- 


tifioti,  with  that  of  Addition  and  Subftradtibn.  Or,  this  fubftrading  of  the  one  Index 
from  the  othen  is  only  the  tataag  our  timi.fn&im  hm  As  Di?if(tr:snd  'Dividend,  f.f. 
dividing  them  equally;  which  mSies  the  Quotes  ftill  the  &me:  Thus,  A5-T^A*-s=A^-ri 
= A3,  and  A»  -r-  A*=  I  —  A?. 

-•-••■•  " 

T  H  E  O  H  E  M  VIII. 

Evert  Cmfound  Power  (or  Ppwer  of  a  Power)  of  any  Root  isMual  to  fuch  a 
Simple  Power  of  the  fime  Root  whofe  Index  is  the  Produft  of  (he  nven  Lidexes :  Tbui 
the  ^d  Power  of  the  2d  Power  is  die  ^fb.  Poiwer«     UniveriaUyi  m  "  Power  of  the " 

Power  of  A,  or  A?"  is  =  A""». 

Example >       1        Demonfir.    A»X*A»=A"»  {Tieor.  6.)  and  involving  or  multiplying 
A=2.  A*=4.     1    A™  by  itfelf  once  more,  the  Index  of  the  Produd  contains  m  once 
j^6-^gi— "j[^3    1    ro^^c  j  fo  *8^  however  oft  A«*  is  employed  as  a  Fador,  as  » times,  the 
^  I    Index  of  the  Produft  will  be  b  many  times  m,  ot  mxm:  But  A"  em- 

ployed as  a  Fadior  n  times  makes  the  n  Power  of  A»;  which  is  therefore  equal  to  the 
m  n  Power  of  A,  or  k^\ 

SCHOLIUMS. 

•I.  The  &me  Reafoning  is  good,when  the  Compofition  confifts  of  more  than  two  Steps: 
Thus  the  n  Power  of  the  m  Power  of  the  r  Power,  is  the  mnr  Power  of  A,  or  A'*'. 

a.  If  the  Index  of  any  Power  is  the  Produfl  of  two  Numbers,  it  may  be  confidcred  is 
a  Compound  Power ;  or  if  it  is  the  Produd  of  more  than  two  Fadors,  it  may  be  redu- 
ced to  a  Compound  of  two,  by  taking  anyobe  of  thefe  Fadors  for  one  Member,  and 
the  Produft  of  all  the  reft  for  the  other.    Thus,  A"«'  is  the  r  Power  of  AP"^,  or  the  • 

Power  of  A"'>  or  the  m  Power  of  A"'.    In  flxort,  if  the  Index  of  a  Power  is  the  Produft 

of 
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of  other  Numben,  whatever  Varietjr  is  in  the  Compofition  of  that  ProduA^  there  is  the 
iime  Variety  in  the  Compofitioxi  dr  that  Power. 

.    COROLLARIES. 

I.  Here  we  learn  to  find  a  NuiDber«  which  is  a  Power  of  as  noany  difiFe- 
rent  Oiden  as  can  be  propdlaL  twc  by  ipultiplying  the  Indexes  of  all  thefe  propoTed  Or- 
ders contipQally'  into  one  another^  ^nd  ndfing  any  Number  to  a  Pqwct^  wbote  Index  is 
that  Produft.  Thus:  To  find  aNutnber  wnich'is  both  a  Square  and  Cubc«  raife  any 
Number  to  the  fixth  Power.  Univerjlally>  to  find  a  Number  which  is  a  Power  of  the  Or- 
ders 9ii»«p^r*  f&iie«qr'Number  Am  the  »iivrPower»  and  A""^  is  the  Nomber  Ibughc: 
for  it  is  the  f  Power  of  A'^,  die  •  Power  of .  A■^  Ae  m  Power  of  A"**. 

Oifinm  aUb«  That  if  one  of  the  Indeses  is  an  jAjms  Part  of  another,  we  need  ndt 
maltiiriy  that  Lulez  whidi  ia  die  4dBpM#  Part.  Thu»:  To  find  a  h^amber  which  is  both  « 
kcoai  and  fiaurth  Powerj  we  need  only  to  take  fbme  fi^urth  Power>  fince  everv  fourth 
Power  is  alio  a  fecond  Power.  Eor  becavfe  ftX.2s=»r4>  dierefore  A^  is  the  iecond  Power 
of  A^.    By  this  youll  underftand  any  other  Gife. 

2.  If  out  of  a  oeruip  Power  of -a  ^en  h^uoE^erj  a  RoQt  is  to  b^  esctraded  of  a  diffe- 
rent Index!*  and  i£  dsie  Name  pf  the  Root  is  aii  aifnet  Part  of  the  Name  or  Index  of  the 
Power;  by  dividing  the  Name  of  tiie  Power  by  that  of  the  Rpot»  and  wplving  the  Qviote 
as  an  Index  to  the  givep.  Number^  we  hare  an  Expreffion  for  dw  Root  K)agnt.  Thus ; 
the  Square  Root  of  A*  is  Ah  becaufe  6-r-2=3.    And  yniverTall^j  let  ii-f-f!i=r.  Then 

is  A°=:  A^  i.  ff. where  there  is,;i.mixt  or  fra&ional  Index  (which  exprefles  •  certain  Root 
named  brv  the  DeAomjnatof .  olF  a  certain  Power  named  by  the  Numerator)  if  the  Denp- 
mioator  is  m  ifii^noi Part  or  ,tjhe  Numerator^  then  dividing  the  Numerator  by  t^e  Deno- 
minacor^  the  Quote  is  an  In^ex«  which  applied  to  the  fame  Number,  expre£fes  tihe  Value 
of  that  mixt  Root. 

.    Theorem    IX. 

EvIiiiT  Con^inidRotx  (dr  Root  of  a  Root)  bf  any  Number,  is  equal  to  fiich  t 
iimple  Root  of  the  iap^  Number^  whoi^  Jndex  is  the  Prqdu^  of  tbeipi;qp9fi;d  Inc^fv. 
Thus^  the  Square  Root  of  the  Cube  Root  is  the  (ixth  Root.    UniverMy,  the'js  Root  of 

the  SI  Root  is  die  Jits  Root,  or  ^r:?»A'^-  ^ 

Exsmfle : 


A=fi4.  Aif?4 

tJi=t^^=sA7j^ 


Demanfir.    The  Reaibn  of  this  is  contained  in  the  precedingr,  be-' 
eaiift  axruaifig  of  Roots '  is  oppolice  td  tAGlag  Powera.    Or  it  may 

be  demiotaftfaftd^drt*^:  SUppdfe'  A^mB,  died  A^B*"'  {Ak.^  i,  i. 

for  A  is  thesrff  Power  of  its  is^JElootJ  sm^.-A^B^'sB".  (C^.  ir  Ijw.  ly)    Agaip, 
At=B  [Ax.  I.)  ButB=A»ffl4  therefore  A Y:y:A"«. 

T  M  E  O   RE    M      X.  .         '         . 

A  Nt  P<)wer  of-any  Root  of  a.Nuo$jb?(.i;  equal  to  die  fame  Root  of  the  fame  Power 
of  diat  Number.    .Thus,  .the  SMr^  JtiO^  qf  the  Cube  of  any  Number  h  the  Qibe  of 

die  Square  Root  of  that  ^Tumfcer.^^  Univerfajly,  A'ff^  A  jT^ 

ixitmtb '  •*•''''''.  '->■•.   .  'r.      ,.      ,* '  ^       t"  '■■'•  y^  ^'     .  ":  '        ^ 

1^    ■  Denton&r.  .  Simpofc  A^=B,  then  is  A=:B«  (Ax.  i,) 

A*^caiWafc:  AT].        -  -         i  .        V  l.  '      \    ■   ^  v  •.         -       ±  .^ 

7     ^^'  T   (^^x,  I.)  =B°  (Ctfr.2.  ihecr.i)    But  fince  A*5=fi,  there- 

lorcA-*  =  B*i  confcquendy  A"I»=A™».  r  .-.11.1.    *j 

U  2  SCHOl*. 
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s  c H  o  L  I U  MS. 


*  - 


I.  When  A"*  is    rational,  fo    alfo    is    A>,  bccaufe  this  is  equal  to  Aw  j  which 
is  the  Power  of  a  radonal  Root :  But  tho'  A^  is  rational,  it  does  not  follow  thst  A*  s 

fo,  as  one  Etainple  (hews:    Thus:  Let ^ A  ==3,  then  A'^=A*f=?i.    ButA'*'  is  Surd, 
for  ^  has  not  a  Cube  Root. 

2.  Here  we  learn,  that  A^  may  iodifferent!?  be.  taken /fi^r  the  i»  PwRcr  of  the  a*  Root^ 
or  the  m  Root  of  the  n  Power  of  A,  fince  diefe  are  eqcu^.  Sa  that  .beocefbrdi  we  (hdl 
take  it  either  way,  as  ihail  be  nioft  ulbful.  Hoice  alio  we  hawe  a  Rule  for  expreffiqg  the 
Invohtum  of  a  fimple  RooCj  or  the  Evolution  of  a  fimple  Power. 


T   H   E  O  K   E   M      Xl. 


'  < 


'  T  F  the  Index  of  a  mixt  Pbwe*  f /.  e.  which  has  a  firaftioriaJ  Inflex^  has  bodi  its  Mem- 
bers, Numerator  and  Denominator,  cquaDy  maltiplied  or  dirided,  the  Produfts  or  Quotes 
put  in  place  of  the  others  make  an  equivalent  ExprefGon,  or^expreis  a  mixt  ^or  fimple) 
Power  or  Root  of  the  fiime  Number  equal  in  Value  to  the  former.    Thus  ^= j,  and 

therefore  a'=:A«.    Univerially,  let  n:=at,  m:=saJ.    Then  is  A*  (or  A**)=A<. 


DoMon/lr,  AS  is  the  ^J  Root  of  the  dh.  Power. of  A  (by 
the  Notation)  which  is  the  J,  Root  of  the  #  Root  (Theor.  9.) 
of  the  a  Power  of  the  b  Power  iTbeor,  8.)  Now  the* 
Power  of  A  is  A**,  iand  the  a  Power  of  thisis  A**»,  (Tkor.l) 
whofc  a  Root  is  A**,  (TUof. 8.  Cor. 2)  and  the  J  Root  of 


A=i67772i6.  A^=i6 

A'^=a5<A^'=:(J5f3tf. 

.        thisisA^Af/^^- Notation)  i.^ft.;  A**355^i  -Or  tbeDcBioota- 
tion  Twll  go  on'tbe  fame  way  by  taking  A«^  for  Ae  iif  Power  ^f* the.  fid  Root. 

Theorem  XII. 

Th»  Sitnple  Power  o^  a/Mixt  Power, ;Qr  Mixt  PQWcr  of.  a  Siqaple,  of  any  Number, 
is  equal  to  a  Mixt  Power  of  the  Ame*  Number,  whofc  Numerator  is  thei  PrOauft  of  the 
Simple  Index  by  the  Numerator  df  ttai-Mixt  pn^>,  add-,  ijs  Denominator  tl»t  of  the  Mixt 
one ;   or,  in  fliort,  whofe  Index  b  the  Produd  of  the  two  given  Indexes.    Thus,  the  r 

M  ra  ( ■  ^  ^  • 

Power  of  A»  is  A»j  which  is  alfo  the  j-  Power  6fi%t  '^  Power  j  '$.  e.  A^*"» . 

— *^7  '        -         '   •        •       11"     ' 

*  ^  *  '  Dom^fif.  A'^is  the  n  Power  of  the  m  Root  of 

A^  therefore  the  ^  P^wet  of  *  A'S"!^  the  r  Power  of 
the  »^d^Vfcr  i^tm  •»  Roott  But  the  r  Power  of  ±c 


A  =3  405<J.  A^=8.  A^=  512 
^0i  A*  or  A*=F  'i^.jSi  . 


•Power  is  the  f»  Power.  (TW.VIir.;  therefore  the  r  Power  oF  A*  is  the  r» Power  of 
the  m  Root, ».  *.  J^^'iftr  Notation. )  Again,  This  is  alfo  the  £  Power  of  A' :  For  the 
Index  -  is  the  w  Root  of  the  n  Power  j  wherefore  M"  is  the  »  Root  of  the  »  Povwr 
«f  the  r  Powe»i  i.t.  the  wkootof  the»r  Powpr^  or  *r  Po^jer  of  the  w  Rootj  *fe.  Aj^ 
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T  H  B  O  R  £  M  XIII.« 

The  Simple  Root  of  a  Mixt  Power,  or  Mixt  Power  of  •  Simple  Root  of  aiw 
Number*  is  luch  a  Mixt  Root  of  the  (ame  Number*  whofe  Denominator  is  the  Produ^ 
of  the  Simple  Index  into  the  Denominator  of  the  Mixt  one>  and  the  Numerator  that  of 
the  Mixt  one.  In  (hort*  whofe  Index  is  the  Quote  of  the  Mixt  one*  by  the  Name  of  the 
Simple  one*  or  the  I^rodud  of  the  two  Indexes*  taking  the  Simple  Root  fradionally:  Thus 

the  f  Root  of  -A",  or  the  -  Rotot  of  A?,  is  A"' :  For  -  -h  r  =  -X  -  = — . 

ExMtfk:  Demnfir.  A-  is  the  *•  Rootof  the  *  Power  of  A;  there-" 

A==^53<.  A*=: 256.  ^^  jjjg  ^  j^^jjjj  ^  j^-.^  j^g  y  j^^jQj  of  the  »» Rootof  A", 

A-f  =  167772 i(J.Sq.  Root  1    i,  e.  the  rw  Root,  (rt«r.  9.)  o*  a™.    Agun,  this  is  alfp 

of  JU.  or  A*=:J409<.  |    ^j^^  £  j^^  ^^  p^^^  ^^  ^f   ^^  £  exprefles    the    m 

Powerof  thei»Root>  afid fi> the *!^  Root  of  A"  is  the  n  Power  of  the  «»  Root  of  the  r 
Root>  I.e.  the  »  Power  of  the  mr  Root>  or  A'°». 

T  H  B  O   R  E  M      XIV. 

« 

Ths  msst  Power  of  a  mxt  Power  is  equal  to  a  mixt  Power  wliolb  Index  is  the  Pro- 
isA  of  the  given  Indexes.    Thusj  the  -  Power  of  the  -  Power  is  the  -*  Power »   u  e. 

■  m  ,  fii 

Demamftr.    The  r  Power  of  A-  is  A»,  (Dfe^.  12.)  and  the  f  Root  of  this  is  A^ 
(Tiedf.  13.)  which  is  therefore  the  s  Root  of  the  r  Powerj  or  the  r  Power  of  the  /  Root 

ofA-. 

Theorem  XV. 

Th  b  Prodaft  of  any  two  Roots  Simple  or  Mixt*  or  of  any  Power  and  Root  of  the 
fiifie  Number*  is  equal  to  (lich  a  Power  or  Root  of  the  fiime  Number  whofe  Index  is  the 

Sum  of  the  gjmn  Indexes;       Thus    A"X  A^sssA**    'ssaA  "'  j    and  A«x  A  •  "^ 

A«    ^=:A    •*    ;  Alfo>A'^xA"=5A«+'^"=:  A""^. 

JL         ' 

Demonfir.    The  moft  univerfij  Cafe  or  Expreflion  is  A"»  x  A  •;    for  by  Cippofing  n 

or  f,  or  each  of  them^  equal  to  i*  you  make  them  Simple  Roots;  and  by  maldne  mors 

equal  to*i,  you  make  that  Term  a  Simple  Power:  And  fo  dl  the  Variety  fuppofed  in  the 

Ineorem  will  be  demonftnted  in  this  one  Form ;  thus :  The  Thuig  to  De  demonffaated 

is,  that  A«x  A"^  =  A?i+''=  A  "•  :  In  osder  to  which,  fcppofc  A»«  :=  &  and  A«f 
^D;  then  is  B^==  A°«  (j^x.  1.)  =  A«  (Tbear.Xl.)  Alfo  I>-  =  A~  =  A"^j '  and 
BD=:A"«  x  A»' 5=  A^^+'w  (7har.6.)  Hence  A  "»!  =5BD»»=;  Bp^x  D«i=? 
A»xA~.  Tbk>. 
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Th  e  orb  m  XVI. 

T  H  B  Quote  of  tny  two  Roots,  Simple  or  Miit,  or  of  any  Power  tnd  Root  of  the 
fime  Number>  is  equal  to  fuch  a  Power  or  Root  of  the  fame  Number,  whofe  Index  is 
the  Difference  of  the  giren  Indexes,  when  the  Index  of  the  Dividend  is  greater  dian  diat 
of  the  Di vifor.    But  if  the  Index  of  die  Divifbr  is  the  greater,  fet  i  over  that  Number  fo 

found,  or  divide  i  by  it,  and  this  Fraftioo  or  Qjnce,  is  die  Quote  fought.    Tbi»  A"-^ 

A«=A»     ^=A  "»!    when*  is  greater  dteo  s    but  it  is  i  -r-  A    "^^    if-  i$ 
fe(s  than  -.    All  other  Ca&s  are  contain'd  in  this  Form. 
Dewanfir.    Suppofc  A"«=sB,  and  A«"^=5D,  then  is  &^=aA»-  s=5  A**  and  D"^  39 


niT 


turn 


An^-ss  As  alfo  B  -r-  D  =  A«~  A"*'  =  A«*— •f,  (2fcsr.  VH.)     Hence  A  «• 


I 


s=B^D"  =  B«^«-r-  !>•=  A"»-r-  A«. 

n  r  •    . 

Butifj^j  islefithan-,  then  aHb  is  »x  left  than  wr;  and  therefore  A"«-r- A"*'  isapro- 

per  Fraftion.  Let  us  fiippofe  mt  sanr-f.  ^,  or  mr — «/8b#,  then  is  *A^<  -s-A"''= 
A"«-^A°«  +  S  butA"«  »*=A°»X  AS  (Tieor,  VI.)  wherefore  reduce  the  FradHoa 
A"«^  A»',  or  A"*-^' A"'1**  to  lower  Terms  by  dtviding  both  by  A"«,  the  new  andcgui- 
valent  Fradion  is  i-T-A»=i-r-A'»«— *»»j  but  A"«-t- A»''=B-t-D,  which  isthcdore 

mg— »g  T  flat 

aeiH-A»«^--"*:  Hencei-r-A   "*•    =  B-r-  D»»  =  B«»«-r-I>»  =  A»  -r-  A"- 

General  Scholium  relating  to  the  preceding  Theorems. 

F  R.  o  M  the  preceding  Theorems  we  have  Rules  for  the  Multiplication,  Divifion,  Idvo- 
lutton  and  Evolutioa  of  Numbers  exprefled  in  Form  of  Powers  or  Roots  of  other  Num- 
bers, i.  e.  for  a  more  fimple  and  convenient  ExpreilioQ  of  the  Produdls  and  Quotes,  Powers 
and  Roots;  and  the  Subibmce  of  the  whole  may  be  reprefented  in  four  General  Rules, 
which  being  particularly  exemplified,  w31  (hew  in  one  (hort  View  all  the  preceding  Thech 
ry.  And  ohjerve.  That  in  order  to  reduce  it  to  fo  few  Rules,  any  Expreffion  made  of  any 
Letter  A,  with  any  Index,  Integral  or  FradHonaU  may  be  called  a  Po<wer  of  A;  for  it's 
fuch  a  Power  as  the  Numerator  exprefTes,  of  a  cenain  Root  expreiTed  by  the  Deno- 
minator. 

Rule  I.  Add  the  Indexes  of  any  two  Powers  ^f  the  fame  Number  A,  and  die  Sum 
is  the  Index  of  a  Power  equal  to  the  Froduft  of  the  other  two. 

Rule  n.  The  Diflference  of  the  Indexes  of  two  Powers  of  A,  is  the  Index  of  a 
Power  equd  to  the  Quote  of  the  other  two;  minding,  that  if  the<ndex  of  the  Divifor  is 
greateft,  i  is  to  be  fee  over  the  Power  found,  and  that  fradional  Expreffion  is  tbe  tme 
Quote. 

RuL  E  ni.    If  the  Index  of  a  given  Power  of  A  is  muJcipJicd  by  another  Index,  the 

ProduA  is  the  Index  of  a  Power  vwcb  is  equal  to  (adh  a  Power  or  the  given  Power  a$ 

I  ^  diac 
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dttc  ocbcrlodGi  dmomiaiilotM.  And  becaofe  the  Word  F^roer  does  here  figmiy  both  what 
is  in  t  more  ptrdcular  DefinidoD  call'd  Fov)er  and  Rm/«  therefore  this  Rule  comprehends 
bodi  lmv§bsim  and  E^Mtkm. 

R  u  L  E  IV.    If  to  the  Produd  or  Quote  of  two  Numbers  any  Index  is  itpplied^  the 
Expreffion  is  equal  to  the  Produft  or  Quote  of  the  ftme  Powers  of  thefe  two  Numbers. 


Examples  of  tbefe  Rules. 


Rule    i. 


A"xA* 

r 

A°xA^ 


A"4t 

tJtS 

=  A~ 
=  A" 
=  A' 


Tbetr. 
iSch. 


' 


lyth. 


=  A 


A-xA" 

A"kA^=A~ 

R.v  L  E    a. 

A"-^A»=A«»— «,  or  A" 


Tth. 


■T 


-         -         -         # 


A°-r-A'^=  A"^    -    -    .    . 
A"-r-A''=A  -jori-r-A* 


A''H-A~=  A  '  ,  on-T-A  ' 


itfth. 


A"-r-A*=sA  -  ,ori— A 
A*-f-  A^=:  A^,  or  I  -r-  a"^ 


^'  =  A- 
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A"xB»=5AB"    .    -    .    ;: 

A»:^P'»=A-riB*    -    -    - 
A=xB"— SB"   -    -    -    - 
A^-r-^=sS=B*  -    -    - 

m 

A-xB^ssXB''    -   -   -   - 
I    A--r.B2=!X=nB-    -    -    - 

J  -•-,.■ 


Thetr. 
8tb. 
9th. 

loth.' 


-     "  X2tb« 


r 
13th: 


ift. 
2d. 

3d. 

4tb. 


Theorem  XVII. 

If  the  «r  Power  of  one  Number  is  equal  to  the  m  Power  of  another^  dien  is  the  m 

1         t 

Root  of  the'firft  equal  to  the  »  Root  of  the  fecond:  Thus  if  A'^sB^,  then  is  -/F  «  B". 

Dwiwr/r.  SinccA'ssB-,  then  is  A»—  B>  (Ax.  i.)  and  B»=aA«°,  {4jc.  j.)  =5A»> 
(WforXL) 

The  R«wyf  is  alio  true,  viz.  That  if  A™  5=B">  therefore  A'^ssB^jfot  A»=5B^=iB,and 
thctefiarc  A»3=s  B». 


SCBOhlVU: 


152  Tie  Theohv    •  BookIII. 

Scholium.  This  Theorem  mty  be'  mide  yet  more  tadrariid  by  caking  any  Mis 
lodcxj  and  making  the  Theorem  thus:  If  A^=£s  then  ]sA'^<=B"«i  and  hence  again, 

t  I  a  I  t  I 

A««  =  B^:  For  the  firft,  fuppofe  A"  ^s,  and  B' =fc  then  is  A"=  ^"and  B"  =  f*-^ 
wherefore  a^  =h*y  and  hence,  (as  is aheady (hewn )  a'  =s*».    But  tf=5A°,  aadi= 
B*",  therefore  «•=  A"S  and*»  =  B™;  that  is,  A°»=B"»;  whence  again,  A™=ff»*. 
Co  ROLL.    Vt  A'^=3B<°,and  if  A»  is  Rational,  ib  alfo  is  B",  .fince  diey  are  equiL 

Theorem  XVIIL 

lFA"  =  B«*caU  m—fp=sj.  Then  is  A'  a  Power  of  the  Order  »,  and  B*  a  Power  of  the 

-  1  i 

Order  »;  i.  &  A»,  andB'^  are  both  Rational,  tho'they  are  not  always  equal. 

Demonfir.  Since  A"=B«  =  B"^^  (  for  mz^n-^J)  multiply  both  by  A*;  and  then 
A»+^s=;»B°**xA*i  therefore  A*is  aPbwer  oftheOrder  n-^d  orw,  (byaf«rff.2.  Theor.Ii.) 
Divide  both  by  B*  and  it  is  A**  -t-B«=:B"  j  therefore  B*  is  a  Power  of  the  Order  »,  (CoroH. 

J.  7ik0r.II.)  i.e.  A"  andB~  are  both  Rational. 
CoROLL.    If  J=Ib  that  is,  »r=:flr-f-i,  thenAhas  an»-4-i  Root>andBan  uRoot: 

i.e.  A^and&'are  both  rational;  as  they  are  aUb  equal  by  the  TheorenCL 

LEMMA. 
If  any    Fradion  -  is  in  its  leaft  Terms,    or   is   not   (b,  then^  tccordinglf^  any 

Power  of  this  FraAion*    ib  p;«  is  alio  in  its  lowdl  Terma»  or  is  not  fo.     And  the 

Omverfi,  if  ~  is  or  is  not  in  its  loweft  Tenps,  accottlingly  -  is  or  is  not  fi>. 

The  Dem^njbration  of  this  Truth  muft  be  referred  to  another  Place,  becaufe  it  depends 
upon  Principles  not  yet  explained :  You'll  find  it  demonftrated  in  Boek  V.  Ch. I.  Their.i]- 
(Srcil.  In  the  mean  time  we  muft  fuppoie  it  to  be  true,  for  the  fake  of  feme  things  bc- 
lof^ng  to  this  Book,  whofe  Demonfbration  depends  upon  this  Lmrns,  and  which  could 
not  be  fo  regularly  referred. 

Theorem  XIX. 

I F  any  Integer  A  has  not  a  propofed  Root  in  Integers,  it  can  have  no  determimte 
Root  of  that  Order ;  /.  e.  it  is  a  Surd  Power  of  that  Order.  Or  thus :  If  an  Integer  A 
is  not  the  Power  of  a  certain  Order  of  an  integral  Root,  it  cannot  be  To  of  a  fra(£oMl. 

ExaMle.,  7  has  no  Square  or  Cube  Root  in  Integers,  and  therefore  has  no  fuch  deter- 
mihate  Root  in  a  Fraftion. 

Demonfir.  Let  -  be  any  Fra&ion  in  its  loweft  Terms,  and  fuch  as  is  not  equal  to  vx] 
Ihregcr,  i.  e.  let  r  be  greater  than  i  j  then,  by  the  Lemma j  --^  is  alio  a  Fraftion  in  its  loweft 
Terms :  and  confequently,  r "  is  not  an  aliquot  Part  of  A"  ^  nor,  confei^ucmly,  is  ^  «» 
Irtegor;  fof  ip  this  Cafe^i  would  not  be  in  its  loweft  Tcrnis:  Hence  again  it's  clear,  that 
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no  FriiaioQ  (fachti  i$  aot^ual^o  ^  Jot^^)  can  bje  ftOjC^Voot  »P  i  Whole  Number: 
Forfuppofc-  to  be  the  n  Root  of  A,  then  is  -^'^^h^  buc  if  ^  is  fn  its  leaft Terms, (b 

Integer^  which  isabfurd.    Again*  ii 
-is  mx  in  its  Icaft  Terms,  let  -  be  it5  leaft.Terms  j  theu,  becaulc  ::-==  r-  therefore   -n=a 

W  I    "      ■  •  IT    .    '     . .'  »        '  wm  '     T  liP- 

^=i:A.  But*  being  in  is  fcaft  Terms,  lb  is  ^i'wtence  thefiitqe  Abfordity  as  before. 


fit  c" 

^-— *   therefore  *"*  ^^^  ^'^  Tnr AO^r  is  MUial  t:o   ^ 


I   ■  '■    ■    I '   ■   '  I 
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Cmtaintngthe  V r Act, i c e  ^ Irivolutiori d;;/^ Evolution. 
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§.  I.     Probl.     Of  I,  N  V  p;  I,  V  T I  a N,  ,pr  R*Uing  ^  ^(w^r j. 


rtl  E  Gifnerat  kile  for  the  PraAice'  of  Involution  is  plainly  contained  in  the  Defi- 
nition, <an4  is  nothing,  eUeJbut  a  continued  Multiplication  of  the  Root  into  it  fclf^ 
whereby,  to  come  at  any  higher  Power,  we  muft  make  up  the  Series  X)f .  all  the 
interior  Powcfs :  t'husi  the  Series  of  the  Powers  of  3  is  3:0:27:81:243,  &C'     By 


fethod  whereby  all  Powers  above  the  Cube  cdr  jjd  Power  may 


tfe Operation*  3  x  3X  3  x  1  x  3;  ^e. 

But  there  is  a  particular  Method  whereby  all  Powers  above  the  Uul)e  dr  Aa  i:' 
be  found,  without  'aftually  finding  all  the  inferior  Powers :  Which  Rule  i$  this : 

Rt/LE.  Find,  by  the  general  Rule,  two  or  more  fuch  Powers  of  the  given  Root  as 
t!iat  the  Sum  of  their  Indexes  be  pqual  to  the  Index  of  the  Power  required ;  then  multiply 
thefc  Powers  continually  into  one  another  j  the  Produft  is  the  Power  fought.  Or  find  any 
one  Power  whofe  Index  is  an  aliquot  Part  of  the  Index  of  the  Power  fi^gbt,  and  involve 
that  Power  to  an  fcdex  equal  to  the  Denominator  of  that  aliduof  Part. 

txamfk  I.;/ To  find  the  jfh  Power  of  4,  I  find  Ao  id,  3d,  and  4!;h  Powers  j  viz.  16, 
64,  zk6  j  theii  the^ 3d  >^  4th,  or  ({4  X  256=  16384  rtxe  7th Power ;  becaufe  3  +  4=7^  Ot 
inftead  of  finding  ^the  4th  Ppwer^I  find  the  5th,  by  mukiplying  the  2d  and  3a  j  viz. 
i6x  64=!  1 024  i  then  the  2d  X  5  th,  or  16  x  1024=  16384  the  7th  Power. 
.  "Exdmfh  2.  To  find  the  .12th  Power  of  j,  I  find-  ihe  Square,  vi«.  3  x  3  =  9 ;  the 
Square  of  the  Square,  or  9  X  9  =  8 1  is  the  ^th  Power;  again,  the  ad  X  4th,  or  9  x  8i=r 
720  the  6th  Power i; then  (j£h>^'<Sth,  or  729  x  729  =  531441  the  i2th  Power. 

1  need  infift.no  more  on  this  Pr^dice;  the  Heafon  of  which  is  plainly  contained  in  the 
preceding  theor.  VI.  But  I  muft  ohferve.  That  it^ea  -qot  «?  eiwy  ;.Cafe  give  any  Advan- 
tage cither  of  ^afe  p^  Eiipeditioufiiefs'  to  tlie  Work ,  yet  as  it  will  da  fo  in  naany  vafes,  and 
in  none  can  it  make  the  Operation  more  tedious,  it, will  always  be,  a>  very  oonvcnicnc 
Method.- 


«   >  M  •  >       I      •  rfi   V     • 


0/  the  Pmftice  in  Umvetfal  Chara^ers. 
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As  to  the  literal  Praflice,  or  Involution  of  Nunjbers  iteprfcfehted  by  Letters  and  Indexes, 
tim  isiidfc  fiifficsendy  explained  ia  ^heipi^dding  DeSqinbto- t^A  Theore  mir.     ' 

•;    V         -;  .-I  T  ::.:!  uij  -^  :r^;. -x-^w^ '••>  »    •'•    -^  i-   •    .  .-   •  But 
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;«Slf^ifc'"^  !*f  D*  ^  '^  reprcfc«ed  lis  «  oonpldt  0^%;  ftr  Example,  If 
inftead  of  S  wc  put  A+B,  m  Powers  may  be  reprdeated  iwa  difierac  Waysi  W 


A  +  B  A+B  .  or  A+.B  ;  which  Method  is  in  fomc  Cafes fufficient ;  but  io othcR iej 
neceflary  ,to  have  the  Opendoii  performed,  and  tbft  PoiMer  cxprdftd  acJcordiog  to  the  Re- 
fulc  of  the  MidtipUcation  j  fo  that  the  Index  be  applied  only  to  the  fingle  Letters :  ThiK, 

A-fB  =:  A* + tt  A  fi +B».  The  moft  conCderable  and  important  of  all  thcfe  Cafes  of 
complex  Rootle  with  their  Poj^ers^  is.  that  wherein  thene  are  only  two  Mimbers  in  the 
Root,  as  A  +  B,  fcallcd  hence  a  Bht^sl  Root^  or  A— B,  called  a  Hefikal  Rootj  the 
Cbnfideration  of. whofe  Powers,  i.e.  of  their  dompofidon  by  the  various  Powers  and 
Multiples  of  the  different  Members  of  the  Root,  has  been  found  of  very  great  Ufe  in 
Mathematfcks,  and  In  Atirfaroedck,  efpecially  fm  iJie  Dufluefiinf"  'itig  'fftrysffion  '&[  Rootsj 
in  order  to  which  I  (hall  here  explain  it. 

Of  the  Compoiition  of  the  Powers  rf  a  Binomial  and  Refidual  Root. 

Ihtheannex'd  Operation  you  fte  the^everal  Powers  of  A+B'raifed  by 'MuldptVingi 
according  to  the  cdmmon  Rules,  cath  Member  of  the  Root  ibto  each  Member  of  the 
ieveral  Powers^  which  produces  the  next  Powers;  in  which  the&  Things  tie  remarkable. 


Obftrvition^  ^  #ife  3W& V  fbweit       •      ' 

L  In  the  Expreffion  of  each  Power  there  are  as  many  and  no  moie  difimot  MoBriien» 

f  wWch  contain  different  Powers  of  the  Parts  of  the  Root  A  and  B)  as  the  Index  + 1 

;  cxpreffes:  Fot  tho*  each-Metlbcr 

TabLz  of  Powers  raijedfrom  the  Root  A  +  E        of^  any  of  the  Powers  being  muTa- 

Pnnr  A  j^u  ^^^^  ^^^  A;^d  B  feparatdy,  do 

aiS-  tt)ite  in  alt  twice  aa  many  Ptodofls 

AT-^«.  '  as  tie  Ttms  in  the  Power  mulo- 

--A£  .     plied;  yeteach  of  the  Series  of  Pro- 

-■■AP+P*  dudls  by  A  and  B  have  ail  their 


Square.      ..  A^  +  aAB+B*  Terms  btiailar,  exeept  the  firft  Pro- 

'               A+B  ,             dud  by  A,  and  thelaft  by  Bj  for 

As  +  aX^  +  AB^-  .     '  ^      ^       :      thde  twb  are  A*-  and  B^  Le,  the 

.     X                +AiB  +  aAB*4-B3  two  5erias  of  PfWufis  by  A  and 

<iibe.          A^+3A^ll+lAfr46s  B  comaifl  in  their  fcveral  5^^^ 

A+B  the  flme  Powers  of  A  and  B,  cx- 

Tr4  J^^  AauX^  A.ik^  A  Pa  ^^^  ^  fi"*  Terto  of  the  Line  of 

4*  Power.  X4+4A5B+6A*l^+4ABa+B^    Which  is  B%  confequemly,  thefe  fi- 

&r.  '        ^  mM  Produds  are  reducible  w  a 

tnore  fiibple  ExprefHon  by  addiif 
tten  togcflicr,  ( i.  t.  addding  Ae  Humbert  by  which  they  are  multiplied,'  and  joining  the 
common  or  fimilarLctten  with  thrir  Indexes)  thu^,  A^B  +  S  A35s=4A«Bi  aUb  jA* 
B*  +  3  A*^=s:tf  A»B»-,  which  explains  the  Rcafon  of  placing  the  Lines  of  ProducSs  by 
A  and  B,  as  is  here  done,  w«.  in  order  to  the  Addition  of  fimilar  Pioduds.  *  That  this 
Obfervation  will  hold  true^  however  far.  the  Powers  o^te  caitfedj  b  esafily  feen  from  the  Na- 
ture of  the  Thing ;  which  will  yet  fancier  appear  from  the  next  Obfervatioo*  in  which  wc 
have  a  joint  Demonflration  of  tbis. 
n.  Each  Power  of  A + B  fcbnUipsjtSow  <rf 

•Rius,  The  Index  of  any  Power  of  X^  being  js,  the  firft  Term  is  fimply  A",  and  die 

-  hft 
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bakV^;  the  ktCfmeinire  Tenw  connining  coich  a  diSereM  Po#er  of  both  A  cind 
iDuldplvsdtogQdier )  the  Index  of  A  decmrfing  grtdo^  by  x  in  tftdi  Term  from  A''  co 
theTormpnBODdJQgtfaelaft^or  BS  in  which  ic  isfimplyA;  and  the  ioddxe^  of  B  mcrea6i« 
Ae  6me^  way  fiotn  the  Term  next  after  A"#  in  ^ich  it  is  only  B>  fo  the  iaft,  or  B'*^  mi 
tbciaail  tbeiotcrmediattt  Terms  there  is  fome  Power  of  A  and  of  Bj  and  the  Sum  of  their 

ladexes  is  equd  to  n,  the  fodcx  of  the  Pbv;rcr  propofcd  of  A^B'.  Therefore,  omitting  the 
other  Numbers,  which  are  Multipliers  jo  the  feveral  Terms  of  anv  Power  of  a  Binomial,  whole 
lodexis*,  fbefeTerciSim  as  far  as  di6 v  are  compofed  of  the  Pt>wers  of  A  and  B>  may  be 
Kprefeaied  thus ;  ^ 

A"+A"^':»:B+.A^-:»xP»4.A"— fXB3^4r  ^.  A*xB"-^4'AxB'*— '+B". 

wherdn  dieie  are  as  many  Members  as  is  *f«'ij  according  to  the  itrft  OUervation;  and  tht 
Index  alB^JOt  the  Nuower  taken  from  is  in  the  Index  of  A>  is  the  Number  of  Terms 
after  A*  to  a;ny  Term. 

This  Qhfirw^im  we  fee  to  be  true  fo  far  as  the  Table  of  Powm  is  carried  ^  and  that  it 
muft  he  Idle  for  e?cr»  is  eafy  xo  perceive.  Or  it  naay  btf  demcmftratedi  thus :  Suppofe  itfs 

true  in  any  one  Cafe  or  Power  of  A  -pB>  as  the  n  Power,  it  mufl  be  true  in  die  next 
Cafe,  or  the  SI -f* I  Power:  becaufe  when  each  Term  of  the  giv^  Power  is  muldplied  by 

A,    the    Produds 

"^ —  them  than  in  the 

r+A-xB+Ax>+.A^&+,^...+  A.xBr+AxB-  IS^LriSS-fol 

+A»xB4-AxB*+AxB»+,iziv.+A*xB+AxB»+B;«       dexesof  Adecreafe 

•  -  '  gradually  from  A« 
in  theTermsjmiltiplied,  confc^ucntly  Acv  will  decreafe  gradi^ly  from  A"t  *  jn  tne  Seri^  of 
Produdb  ;<hc  Powers  of  B  continuing  as  they  were.  Again'^  The  Series  of  Produds  made  by  B 
inaftittveBopcctnore involved  in  each^  and  confeqiientlyincreafing gradually  fromBtoBMS 
leavingthePov^r^of  Aa^they  were  :Butagain,ThefeProdudsmaidebyBareallpfthem^(ex« 
ccptrhelaft  B™4^;  *fimilar  to  the  feveral  Produ&,  f after  the  firft  A'*+ V  made  by  A;  becaufe 
tbc  Indexes  of  A  -in  the  glvcrf  Pbwer  decreafing  from  the  firft  Term  A",  which  has  no 
fov/cr  of  B  miiltmlied  into  ic,  and  thofe  of  B  incrcafing  from  thefecond  Terra  A" — ■  X  B 
to  the  laft  Term  B",  it*s  plain  that  A  multiidied  iiito  any  Term  except  the  firft  A",  and  B 
multiplied  mto  the  preceding;  muft  make  fimilar  Produds;  fbr  A  multiplied  into  any 
Term  raifcs  tbe  Index  of  the  Power  of  A  bv  j,  which  makes  it  equal  to  the  Index  of  A 
in  the  preceding  Term,  without  changing  tnat  of  B  j  and  B  multiplied  in  the  preceding 
Term,  taifes  the  Power  of  B  4n  tt  to  the  Index  of  B  in  the  following  Term,  without 
changing  that  of  A;  confrquent^  thefe  Produdls^  are  fimilar,  which  makes  the  thing  ob- 
fcrved  manifWHy  true  io  any  Cafe,  in  conffequence  of  its  being  true  in  the  preceding:  But 
it's  true  in  the  Root  or  ift  Power,  and  as  far  as  we  have  carried  tlie'  Powers,  there- 
fore ifs  univerfally  true.  And. this  alfb  is  manifefl,  that  the  Sum  pf  the  Indexes  cf  A  and 
B  that  are  in  aiiy  Term,  is  always  equal  to  the  Index  of  the  Binomial  Power,  viz.  p.  Add 
aW)  this  CM>(ef:vjition,  that  the  Index  of  A  or  B  is  always  i  lefi  than  the  Number  of  Ternis 
from  A«  or  B«,  to  that  Term. ' 

ScHoL  tTJief.  If  any  one  Mcrnber  of  a  Binomial  is  i,  as  A+ 1,  then  the  Powers  of 
I  beif»  ill  t,  -fhe  Powers  of  fuch  a  Root  will  confift  oply  of  the  Series  of  the  Powers  of 
A,  and  i  added;  thus,  A«-f  A»^"  -f  A*— *+  &t.  -^  i.  Or  thus,  i  +  A-f-A»-f  e^r. 
+  A"  ' 

HI.  TheNombers  which  in  every  Power  are  multiplied  into  the  fevieral  Terms  are  called 
C9tffiumfM  ( i  r.v  joiac  Mulriifim  or  Paaors  )  of  thefeTerms  y  and  from  the  Manner  of  raifing 

*  *    X  2  '        " '      '  .       the 
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the  Power!  thil  is  to  be  oUerved*  That  die  Coefficients  of.  tbefiift  end  lift  Terms  are  i, 
and  thofe  of  the  interooediate  Terios  tfe  each  cbe  Sum  of-  the  Coefficients  of  che  corre* 
fponding  and  preceding  Terms  of  the  preceding  Power;  dius>  The  Cocffidem  of  the 
third  Terna  of  the  4th  Power  is  6j  equal  to  )  4~  3«  the  CodEcieacs  of  the  ;d  and  ad 
Terms  of  the  3d  Power,  (  fee  the  preceding  Tstk  of  Powers. )  Now  chat  yod  may  per* 
ceive  the  Rea(on  of  this,  and  that  it  muft  continue  ib  for  ever  in  allsPowers,  coofider 
thefe  two  Articles : 

(i.)  The  ProduSs  of  the  fcveral  Tenns  of  any  Powcr>  made  by  A  or  by  B,  do  not 
change  the  Coefficients  of  the  Terms  multiplied^  becaufe  A  and  d  have,  no  CgefficicDi; 
but  I.  Then  . 

(2.)  The  fimilar  Produfts  made  by  A  "and  by  B  are  thefe,  vr«.  The  Prodafi  of  the 
ad  Term,  ( of  the  Power  multiplied )  by  A,  and  the  ProduA  cf  the  ift  Term  by  B ,  the 
3d  Term  by  A,  and  the  2d  Term  by  3  ;.apd  (q  op*  Which  fimilar  Prodods  are  added 
by  the  adding  of  their  Coefficients,  and  annexing  the  fimilar  Parts  or  Powers  of  A  and  B. 

Now  from  thefe  two  Tbin^  the  univevfal  l^uth  of  the;  Obfervationv  is  manifeft;  and 
the  annexed  Table,  fo  fiir  as  it.  is  carried  ,00  by  this  Rule,  ikejvs  tbe4Seties'of  Coeffideflts 
of  any  Power  of  a  Binomial.  ,  •    .    ;  f 

Table  (f  Coefficients  of  the  Powers  of  a 

Binomial  Root. 


o 


ift 

2d 

,d 

4th 

5th 

6th 

?ch 
th 
5th 


Coefficients. 


X 

a 


I 

I 

t : 3  :   3:    I 

1 14:  6:   4:  z 

1:5:10:10:  5: 

I : 6: 15 : 20:  15: 

1:7:21:35:  35: 

1:8:28:56:  70:   56:28:    8: J ^ 

1:9:  36:  84: 126:126:  84: 36: 9': I. 


I 

6; 
21: 


I 
7: 


C  o  31  o  L  L.  "From  the' two  laft  Obfer- 
vations  we  learn  a  new  and  eafier  Way 
than  the  common,  for'raifing  any  Power 
of  a'  Binothial  Root.  Thus :  take  the  Se* 
rics  of  .PrcKiufls  of  the  PowflB,pf  A  atKl 
B,  according  to'  the  fecotid  bbfervatj- 
on  'y  and  to  thefe  apjply  die  proper  Coef- 
ficients, as  they  ftand  in  this  Table;  and  if 
you  have  no  fuch  Tablje,  you  muft  taife 
ode,  as  far  as  the  propo&d  rower;  which 
being  done  by.  fimple  Addition,  is  much 
eafier  than  the  common  Rule^  Tbusj  for 
Example ;  The  4th  Power  of  A  4-  B  is 
A*  +  4  A3  B  +  6  A»E*  +  4  ABs  +  Bf 
Bur,  again,  to  make  this  yet  eafier,  fee  the  following  Obfervatioru  and  its  Corollary. 
IV.  Any  two  Coefficients  in  the  Series  belonging  to  each  Power  are  the  fiime  NutnbcrJi 
if  they  are  taken  at  equal  Diftances  from. the  Extreme^,  (which  have  both  x)  for  the 
Coefficients  increafe  from  the  one  Extreme  to  the  Middle  T^rm.  wheret  there  is  one  Mid- 
dle Term,  and  dccreafe  from  that  to  the  other  Extreme  by  the  fiiroe  Series  by  wbich  they 
increafcd ;  and  if  there  are  two  Middle  Terms>  thefe  are  equal,  and  they  decreafe  ufxxi 
each  hand  by  the  fame  Numbers  to  the  Extremes.  The  univer&l  Truth  ot  this  is  maoifcft 
from  the  way  of  conflrufting  the  Table :  For  being  true  in.  any  Cafe*  (as  we  fee  it  is  as  far 
as  the  Table  is  carried^  it  muft  be  true  in  the  next  Cafe,  or  J?ower,  and  loon  for  ever.  And 
hence  again,  if  we  call  the  Place  of  any  Terra  from  rhe  one  Extreme  a^  the  other  Term 
whofe  Coefficient  is  equal,  is  from  the  ume  Extreme  in*the  Place  exprelTed  hjn  —  rf+* 
(» being  the  Index  of  the  Power)  For  the  whole  Number  of  T^rms  is  »4-i,  by  Oi- 
ferv.  I  .°And  that  Term  wdich  is  in  the  a  Place,  from  the  one.  Excreme,  muft  neccflirily 

beinthe»-)-i — 4  +  i=5» — a ^2  Place  from  the  other  Extreme.  And  fince  Co- 
efficients at  equal  Diftances  from  the  two  Extremes  are  equal  ^  hence  it  is,  chat  reckoning 
them  both  from  the  fiime  Extreme,  their  Places  are  s  and  m —  4+2.  Again,  If  we  call 
the  Index  »  =  ii  +  t— '2.  (i.e.  add  2  to  the  Index,  and  fuppofe  theSuin»+^=*+^' 

whereby  0=tf-|"^"*^)  ^^^  ^^  ^^^  Coefficients  equal  which  are  in  the  4  and  ^  Places 

from 


chap.  2.  or  Raifing  ^  P  o  w  e  &  s.  1 57 

from  the  faiine  Eitrctne;  for*  =  « —  ^  +  i;  and  we  have  feen  already  that  the  Coeffi- 
ciencs^  in  the  «  and  n  —  ^  -}-  2  Places  are  equal. 

In  the  laft  Place,  take  Notice,  That  the  id  Terna  from  either  Extreme  has  for  its  Co- 
eflficient  the  Index  of  the  Power.  '^ 

Co  ROLL.  Hence,  in  tnaking  up  the  Table  of  CoefScients  for  any  Power,  as  A  +  d 

when  we  are  come  to  that  Series  which  has  as  many  Terms  as  — ^—  1.  e.  the  half  Num- 
ber of  Terms  belonging  to  the  propofed  Power  »,  when  that  Number  •  4- 1  is  ^  even 
Number;  or  thad  bt^as  many  Terms  as      "^  ■  when  n'\^x  is  &n  odd  Number  j  we  need 

"raife  the  following  Series  of  the  Table  to  no  more  Terms,  till  we  come  to  the  propofed 
Power  %\  and  the  remaining  Terms  of  it  are  the  fame  with  thefe  already  fotind,  taken  in 
a  reverfe  Order,  as  above  explained.  Thus :  To  find  the  Coefficients  of  the  9ih  Power, 
which  has  ten  Terms;  when  you  have  arrived^  in  making  the  Table,  at  the  4th  Power> 
which  has  five  Terms ,  you  need  raife  no  more  Terms  in  the  following  Series  till  you  come 
to  the  loth,  and  then  make  the  reniaining  five  Terms  of  it  the  fame  with  the  preceding^ 
in  a  reverfe  Order.  And  for  the  8ch  Power^  which  has  nine  Terms,  you  muft  alfo  have 
the  Coefficients  compleat  to  the  4th  Power,  which  has  five  Terms  \  and  when  you  come 
to  the  8th,  the  remaining  foui*  are  the  fame  with  the  firft  four  reveifely. 

V.  The  preceding  Obfervations  were  all  obvious :  But  the  following  moft  valuable 
Property  of  the  Coefficients,  in  which  we  have  a  curious  Rule  for  finding  the  Coefficients 
of  any  Power  without  regard  to  the  preceding  Powers^  wc  owe  to  the  happy  Genius  of 
the  incomparable  Sir  Isaac  Newton  j  which  is  this,  viz. 

Rule.  The  Coeffcunt  of  any  Term  n  equal  to  the  VroduB  ef  the  Coefficieftt  ef,  the  preceding 
Term  mMltipIied  into  the  Index  of  A  in  that  frececbng  Term^  and  divided  by  the  Number  of 
Tervtt  from  A"  to  that  Term :  And  becaufe  the  Coefficients  of  the  firft  and  fecond  Terms 
are  always  known,  which  are  1  and  »,  by  Obferv,  4.  therefore  it  is  plain,  that  by  this  Rule 
the  Series  of  Coefficients  of  any  Power  may  be  found  independendy  of  preceding  Powers. 
Exam.  The  Coefficient  of  the  fourth  Term  of  the  eighth  Power  is  56/  the  Index  of 
A  ij  ihat  Tarm  is  5 ;  then  56X  5e=sa8o^  and  a8o-r-4=70,  which  is  the  5th  Term. 

lo  order  to  the  Demonftration  of  this  Rule,  we  (hall  firft  explain  the  nmverfkl  Exprejjhn 
of  it  in  Letters,  which  is  this:  Take  the  Index  of  the  Power  ar,  and  make  this  Series  of 

Fadois,  I X  *  X  ?^^  X  2Zl2  x  ?Ili  x  2—^  x,  ^.  carrying  it  to  a  Number  of  Terms  equal 
to  ji-4- 1  i  ^^  *^  ^^  Term  or  i  is  the  Coefficient  of  the  firft  Term  of  the  Power  j 
IX  *  or  fimply  n  ia  the  fecond  Coefficient;  i  x<?  x  — «-  is  the  third  Coefficient*  and  fo 

on,  taking  in  always  one  FaAor  more  at  every  SteOj  till  you  have  all  the  Coefficients  be- 
longing to  that  Power,  which  are  in  Number  »  +  i.  But,  as  is  before  obferv'd,  bavins 
found  them  for  the  one  half  of  the  Terms,  or  to  the  middle  Term,  the  other  half  is  found 
alfo  without  any  farther  Operation. 

Now  that  this  is  a  true  and  juft  Expreffion  of  the  preceding  Rule,  will  be  plain  frotn 
thde  Confiderations :  i.  That  the  firft  and  fecond  Terms  are  in  all  Cafes  1  and».  2.  That 
the  Index  of  A  decreafcs  continually  from  A°  the  firft  Term  j  A"-"'  being  the  fecond* 
aod  fo  on^  whereby  it  is  roanifeft,  that  according  to  this  Rule  with  that  in  Obferv.  2.  th^ 
a  Power  of  A  -|^  B  »  reprefented  as  in  the  following  Series  \  which  is  called 

The  Binomial  Theorem, 
"-'«  t  »— 1      .•■^  ♦,.   .  n — I     m — 2     *"-^ 


A+B"s=sixA«+ix>iXAxB  +  ix«x xAxB*  +  ixj»x x  — =xAxB3 

'  •  '2  *  2         3 

-f  ix»x^J3ix^III?x2lIl3x  A'xB*4->ef^-  which  is  carried  to  a  Number  ofTeroas 
234  -        » 

equal 
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equal  to  »+i;  *"^  *«*  *c  laft  Tcim  will  be  B"^  the  Indbc  of  A  beings,  v*creby  A 
is  out  of  tbatTemi^  and  the  Coefficient  is  i. 

Before  we  come  to  the  Demonjhatiem,  we  muft  obferve  upon  this  EipidSon  of  the 
Rule  for  the  Coefficients^  chat  the  Numbers  taken  from  »  in  the  Numeiafozs  are  alwiys 
1  le6  chan  the  Denominators^  .and  thefe  fwhich  are  alio  equal  to  the  Index  of  6>  or  the 
•Number  taken  from  n  in  the  Index  of  A)  being  in  Arithmetical  Progreffion  increafing 
from  I*  the  Numerators  are  in  Arithmetical  Pro^neffion  deaeafing  from  n.  Hence  the 
Denominator  of  the  laft  Fador  in  each  Coefficient  is  the  Numt^r  of  Fadon  $&sx  i; 
»nd  is  alfo  the  Number  of  Terms  after  A"  to  that  Term ;  wherefore  if  the  Denominator 
'  of  the  laft  Fador  of  any  Coefficient  is  called  a,  d»t  Term  10  in  tbe  c^"  <  F^ce  from  the 
b^inningi  or  if  it  is  in  the  ii  Place«  that  Denominator  is  4! — i.  Wherefore  the  Coeffici- 
ent of  the  s  Place  of  the  n  Power  is  ixmx^^^,  &€.  carried  on  till  the  laft  Fador;  is 

,  !Lnfi-^i  or,  make  a  the  Place  of  the  Term  after  the  firft,  i.  #.  the  Number  of  Terms 
a — i 

— 1 1  then  the  Coefficient  is  ixnx  Ji^,  &c,  to  ^~^i}^    And  if  we  take  this  Series  of 
Fadoffi  backwards,  it  is  ^^"^  '  ^  x  iZZiJll,  ^c,  to  i,    when  u  is  the  Number  of 

Terms;  or  <     x— -2—,  &c.  to  i,  when  -s+i  '^  the  Numhor  of  Terms.  Wc 

fliaU  oeKt  demonftrate  the  univerlal  Truth  of  this  Rule  for  Coefficients.    Thus: 

Ikmonftraiion  of  the  preceding  Rub  for  Coefficients. 

X.  If  the  Rule  is  good  in  anv  one  Cafe  or  Power  of  A-f>B«  as  the  m  Power>  it  moll 
therefore  be  good  in  the  next  Power^  or  «-f-i.  To  prove  this  ConnedioQ»  fee  die  two 
following  Seritt^  whereof  the  firft  contains  the  Coefficients  for  the  n  Power/  accordii^  to 
the  Rule^  and  the  other  the  Coefficients  for  die  si 4"'  Power>  according  cotbeume 
Ruld^  and  becaufe  i  does  not  inuldply«  I  have  omitfied  it  in  all  the  CocfficknCB  but  the 
,firft>  which  is  itiblf  i. 

For  the  n  Power,  i,    -j  -x y  -X X-— — 3  -x— -— x-~— x \  &f* 

11212  312  3  49 

'  1121231^3  4 

By  Ohfcro,  3.  the  Coefficients  of  any  Power  of  AJ-*B  are  each  equal  to  die  Sum  of 
the  Coefficients  of  the  correfponding  and  preceding  Terms  of  the  preceding  Power  of 
A+Bj  wherefore  the  firft  Scries  being  the  true  Coefficients  of  the  0  Powers,  the  fccood 
will  be  the  true  Coefficients  of  the  «+  ^  Power;  providing  that  they  have  this Conne(2i- 
on  with  the  former,  'viz.  that  any  Term  is  the  Sum  of  the  correfponding  and  pieccdiiig 
Terms  of  that  former ;  which  is  therefore  the  thing  to  be  proved.  Thus : 
The  firft  Coefficient  in  all  Powers  js  i ;  then  the  Sum  of  the  firft  and  fecond  CodGci- 

encsof  the  uPower  is  i  ^i?=s:^T    the  fecond  Term  of  the  fecond  Series.    Again,  the 

Sum  of  the  fecond  and  third  Terras  of  the  firft  Series  is*  -+  - x  -— -  =  -x  i -f — -- 

.fi-fx  ^^'sst^^x  -  (by  changing  the  Order  of  the  Numeratoxs,  which  docs  apt 
change  the  Produft)  and  this  is  the  third  Term  of  the  fecond  Series^  tbta  the  Sum  of 
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the  third  ifld  fourth  Terms  of  the  firft  Setie»i8*x^~^-(  *  j^ iZZLy^^LZJ: =^.%  !lz? 

1212312 

^iJ^iIll^!Ly.^L:zly^''±l^^Lkl)^'^.%^LllJL  (by  changing  only  the  Order  of 
^Ji2  3  laS-  ^-r 

theNoBienpftns^wliicb  dooaoocchlngetbePfodiia)  aadthbfetbefburthTermof  the  fecond 
Seria  f rora  d)e  Netufe.  of  dide  Sevies^  wfs  evident  they  muft  beve>  every-wherej  the 
imt  Cooofldioo^  of  we  may  tlfo  ihew  the  Unnreffilit^  of  it.    Thu^: 

By  what's  fltewn  in  the  ObArvation  made  upoa  the  Etpreflion  of  this  Rule>  the  Coeffi* 
ciem  of  any  Term>  ts  that  in  the  ^s  Place  aner  the  firft  or  A"^  may  be  thus  exprefledi 

ix?x!IIl?x,c^r.  x?Ill±?x!I=±ti,andih^ 

I      a  tf— X  a  12 

^(.  X  LZli::^^  ^n4ib:h  contkios  an  the  Fafton  of  the  other  except  the  laft.  The  Sum 
of  thcfc  two  is  therefore,  ix  ^x^-lUx,  &c.  x*''*"^+^x  1+''^*  +  ^  =:  ix  ?  x 

I         2  ,   a — I  a  I 

?::i^,  cJ'^.  X  •.r::l±ix  2Ltl  ==  I X  ?t^ 

ging  the  Older  of  the  Numerators^  which  is  the  m  Term  after  the  firft  in  the  »  4- 1  Pow- 
CTj  becauie  the  Denominators  are  the  Tame  Series,  1,2,3,  ^^-  ^^^«  ^hich  are  the  Deno* 
minators  in  all  PoifvCrs,  and  the  Numerators. decreafe  gradually  from  the  Index  »-f- 1:  fo 
that  the  Number  fubtraded  from  the  Index  n  -^^  i  in  the  laft,  is  leis  by  one  than  the  De- 
Domioatar,  (as  has  been  obierred  and  explaiiied  upon  this  Expreffion  ot  the  Rule);  for  the 

laft  Numerator  is  here  a^— 4  +  ^*^*+x-— «  +  t*«»-J-i~^~^- 

2.  But  diis  Ruk  is  aiie  when  applied  to  the  fi^ft  Power,  and  to  all  the  Powers  as  far 
as  we  hate  railed  tfaem  in  liie  preceding  Table ',  therefore,  by  what^  now  Oiewn,  it's  true 
in  the  oezr  Power  above  f  and  conftquently  in  all  abort,  r,  e.  in  all  the  Powers  whatever 
ofA-fR 

SCHOLIUMS. 

ijf,  DifiiMnt  Authors havt  made  difierent  Demonftrations  of  this  Rule;  I  havechoiea 
what  I  (hink  as  eafy  as  any  of  them,  and  ficteft  for  this  place.  In  Book  V.  Chap,  6.  youll 
find  inocher  Demonftration  of  it  from  Principles  which  have  not,  as  I  know,  beeft  appli^ 
ed  to  this  purpdfe.  , 

2.  If  inftead  of  a  Binomial  A  4-'B  we  take  a  Refidual  A— *B,  ie^  minifeft  that  all  the 
Difference  betwixt  its  Powers  and  thefe  of  A  +  B  will  be.  That  whereas  all  the  Members 
of  the  Binomial  Powers  are  added  rogedier,  thefe  of  the  Refidual  Powers  will  be  conned^ 
with  the  Signs  of  Addition  and  Submra&ion,  alternately ;  but  the  Powers  of  A  and  B^  with 


■  III  ,m% 


*c Coefficients  are  the  very  fiifte:  Thus,  A— B  =:  A*~2  AB+B»,  and  A  — if^=ai 

A^-3  A*B+3  AB*  — B3^  aMb  A— B*=5A^  — 4AiB+(J  A»B*— 4A  Bs +'b*, 
todfoon. 

\  In  applying  this  Rule  for  finding  any  Coefficieot,  ( either  of  a  Bmomlal  or  Refidual ) 
obfcrve  to  take  its  Place  from  the  neareft  Extreme,  A"  or  B",  which  willmake  the  Ope- 
ration  fiiorter,  and  produce  the  fame  Number,  Gnce  the  Coefficients  are  the  fame  Series 
of  Numbexs,  from  either  Extreme.  Thus,  to  find  the  Coe£5ciencs  in  the  a  Place  (  from 
ekhcr  Extreme)  of  the  n  Power:  Compare  ji,  txiAn  —  0^1,  (for,  byO^yJrv.  4.  the  Co-' 
efficients  in  the  is,  and  «— is-f^  Places,  from  the  fiime  or  difierent  Extreme,  are  equal.) 
which  ever  of  thefe  Numbers  is  leaft,  find  the  Coefficient  for  that  Place.  Exampk:  To 
°Qd  the  7th  Coeffidenc  of  the  loth  Power ;  I  find  the  5th  Coefficient*  which  is  equal 
to  the  7th;  for  if  »=  10.  7=tf>  then  issi— #+a=5-  '    4.  Tno* 


i6o  0/"  In  vo  LUTi  o  K^  BookIII. 

4.  Tho'  we  had  taken  no  notice  of  the  Equality  of  CoefHcieots  at  equal  Diftances  from 
the  two  Extremes,  yet  the  Rule  bow  deooonurtted  would  tiave  (hewn  it  of  itfelf :  Thus. 

The  Theorem  for  Coefficients  is    i  x  -X  ^-^^  X  - — 2  x^ — 3  x,  &c.  !LZl±i; 

which  is  the  Coefficient  in  the  4+ 1  Place,  or  the  d  Place  after  the  firft.  Now  the  Nu- 
merators decreafe  from  n  to  j»-^i»  +  i,  or  n  — •<! — i,  by  a  conftant  Diflference  1,  and 
the  Denominators  increafe  from  i  to  a.  Again  y  Since  the  Namber  of  Terms  in  the « 
Power  is  »-f-i^  and  in  every  Coefficient  there  are  as  many  FiSton  al  the  Number  of 
Terms  from  the  Beginnings  or  A" ;  therefore^  if  we  want  the  laft  CoefficienCj*  or  that  in 
the  w+  I  Place,  then  is  « =  » ;  and  confequently,  <f  -f-  1  =s=  »  +  ^*  ^^  »  —  <i"|- 1  = 
n  —  »4^i==i;  fb  that  the  Numerators  and  DenominatpiS  are  the  very  fame  Series p( 
Numbers^  only  in  different  Order^  which  akers  not  the  Product: ;  and  being  equals  there- 
fore the  Produd  is  ==  i.    Let  us  now  express  the  Series  thus :  i  x  -  K  X  -^-^z. 
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— 3 —  X     ^  ■  X  - :  it^s  plain  the  laft  Coefficient  but  one,  is  the  Produft  of  this  Scrie, 

excluding-^  which  Produdl  is  equal  to  iX  -j  for  all  the  other  Fju5tor$  upon  each  haodof 

the  middle  one,  (whofe  Numerator  and  Denominator  muft  be  fsqual)-  are  reciprocal  to  one 
another,  and  fo  make  the  Produd  of  them  all  only  x  ^  or  if  thei;^  are  two  middle  ones 
they  are  Reciprocals.    By  the  fame  Reafon,  the  Coefficient  :in  ^he  laft  Pkce  but  two>  is 

is  I X-  X  • :    For  excluding  ■■  ■  ■    x  -,  the  tniddle  Terms  after  — deftroy   one 

12  ,     ^  n —  I     »  2 

another's  Effed,  and  make  their  total  Produd:  no  more  than  i :  The  fiime  Reafonlng 
holds  in  every  Place.  And  hence  again  pbierye,  that  if  we  aprih^-che  Rule  to  find  a  Co- 
efficient ftanding  from  the  firft  Place  further  than  the  cnkldle;  Pkoe,  or  the^  laft  of  two 
middle  Places ; .  then  whenever  in  writing  down  the  Fa£lors>  we  come  to  one  whofe  Mu* 
xherator  and  Denominator  are  equal,  or  to  two  adjacent  FtQots  thtf  are  Reciprocals,  there 
we  may  ftopj  for  what  follows  will  deftroy  the  Eflfedk  of  as  many  of  thele  preceding  that 
^ne  whofe  Numerator  and  Denoininator  are  enual,  or  the  firft  of  thefe  two  adjacent  Reci- 
procals, as  the  remaining  Number  to  be  yet  let  down^  and  therefore,  by  cutting  off  fo 
many  of  the  Faftors  (as  leaves  a  Number  equal  to  the  Place  of  the  CoeflScient  fopght, 
iiumber*d  fixjm  the  ncareft  Extreme^  we  have  what's  fought:  Thus^  For  the  8th  Coeffi- 
cient of  the  10th  Power,  it  is  1  xi?x  ^x  -  x  I  k  w  x  1  x  -:  which  is  =ix  -x- 

1234567'  I     I 

X  -  )  for  the  reft  deftroy  one  another,  being  Reciprocals. 

S.  Ifwetaketheperpendicular  Columns  of  the  Table  of  Coefficients,  it's  plain  thele  aceCo- 
efficients  all  in  the  fame  Place,  or  Diftance  from  the  Beginning  in  different  Powers;  and 
xnay  be  called  Similar  Coefficients  of  -  diflfereixt  Powers.  ^A^n;  Wc  have  explained 
above,  that  if  the  Place  of  any  Coefficient  is  a»    the  laft  Faflor  that  compofes  it  is 

^~^  <  %  and  fo  that  Coefficient  will  be  i  x-  x  — "^ '■  x, &c.  x  ^      ^"^?:  then 
a  —  I  I      -    2  a  —  I     ' 

by  changir^  the  Value  of  n  this  will  expreG  all  thd  (imtlar  Coefficients  in  the  a  Place  of 
different  Powers :  obierving  this.  That  the  ioweft  Value  we  can  put  upon  n  is  tf  —  i  i 
becaufe  no  Power  below  that  of  the  Order  a — i  can  have  a  Number  of  Terms  coual 
to  a  f  by  Ohferv.  i.  j;  and  if  »=4— I,  the  Coefficient  wHl  be  i\  for  it  is  the  aCo- 
.efficient  of  the^  —  i  Power,  Which  being  the  laft  Coefficient,  is  thereifore  r,  and  is  confe- 
quently  the  firft  Term  of  the  Series  of  (imilar  Coefficients  tjf 'MiflFerent  Powers,  from  th>t 
whofe  Index  is  if —  i :  So  that  by  taking  »  ftjcceffively  equal  to  i«—  i,  a,  a^i>  &(-  ^^ 
fliall  have  the  Scries  of  Coefficients  of  tWe  S  Place  of  thofe*  different  Powers  whofe  In- 
dexes are  « — 1>  <»j  <j  +  i,  tf +5i  ^r;  •.  — -^    :  ,  -  -   -  But 


Chap.  2.  or  Raifitig  ^Powers;  i6i 

Bat  we  TOKf  erprefi  thb  Rule  rifo  ttiui:    Inftead  of  «  put  «  +  *  —  a.  and  it  is 
X  X  *  +  *""^x  *  +  *~'^  X  <$-*.    to^EIEilllEFor  JL  J  which,  according  to 

I  %  4f  —  I  <f—  I 

the  general  Rule  jof  CocflScicnts,  is  the  Coefficient  of  the  a  Term  of  the  4  + 1  —  a 
Power;  and  by  taking  h  fucceifively  equal  to  i,  2,  3>  &€.  we  (hall  have  hereby  the  Se- 
ries of  Coefficients  in  the  4  Place  of  all  Powers  frow  the  4—  i  Power;  for  if  *  =  i> 
then  »  4-f.*— a?=!4— I,  and  the  Rule  ©v^  the  firft  fimflar  Coefficient,  which  is  al* 
ways  i;  if  ^=a»  then  4-f-^  — 2=4,  and  we  have  the  fecond  (imilar  Coefficient;  if 
^=3,  thea4-^^-^2=:4-f-i,  and  we  have  the  third  fimilar  Coefficient*  and  fo  on: 

Or  if  wc  take  w=4+*,  the  Ruleis  ix -x  —^  &c.  x  -jzri' 

Hence  again  we  have  thi?  geoeial  Truth  to  obfervej  vis.  That  the  4  Coefficient  of  any 
Power  whofe  Index  is  4-^  t  —  2,  is  the  fame  as  the  b  Term  of  the  Series  of  fimilar  Coe& 
6deiits  which  are  in  the  4  Place  of  diflerent  Powers.  And  this  wiJl  eafily  be  proved 
from  diefe  two  Confidcrations :  The  ift  is  what  we  have  already  explained,  viz..  That  if 
the  Index  of  any  Power  is  4+* — 2,  then  the  4  Coefficient  of  that  Power  is  equal  to 
its  *  Coefficient  f  See  Obfirv.  4  )  The  ad  is.  That  from  any  Term  in  the  Table  of 
Coefficients,  (i.e.  any  Coefficient  of  any  Power)  there  Hand  as  many  Terms  on  the  right 
hand,  as  there  are  Terms  above  it  in  the  perpendicular  Column  of  fimilar  Coefficients ; 
and  therefore  that  Term  is  in  the  fame  Place  of  the  fimilar  Coefficit nts,  and  of  the  Line 
of  Coefficients  of  that  Power,  numbering  from  the  right  hand :  Wherefore  it's  plain,  thlt 
the  4  Coefficient  (  reckoning  from  the^Ieft  hand)  of  the  4  +  *  —  2  Power,  is  the  &me  as 
the  *  Term  of  the  Column  of  fimilar  Coefficients  in  the  4  Place  of  different  Powers,  bc- 
caufe  V%  the  lame  as  the  b  Coefficient  from  the  Right  of  the  fiime  Power. 

C  OR  O  L  L  A  R  IE  S. 

1.  Thefe  Expreffions  of  Powers  of  a  Binomial  Root  fliew  us  how.  the  Difference  be- 
vmxt  any  two  fimilar  Powers  is  compofed  of  the  various  Powers  and  Multiples  of  any 
one  of  the  Roots,  and  the  Difference  betwixt  the  Roots:  Thus,  A  being  one  Root,  and 
B  the  Difference  of  that  and  another  A  -f-  B,  or  A — B,  the  Difference  of  their  Squares 
isaAB+B*.    Hence 

Having  any  Power  of  any  Root,  we  can  find  another  fimilar  Power  whole  Root  fli^l 
differ  from  tne  given,  one  by  any  Diffinrence^  and  that  without  either  knowing  or  enqui* 
ring  what  that  other  Root  is. 

For  Exampk :  144  is  the  Sqiiare  of  12 ;  and  jf  the  Difference  betwixt  this  Root  and 
another  is  9,  hence  the  Square  of  that  other  is  I44-4-2X  12X  9  +  81  =  144 -f.2i(J  +  8i 
=  441,  if  12  is  the  lefferRoot;  but  it  is  144—210  +  81  =  9*  if  12  is  ^he  greater  Root, 

Obfirve,  If  the  given  Di£Eerence  B  is  i,  then  in  all  the  Terms  wherein  there  is  any  Power 
of  B,  we  have  noSiing  but  the  Powers  of  A,  with  the  Coefficients;  except  the  laft  Term 

B»,  which  flands  alone,  and  isi;  forA+i  ==:A*+2A+  i,  and  A+i  =  A34-3  A* 
+  3A-4-1. 

2.  We  have  here  alfb  learnt  another  Way  of  Raifing  a  given  Number  to  any  Power,  by 
means  of  the  fimilar  Powers  of  the  Binomial :  Thus; 

Take  all  the  fignificant  Figures  of  the  given  Number  in  their  compleat  Value^  as  Co  many 
(figerent  Members  that  compofe  it,  by  Addition ;  then  take  the  two  higheft,  calling  thepi 
A  and  B:  Raifc  this  Binomial  to  the  propofed  Power ;  then  confider  the  firft  two  Mem- 
bers as  one ;  call  their  Sum  again  A,  and  call  the  next  Member  B,  and  raife  this  new  Bi- 
nomial to  the  lame  Power;  in  doing  of  which,  obfirve,  that  fo  much  of  the  Work  i% 
aVcady  done,  becaufe  t^e  n  Power  of  the  firft  Member  of  the  prefent  Binomial,  is  the  to- 
tal Power  of  the  preceding  Binomial,  which  is  already  found ;  lo  that  what  remains  is  ta 

Y  make 
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oiake  up  tbe  ocher  Memters  cX  ihe  Vo^tr  fiMtght^  '^ccontiiig  to  Ihe  genend  Ctmm.  In 
the  fame  manner  confider  the  thfee  highcft  Members  as  one,  and.  call  it  A,  and  join  the 
next  Memberj  ctMii^  k  B>  «nd  wXk  tab  Biaocaial;  at^  ^m  piocoed  dl  a&  the  Mcmbeis 
ftre  taken  in. 

Example:  To  find  the  Square  of  245  =  200-^404-*^*  the  Operation  is 

—  1 

2004-40  t>*:4.<X>0O<4'lfo0O-f'I^$(M   !Mi-^-f6<»0 

X^  as    A»  +  aAB+  B» 

Then   240  +  ^  =*  57000  4-  a88o  +  jd  t=3  (foyitf  the  Square  fought. 
jqpS"  =5    A*     +2AB  +  B* 
If  there  are  more  Members^  yx>u  muft  go  on  the  kmt  ^IKJ* 
Example  2.  To  find  the  Cube  of  2}5  =  20o-4-3o-f-5«  the  Work  is 

200+  30  ca=  8000000  4*  3<ooooo + 540000  +  470*10  83B  lax^TObD 
A^B*     =,     A3      +    3A»B  +  3AB*+    » 

Then  230+5  =  12157000  +  793500+  17250+  125  =  12977875  the  Cube  fought. 

XlTB'    =c      A3       +  3A*B  +  3AB»+fl8 

Scholium.  As  to  this  Method  of  raifing  Powers,  it^  more  tedious  than  the  com- 
mon Way,  and  therefore  not  to  be  recommended  for  "Praflice  ^  i!hc  Defign  of  coafideriflg 
it  here  being  only  for  the  fake  of  a  particular  Illaftration  to  be  made  by  it  of  the  Rules  oi 
£xcra<3ion. 

i.  IL    0/*  E  V  o  L  u  T  I  o  N,  or  Extraction  of  Roots. 

P  A  R  T  I.     ^  Whole  Numbers. 

Problem  I.    ^0  extr^^  the  Square  Rjoot  of  a  Whole  Number. 

Rule  I.  T  N  Order  to  the  Solution  of  this  Problem,  we  muft  have  a  Table  of  fimpfe 
^  Squares,  or  Squares  of  Numbers  (torn  i  to  9,  as  here  in  the  Mar^ :  Then 
II.    Beginning  at  the  Rjght  band*  diftioguiflfi  the  Figures  of  the  given  Num- 
ber into  Periods  of  two  Figures  as  Ions  as  you  can,  by  putciaga  Point  over 
tbe  firft  Figure*  and  over  every  >  other  Figore,  i.  e.  palfiug  one,  take  tl»  next. 

Exampk:  1^49  is  poinvftd  thus,  1849,  and  34958  thus,  3495^;  the  pointed 
F^re  bdng  the  firft  of  each  Period,  and  chat  oo  its  Left  the  others  tfao'  tbc 
laft  Period  may  fometimes  have  biit  One  Figure. 

The  given  Number  being  thus  pointed*  the  Number  of  Points  or  Periods 
ihews  us  how  many  Figures  the  Root  confifts  of  ^  to  find  which  we  proceed 
thus ; 

ni.    Take  the  laft  Period,  ( or  that  next  the  Left )  and  feck  it,  or  the  next 

leOer  Number  you  can  find.  In  the  Table  of  fimple  Squares,  tiie  Roa  of  this 

is  the  firft  Figure  on  the  Left  of  the  Root  fought  ^  which  being  written  down 

to  the  Right  of  the  given  Number*  as  we  do  the  Quote  in  Divifjon*  then  icr 

down  its  Square  under  the  laft  Period*  and  take  their  Difference*  to  which 

prc£x  the  next  Period  of  the  given  Number :  And  all  this  takea  for  cue  Num- 
ber 
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bcr,  as  it  ftands,  wc  call  the  Second  Refol vend,  becsuife  out  of  it .  wc  feck  the  next .  Fi- 
gure of  the  Root>  (the  laft  Period  being  the  firft  RefblvendJ  thus: 

IV.  Confider  the  Figure  found  as  having  o  before  it,  and  iben  multiply  it  by  2, 
( which  is  in  cflfea,  multiplying  it  by  20 ;  j  make  this  Produft  a  Divifor,  and  -find  how 
oft  it  is  contained  in  the  Relolvendi  which,  to  the  prefent  purpofe,  muft  not  be  taken 
above  nine  times  ^  tho*  in  fonie  Cafes  it  may  be  ofmer  contained  j  and  then  alfo  it  muft 
be  under  this  Liroitacton,  viz.  th^c  the  Square  of  the  Qjiote,  or  Figure  now  fct  in  the 
Root,  added  to  its-Produd  by  the  Divifor,  the  Sum  do  not  exceed  the  Retblvend:  Or, 
which  fa  the  fame  thine,  put  the  QuotCi  or  fuppofe  it  put,  in  the  Place  of  the  o  which 
ftands  in  the  Pla^  of  units  of  the  Divifor  j  then  multiplying  the  whole  by  the  Quote, 
the  Produft  nmift  not  exceed  the  Refolvend :  For  if  it  do>  the  Figure  taken  is  too  great, 
and  vou  muft  try  a  lefler*  till  it  anfwer.  The  Figure  thus  found  is  the  next  Figure-  of 
the  Root  fou|hr,  which  muft  be  jTet  on  the  Right  of  the  laft :  And  fetting  the  Sum  or 
Produft  mention'd  under  the  Refolvend,  take  their  DifFerence,  to  which  prefix,  the  next 
Period  of  the  given  Number^  and  all  this  coofidered  a«  one  Number,  is  your  next  Re- 
Wfend;  out  of  wbich  the  next  Figure  is  to  be  fought  thus : 

V.  Tkke  both  the  Fijgurcs  of  the  Root  found,  as  they  ftandi  for  one  Number  j  doa- 
ble it,  and  prefix  o,  for  preBx  o>  and  then  double,  which  i&che  ikxne  thing,)  and  this 
is  your  Divifor:  Find  how  oft  it  is  containqd  in  the  Refolvend,  under  the.  feme  Limita- 
tions as  formerly ;  place  the  Figure  found  on  the  Right  of  riidfe  before  found,  and  fub- 
ftrading  the  Produft  direftcd  to  be  compared  with  me  Refolvend  from  it  5  to  the  Difli». 
rente  prefix  the  next  Period,  and  you  have  the  next  Refolvend ;  to  which  make  a  Divifor 
OK  of  the  Figures  of  the  Root  already  found,  the  fame  way  as  bdfore^  and  dius  proceed 
till  al)  the  Periods  are  employed,  finding  a  new  Figure  of  the  Roor  for  every  Period : 
And  if  tti  any  Step  the  Divifor  is  greater  than  the  Refolvend,  or  if  i  added  to  the  Divifor 
makes  the  Sum  greater  than  the  Refolvend  ^  then  place  o  in  the  Root,  and  prefix  another 
Period,  forming  a  new  Divifor  by  fetting  another  o  to  the  former  Divifor^  and  fo  go  on; 

Example  9. 
Ex.  I.  To  find  the  Squale  Root  of  13^,  it  is  37^  as  found  by 
Ofetation, 

Exflicdtiom. 


fttfss^o^  4(9.  2d  Refobend. 


000 


The  ghren  Number  being  pointcd>  the  laft  Period 
is  i3>  and  the  nm-  Square  to  this  is  9,  wbofe  Rooc 
i^  3,  which:  if  the  laft  Figure  of  the  Root^  and  call<i 
ing  it  ^,  I  tftke  jf^  =  9  ou|  of  13,  and  to  the  re^ 
mainiog  4  I  prefix  the  next  Period  69,  which  makes 

I'  469  the  2d  R^vend :  Then  taking  «f  =^  30,  I  doiH 
.  Ue  ic>  and  msJce  2  «  =»  60  a  Divifor^  and  feeking 
bow  oft  it  is  contained  in  469*  under  the  LimitA^ 
tk)ns  of  the  Rule>  tM  k  7  ticnesb  which  is  therefem  the  other  Figare  of  the  Root; 
which  is  proved  by  this«  thac.atf  J^-f-l^sss  4^,  tbo  Refolvend^  and  becaufe  there  is  no 
Remainder, jtbe  ^veB  t^umber  13^9  isji  trqe  Squao^  vdsofe  Root  is  37. 
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Exopiple  2.  To  find  the  Square  Root  of  2309753$^  it  is  4S06. 

Oferstion. 

(abbh  ExfUcdtson, 

....        ^^  The  laft  Period  being  23.  the  ncxi 

a^=^   \6  ±_  Square  Icffer   is  16,  whofe  Root  is  4, 

)— —        ,  «  ^  /    J  which   I  place  ia  the  Root,  aod  call- 

709.  2d  Rcfolvcnd.  ii^  it  ii,  I  take  -i»=  id  out  of  43,  and 

7<^+  =  ^^^  +  ^  (*~^/         to  the  Remainder  7  I  prcfii  the  next 
,  ^  — — •      J  „^  •      J  Period  90,  which  makes  700  Ac  adR^ 

a/f  =  9(^0  A      5  7d.  3d  Relolvend.  folvend :  Then  taking  -» = 40,  according 

f  if =480)  y  '      .  „  --       .  to  the  Rule,Idouble  iu  and  aX4jo=«a 

2*  =  9600  A    57^3^'  4^**  Refolvend.         \^  the  Divifor,  which  is  contained  in  the 
(^  =  4800)  J  .   ,  r.,,      ^v  Refolvend  8  times;  which  Number  alfo 

}7636=a«^+^(*=:6)  anfwers  the  Limitations  of  theRule:  For 
'  88  X  8  is  =  704  =  a  J!  *  +  ^,  or 

^^^'  aT:px*,  *being8,  wbercforeSisthe 

'  next  Figure  o£  the  Root  fought ;  and  fub- 

ftrafting  704  from  709,  to  the  Remainder  y  I  prefix  the  next  Period  76,  and  576  is  the 
3d  Refolvend ;  then  taking  a  =3  480*  its  Double^  9604  is  the  Divifor  \  which  being  greater 
than  the  Reiblvoid^  I  fet  •  in  the  Root«  then  prefixing  the  next  Period  j^^,  the  4di  R^ 
folvend  is  5  7636^  and  the  Divifor  is  9^00^  ( a  being  here  4800  )  which  is  the  former  Di- 
vifor with  o  prefixed :  Then  I  find  96o#  contained  in  ^T^'tfii  6  times>  which  Number  an- 
fwering  the  Limitation  of  the  Rule«  I  fet  6  in  the  Root*  and  caUins  it  ^,  I  find  2  «^ 
^  h^  =fj6'i6,  the  Refolvend;  fo  that  nothing  remains;  And  fo  &  g^ven  Number 
a3o67(J36  IS  a  pc^fed  Square,  whofe  Root  is  4805. 

SCHOLIUMS. 

X.  If  you  begin  your  Gueis  or  Trial  for  the  Quote  in  any  of  the  Stepi  after  liie  fir& 
at  the  greateft  Number  of  times,  not  exceeding  9,  that  the  Divifor  is  contain'd  in  the  R^ 
folvend:  Then  the  Limitation  of  the  Rule  for  the  Number  to  be  compared  with  the  Re- 
folvend is  fufEcient  to  determine  when  we  have  the  true  Figure ;  becaufo  if  that  Number 
is  greater  than  the  Refolvend  the  Quote  is  taken  too  big ;  and  then  we  try  the  next  leffcr, 
till  it  anfwer  the  Rule :  Yet  obferve,  that  if  you  fliould  make  trial  at  random,  then  the' 
a  ^^  +  **  be  left  than  the  Refolvend,  yet  the  Quote  h  may  be  too  litde,^and  youll  prove  it 
by  this  Mark,  viz,.  The  Remainder,  after  taking  ^sh-^b^  oaxof  ^t\t  Refblvend,  roajr  be 
greater  than  the  Divifor,  but  it  muft  not  exceed  the  Sum  of  the  Divifor  and  double  the 
Quote,  i.  e.  2  a -{-2  b,  elfe  the  Quote  is  too  litde :  See  below  the  Explication  ef  Exam.  j. 
And  here  I  muft  obfirve.  That  fomc  Authors  think  the  forming  of  a  Divifor  an  ufdds 
thing,  and  would  have  us  left  altogether  to  a  random  Guefi  for  the  Figure  of  the  Quote 
at  every  Step  zAtr  the  firft,  tho'  they  prefcribe  the  fame  neceflary  Limitation  of  the  Figure 

Befled :  But  they  have  not  confidered  this  Conveniency  of  the  Divifor,  that  the  greateft 
umber  of  times  it  is  contained  in  the  Refolvend  not  etctedii^  9,  is  a  Limit  to  our 
guefliDg;  for  the  Figure  fo»ught  cannot,  exceed  that,  and  fo  wiN  in  many  Cafes  lave  the 
Trouble  of  gueffing  at  Figures  which  cannot  anfwcr,  Befides,  the  Divifor  is  of  a  neceflary 
Confideration  in  the  Demonftracion  of  the  Rule ;  and  a  further  Uie  of  it,  foe  in  the  next 
Article 

2.  If^the  Divifor  is  .contained  in  the  Refolvend  oftner  than  9  times  in  any  Step  after  die 
ad,  the  Figure  fought  Is  certainly  9:  And  alfo  in  the  2d  Step  it's  o,  if  the  firft  F^urc  ij 
at  the  fame  time,  5^  6,  7,  8,  or  9.  But  if  this  is  befow  5^  we  muft  make  ixial  i  for  fome- 
times  it  will  be  9,  »id  fooMunes  not    Se$  Exam.  3,  4.  ." 3?^ 


chap. 
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Sci.U  A  RR   Ro  OT* 


^65 


3.  For  formfa^  the  DMtbt  a  little  more  eafily,  yoa  have  no  moie  to  do  after  the  2<I 
Step  but  add  the  doable  of  the  Figure  laft  found  to  the  laft  Divifer,  and  then  prefix  o  ^ 
ts  you  may  eafily  perceive  in  the  £xampieF« 

4.  If  toere  is  a  Remainder  after  all  the  Periods  are  employed*  dien  tlie  given  Num- 
ber is  not  a  perfeft  Square^  and  the  Root  found  is  the  Root  of  the  greateft  Int^al Square 
contained  in  it.  How  to  find  a  Mixc  Root  whofe  Square  fliall  be  within  any  alSgned  Dif* 
ference  firom  the  giveQ  Numberj  (hall  be  taught  in  its  proper  Place. 

» 

ExmBfle  3.  To  find  the  Square  Root  of  iKi^^6,  By  the  C^athn  we  find  it's  not  a 
Square*  but  the  Root  of  the  greateft  Integral  Square  contained  in  it  is  381a. 


Offtstiom. 
151426  n%9 

aX5o=56o\  614 

}  544=:a4r^-fi» 

M  ■ 

aX3So:^75e^    7026 

105.  Remainder. 


SxMi^b  4:    To  find  die  Square 
CQDQuned  in  it  is  3929. 

.    Oferatiam. 


Explication. 

Here  in  the  iecond  Sten  60  is  contained  in  61^ 
10  times ;  yet  the  true  Quote*  or  Figure  for  the 
Root*  is  only  8 :  For  9  would  make  the  PxoduA 
621*  which  is  greater  than  614:  And  had  we  ta- 
ken 7*  it  would  have  been  found  too  litde*  from 
the  Mark  given  in  Scbol.  i. ;  for  then  the  Product  is 
499*  which  taken  fi'om  614  leaves  145,  which  is 

greater  than  (So  -f*  ^^  (or  2#4"2^}  =7^-  And 
becaufe  the  Remainder  of  the  whole  Work  is  105^ 
the  ereateft  Square  contained  in  151426  is  151321^ 
whole  Root  is  389. 


Square 


ExpUeatiam. 


•    .    • 


am  " 

2X  i6=i6o\  ^43.  2d  Relblvend. 
2x35^  =  780]    2270.  3dRefolvend. 

s  ■■   I  ■     . 

2  X  3920  =  7840)      70^52  4th  Reiblvend. 

/       70641  s:2  4i-fK 


In  the  ftcond  Step*  6q  is  contained  in  643 
!•  times*  and  the  true  Quote  is  9.  In  the 
third  Step*  780  is  contained  in  2270  only  a 
times^  and  7840  in  70652  9  times :  The 
Remainder  of  the  Operation  being  11.  S6 
that  the  greateft  Square  contained  in  the  given 
Number  is  i543704x>  whofe  Root  is  3929* 


II  Remainder. 


Demonftration  of  the  preeedittg  Rule. 

In  order  to  this  Demonfbratioo*  the  foUovring  Lmm£t  muft  be  firft  dcflQonftrated. 

I^E  M  M  A    I. 

.  1^  ProduA  of  any  two  Numbers  can  have  at  moft  but  as  many  Places  of  Fsures  as 

arc  in  both  dieFa^Xiia,  fod  at  Icaft  but  one  Place  fewer.    Esfm.  3  xasb la,  and  2X  i6b 

5**  ptmnfir. 
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"DtnwMff.  t.  Thtt-tfaeProdqA  may  hswdscmnj  Pkcet  isrbotb  tfar  B«ftor%  one  £x- 
smfk  is  enough. to  dcmrwigrirc.  Th»«  4i6xaiiB=^3772^  and diar in  no  Cafi ken  have 
more,  I  thus  prove^ 

Lee  any  two  Ntnobcas  be  A«  B  ^r  dMit  tike  D  the  lexff  Ncimber  poflibte^  ifhkh  has  one 

I    Place  more  than-  B ;  it's  evident  frooi  the  Nocatioa 


Ax  3  =  175654222 

D=iooooo.  Ax  D  =  467800000. 


A  =  25.  B=  J46 

AB=79^8 

D  =  100/  AD=:  2300. 


of  Numbers,  that  D  will  cociiift  of  i>  wichasmi- 

ny  OS  as  the  NiunbcE4)f  Placet  in  B^  and  aUoD 

will  be  a  greater  Number  than  Bj  if  we  then 

moltipiy  A  by  B^  tiie  Froioft  AD  will  be  equal 

^o  A>  with  as  many  oV  heforer  it  at  are  iQ  D^  i.  «.  as  the  Number  of  Figures  'mi\  there- 

ore  it  has  as  manv  Places,  and  can  have  no  more  than  are  in  both  A  and  B.    But  again  j 

fmce  B  is  a  lefler  Number  than  D,  therefore  A  B  is  a  leffer  Number  rhaa  A  D,  and  con- 

equently  cannot  have  more  Places,  /.  e,  more  than  are  in  A  and  B  both. 

2.  The  Produ<3:  may  have  fewer  Pkces  than  are  in  A  and  B  both,  which  one  Example 
will  (hew.  Thus,  2}  X  yfi'=^  795*  •  !^ut  it  can  in  no  Cafe  have  above  one  Race  fcwer> 
which  is  thufi  proved. 

Take  any  two  Numbers  A>.Bj  and  .take  D  conGftinf  of  ii 
with  as  many  o's  before  it  as  the  Figures  Icfi  than  one.  in  B; 
I.  f.  the  leaft  Number  poffible,  which  has  as  many  Figures  as 
B  j  then  will  the  Produft  A  D  be  equal  to  A»  with  as  many 
o's  before  it  as  are  in  D,  which  are  one  fewer  than  the  Figures 
in  B^  coafequently  AD  has  as  many  Places;  and  can  have  no. fewer  than  the  Sum  of  the 
Places  in  A,  and  one  fewer  than  arc  in  B^.  il  e.  ail  the  Places  ia.AJDL  can  be  but  one  fewer 
than  the  Sum  of  thofe  in  A  and  B. '  But  fmce  B  is  a  greater  Number  than  D,  fi)  wiU  AB 
be  greater  than  AO^  andconi^uepdy  cannot  have  fewer  Pbicei;thaQ  AD>  whk^caabe 
But  one  fewer  than  in  A  and  B  both. 

C  o  R  o  L.  A  Number  beine  multiplied  into  itfelf,  the  Product  or  Square  cannot  have 
more  Places  than  double  the  Places  of  the  Root^  and  but  one  fewer  at  leaft  thao  that 
doable.  Whsnfbrc  a  Square  bdogdiftiibuted  into  Pemthb  aa.  the  Role  direds*  the  Root 
hflf  ptecifitly  at  owty-Figufes  as  the  Square  has  Periods. 

Jt  E  lAM  A   IT. 

If  any  Ntmiber  A  Is  not  a  Sijnare,  yet  being  diftributed  into  Periods*  according  to  the 
Rule,  tnfe  grcatcfr  Stjuate  contained  in  ir,  as  N**  wiH  have  preciicly'  as  many  Periods  as 
that  Number  A  has. 

Bxam,  2'}7694  is  not  a  Square^  and  the  greatefl  Square  contained  iti  i^  is  %yii^\  both 
which  have  three  Periods. 

Demovfir.  i.    N*  cannot  have  more  Periods  than  A;  for  then  ft  will  have  more  Figures, 

and  confequendy  be  a  greater  Number  tRaifJCj*  contrary  to  Suppofr 
tion. 

2.  Take  i  with  as  many  o's  before  it  as  ffiere  areTigures  ftanding  b^ 
fore  the  laft  Period  of  A  for  on  the  right  Hand  of  it  J  call  the  Number 
arifing  Bj.  then  k  iM  tkrn  that  B  is  a  (qtrare  Number,  whofe  Root  is  r, 
with  half  as  many  o^  as  are  in  B.  For  to  fquare  any  Number  cxpreffed 
^ .  by  T  with,  a  Kanber  of  i>^i  bdbre  it,  it*s  mafitKff,  from  the  Nature  of 
Multiplication,  that  the  Square  is  i,  with  double  as  many  o's ;  wherefore  B  is  a  Square  cf 
as  many  Periods  as  A  hasj  and  being  eviideiftly  tt)illaiiied  in  it,  it  follows,  that  the  greaceft 
Square  contained  in  it  cannot  have  fewer. 

CoKOL.  The  Rxwc  of  the  greattft  Sqnai^/ contained  in  any  Number  A  which  is 
ilotaSiraare^.lHRfettfnMiFkuidaa»  Aha»y«ri^  fotigh^m  must  tii» ami  Stfisre 

I  has 


A=  37694 
N»i=  237169 
B  =10000 

B^==ioo. 


' 
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A  =13273  5824.  847*8 
D  f 


his  P000I9  (bf  ^dsnl  Zemmu  M.)  ^idi  «re  ^as  vomj  «  A  liafi^  by'(h^  prefe&t  72«^ 

L  B  M  M  Jt    m. 

Any  Kucnbcr  being  diftributed  into  Periods*  the  greateft  SqoAve  coniaiaed  -  io  the  iaft 
Period  on  the  kft*  conCdered  as  one  Number  by  kfdf,-  is  the  Square  •f  tbelaft  Figine 
(^  tbe  l^oot  oF  the  jpvth  Number*  if  it  is  a  perfed  Square  ^  or  of  cheBoooc  of  the  great* 
eft  Square  contained  in  it«  if  it's  not  a  Square.  Agun^  the|;reateft  Sqaaae  ,oom«ned  kk 
'the  two  lall  Periods^  taken  as  otie  Number  by  themeiyes*  is  the  S^are  of  the  kft  two 
Figures  of  the  Root  of  the  given  Number^  or  of  the  greateft  Square  contained  in  it  ^  and 
the  (ame  thing  is  true>  comparing  the  3  or  4*  &£,  laft  Periods*  with  the  Square  of  the  3 
or  4,  &€,  laft  Figures  of  the  Root  of  the  given  Number,  or  of  the  ^reatcft  Square  con- 
tttocd  to  k-  ' 

Bemntftr.  Let  A  be. any  Number,  wid  B  the  Sqwwe  Root  thereof>  or  ^  t)Mi  greimcft 
^ofrnxt  oontai»ed  ki  k;  aUb  let  D  reprefeat  the  laft,  or  2  laft,  e^r.  Perkida  of  A,  £as  ifi 

the  anaeifd  E»imple>  take  D=a2  or  2273,  or  2273  3^]  and  let  r  teprefent  the  kft,  or 
2  laft,  4^<'  F^wres  of  the'  Root  B,  [as  here  4  or  47,  or  476] ;  fo  that  r*  is  the  Square  of 
that  laft,  or  2,  &c.  laft  Figures  of  the  Root  jB. 

Thcfe  thlDgsbemg  fetled,  the  Truths  to  be  proved  ane  comprehended  in  one  univerfal 
Cafe,  vf^idi  is  fhis,  'oiz.  that  r*  in  the  greateft  Square  contained  in  Dj  which  I  Ihall  de- 
tnonftrate  in  two  Articles:  Thus, 

I.  f*  is  contained  in  D  J  ft)rfince  (bjCoroL  to  JL^/v.  i  and  2 .) 
there  are  as  many  Periods  in  A,  as  there  are  Figures  in  B; 
confequently  there  are,  in  every  Cafe,  as  many  Periods  ftand- 
mg  before  D  in  the  total  A,  as  there  are  Figures  before  r  in 
the  total  B'y  {o  Aat  raking  D  and  r  in  their  comploit  Vakes,  as  they  ftand  in  their  Totals, 
dieic  wiU  be  as  many  o's  befbre  D,  ts  the  Number  of  Figures  in  the  Periods  of  A,  which 
fiand  before,  or  on  the  right  Hand  of  D  y  and  as  many  o's  befbre  r,  as  the  half  of  dioib 
before  D.  ^Sxam/'lf  D=220oooeo,  then  is  r=40oo;  and  if  D  =  22730000^  thenjs 
ra=  4700.3  Then  r*  wHl  have  as  many  o*s  befbre  k  in  its  com  pleat  Value,  as  double  the 
Number  of  o's  before  the  Root  r  in  its  compleat  Value;  and  confequently  as  many  as  be- 
fbre D.  We  ftiali  now  exprefi  thefe  Numbers  in  tbeir  compleat  Values  j  tbtts,  roob  ^* 
^Oioo,  C^.  Doooo,  e^r.  and  (hew  that  r*  is  contained  in  I>.    For, 

If  f*  ^a  -greater  than  D,  (both  taken  without  the.o*s)  then  is  r»oooo,  ^c.  greater  than 
Doooo,  &c.  (f»  and  D  being  here  equally  multiplied)  by  an  equal  jNlumber  of  o's  t»- 
fix'd.)  But  A  is  equal  to  D,  with  as  many  Figures  before  k  as  there  are  o's  before  D  or 
r*  taken  kitbek  compleat  Values^  (i.  e.  Doiom^&c,  r*oooo,e^<r.)  Therefore  r*oooo,€$v. 
is  greater  than  A^  [for  any  Figures  whatever  in  the  Places  of  the  o^  before  D,  cannot 
be  equal  to  the  Esceis  or  r*  above  D,  tho'  that  Excds  were  but  i]  /.  t.  die  Square  of 
T  00,  ^c.  which  is  but  a  Part  of  B,  is  greater  than  the  Square  of  fi;  because  A  is  at  lead 
equal  to  B^ ;  but  diis  is  abfiird^  therefore  r»  .cannot  be  greater  than  D,  and  cof^uendy 
muft  be  contained  in  k. 

2.  r^  is  the  greateft  Square  contakied  in  D :  For  fuppofe  N^  a  greater  Number  than  r*  - 
then  take  N  wkb  as  many  o's  before  it,  as  are  befoie  r  in  ks  compleat  Value,  and  expred 
it  thus,  Noo,  &€.  fo  chat  its  Square  is  Noooo>  ^^.  having  douMe  ts  many  o's  as  Noo 
&c.  cbe-Rooc  bas^  or  ts  many  as  rH)ooo»  &c,  or  Doooo,  &c.  Itas.  Now  becanfe  D 
cootaoM  N^  by  Suppofitkni  ^  therefore  Doooo,  <f  r.  contams  N^oooo,  &€.  AUb  becaaie 
N*  is  ikj^pofed  greater  than  r*^  therefore  N  is  greater  than  r ;  and  Noo,  &c,  greater  than 
roo,  &€.  or  than  r  with  as  many  of  any  Figures  before  itj  i,  e.  Noo,  ^*.  is  greattr  thatfc 
B,  (which  a- equal  tot,  with  as  maflry  certain  other  F^ufes  before  k,  as  there  lue  c's  be* 

fore 


#> 
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foro  r  in  Its  eotnpleat  Value  roo»  &€.  or  in  Noo^  &f,)  to  tfatt  Doooo,  <fr.  a  Pait  of  A, 
contains  N*oooo,  &c.  the  Square  of  Noo,  &c.  a  Number  which  is  greater  than  B,  the 
Root  of  the  greateft  Square  contained  in  A>  which  is  abfurd  ^  therefore  r *  is  the  greateft 
Square  contained  in  D. 

CoROL.  If  we  find  the  Root  of  the  greateft  Square  contained  in  the  laft  Period  of 
any  Number,  we  have  the  laft  Figure  of  the  Root  ibught:  And  if  we  find  the  Root  of 
the  greateft  Square  contained  in  tl^  two  laft  Periods,  we  have  the  two  laft  Figures  of  che 
Root  fought,  and  fo  on ;  ^ich  fo  far  explains  the  Inyeftigation  of  the  Rule^  what  remaioii 
to  compleat  it,  you  have  in  the- following 

LEMMA    IV. 

■ 

T^t  I.  If  the  Root  of  any  known  Square  is  fuppoled  to  confift  of  two  Pansi  or 
Members :  theo^  if  one  of  thefe  Membars  is  known,  we  have  a  Rule  for  &ding  the  ochei 
from  the  Confideration  of  the  Square  of  a  Binomial  Root.  Thus:  If  the  Root  im  A-f  B> 
the  Square  is  A*  -)-  2  AB  -f-  B*'  '^^'  ^^  Sum  of  the  Squares  of  the  two  Parts,  and  twice 
the  ProdudJ:  of  thefe  Parts;  wlaerein  it  is  evident,  that  if  the  Square  <rf  either  Part,  as  A*, 
is  fubtraAed  from  the  total  Square  A**f-2  AB-f-Bs,  the  Remainder  is  the  Sum  of  the 
Square  of  the  other  Member,  and  the  double  Produd  of  the  two  Members,  <»rj&.aAB-|-B'- 
hfow  fuppofe  A  to  be  known;  if  we  take  2  A  for  a  Divifor,  and  find  how  oft  it  is  con- 
tained in  chat  Remainder;  but  under  this  Limitation,  visi,  that  the  Quote  being  added  to 
the  Divifor,  and  the  Sum  multi(died  by  the  Quote,  the  Produd  (hall  be  equal  to  the  Di- 
vidend 2  A  B  4"  B* ;  then  it  \s  manifeft,  that  the  Quote  can  be  no  other  Number  thaD  Bj 
the  other  Member  of  the  Root  fought.  For  fince2A  +  J  xB=2AB+B*  theDividcod, 
therefore  it's  plain  that  no  other  Number  but  B  added  to  2  A,  and  the  Sum  multiplied  by 
the  fame B,  will  produce  2  AB  -f-  B';«.fince  either  a  greater  or  lefTer Number  addea  to  aAi 
makes  a  greater  or  lefler  Sum;  which  being  multipli^  by  the  iame  Number,  produces fiiU 
a  greater  or  lefler  Number. 

1?art  2.  Tho*  a  Number  is  not  a  Square,  yet  having  one  Member  of  the  Root  of  the 
greateft  Square  contained  in  it,  we  can  find  the  other  Member  by  the  fame  Mediod,  as  if 
it  were  a  Square.    Thus : 

Let  M  be  any  Number  not  a  Square,  and  A-f;^ 
the  Root  of  the  greateft  Square  contaioed  in  it; 
the  Square  is  therefore  A»  +  2  A  B  4-  B*.    Alfo  let 

R  be  the  Number. that's  more  than  A  +  B  in  M, 
fo  that  M  =  A*+2  AB  +  B*  +  R-  Now  A  being  known,  if  we  take  A*  from  M,  Ae 
Remainder  is  plamly  a  AB  +  B*  +  R,  which  we  may  call  D.  And  if  we  find  how  oft 
2  A  is  contained  in  D  under  this  Limitation,  vi%.  that  the  Quote  being  added  to  the  Di- 
vifor, and  the  Sum  multiplied  by  the  fame  Quote,  the  Produd  ihall  ftill  be  lefi  than  D :  [For 
this  is  to  be  oWcrved,  that  there  ib  no  Number  which  will  make  a  Produft  equal  to  Di 
becaufe  then  M  would  be  a  Square ;  therefore  any  Number  you  can  take,  will  make  the 
ProduA  either  greater  or  Icflcr  than  D.]  Then,  I  fay,  the  Quote  is  the  other  Member  ot 
the  Root  fought,  vbc.  B :  For  let  us  fuppofe  the  Qtiote  \s  another  Number  N*  then  ri  N 
is  leis  than'B,  it  follows,  coiKrary  to  Suppofition,  that  Nis  not  the  greateft  Number  qua- 
lified according  to  the  Rule,  -w*.  which  added  to  the  Divifor,  and  the  Sum  multiplied  by 
the  fame  Number,  makes  a  Product  left  than  D ;  for  B  is  greater  than  N,  and  yet  is  a 
Number  fo  qualified,  becaufe  D==s2AB  +  B^+R=2A+BxB  +  R:  "nyreforeN 
is  not  left  than  B.  Nor,  agaiui  can  it  be  greater ;  for  by  Suppodtion  2  A+N*  x  N  (== 
2A.N+N')  is  lels  than  D  (=M  — A*;  and  adding  A^  to  both,  theii  A»+2  AN+N* 

f=A4-N*J  is  lefs  than  M#  and  is  therefore  contained  in  ic,  .But  again  j  finceN  is  greater 


M=A»+2AB+B»4.R 
M— A»=2AB+B*+R=D 
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than  B,  A  +  N  is  greater  than  A  +  B,  and  A  +  N*  {=A*  +  ^ AN-f-N*)  greatcrthao 

A-f-B  (=  A*+aAB4-B*)  and  confequcndy  this  is  not  the  greateft  Square  contained 
in  M>  as  was  fuppofcd :  Wherefore  N  is  not  greater  than  B^  and  if  it*s  neither  greater  nov 
Icflerj  ic  muft  be  equal. 

C  o  R  o  L  L.  If  a  given  Number  M  is  not  a  Square^  the  Number  R  which  is  over  the 
greateft  Square  contained  in  it,  ( and  is  necefTarily  the  Remainder*  which  happens  in  the 
Operation  after  B  the  (econd  Member  of  the  Root  is  found  )  may  be  greater  than  2 A 
the  Divifor;  becaufe  we  have  not  taken  a  A  out  of  the  Dividend  D  as  oft  as  polGble; 
but  it  can  never  exceed  double  of  the  Root  founds  if  that  is  the  true  Root  of  the  greateft 
Sauare  contained  in  M:-  For  let  the  Root  found  be  called  N>  if  the  Remainder  exceeds 
iN>  it  muft  be  at  IcaftaN-f- 1>  and  if  this  is  added  to  Ns  diteSum  N^-|-2N+i» 

(=  N  +1  )  being  evidendy  contained  in  Mj  it  follows  that  N  is  not  the  Root  of  the 
greateft  Square  contained  in  it>  as  was  fuppoied. 

Application  of  tbe  preceding  hctnmz^s^for  demonjlrating  the  Extra&ion 

of  the  Square  Root. 

1.  The  firft  and  ficond  LemmJt  are  already  applied ;  from  whence  are  deduced^  as 
CtnlUrks,  the  firft  Thing  aflerted  in  the  BmU,  viz.  That  the  Root  muft  have  as  many 
Figures  as  the  given  Number  has  Periods. 

2.  From  L£mma  III.  we  have  the  Reafon  why  the  given  Number  is  pointed  ftom  the 
Rf;htHand  to  the  Left^  becaule*  being  done  fo^  ic  is  demonftrated  that  the  laft  Figure  of 
tbe  Root  (bi^ht*  the  two  laft*  aiul  lb  on*  make  the  Root  of  the  greateft  Square  contained 
in  the  laft;*  the  two  laft*  ^c,  Penods  of  the  given  Number. 

).  The  remaining  Part  of  the  Rule  is  to  fiid  the  Figures  of  the  Root*  one  after  ano* 
ther*  out  of  theie  reriods;  the  Reafon  of  which  is  contained  in  Lemma  III.  and  IV.  and 
iisCeroU.  and  is  deduced  thus: 

We  firft  take  the  laft  Period*  and  the  greateft  Square  contained  in  it  we  ieek  in  the 
Table  of  Qmple  Squares^*  [which  muft  be  found  there ^  for  fince  a  Period  has  but  two 
F^res  at  moft*  the  Root  of  the  greateft  Square  contained  in  it  can  be  but  one  Figure ; 
becauufe  the  Square  of  10*  the  leaft  Number  of  two  Figures*  is  100*  which  has  three  fi« 
gures]}.  The  Root  of  this  Square  is*  by  Lem.  3.  the  laft  Figure  of  the  Root  fought.    So  in  the 

preceding  ExamfU  3.  the  given  Number  is  I5i42d;  the  laft  Period  is  15*  and  the 
greateft  Square  contained  in  it  is  9*  whole  Root  is  3*  the  laft  F^ure  of  the  BLoot  fought. 

Now  if  we  (uppole  the  two  laft  Perkxls  15 14  to  be  the  given  Number*  then  the  Root 
of  the  greateft  Square  contained  in  it  has  but  two  Figures*  whereof  we  have  found  the 
laft*  v(r«.  3*  whole  Red  Value  is  30  ^  and  to  find  the  other*  it's  plain*  from  Lemma  IV. 
thtt  cdlins  the  firft  Member  of  the  Root  now  found*  vis.  30=:  it*  and  calling  the 
Member  (ought  h,  then  the  greateft  Square  contained  in  1514  is  4^  4~2  4i-4~^^;  but 
4«=r9,  or  rather  900  takep  in  its  true  Value  ^  fo  that  9  from  15*  and  ij^prefix'dto 
the  Remainder*  (which  is  the  Method  of  the  Rule)  is  the  fame  thing  as  900  tiroro  1514: 
The  Remainder  is  ^14*  the  lecond  Relblvend*  which  is  equal  to  aah-^t^  91  leaft,  with 
Ibtne  Remainder  ovef  perhaps;  we  Ihall  therefore  call  the  Remainder  2ab'^if*-^r: 
What  remains  then*  is  to  find  this  lecond  Member  of  the  Root  t ',  and  accorditig  to  Lem. 
IV.  if  we  make  22  the  Divifor*  and  find  how  oft  it  is  contained  in  the  Refolvend 
24(4^<^-|-r*  fo  that  calling  the  Quote  h,  this  Quote  added  to  the  Divifor*  and  the  Sum 
(2^4"*)  multipUed  by  *,  the  Produft  (aab^b^)  fhall  not  exceed  the  Refolvend 
(24*+ **  +  *")*  *cn  it's  (hewn  that  the  Quote  is  truly  the  lecond  Member  of  the 
Root;  But  it's  iniinifeft  that  this  is  the  very  Method  of  the  Rule^  wherefore  it's  juft  and 

Zi  good 
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good  when  the  Root  (bug^t  has  but  two  Pigures.    Agaia;  The  Number  given  havii^ 

■  •  • 

thfce  Periodij  as  if  k  were  I5ia.a6«  then  having  found  38  the  Rxxx  of  the  greateft  Square 
cootatoed  in  the  two  firft  Periods  15 14.  (as  already  (hewn ) y  thefe  are  the  two  laft  Figures 
of  the  Rootof  i5i+26,(byJL«w.  3.)  And  if  we  take  38  in  its  true  Value  it  is  380,  b^ 
caufe  there  is  another  Figure  on  its  Right  in  the  Root  fought^  then  380  being  confideid 
ts  one  Member  of  the  Root  fought^  we  call  it  alfo  a,,  and  by  Lemms  IV.  we  are  to  fab* 

trafl:  its  Square^  viz.  300  +  80  =  3oo-f-2X3oox  80  +  80  out  of  the  given  Num- 
ber 15142D:  But  this  is  adready  done>  becaufe  we  have  taken  firft  the  Square  of  3,  (which 
was  in  the  former  Step  called  a)  viz.  9>  ocu  of  x^>  which  is  equivment  to  taking  the 
Square  of  300^  (which  is  now  a)  via.  5k>ooo^  out  of  15142^*  which  leaves  61426^  then 
A  oeing  8,  and  a^=:'^o,  we  have  taken  2tfi+i^=;544  out  of  6i^  the  former  Re- 
mainder; to  the  Remainder  70  we  have  prefix'd  26,  the  firft  Perbd>  which  oaakes  the 
whole  7026;  and  this  is  the  fame  Number  which  remains>if  taking  ^  =  8o«  and  4=3001 

we  take  2^  ^+^*  =  48®^^  +  ^+^°^^544?°  ^"^  ^^  ^^^  former  Remainder  (^1425.  Now 
the  Square  of  380  being  taken  out  of  the  given  Number  15142^,  the  Remainder  7026  i« 
the  next  Refolvend;  and  for  a  Divifor  we  have  made  2Xa  =  2X  380  =  7^0,  and  the 
Member  fought  we  have  found  the  (atne  way  as  beforcj  which  is  both  according  to 
Lemma  IV.  and  the  Rule  for  Extradioo }  which  is  therefore  good  for  any  Root  of  &ee 
Figures. 

If  there  are  more  thai!  three  Figures  in  any  Root«  the  ReaTons  of  the  Rule  ^m  one 
Step  to  another  for  ever  aremanifdUy  the  fame^and  need  not  be  farther  indfted  on.  Ilhall 
only  illuftrate  this  Application  by  one  Example  of  a  perfeA  Square^  whole  Involution  by 
die  Method  ihewn  in  the  preceaing  Sefiion>  and  its  Evolution  by  theprefent  Rule,  will  il- 
luftrate one  another;  and  you'll  evidently  perceive^  that  us  bv  knowing  the  true  Place  of 
every  Figure  found  in  the  Root^  we  may  take  it  in  its  compleat  Value*  and  perfomi  the 
Work  that  way*  as  in  the  following  Operation ;  yet  we  (ave  the  trouble  of  many  fuper- 
fluous  Figures  by  the  Method  of  ti^  Rule>  which  produces  the  iame  EScSt. 


Involution  of  389  to  itf  Square  makes 
r5i32i. 

Thus: 
Root. 
^8p=  30^+80  +  9 

90000==^.  (ii  =  3oo; 

6400=** 

144400=4  +  ^  =s  380  =5  A* 
6840=2AB,  (Bs=9; 
8i  =  B* 

15 1321  s=A+B*=  380+5  ==p9* 


I      Evolution  of  151321  to  its  Square  Km/ 
makes  389. 

Thus: 

A  B 


Square,      m        b 
151321  /300  +  80+9 

ifissa  90000  \ 

Dtvifi>r.  2  X  300/    61321  Refolvend. 

48000=2  tfi 
6400=^^ 


Divifor.  2  X  380/ 


544oo=:a<f*  +  t* 
6921  Refolvend. 


6840  =  A  B 
8i  =  B* 


692i=:2AB  +  B* 


0000 


Tbeie 


Chap< 
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Thde  Operations  are  reverfe  of  one  another^  and  as  to  the  Evolution^  it  differs  from 
the  Method  of  tfae  Rule  ID  this  oniy«  chat  the-feveral  Members  of  the  Root  are  here 
vTitten  in  their  compleac  Value,  which  occafions  the  writing  down  many  Figures  unne- 
ccjTarily,  which  we  avoid  the  other  Way. 

There  remain  yet  two  things  to  be  deaionftratedj  which  are  delivered  in  SchoL  i. 
and  2. 

ift.  The  Retnaindeo  after  every  Figure  of  the  Root  is  found,  cannot  exceed  the  Sum  of 
the  Divifor  and  double  the  Quote :  Toe  Rmfon  of  this  is  contained  in  Carvl.  Lemma  IV. 
where  it's  (hewn,  that  what's  over  the  ^eateft  Square  contained  in  any  Number  cannot 
exceed  double  the  Root  of  the  greateft  Square  ^  which  is  plainly  the  Sum  of  the  Divifor 
at  every  Step,  and  double  the  (Juotc  j  for  the  Divifor  is  aouble  of  all  the  preceding  Fi- 
gures taken  in  their  compleat  Value,  which  therefore  added  to  double  the  Quote,  makes 
double  all  the  Root.  Thus,  if  any  Root  is  ^-|-i,  the  Divifor  for  finding  b  is^a-^  and 
when  lab-j^l^  is  taken  out  of  the  Refolvend,  call  the  Remainder  r^  and  in  the  Coroll. 
to  Lemma IV,  iCs  fliewn  that  r  cannot  exceed  2#  + 24. 

2.  If  the  Divifor  is  contained  oftner  than  9  times  in  the  Refolvend,  after  the  fecond 
Seep,  or  after  the  iecond  Figure  of  the  Root  is  found,  the  Figure  fought  is  9.  For  fince 
theReblvend  contains  the  Divifor  (2a)  at  lead  10  times,  it  may  be  reprefented  thus; 
24X94.2if-f-R*  Now  taking  9  for  the  Quote,  the  ProduA  according  to  the  Rule  is 
2^x9X9x9,  which  cannot  exceed  the  Refolvend,  becaufe  9  X  ^  cannot  exceed  2  a^  which 
ia  this  Cafe  exceeds  100,  fince  there  being  two  Figures  found  m  the  Root,  and  o  prefixed 
to  them  in  order  to  form  the  Divifor  2  a,  then  is  2  ^  a  Number  of  at  leaft  three  Flaces, 
which  is  therefore  greater  than  9  x  9:^=81.  LafHy,  fince  it  is  demonftrated  that  in  every 
S:epj  the  Quote,  under  the  Limitation  of  the  Rule,  is  but  one  Figure;  and  9,  which  is  the 
ereatcft  Number  of  one  Figure,  makes  a  Produft  not  exceeding  the  Refolvend ;  there- 
lore  J  is  the  Number  fought. 

In  the  fecond  Step,  if  the  Divifor  is  oftner  than  9  times  contained  in  the  RelM vend, 
then  it's  plain,  that  if  81  is  lefs  than  2a»  [as  it  will  certainly  be  when  if  is  5,  6,  7,  8,  or 
9i  ie.  50,  60,  70,  80,  or  90,  as  they  are  taken  in  forming  theDhrifor;  for  then  the  Dou- 
bles, oxzas  are  100,  120,  140,  160,  180.]  then  9  is  the  F^re  fought;  becaufe  lax  0 
+  81  muft  be  lefi  than  24X9  +  a^  +  R>  *e  Refolvend,  {ince  81  is  Ids  than  2a.  Butif 
the  firft  Figure  is  i,  2,  3,  or  4,  that  is,  if  2  <«  is  2 X  10,  ax  20,  2  x  30,  or  2  X  40,  /.  e.  20, 
40,  60,  or  8o»  which  are  lefs  than  81,  then  the  Fi^re  fought  .will  be  lefs  than  9,  If 
2tf-f  R  ^  i^&  t^^  Si  9  ^^  i^^'^  be  9,  if  2a-\-K  IS  equal  to  or  ^eater  than  81 :  Be- 
caufe the  Refolvend  being  a  4X94- 24-1- R'  if  the  Figure  fought  is  made  0,  then  the 
thing  to  be  fobtraAed  ftom  the  Refolvend  is  24X94-81,  fo  that  xa-^K  ttitiQ:  be  at 
leaft  equal  to  81 ;  and  if  it  is  not,  we  muft  therefore  take  a  lefs  Figure  for  the  Quote,  fo 
that  the  Rdblvend  be  at  leail  equal  to  the  Number  to  be  fubtra£i:ed. 

Of  the  Proof  of  the  Square  Roof. 

As  Extradion  is  oppofite  to  the*  Raifing  of  Powers,  fo  the  one  is  the  Proof  of  the 
other :  Thos;  To  prove  the  Squflrs  Root,  muiqily  k  by  irftlf,  and  if  die  ProduA  is  equal 
to  the  given  Squwe^  or  to  the  given.  Number  ma  tbs  Remainder  of  die  £xtradtton  \s 
taken  cue  of  it,  dien  the  Extra Aion  is  vight  done. 

Bat  thBfloay  be  aHb  proved  by  cafting  oat  of  f9\  ThcB^  Caft  the  ^t  out  of  tbe  eive^ 
Number,  if  there  is  no  Remainder  in  rhe  ExcradUon^  or  out  of  the  Dtfibrence  of  that 
Number  and  Remainder;  riiett  caft  ckc  9^  out  of  the  Root  faond,  and  mulripiy  the  Et- 
cds  ( or  what  it  wants  of  9 )  by  icfelf,  and  caft  d^  5%  out  of  the  Prodnft^  if  che  EiOfik» 
or  what  it  wants  of  9,  is  equal  to  the  preceding  Excels  of  ^\  the  Extradion  is  right. 


Example  i.  The  Square  Root  256  is  i(Ji  proved  thus;   the  Excels  of  ^^s  in  25^  is  4. 
h  U  i(  i^  7,  and  this  multiplied  by  itfelf  is  49^  in  which  the  Excels  of  9's  \s  alfo  4. 

Z  2  '  Examfle 
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Examfbi]  The  gretteft  Square  Rootooattined  in  230  » 15*  and  iS  reenisos:  For  i^ch-* 
6=sa25»  in  which  there  is  o  over  ^^s-^  then  in  15  there  is  6  over  9;  and  <x6s=)&i 
an  which  there  is  alfo  o  over  9's. 
Tlie  Rf it/ijs  of  this  Pradice  is  evident  from  what  is  demooftrated  of  it  in  Multiplicitiao. 

Problem  II.     To  ExtraQ  the  Cube  Root  of  a  Whole  Number. 

* 

RuL  s  I.  'fUi  AK  E  a  Table  of  fimple  Cubes^  as  in  die  Margioi  tfaa 

n.  Diftribute  the  given  Number  into  Periods  of  diree  Figures*  begio- 
ning  at  the  Rkht  Hand :  The  Number  of  Periods  ihews  the  Number  of 
Figures  in  the  Root 

III.  Bttin  at  the  laft  Periods  which  is  die  firft  ReTolvend,  and  feck  k  or 
the  next  Cube  Number  lels  than  it  in  the  Table  of  (imple  Cubes*  the  Rooc 
of  that  is  the  laft  Figure  ( or  that  in  the  higheft  Place )  of  the  Root  fought; 
which  being  let  down*  fubtra&  its  Cube  out  of  the  laft  Period  ^  to  the 
Remainder  prefix  the  next  Periods  and  you  have  the  next  Refblvend. 

IV.  Confider  the  Figure  found  as  in  the  Place  of  xo's»  or  widi  0  w- 
fix'd^  and  under  that  VsTue  taice  the  Triple  of  itj  and  aUb  the  Triple  ot  its 

Square>  making  the  Sum  of  thefe  theDivifon  ^which  bei^  compofed  of  two  Parts>it  wOlbe  con- 
venient yy  diftineuifti  them  by  calling  the  Triple  Square  die  firft  Part>  and  the  other  the  fecood 
Part.]  Then  find  now  oft  diis  Di viibr  is  contained  in  the  Refolvend  laft  formed ;  which  muft  ne- 
ver be  taken  above  9*  f  tho'  it  may  be  oftner  containedWnd  then  aUb  it  muft  be  under  this  Limi- 
tation>  i;fo.That  having  multiplied  the  firft  Part  of  the  Divifor  by  the  Quote*  (nowfound)  snd  tbe 
fecond  Part  by  the  Square  ot  that  Quote;  and>  laftly>  to  the  Sum  of  tbefe  two  rrodu(9s 
abiding  the  Cuoe  of  the  Fisure  fixuid  ^  this  Sum  ftiall  not  exceed  the  Relblvend :  which  Sum 
being  dierefore  fubtradled  out  of  the  Refolvend*  and  tbe  next  Period  prefixed  to  the  R^ 
mai«Ier>  you  have  the  next  Refolvend. 

V.  Take  both  the  Fttures  of  the  Root  ahready  found,  and  confidering  them  as  fo  mt- 
ny  io's>  i.  r.  place  o  before  them*  and  under  that  Value  tsdte  the  Tri^e  of  that  Num- 
ber* and  alfo  the  Triple  of  its  Smiare^  whdfe  Sum  is  your  next  Divifor*  diftinpiiflied  iiito 
firft  and  fecond  Part*  as  before :  Then  find  how  oft  tois  DiWfor  is  contained  in  die  R^ 
folvend  laft  formed*  under  the  fiime  Limitations  as  before^  place  the  Figure  found  od  tbe 
Right  of  thele  ahready  found  in  the  Root ;  and  fubtrafiing  from  the  Kefolvoxl*  as  for* 
merly  direded*  to  tbe  Remainder  prefix  the  next  Period  for  a  new  Rdblvoid. 


VI.  Make  a  new  Divifor  firom  the  Figures  of  the  Root  found  in  tbe  fime  ffltooer  is 
in  the  preceding  Steps*  and  divide*  under  the  fione  Limitttioni  andtbus  proceed  till  sU  tbe 
Periods  are  taken  in  \  finding  at  every  Step  a  new  Figure  of  theRooc:  which  wSl^  ^0°^ 
Ofes  be  o*  as  when  the  Divifor  is  greater  than  the  Refolvend*  or  when  x  added  to  the 
Divifor  makes  the  Sum  greater  than  uie  Refolvend^  in  which  Gaie*  after  the  o  is  fist  in  Ae 
Root*  prefix  the  next  Period  to  the  fiime  Refolvend}  tad  go 00*  forming  a  new  Divivv 
by  prebxing  another  o  to  the  laft  *^' '"* 


SCHO 


diap.  2, 


Cube  Root. 


*73 


SCHOLIUMS. 

Thefef^flidJlir  Obsvrtations  may  be  u&fully  added  to  this  Rule  (tihtf  it^s  i 
compleat  s^wirsl  Role  by  idelf ) : 

1.  If  you  b^in  your  Trials  for  the  Qiote  at  the  mateft  Number  of  Times  ( not  ez-* 
ceedine  9)  chat  the  Divifor  is  contained  in  the  Rei^vend^  then  the  Limitacioo  of  the 
Rulejfor  the  Number  to  be  compared  with  the  Refolvend,  is  fufficient  to  determine  when 
you  have  the  true  Figure.  Yet  it  wll  be  ufefbl  to  otfirve.  That  if  you  (hould  begin  at 
a  leflfer  Figure  than  the  Remainde!'*  tho'  it  may  be  greater  than  the  Diviibr*  vet  it  mufl 
aevcr  eiceed  the  Sum  (rf*  thefe  two  Numbers^  viz.  Triple  all  the  Figures  or  the  Root 
slready  founds  (taken  as  one  Number)  and  triple  its  Square 

2.  If  the  Divifor  is  contained  in  the  Refolvend  oftner  than  9  times»  at  the  fecond  Step» 
or  when  you  (eek  the  iecond  Figure  of  the  Root^  and  if>  at  the  fiime  time>  the  firftf^ 
flire  is  8  or  9>  then  the  Figure  fought  is  certainly  9 :  But  if  the  firft  Figure  is  left  than 
8>  70a  mud  make  Trials.  Again ;  U'  in  any  Step  ani^r  the  iecond*  the  Divifor  is  ofooer 
than  9  dmes  contained  in  the  RdRdvendj  the  Figure  fought  is  certainly  9. 

^  If  there  is  a  Remainder  after  all  the  Periods  are  empby'd*  the  given  Number  is 
not  a  Cube;  and  the  Root  found  is  that  of  the  greateft  intend  Cube  contained  in  it. 
How  to  find  a  Mixt  Root  whole  Cube  (hall  be  within  any  aiiigned  Difierence  from  the 
givea  Nunnberj  fiiali  be  taught  in  its  proper  Place. 

EZAMPLSS. 


Kxgmfb  X.    The  Cube  Root  of  ^14125  is  8; • 


OferaikM. 


for  BXi 


614125 
#5=yi2 


0«5 


3«»-f  3«sssx9A4o\  102x25.  ^Refolvend. 
(wheitin  s=sioy  1 
ftf»ss64O0)  96ooo=9%^xi 

tfoooSBltfX^ 

125=3*3^ 


102x25.  Sum  J  . 
000000.  Remainder; 


The  given  Number  being  pointed,  the 
U&  Period  is  6i±,  and  the  nen  Cube  to 
diat  is  5i2»  whole  Root  is  S»  wUch  I  call 
0,  and  fobtnaing  stsszriz  from  614,  the 
Remainder  is  102^  to  which  the  neztPeriod 
nrefor'd  makes  io2X2^  the  2d  Refoly.  Then 
for  a  Divifor  I  take  tf  s=s  8o«  and  fo«^  =s  iS^oo* 
tnd  3«*B=i920o  J  then  34S=?240jand  J^^M^^^e 
=3 19200+240S19440,  the  Divifor;  which 
is  contained  in  die  Kefolvend>  under  the 
Limitatkm  of  the  Ride,  y  times*  the  2d 
F^uxe  of  die  Root,  which  callii«  h  Am 
3^x*==:o<ooo,  3  jx^s6ooo>  hss 
125,  and  the  Suin  of  thde  is  I02i25» equal 
to  the  Refolvend;  fo  that  ibe  given  Num- 
ber is  a  true  Qibe»  whole  Root  is  85. 
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Examfki.  The  Cube  Root  of  41431736  is  346. 

Opersthff.  ExpUcatkn  for  Exam.  1. 

.  (  **  The  firft  Period  is  41,  and  Ae  next 

4i42'i73<    y^  Q*e  is  27,  wliofcRoocis35a:#.Thc 

<i3  ss  27  A  B  fecond  Rdblirend  is  144AI :  Then  foe 

I  the  Divifor  I  take  a  :=  3o>  whereb7 

)^4^34iss2799\   X4421.  od  Refiilvaid.  3^c3:a7oe>  ^^tssspo,  iQd3#«*f  t« 

( 41  OB  30 )        i  ■  3s:2790>  the  Divifiir«  b^  whidi  thele- 

(«»iSB^oo)  z«8ooa534*xi  cond  Fiture  of  the  Rooc  is  4;  which 

i440ss9tfxA*  is  proved  by  the  0/frs«ms:  for  3  s^t 

643s^3  ^*.  3ir&*^  ^3  ss  12304,  (as  in  the 

<■     ■    !■■  Work)  ^ich  fubcraAed  from  ^ 

12304  Sum.  Refolvend  leaves  2 1 Z7j  which isaNum- 

>  ber  not  exceeding  three  times  34.  -f 

)A*+3Atqi34782o\    2x17736. 3d  Reibifend.  ix  Square  of  34,  asAcM.  i.prefciibesj 

.^CA=B34o)  ^    ^— ^—^  for  34X  34BB5xi56eo>  whde  Triple 

(A*an:xi56oo)       2080800  =?c  3  A*  X  B  is  346800,  and  3  x  34^=3  io2>  then 

36720  39  a  A  x  B^  346 Soo  -f- 1^2  B^  346902.  Or  (hoold 

2i63=3fi)  we  have  begun  to  guefi  for  the  Figare 

i  fought,  the  greateft  Quote  is  5^  which  is 

21 Z7736  Sum.  too  great  for  the  Limitation  of  thcRtde* 

■  ■I *m  and  4  the  next  Number  not  beiogtoo 

oooooQo  Remainder,  great,  tnxA  be  the  true  Nuad)er.  The 

'  tbifd  RelQlvieDd  is  2117736;  and  to 
form  the  Diviibr,  I  take  A  =  340,  whence  A^=  1x^600  ^  and  the  Diviibr  is  347820, 
whence  the  laft  Figure  of  the  Root  is  6*  as  tht  Work  fliews. 

Exampk'^.  If  we  feek  the  Cube  Root  of  7059199J.7284,  we  find  it's  not  a  perfeft 
Cube,  but  the  Root  of  the  greateft  Cube  coi^tained  in  it  is  8904  ^  wbolit  Cwe  is 
7059199472641  and  the  Remainder  is  20,  as  you  fee  in  the  Operation. 

Oferatiom. 

7059x9947*84  /?904 

8*S=55I2  ^  ^ 

]Divifer«=83«»4'3^^^i944o\  193919*  adRiiUviad. 
('#«s8o»^sa64ooj         J  • >■ 

i728oo=:^^*^* — 

194415  »si  5  »** 

729'Si»^*'  ' 

!■  ■■  *         ' 

a       4 

192969  SuBt. 

(jtenSpo )  3 ^+  3 iS2ts'a3 78970*1      950947.  ^  RtWvend. 
#cs^oo>  3#*+3  *™*J7^y^^^-r     9501472^-  4*  Refolvend. 


950520000  =  3  d^t 
00 

«4 


387200  =  ^  if** 


950907264.  Sum- 

20.  RemaioderJ 

Here  the  3d  Refolvend  being  left  thad  the  Divifor.  I  put  o  in  the  Root*  and  form  a 
hew  Refolvend  by  the  next  Period.    The  reft  of  the  Work  is  obvious;  D«- 
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D  v^MOVi  ST  RAT  lb  ij  of  tbe  preceding  Rgk* 

LEMMA   I. 

If  9txf  three  Numbers  are  multiplied  into  one  another>'the  Produ<9:  can  have  at  moft 
but  as  many  FigMres  aa  are  in  all  the  three  Fa&orsi»  and  at  kail  but  two  fewer.  Exam-* 
pie:  3X4X9S5aio8. 

Demenfir.  This  is  a  plain  Confequenee  of  Um,  t.  for  the  Square  Root:  Becaufe  thePitv 
daft  of  two  Faidiors  cannot  have  more  Places  than  are  in  both  Fadors>  or  but  one  fewer 
at  leaft  j  which  Produ&  being  conlidered  as  one  Fador,  and  multiplied  by  a  third  Fa&or» 
the  fame  is  true  of  this  new  Produd ,  which  makes  the  Truth  propofed  manifeft. 

CoROLIi.  The  Cube  of  anv  Number  can  have  at  moft  but  as  many  Figures  as 
triple  the  number  of  Figures  in  the  Root,  and  but  two  fewer  at  Icaft.  Wherefore, 
again ;  Any  Cube  being  diftributed  into  Periods  of  three  Places,  the  Number  of  Periods, 
and  the  bfumber  of  Figures  in  the  Root  muft  neceflarily  be  equal  ^  and  the  laft  Period 
may,  in  Ibme  Cafo,  confift  only  of  one  or  two  Figures. 

LEMMA    n. 

If  ady  Number  A  is  not  a  Cube,  y^t  being  diftributed  into  Periods,  accoiding  to  the 
preceding;  Rulj,  the  greateft  Cube  contained  in  it,  as  N?,  will  have  preciibly  as  many 
Periods  as  that  Number  A  has. 

Exampb:  35987  is  not  a  Cube^  but  being  pointed  has  two  Periods,  viz.  as  many  as 
tbe  grea&eft  Cube  contained  in  it,  35937- 

DmanfirMm  x.  N'  cannot  have  more  Periods  than  A,  for  then  it 
will  have  nsore  Figures,  and  confequendy  be  a  greaoer  Number  dian  A» 
contrary  to  Suppontion. 

a.  Take  i  with  as  many  o'a  betbse  it  as  there  are  Figures  ftandins 
before  the  laft  Period  of  A;  (Le.  on  the  riffht  Hand  of  it)  call  tS 
Number  arifing  B :  Then  it's  plain  chat  is  a  Ci^  Number,  vrix)fe  Root 
is  I,  with  as  many  cfs  before  it  as  ;  Part  of  the  Number  of  o's  befora 
the  X  in  the  Cube  B^  for  to  cube  amr  Number  ezptefled  by  i  with  o*s,  it's  manifisft 
from  the  Nature  of  Multq)ticacion,  mat  die  Cube  is  x  with  three  times  as  many  o's- 
wberefore  B  ii  a  Cube  of  as  many  Periods  as  A  has;  and  being  evidendy  contained  m 
itj  it  fidlows,  that  the  greateft  Cube  contained  in  it  camiot  hsve  fewer. 

C  o  R  p  L  L.  The  Root  of  the  greateft  Cube  contained  in  any  Number  A,  which 
is  not  a  'perfe<9:  Cube,  had)  as  many  Fibres  as  A  hath  Periods :  For  it  hath  as  many 
as  its  own  Cube  hath  Periods,  (bjCiroiZ  Lemma  L)  which  are  as  many  as  A  has,  bv 
the  prefent  Tbe9rem.  '     ^ 

LEMMA    m. 

Any  Number  beioB;  diftributed  into  Periods  according  to  the  Rule,  the  greateft  Cube 
contained  in  the  laft  Period  on  the  left,  confider'd  as  one  Number  by  itfelf,  is  die  Cube 
of  die  laft  Figure  of  the  Root  of  the  given  Number,  if  it's  a  perfed  Cube ;  or  of  the 
Root  of  die  greateft  Cube  contained  in  it,  if  it's  not  a  Cube.  J^ain ;  the  greateft  Cube 
contained  in  the  two  laft  Periods,  taken  as  ode  Number  by  themfclves,  is  die  Cube  of  the 
laft  two  Figures  of  the  Root  of  the  given  Number,  or  of  the  greateft  Cube  contained  in 
tt.    And  the  fimediii^  is  true,  comparing  the  3  laft  or  4  laft  Periods,  and fo  on,  withthe 

*  "^  Cube 


A  =3598'? 
N'*=^5937 

B  =1000 
Bt=5io 
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Cube  of  the  3  or  4^  ^c.  laft  Figures  of  the  Root  of  the  given  Number  or  of  the  great- 
eft  Cube  concainecl  in  it.  % 

Demomftr.  Let  A  be  my  Number,  and  B  the  Cube  Root  thereof,  or  of  the  grateft 
Cube  contained  in  it.  Alio  let  D  be  the  Itft.  er  p  laft,  or  3  laft,  &c.  Periods  of  A ;  [as 
in  the  annex'd  Example,  take.  D= 41,  or  41421]  and  te  r  reprdent  the  laft,  or  two  laft, 
or  three  laft,  &c.  Figures  of  the  Root  B,  (as  here  3  or  34)  fo  that  r»  is  die  Cube  of 
diat  Uft  or  two  Uft,  &i.  Fiffures  of  the  Root.  Thefe  thing*  being  fettled,  the  Tnnbs 
to  be  proved  are  comprehended  in  one  univerfid  Cafe,  thus;  viz.  fs  is  AegrestJeftCobe 
contatKKd  in  D;  which  I  fliall  demonftrate  in  two  Articles,  thus: 

I.  ri  is  contained  in  D:  for  fince  fby  CS^-  to  Lm.  h 


A = 4142173^1  B=s  346. 


and  2.)  there  are  as  many  Periods  in  A,  as  there  are  Fi- 
gures in  B;  confeqiiendy  there  are,  in  everv  Cafe,  as  ma- 
ny Periods  ftandins  before*  D  in  the  .total  A>  as  there  are 
Figures  before  r  in  the  total  B;  fo  that  uking  D  and  r  in  their  compleat  Value,  as  tbey 
ftimd  in  their  Totals,  there  will  be  as  many  o-s  before  D,  as  the  Number  of  Fieures  of  the 
periods  in  A,  which  ftand  before,  or  on  the  rurht'Hand  of  D ;  and  as  many  as  before  r j 
as  the  third  Part  of  thefe  before  D.  [For. Example:  If  D= 41,000^000,  then  is  f= 
300.  If  D  =  ^1421,000,  then  is  r  =  34P-1  Then  r'  will  have  as  many  o's  before  it^  in 
its  compleat  Value,  as  triple  the  Nuipber  of  o's  before  the  Root  r  in  its  compleat  Valuci 
and  confequently  as  many  as  are  before  D.  We  (hall  now  ezprefi  thefe  Numbers  in  cbdr 
compleat  Values,  thus,  roo,  ^c,  r^oooooo,  &c.  Doo6,ood,  &€.     .    . 

Again ;  If  r?  is  greater  than  D,  then  is  r '006,000,  &c.  greater  than  Poo6,oo6>^f.  (b^ 
ing  equally  multiplied  by  the  equal  Number  of  o's  prefixed.)  But  A  is  equal  to  D,  with 
as  many  certain  Figures  before  it  as  there  are  o's  befoi;e  D,  or  rs  in  their  compleat  Valuesi  u- 
Dooo,oou,  ^€.  or  fSood/xMj,  ^c.  therefore  r 3006,006,  ^c,  is  greater  than  A ;  [for  any 
Figures  whatever  in  the  Places  of  the  o's  before  D,  cannot  be  equal  to  the  Excds  of  r ^ 
above  D,  tho'  that  Excefi  were  but  i];  1.  #.  the  Cube  of  roo,  ^r.  which  is  but  a  Pan 
1^  B,  is  greater  than  the  Cube  of  B,  becaufe  A  is  at  leaft  equal  to  B'.  .  But  this  is  ab&rd^ 
therefore  r'  cannot  be  greater  than  D,  and  confequendy  muft  be  contained  in  it. 

2.  r3  ig  the  greateft  Cube  contained  in  D.  For  fuppofe  Ns  a  greater  Number  than  f^\ 
then  take  N  with  as  many  oi's  before  it,  as  are  before  r  in  its  compleat  Value,  and  exprefi 
it  thus,  Noo,  &c,  to  that  its  Cube  is  Noookkdo,  c^^.  having  triple  as  many  o's  as  Noo» 
^c.  die  Root  has;  or  as  many  as  rHio6,oo6,  &c.  or  Doo6,ood,  &c.  has.  Now  becaufe 
D  contains  N>  (by  Suppofition)  therefore  Doo6,oo6,  cf  ^.  contains  N^ooojOoo;  &(-  Al« 
fo,  becaufe  N'  is  luppofed  greater  dian  r^,  therefore  N  is  greater  than  rj  and  Noo>  6'f; 
greater  than  roo,  &c.  or  dun  r  with  as  many  of  any  Figures  before  it;  i.  #.  Noo,  &t>  is 
greater  than  B,  (which  is  equal  to  r  with  as  many  certain  other  Figures  before  it,  as  d)eit 
are  o's  before  r  in  its  compleat  Value  roo,  &c.  or  in  Noo,  e^r.)  to  that  HooofiOOi  &(> 
a  Part  of  A  contains  N5oo6,oo6,  drc.  the  Cube  of  Noo,  ^c,  a  Number  which  is  gffatff 
than  B>  the  Root  of  the  greateft  Cube  contained  in  A,  which  is  abfurd ;  therefore  r?  is  the 
greateft  Cube  contained  in  D. 

CoROL..  If  we  find  the  Root  of  the  greateft  Cube  contained  in  the  laft  Period  ot 
any  Number,  we  have  the  laft  Figure  of  the  Root  fought;  and  if  we  find  the  Rcxff  of 
the  greateft  Cube  contained  in  the  two  laft  Periods,  we  naye^  the  two  laft  Figures  of  the 
Root  fought,  and  fo  on.  Which'  to  (ar  explains  the  Inveftigation  of  the  Rule;  what  re- 
mains to  compleat  it>  you  have  in  the  following 

LEMMA    IV. 

Part  I.  If  the  Root  of  any  known  Cube  is  fuppofed  to  confift  of  two  Parts;  then  if 
one  of  thefe  Parts  is  knowQ»  we  can  find  die  odicr  by  means  of  the  Cube  of  a  Binooiul 
Rooc    Thus:  '        -  A+8 
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I 


A4-B'=AJ  +  5A*B+3AB«+Bli  wherein  it's  evident,  that  if  the  Cube  of  the 
known  Part  A,  *wz.  Ah  is  iubtrafted  from  the  Cube  of  the  whole,  the  Rcraainder  Is 
A*  B  +  3  AB^+Bj.  Now  Cnce  4  is  known,  fo  alio  is  3A*--f-3  Aj  and  if  we  feek 
ow  oft  cbis  is  contained  in  the  preceding  Remainder,  under  this  Limitation,  that  the  (irft 
Member  of  the  Divifor,  3  A*,  beiw  multiplied  by  the  Quote,  and  the  fecond  Member 
3  A  being  muIcipUed  by  the  Square  of  the  Quote,  and  to  thefe  two  Produfts  the  Cube  of 
the  Quae  be  added>  the  Sum  ihall  be  equal  to  the  Dividend  ^  then  the  Quote  fliall  be 
equal  to  B  the  Number  fought;  becaufe  no  other  Number  but  B  can  anfwer  to  this  Con^ 
dition:  For  if  you  cal|  the  Quote  D,  then  muft  3  A*  D  +  3  AD'-f-D^  be  equal  to 
3A'B+?  AB*  +  B3;  which  is  manifcftlv  impoflibic,  unlcfi  D  be  =58;  fince  otherwife 
the  reipedive  Members  of  the  one  will  oe  lefler  or  greater  than  thofe  of  the  other,  and 
confequently  the  Wholes  will  not  be  equal. 

P^rr  2.  Tho*  a  Number  is  hot  a  tubci  yet  having  one  Member  of  the  Root  of  the 
mateft  Cube  contained  in  it,  we  can  find  the  other  by  the  fame  Method,  as  if  it  were  a 
Cube.    Which  will  cafily  appear.    Thus : 

M=A34-3A*B+5AB*4-B*  +  R  1       Let  M  be  a  Number,  not  a  Cube; 

M— AJ  =  3A'B+3AB*+B3+R=D.  |  and  A+B  the  Root  of  the  grcateft 
Cube  contained  in  it;  which  Cube  is  therefore  A^-j*  3  A^  B-f-  3  AB'  -^  B^.  Again;  lee 
R  be  the  Number  tint's  more. than  that  Cube  in M;  fo  that  M:=:A34^3 A'  B4-3  AB* 
"f-B^  +  R.  Now  A  being  known,  take  A?  from  M,  the  Remainder  is  3  A*  B^-  3  A  B* 
4* B* -{- R;  whkh  we  may  caU  D :  And  then  if  we  find  how  oft  3  A*  4^  3  A  is  contained 
inD>  under  thefe  Limitations^  vhc.  that  the  Quote  being  multiplied  into  3  A*,  and  the 
Square  of  the  Quote  multiplied  into  3  A,  and  to  thefe  ProiudEs  tne  Cube  ot  the  Quote  be 
added,  the  Sum  ihall  frill  be  le(s  than  O.  [For  objirue,  that  whatever  Number  you  chufe 
for  the  Quotes  it  will  make  this  Sum  either  greater  or  lefrer  than  D,  and  never  equal;  be^ 
caufe  were  it  equal,  then  M  would  be  a  Cube,  contrary  to  Suppofitton.]  Then,  I  fey, 
the  Qiiote  is  equal  to  B,  the  other  Member  of  the  Root  fought.  Becaufe,  if  it  can  be 
difiercm,  fuppofe  it  to  be  N ;  which  is  either  lefler  or  gieater  than  D :  But  it  cannot  be 
lefler;  for  then  it  would  ft>llow,  that,  contrary  to  Suppomion,  N  is  not  the  greateft  Nuro« 
ber  qualified  according  to  the  Rule>  nm,  fo  that  3 A*  N  4*  3  A  N*  -f-  Ns  is  leg  thati  D ; 
for  B  is. greater  than  N>  and  jret  is  fo  quali&d,  fince  Ds=:3A'B4-3  AB*4-B34-.R: 
Wherefore  N  cannot  be  ]m  than  B ;  nor  can  it  be  greater,  becaufe,  by  Suppobtkmi 
3  A*N-|-3  AN*  +  N^  islefi  than  D  f=M— As);  and  addii^  A3  to  both,  then  A34. 

3  AW  +  3  A*N+N3  (=A  +  N  )  is  lefi  than  M,  and  therefore  is  contained  in  it. 

Bur^ag^;  A+N  is  greater  than  A+B,  and A+N* greater  than  A+B^  confequently 

A+B  is  not  the  greateft  Cube  contained  in  M,  contrary  to  Sugpofitbn;  fo  that  N  can- 
not be  greater  than  B :  Wherefore,  laftly»  fince  N  cannot  be  either  leiler  or  greater  than  B> 
it  muft  be  equal  to  it. 

C  o  R  o  L.  If  a  Number  M  is  not  a  Cube,  the  Number  R,  which  is  over  the  greateft 
Cube  contained  in  it,  (which  is  neceflarily  the  Remainder  after  the  fecond  Member  B  is 
found)  can  liever  exceed  the  Sum  of  triple  the  Root  found,  and  triple  its  Square:  For  if 
the  Root  found  is  N«  then  it  the  Remainder  exceed  3N'  +  3N,  it  muft  be  at  leaft 

3  N*  -I:  3  N'^  I ;  which  added  to  Ns  makes  N'  4-  3  N*  +  3  N  +  i  =  N  +  i'.  And 
fince  this  Cube  is  manifeflly  contained  in  M,  (for  it's  the  Sum  of  the  greateft  Cube  Ns 
contained  in  M,  and  the  Remainder  2  N* + 3  N  -f- 1  added) ;  it  follows,contrary  to  SuppoGtion, 
that  N  is  not  y^e  Root  of  the  greateft  Cube  contained  in  M,  becaufe  N  + 1  is  greater  than  N  } 

and  N  +  x  js  contained  in  M«  if  R  is  greater  than  3  N^  + 3  N;  therefore  this  cannot  be. 

A  a  Appli- 
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Application  ^//i^f preceding  Lemma's  f&r  demonjfrating  the  Extrailini  of 

the  Cube  Root. 

1.  The  firft  and  iecoad  Letmtui's  are  already  apjplied^  Iron  wbeocc  are  deduced  as  Cmrtk 
Isries,  the  (irft  thing  aflexted  in  the  Rule>  viz.  'toac  the  Root  muft  have  as  many  Figures 
83  the  given  Numl^r  has  Periods. 

2.  Efocn  Lem.  3.  we  have  the  Reaibn  why  the  given  Nuokber  i&  poioted  from  the  right 
Handi  viz.  becaulCj  being  done  (b>  it  is  detnooftrated*  that  the  laix  Figure  of  die  Root 
fought^  (i.  e.  the  Figure  in  the  bigheft  Place)  the  two  laft»  i^e.  make  the  Root  of  the 
greateft  Cube  contamed  in  the  laft,  or  tvi^o  laili  &c.  Periods  of  the  given  NMmber. 

3.  The  remaining  Part  of  the  Rule  is  to  find  the  Figures  of  the  Root*  oneafcetaootheri 
out  of  thefe  Periods^  the  Realbo  of  which  is  contained  in  Lem.  3  and  4>  and  its  Corsl 
and  is  deduced  thus : 

We  firft  take  the  laft' Period^  and  in  the  Table  of  fimple  Cubes,  we  feek  thatNucDberi 

or  the  next  Letter>  wfaefe  Root  is,  by  Lem.  3.  the  higheib  Figure  of  the  Root  fought.   So 

*     *     * 
in  the  preceding  Examphy.  the  given  Number  is  4i42i736>  which  we  (hidl  here  caB  N. 

The  laft  Period  is  41,  and  the  next  Cube  to  this  is  27,  whole  Root  is  3,  the  laft  Figure  of 

the  Root  fought.    Now  if  we  fuppoTe  the  two  hft  Periods  41421  to  be  die  whole  of  the 

given  Number,  then  the  Root  of  the  greateft  Cube  contained  in  it  has  but  two  FigureSi 

whereof  we  have  now  found  the  laft ;  and  to  find  the  other  (which  is  the  next  Figure  of 

the  Root  fought,  hy  Lem.  3 .)  we  proceed  thus :  Calling  the  Figure  found  a,  we  fubtraS 

its  Cube  4ks  =  27,  from  41  the  laft  Period;  and  ta  the  Remainder  14  prefbing  the nen 

Period  421,  the  whole  14421  is  the  2d  Refolvend.    And  obferve,  that  as  the  41  is^  really 

41000,  in  refped  of  the  total  41421;  fo  the  Figure  found  is  really  30,  in  fcTped  of  the 

next  to  be  found;  and  ic  thac  Value  we  do  a^uidly  take  it  by  fubtra&ing  it  from  41,  con- 

iidering  where  this  ftands,  and  which  the  prefixing  the  next  Period  ta  the  Remainder  does 

&rther  clear:  For  this  is  the  iame  thing  aj  if  we  had  written  27000  die  Cube  of  301  md 

taken  that  from  41421 ;  wherefore  this  is  the  fame  Operation  as  that  explained  in  Lm-  f 

t.  e.  having  found  30  the  firft  Member  of  the  Root  of  41421,  we  take  its  Cube  out  of 

the  whde;  and  out  of  the  Remaioder  14421,  we  (bek  the  next-  Member  of  the  Rood 

which  we  know  cannot  exceed  o,  becaule  i^  the  iecond  Mbmber  of  a  Root  confifting  of 

two  Figures^  whereof  we  have^  found  that  bdonging  to  the  higheft  Pi«ce>  wbieh  confi<ler^d 

in  its  coqipleat  Value  is  the  firft  Member.    Now  to  find  the  Figure  foughi,  we  form  a 

Divifor  according  to  clie  Rule  (demonftratcd  in  Lem.  4.)  thus:  Taking  3o  =  /«,  the  Di- 

vifor  is  3  «*"+•  3  ^==33  xpoo-f-  3  x  3o=c27oo-f-9«>=*790.    And  this  wc  find  contained 

in  the  Refolvend  1442 Y,  5  times;  but  under  the  Umitatioi>  of  the  Rule  we  can  take  it 

ax  moft  4  times;  and  4  is  the  Figure  fought;  which  calliog  i»  the  Proof  of  its  beiog 

the  true  Figure  is  this:  We  take  34**-}^  3  ^ A*  +  *3=3 12304,  which  is  lefe  than  the Rc- 

folvend  14421 ;  and  4  is  therefore  the  right  Figure,  becaule  5  would  have  made  34*i-f^ 

^^yxjL^yi  areater  than  14421.    Or  had  we  at  a  guels  taken  3  :;=  A>  then  would  it  be  34^^ 

^3tf^^4"7»  =  85^37;  which  taken  from  14421  leaves  5484;  which  is  greater  than 

3X  33*4"3^?3^^3^  ^®^"f'3^33^^3^7H"99^^33*^j  and  therefore  3  is  teo  littfc 
as  is  ihewn  in  SthaL  i.  added  to  the  Rule.  Thus  we  have  found  34,  Ae  Root  of  i^ 
greateft  Cube  contained  in  41421,  (the  Remainder,  or  what  is  overibeingaii?)  and  have 
ihewn  that  the  Rule  is  juft  and  good  for  a  Root  of  two  Figures.  Again ;  For  a  Number 
of  three  Periods,  as  4 142 1736,  whole  Root  has  three  Figures:  havine  found  the  two  Fi- 
gures in  the  higheft  Places ;  and  taking  thefe  with  o  prefi^d>  which  makes  the  true  Va- 
Kie;  and  calling  .this  again  a,  or  A,  the  nrft  Member  of  the  Root,  the  fbcdhd  Member* 
which  is  a  fingle  Figure,  is  found  the  fiime  way  as  before  ei^lained ;  which  »  according  to 

the  Rule.    But  now  in  this  there  is  fo  much  of  the  Work  already  done ;  for  the  Cube  of 

this 
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this  firft  Member,  <n  A»,  is  already  fiibtraaed  ftom  theTofal  414217^6,  Decauie  A  b  now 
equal  to  the  former  tf+*^  ^^  *^8  evident  from  the  Work  that  we  have  fubcracted  «»> 
and  then  %^h  +  2dlf^  +  hi  to  make  the  Cube  of  J^.  It's  true,  we  have  ^kcn  *=^p 
and  *=4j  whereas  A»^8o,  fo  that  m  ftiould  be  300  and  i=8o:  But  by  the  Places  m 
which  wc  have  fet  a%  and  34»*+34**  +  *?,  w«  have  in  efieft  taken  thetm  as  if  it  had 
been  if  =  300  and  *=«o^  and  to  we  have  duly  fubtrtftcdA?,  or  the  Cube  of  380, 
from  the  Total  ±1^21776  j  the  Remainder  whereof  is  2117,  to  which  the  next  Period  73(5 
is  prefixed,  making  211773(5  the  Refolvend  for  finding  the  next  Figure;  which  we  find  to 
be  6,  by  the  fame  Rule  and  Reafon  as  we  found  the  laft  F^ure.  ^  ^    ^ "  .  _  . 

If  there  are  more  than  three  Figures  in  any  Root,  the  Reafons  of  the  RuIq  are  manifeft- 
ly  the  fiMM  from  one  Sicp  to  another  #•  iwfrktwm,  I  (hall  Vdd  for  an  Dluftration  oae  Ex- 
ample, wherein  each  Figure  of  the  Root  ia  taken  in  ks  compleat  Value, 

Evolution  ef  4i42i73(J  to  ihCuht  Roof, 

msket  346. 

A        B 
Thai:  /^s-A./^ 

4i42i75M30o4.4o4-6. 
4r>r=  27000000       ' 

3  tf*  4-  3  tf  =  270900)  14421 736  Refolvend* 


Invdmion  df  346  fo  its  Cube,  nririkr  4142 173^. 

Thus: 

Root 
346^=:  300  4-  40  4-  6 

27000000  =  a^.  {a  ==  300.) 
1 0800000  =  3  tf*  i.  (3  =  40.) 
1440000=  %i^  a, 
64000  =  2'. 


..»■..-    ■  ■■       ^^M^^-« 
59304000  :=if  4-^  =A5. 
2080800= I  A*  B.  (A  =340.  Bs=6.) 
36720=3  A  B*. 
2i6=B^ 

41421736=  A  4-  B  * 


10800000=  la^k. 

1440000  =  3  «^^ 

64000  =zi>. 
12304000  Sum. 


3  A*  4*  3  A  =  347820)  2 1 1 7736  Refolvend, 

2080800  =  3  A*  B. 
36720  =  3  AB*. 
2i6  =  B3. 


21 17736  Sum. 


000000 


Tfaeie  itmaiti  yet  two|bitigs  to  be  demonfiratfld*;  which  are  delivei'd  in  StboL  i  and  a.' 

1.  The  Remainder  can  never  exceed  the  Sum  of  thefe  two  Kumben,  <^  triple  all 
the  F^rea  of  the  Root  already  found  f taken  as  one  Number)  and  triple  the  Square  of 
the  llime  \  the  Reafon  of  which  you  have  [dainly  in  €9r.  Lew.  4. 

2.  If  the  Dlvitbr  3  4*  -f-  3  ^  is  contained  ofrner  than  0  times  in  the  Refolvend^  then  if 
it's  (b  lAer  the  fecond  Figure  is  founds  9  is  the  Figure  fought  j  for  in  this  Cafe  the  Refol* 
vcjd  tnav  be  thns reprefentcd,  2i*»x  io  +  3*x  io+R=3i*9+3**  +  3*x  10 4; R* 
and  the  Sam  upon  which  the  Limitation  depends*  beinj;  3  a^f-j-^t^-^h,  if  ^  is  9, 
then  diis  Sum  is  34^X9^34x8i--}-729:  Compare  this  with  tne  Refolvend*  they  have 
this  Part  in  common,  viz.  3  n^  x  9 :  Sei  this  a&de#  ^nd  compare  the  Remainders  in  both* 
iMk  3«»-f-3«x  io4-R»  *nd  3 <sX  8i*4"729>  ^  '^^  >^  ^^  ^^^  ^^^  former;  for,  after 
two  Fmres  of  the  Root  ttre  foundj  M  confifb  of  three  Figures,  in  its  compieat  Value,  ahd 
fa  nmft  be«t  leafl  xoo:  Therefore  3  ^sx  81  is  lefi  than  3  a*,  and  720  is  lefs  than  3^ x  10, 
which  is  at  Inft  300 x  10 as  3000.  Hence  it  is  plain,  tHat  the  Refolvend.  is  greater  than 
che  •Number  t^  be  compftfed  ^kh  it  in  the  Limitation  t)f  the  Quot^j  and  the  greatei-  that 

A  a  :i  dis» 
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ii  is,  as  it  wiU  be  dwtys  greater  at  every  Seep  aftertbe  Sxaad,  fi>  much  will  the  Rdblrad 
exceed  that  other  Number. 

Again ;  In  the  fccond  Step»  the  Quote  is  certainly  9,  if  the  firft  Figure  found  is  dtber 
8  or  9;  L  e.  if  A  =  80  or  90;  which  youll  find  by  comparing  as  before  3  A^4-3  A:^ 

lo-f-Rwith  34x814* 7^9^  for putting4s=:8oor90>  vou'ufind  3 Ax8i  +  7-9^^^^ 
3  A*  +  3  A  X  lo :  But  when  A  is  fuppoled  70,  or  foj  O'C-  it  will  be  gre9ter«  ancl  tbcrrfprc 

the  Quote  muft  be  lc6  than  9>  unleU  the  Number  R>  which  belongs  to  the  Rdblveodj  is 

greater  than  the  Exceis  of  3  A  X  81  -f-  7^$  above  3  A*  +  }  A  X  lo,  as  in  fomc  Cafes  it 

Willi  and  in  fome  it  will  not. 

SCHOLIUM^  coM€ermH  «  different  MeiM  ef  FfsSki  m  the  ExtrsBkn  tf 

s  Cube  Root. 

The  preceding  Rule  is  nearly  according  to  the  moft  common  Method*  that  it  mighc  be 
accommodated  to  the  Principles  from  which  the  Reafbn  and  Demonftration  of  it  mi^t 
be  moft  eafily  deduced :  But  there  is  another  Methods  difietii%  a  litde  in  one  of  ;be 
principal  Seeps*  which  is  this : 

Having  pointed  the  given  Number*  and  found  the  firft  Pigure  of  the  Root^  dien  in  all 
the  fucceeding  Steps  form  the  Divilbr  as  before*  and  find  the  Quote  under  this  Limita- 
tion* viz.  That  being  added  to  the  Divifor*  and  die  Sum  multiplied  by  the  fime*  the  Pro* 
dud  (hall  be  lels  than  the  Refolvend  y  which  is  fo  far  like  what  we  do  for  the  Square 
Root:  But*  asain^  the  Remainder  muft  not  exceed  the  Product  of  thefe  Numbers>  m 
the  Sum  of  the  Quote  and  the  fecond  Member  of  the  Divifor  multiplied  into^  the  Diffr 
rence  betwhet  the  Quote  and  its  Square;  i.  e.  add  together  thefe  two  Produds*  and  tbek 
Sum  muft  not  exceed  the  Refolvend*  and  what  remains  here  belongs  to  the  next  Re- 
folvend. 

You  may  alfo  form  your  Divifor  thus ;  Take  the  Figures  already  found*  and  to  them 
prefix  I  ( or  take  them  with  o  prefixed*  and  then  add  i>  which  will  fall  in  the  Place  of  the 
o  )  J  multiply  this  Sum  by  triple  the  Number  to  which  the  i  was  added :  The  ?toi\i&  is 
the  JDivifor.    See  this  ExsmpU  wrought  after  this  Mannner. 

■<,  J  ,^#  fft  f  The  Letters  and  Operations  ftcw 

kit  =  J  theApplicarion  of  this  Methodiand 

Divifor  I  ^  what  is  to  be  demonftratcd  is  oolythis, 

4900=;3if+^X**  — *      this  you'll  find  by  perforating  the 
■■  Operation  of  thefe  two  Produflsisod 

102 1 2;.  Sum.  adding  them  thus>  \  4*  -^  ^  4l* 

— •  X  *=3  ii»*4.  1  If  *4.K  then 

000000  3#+^x^*  — ^=sq  tf**  +  *^- 

'  3  n^ — A*":  which  added  to  the  for- 

mer xnakes  %a^b*^\Mi^  -^K 
What  I  have  farther  to  obfcrve  is.  That  this  Medwd  will  in  many  Cafes  be  of  Advsn- 
•age,  by  helping  us  to  difcover  more  eafily  that  fome  Figures  are  too  great  foe  the  Quote* 
without  the  Trouble  of  making  out  the  total  Number,  which  is.  here  to  be  compared 
with  the  Refolvend  :  For  if  the  firft  Part  of  it  ( viz.  the  Produd  rf  the  Quote  by  the 
Sum  of  the  Divifor  and  Quotc^  or  3^*+^^"f-i^x<ii  is  equal  to  the  Refolvend,  or 

greicer* 
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greater,  that  Figure  is  cfertatnly  too  big  to  infyfrtr  the  Rule.    But  thb*  that  firft  Part  is  left  • 
than  the  Refi>lvetid,  we  cannot  conclude  that  we  have  the  true  F^ure,  till  we  add  the 
od}er  Pare  alfo>  and  find  that  the  Sum  is  not  greater  than  the  Refolvend. 

Otfirve  aUb,  That  if  the  Produft  of  the  Quote  *,  and  firft  Member  of  the  Divifor, 
viz.  3  tf*,  is  equal  to  the  Refolvend  or  greater,  then  certainly  that  Quore  is  too  big,  and 
fo  we  might  have  the  fame  kind  of  Advantage  by  the  common  Method;  yet  the  Produft 
of  the  Quote  into  the  Sum  of  the  Quote"  and  Divifor,  bein^  always  a  greater  Number 
than  the  Produft  of  the  Quote  jmd  firft  Metjiber  of  the  Divifor,  the  laft  Method  will 
difcover  fome  Figures  to  be  too  great,  which  would  not  appear  fo  without  Trbl  by  the 
other  Method. 

Of  the  Proof  of  the  Cube  Root. 

Involve  the  Root  found  to  the  Cube,  and  compare  it  with  the  given  Cube,  or  the 
Difference  betwixt  the  given  Number  and  the  Remain<fcr  of  the  Extradlion. 

Or,  By  caftine  out  9  s  thus :  Caft  the  9*5  out  of  the  given  Number,  if  there  is  no  Re- 
mainder in  the  Extradlion ;  or  out  of  the  Difierenc^  of  that  Number  and  the  Remainder 
of  the  Extriiftion :  Then  caft  the  9's  out  of  the  Root  found,  and  fauare  the  Excefs,  put 
of  which  caft  the  9's,  and  multiply  this  Excels  by  the  preceding,  and  out  of  this  ProdaA 
caft  die  9*5^  the  Excels  or  Defed  of  9  muft  be  equal  to  that  found  in  the  given  Number. 

Example:  The  Cube  Root  of  2744  is  14  j  thus  proved :  The  Exceis  of  9's  in  2744  U 
8.  in  14  it  is  5  i  then  5  X  5=25,  in  which  the  Excefs  of  9*8  is  7,  which,  ihultiplied  by 
the  preceding  Excefi  j,  the  Produdi  is  3.5,  ih  which  the  Excefi  of  915  is  3. 

(The  Reafon  of  this  Pradice  is  alfo  obvious  firom  what  is 
(hewn  in  Multiplication :  For  taking  14  x  14  as  one  Fador> 
and  14  as  another,  we  firft  caft  out  9'^  out  of  t4X  14,  and  then 
out  of  14^  and>  multiplying  tbefe  two  ExcefTes  together,  we  compare  the  Excefs  of  ^*s  ia 

the Proda<ft  with  that  in  2744,  which  is  =i4X  14X  14. 

Problem  III.     ^0  Exfra^  the  RcK>t  af  any  Corner  above  the 

Cube. 

GeneraiKvLZ. 

■ 

WHatever  Root  is  propoied  to  be  extrafied,^  as  in  general  the  n  Root,  diftribute  the 
eiven  Nutsber  into  Peripds,  taking  as  many  Figures  to  each  Period  as  the  Number 
of  UnSs  in  the  Index  n*^  then  make  a  Table  of  the  fimilar  Powers^  ( k  e,  the  n  Powers  > 
of  all  the  Digits,  as  far  at  leaft  till  you  find  one  which  is  equal  tos  or  exceeds  the  firft  Pe- 
riod on  the  Left  of  the  given  Number,  taken  by  itfelf :  the  Root  of  that  Power  is  the  firft 
Fi^re  6n  (he  Left  of  the  Root  fought,  which  call  A.^  then  fubtrad  A^  from  the  bid 
firft  Period,  and  to  the  Remainder  nrefir  the  next  Period  for  a  Refolvend  j  and  to  find  the 
nc3ct  Rgure  of  the  Root,  form  a  Divifor  thus;  take  a  3inornial  A-^B,^and  involve  it  to 
the  n  Power,  as  has  beeti  explained;  yoar  £)ivifor  vi  the  Sucn  <tf  all  the  Produdb  of  the 
foveral  Powers  of  A,  except  the  bigheft  A**,  multiplied .  by  the  proper  Coefficients  of  the 

Terms  in  which  they  ftand  in  the  Power  A+B  :  Thus,  for  the  4th  Root  the  Divifor  ii^ 
4  A* +6  A* 4-4  A  i  for  the  5th  Root  it  is  5  A*-|-ioA3+ 10  A*  +  5  A,  as  you'll  find 
m>tn  the  Taik  ^  BtiMtnud  Vtyoars  and  Coefficients.  And  nnh;irfalfy»  the  Divifor  will  be 
»A'^»  +  4ixA"~*+*xA" — i-^&e,  4'iffXA,  where  I  have  fimpljF  «xpfe(red  the  Co- 
efficients by  fingle  Letters,  which  you  muft  underftand  as  reprefeoting  tne  true  Coefficients. 
Alfo  reosember,  that  the  firft  Figture  of  the  Root  founA  which  A  reprcfeots,  muft  be  mul* 

tiplied 
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tipUed  by  tD»  or  '» prefixed  to  iu  becaufe  tbftt  is  its  thie  Vtliie  with  fcQ)ed  to  the  next 
Figure  to  be  (bond ;  find  tn  this  Value  you  are  to  ufe  it  in  forming  the  Divifor :  then  find 
the  Qaote  6>  (which  can  never  exceed  9)  liroired  fo  that  the  leveral  Mecnoers  of  the 
Divifor  being  multij^ed  by  the  federal  Povrera  of  B>  which  you  find  multiplied  into  them 

in  the  fevcral  Terms  of  the  Binomial  Power  A  +  B  ;  and  B"  added  to  the  Sum  of  allthefc 
Produfls,  the  total  Ihali  not  exceed  the  Refolvend.  Thus  in  the  4th  Power  the  Number 
to  be  compared  with  the  Refolvend  h  this,  4  AsB-j-^  A*B^4"4AB34-B5i  in  the  5th 
Power  it  is  5  A*  B 4- 10  A^  B*+ 10  A*  Bs  -f  5  A  E*  4-  E*.    UniverfiiUy,  it  is  n  A"-' x  B 

+  4A'»— *xB«^-(fAn— 3xB3  +  c^r. +»AB"— '4- B"'  which  h  the  whole  Binomiil 
Power  except  the  Term  A". 

In  the  next  place  take  the  two  Figures  found,  and  prefixing  o,  call  this  Number  A^  and 
form  a  new  Divifor  as  before,  of  the  fcveral  Powers  of  this  new  Number  A,  mulciplied 

by  their  Coefficients  in  A+B  ,  and  by  this  find  the  3d  Figure  of  the  Root*  which  call 
again  B>  under  the  (ame  Limitation  as  before  ^  and  (b  proceed  to  the  End. 

SCHOLIUMS. 

1.  If  you  begin  your  Guefir  for  the  Quote  f  1.*.  for  any  Figure  of  the  Root  after  the 
firfl: )  at  the  greateft  number  of  times  ( not  exceeding  9  ]  that  the  Divifor  is  contained  ia 
the  Refolvend,  then  the  Limitation  of  the  Rule  for  the  Number  to  be  compared  with  the 
Refolvend  is  fufficient  to  determine  when  you  have  the  true  Figure.  But  if  you  chufe  at 
a  GueS,  then  you  are  to  itoind  this  Mark  of  a  Figure  too  little,  viz.  That  if  you  take  all 
the  Root  found,  taking  in  the  .Figure  now  put  in  the  Root»  and  call  it  A ;  then  take  the 
Sum  of  the  Produfts  of  the  feveral  Powers  of  it  ( except  A'' )  which  belong  to  the  new 
Divifor;  the  Remainder  muft  not  exceed  this,  elfe  the  Figure  laft  found  is  too  litde. 

2.  If  there  is  a  Remainder  after  all  the  Periods  are  employed,  the  given  Number  is  00c 
a  Power  of  that  Orderi  and  the  Root  found  is  only  that  of  the  greateft  Power  contained 

in  it. 

I  (hall  illuftrate  this  Rule  as  far  as  is  neceflary  by.  an  Ex- 
ample. Suppofe  xhe  ^jth  Root  of  jhis  Number  74560898  is  re- 
quired. Having  poimied  it,  the  kft  Period  ia  745  j  and  rai- 
fing  the  5th  Powers  of  the  Numbers  from  i  to  4,  wbofc  5th 
Power  is  the  firft  which  exceeds  745,  I  find  241  the  gratcft  5th 
Power  contained  in  74s  >  ^nd  the  5th  Root  of  this  being  31  I 
put  3  as  the  laft  Figure  of  the  Root  fought. 


Roots. 

X 

2 
% 

4 


yth  Powers. 

1 

:      32 
:      243 
1024 


>-AB 
74560858   \J7 
A  —243 

4329iyo"N  50260898.  2d  Refolvend. 

283^50000===  5  A*  xB  f  g 

13230000^^  16  A^  X  B* 
3087000  =  rD  A*  X  Ba 
36oi<o=c:5  AxB* 
16807=  B* 

450+3957-  S«n. 


=*7  J 


I     . 


.Oiiiiii 


5216941.  Remainder. 


Then  raifingXTB*>itisA*+5A^B 

+  ioA5B»+ioA*B3  +  5AB*+Bii 
and  taking  A  =  30,  the  DivUbr  is  5  A^-j- 
io  A?  + 1©  A*  -f-  5  A  =  43291509  which 
is  found  in  the  Rdfolveodft  und^  die  Li- 
mitation of  the  Rule  7  times^  the  Kc- 
mainder  beii^  5216941,  , 


The 


Ch^p*  2.  Cube  RooTr  1S3 

The  Diviior  bdog  fermcd  thus : 


5  A*=  4050000 
ioA5=  270060 
10  A*  =       9000 

SA=         150 


Demonstr.  The  Demonftratfon  of  this  general 
Rule  depends  upon  the  fame  kind  of  Principles  as  thofe 
for  the  square  and  Cube :  Aod  whoever  upderftands 
thefe  thoroughly  will  be  able  to  excend  them  to  this 
univerfal  Rule  with,  grcac  Eafe :  For  if  we  put  n  in 
the  Fla^e  of  ^  or  3  in  the  prececfaig  Lemma's,  ihey 


43^9150  ^iii  become  univerfiil  for  all  Cafes. 


ScHOLiVNf.  What  a  tedious  thing  ir  h  to  form  the  Divifors«  and  the  Numbers  to 
be  cocBpare4  with  the  Refolvend  in  high  Powecs^  and  indeed  in  tU  above  the  Cube*  it's 
eafy  to  perceive.  All  that  can  be  faid  in  favour  of  thisr  general  Rule  is  only  this>  That  it  is 
exceedingly  preferable  to  our  being  left  to  a  pure  blind  QuelSj  with  na  odier  Help  than 
raifing  the  Power  of  the  Root  guefled^  and  comparing  ic  with  the  propofed  Number.  Yet 
the  BTcaC  Labotir  of  this  Rule  has  excited  the  Macbematicians  to  the  lomuion  of  other 
N^^thods;  the  explaintng  of  which  comes  not  within  the  Limits  I  have  prefcribed  my  fidf 
in  this  WoFkj  except  that  Method  which  is  by  the  help  of  L0garitbmT,ga  you'll  find  after* 
wards  explained.  In  the  mean  time  ohfirve,  that  as  Sottare  and  Cube  Roots  are  the  thfng;^ 
only  ufefu)  in  the  common  A9an^  of  Life>  fo  the  Rules  for  them  are  tolerably  eafy^  dpe- 
ctaLy  the  Square.    But  there  is  alfo 

AB9iber  Gtnnal  Rux  B  fir  Compound  'R$oU  (1.  e.  nDbcfo  Imkx  it  tht  FfitS  tf 

tnm  w  mwtlHumkirs)^ 

♦  »  " 

Take  any  two  or  more  Indexes  whofe  Produfi  is  the  given  JMJk»y  «d  extra&  out  of 
the  given  Number  a  Root  anfwering  to  any  of  thefe  lefTer  Indexes^  and  then  out  of  this 
Root  extrad  a  Root  anfwering  to  another  of  diefir  leffir  Indexes>  and  fo  on^  till  you  go  thro' 
them  dl :    The  laiL  Root  found  is  the  Root  fought. 

ExampU  i.  To  find  the  4th  Root  of  6iix  I  find  t^e  Square  Root  25- j.  tbea  tiie  S^iara 
Root  of^  this*  which  is  5^  is  the  Root  fought. 

Examples.  To  find  the  6th  Root  of  4096:  It  is  4^  which  I  find  thus:  ($aaX3> 
therefore  I  find  the  Square  Root  of  /^o^6,  which  is  64,  and  then  the  ^d  Root  of  64  is  4. 

Bemovfir.  The  l^afin  of  this  Rule  is  obvious  *being  only  the  Reverie  of  what's  done 
and  demonftrated  for  involving  a  Number  to  a  compound  Power}  or  you  have  the  Rea** 

fon  of  it  in  Tbeim.  IX.  §.  i.  where  it!s  fliewn  that  AJ*°»==  A'*s 

Ohfirve,  ICs  beft  to  begin  with  the  Root  of  the  loweft  Index. 

4^1/0,  If  the  given  Number  is  nor  a.  Poller  of  the  Order  vou  firft  nry»  neither'  can  it 
be  a  Power  of  the  Order  propofed  ^  and  to  find  the  Root  pf  tne  greateft  like  Power  eotv- 
taised  in  k,  other  Methods  do  better: 

Of  tie  Proof  of  all  Roofs  of  Integers  umverfaUy. 


It  is  done  either  by  the  oppofite  Lavolufikm^  or  by  ca Aing  out  the  ^%  thus : 
Caft  the  ^*s  out  of  the  given  Number«  or  the  DifFensoce  of  it  and  the  Remainder  of 
the  Eitra<SHon>  and  nark  the  Excefi:  Then  caft  the  9's  our  of  the  Root  (and  take  the  £x- 
cefi«  or  the  Root  itfelf  if  le(s  than  g)y  multidy  it  t^  itfelf>  and  "Caft  out  the  9's  from  the 
Produft;  then  mukiphr  the  Excete  by  the  £xce&  in«  the  R^ooc^  and  caflr  the  9's  out  of 
the  Produd;  this  laft  Exceis  multiply  by  the  Excefs  in  the  Root*  and  caft  the  9's  out  of 
the  Ptodii^  afid  gaoo  fe  tiU.  the  Exceir  or9f'8  ia  the  Sxxx  is  eaqploy-'d  as  a  M^plier*  as 

•-    ■  oft 


to 


184  .   Of  Extradlion  of  Roots.  Book  HI. 

o(t  as  the  Index  of  the  Power  expreHes :  The  laft  Excefs  muft  be  equal  to  that  in  the  given 
Number. 

§.  II.    Part  II. 

ProbL  4.   Of  the  Extraftion  of  the  Roots  of  Fraftions. 

A  FraAional  Power  is  to  be  conGdered  in  two  difiereht Views:  i.  As  being  an  immedi- 
■*-^  ate  Powerj  i.  e.  the  immedjate  ESeSt  of  the  continual  Multiplication  of  fotne  Fn&i- 

on  into  itfclfj  as  4=-  x  *;  and  — =-x  -x  ?.    Or,  2.  As  being  only  equivaleu 

93     3'       a7      333  „  6/1 

fbme  immediate  Power,  but  not  itfelf  fuch  a  one,  as  -rr=jt. 

lo      9 

Now  if  a  Fraftion  is  immediately  a  Power,  it's  manifeft  from  the  Definitions,  that  if  we 

extradl  the  Root  propofed  from  the  Numerator  and  Denominator  feparatdy^  thefe  are  the 

Numerator  and  Denominator  of  the  fraftional  Root  fought.    Examfk :  The  Sqinre  Root 

of  ^is  -ifbr8=:64  ,  and  9  =  81  .    But  if  the  given  Fraftion  is  only  equivalent  to 

fome  immediate  Power,  the  Root  (viz,  of  that  Power;  which  is  alfo  in  anodier  SeofCf 
the  Root  of  the  given  Fradion)  cannot  be  difcovered  by  this  Method ;  for  the  Numera- 
tor and  Denominator  have  not  both  in  this  Gife,  and  perhaps  neither' of  them  has  a  per- 
fcSt  Root ;  and  lb  we  cannot  determine  by  this  Method,  whether  the  Root  ibught  is  ra- 
tional orfurd:  yet  by  other  Methods  we  can  dUcover  this,  and  find  the  Root  wtee  there 
is  one.    For  which  take  diis 

Generd  Rule. 

Reduce  the  riven  Fradion  to  its  loweft  Terms,  and  then  cxtrad  the  propofed  Rootfiiom 
Numerator  and  Denominator  (eparately;  and  thefe  Roots  are  the  Numerator  and  Deno- 
minator of  the  Fradlional  Root  fought ;  which  is  alfo  in  its  loweft  Terms.  But  if  both 
Numerator  and  Denominator  have  not  fuch  a  perfeft  Root,  the  given  Number  is  not  a 
Power  of  the  Order  propofed,  ddier  immediately  or  equivalendy.  * 

Examk  I.  To  find  the  iSquare  Rooiof  ^>  I  find  its  leaft  Terms  ^  whoie  immediate 

Root  IS  -^. 

A 

Examfk  2.  To  find  the  Square  Root  of  ^,  I  find  its  leaft  Terms  — .  But  neither! 
aor  23  are  Squares,  iuid  therefore  7^  is  not  a  Square  in  any  Senjfe. 

Demon,  i.  If  the  loweft  (or  any)  Terms  of  the  given  Fraftion  are  Powers  of  the 
Order  propofed,  it's  plain  that  their  Roots  make  a  Fradion,  which  is  the  Root  of  the  given 
Fradion  ^  by  the  Definition.    And, 

2.  If  the  leaft  Terms  of  a  Fradion  are  not  Powers  of  the  given  Order,  no  Terms  of 

it  are  fo:  or  the  riven  Fradion  is  not  a  Power  in  any  Senfe.    For  let  -n  be  a  Fradion 

M"      A  ^ 

in  its  leaft  Terms,  and  fuppoie  m  =  -k  {i.  f .  fome  other  equivalent  Terms  of  the  Fra- 

A  M" 

dion  to  be  an  immediate  Power.)    Then  becaule  h^^^  ^^  Terms,  «^  is  not  fo,  be- 

M 
cattle  it  confifts  of  di£fer^)C  Terms  by  SuppQfickin.    Confequendy  ff '  ^  *  ^^^  ^  ^ 

T  in 


a 


Chap,  z*  i^^U  10^  F  R  A  e T  i  0  N  8.  iB^ 

xo  ies  lead  Terms,  (by  Lm^  preceding  the  their.'  Chap,  xj    Tidce  ^  ia  its  leaft  Termsi*  and 

t=:  — }  thenif  p;  in  its  ieaftTemi$»  (by  the  fame  L$m.)    And  fince  ""^^^  therefore  --^ 

=  -;Tjr  =ai  wherefore  -*  and  5-  are  both  in  the  leaft Ternw,  which  is  abfurd;  or  tr%  5^ 
are  the  £ime  Term5>  which  is  alfo  contrary  to  Sappofition.    ^ 

SCHOLIUMS.         ' 

I.  A  FradKon  made  of  the  greateft  Integral  Root  of  the  N^umfeAtor  and  Denoftiinator 
may  in  one  Senfe  be  called  the  Root  of  the  greateft  Fradional  Power  contained  in  the  gi- 
Ten  Fraftion;  which  Root  wilU  in  fome  Cafes^  be  a  deficients  and  in  fome  ah  exceffive 

Root»'i-£.  wfeofe  Pojnr^  wan;s  of»  or  exceeds  the  giv«i  Fradion..  Exam^k:-!,  the  great- 
eft  Square  Fradioa  contaio^d  in  it>  in  this  $enic#  is  ^s  whofe  Root  .is  ?;  which  is  an  ez- 
ceffivc  Root  to  ^  ,  becaufe  *  is  a  greater  Fradiori  than  ^,    Biit  in  ~  the  greateft  Square 

is  -,  wfaid  is  left  than  ^i  thercfole  its  Root^  is  a  deficient  Root  to  ^. 
9  ^5  3  15 

Ag^:  In  antoflicr  Senfe,  'i.  e.  if  we  ask  what  is  the.  greateft  Fraftion  which  is  an  im- 
mediate Power,  and  is  lefi  thaOta  given  Frafiion  which  is  not  a  Power  in  any  Senfe',  then 
there  is  no  fuch  thing  as  a  greateft  j  the  Rcafon  of*  which  you'll  find  afterwards.  fSee  Co^ 
r$l.  Pr9h.^.) 

2-  The  preceding  General  Rule  requires  two  Extrafiions,  viz,  both  from  the  Numera- 
tor and  Denominaror;  but  I  fhall  give  you  other  particular  Rules,  whereby  the  Root  is 
found  by  one  Extradion ;  and  fuch  as  are  accommodated  to  the  Methods  of  Aooroxima 
tion,  afterwards  explain'd.  ^^   ^^ 

Particular  Rules  for  the  Roots  of  FraSlions. 

1.  Far  the  Square  Boot. 

Multiply  the  Numerator  and  Denominator  tc^ether,  and  extraft  the  Square  Root  of  the 
Produd;  which  is  always  a  cpmpleat  Square,  if  the  given  Fraflion  is  fo  in  any  Senfe 
Make  this  Root  the  Numerator  to  the  jriven  Denominator,  and  this  Frafiion  is  the  Root 
foi^i  or  fet  the  given  Numerator  fraflionally  over  the  Root  found ;  and  this  alfo  is  the 
Root  fought,  tho'  neither  of  them  *  in  the  leaft  Terms.  But  if  the  Produdl  is  not  a  com- 
plcat  Square,  neither  is  the  given  FradUon:  And  havfag  found  the  Root  of  the  ereateftln. 
tewal  Square  contained  in  it,  ufe  that  as  direfledj  and  you  (hall  have  a  Root  wStine  of  a 
juft  Root  to  die  given  Fraflion,  if  the  Root  extraftcd  is  made  Numeiator ;  but  eroSdim? 
if  rfs  made  Doiominator.    .  '  »* 

XxaofU  1.    Tofindthc&piareRootofi',  Itakc4X*s=35,  wiiofeRobtktf-  md 

fi)  die  Root  foudit  is  l=*.or  +=i*;for2x*=:4. 

9      3^333^ 

^xmfU  3.    To  find  the  Square  Root  of  J^,  I  lafce  12  X 147==  17^4;  Whofc  Root  i> 

4»  J  ttid  fe  ^sr  !1=8  2  i,  the  Root  fought:  for  ^x  *-=J  sr  i*.; 
H7     4*    .7  *  7    7     4j     147* 


Exm^  %.    T^  the  SSqture  Rddt  df  Z*  i  Hk«  7  X  l\  ftatV  ♦Web  &  Mt  t  Sqdirt; 

ttercfore  2.  is  not  fo:  But  the  grcitcft  Integral  Root  in  84  is  ji  tfidtfttfe  J.  ss  lisaRoot 
12  la  .  4  . 

^eandng  of  a  true  Root  to  1 ;  for  3  x3  =  ^9,  ^c6  U  refi  thin  ^  becaafc  jXia  b 

«     •     "^  ... 

lefi  than  7X  itf.    And  Z  is  an  exceffive  Roots  for  \^l~^^^^^  *^  ^  '^^^"'"^ 
49X II  is  greater  than  7X  8r. 

Scholium.    Tbo'  the  F«uaion«veB  be  m  its leaft terms.  Tct  Ae  kpot.  fouftd  bjr 
i  will  not  be  in  its  Icaft  Terms  in  every  Cafe  where  the  given  Fradion  is  noc 


this  Method  ^.^  — ^.  -^  -^ ^  -. '         •  •  ^        a 

a  pcrfeft  Pdwcr,  as  the  prtcedtng  ^xam.  5.  fhcws.  And  if  ft  %  t  AcHfea  P6wet,  ite 
Root  found  will  never  1>e  in  its  leaft  Terms,  as  is  manifeft ;  becaufe  the  leaft  Terms  are 
tfit  Root  df  the  NameStOT  ind  Denotoihatbr  oiF  the  Idaft  Tfems  af  tUt  ^ven  Pradion. 

D  £  M  o  N.  1.    the  gi^cn  Fradiod  bcifig  ^,  midtiply  both  Terms  by  R  or  by  Aj  snd 

then  ^=4ff — ^-    SUppofc  AB  is  a  complcac  Squaie>  wb6fe  Root  is  if>  fo  that  AB 

F      BB      Ab  »»      AB       A     AA     AA 

;s=:*tf  i  then  are  all  theft  Exprcffions  equal,  viz.  gg—  g^ f^  B^SB~  JT*  ^^' 

qiicntly  J  the  Square  Root  of  ^,  and  ^  the  Square  Root  of  ^  airttach  a  tmeRootto^. 

2.  if  A B  is  isot  a  petftjft  Square,  tbcft  neither  is  ^  in  anySenfc.    For fappofc j^j  s: 

A_AB^  jjj^^  j^y  gqujj  Multiplication,  according  to  the  Nuture  of  Fradiom*  it  i$ 

b      BB  M*yR»      KTR* 

M*xB*_  AR    But  M*x«*^=Mf%  *crefiDre.-Tj3^»:^  i  which  is  plainly  an 

N*  MB 

immediate  Square,  whofe  Root  '^'^*  and  is  therefore  a  true  Root  to  AB,  wUch  isab- 

furdi  for  AB  is  fiippofed  not  to  have  a  trub  Square  Root  in  Int^ers,  and  confcqucndy  bis 
no  fdch  Root  true,  (Tfcwr.  19.  Ch^t)  therefore  ^  is  aot  4e  Sqtoaite'Root  of  AB^ 

tJor  is  ^fc^^u«I ».  AB  J  Aor  ^  «qail^  ||  (^«f  ^  m  imApp^ftd,  'i.e.  noim- 

xitediate  Squai'e'^*  can  ^  tqertl  to  g,  or  g  is  not  a  SqiAre  in  any  Kcife. 

3.  Sdp^ft  5  the  freateft  IntegtW  Root  irf  AB,  fo  that  #w  b  tefi  diin  AB;  tkeo  fe 

—  lefi  than  4^  (^  i.e.  1  is  a  de6cient  Root  to  J'.    Alfo  fincc  a 4  is  lefi  than  AB, 
}^t^  .  jHB\By  :  '»:        X     AB      A^  *A  A 

therefore  AA  is  greater  than  ^  ^=:^^=;g.^  ''  '•  ^  ^^  art^exc^vc  Boot  to  g. 

a.  JPn  ttt  Cute  Bodt. 

Multiply  the  Kutnerator  by  the  Square  of  the  Denominator;  the  Produd  ^0  ^  * 
compleac  Cube,  if  fife  given  Fraaidh  k  fo  in  any  «^t*;.!the  Cube  Root  rf  Ais  Produtt 
fct  fraaionally  over  the  DcnojKiinator  of  the  given  Fradlioiu   is  the  *^^^*^/J^ 


fought.  Or  thus :  Multiply  the  Denominator  by  the  Square  of  the  Numerator^  and  over 
the  Cube  RpQt  of  the  Prqtjudl  fet  tjie  given  Nijnjeratpr  fra^ipftally.;  and  this  dfo  is  the 
Root  fought.  And  olfervei,  that  if  tfie'^vcn  tr^aion  is  a'pfoper^bBej^lie  laftls' the  beft 
Method  J  but  if  it  is  improper,  take  the  firtf' Method.    But  if  the  ProduiS  mention'd  is 

Root  of  t 

Examfk  z.  To  find  dieXi^ttbe  Root:  of  ^>  take  17 yaysa'yi^>  jtheo  TStp  X Sra: f  8;^ 
wbefe  Cube  Root  Is  18  j  Aen  is  ^ss^itHe  Root  fought  Or  thus^  8x8  ks  64^  then 
64x27=  172^,  ^ofe  Cu^-Rpof  is  i^i  theit^^e  75==^^  (salfo  the  Root  (ov^ht. 

Example  2. '  For**^V  takfe  ^jx  5'4S=:2$i|J,  ihei^  ajjitf  X  iY^\^'^Ji<i>  !which  has  nota 
Cube  Rcot^'  and  &>  rj^^  not  ^  Cubt^l  but  the  fjrpatelit  incegcsd  CubedELoot  of  43740.  be- 

i°g  ilf  tljerefoijc  ^  V.a  .4cfi?«W  R.Q9t  59 1|}  P'  >f  »c  rake  15  ^  I5,=5:w5'  tbp  iaj  jc 

54=12150,  wb^fe  neareft  Cube  Root  fs  it*  ajjd  —  is  an  £xcelfive  Root. 
D £  n^  o  N.  ;[.    ]^o;  the  ^rft  ^(^etbod^  multiply  each  Term  of  the  Fraftion  -^  by  Bs and 

K  is  "jr-^jfi  5*^  if  AB*  is  a  Cube>  let  its  Root  be  m,  then  n-  is  the  Cube  Root  of 

'^B*    A.  A.  103     A  R* 

^sK^-    Affiiai  if  Afi<  «  not  ;i  Gute,  neitber  is  ig-i  for  if  We  fiippoiib  —ssi%^y 

«?'^'^f='^'>  wbofeCttbe  Root  ii^j ».  /.A  B»  is  a  Odje,  5*»pli  is 


contrary  to:Siipp9fid6n,if  r:;;^  ia  Integer.;  and  if  iiSs  cuDt  Integer^  itr.casmo^  be  tbct  Qd)e 

Root  of  A?*,  .w^ch  has  no  Cul^e  Rpot  in  Integpn  {Tieor.XlX.Cb.i.y    But  if  we 
fuppofe  m  the  greatcft  bridal  Cube  Root'comaineflTin  A.P*i  fo  that  n^lsids  than  AB*, 

2.  :FQ9r  Om  i^cond.  Mctbpd^ 


A  A^        A 

-;  i«.theiVciot^f -TCiii~"ife-i  but 


.    A        ^       ^  ^     JW3  A'         .         .  JW3 

•3 


if  A*B  is  not  aGobfe  fcicber  is-g  j  iorAppofe  |i-=si^*  thcnJs^x  A»B«A3,atid 


^^  to §i^Ej^fitio|i i^^ut if-  v,c  m<^£}^^.gf^^ .jp^  Cu^e^Rppt ^Qnto^e^  in,  A*.B, 
fo  that  »3  is  lefi  than  A*B,  then  is  —  greater  than  -^^,  and  confequendy  ^  is  an  ex- 

ccffive  Root  to  -^-; 

Scholium.    Both  thefe,  and  the  ExtraSion  of  all  higher  Roots,  may  be  compre- 
wndcd  in  one  general  &v/r>  thus: 

Bb  a  iSlern" 


tSS  RoO^SofP  ti  actio  K6r  Boo£  III. 

GejtifslRvt  zforsUtbe  "Roots  of  Frtftions^  ofitf  the  Mannot  of  the  preeeini 

FartuuUr  Rules. 

Raifis  the  Denominator  of  the  given  Fradion  to  a  Powers  whofe  Index  is  i  Ids  tbao 
that  of  the  Root  to  be  extrafied^  and  multiply  this  Power  by  the  given  Numerator :  Ex- 
traft  the  propofed  Root  of  this  Produd  ( which  is  a  compleat  Power*  if  the  given  Fri- 
fiion  18  fo ),  and  fee  it  frafttonally  over  the  oven  Deoomioatorj  and  this  makes  die  Root 
fought.  But  if  that  Produft  has  not  fuch  a  Root*  neither  has  the  given  Fradion^  and  tt* 
long  the  greateft  intqzrai  Root  contained  in  that  Pioduft*  it  makcsj  with  die  given  Deoo- 
niinator>  a  deficient  Root  to  the  given  Fradion. 

Or  aUb  thus :  Raife  the  Numerator  to  the  Power  direded*  and  by  that  muldply  die 
Denominator^  eztraft  the  prmoied  Root  of  tbt  Produd  if  it  has  one*  or  take  the 
greateft  integral  Root  contained  in  it;  over  this  Root  fet  the  given  Numertfor>  and  it 
makes  an  exceiCve  Root  to  the  given  Fradion. 

Esfdmfle.  To  find  die  4th  Root  of -g-*  I  multiply  B?  by  Aj  And  (et  die  4tb  Root  of 

the  Prpdud  A  B^*  or  the  greateft  integral  4th  Power  contained  in  it*  over  B,  and  it  maks 
the  Root  fought^  or  a  dercienc  one ;  or  alio  over  the  4di  Root  of  As  B  fet  Aj  it  Buks 
the  Root  fought^  or  an  excef&ve  one. 

Demon,  i.    For  the  n  Root  of  -g-:  If  AB**— »is  a  tniePower  of  the  Order  m  let 

m  AB^ — '       AB" — '        A 

its  Root  be  w,  then  it's  plain  that  ||-  is  the  »  Root  of — ^^  =  u    ^^_,  =  ^.   And 

if  w  is  only  the  Root  of  the  greateft  integral  Power  contained  in  A  B"— *,  it  felf  not  bang 

one,  then  is  «n  plainly  a  deficient  Root  to  -^>  which  in  thi^Cafe  haa  no  true  Root^  for 


if  we  fuppofe  — =s  ^  p>'      (=  ^;»  then  is  A-B*— «s=:. — jp — -=-j--^  ^liofe  n 

Root  is  — ^}  t.f.  AB^^r*  isa  Power  of  the  Order  0^  contraryto  Suppofition. 

A**         A 
a.  For  the  ad  Method  j.  g-jH=ri=-g*  and  if  the  »  Root  of  B  A" — I  is  »,  then  is 

~  the  Root  fought:  But  if  si  is  only  the  Root  of  the  greateft  integral  Pe^wer  contiio'd 

A  A 

in  B  A"— S  it  fdf  not  being  one,  then  is  -^^  an  exceffive  Root  to  -tt-*^  whicb  in   this 


Cafc  has  oo  true  Rootj  fiw  if  ^  =ff^r».  then  is  BA— »*a^^!S.,  whofcuRoot 

An 

.  is  -^}  f.#.  3  A***^  is  a  Power  of  the  Order  n,  contrary  to  Sij^ipofidoii^ 

^S  cii  o  L  i  V  xf .  If  Ae  penondniktor  oTthe  Rootts  a  Compound  Number:^  ^>;  the  Pro* 
.  dud  of.  two  or  inore.Integer$j  the  Extradion  may  be  made  by  feveral  more  limple  Excn- 
dions>'  in  the  manner  already  exj^ained,  which  needs  not  to  be  fuitber  infified  on. 


5.11. 


chap. 


2. 


Approximation  of  Roots. 


x%9 


%  II.    Part  III. 

Problem  j.    Of  the  Approximation  cf  Root&. 


\ 


Defikitiom. 


WE  have  dreadj  obfovcd^  that  cho'  a  Number  has  no  determinate  Roor«  yet  it  has 
what  we  may  call  an  indeterminate  one  (ordinarily  called  a  ^»r^Root}^  i.e.  there 
is  a  certain  Series  of  Numbers  decreafin^  which  can  be  carried  on  by  a  certain  Law  ov 
Order  m  infinitum,  whofe  Sum  taken  ftom  the  beginning  is  a  Root  whofe  Power  ap- 
proaches nearer  and  nearer  to  the  given  Number^  as  the  Senes  goes  on;  and  tho'  it  is  never 
equal  to  it  precifely,  it  may  be  brought  within  any  affignabie  Difference :  The  Imfewiimtg 
or  carrying  on  of  this  Series  is  whac  we  here  call  the  Apfroxmaihn  of  the  Root ;  and  if 
we  take  the  Series  of  the  Sums  invented^  it  maybe  called  the  Series  of  Afpr§Mchmg  Rootsi 
Obferve  aUb>  that  they  may  be  found  approaching  yet  either  ftill  lefi  or  ftill  greater  than 
true  Roots. 

I.    For  Roots  of  Integfers. 

RuLS.  Whatever  Root  is  propofed,  after  the  Root  of  the  grcatcft  integral  Power 
contained  in  the  given  Number  is  foundj  by  the  preceding  Rules;  To  the  Remainder  pre^ 
fix  a  Period  of  o's  according  to  the  Index;  thus  oo  for  a  Square  Root>  ooo  for  a  Cube* 
oooo  for  a  4th  Power*  ana  ib  on:  Then  form  a  Divifbr«  and  find  a  new  Figure  in  the 
Root  the  &me  way  as  in .  the  preceding  Steps  of  the  Work :  To  every  fucceeding  Re- 
mainder prefix  a  Period  of  o's,  and  find  a  new  Figure  of  the  Root>-  and  this  Work  will  go 
on  for  even  becaufe  there  will  always  be  a  Remainder.  The  Figures  thus  found  are  all 
Decimal  Places  in  the  Root*  the  decimal  Poinc  being  placed  immediately  after  the  in** 
tegiral  Part*  and  before  tbefe  new  Figures.  And  thus  we  have  a  Mixt  Number  for  the 
Root ;  wUch  is  ftfll  nearer  and  nearer  to  the  true  Root  of  the  given  Number*  the  further 
the  Operatkm  is  carried  on>  but  is  ftill  deficientj  becaufe  there  is  ftill  a  Remainder.  Again  ; 
Ohferve,  that  if  to  the  laft  Figure  found  in  the  Root  you,  add  i*  the  Sum  will  make  an  ex-** 
ceffiveRoot;  and  thus  you  may  have  a  Series  of  Roots  nearer  and  nearer*  but  ftill  exceiSvc. 

The  following  Example  of  a  Square  Root  will  fufficiently  illuftirate  this  Praftice. 


OferatioM. 
587  /15.67a*  &c. 


28400 

27489 


91100 
78684 

12416 


To  find  the  Square  Root  of  587.  The  Root  of  thegrcateft  in- 
tegral Square  contained  in  it  is  19.  Then  by  one  Period  of  o's  the 
Root  becomes  19.6;  by  a  2d  it  is  19.  67,  by  a  3d  it  is  19.  672; 
and  may  be  canied  funher  at  pleafure^  and  each  of  thefe  Roots 
are  deficient^  i.e.  their  Figures  are  leis  than  387;  but  the  Difference 
is  ftiil  leis  and  lefs :  and  what  I  called  the  Series  of  Numbers  de- 
creafing*  whofe  Sums  make  the  Series  of  approaching  Roots,  tho' 
ftill  defeaivc,  are  thefe  19*  .6*  .07*  .002*  ere.  and  the  Series  of 
their  Sums^  which  make  the  approaching  Root,  is  19*  19.6*  19.67* 
19  672*  &c.  And  laftly*  by  adding  i  to  each  of  the&*  we  have 
a  Series  of  approaching  Roots*  but  ftill  exceflive*  tho'  the  Dif- 
ferences grow  ftill  Ids.    Thusj  20*  19.7,  19,68*  19.673*^^. 

D  E  M  o  K.  I.  If  any  coinpleat  integral  Power  of  any  Order  is 
multiplied  into  a  Number  which  is  not  a  Power  of  that  Order*  the 
Product  is  not  a  Power  of  that  Order,  or  has  not  a  perfeA 
Root  of  that  Order.  Thus^.  If  A  is  not  a  Power  of  the  Order  sr* 
neither  is  A  xB"*  as  has  been  demonftrated  in  Tbeor.  II.  Coroll.  4. 
Chaf,  I.  *"      "  a.  If 
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a.  If  tfae  Root  oF  the  greateft  integral  Power  contained  in  A  B"  is  divided  b;  B,  wbich 
is  the  n  Root  of  the  Multiplier  BS  the  Quote  is  leis  thaa  a  true  Root  to  the  given  Num- 
ber. For  fuppofe  r  to  be  the  n  Root  of  the  greateft  imegtal  Power  of  the  Order  n  con- 
tained in  A  B^j  and  it's  plain  that  r"  is  leis  than  A  B">  therefore  take  their  like  aUqupt  Pam, 

and  gS"  '^  l^fs  than     g^  »  or  A ;  i.  e.  -g ,  the  »  Root  of  t^*  is  lefi  than  a  true  Root  to 

A.    Again  ^  If  to  f»  the  greateft  kitcsgml  Rpot  of  AB"*  we  add  i«  and  call  the  Sum  u 

xo  AB'^  t 

then  J"  is  greater  than  Aff*;  and  confequently  ^  greater  than -•to^,  or  A^  i.c  s|^^9 

CBceffive  Root  to  A. 
From  ihefe  two  Articles  we  fluU  eafily  d^tnonitrate  the  Rule  of  ^pfrqxifffgt'm,  tbu$: 
%.  The  greateft  integral  Rcx>t«  or  Root  of  the  greateft  int^al  Power  pontajuyed  in  the 
gireQ  Kumfeer  being  KKHid»  what  remains  to  be  proved  is  tlus  only>  That  the  Exo^oo 
will  go  on  in  this  aunaer  wxhout  end ;  i.  e.  that  there  will  always  he  a  R4;mjii][K}er>  and  To 
a  new  dedmal  Fradisoa  w«U  at  eveiy  Seep  he  addisd  xo  the  priscedjng  E^ooi*  XIO^M  the 
ix^ole  ;g^fier  «id.  ^oeater ;  y^t  (o  xbat  the  Mixi  Rxkk  will  ilill  Jbe  d£dQpt^  oj  its  Power 
ftill  lefs  than  the  given  Number^  tho'  ftill  nearer  in  infinitum.  To  fliew  this  Truths  mfkr^ 
that  by  prefixing  Periods  of  o's  to  .any  Kucxxber>  we  <io  r^lly  multiply  it  by  ia  Number 
conftiting  of  i  with  tis  many  o's  as  are  thus  pre&x'4  ^  but  it's  the  fame  thing  to  multiply 
die  given  Number  (  whofe  Root  we  (eek  )  by  prefbriog  o's»  and  dien  fadogiQg  th^ca  down 
to  the  Remainders^  or  prdGzing  them  only  xq  the  Remaiodeis;  for  either  way  we  ^  the 
Root  of  the  Prodafi:  (or  the  greateft  integrd  Rtxx  contained  in  it ).    Thua»  f^fi  ^vt 
Root  one  Period  oo  multiplies  the  given  Number  by  ioo>  two  fmods  jnuUpl^  i^^ 
loooo,  err.   For  a  Cube  R<>ot  one  Period  ooo  mukiplies  by  iooo>  and  t^Q  Paiods 
multiplies  by  loooooo^  &€.  and  (b  of  other  Powers.    £ut  ihefe  MuhipUeis  ice  evi- 
dently true  and  compleat  Powers  of  their  (everal  Orders^  whofe  Roots  iu:e  i»  ,with  as  ipa* 
ny  OS  as  we  have  uled  Periods  of  o's  j  therefore,  bv  the  firft  Ar»cle>  however  Sir  tbeEx- 
traftion   is  carried  by  Periods  of  o's  thus  prefix'a  to  the  Remainders^   i.  r .  bow^vet 
great  the  Power 'is  by  which  we  have  thus  multiplied  the  given  Number*  ftbere  wiU^- 
'Vi-ays  be  a  Remainder,  becaufelfhe  given -Number  not  betngattruePower^dfeo'  the  Multiplier  iS) 
yet  the  Proditd  is  not.  Again ;  ^  puttttig  all  the  -Figures  found  by  oacam  of  jdide  Fetiods 
of  o's,  intiecimabPiaccs,  we  flo  evidently  divide  the  Root  of  tkie  Pfodu&  ( i./.  .the  Root 
of  the  greatdl'int^ral  Power  contain'd  in  it)  by  the  Root  of  the  Number .miitiplW.inio 
the  given  Number :  Becaufe  for  every  Period  annex'd  we  have  one  Place  in  Decimals; 
-which 'is  pkunly  dividing  the  Root  faund,  confidered  all  as  a  whole  Number,  by  to,  or 
loo,  ;cJ'f .  according  to  the  Number  of  periods  of  o's  cmploy'd.    Therefoi:^^  yby  fhe  ;d 
Article,  Ais^Mixt  Koot-Vfilhalways  be  lefe  than  a  juft  Root  to  the  given  Number,  tbo' 
ftilLapproaching  nearer,  which  demonftcates  .the  Rule  as  to  the  Series  of  deficient  Koots: 
and  as  to  the  cxceffive  -Roots,  vCs  evident  th«t  adding  an  Unit  to  the  laft  Place  of  tbe 
-Root  already  found,  is  adding  i  to i the  Root  of  the, greateft  integral  Power  contained  in 
tiie  given  Number,  or. to  its  Produdl  by  the  .Power  which  multiplies  it:  Therefore,  by  tbc 
ad  Article,  the  Root  becomes  .exqeffive.    Or  it's  found  by  this  Confideration,  That  i  in 
any  Place  vof  a  Number  either  integral  or  decitiMil,  h  of  more  value:than  all  the  reft  of  the 
Number  ^mdiag  on  the  Right  of  that  Place,  however  many  F^t^  there  be. 

SCHOLIUMS. 

I.  The  Proof  of  this  Operation  is  made  the  fame  way  as  has  beeii  already  explaiii'd,/^'^' 
cither  by  raifing  the  Root  found  to  its  Tower,  and  adickng  the  Reipainder  j  or  by  calling 

out  of  the  9's. 

As  to  the  former  Method,  Ohferve,  That  we  need  to  takc-oo  nqfice  of  ij^eRoots  bc- 

inz  a  Mixc  Number,  bur  take  it  all  as  a  whole*  Number,  and  the  Rjemainder  fo  .id&)>  ^ 

°  then 
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then  the  Sum  of  the  Power  and  Remainder  muft  hare  as  many  Periods  of  o's  on  the 
Right  as  were  ufed  in  the  Operation  ^  bccauft  when  the  Root  and  Remainder  are  taken 
for  Incegeis,  fo  many  Periods  of  o's  belong  to  the  fuppofed  Power  or  Number,  whereof 
that  Robt  b  the  grktfcft  kitegral  Root:  But  if  we  take  the  Root  asit  really  h,  aMkcNum- 
ber,  tbeti  thft  Rema^der  is  a  decimal  Fnjddxau  whofe  Deoomimtor  is  x>  wkh  as  many 
0*8  as  wef^  added  to  all  the  Remainden  in  the  Operatk»i>  and  in  this  value  it  is  to  be 
added  to  the  Powtr  of  the  Mixt  Root :  Thus  in  the  preooding  Example*  the  Root  fbond 


der  had  been  taken  for  Integers>  and  the  eiren  Number  had  been  ^87000000. 

As  to  the  Method  by  cafting  out  9's  j  When  we  fubtradl  the  Remainder  from  the  given 
Number^  we  may  take  It  either  in  its  r<^  Vahie^  or  as  a  whole  Number,  and  then  we  muft 
take  the  given  Number^  Wtdi  as  many  o's  after  it  as  were  ufed  in  the  Operation.  For  it 
is  the  fietne  to  the  prefent  Purpofe^  to  take  .oii^iifirom  387,  or  1^416  from  387000000^ 
die  Remainder  in  both  Cafes  being  the  fame  Fi|;ures>  vh^  386. 9875841  or  38(^987^84. 

2.'  If  we  point  the  true  Value  of  the  Remainder  at  every  Step  of  the  Approximation* 
this  will  iliew  gradually  how  much  the  propoied  Power  of  the  Root  found  wants  of  the 
given  Number^  and  as  the  Root«  Co  comequendy  its  Power  continually  increafes;  there-i 
fore  tbd^  Remdndecs  will  continttally  diminifli ;  Co  that  by  obferviog  this*  we  can  carry 
on  the  Work  till  that  Difierence  or  Remainder  be  as  little  as  we  pleafe«  or  lefs  than  any 
affigoed  Difierence. 

But  if  inftead  of  th]s>  it  (hould  be  required  to  extrad  the  Root  fo  near  to  a  true  and 
perfe&Root  to  the. given  Number  that  it  (hall  wantlels  than  an  afligned  Differences  i.e. 
fo  chat  diis  Difference  added  to  the  Root  founds  the  Power  of  the  Sum  (hall  exceed  the 

a 

giveft  Nimiber^  It's  done  thusj  Suppofe  any  Fca£ticin  ^  to  be  the  gmit  Difieicnceu  witb* 

in  whkh  the  Root  is  to  be  brought^  then  extrad):  the  Root  to  a  Number  of  decnnal 

Plaoei  equal  to  the  Number  of  Figures  in  r,  and  you  have  done^  for  --^  isiefi  than  -^,  if 

M  h  greater  than  i  ^  and  a  decimal  Denominator  havfaig  as  many  o's  as  r  has  Figures^  is  a 
greater  Number  than  r  ^  and  fo  a  Fra(fUon  whole  Nunierator  is  \»  and  its  Denominator 

diat  ddctafwl  one^  is  left  than«^«  becaufe  the  Deoomkuftor  is  gieifier>  and  the  Numciator 

not  LafUy»  fince*  as  has  been  (hewn>  i  added  to  itie  taft  Figure  of  the  Root  would 
make  it  exceed  a  true  Root  ^  therefore,  in  whatever  Place  of  Decimals  the  laft  Figure  of 
the  Root  ftands*  the  whole  does  not  want  of  a  true  Root  to  the  given  Number,  an  Unit 
of  die  Value  of  {hat  Place,  and*confe^aem]y>  if  ^'Denominator  of  that  laft  Place  is  a 

Nittaber  jpreafier  than  r,  the  Root  is  wkhin  ^  of  a  tnie  Root>  becaufe  it's  within  a  lefTer 

FnftkJD,  and  much  more  is  it  within  ^,  which  is  ^eater  than^ther  of  the  former.  Ex- 
ample:  Let  r  be  a  Number  of  three  Figures j  if  the  Root  have  three  decimal  Places 
whereby  the  Denominator  is  xooo,  the  Root  is  wkhin  — -«  which  is  le&  than  any  pro- 
per Fradion  whofe  Denominator  is  a  Number  of  three  Figures^  fb  ia  the  preceding  Ex^ 
am]^  \i}£fj%  is  within  ^~-  of  a  perfefit  Root  to  3.87- 
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II.    For  tie  Roots  of  Fradions, 

The  Approximation  of  the  Roots  of  FraAioiis  is  performed  thus:  Let  that  Root  which 
the  particular  Rules  for  Square  and  Cube>  or  the  general  Rule  following  thefe«  pI^ 
fcribes  to  be  extraded*  be  carried  on  to  what  Length  of  decimal  Places  you  plaie>  aod 
then  divide  it  by  the  Denominator  of  the  given  Fnidion,  if  you  chufe  the  firft  Method 
of  thefe  Rales ;  and  thus  you  have  a  Root  iliU  lefl*  but  approaching  to  a  perfed  one :  But 
if  you  cbufe  the  ad  Method  of  the  Rule«  divide  the  given  Numerator  by  that  Rooc>  aod 
you  have  a  Root  approaching,  but  ftill  exceifive ;  and  the  further  the  Approiimatioa  of 
that  Root  is  carriedj  the  truer  will  each  of  theie  fra&ional  Roots  be. 

Exan^h.    For  the  Square  Root  of  -^^  I  take  13  x  24  =  3i2>    whoie  Root  to  2 

Places  of  decimals  is  17. 6i,  which  divided  by  24  Quotes  rrr:  =TrrT:  *  Icfi  than  a  true 

'  '    ^  ^       2400      1200 

Root;  or  it  is  13  -T-  1^.66  =s  -■^w=:g|p  greater  than  a  true  Root. 

Demon.     The  Reafon  is  mantfeft  from  the  preceding  Rulra;  for  the  Square  Root 

of  ^  is  S^* -r-B,  or  A  -^  TTB*.    Univerfidly,  the  n  Root  of  ^  is  K¥=^^^  a 

or  A  -T^  BA" — 'P  if  thcfe  Roots  are  perfeft ;  and  if  they  are  not,  yet  by  approximating 
them  we  make  the  fradional  Root  alfo  truer,  tho*  never  perfedt 

C  o  R  o  L  L.  Tho'  a  given  Integer  is  not  a  perfeA  Power  of  any  Order,  yet  there  is  1 
greateft  Power  of  that  Order,  which  is  a  leUer  Number  thai  the  given  odc^  and  alio 
there  is  a  leaft  Power  of  the  fame  Order,  which  is  a  greater  Number  than  the  given:  But 
in  Fra^ions  there  is  no  fuch  ereateft  and  leaft  Power  ^  becaufe  we  can  find  new  Roots 
increafing  for  ever,  or  decreaung,  yet  fo  as  the  Powers  are  ftiil  Ids  or  greater  than  the 
given  Number. 

ScHOLiiTM.  There  remains  one  curious  Problem  relating  to  the Extradtion of RootS) 
which  eoes  a  little  deeper  into  the  Aigebraick  Art  than  at  firft  I  defigned :  but  without  it* 
I  (bund  I  miift  omit  feverai  other  curious  thinp;s:  and  fince  among  feveral  ways  of  folving 
this  Problem,  there  is  one  that  arifes  very  eahly  and  naturally  from  the  Conndentioa  d 
Square  Numbers,  efpecially  the  Square  of  a  Binomial  Root  (already  fufficiendy  explaioedj 
therefore  I  was  determined  to  give  it  a  place  here. 

Problem    VI. 

Having  the  Sum  or  Difference  of  any  Square  Number,  and  a  certain  Multiple  of  the 
Root  i  aub  having  the  Multiplier  of  the  Root  j  to  find  the  Root.  Thus :  Suppofe  R =ii*-f  ^f, 
or  R=4»  — *f,  or  R=»tf  —  a*.  Then  if  the  Numbers  exprefled  by  R  and  <  aregivcoj 
we  can  find  the  Number  exprefled  by  a  by  the  following  Rules. 

CASE    I. 

When  the  Sum  and  Multiplier  are  given  to  find  the  Root,  /.  e.  if  Rsr^^^^^i  and 
R,  c  are  given  to  find  a. 

Rule.  To  the  Sum  add  the  Square  of  half  the  Multiplier,  (or  a  4th  of  the  Square  of  tbe 
Multiplier.)    Exo-aa  the  Square  Root  of  this  Sum  j  and  firom  it  fubtrad  half  of  Ae  Mul- 

dplier,  the  Remainder  is  tbe  Root  fought.    Which  Rule  is  ezprefled  in  Cbarafien  thus: 

-J.  ■         ' 

4I       2 
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ExoTfffk.  Rs=2i»  ^==4;  then  is  ^=3;  for  ^x^=i6,  whofe  4th  is  4;  then  21  + 
As=25»  wfaofi;  Square  Root  is  ^,  from  which  take  z  (=  the  half  of  the  Multiplier  4)  the 
Remainder  is  3  the  Root.    Pr$rf:  'iX^sss^  3X4=  ^^»  ^^  12  +  9  =  21. 

Demoh.  Since  by  Suppofition,  R=:ii*+4ri  add  —  to  each  Side,  then  R+  ^  ss 

4  4 

^x^^^+if  ;  which  laft  Expreffion  is  a  compleat  Square,  whofe  Root  is  4f-f^: therefore 
4  * 

4+i  =s  R+ifp  (^x.  I.;  and  fiibtradting  i  from  both,  it  is,  4=;  R+lfF_  i.    Which  is 

24'  ^  41      ^ 

the  Rule. 

c  ^  s  E  n.     ^ 

IF  the  Difference  and  Multiplier  are  given,  to  find  the  Root^ 

Here  there  are  two  Rules,  according  as  the  Square  or  Multiple  is  fuppoTed  to  be  greateft.' 

I.  Suppofe  the  Square  greater  dian  the  Multiple,  i.#.  Rac3#&-^4c. 

Rule.  To  the  Difference,  add  the  uh  of  the  Square  of  the  Multiplier;  and  to  the  Square 
Root  of  the  Sum,  add  half  the  Muhiplier:   this  Sum  is  the  Root  fought    Thus: 

Exajfffle.  R=328,  ^  =  3;  then  is  ^=7:  for  ^s=:2=52 -,andR+-==  28  +  2-. 

4      4        4  4  4 

s ro}  s==I33«  whole  Square  Root  is  ilor  5! ;  to  which  add  3  or  i  L  the  Sum  is  j^ 
4       4'  22  22 

Proof.  7x7=49*  and  3x7  =  21;  then  49  —  21  =  28. 

DzMON.  SmccK:=ia*—ac,  add  if  to  both  Sides;  then  is  Rrf  if =4i«— #^4-1^. 

4  4  4 

Which  laft  Exprcffion  is  the  Square  of  iS— -.    Wherefore  «  — L=R+£5»j  and  ad- 
ding 1  to  both  Sides,  it  is  4=R+Lj^  4.I.    Obferve,  Tho'tf*— jir+ff  is  the  Square 

r 

eiihcr  of  ^— -*  or  -—4^*  yet  we  cannot  here  ufc  -— ^i  for  if  «  islcls  than-,if*islefi 
than  a  e,  contrary  to  Suppofition. 

2.  Suppofe  the  Multiplier  greater  than  the  Square,  i.  e.  K^s^ac^a*. 

Rule.  From  the  4Jth  of  the  Square  of  the  Multiplier  fubtrad  the  given  DiflEerence, 
(which  cannot  exceed  the  Multiplier,  if  the  Problem  is  poflSble);  then  extraS  the  Square  Root 
of  the  Remainder;  and  either  add  it  to,  or  fubtraS  it  from  half  the  Multiplier,  f  which  is 
greater  than  the  other,  if  the  Problem  is  poffiblc)j  the  Sum  or  Difference  will  either  of 

thctn  folve  the  Problem.    Thus:  4=-  +  *— Rr,  or  alfo  4=:^  — if— rt. 

*      4        24^/ 

Exampk.  R=<J,  cssyj  then  is  «=:3=J+=i-.d| ,  or -  +  H*  =^  +  -=-, 

Prwf.  «<=:i5,  and«f— <i»sBi5— 9=tf=R,    Alfo,  «=:2=-— -  =  *.      Preif. 
*^— *»=io-4=«=R.  Cc  D»mom; 
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tC     .        .    €C     ^      U 


"  Demon.  Since R=aj^—4»,  SubtTtflcachofthcfcfinom--,  thcni5  2---R=~— «+^^ 

T  T  T 

f         e  i        c 

which  laft  is  the  Square  cither  of  ^— -*  or  -  — ^'    Wherefore  ^— "  or  -  —  ii  (ac- 


11 


cording  as  «  is  greater  or  leffcr  than  Q  is = ^ — RJ'  •    Hence,  in  the  i  ft  C^,  or  taking 
«— -J  byaddingi  tobothSidej,  itii«=s^  +  ~Rri«ndtakiog^— «,  add  4- 

^— Rj    to  both  Sides,  it  is  a=  -  —  -7— R|  • 

There  reauuosyettobedemonftratedj  That—  can  never  be  lefi  than  R,  if  the  Problcm 
IS  poi&ble^  and  that  ^  is  greater  than  ^*-^Rp.  Now  it  is  plain,  tbac  the  Sdatioo  is in- 
poffiblc,  accoiding  to  this  Rule,  if  R  is  greater  than  ^^  and  that  if  R  does  not  exceed 

^,  one  of  the  Solutions  is  good.  But  to  fliew  that  the  Problcm  will  always  ncccflirily  have  the 

4 

two  Solutions  explained,  it  muft  be  {hevm  thatR  cannot  exceed  2'Whcnitis=i«f-tfS 

and  then  the  other  Part  will  eafily  follow. 
To  demonftratc  this,  we  muft  firft  ehferve.  That  a  may  be  cither  greater  or  Icfler  than 

1  confiftendy  enough  with  K  —  Mc^aa.    For  this  requires  no  more  than  ihat  st  be 

greater  than  i^a,  which  requires  again  that'll  be  lefi  than  c.,  confcqucmly,  whether  i be 

greater  of  Ids  than  i ,  providing  it  be  lefi  than  c,  fas  it  may  be)  if  r  will  be  greater  than 

sa.    Again':,  Whether  we  take  ^— ^  or  |— ^,  the  Square  of  it  is  4*  — ^r+^^  =  ^^ 

^ae^a^,  which  is  alfo  s=:^—i»<r—*^=^^  —  R*  fbecaufe  4r— 4if=R.)    But  the 

Root  being  real  or  pofitive,  fomuft  the  Square  be  j  $.  '•  ^  i»  greater  than  R.     Or,  if  4= 

« 
1,  then  4J»= -,  and  atf  =  r;  alfo  2aa=aci  confequendy  tfc— 445=:a4iS  — ^4=^5 
a  4 

-nd  If  s=^r— -iii=R.    So  that  R  can  never  be  greater  tiiap  ^^  tbo*  it  may  be  cicto 

4      .  ^  , 

equal  or  Ids.    And  obferve^  if  they  arc  equal  then  there  is  but  one  Sohitios^  vm.  4k=j; 

for  here  both  the  Solutions  eoincide.  

For  the  fccond  thing,  ^fe.  that  ^  is  greater  than '^-Rf;  confider  that  ^' is  greater  than 

■  I  III    ij 
If-R,  andconfeqaently|  rtheSquareRootof  ^')  j,  greater  than '-'-Rj'.    Or,wchave 

jis  in  the  very  $uppofition:  for,  by  the  firtt  Part  of  the  Dcmonftration  of  this  Rulfc  tj^ 
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Value  be  sis  ssi  — if  —  Rp  upon  dut  very  Suppofition  that  j   »  greater   thtn  si 

*=-  —  4,  and  confequcndy  -  greater  than  -  —  R|*« 


whence  it  was  flicwn  that  —  — R 

4 

SCHOLIUMS. 

I.  If  the  Diffcitnce  of  the  Square  and  Multiple  of  the  Root  is  pvcn,^  without  dctcrmi- 
niog  which  of  them  is  greatdt*  then  we  muft  t^  both  Rules. 

a.  This  Problem  \s  what  the  Al^braifis  caU*  ExtraSmg  the  "Root  of  an  ad^Hti  Square^ 
(i.  e,  wherein  die  Number  given  is  the  Sum  or  Difierence  of  a  Square^  and  a  certain  Mul- 
tiple of  the  Rooc^  wfapfe  Multiplter  is  alio  given.)  The  Solutions  explained  are  all  that  are 
real  and  pofitive ;  yet  the  Algebraick  Art  confiders  two  Roots  or  Soludons  in  every  Cafe : 
But  tbe  Rxxxs  chat  I  have  not  eie^ined  are  only  negadve  and  imaginary ;  and  to  fay  an/ 
thing  fitfther  about  cbem*  were  to  exceed  the  Limits  (Nrefcribed  to  this  Work  ^  and  for  the 
fame  Reifi»  I  am  obliged  to  fpeiJc  nodiiog  of  extrading  die  Roots  of  higher  Powen  that 
aie  adifedlfid. 


CHAP.     III. 

I'he  Arithmedck  of  Surds. 

WH  A  T  a  Si$rd  \s  has  been  already  explained :  It  has  been  demonftrated  that  ' 
every  Number  has  dot  a  perfed  and  determinate  Rjoot  ^  but  yet  that  we  can 
find  an  Approximate  Root  within  anv  allignable  DiflFerence  of  a  true  and  com- 
pleat  one ;  fo  that  it  may  be  truly  £iidj  that  the  Quandty  which  hinders  any  Number 
firom  being  a  compleat  Pow^r  of  aay  i;:in^>  is  tnfimtqty  Utde;  or  that  a  Quandty  infinitely 
litde  (  or  le(s  than  any  aflSgned  one )  being  taken  from  the  Quandty  cxprefled  by  any  given 
Number,  the  Remainder  is  a  Qtiandcy  ^jcpreffible  by  a  Number  ( of  the  fame  Parts } 
which  is  a  n-ue  Power  of  the  Ordi?r  propoie<l  ^  with  tUs  Difference,  that  it  will  be  a  fra- 
Clonal  Power  and  not  an  integral.  Now  fince  Surds,  or  indeterminate  Roots>  can  be  de« 
termined  infinitely  near  ^  and  fince  the  indeterminate  Series  goes  on  by  a  certain  Law  or 
Condidon,  it  may  be  conceived  9A  feme  whole  and  compleat  thing  or  its  own  Idnd^  and 

therefor^,  taki^  Surds  under  the  general  Expreffion  of  Roots,  as  N",  we  may  apply  all 
the  T:be9ry  pf  Chap.  1.  and  all  the  Oferaticns  of  Aritbmetick  to  them,  as  if  they  were  de- 
terminate :  For  thus  wa  can  form  general  Ideas  of  Sums,  DifiFerences,  Produds  and  Quotes 
of  Surds,  imagisied  under  tde  Notion  of  compleat  Quantities  of  their  owq  kind,  the  fame 
way  as  we  do  p?  vadonal  or  d^rmiaate  Roots  exprefled  after  the  fame  general  manner. 
And  hereby  we  can  difcover  certain  Connexions  and  Reladon$  of  Quantities  thus  repre- 
fented,  which  may  lead  us  to  (bme  other  particular  Truths  we  would  difcover. 

It's  triie  indeed,  that  as  to  any  a^flual  Operation  with  fuch  Roots  it  can  only  be  made  in 
an  imfctkSt  manner,  by  way  of  Approximation  y  yei  iince  we  can  approximate  or  deter- 
mine the  Root  fo  far,  that  taking  it  for  true  and  compleat,  the  Error  it  can  make  in  any 
Operguon  or  Conclufion  iiaU  t>e  within  any  afllgnaUe  Diffi^renco  of  what  it  woukl  be  if 
the  compleat  Value  of  the  Surd  coi^d  pQ0ibly  be  determined  and  ufcd  in  tbe  Operation : 
Therefore  ow  arguiog  ^h  thei9  as  we  do  -with  rational  and  determinate  Roois,  is  fo  far  at 
Icaft  jufl  and  conclufive  ^  and  is  jpd^ed  albfolmtely  fi>,  taking  them  in  geoerad  and  tS^wSdy. 

Cc  a  To 
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To  illufirate  this  by  a  few  Examples:  The  Sutn  of  y^Sand  y^i2  tnav  beaprefled 
in  general  v^8-f*y^i2«  whatever  thefe  are  in  themfelves^  and  if  we  woukl  apply  this  by 
an  adual  Operation^  then  we  can  approximate  each  of  chefe  Roots  fo  near,  that  their  Sum 
(hall  want  lefi  than  any  affigned  Dimrence  of  what  it  would  be  if  the  Roots  could  be 
determined. 

Example  2.  To  multiply  y^S  by  3>  it  may  be  exprefled  thus,  3x^/8^  and  b7  Ap- 
proximation wp  can  find  a  determinate  Number  for  y^i,  which  multiplied  by  3»theProdud]: 
ihall  want  lefs  than  any  affigned  Difiertnce  of  what  it  would  be  if  the  Koot  could  be 
compleatly  determined. 

Example  3.  The  ProduA  of  y^S  and  \^6  may  be  expreOed  y/ixy/6'y  and  by  Ap- 
proximation we  can  take  y/i  and  y/6  fo  near,  that  multiplying  them  together  at  every 
Seep,  the  Produdb  ihall  ftill  increafe  and  come  within  any  aiugned  Di£ference  of  what  it 
would  be  were  die  Roots  determined. 

Again :  Tho'  Surds  can  never  be  reduced  to  determinate  Numbers  (  for  then  they  were 
not  Surds),  yet  in  many  Q£»  their  Sums,  Differences,  Produds  and  Quotes  can  be  ex- 
prefled after  difierent  ways  ( by  means  of  the  Theory  explained  in  Chap.  I. ),  which  are  more 
or  leis  fimple  and  convenient^  fo  that  what  by  the  more  general  Rules  can  be  eiprefled 
only  by  oigns  of  Addition,  &c.  may  be  exprefled  more  fimply,  either  by  one  Surdi  or 
by  an  Expreffion  partly  furd,  partly  rationalj  and  in  fome  Cafes  altogether  rational.  Now 
to  this  tends  the  more  panicular  Pradlice  or  Arithmetick  of  Surds  j  which  depending  upon 
certain  diflerent  Forms  in  which  the  (ame  Surd  may  be  exprefled,  therefore  the  firit  thing 
to  be  explained  is  The  ReJuHion  ef  Surds -^  the  Demonftration  of  which  depends  upon  the 
Theorems  in  Chap,  I.  applied  to  Surtis. 

Obfirve  alfo.  That  all  the  following  Pradice  is  equally  applicable  to  rational  Roocs  ex- 
prefled in  the  general  radical  Form  ^  for  when  we  take  general  Expreflions  they  compre- 
'bend  all  poflibte  Caies^  and  the  Pra&ice  propofed  is  often  as  convenient  wkh  refped  to 
Ratk)nals  as  Surds,  beicaufe  it's  convenient  (ometimes  to  ezprels  even  rational  Numbers 
in  this  radical  Form  ^  and  therefore,  tho'  it's  commonly  called  the  Arithmetkk  of  Swk  it 
were  as  proper  to  call  it  the  Arithmetick  of  RaScals. 


RlTLE 


Redu^ian  of  Surds  (^r  Radicab). 

Cask  I.    To  exprefi  any  Number  in  Form  of  a  Surd    (i.e.  in  a  radical  Form). 
i;  L  £ :  Raife  the  given  Number  to  the  Power  of  the  Surd,  and  then  apply,  the  Surd 

Index,  thus  i  8  =  64*,  for  8  x  8  =  64.    Univer&Uy,  A  =  A>  i*^.     • 
The  Reafin  is  manifoft  from  the  Defimitio»s,  and  Ax.  I. 

Case  II.    To'  reduce  a  Surd  with  a  Mixt  Index  (i.  e.  whofc Numerator  is  greater  than  i  j  to 

another,  having  a  (imple  radical  Index  {i.e.  whofe  Numerator  is  i.)    Rule:  Involve  the 

Number  given  to  a  Power  whofe  Index  is  the  Numerator  of  the  Mixt  Index,  and  to  the 

«  J. 

Number  found  apply  the  Denominator  radically.    Examph:  i^  =  ^4*^  for  8*  =^f 

UniverfeUy,  A"  =   A^" 

The  Demonftration  of  this  is  plainly  in  the  Definition :  For  A «"  expreflcs  the  r  Root  of 
the  n  Power  ( which  is  alfo  the  n  Power  of  the  r  Root^  by  Theor.  X.) 

C  A  s  E  IIL  To  reduce  two  Unlike  Surds  to  Like  j  #.  e.  having  two  unlike  Surds  of 
the  fame  or  different  Numbers,  to  find  other  two  Surds  equal  refpedively  to  the  given 
ones,  but  having  the  fame  Index,  and  that  alfo  the  leaft  poifible  ^  and  fuch  too^  that  the 
Numbers  under  the  common  Index  be  thf  leaft  poflible.  Rule* 


\ 
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RuLB.  Reduce  their  Indexes  to  one  common  Denominator  by  the  Rules  of  Fra- 
aions.  Again,  find  the  greateft  common  Mcafure  to  both  the  new  Numerators,  ( i.  e.  the 
greatcft  Number  which  wfll  divide  them  both  without  a  Remainder, )  by  the  Method 
taught  in  the  Redudion  of  the  Numerator  and  Denominator  of  a  Fraftion  to  their  leaft 
Terms i  make  that  common  Meafure  the  common  Numerator  to  the  common  Denomi- 
nator before  found :  The  loweft  Terms  of  this  Fraftion  is  the  commpn  Index  fought. 

Again  i  Divide  the  new  Numerators  mentioned  by  their  greateft  common  Meafure,  and 
mark  the  Quotes ;  then  involve  each  given  Number  to  a  Power  whofe  Index  is  the  re- 
foedive  Quotes  and  that  is  ths  Number  to  which  if  the  common  Index  is  applied  the 
Cafe  is  coropleady  folved.  ^ 

Exof/fk:    To  reduce  8*  and  15"^  to  Like  Surds,  with  the  other  Conditions  propofed. 

I.  They  are  &^  and  15'',  by  reducing  the  Indexes-*  and  -  to  one  Denominator ; 
Then  the  greateft  common  Meafure  of  the  Numerators  3,  2,  is  i,  and  the  common  In- 
dex  i&'^y  and  to  have  Numbers  to  yhich  it  muft  be  applied,  I  raife  8  to  the  3d  Power, 
and  15  to  the  2d,  (for  here  the  common  Meafure  of  3  and  2  is  i,  which  makes  the 
Quotes  the  &me,)  thcfe  Powers  are  512,  225  j  wherefore  the  Surds  fought  arc  512'*'— 
P,  and  225''  =  15 '. 
Exan^k  2.     To   reduce  4^  and  57* :  They  are  firft  4'' ,    5'*'^,then  the  greatcft  com- 

moD  Meafure  of  14,  12,  is  2 ;  and  (b  •—  is  the  common  Index,  which  is  in  its  leaft 

21  ^ 

Terms.    Again  ^  The  Numerators  14,  12,  divided  by  their  greateft  Meafure  2,  the  Quotes 
arey,  6,  and  4'=:i6384,  5*  =  15^25.    Then  laftly,  1^384"^*  =4  •  15^25^  =S5^.    * 

Exmfk  3.     To  reduce  3''  and  4''':  They  are  firft  3"^^,  4*^,  and  the  greateft  Mea- 

7        I 
fure  of  the  Nutnerators  3,  6,  being  3,  the  common  Index  is  ^sg-in  its  leaft  Terms  j 

then  3,  6,  divided  by  3,  the  Qmxcs  are  i,  2^  and  3*  =  3:  4*  =16:  Wherefore,  laftly, 

3^,   16^  are  the  Surds  fought. 

Denlom.  Let  As   B"  be  any  two  Surds,  (where,  if  r  or  »  are  i,  the  Surds  are 

to  Bf 

fimple.)  Thefe  are^rft  equal  to  A'^  B*"  by  Redudion  of  the  Indexes  to  one  Deno- 
minatpn  ( Tbeor  XI.  Ck  I.)  Suppofe  f9  to  be  the  common  Meafure  to  rar,  m,  and  let 
the  Quotes  be  r«-i-w  =  x^  j»/-7-w=^j  fb  that  ru=imx,  and  ns=^my:  Then  the 

Surds  are  A«»,    B",  that  is,  (by  Theor,  XII.)  A«|*" .  '^{•^',  which  is  exadlly  the  Ex- 

pieffionof  the  Rule,  fuppofing  m  the  greatcft  common  Meafure  of  r »,  »x,  and  —     to 

be  in  its  leaft  Terms;  or  if  it's  not  in  loweft  Terms,  yet  its  loweft  Terms  being  put  in  its 
Place  makes  an  equivalent  Expreffion  (Tieor,  XI.)  Obferve  alfo,  that  tho*  m  is  not  tho 
greateft  common  Meafure  of  tne  new  Numerators  ru,  ns,  yet  we  have  the  Surds  reduc'd 
to  Like  Surds,  tho'  not  in  the  loweft  Expreflions ;  which  it's  plain  will  then,  and  then  on- 
ly happen  when  m  is  the  greateft  common  Meafure. 

SCHOLIUMS. 

I.  It  will  be  the  (ame  thing  if  we  firft  reduce  the  given  Surds  to  fimple  Indexes,  if  they 
are  Mixt,  and  then  reduce  thefe  new  Indexes  to  one  Denominator,  and  go  on  with  the 
reft  as  in  the  Rule.-  1  2.  When 
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2.  When  there  are  more  Surds  propofed^  the  Operation  and  the  Retlbn  of  k  is  the 
iamej  except  that  we  have  not  yetlearn'd  how  to  had  the  grcateft  common  Meafureto 
a  or  more  Numbers  ( which  you'll  find  in  Book  IV.  Cb.  I. )  and  therefore,  till  that  be 
feam'd>  we  muft  be  content  to  reduce  the  Surds  to  Likes^  tho'  not  in  their  lowefl;  Terms, 
by  ufing  I  as  a  common  Meafure^  which  makes  the  Dividend  and  Quote  the  fame. 

C  A  8  E  I V.  To  reduce  a  Surd  havij^  a  (imple  Index  to  lower  Terms ;  i.  f .  to  ta 
equivalent  Expreflion  in  which  there  is  a  umilar  ourd  of  a  lefler  Number  mottiplied  into 
tome  rational  Number. 

Rule.  Among  the  Numbers  greater  than  u  which  meafure  the  riven  Number,  (or 
Surd  Power )  feek  one  which  is  a  fimilar  and  rational  Power*  by  which  divide  dbe  given 
Number :  Take  the  Quote*  and  to  it  apply  the  given  Index;  and  multiply  that  Root  by 
the  Root  of  the  Divifor :  This  Produft  is  tbe  Exprei&on  fought. 

IT  • 

Exsmfk  I.    8'^=2X2''i  for  8-f-4  =  2,  and  4^  =  2. 

Example  2.  648T  =5  a  X  81^=3X24^;  fortf48-r-  8=81,  and  8*"=2;  whence, 
by  the  Rule*  the  ift  Solution  is  2  x  81'.  Again;  ^48 h- 27  =  24*  and  27^=;^ 
whence  the  2d  Solution  is  3  x  24T. 

Demon.  Suppofe  A-r-D°=B,  fothat  A  =  BxD",  then  is  A*  =  Ji x D»F, (A 

I.)  and  8xDt  =  D  X  B*,  (Theor,  UL.)  which  is  precifcly  conform  to  the  Rule;  A 
xeprefentiqg  the  given  Number. 

SCHOLIUMS. 

1.  If  the  Power  bv  which  we  meafure  the  given  Number  is  the  greateft  Like  Power 
which  meafures  it,  then  we  find  the  loweft  Terms  of  the  given  Surd. 

2.  As  to  the  finding  the  Numbers  that  meafure  any  given  Number,  youll  have  it  more 
particularly  explained  in  Book  IV.  Chap.  I. :  Here  we  fuppofe  thefe  to  be  given ;  b^ 
caufe  from  the  Nature  of  the  Thing  this  Rule  for  finding  them  is  obvious>  viz.  To  try 
all  the  Numbers  not  exceeding  the  half  of  the  given  Number  j  for  all  of  thefe  which  rn«: 

'  fure  it,  together  alfo  with  the  Quotes,  make  all  the  Numbers  that  meafure  it.  But  unlds 
thefe  Meafures  that  ferve  the  prefent  Problem  are  obviousj  the  finding  chem  out  is  more 
Trouble  than  is  always  neoeflary. 

3.  If  the  given  Surd  has  a  mixt  Index,  tbe  fame  kind  of  Reduftigp  may  be  performed 
by  reducing  it  firft  to  a  Surd  with  a  Gmple  Index  j  and  then  applying  the  prefent  Rule 
And  a^ain  j  V  the  Number  under  the  radical  Si^  in  the  Ani wer  thus  found,  ^  a  ra- 
tional Power  of  the  Order  exprcffed  by  the  Numerator  of  the  given  Index,  then  by  taking 
the  Root  of  it  we  may  alfo  ^reduce  fihe  whole  to  «  Surd  with  the  givicn  mixt  index.    Thus, 

.  1 92"^ is firft=:368tf47  (  =  i^P^)^  which  ag^in  reduced  is«=  i6x  9*"^  for  itf?  5=4096, 
and  3(58^4 -=-4006=9:  And  hecaufe  9  ds  a  Square,  therefore  9*^  =  jT-     god   hence 

J.  t  X 

itf  X  9'  =  i6  X  3*"=  192^. 

C  o  R  o  L  L.  Hence  \^e  fee  plainly.  That  one  fimilar  Surd  may  be  a  Multiple  or  ali- 
quot Part  of  another.  But  obferve  that  in  Applying  this  to  Pradlice,  all  we  can  cnake  of 
it  is.  That  the  greater  Surd  approximate  to  a  certain  degree,  and  divided  by  the  other  ap- 
proximate to  the  fame  degree,  the  Quote  will  be  within  a  ceruin  Dificrence  of  that 
Number,  which,  by  this  Redutftion,  appears  to  be  the  Quote :  But  being  appro^^?^^ 
nearer  and  nearer  m  iafimimn^  Ae-Qiiote  will  be  nearer  i»  mfinifum  to  that  other,  wicn 
we  here  call  the  True  .and  Compkac  QfLoee.    (But  if  tbe  (ame  Dividend  be  divided  x>y 
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any  other  Surd  or  Number  whatever^  the  Quote  can  be  brought  to  exceed  that  true 
Quotes  or  wfll  never  be  broucht  withio  an  afBgntble  Difference  of  it  j  and  therefore  it's 
juiHy  called  the  true  Quote  of  thefe  two  Surds. 

C  A  s  I  V.  To  reduce  any  two  Surds  to  Expreffions,  having  a  common  Surd  j  i.  e,  to 
Expredions  that  are  Produdb  of  rational  Numbers  into  a  common  Surd. 

Ru L s.  Reduce  the  given  Surds  to  the  fame  fimple  Index>  if  they  ste  not  Co  already 
(by  Cafe  2,):  Then  find  the  grcatcft  common  Meaiure  of  the  Powers  (or  Numbers  un- 
der the  radical  Signs  )^  and  taking  the  Quotcs>  examine  by  Excradiion  if  they  are  raiional 
and  fimilar  Powers  of  the  Order  exprefled  bv  the  Denominator  of  the  common  fimple  In- 
dex; if  they  are,  their  Roots  are  the  rational  Numbers  fought  j  and  the  furd  Root  of  the 
common  Meafure  is  the  furd  Part  fought :  But  if  thefe  Quotes  xtc  not  fuch  fimitar  Powers, 
the  Queftion  is  impoflible. 

Example:  To  reduce  la*  and  27*:  The  greateft  common  Meafure  of  xa,  27,  is  3, 
lod  die  Quotes  are  4,  9.  which  being  rational  Squares,  I  take  their  Roots^  2,  3,  and  mu(- 

tiply  tbem  into  the  common  Surd  y»  and  the  Exprei&ons  (ought  are  2X3^  =  i%*» 

and  3  X  3*  =  27*. 

Demonstr.  Let  A^  fr'  be  the  given  Surds  ( or  the  Exprefficm  tc> which  they 
arc  reduced) :  Suppofe  A -r-  m=:4^,  and  B  -f-iw=  k^,  fo  that  A  =mXdif^i  and  B  = 

»xi»5  then  A"  sswx^np  (Ax.l.)  =aX  w",  (Theor.  I.  Car.)  Alfo  B"=:  jkTxPiv 

^tx  up,  which  is  extdly  according  to  the  Rule,  fuppofing  » to  he  any  comaK>Q  Mea* 
fure :  And  the  Reaion  why  it's  in  the  Rule  called  the  greateft  cominoii  Meafure^  is,  be* 
caufe  if  the  greateft  will  not  quote  fimilar  rational  Powers,  none  of  the  other  common 
Meafuies  will ;  wlsttch  remains  to  be  demonftrated.    Thus;  take  the  given  Surd  Powefs 

fraaionwife,    -^  9  This  is  not  an  immediate  fradional  Power  of  the  Order  n,  becaufe  by 

Suppofition,  neither  A  or  B  are  rational  Powers  of  that  Order ;  but  if  any  other  Fradioa 

A  A 

equivalent  to  -g  is  an  immediate  Power  of  that  Order,  the  Icaft  Terms  of  -g^   will  be 

fo;  and  if  the  leaft  Terms  are  not  (b,  no  other  Terms  can  be  (o,  ( as  has  been  demon- 
ftrated in  the  Rule  for  Extra(Sting  the  Roots  of  Fradions  )  i.  e.  if  A,  B,  being  divided  by 
their  greateft  cocnmon  Meafure  do  not  give  for  Quotes  fimilar  rational  Powers  of  the  Or- 
der n,  neidier  can  their  Quotes  by  any  other  common  Meafure  do  fo. 

SCHOLIUMS. 

1.  The  greateft  common  Meafures  quoting  fimilar  rational  Powers,  is  a  certain  Chan^ 
fier  of  the  Problems  being  poflible,  tho'  none  of  the  other  common  Meafures  ihould 
make  fuch  Quotes ;  but  if  any  of  thefe  others  do  {q,  thefe  would  make  fo  many  difierent 
Solutions  to  the  Problem  j  in  which  this  Diflference  is  to  be  ohforved,  that  the  leflcr  the 
common  Meafure  is  which  we  ufe,  the  IcfTer  Terms  will  the  Solution  b^  in,  as  to  the  Surd 
Part :  And  the  Rcalbn  why  we  chufe  the  greateft  Meafure  in  the  Rule  is,  becaufe  that 
the'  from  any  other  Meafure's  giving  Quotes  which  are  rational*  Powers  we  are  fure  that 
ihc  Problem  is  poffible,  yet  we  can  conclude  it  impofTiblc  from  no  other  but  the  greateft 
common  Meafure  giving  Quotes  which  are  not  Like  Powers. 

2.  If  the  two  Surd  Powers  are  Fradions»  then  reduce  them  to  any  common  Denomi- 
nator j  and  if  the  new  Numerators  are  reducible  according  to  this  Rule,  lb  are  the  given 

Surdsw 
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Surdi.    One  Example  will  fliew  this:  Suppofe— V*    -^-Y,  theNamcrators  i2>  3, taken 

J.  i  X  i  J, 

radically,  viz.  12^     x^,  are  reducible  to  thef^>  2X  )S  i  x  3^  or  5*:  wherefore  the d- 
veo  Surdi  are  reduced  to  tbefe»  2  x  -MS  and  M  . 

Anin ;  If  either  the  Numerators  or  Denominaton  of  two  Fraftiona,  afiFeded  with  a 
fimpTe  radical  Sign,  or  reduced  to  that  State,  are  rational  Powen  of  the  Order  ex[frefled 
by  me  Denominator  of  the  Index.  The  Fradions  need  not  be  reduced  to  a  common 
Denominator  ^  for  we  need  only  examine  if  the  other  Terms  are  reducible  to  a  commoa 


only  examine 


Surd  Power :  Thus;  Suppofe  ^  ,    -U* :  Here  the  Denominators^  16,  25,  are  Squaresi 

io|       25' 

wbofe  Roots  are 4,  5.    Again;  yo*  =  2x25*^=  y  x  2*.  Alfo  72*  =2X56*=6X2  , 

whence  it's  plain  that  the  given  Surds  are  2'  x  -,  2'  x  -.    And   had  the  given  Surds 

4  5 


been  3*,  ^,  the  Solutionis! x  3*,  1  x i 
501      72!  5      21      6      2 


i_ 


;  for  i6*=4a  and  yo^sjx  2^ithcn 


i  iIf=-*_=4  X  -T»  or  *  X  Ij*  and  fo  of  the  other. 
5o|-    ^X2*     '       2^  y       ^' 

3.  This  Cafe  is  commonly  called  Fhubng,  if  two  Surds  «re  cffmmemfitraHe '^  L  e,  if  Axj 
have  a  common  Meafure,  or  if  there  is  any  Surd  which  meafures  or  is  an  aiiauot  Pare  ot 
each  of  them ;  whereby  they  are  reducible  to  Expreffions  which  are  the  Proau6b  of  tbat 
common  Surd  into  the  refpedive  Quotes.  Obferve  alTo,  That  the  Meafiire  of  a  Surd  w& 
be  a  Surd,  which  is  manireft^  for  if  any  rational  Number  (hould  meafiare  a  Surd,  or  be 
an  aliquot  Part  of  it,  then  that  aliquot  Part  and  its  Denominator  ( or  the  Meafurc  and 
Quotej  would  produce  the  Dividend,  i.  £.  two  rational  Numbers  would  produce  a  Surdj 
which  is  impoiSble. 

The  Vfi  cf  theft  Rubtffhnf  m  the  eommam  Operatums  of  Addition,  ^r.  I  JbaU  hfkf} 
Jbew  thus: 

In  Addition  and  SubtraSion  of  Surds. 

If  one  Surd  is  to  be  added  to  or  fubtraded  from  another,  and  if  they  are  commend- 
rable,  i.e.  reducible  to  a  common  Surd,  by  Cafe  5.  this  ReduAion  beine  made,  or  if  cbe 
given  Exprd&ons  are  of  this  kind,  the  Sum  or  Difierence  of  the  rational  Parts  multiplied 
into  the  common  Sure*  Part  is  the  Sum  or  Difierence  fought,  in  a  more  (imple  and  con- 
venient Form  than  connecting  the  given  Numbers  by  the  general  Signs  of  Addition  aod 
Subtra&ion,  which  is  the  general  Rule  for  all  other  QUes. 

Examfh  x.     8"*  +  50^=  2  X  2*  +  5  ^  a*  =  7  x  2*. 

«^^»^^  ...    J-.     —    16*  =  3  X  2*  —  2  X  2*  =  3  —  2  X  2»  =  2^ 

The  bum  or  Difikreoce  of  two  Square  Roots  may  be  aUb  expreis'd  Thm\  Take  cbe 
Surd  Powers,  or  Numbers  under  the  radical  Sign^  to  the  Square  Root  of  double  their 
Produd,  add  their  Sum,  or  fubtra£t  that  Root  from  this  Sum ;  the  Square  Roor  of  this 

Sum  or  Difeence  expreffes  the  Sum  or  Difference  fought.  Examfle :  5''^  +  3  *s=  8 + S^*/  * 

^d5"*-3*=8-3*^l*^ 

Demon; 
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Dbmom.  SttppofeA^=a<.B*=»*;  tbm  i«  #*bbA*x  B^saTB^  { Tfttar .  y )  and 
which  is  ezafUy  tccording  to  the  Rule. 

A  •  #  I 

.    Fer  AiiflfipIicathnandDiviJipnof  SvJ^J>s. 

IT  one  Surd  is  to  be  muldpli^  or  divided  by  another;  then  if  they  are  unlike«  reduce 
them  to  Likes,  and  examine  if  they  are  coihmenfurable>  i.  e.  reducible  to  Expre(Iions» 
wfaerem  the  fiiiAe  common  Surd  is  multiplied  into  rational  Numbers;  and  if  it  is  (b>  mul- 
tiply or  divide*  the  rational  Parcs>  theProdufl  multiplied  acain  into  the  Square  oF  thecom« 
mon  Surd  is  the  ProduA  fought:  fo  that  if  the  given  Surds  are  Square  Roots«  the  Produd 
is  rational.  But  in  Divifion  the  Quote  of  the  rational  Parts  idone  is  the  Quote  fought ; 
which  h  therefore  rational 

Example.  72*  X  32*  =  48.  For  72  =  8x9,  and  9*  =3;  therefore 7a*  =  8x9*  = 
9^x8*— 3x8^   Again,  32;^  =  4)r8^=  4^  X^8*  =82X8* :  fo  that  72*x  32^  =  3x8* 

X2X  8' =  3X2X8^X8^  =  6X8=48.      And  72*-T-32'^=3X8*-r-2X8^  =  3-r-2. 

Demon.  Suppofe  A»  =  *  x  R»,  and  B*=  *  x  R- ;  then  A^x  B" = ** xR*  x  R* 
=  j*xR^.    Wherefore  if  »  =  2,  die  Produdis^iR.  AlfoA*-r-B*=jr  x  R*-f-*xR* 

SCHOLIUMS. 

I.    To  multiply   Gmilar  Surds:  If  we  multiply   the  Surd  Powers,  and  apply  ^ 
iame  Index  to  that  Produd ;  this  exprefles  the  Produdt  fought  more  fimply,  than  by  the 

general  Sign  of  Muitiplicadon.  Thus:  A*xB*=ArB"  (7*wr.  3.)  Again;  if  this 
is  reducible,  bring  it'  00  loweft  Terms,  and  you'll  have  in  many  Q^  die  fiime  Pio- 
duft  diat  the  preceding  Rule  brings  out;  and  ifs  always  the  beft  we  can  make  of  it^ 

when  the  ^ven  Surds  are  not  commenfurable.  In  the  preceding  Example,  72^ x  32^=3 
tTx^"^  =  2304*  =:  48. 

2.  If  a  ratipnal  Number  is  multiplied  into  a  Surd,  it  may  be  fomedmes  convenient  to 
cxprefi  if  altogether  radically;  for  which  you  have  a  Rule  mthe9,y  C&r,  Thus:  Raife  the  ra- 
tional Part  to  the  Power  whofe  Index  i;  tneDenooainator  of  the  (urd  Part,  and  multiply  this 

Power  into  the  furd  Power;  then  apply  the  radical  Index.  Exam.  AxB°=sAN3°,  and  AxB^ 

=  A"Bi^,ftTB^=B'* 

3.  If  a  Surdimd  radonal  Number  are  multiplied;  and  if  tSe  Surd  is  reducible  to  lower 

Terms,  the  whole  Produd  is  fo.  Thus;  6  x  45* = (J X  3  x  5*b=  18x5"^;  for 45SS9X  <, 
and  45*=  9*x  5^=3x5*.     . 

You  D?ay  apjdy  the  fime Obfervations  toDhrifion.  So forthe  i^,  ya^-j-  ja^ss  7^^,^* 

— P?^»,  orif=3. 

And  from  this  Example,  wherein  the  Produd  or  Quote  becomes  ratkMial,  we  have  t 
fiwAtt  «<n^ble  Pn»f  of  the  ReaTonablenefi  and  Ufefiilnefi  of  our  treating  Surds,  and 
working., i^fh  theo) .  ia  all  refpafls  as  .with  RationaU  or  compleat  Rootsj  fw  if  any  other 

Number ^Att  4S  it  lippoAd  to  be  the  Piodua  of  7a*  x  3a*,  we <m  pto^c  it  to  be  ftll^. 

D  d  Thus: 


2G2.  THZottii's  rtiatiffg  t»^      BopsIH. 

Tfatts:  Since  72^  and  32^  can  be  Ap(yroxiiQite  m  kfiriium,  tke  Prodafii  of  che&ap- 
proxicnfte  Roots  wiU  grow  m  wfimtfm  towards  a  certain  Ltmie^  whicb  muft  necefiflnly  be 

72 X  32=48^  bccaulc  if  72*  and  52*  are  both  latioDaL  then  is  72x32*  radonal  being 

,  ,  J,  JL  . 

equal  to  72^x32*  {Jbew.  3.)  And  tho*  72  *  32*  arc  furd,  yet  being  infinitely  ap- 
proximable>  their  Produd  wU  grow  bifinketjr  near  xo  7a  x  32*  =48;  which  is  therefore 
the  true  Limk  or  compleat Value  of  72^ x  32s  beyond  which  k  Cannot  poffiUy  grow^ 

JL  J. 

nor  can  it  be  fuppoied  le&  becauie  we  can  approximate  72^  and  32*  ib  &r»  that  tfaePro- 

duA  (hall  exceed  any  affignable  Number  left  than  48  =:  72x32*''^  for  dft  dxy  were  not 
infinitely  approximable,  as  is  fuppofed  and  demonfbrated. 


C  H  A  P.     IV. 

Containing  fsveral  Theorems ^relatiftg  to  /ijg  Powers 

of  Numbers.,  ,    * 

IM  the  following  Tbearems  and  CaroJUrks  are  comprehended  all  the  Propofitions  of  the 
Sectmd Book  oT Ev ci*  ID  that  are  applicable  tp  Numbers^  excepting  four*  which  are 
\n  efied  already  explained  in  this  Work  j  but  that  you  niay  fee  them  sdl  in  dsisPlacei 
I  briefly  repeat  thefc  four. 

;  i.  if  one  Number  A»  Jor  Line>  as  it  is  in  HmcUdy  BookU.  Ikor.  1. )' is  nuikiplid Se- 
verally into  all  the  Parts  or  anotlier  B^sss-^k^i,  &c.  tihe  Sum  of  the  VtoioSb  'a  the 
produa  of  the  two  Wholes;  thus  A^4- A*+ A*,  &c  fcAB.  This  you  have  already 
in  Lemma  3.  Cb.  5.  Book  L  which>  ob(erve>  is  equally  applicable  to  Fradions  and  Intaiers. 
a.  If  any  Number  is  multiplied  into  all  its  own  Parts  feverally,  the  Sum  of  the  Pro- 
duds  is  equal  to  the  Square  of  the  Whole;  which  is  the  Confequence  df  the  kft;  thui»  if 
J^J:;=:^+*,thcn  is  N * *=N 4 + N *  ( B^c/W,  Theor.a.) 

,  3.  If  a  Number  is  divided  into  two  Parts»  the  ProduA  of  the  Whple  and  one  Parti  if 
equal  to  the  Sum  of  the  Square  of  this  Part*  and  the  Ptodud  of  the  Parts :  This  is  alfo  t 
Confequence^  or  particular  Cafe  of  the  xft:  Thus,  if  N=<f4-**  then  N<i=ii*+'*> 
(EirrirVt  Theor.3.j  /'    *       '    ;  ' 

4.   It  a  Number  is  divided  into  two  Parts^  the  Square  of  the  Whole  is  equ^to  the  Sun 
of  the  Squares  of  the  Parts,  and  twice  theProdu<a  of  the  Parts^:  This  proceeds  alfo  ft<«tt 
the  ift:  Thus,.if  N  =  tf4.fc  then  N*=«*+^»  +  2«*,  (BucH  T$eor.4.;. 
.  The  reft  of  BuslU  yoa  We  in  the  foflowing  lUorems. 

»  Theorem    I^ 

•  The  Square  of  any  Number  is  equal  to  the  Difference  of  the  Produfts of  that  Num- 
ber, multiplied  into  any  ereater  Number,  and  into  the  Diflference  df  thdc 'Numbers.  Or 
it  is  equal  to  the  Sum  of  the  Produdls  of  that  Number  multiplied  into  any  lefler,  and  into 
the  Dif&rence  of  theie  Numbers. 

Demomstr^  (i.)  Let  two  Numbers  be  it,  it*f*'^«  wherein  1/  is  the  Difierwcc; 
theniax7^  =  i««  +  i«ii  henoe  m^^^ko^^ '^  sd.  (i.>  Let  the  Numbcrt^bc 
#-T  tf,'  j>  yfhff^  dis^o  thf  Pa&rcnce J  iJiW^4^>i9j*rt  ¥»=**:--**  «id#*#s«>f  «j^ 


Theorem  il. 

.  .  -  ♦        ■  •      '  ,        , 

The  Sum  of  the  Squares  of  two  Numbers  is  equal  to  the  Sum  of  twice  their  Produft 
and  the  Square  of  their  Di£Ference. 

D  EMOM  STR.    Let  the  Roots  be  -t*  *,  then  «*+**='*  ^  *  +«  —  h  j  for  a^-^h^^ 
tf* ---a  IT ^"4*4*;.  wiHOce  thi  2tfir«v  ia  raaai^ 

Or  let  the  Roots  be  a,  a^K  wherein  *  is'the  Dificreneej  Aca  is  ii»-jL.  Jipj*  =:  ^% 


Scholium.    la  this  laft  Eorm  we  fee  plainly  comprehended  Euclid's  *Ihear.  7.  which 
is  this  i  If  a  Number  coflfift  of;  two  Parts,  ( a»  *, )  the  Sum  of  the  Squares  of  the  Whole 


2nd  of  one  Part,  fvd6*#-jr*  +^*)  is  equal  to  double  the  Pitrfuft  of  the  whole  into 
this  Partj  and  the  Square  of  the  other  Part  (  w«.  2  ^i  x  «  +  *+**  )• 

Theorem  HI. 

•  «  ~'* 

T  H I  Sum  of  the  Squares  of  two  Numbersf  is  equal  to  the  ^  Sum  of  the  Squares  of 
their  Sum  and  Difierence. 

D emons TR.    The  two  Numbers  bring  tf,  ^,  then  4*  +  **=  lltildhfllLi.,  for 

*+^  artif*^'a4si4-**»  •o^  4— ^  =55j»— airt+i*,  and  the  Sum  of  tbefe  two 
Squares  is  a  4*+  ^^**  whofe  —  i*^*  +t*. 

Co  ROL  L.    The  Sum  of  two  Squares  is  'double  the  Sum  of  the  Squarea  of  tbdtr  biAF 
Sum  and  half  Difierence;  for  a'\^b»  4— ^>  may  reprefent  any  two  Numbers,  whoie  half 

Sum  is  a»  and  their  half  Di&rence  is  ^^  but  we  fee  above  diat2tf*4"^^^=^^  +  ^'    rf< 

S  C  H  O  L  I  U  M  S. 

1.  TUs  CmolUfy^  v^  in  eftft  tU  iaide  as  WmcU^  Theor.  %  nA%.  If  a  Number  is  di- 
vided bfio  two  equ4  Parts,  a^  4,  suid  into  two  unequal  Parts  a'\^h.  a^b,  (whofe  Sum 

is  2<i)  the  Suni  of  the  Sqtiares  of  the  unequal  Parts,  {viz.  a  +^*+  a  —  b^ )  is  equal  to 
twice  the  Square  of  the  half,  f  v/a>.  2  X4»)  and  twice  the* Square  of  tibe  middle  Art,  <k 
half  Difierence  of  the  unequal  Parts  ( viz,  2  X  b^). 

2.  If  .we  exprcfi  the  fuppofed  Numbers  thus,  a»  a-^b,  then  the  Tteorem  is^s'+STR* 

=  — '      "^    .     Alfo  by  taking  b  and  24  +  *  for  two  Numbers,  whole  Sum  is  2 ir+ 

2*,  and  their  half  Sum  a^b,  and  half  Difference  tf,'the  preCedirtg  Cofcffar/  is  thus  ex- 

pircfled,2is+/  +  ^=:2xJ"^|ri*4-2Xj*:  Whfch  is  hi  eflFed  the  fame  as  EttcliJ, 
Tbeqr.  xo»  itta.  If  a  Number  is  equally  divided  into  two  Parts>  «,  <»,  and  to  the  whole  2  ^a 

^nothe^NbffibW  be  added  a^^fc  thr  i^uart  of  the  Stom^  wist^  2^#^^  and  tU$  Square.  <^f 

Dd  2  ..    tb: 
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die  Number  addecL  vx«.  I^$  are  together  equal  to  double  the  Squares  of  -^  dse  xft  Num< 
ber»  and  of  the  Sum  of  that  half  and  the  Number  added»  twc.  2^-f*2X«*|4l 

Theorem   IV. 

The  Sum  of  the Squaresof  two  Numben  is  eqaai  totheDJ£beoce  betwixt  tfaeSquire 
of  thdr  Sum  and  double  their  Prodod. 

Demonstr.  The  two  Numbers  being  «»  h^^Tbewem  is  is*+** = ^ + **— 2iii 

bt  M-^y  =:  if  <^ -f- a  tf  & -^  ^S  from  which  take  2  «  ^»  remains  4(*  4*  K 

Or  thusi  Let  the  two  Numbers  heza,  t»  then  44*+**  =24f +  ^*— 4.^*. 

C  o  R  o  L  L.  The  Square  of  the  Sum  of  two  NumbeR  is  4  times  their  Produ&  mote 
the  Square  of  their  Ditterence.    This  appears  by  making  b$  a-^t,  the  two  Numbers* 

whereby  a^4~^  ^  ^^^^^  Sum,  and  then  adding  ^at  to  both  Sldesj  whereby  aj+^*= 

Scholium.  This  Carott.  is  the  (aroe  inei{edas£irr2tf, Theor.8.  vxclf  aNumberis 
divided  into  two  Parts,  as  a,  a-^h-,  then  4  times  the  Phxiua  of  the  whole,  and  ooePan* 
more  the  Square  of  the  other  Part,  is  equal  to  the  Squares  of  the  Sum  c^  the  wbde  tod 
that  Part. 

Theorem   V. 

The  Square  of  the  Sum  of  two  Numbers  is  equal  to  the  Sum  of  the  Square  of  one 
of  them ;  and  the  Produdi  of  the  other  into  the  Sum  of  this  other  and  double  the  former. 

Alfo  the  Square  of  the  Difiference  of  two  Numbers  is  equal  to  the  Diffinrence  of  tbe 
Square  of  one  of  them,  and  the  ProduA  of  the  other  .into,  the  Difierence  of  this  ocbefa 
and  douUe  the  former. 

Demonstr.  i.  J^*=^»+*^*+**=^+"T*x*. 

2,   ;irj*  =  4*  —  2  4  *  +i»=5#«  — 2il  — ^X  *. 

4 

Scholium.  The  firftPstt  of  this  comprdiends  EircM  Ttear.  6.  vh^  IfaNum^ 
ber  is  divided  into  two  equal  Parts  a,  s,  and  to  the  whole  2  a,  another  Number  i  is  ad- 
ded^ the  Produft  of  the  Sum  zs^t  by  the  Number  added  ks  viz.  xlTfJxt,  &t.  to- 
gether with  the  Square  of  I  the  firft  Number,  vhc  4»,  is  equal  to  the  Square  of  the  Sam 
of  this  half  Number,  and  the  Number  added,  viz.  a-^b 

Theorem    VI. 

The  Difierence  of  the  Squares  of  two  Numbers  is  equal  to  the  Pkodud  of  their  Sam 
smd  Difierence. 

Demon.  rfTxii"^^=^+^*  — **—**==**— **. 

COROLLARIES. 

X  Of  two  unequal  Numbers,  *+*,  4  —  *,  die  Square  of  half  their  Statu  «fc;^(^ 
2«  is  the  Sum)  is  tbe  Sum  of  ihcir  Produft*  viz.  4S»— ^S  and  the  Square  of  didr  Difie- 
rence. viz.  K  "  ~  "    ' S^^^*" 


Chap. 


thtJ^^vitn  of  NunAers. 
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ScBoi^iuMi^Tbis  is  EmcMs  The^.  f.  viz.  If  a  Number  is  divided  intortwo  equal 
Parts,  4f,0'j  and  into  twa  unequal  Parcsi  M^^t,  #— ^;  the  ProduA  of  tbe  unequal  Parts 
(viz.  m^b%a-^b^=^u^ — i^)  together  vich  the  Square  of  the  middle  Part»  (i.  r.  of  half 
their  Difierencej  h^)  is  equal  to  th6  Square  of  half  the  given  Number,  ^1%,  ^. 

2.  The  Sum  and  Difieretice  of  two. Numbers  are  die  reciprocal  aliquot  Parts  of  the 
DiflFerehce  of  their  Squares. 

3.  The  Square  of  any  Number  may  be  produced  after  a  new  Method.  Thus:  Let  the 
given  Root  be  N»  affiime  any  other  Number  A;  the  Produd  of  their  Sum  and  DiSe* 
rence,  which  call  f,  is  the  Difference  of  their  Squares*  #.  e.  ^==N* — AS  or  A* — N*. 
Hence  N*  =  A»4-^  or  A*— ^. 

4.  Take  any  Number  A,  and  make  a  SeHes  from  it  continually  decreafing  by  i»  till  the 
leaft  Term  be  i  ^  alfo  a  Series  iocreafing  by  i>  to  the  fame  Number  of  Terms;  multiply 
the  correlpondiBg  Terms  of  tbe  two  Sems  together;  the  Produds  make  a  Series  decrea- 

fing  in  fuch  a  manner*  that  comparing  each 
Produd  toLthe  Square  of  A»  the  Differences 
are  the  Series  of  Squares  of  the  natural  Pro- 
greffion*  Ij  2>  )>  &e»  tbe  Deduftion  of  which 
firopo  the Tfcrifsmr is eaiy.  Thus:  A — »xA4-« 
= A* —  N».  But  the  Differences  betwixt  A, 
ies,  are*  by  Suppofition*  i,  2*  3*  4,  &€.  tbss  it »  mis  gra- 
dually i>  2>  3«  &€.  Con&quently  the  Differences  of  the  feveral  Produds  of  the  corre- 
fpoading  Terms  of  the  two  Series  frotb  A*  the  firft  Produd*  are  gradually  the  Squares  of 
thcfe  Roocsj  U2,'i»&c.   Hence  ajgain, 

5.  We  have  this  Rule  for  fumming  the  Series  of  the  Squares  of  the  natural  Prc^eiHon 
I,  X,  3,  &c.  viz.  Take  any  Number  A%reatcr  than  ft,  the  greateft  of  the  Roots  whofe 
Squares  are  to  befummed;  then  b^inning  at  A — i*  and  A  4^1*  continue  a  Series  down- 
ward^ from  A  -^  t,  and  upwards  from  A^u  with  the  common  Di£R:rence  i*  till  the 
Number  of  Terms  be  is ;  then  taking  the  Produds  of  tbe  two  Series  as  before*  fubtrad 

their  Sum  from  n  x  A' ;  the  Remainder  is  the 
Sumfoi^ht.  The  Reafon  is  plain;  for  the  Sum 
of  the  Produds  is  n  times  A'*  wanting  theSum 
of  the  Serioi  of  Squares  .1*  4,  9,  &e.  taken  to  a 
Number  of  Terms  equal  to  » j  therefore  alfo  the 
Sum  of  the  Squares  is  is  x  A*  wanting  the  Sum  of  tbe  Ptoduds. 


A=  8.  7.  6.  5.  4.  %.  2,  I, 
A=  8.  9.10.11.12.13.14.15. 

Produds  -  -  -  64.63.6a.55.48.39«28;i5. 
DifieiBfiom64.  -  -i.  4.  9.16U25.36.49. 


and  tbe  feveral  Terms  of  the 


A — i: A— 2:A  — 3:  Ar-4*  &c. 
A-f*'' A--f-2:.A  +  3:A+4'  cf^* 
A» —  I :  A* — 4:  A*— 9 :  A*— i<f*e^» 


Theorem  VII. 

The  Sum  of  any  Number  of  different'  Powers  of  the  fame  Root,  which  ftand  all  next 
together  in  the  Series  or  Order  of  Powers,  p.  t.  whofe  Indexes  follow  one  another  in  the 
natural  Series  of  Numbers  i,  2,  3,  &c.  but  beginning  at  any  Power,  or  Place  of  the  Se- 
ries] is  equal  to  the  Quote  of  the  Difference  of  the  leaft  of  thefe  Powers,  and  that  next 
above  the  greatefl  of  them,  divided  by  the.  Difference  of  the  Root  and  i.    Thus: 


a — I 


>•♦« 


«»-*. 


a —  1. 


J»*»— . 


Ex,  3.  is+4*+4i3,c^tf.+tf»s=:lrif^ 

a —  X 

Dbmon.  Take  the  Serics44-A*+tf3J.tf4 
to  4",  multiply  it  by  ^  -- 1  j  the  Produd  is 
^'*itf,  as  the  annex'd  Scheme  of  the  Operati* 
on  manifeftly  flicws:  For  the  given  Series  being 
multiplied  by  #,  the  Series  ef  Produds  is  dS 
fame  as  the  given  Scries  from  the  fccond  Term, 

tftkipg 
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Booxin. 


!f™S.S  ,...'*'**■  ««  *w«  *e  greattsft  giv«a  Power;  Aea  tte  otter  Fnt  of 
the  Mokiplia  befa»  i,  in  Produdl » the  €!te»  &rie».  .  But  thi»  fc  to  be' fitbmded  ftom 
theforipcr.  (bec^uft  dm  Multiplisr  is  4— iJinnJitttht  T*HDj©f  the  two5«iteof  Pro. 
duas  beiog  the  feme,  excepc  the  greateft  of  the  firft  Series,  aod  the  le«ft  of  the  other,  it's 
mamteftOwt the D»ifcticoce,i.«..ihcProduaLlbught,tt«°+'«-#, that  is,  #4.<i*-f  «},e$^.4« 
'^ *•"'  = »""—«.    Hence  dividing  both  Side«  by  « -r i,  i? is «  +7+77^7?^ 


^ — I 


I. 


Whatever  Power  the  Series  b^'ns  at,  the  Reafon  of  t^ie  Rn\a  is  the  lame;  for  diePro- 
dufite  bjr  «aad  by  r  wiU  be  ti«e  Him  8eri»,  except  th«  gfeateft  of  ,y^  former,  (wte* 
wiU  be  the  next  Powef  above  the  grcateft  givfn  Power,)  and  the  l»ft  of  thcotber,  (whidi 
IS  the  leaft  given  Power;;  io  than  the  Diflfesence  of  tb?  two  $erie»  nroil  be 


of  cheic  two. 


d&eDifirepce 


THEokBM   Vllf. 


The  piftfoicc  betwixt  spy  two  Poweis  of  tii  ftinc"Rx»i^  u.  the  Produft^lhelW. 
fcrcocc  of  Ae  Root  and  i.  multiplifti  by  the  Sum*  o£  all  die  Powefs-  of  ditr  Boot  jfbai 
Cbc  Icflcr  avea  Power  to  that  next  bdow  the  greater. 

Demon.  This  is  a  manifcft  Confequence  of.  (be  precejding.  \ . 

T  M  E  o  n  E  M*    IX.    : 

Tare  the  Series  of  Powers  of  any  t^o  Nupibers  (or  Roots)  to  any  the  (kmeUopb 
or  Index.  To  each  of  thefe  Series  prefix  i ;  then  fet  the  one  of  ihefe  Series  under  ihc 
other  in  a  reverfe  Order,  and  multiply  the  coarefpqnding  Terms  of  the  one  Series  into 
thofe  of  the  other  >  then  take  efae  Sam  of  the  Pr6di*ft^:'-i -fey;  If  t^ts  Sqm  is  multi- 
plied by  the  ENflference  of  th^  given  Roots^^  the  iVodiflJj  CQtt^  to  dtf  I^ftreDCc  of  their 
fimihr  Powere  of  die  degred  nexj  above  the  l%h*ft  in  AeScrtcs.     --.--- 

Sxarf^e,  Tjike  any  two  Roots  a,h'y  take  their  Pow- 
ers to  the  4th ;  tihc  two  Series  fortncd-and  mulriplied  «s 
in  the  Margin  make  the  Series  of  Produds,  «^  +  *'' 
^A^J^^aifi^l^  which  multiplied  by  a — *  pro- 


1, 


ah 


ah 


a, 

hh 


I. 


A* +itf  3 + 1»  ii» -f.  tf  A34.  i*: 


II   III    ^mnj  mil 


<     !■ 


■^f^i 


»    9 


Uftiverlilly :  ■    '  i       i 

1>         b,  b\ Cfg.     A"— S  *n— «,        A". 

-'-*•       » — _ 


] 


^nti^^nti. 


^  D«J*PIT.  The,  Rciibn  of 
th^  #ppoaf&.the.  iam9  wayasdnt 
of  Tp^P'  7.  for  «"  X  tf  ^^"^  ** 
and^xA=A"+»j  tbenthePro- 
ddA  of  #»mtt>*every  Term  after 
if°j  is  deftroyed  by  that  of  ^ 
C^hj[c^  is  to  be  (qbtraded)  into 
the  preceding,*" 
C  Q  R(  p^.  Hence  th«^  Pf^en^  qf  fmjL  two  jiRoots  is  ag  aljq^Oj&^Patt  <)f.  the  X^rence 
of  any  thpit  fimil^r  Pgwers. 

ScuQi-.  Frcu?a  the  Dodario^  pf  tfee  nwciBQok,.^*^??,  3.-you'U  fioAthn  loYCft^?tion, 
^d  aoQther  DemonAi^tioQ  of  this  i^a^  PT'^-  7^  and  8.  fiic^.  from  th*  CQiiiidcraciQn  o^ 
Gepn;?tric4  Prqgr^fiiQas.  Bq^.  I  l^ay§  j^Cf^  th|m  hcre^  beeaufe  they  hayt  %  jD^monftfs^ 
tjon  indjp^pdj?!!;  of  th^it  Prqgf^^fiqpp:  j\ni|-?*4^^-  7-  furniflics  us  another  Dcm6nftracioa 
for  the  iumming  of  thefe  ProgreflSons.  ARITH- 


I 
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,,[':^7'.v)' 


;  c: 
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ARITHMETICK 

•   « 

»— — — — .i^— — ^^— — — M^—  I  ■    ■    ■■         >■■■■■         ■■!    ■■— — ^^»—— 1— — — PH— ^— — — WWii»— — ■ 

BOO  K    IV, 

♦  ■•  ■ 

•  « 

The  Dodxine  of  P  R  0  portion. 


•       ♦ .      . 


CHAP.    r. 

Explaining  the  general  Nature  of  Proportion. 

* 

Definitions. 


\  • 


UMBERS  are  compared  in  order  to  difcovcr  certain  Relations  they  have. fa 

one  another  ^  and  as  to  evefv  ComparHbn  there  tnuft  b6  two  Terms  or  ThingE^ 

viz,,  one  which  is  comparecC  and  another  to  which  it^  is  cotnpareds  fb  ttiuft  it 

be  alTo  in  Numbers;  where  more  particularly  the  Number  cptnpared  is  Called  the  AnHie^*. 

dext,  and  the  Number  to  which  it  is  compared  is  called  the  Confiqaent,    For  Example  i  if 

we  compare  j  to  4>  3  is  called  the  Ante(€dent  and  4  the  Canfet^uem. 

ScHOL.  Svery  Compdrifon  is  reciprocal,  and  includes  a  Comparifoti  of  each  Term  to 
tbe  otbor;  but  becaufe  the  Relation  may  be  different  ac^qrdine  as  the  one  or  the  other  i^ 
made  the  Antecedent  (as  we  (halt  fee  below);  and  becaufe  au  Compariibnf  muft  be  of 
tt^ings  of  like  Species^  therefore^  in  order  to  compare  again  the  Relatioos  of  difterenc 
Couplets  of  Numbers  fas  you'll  find  afterwards )>  we  muft  carefully  cbftiiiguifh  the  two 
panicukr  Companfons  that  may^  be  made  in  every  Couplet;  which  b  done  by  dus  Diftin^ 
dion  of  Antecedent  and  Con&quent^  according  as  they  are  at)idied  00  the  two  Numhcors* 

•     •  -        -  .-  ■'  .;":;•'"•• 

11.  The  Comparifons  and  confequent  Relations  of  Numbers  are  ^  of  twoidivis«  diftii^ 
guifhed  by  cfac.  Names  of  Arjdimettcai  and  Geo^metsacil.  1      *  m     : 


(i.)  Of  Aritfameticai  EeLiiimf. 


m  J  *        ^ 


M  we  compare  Numbers  fo  as.  to  cpnfider  their  fimple  Diflfen;nce«>  lar  how  much  the 
Antecedent  fe  greater  or  leflfer  thitf  the  Confequent ; 'their  Relatlbn  in -that  View  is  called 
Artthmetkal:,  and  the  f)if1ferfcncejDf  &efe  two  Numbers  Js  called' the  Arhhmetica(nam,6^ 
^x^onent  of  the  Arkhmcticd:  Refiitipn  cf  the  Anteccdtht  to  the  Confequcnt. '  Eiatxible; 

«  If 
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If  we  compare  )  to  5«  the  Arichcnetical  Ratio  is  7.»  figaifying  this  Relation^  vts.  that  3  is 
leis  than  f  by  2 ;  and  reciprocally,  if  we  compare  5  to  3  the  Ratio  is  aUb  2»  fignifyingj  ia 
this  Cafe,  that  the  Antecedent*  5  is  greater  than  the  Confequeat  3,  by  2. 

'If  the  Numbera  cooapared- are- «qual»  ibeir  Arithmcticai  JBLatio  is  o»  fignifying  didr. 
Equality. 

Here  then  we  fee  Arithmetical  Relation  diftinguifhable  into  two  Kinds,  viz,  a  Relation 
of  Equality  fjoA  Inequality^  am}  th^Jaft.  agaia  diftingnjlhablg  iqto  tysfo  Species,  iztt.  a  Re- 
lation of  Estceftf  whap  thd  ^tecedeyit  is  erfa^eft,  and  of |l)^<?^  ^p^^ien  the  Atedcedenc 'is 
leaft^  ^o^  Jcrwoull  feeExa-jeafoiibk  tbk  thclExponeib  of^Sifieren^  .Relations,  as  the. 
mutual  Relations  of  unequal  Numbers  are,  fliould  be  diSerent  \  yet  here  it  is  the  fame 
Number,  whether  the  Antecedent. is. grcatcft.  or. Jeaft;^and  tbetefibrcthat  it.xnay  iktermioe 
the  Species  of  the  Relation,  we  mult  apply  the  Words  Excefi  and  DefeS-^  or  (bme  Mark 
to  iignify  it  in  Writing.  So  if  -you  (ay  ttia^  )  is  the  Ariti^etical  Ratio  betwixt  two  Num- 
bers, as  4  and  7,  it  may  be  ^pli^  two^ji^s,|iQtor^ng  as^^we  fuppofe  the  Antecedent 
greateft  or  leaft,  for  there  are  neceflarily  two  mutual  Relations  betwixt  two  Things ;  yet  by 
laying  3  in  Excefs  or  DcfeS,  or  ufing  tome  Mark  of  DiftinSbion  in  Writing,  the  Compa- 
nion is  d^rgnined.  -But'thQ-TennsirCoqiparej  belqg  Icoowot  th^Hmfl'ffinpfeiafidJn^mral 
Method' of  detertiiining  the  Cbmparifen  Is  to-put  the  Antecedent -always liefbrcrtie'Confis- 
Quent  (as  thefe  Names  do  import),  with  the  Word  To  betwixt  them.  For  Example;  To 
lay  the  Relation  of  4  /«  7,  is  a  particular  and  determinate  Comparifon,  whereas  to  fiiy  die. 
Relation  betwixt  4  and  7  is  amb^uous,  for  this  may  be  either  the  Relation  of  4  to  7,  or 
ef  7  to  4.  When  the  Relation  of  difiEercQt  CpupleC^  are  to  be  again  compared,  this  De- 
termination is  abfolutely  neceHary. '       .  ■     .       -  -      ' 

(2)  Of  Geometrical  ttelation. 

If  we  compare  two  Numbers  To  as  to  confider  how  often  the  Antecedent  contains  or  b 
contain'd  in  tne  Confequent,  the  Relation  in  that  View  is  called  <Seo7netri(afj  and  the  Quote 
of  the  greater  Term  divided  by  the  Icflcr,  f  which  ftiews  the.  fcow  oft  required)  is  called 
the  Geometrical  Ratio,  or  Exponent  of  the  Geometrical  Relation  of  the  Antecedent  co  the 
Confi^qUent.  •  Eps.  gr.  If  we  compare  4  to  12*  the  Geometrical  Ratio  is  2,  figntiyin^tfais 
Relation  of  4  to  92,  viz,  that  it  is  comainM  in  it  3  ames^  and  reciprocally,  the  RsQO  of 
12  to  4,  is  3,  fignifying  the  flelatioo>)f  12  containing  4,  3  times.  Again  j  the  Ratio  of 
4  to  r5b  or  19  to  4,  is  4^.  ficrnifying  this  Relation,  viz^  of  4  being  contain'd  in  19,  or  19 
containing  4  four  times,  and  |  Parte  of  it.  Of  two  equal  Numbers,  the  Geomecrical  Ratio 
is  always  i,  exprefling  a  Ratiu  qf  Equality. 

Geometrical  Relation  is  alio  ^iftinguifli^  into  tw<>  kinds,  one  of  Equality  and  ano- 
ther of  Inequality;  and  the  laft  ag%tQ  into  two  Specif,  ^'ms.  a  Relation  of  eontainmg^  when 
the  Antecedent  h  greaceiL  and  of  teiitg  fontainti,7fh^n  the  Antecedent  is  leaft;  both  which 
having  the  fatne  Number  for  their  Exponent,  it  muft  be  applied  difiFerently  according  to 
the  different  Gsrfes.  But  the  Cooipartfon  is  clearly  and  certainly  determined  in  the  fitme 
manner  9&  is  already  explained  io  Arithmetical  Relation,  viz»  by  puttit\g  the  AntecedeDC 
before  the  Confequenti  with  ihe  Word  To  betwixt  thetn ;  thus,  to  &y  the  Relation  of  4. 
to  12,  is  determinate  and  certain;  arid  in  this  Cafe  the  Ratio  3  (ignifies  that  4  is  contain'd 
3  rimes  in.icft  L'And  if:you  cA\}x  the  Ratio:  of  X2  to  4*  it-  fignlfies  a  Relation  of  Confainini. 

But  again  obferve -^Thsxe  is  anotfaec  way  of  conceiving  the' Geometrical . Rdation  of  a 
lefler  Number  to.a  greater,  whereby  the  Exponents  of  the  two  reciprocal  Relations  will  be 
different:  Thus,  in  comparing. 4ivWflef  so  a  greater  Number,  we  may  confider  what  Part 
or  Parts  it  is  ofi  the  greater  j  wid.  then  the  Fra6Hon  exprefling  this  is  the  Geometrical  Ra- 
tio; Fpr  Ewnple;  t|ie. Ratio  .of  4  to  12  isi^  ;  and  fo  by.  this  Method  the  Ratios,  or  Esfc- 
poncptspf  jheRieciprocal.diflEcrei?t.  Relations  of  t-vo  l<Iiimben^,  will,  always  be  diflferenr,  and 

of  diemfclves  determine  the  'Qaaii^y  or  Species  of  ?bc  .kelation  which  they  expreis,  I  e^ 
VI  w*v>«.».  ,  '^   ../   .      .f whether 
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iriiediar  the  Anl^cedeot  it  mster  or  lefier*  and  tbat  whether  the  Numbers  compared  are 
klipwn  or  HOC :  Tfausj  the  Aotecedeac  being  gteacen  the  Rado  will  always  be  a  wbde  or 

mixt  Number;  Co  the  Ratio  of  12  to  4  is  3*  or  of  14  to  4  is  3- ;  but  the  Antecedent 

beii^Ieaft»  it  wiU  be  a  proper  Fradion;  £>  the  Ratio  of  4  to  12  id  — >  and  of  4  to  14 

is  — .  Now  by  the  common  Rtdes  we  find  what  Fra&bn  the  Antecedent  is  of'  the  Con(e» 

7 
ouem,  by  dividing  that  Term  bv  this;  thus>  if  they  are  both  Integers^  the  Qaot)5  and  Era- 

ebon  fought  is  got  by  making  me  Antecedent  Numerator^  and  the  G)nfequent  Denomi^* 

oator,  (whichis  perhaps  not  in  its  loweilTermsj  but  that  is  no  matter;)  fo  4  is-^»or  -  of 

14       7 

14..   And' if  they  are  not  both  Integers^  then  we  proceed  by  the  Rules  given  in  Divifion 

of  Fra&ions;  lb  thelUtio  of  4  to  13--  is77*fori3-=:^,  by  which  dividing  4>  the 

12  2  J 

Quote  IS  -->  which  exprelTes  what  Fradion  4  is  of  lyz  "^tn  the  Nature  of  Divifion. 
4*  3 

Again  I  Since  the  Fra£tion  expreffing  the  Relation  of  a  lefler  to  a  greater^  is  equal  to  the 

QucKC  or  the  Antecedent  divided  by  the  Coniequent;  therefore*  according  to  the  Diftindi- 
OQ  of  the  reciprocal  Relations  of  two  Numbers,  now  exphin'dj  the  Ratio  is  in  all  Cafes 
the  Quote  of .  die  Antecedent  divided  by  the  Confequent>  exprefling  how  oft  the  Antec&- 
dent»  when  it  is  the  neater  Term>  contains  the  Confequent;  or«  whoi  it  is  ]a&»  what 
Fart  or  Paits,  i.  e;  what  Fradion  it  is  of  the  Confeqnent.  And  this  was  the  Method  of. 
die  ^mtieuts  in  opUining  Geometrical  Relation :  Boc  this  we  may  reduce  to  a  more  uni^ 
form  Notion,,  whereby  the  fame  general  Definition  comprehends  bodi  the  mutual  Rektions 
of  Inequality,  and  the  Ratios  they  have  to  die  lame  Number,  thus :  All  Quotes  are  Fra- 
dions,  and  may  be  ezpreiTed  fradionally ;  for  by  making  the  Dividend  Numerator,  and 
the  Diviibc  Dcnomifiator,  when  they  are  both  Whole  Numbers,  that  is  a  FraAion  equiva* 
lent  to  the  Quotes  sind  if  they  are  not  both  InccBers,  yet  being  divided  by  the  common 
Rule,  the  ,Quocp  will  come  out  in  Form  of  a  Fradion  f tho'  in  fome  Cafes  it  may  be 
equal  to  a  whole"  Number).  And  hence  the  Relation  of  a  graiter  to  a  lefler  may  be 
conceived  under  a  like  View  with  that  of  a  lefler  to  a  gixater,  above  explained,  ^vjx,  as  be- 
ing equal  to  a  certain  Number  of  Parts  of  the  Confequent;  and  the  improper  Fradion  ex- 
preffing  this  is  the  Ratio,  found  out  die  fame  way  as  in  the  other  Cafe.    For  Example;' 

7  %  XK  ^        12 

TheRatio  of  7  to  ?  is •- *  aad  of  7  to  27  it  is  ;f,  for  2— =s  —•:  From  which  we  may 

deduce  this  general  Definition  6f  a  Geometrical  Relation,  viz.  That  it  is  the  Mation  af  the 
jimtet^itnt  Smg  ep^l  H  s  firSaiM  Fart  sr  Psrtf,  :i.  e.  a  urtaifi  Fra&ifin  ftpper  or  in^o^ 
fer  tf  the  Comfeftenty  which  Fradion  is  the  RatiQ,  expref&ng  the  Relation  of  a  Icfler  to 
a  greatq:  when  it  is  a  pro^  Fradion,  but  of  a  greater  to  a  lefler  when  it  is  improper. 
Hence,  laftly,  we  may  reak>n  about  thefe  Ratios  under  the  Notion  of  Quotes  or  Fradions 
indiflerendy,  thefe  being  in  e&St  the  (ame :  And  the  great  ufe  of  this  is,  that  from  the 
Dodrine  of  FratfHons  we  can  eaOy  deduce  the  Theory  of  Geometrical  Relation  and  Pro- 
portidn,  iS  you'U  find  afterwards  done. 

Now  as  to  thefe  diflerentWays  of  conceiving  Geometrical  Relation,  it  is.  indiflerent  as  to 
the  Truth  o(  the  Science  built  upon  it,  which  we  chufe  1  for  they  anfwer  equally  true  to 
all  the  Ends  and  Purpofes  of  comparing  the  Relations  ot  Numbers  ^  becaufe  they  ciepend 
fo  upon  one  another,  that  in  comparing  the  Relations  in  two  difierent  Cou^ets,  if  the 
Relations  taken  one  Way  are  equal,  they  will  be  fo  taken  the  other  way:  Thus,  if  the 
Ancecedent  is  greateft,  the  Ratio  is  the  lame  either  way  j  for  both  the  Methods  of  taking 
it  ooinckle,  andk  is  either  a  V?hole  or'Mixt  Number,  or  their  Equivalent  improper  Fra- 

£  e  fiion ; 
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aion:  If  the  Antteedeht  is  Infb  thai  the  Rt^  taken  liie  one  w«?  k  t\ie  itdprocil 
Quote  or  Fradjon  of  the  Rttio  taken  tl»  other  wqr,  and  coafeoMitlf  two  RidorMnr 

equal  the  one  way,  they  are  fo  the  other  way  alfo,  becaufe  the  Reciprocals  of  equal  Fr^ 
aions  or  Quotes  are  alio  equal.    Thus,  fbr  Example;  If  the  Ratios  of  lo  to  lJ^  and  of 

15  toaij  taken  ihc  one  way*  gre  both  equal>.%^s«  i^s=:2,  then  ^  x&Mft.the  Radoi 
taken  the  other  way  in  both  be  i^;  or  ^  dw^  •^iJ*=*fl  »*rJUtio^ihe<«w«yj 

fo  alfo  will  J^  =7^  be  the  Ratio  taken  the  other  way  (from  Lm,  6.  qb.l  of  Fmaions.) 

I  have  explained  both  thcfc  Methods  of  conceiving  and  exprefling  the  Geometrical  Re- 
lation of  Numbers,  becaufe  yotffl  meet  with  both  in  other  Books  on  this  SubjcS  •  but 
chiefly  becaufe  I  find  it  convenient  to  follow  ibmetimes  the  one  Method  and  .{otDetimci 
the  other ;  and  fomecimes  fbr  Variety  and  lUuftration  to  apply  both  M^ods. 

COROLLARIES. 

« 

I.  Comparing  thefe  different  Hodota  of  a  Geometric^  Ratio,  wHh  the  common  Oft- 
rations  of  mulUplytnc  and  dividing,  this  will  evklently  follow,  vKk.  Thac  the  Ratio  of  two 
Numbers  taken  the  firft  way,  (which  is  always  a  whole  or  mist  Number)  is  that  Number 
by  which  the  Icffer  Term  being  mukiplrkd,  or  the  greater  divided,,  (whkh  Ibever  of  tluoi 
is  the  Antecedent)  gives  the  othesTerm  ^  and  taken  the  iccood  wa^j  (whkh  nay  beeidnt 
a  whote  or  nrixt  Number,  or  a  propac  Fra^ion)  m  is  that  Number  by  whfcb  4e.ADtc«- 
dent  being  divided,  or  the  Gonfequobc  muttif^ied;  (whicb  (bever  of  them  m  the  ^eateft) 
gives  the  oAer :  Or  alfo  thus  j  By  whofe  Reciprocal  the  Antecedent  being  mylt^fed,  or 
the  Confeqoent  divWed,  gives  the  other,.  If  ibis  is  not  evklent«  it  may  bemadc  b  thta: 

If  the  Ratio  is  taken  the  firft  ^ts»  the  Reafbn  of  this  is  maoifdft  from  the  mutnd  Proof 
of  Mukiplkation  and  Divifioo.  Thuft;  IC  A  is  kfittfaan  B>  and  if  B*^  A?«?44whidxis 
die  Ration  then  Aifc=:&  and  Ad-^A  that  fcj  B~i/=>A.    Agrniy  ¥  the  I^io  is  akeft 


the  other  way,  fuppofc  A  is  the  Antcc^erit,  the  Ratio  of  A  to  B  is  this.  XJyote  ^,   and 

ks  reciprocal  p    Now  if  A,  B  are  both  Imegeis,  ^  aod  ^  are  rcaUy  fmdkmal  Expr^ffi- 

ons  in  Terms^  and  from  tbe.RuIes  of  Fradions^  it  is  plain  that  if  the  Antecedent  A  is  di< 

A  * 

vidfid  by  g,  the  Qjiote  is  B ;  or  if  B.  the  Copfelfuent  i?  a^iuliijjlicd^by  if,  thf  V^&hk 

Agaki^  Take  the  reciprocal  Ratio  p  and  the  Reyerfc^qf  th^  forrbet  Operations . produce 

the  fame  Efitft.    Thus:  A  multiplied  by  ^  produee^  B»  anil  B  Avixkd  by* it  qaom  A: 


all  which  is  evident  from  the  common  Rules.     But  again :  If  A,  B  are  not  both  IntegcR, 

A  M 

then  fuppofc  theQ|ioteg,  taken  in  its  own  proper  +erms,  is  this  fraffiionat  ExprefSoo  - 
( for  every  Qiiote  is  either  a  Fraaionproper,  or  improper,  which  is  expreflSUcft^ifbanalljr) 

41  <atf  A 

then  is  A=- of  B=:Bx -—B-r--.  .Agjuqj  Since  A=Jof  B,  dierefi>reF=*-  of 

A  =  A  X-  =  A  -r-  ^,  wherein  you  fee  att^Jhe  Parts  of  the  Rule. 

Example  in  Numbers.    Thus:  The  Ratio  of  12  and  4  tafcen  die  fiift  way  is  35  then 
li  -^  3  ==♦»  a«<l  4  X  3  =  la-    Again  j  M^  4  the  Antecedent,  and  7  the  Conteyieoc^ 

the  Ratio  taken  the  fecond  way  u  ^j  thcn4-T-*:=34x^c=i7,  and  7X- =  7  -r- 2^  ==4. 

a.  Henci 


C^p, 


•    - 


DoSMne 
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a.  Verne  «jte:  Hivtrig  dae  Number  givwi,  and  cbe  Ratio  bctwfxt  it  and  another,  wc 
Ml  «6ly  find  Att  oflier;  fsrovidvig  alfo^  that  if  die  Ratio  is  a  whole  or  mixt  Number,  it 


be  decenntQed  whcdier  Ac  greater  or  leflcr  Term  is  fought.  And  if  it  u  a  proper 
HtB&ia^  kc  it  be  detemiiied  whedicr  die  Number  fought  is  die  Antecedent  or  Confc- 
<]aenL  Exam.  Let  diere  be  aivcn  one  Number  8,  and  3  the  Ratio  betwin  it  and  another 
Nuiilber>  to  find  diat  other  Number.    If  8  is  die  greater  Term  of  die  Relation,  or  if  you 

call  h  the  Antecedent  then  8  -r-  3  =  2  |  is  die  Number  fought ;  or  if  it  is  the  leffer  Term 
or  CotAqucnt,  dieo  is  8x  3=30+,  the  Term  fought.  Again;  If  8  is  the  given  Term,  and 
idle  Rado,  dien  8  bring  die  Antecedent,  8-r-l=:8x  ^=-i^=ioiistheConfequcntj 

but  if  8  is  dieConfequent,  dien  8xi3a;8-T-^s(;isthe  Antecedent. 

.43 

Ohfirve,  To  prevent  fuch  tedious  Names  as  Arithmetkal  and  Ce^mtrkal  Ratios^   we 

Audi  hpreafio:  dc  the  Word  Difirence  for  the  firft>  and  Bjitio  for  tbe  other. 

III.    ©/Proportion- 

Wben  the  fiime  Kind  of  Relation,  Geometrical  or  Arithmetical,  is  confider'd  in  each 
of  two  or  more  Couplets  of  Numbers,  whofe  Terms  are  alfo  fimilariy  compared,  t^fe. 
the  leflcr  to  the  greateSr,  or  th^  gwiatcr  to  the  leffer  in  6ach  -,  then  if  thefc  fimilar  Relations 
arc  equal,  tt^tis^  if  their  Exponents  are  equal  Numbew,  this  Equality  is  Call'd  Proportion-^ 
which  we  may  therefore  more  briefly  define  thus,  i^«.  Propotnon  w  the  Equality  of  die 
Differences  or  'Ratios  of  two  or  more  Couplets  of  Numbers,  whofe  Terms  are  fimilariy 
compared.  And  then  the  Numbers  ftatcd  in  Order  as  they  are  coppared,  the  Antecedent 
of  each  Couplet  before  its  Confequent  ire  &id  to  be  proportional  Numbers,  or  Proportion 
Mab»  Arithmed9ai  or  Geometrical^  accordiz^  as  we  coofider  Differences  or  lUties,  E^am. 
3.  ^>  and  S'^^'are  aijithmetically  prpportionaT;  becaule  their  Antecedents  are  both  leafl:,  and 
ieirDifiercnces'are.  equal,  visf.  ij  ^9  thcfe  7,  3,  and  5,  9,  tbe  Antecedents  being  botji 
greate/L  and  the  Deference  in  each  being  4. 

Again;  Th^  3^  <{,  and  4>  8  are  gpomftrically  proportional;  tbe  Antecedent  in  each  be- 
ing uie  lefler^  and  the  Ratio  equaU  vii^  .2  taken  the  one  way^  and  27  taken  die  other: 
ABo  chefe  9, 2»4Uid'  i8«  4,  whole  Ratio  taken  either  way  is  47. 

UmverfaUj:  li,  A-r B  =  C — D,  Uicn  A„BjC»0  are  aridimedcally  proportional:  and 

if  ^tt=0,  idie^  A*B,C,D,  are,  gcomettipiMy  pipopcft^ 

,         •    ;■  !  ■  ;:       ;  ;  SCttO  LJU  MS.  '  '     '. 

* 

X.  Among  Arithmetical  Proportionals,  o  may  be  one  Term.  Exam,  o,  2,  and  3,  5 
have  tbe  (ame  Difference,  viz.  2.  But  all  the  Terms  of  Geometrical  Proportionals  muit 
be  real  Quantities.    '     1       .      ; 

2.  .The  tWQ  Nqmbere^mpared  are  ordinarily  written  with  fome  Mark  betwixt,  them, 
fthe  feift  wtidferi  being  th^  Antecedent,  and  the  othfer  the  Confequent; ;  and  two  Couplets, 
whofe  ihhibtr  Relati6n»  are  ^al,  Ifi.  e.  tfrhich  are  proportional)  are  written  with  fome  dff- 
ftt«it  hhttk  befwiteiheth  r  and  it*  being  tJonrenient  to  diftinguifli  the  Marks  of  ArWimetl- 
cal  and  Geometrical  Relation,  and  their  Equalities  or  Pmportion,  diefe  difKnguiihing  Marks 
I  fiiall  make  tbtls :  Bbtv^t  two  Nutnisien  coitsparad  Arithmeticaity>  (or  in  refpeA  of  Bif- 
foreooes)  I  (hall  fet  a  Points  thuft  9.5 ;  and  betwixc  two  fuch  Couplets^  whofe  Dififeretitoe 
IS;  cffHii  a  Gotonj  :tbus,  ;>) :  A.6i .  Again ;  fietwiiEt  two  Numbers  cQm{)ared  Geometrical* 
i^r^ff)!'  m  mt^eA  of  Ratios)  let  «  Colon*  tbus^  3:49  ^^  betwixt  two  fuch  Coupleosj 
«molk  fiooikr.iRsiMi  ase  ttqudi/^andmUeColoo,  thus,  3:4^:6^81  and  then  theft  Mhrks 
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iave  the  Trouble  of  telling  what  kind  of  Comparifon  is  ooade  of  tliei  Nutnbere.  Unkvr- 
[aUj:  Thefe  expreis  Arithmetical  PropordoDaU,  ^.A:  cd\  vA  thefe  Geometricalt  A\h\u\k^ 
and  then  we  read  or  exprefi  the  Proportionality  thus>  nnz.  In  Aridnneckak  we  &y,  As 
much  as  the  one  Antecedent  ^  exceeds*  or  wants  of  its  Con&quent  k\  to  tniicb  does  the 
other  Antecedent  €  exceed j  or  want  of  its  Confequent  d^  and  when  it  ii  fo  betwixt  four 
Numbers^  they  are  Arithtnetically  propordonal.  In  Geometricals  we  fiy«  As  oft  as  4  coo- 
tains*  or  is  contained  in  ^^  fo  oh  c  contains*  or  is  contained  ia  d.  Or  alfo  thus:  What 
Fradion  (proper  or  improper)  47  is  of  ^;  the  fame*  or  equal*  FradHon  is  r  of  d: 

Ohfirve  alfo*  That  Proportionality  mav  be  read  thus  isore  igenerally*  ^%:  As  #  to  i>  fo 
is  c  to  d,  Arichmedcallv  or  Geometrically;  underftandii^  this  to  fignify  what  is  above  e^ 
plain'd.  And  indeed  the  word  Proportion*  or  Proportionality*  is  no  more  than  a  Word 
contrived  to  expre6  more  briefly  the  Equality  of  Relation  explained ;  ib  to  fay  that  four 
Numbers  are  proportional*  is  only  faying  all  in  one  Word  what  iiAuft  be  (aid  in  a  great 
many*  if  explained  at  large*  as  has  been  now  done.  •  - 

The  Diftindion  then  betwixt  Differences  or  Rados*  and  Proportion,  U  diis :  ^A  Diflt- 
rence  or  Ratio  arifes  from  the  Comparifon  of  two  or  more  fimilar  Relations*  whole  Expo- 
nents being  equal  make  Proportion^,  which  therefore  can*t  t%}&  without  at  l«ift  four  Terms 
(/.  e,  two  0>uplets)^  but  obferve*  that  the  fame  Number  may  be  antecedent  in  one  Cou- 
plet* and  confequent  in  another  ^  and  therefore  there  oiay  be  Proportioo*  where  there  ire 
but  three  different  Numbers*  if  the  one  is  twice  taken:  So  thefe  3.4.5  are  Arithmetically 
proportional*  for  3.4 : 4.5 ^  and  thefe  Geomemcally*  %\6\  i2>  for  3 : 6 :: d :  12. 

It  is  to  be  obferv^d  too*  that  fomedmes  the  word  Proportion  is  ufed  for  Ratio}  £)  we 
£iy  the  Proporuoa  of  3  to  ({  for  the  Ratio  of  3  to  6. 

IV.  Of  Proportion,  Conjunfl  and  Disjunlf.  ^ 

When  two  or  more  Couplets  are  proportional*  but  fo  as  they  have  no  common  Term 
f  I.  e.  the  Antecedent  of  none  of  them  is  the  fame  Number  as  the  Confequent  df  another), 
they  are  called  DisjunH  Proponfonals ^  ras  thefe  Arithmericab*  2.3  -.4.5  rtf.y:  ind thefe 
Geometricals*  i :  2 : :  3  : 6 : :  4 : 8.  But  if  the  Confequent  of  the  nrft  Couplet. is  the  &t»e 
Number  as  the  Antecedent  of  the  fecond*  and  fo  on*  the  Cohfeiquent  of  every  Couplet  the 
Antecedent  of  the  next,  thefe  are  called  OmjunS  (or  continued  J  Proportionals;  as  thefe, 
1 .2:2.3:3.4:  andthefe*  i:2::2:4::4:  8.  But  in  this  Cafe  the*  comtnon  Term  need 
not  be  twice  written;  for  it  is  enough  to  fet  all  the  different  Terms  in  one  continued  Rank 
or  Series* according  to  their  Order  pf  Comparifon ^  thus,  x .  2  •  3  •  4 *. or  i :  a ; 4 ;.  8 ;  whete- 
in  it  is  underftood  that  every  Term  is  compared  to  the  following;  fo  that  each  is  taken 
both  as  an  Antecedent  and  a  Confequent*  except  the  firft*  which  is  only  Aocscedent,  and 
the  laft*  which  is  only  Confequent*  Such  Series  of  Numbers  are  alfo  called  Aridunetical 
and  Geometrical  Trogrejjions. 

V.  Of  Proportion,  DireR  and  Reciprocal. 

When  the  Ratios  of  two  Couplets  are  fimilar  atid  equal*  the  Proportion,  is  called  DkeS, 
.as  in  thefe*  1.2:3.4:  and  thef^  i  :2: 14:  8.  But  if  mey^^ifUo^ 
is  equal  to  the  Reciprocal  of  the  other^  the  Proportion  is  called  Rteiftocal^  as  in  diefe* 
1,2:4.3*  and  in  thefe*  1 12: 1^:3. 

Scholium.  This  Dfftin^on  may  be  ap{rfied  either  to  Arithmeticals  or  Geome- 
tricals* tho'  it  is  commonly  applied  only  to  the  Uft ;  as  co  which  otfirw,  That*  according 
to  Definition  V.  Proponion  is  no  other  thing  than  what  is  hereicalled  DireB»  the  other 
proceeding  merely  from  ttie  inverting  one  of  the  Cou^ets^of  a  Direft  or  Praper  Proper- 
tton:  So  that  co  uy  i  :2: ;6;  3  ase  proportional  redprocaOy*  is  no  fioefo  than  «o  fty  diat 
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thde  Numben  are  proportionals  if  you  invert  any  one  of  the  CoupIetSj  thus^  2 :  i : :  tf :  3 ; 
this  Diftindtion  is  therefore  of  ^  qfe  m  iifcovering  or  applying  any  Properties  of 
Numbers ;  but  it  has  taken  rife  from  the  tircuniftariccs  of  fome  particular  kind  of  mixc 
pra<aic4  Qucftions^  in  which,  tho' the. Numbers  are  ftate^  in  the  proper  Order  of  Pro- 
portion>  yet  the  Proportion  is  faid  to  be  fecfprocal  frotn  a  certain  ConGderatlon  of  the 
Order  df  the  Terms  as  they  Be  in  the  Subjeft  of  the  Qucftion,  of  which  you'll  fee  Ex- 
amples in  the  ptbper  Place. 

.  ♦         '■ 

/  VI.    0/ Propprtioi?,  \fl2r«WM*^^t   . 

If  four  Numbers,  are  fui^hjttajoen.in  a  certain  Oti^t,,  that  (be.firft  has,  the  (ame  Ratp 
to  die  fourths  a^  the  Difference  of  the  firft  and  fecood  has  to  the  Difference  of  the  thixd 
and  founhs  thefe  Numbers  ^re  faid  ta  be.  ip  HarmMscal  Proportion. .  Example :  9,  i2> 
16,  24.,  are  harmonically  proportional.  i;r^.  9:24::  1^  —  9:24 —  i6f  (or  9:24::  3;  i) 
but  if  the  firft  is^  to  the  foarth>  as  the  Difiference  of  the  third  and  fourth  to  the  Difference 
of  the  &ft  and^econid^  if^il<^]oA'^ci»fta4>arm^a1  Proportions  as  a«  &  4>  tf >  where 
2:6*:;6— 4:8— a'f/.  el  2:6:  :2:(J.). 

SCHOLIUMS. 

■ 

1.  This  Idhdof  Proportion  ipay  exift  alfo  betwitt  three  Numbers^  one  of  which  is  cojn- 
pared  as  a  middle  Term  to' both  the  Extremes ^  that  is»  if  the  fifft  has  the,&me  Ratio^to 
the  third,  as  thc''Diflferenc(e  of  thje  firft  .and  fecbnd  to'tjie  Diflference  of  th^  (econd  and 
third;  pr  a^  the  I)iftercnce  of  the'  iecond  and  third  to  that  of  the  firft  and  fecond^  for 
fiich  cdmcfde  with  the  former  by  taking,  the  middle  Term  twice.  Example:  3,  4,  (»  are 
HannoniaJ,  becaufe  y.6::j^  —  'i:6  —  4  (viz.  i:6::i:2)y  and  thefe  Contra-harmoni- 
cal,  3,  5,  (S  i  becaufe  3 :  (J : :  6  —  5  :  J'*^  3  ( 'viz.  3 : 6': :  i :  2  ).  And  if  in  a  Series  of  Num* 
bers  every  thoee  Terms  are  Harmonica!,  it  is  an  Harmonical  Series  or  Progr^on,  (Le.  a 
Series  oF.  Cca^nSt  xx  Gondmied  Harmomcak)^  Examfley  10,  1%,  15,  20,  30^  6o>  where- 
in every  three  Terms  next  together  are  Harmonical.  And  when  of  ibur  TerBM-  the  0^0 
middle  are  different,  that  may  be  call'd  Disjund  Harmonical  Proportipn. 

2.  But  tiUs  cbniSdctiible  Difierence  is'tc/  b^  6bfeitV\i  betwixt  'this  k?nd  of  ProportiQO 
and  the  former,  vhc.  That  here  in  a  Series  of  continued  Harmonicals  every  four  Terms  ad- 
jacent .wilfndcaUb  be  Horaxmical,  as  they  are  Geometrical  or  Arithmetical  in  thefe  kinds 
of  PrograOSon.  Examfk:  Thoi'  10,  12,  15*  are  Haimooica],  and  aUb  12,  15,  20  j  ytt 
xo^  i2AU5*<acuareiiot:ia  *    ..'.    .    ,     i  ;  ' 

3.  If  we  take  the  Word  Proper fhm  ftriAly,  according'  to  ihe' general  Definitioii,  foi^an 
Equality  of  fimilar  Relations  betwixt  two  ,!Nu9Pbers,  then  it  muft  be  own'd  there  is  no 
ficw  St^edeS  Ofl  PtOp^on'bere;  for  Aere-  ii$  tio new  kind  of  Relatioh  fa*any  two  Terooi^y 
but  ocity  a  milt  Comparilbn  betwixt  twoNun^^bers  and  their  Difierences from  others;  atid • 
the  PrMxmioii-eonAitiieed  is  really  a  Geometndal .  one,  or  an  Equality  of  Ratios ;  hot  in^ 
deed  of  ijhe  giyea  Nambers,  bat  of  the  Ratio  of  the  Extremes,  compared  to  the  Rario 
of.  the  Differences  of  thefe  Extremes  with  the  middle  Terms :  But  tho'  this  is  not  tttiStly 
a  Proponion  among  the  given  Numbers  immediately  coispared  tpg^her,  yet  it  is  cenainly 
a  new  idd  Goifilplex  Rdatieli  {diftihft  rindm  the  iitoohediate  Ari^meitcal  or  Geometrical 
Rclanoibetwitt  the  AveHd'-CoajpIecs  of  Ntimbe^  thdtnfelvesO,  to  whicH  dfo  the  Kame 
Ffs^rimi  is  applied.  L:      :         .'    .  :      i     /         ..'  :  .     - 

This  Denomination  of  Hsrmenical  arifes^frpm  Mupch-^  becaufe  the  Relations  or  Pro^ 
portioai  of  Sounds  1^  mafceHarmony  areTound  to  be  of  this  Kind  here  ddin'd,  of  which 
yoM  (halt  find  a  iDore  partieular  J^MicacioD  iafterwards.  ^ 

'  r  .'■tl/'"  il  •",♦•1  «  I  ,    , 
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A  X I  0  MS. 


I    1 


Obfirve,  T  H  c  foUowiog  Axhm  are  expreflbd  (b  as  to  iiqgird  Geometrical  RdadoDS 
ODly  i  and  the  Ratio  k  to  be  uoderftood  as  the  Qpote  of  the  Antecedeot  divided  by  die 
CoDfequenc:  But  by  putting  the  Word  Drfferenci  in  place  of  .Katip>  they  are  alio  apdkifl 
to  Arithmetical  Relations  or  Differences. 

Axiinn  I.  Two  or  more  equal  Numbers  f  integral  or  ftadional )  A  and  B>  have  all  the 
fame  Ratio  to  the  (ame  Number  D»  and  D  has  the  (ame  Ratio  to  equal  Numbers.  Alfo 
chefe  Numbers^  A>  B,  &€.  are  equab  which  have  all  the  fame  Ratio  to  the  fame  Nam* 
ber  D>  or  to  which  the  fitme  Number  D  has  the  iame  Ratio.  Again  ^  Two  equal  Num- 
bers have  the  fiime  Ratio  to  any  other  two  aUb  equal;  fi>  if  Aacfij  and  Cs»D«  then 
A:C::B:D;  thisbeing  tfae&meas  A:C::A:C.  ' 

'  ••        • '  A     L      C  -N         A 

Coao^u.  if  A:B::C:D>  MidL :  M;{N^O«  then;-g-.  Jj^^j^^t  fi^''  ff* 

0,andj^  =  -Q. 

« 

II.  Two  di^erent  Numbers^  A  und  B^  have  difierent  BUtios  to  tiie  Tame  Num- 
ber P.^  and  the  greater  or  lefler  ot  the  twQ>  A  aind  B>  Ja^  the  greater  .or  lefTer  Rfdo  to 
D.  .  Ag?un  i  Th^  iipne  Numbor  O  has  a  different  R^tio  to  two  3iflfer«it  .Numbers  A  and 
B,  and  it  Ji^  repiprocally  the  Jefler  or  greater  Ratio  tp  th«  greater  op  lefler  of  the  two 
Nuqftbers  A,  fi.  AUb  that  Js  the'  greater  gr  lefler  of  two  Numoiprj.A*  B*  which 
has  the  greater  or  leflTer  Ratio  to  oqe  Number  P ;  and  that  qn%  of  two  Numbers^  ^  Bi 
is  the  greater  or  le^er  tp  whjch  ^  famc  Number  u  has  the  le0er  or  greater  Ratip. 

CpHOLi^.  To  th«  fiunc  three  Numbers*  A*  B>  C»  there  canont  be  two  diflferoit 
Numb^  chat^mal^e  a  4tb  Pippcntioiiat  >  qoT:  to  two  Numbecsi  two  tbat  are  each  a  third 


IIL    ff  c^ch  of  two  Ratios  is  equal  to  a.th>rd»  thejr.    ar^   f»Qal  tp   OPe 
JSx^ayif:  If  A:B;:C:P,  and  A:B::F;G,  then  i$  C:P::F:G. 

CoaoauL.  If  one  Ratio  isequalto  anodier^  and  this  ei^  to  a  )di  and  this  3d  to  a 

.4jth^  and  ip  Qn>  the  firft  Ratio  is  equal  to  the  la&  affd  each  of  them  eoual  to  each  ^  fothas 

the  Terms  of  any  two  of  them  are  proportional  Numbers.   Exampib  r^U  A:dB :  vC^D  ::£ 

IV.  Two  e<|u4|Ut|9P,  A:P  ^d  C5P,  are  :^>th:i8qp^  i^^i^  or .  both  ffwCct,  er 

;  both  leflqr  tbaa  any  third  R^ttjp  G  5  H.    Bmc  fbfirva^.  Jhal  tbq  ;Revotifc  AoW*  ortly  when 

they  are  botlj  equal  to  G :  H,  i.  e,  they  ,ar^  thfo  ^plj  ^us4i  t»  iWfei«octof4)*ii5'*cf  W 

be  boti)  greater  or  l^er^  and  y^t  not  equals  therq  being  P^efsof  lofqitaUtyi  but  noDc 

of  ^quality,  ,  ;        .  -,  v,  •  •    ^:   i.         .  \' .a   ' 

;  :,V.  X'^^  ^li^I  ;Rftips  aic^  04H:«iqi«l  ip  V^a^verjOrd^I^  %^^ 
,  raaCpuplecs  that  make  Pr^pprti90»  ^^.is  i94iflfcre«tir^Wahii^;Aeill:  ir:^..«rft  or  !*»• 
Example:  If  A:B::  C:P,  then  alfo  C:D::  A:B.  '  !.  .. 

VL.  All  Ratipa  of  fqua^ty  VQ^^fUftl  P^Jio^i  fe  AiiAirB:^: :  C :  C»  (cf^.  hut 
«qual  Ratios  are  not  always  Ratios,  of  ^Eq^^^lky^i  ,a.nd.  itefei.ifcfV:  iipift.cbe.  .careMiy 
diftinzuifhed :  For  a  Ratio  of  Equality  is  the  Ratio  betwixt  two  equiu  Numbers;  but  two 
Ratios  may  be  equals  tho'  they  are  both  Ratio's  of  Inequality^  i.  e.  of  unequal  Numbers. 
.     .;  .^\   '     .  •  General 
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General  COROLLARIES. 

\    •  ' 

I.  In  jddiBtsan ;  Jf  fwp  Nunobci? .  aife  aWed  tcwsfber,  thcor  pi.  tbe  twa  NJfmbeta  aad 
the  Sum'«re  mthmehOftDy,vpr6^ortionaki  '  ^scmv^u:  2-f-4^^^»^^  0.2:4.6.    Uni- 

II.  In  SubifMahn ;  o>  the  Difierence  Subtra Aor  and  Subtrahend,  are  arithmetically  pro- 
ponxmal.  Examfk:  12  —  9  =  3,  ^^  0.3:9.12:     Univerlally,  o.a^^h:  h.a. 

IL  JPtfr  (peocneojait  Hfnofrnftiom. 

HI.  In  JMtifkcmg^  r  ]9to  afiy  onci  of  eheFa^rs  in  the  fime  Ratio  as*  the  other    . 
FoOot  if  t9  the;  Prodoft* «:  «  theft  fbur  are  geometrically  proportional.    Exampe:  3  x'4 
s=  12,  and  1:3 : '.4:  la*  or  i  :4: :  3. 12:  for  the  Produft  i  cbm*»  the  one  Fador  as  oft 
as  tbe  other  exprefles  or  contains  Unity.    Univerlally,  i:a::h:ak,  qt  1  \Jlf : : a\ a h. 

IV.    Ic 

(i#.  iliefi 
or  3 : 1 : : 

tanfd  in  J 


*  ». » 


V.  Tbe  Numerator  of  %  fioaple  ftcQaoii  is  i;6  die  Dtoomioaiop,  as  tba  IVaaSoti  (or 

2  ^ 

Quantity  ezprefled  by  it)  is  CO  Unity.    Emaippl^:  Tr*ifr:!4:'3''    UiH«cafilly»  '^:f::.4s: 

s^  for  «  conaains-j^ j^arta  of  nsj  and  --  figcffies  ^  Partsof  x« . 

Ohfavt^  This  isbut>fu«ciibf^Ca(oQ(ekeMt;i.fbr;  caU:-s»j^floditheDf  *^Lt:4:«. 


^  — 

Here  tbe  Terms  s^  n^  arc  always  integral^  but  in  the  odier  the  Dividend  and  Divifor»  ^16 
may  be  inoegral  or  frafiional.    Again  ^  i  is  to  any  Fradion  as  the  Denominator  to  the 

a     ^  4$      y    '    '     '    -     ' 

Numeratof^  i;-j^::*:-ifj  fori:-r--ys3c— ;  -Bance,  laftly,  z  i&a  nyemi Pk)portio]iat br« 

tito «f  FVaftibtt and  ks RccT^rrocal ;  foj-:r::i:j.  '  . 

VI.  Of  two  equal  Fradlions,  their  Numerators  and  Denominators  are  geometrically 
proporiionaL.    EMamfle :  |=  *>  and  2 :  3 : : 4:  (J^  aUo  2 14 :  13  ;f  J  for  beeaufe  ^  =  |^ 

therefore  ^  =  |»  (-^^w-  <•  ^*^-  i-  B.  H- )    Hence  2 : 4-- ;  3:6.    VniverfaUj,  ifisaty 

then  i» : » : :  r :  /,  and  ii :  r : : » :  /  j  for  equal  Fraftiqns  being  equal  Quote?,  or  Ratios,  their 

Terms  are  in  Proportion  3  it  being  the  (ame  thing  to  fiiy  that  -r=-,  as  to  fiy  that  thefc  are 

proportional  d:»::f:s-^  the  Equality  of  thefe Qjotes  or  Fraftions  conftituting  the  Pro« 
portion.  ^ 

VH.  Two  Fraftions  having  a  common  Denominator,  are  proportional  with  their  Nu- 

mciators.     Examfle:  j-^::2:3;  for  the  Qiiotc of  ? by  1  is  thcQiiote  of  2  by  3,  vtz. 

5   5  5      5 

a 
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?.    UmverfiUp^\-:\a\h.    For- -4-*=?,  fC^f.  i.  to  the  Rule  far  Divifion  of  Fn- 
dions.) 

Vin.  Two  Fra£tions  having  a  coomdoq  Numetator^  ire  propooiopal  with  their  Deoo^ 
minators  taken  in  a  reverie  Order.    Exampki  -  :  -^irTic;  or*  :  i:  :>:»;  for — h-= 

am  ^  ft  . 

-«  or  f -r-jvj  by  Divifion  of  Fradions }  for  by  the  geoenlRule  the  Quote  is' ~» which it^ 

•  1         ■ 

duces  to  *. 

n 
Obferve,  That  in  this  Caie  the  Fradions  are  (aid  to  be  reciprocally  propoitional  wids 
their  Denominators;  becaule  the  one  Fraftion  is  to  the  other«  as  the  Denominacorof  the 
^  latt  to  chat  of  the  firft  ^  and  ^  one  Example  of  a  true  and  direftProportiofi^  faidto'be  n- 
*  ciprocal*  becauie  of  the  reveffi;  Order  in  taking  the  Deoominacorsj  with  reipeA  to  the  Or- 
der in  which  the  Fraftions  are  .ti|ken.. 

IX.  fhy  Fradion  is  to  another  in  the  fame  Ration  as  the  Produd  of  the  Numerator  of 
the  firft  by  the  DenominatDr  of  the  others  is-  to  the^  Produd  of  the  Deoominator  of  the 
firft  by  the  Numerator  of  the  other>  (/.  e.  as  the  new  Numeraton>  when  the  Fradtoos  are 

redticed  to  a  common  Denominator.)    Exampki  - :  i : :  14: ly;  'or  -  \-\\as\  nri  bfr 

caufe  the  Quote  of  thefe  two  Produds>  or  new  Numerators^  is  the  Quote  of  the  twoFn* 
dions  by  Divifion  of  Fradions;  add  the  Qiiotea  are  the  Raci6a 

X.  Unity  is  a  Geometrical  Mean  betwixt  any  Number  and  its^Reciprocral.  Ex^nfk: 
3  :  I : :  I :  -»  and  - :  X : :  I :  -.  ,  XJfruerfatfy  :  A  :  i  :  :  1  uj»  and  g :  i : :  X  :  t-  . 

XL  A  FiaAion  coospounded  of  two  FVaAbw  or^ePrbduai  of  two  fitnple  Fradions, 
is  to  any  of  diem  as  the  Numerator  of  the  odier  is  to  its  Denominator.  Tbus^  g  of  ^<x 

AC^A^.C:D.  tiidAC.C..^.B.    j^Numbcn|ofi,ori2:l::5:7. 

Hence  any  fquare  Fra<ftion  is  to  its  Rootj.  as  the  Numerstor  to  thp  Denominator  of  the 
Root.   Thus^:g::A:B.    In  Numbers,  4.?: :2: 3.  : 

Xn.  Two  Fraftions  are  as  thdr  alternate Fradtions.    Thus;  g- :  5 -g  :  TJ*  the  com- 

A  1^  A      C        2       2 

mon Ratio  being -nri.    In  Numbers,  j-:?::-:J5. 

XIII.  Any  two  Numbers  are  in  the  fiime  Ratio  with  their,  Reciprocals  taken  rccipro^ 
cally.    Exsn^b:  2 :  3 : : i  :  - ;  and  2  : i:::2 : 3.    Univerfallj  in  Integers,  A ; B : :  i-ij 

and  in  Fraafons  j  •  §  •' :  Xj  •  a'  *^  con^oaon  Ratio  being  ^(j 

•  -'  ■      •  And 
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And  oUerve^  That  fince  the  Quote  of  any  Number  divided  by  another,  is  reducible  to. 
a  fhidional  Expreflion ;  alfo  iince  the  Reciprocal  of  that  Quote  is  the  Quote  of  the  (ame 
Nuinbers>changiqg  the  Divifbr  into  the  Dividend  and  this  into  that*  which  we  call  the  recipro* 
cai  Quotes  therefore  the  Quoces  of  any  two  Couplets  of  Numbers  are  in  the  iame  Ratio  as  the 
reciprocal  Quotes  taken  reciprocally  i  which  we  may  cxprefi  generally  thus:  A-r-3:C4-D 

::D-T-C:B-e-A:  forlet  A-r-B=l  and  C-r-D  =  ij  then  is  B-r-As=*,ahdD-?-* 

h  n  a 

=5?,  (by  what  is  ihcwo  in  Divifion  of  Fradions)  and  by  what  is  now  (hown  ^:-: : -'--•. 
Q  p  n     0  a 

XIV-  Any  Number  whatever  is  to  any  of  its  Multiples  or  Fraftions  in  the  fame  Ratio 
as  any  other  Number  is  to  its  like  Multiple  or  Fradion.  This  is  the  immediate  Confequence 
of  the  Definition  ;  for  that  Likenefi  proceeds  from*  or  conflicutes  an  equal  Ratio>  and  may 
be  reprefentcd  in  any  of  thefc  Forms,  viz.  A:A»:B:B/r;  or  A:  A-r-«:  :B:B-r-»,  as 
has  been  fhewn  in  DiviGon  of  Fradions*  where  n  is  the  Ratio  ^  and  according  as  it  retvre- 
fents  a  whole  Number  or  st  Fradion*  (ovriii  An,  and  A-r-n  reprefent  a  Multiple  or  Fra* 

dk>n  of.  A.    And  if  7^  is  a  Fradion*  proper  or  improper*  then  this  Truth  may  alio  ap- 

Ml 

pear  thus:.  A:i  of  A  : :  B:-  of  B:  for  -  of  A=A-t-",  and  -  of  B=;B-r--.a«hti 
'  m  p>  m  n  m  n 

been  fliewn  in  Divifion  of  Fra&tons^  4ind  fi>  -  is  the  Ratio*  by  whicb  the  Antecedents  be- 
ing divided  give  the  Confequents. 

XV.  Any  two  Numbers  wbatibever  s^e  in  the  fame  Ratk>*  or  proportional  with  any 
their  Ifte  Multiples  or  Fradions  ^  u  e.  as  the  Produds  or  Quotes  of  tnefe  Numbers  multi- 
plied  or  divided  by  any  the  fame  Number.  Thus:  k:B:\kn\lin\  or  A:B::  A-r-»: 
B-i.«^  whkb  Proportionality  follows  from  this*  That  the  like  Fradions  or  Multiples  of 
any  two  Numbers  whadbever*  are  the  bmt  Fradions  one  of  the  other  as^tbde  Numbers 
are*  (C^.  5*  6.  Jjm.  2.  Chtf,  i.  B.  11.)  and  like  or  equal  Fradioas  conftinite  equal  Ratios. 

XVI.  The  C^tes  of  the  iame  Number  divided  feparately  by  any  two  di£ferent  Dtvi- 
fors  are  in  the  reciprocal  Ratk>  of  the  Divifors.  Thus:  A-r-» :H-r'i9»:  :i»:i»;  forwhat* 
ever  kind  of  Numbers  K>n^m  reprefent,  A -r- »*  A •r- iw  reprefent  certain  Fradions  into 
which  tbeie  Quotes  will  refdve^  and  «-r^ A*  m-h-K  reprdent  the  Reciprocal  of  thele 
Fradions.  Hence  A-f-ii:  A-7-w::w-r-A:»-r-A*  {Cw.  13.)  and  w-f-A:»H-A::iw:», 
(bythclaft)i  therefore  A-f-is: A-r-w::w:jr*  {Ax.  3.) 

XVII.  Any  the  like  Fradions  df  any  two  Numbers^  are  to  one  another  in  the  ftme 
Ration  any  other  like  Fradions  of  the  (ame  two  Numbers.    Thus:  -  of  A:  tof  B::l. 

9  o  d 

of  A.:  ^ of  B;  becauie  the  Ratk)  of  each  of  theie  Antecedents  to  its  Coniequent*  is  that 
of  A;B*  (CSw'.^tOj  therefore  they  are  equal*  {Ax.  3.) 

XVIQ.  Any  two  difoent  Fradions  of  the  lame  Number  are  to  one  anodier  in  the 
iame  Ratio  as  the  (ame  two  Fradions  ofany  other  Number.  Thuf*|^  of  A:  ^  of  A ::  t-  of 

B:30fB:    The  Reafon  of  this  is-jof  A=:A-r-^,andjof  A=A-=- J,  (asjjas 

h  d      i    b 

been  (hewn  in  Divifion  of  Fradions)  and  A-r-  -  :  A  -^  j-'-  '7  .-j    i^^i  *^J     For 

Ff  '  thfc 
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diefimeRcafon$,Tof  B=:B-T-j.  and:^  ofB  =  B-^-:  alfoB-r-  l-.B^-.  -• 

^  mm  C  4t  C    '  (* 

i.    Hcdce,  (by^.  5.)  A-r-^  :  A -^': :  Bh-^  zB— 'j  that  is,|  of  A:^ofA:: 

J  of  B  :  ^of  B. 

X[X.  If  one  Number  A  is  divided  by  another  B«  and  the  Quote  ^  be  divided  or 
multiplied  bv  another  n,  this  laft  Quote  or  Produft  n  the  ftme  Number  that  wiU  be 
found  by  taking  the  Quote  or  Produd  of  A  divided  or  multiplied  by  the  fame  »,  and 

dividing  it  by  B.  Thus,  if  A-r-'B=j,  then  A«-rB£==f »,  and  Xn?-r-B=iff-r-». 
The  Reafon  is  cafy :  For  we  Ihall  fuppofe  that  A  « -^  B  c=2  Q,  then  are  j  and  Q^Likc  Fra- 
^ions  of  A  and  A»,  becaufe  of  the  fime  Divifor  B,  and  therefore  A:  A«::j:Q/ 
[Ctff.  if.^But  A:A»::f  :f  »  [Or.  14.],  therefore  Q^=:3^«   (Ax.z.Cot,)\  And  again, 

fuppofiag  A-r-»-r-B=BQj  then  A:A-r-ji::f  :Qj  but  A: A-t-»::j;^-*-j»-  beaoeQ. 

XX.  If  one  Number  A  is  divided  by  another  B,  and  the  Quote  ;  be  divided  ormul- 
ttpited  by  another  «>  this  laft  Quote  or  Produd  is  the  fame  that  will  be  found  by  taking 
reverfly  the  Produd  or  Quote  of  B>  multiplied  or  divided  by  the  lam^  n,  and  by  it  divi' 


XXI.  From  theft  two  laft  we  fee  again  evidently,  that  if  any  Divifor  and  Dividend 
are  equally  muldplied  or  divided,  the  Quote  made  ot  thcfe  new  Numbers  is  die  fiimc  tf 
that  made  of  the  Numbers  multiplied  or  divided :  Thus  A-^Bi=:A»-?-B«. 

General  &  C  H  O  L  I  U  M* 

It  has  been  frequently  obferved,  that  fuch  an  Expreffion  a^  this^  y>  ^Ms  oot  r^eient 

diredly  and  immediately  a  Fradion  in  'terms,  unlefi  A  and  B  do  both  repre&nt  Integers  ^ 

yet  ^  may  very  well  cxprcfi  the  Qu(>te  of  A  divided  by  B,  tho*  it's  but  «  g|flMnl  and 

indeterminate  ExprefTion  thereof  ^  for  it;  is  in  eflied  bo  more  than  a  Sign  or  Mark  for  thde 
Words,  The  §uote  of  A  drvided  hy  B,  and  cxpreffes  the  Quote  onlv  in  the  fame  indctcrmi- 
fiate  manner  ss  thefe  Words  do.  But  n^^w  from  What  bas  been  idewn  in  C#»W/.  '19.  and 
20.  we  have  Icarn'd  this  very  remarkable  thine,  w».  How  any  Qjiotc,  tho'  ifs  ojoly  exprcffed 
in  this  general  Form,  may  be  multiplied  or  divided;  i.&>  how  another  Exprcffion  of  the 
fame  kind  may  be  found  from  the  given  Terms,  ec^ual  to  the  Produft  pr  Quota  of  the 
given  Quote  by  any  given  Number :  For  Which  this  is  the  Rale,  ^«.  Miilt^ly  or  divide 
the  given  Diviaend,  and  apply  to  the  Produd  or  Quote  the  given  Numbei^  aad  you  have 
the  Produdt  or  Quote  fought.  Again,  reciprocally,  divide  or  multiply  the  given  Divifor, 
and  xpi^y  the  Produ A  or  Quote  to  the  given  I>lvidsnd>  and  ytxi  fawe  itty  ^  ProdiiA  or 

A  A»  A  A  k  -   n 

Quotefpught.  Thus,  for  Est ampJe : -g x 7> a« -g-  m  .g-^>.aid.^-j*j»  xx  ^^^^^ 


n^>  taking  thefts  as  g^&end  E^pl^ffionsof  ^otes:  For  fupfoA  ^^p    HX  fliewfi  thoc 

^m=  A  **^ Bb  ( CordJL  J9.;}  =.A-t-BV»  (  CoroIL  ao. ) :  Alfo  that  jr -r-»  :^X=^;-r- B 
\CoT9lL  19^)  =sAh-»B^  (CotqIL  20.  j;  wherefore  taking  thefe  other  Forms  which  cxprefe 

2  *  the 
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Ac  fione  things*  ft  is  -w-x«=-rt'^  ««  H^ZT"*  ^^^  'V^""*^ — B~  **  B»* 


tiro>  That  thefe  Expreffions  are  nght>  whether  »  f eprefent  an  Integer  or  FraSion ;  fince  to 
inukiply  or  divide  by  a  Fra£Hon  is  a  Mixt  Operation  of  Multiplication  and  Divifion  ^  lb 
that  in  this  Cafe  A»f  A-t-»,  Bi»,  B-r-»,  do  all  reprefent  the  EfFcft  of  a  Mixt  Operation, 
whole  Parts  are  both  juftly  applied  to  the  DivKbr  or  Dividend*  to  reprefent  the  Mukiplying 

or  DividiQg  the  Qjiofie  or  JFraftion  -^. 

Upon  which  Role  this  is  to  be  ^Jervtd,  That  Qaotes  expreiled  in  this  general  manner 
are  multiplied  and  divided  the  (ame  wa^  as  Fra£Uons  are*  (  which  are  Qjiotes  of  Integers* 
and  therefore  but  a  particular  Cafe  of  this  general  one )  doing  the  lame  wich  the  Divilbi 
and  Dividend  as  with  the  Denominator  and  Numerator  of  a  Fraiftioii. 

Hence  follows*  That  all  the  Rules  of  Operations  in  Fractions  are  truly  applicable  to 
Quotes  ezprefled  in  this  general  Form;  becauie  all  the  Realbns  of  thefe  Operations  InFra* 
^ofs  have  been  deinonftrated  from  the  Conlideration  of  the  £qui-muItip[icacion  and  Di- 
viiioQ  of  the  Fnu9ioa>  by  e()ui*muldplying  or  dividing  irs  Numerator  and  Denominator  ^ 
which  is  the  whole  Fouxuatioxi  of  the  Demonftrations  of  the  Rules  for  multiplying  and  di- 
viding Fra&k>n&  Then  as  to  the  Addition  and  Subtradion  of  Fradions*  the  Demonftra- 
tion  tikes  in  aUb  the  Coofideration  of  htrnma  %.  and  3.  Ch.  i.  Book  II.  which  are  of  the 
Dune  Ufe  ia  the  Addition  and  Subtra(9ion  of  Quotes ;  becauie  all  Quo&es  are  fuch  Fra^ 
£tioQS  of  the  Dividend  as  the  Reciprocal  of  the  Diviior  expseffes  T  as  has  been  frequently 
meocion'd)*  ..which  I  Ihall  bese  very  briefly  ap{rijr.  In  the  firft  PIace>  Two  Quotes  are 
reduced  to  a  common  Diviibr  the  lame  way  as  two  Fraftions  to  a  comnoion  Denomina*' 

AC'  AD  BC 

tor :  thus  g"  *°^   'g'  ^^ ^  reduced  to  thefe,  -g-jj  and  |pjj  j  becaufe  the  Equi-multiplica- 

AD      BG 
ttoa  of  the  Divifor  and  Dividend  makes  an  equal  Quote  {CarolL  21.}  and  ]^  "f-ffri 

=2  — -^ — - :  For  whatever  the  Pivifor  B  D  is,  the  Qiiote  is  that  Fraftion  of  the  Divi- 
dend expre£kd  by  the  Reciprocal  of  the  Dtvilor ;  and  tfhe  Sum  of  die  Lfte  Frafttons  /ME 
two  Numbers  is  the  Like  Fra&ion  of  the  Sum  of  thefe Numbm  ( l^emma  2.  Cb.  i.  ^.  IL). 

Again^  -pjy- —  B^*^ BT5 —   (i>»w^  3-  Cb.  i.  Book  11 J 

We  tnuft  allS  oifirve.  That  befides  AtCe  common  Operations,  all  die  other  Properdet 
of  Fradions  wbofe  Reafon  dmnds  upon  Muldplicatioo  and  DiviGon  of  thpir  Terms, 
are  the  fame  way  applicable  to  Quotes  ^  pafdcularly,  all  thefe  reladif  to  Geometrical  Pro- 
portion of  their  Terms,  explained  in  the  preceding  .Corollaries:  To  which  remember  tb 
join  thefe  three  Properties  of  equal  Fradions  in  Lm.  6.  Cb.  i.  Book  2,  vm.  That  theSb 

FraAions  or  Quotes  being  equal  ^  =  •^,  then,  i%  A  D  =;  BC ;  t®.  tt  ss  ^^  30.  ^ 


Now  die  Ufe  dfiM  that  has  been  etpfained  concerning  thefe  general  and 
Expreffions  of  Quotes^  is  in  the  Demonftradon  of  the  following  Ilieory  of  PrqpOtti<m, 
efpecSaOy  the  Geometrical  Kind;  for  to  make  a  general  and  compleat  Ineory,  we  muft 
confider  both  Integers  ^d  FnuSjons ;  an^  where  any  Theorem  is  tme  univerfiilyj  whether 
applied  TO  Int^ers  or  FraAions,  then  to  make  die  Demonftratioh  alio  univerfal,  and  yet 
as  frmple  a^  poffible,  it's  neceffi(ry  to  msdce  anv  Letter,  A,  or  B,  reprefent  any  Number, 
Integer  or  Fraftign,  indifierentlyj  imd^en  all  me  Properties  t>f  propordonal  Numbers  de- 
pending upon  the  'GbnGderadon  of  dieir  Rados  •(  whicn  are  <2uotes ;  fo  the  Ratio  of  A  fo 

Ff  2  Bis 
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B  ii  tbe  Qiote  of  A  diyided  by  S,  eiqprefled  «-«  or  A  -^  B ),  tod  the  Demooftracioos  de- 
pending upon  the  Mulciplic3acion  and  Diviflonof  tbeie  Qpote$;  therefore*  hj  ihewing  that 
the  Operations  of  Fradions  and  their  other  Properties  are  the  fame  in  Racios  or  Qiotes 
thus  exprefled»  we  learn  an  univecfal  Method  of  Demon Aration  (fo  far  as  the  Muldplica? 
tion  and  Divifion  of  the  Ratios  or  Quotes  are  concerned )-  whether  the  Ratio  in  the  given 
Terms  is  a  real  Fradhoni  as  when  A*  B  are  both  Integers*  or  if  it's  only  looked  upon  as 
a  more  general  Expreflion  of  a  Quote*  as  when  A«  B*  are  both*  or  one  of  them*  Fradiom^ 
and  indeed  we  ihaJl  find  that  as  equal  Ratios  or  Quotes*  and  equal  FraAions*  are  in  efFedt 
the  lame  thing ;  fo  the  Properties  of  Fradions  already  explained,  applied  to  Quotes,  do 
contain  all  the  Truths  hereafter  propofed  coacerning  proportional  Numbers^  or  tbey  may 
be  deduced  from  them. 

It's  true  indeed  that  there  are  various  Methods  of  demonftratidg  this  Theory ;  one  of 
which  is  independent  of  the  things  now  explained  concerning  Quotes,  and  is  perhaps  the 
moft  (imple  and  eafy  in  many  Cafes -j  yet  other  Methods  are  beautiful*  and  deierve  to  be 
confidered,  as  they  ferve  to  enlai]ge  our  Ideas  and  Knowledge :  But  befides*  for  diffircnt 
Propofirions  diflferent  Methods  are  convenient^  and  as  different  Perfons  may  *tjs  probable 
be  pleaied*  fbme  with  one*  fome  with  another  way  of  repreienting  and  demonftrating  the 
fame  Truth*  lb  fome  will  be  pleaied  with  a  Variety  of  Ways;  therefore  the  Thing;  I  nave 
explained  concerning  Quotes  were  Inecel&ry ;  and  I  have  accordingly  uled  Demonftrations 
which  fuppofe  the  iGiowiedge  of  them :  And  as  I  have  uled  difierenc  Methods  for  difitrent 
things*  fo  I  have  alio  uled  a  Vftriety  of  Dcmonftrations  for  fome  particular  Truths*  where  it 
could  be  done  without  being  tedious.    To  conclude  then*  When  you  find  in<  the.  fbUpw^ 

A' 
ing  Theory  any  Quote  thus  reprdented*  -^,  ( or  A  -r-  B )  and  tbe  Produ  A  or  Quote  of 


this  by  any  other*  as  nr*  or  —  (whatever  Kind  thele  reprelent)*  performed  and'exprelTedas 

A      r  1  T7    o..  t-        A  An  A        .^  A      r      A> 

if  -n'or—  were  real  Fra&ons;  as  thus*   -g-xwss;  -|j-j=!  H-^m'  ^  R^  rt-^^'Sn 

AUb  -4 -^ »^ ^fl"*  ~  B?'  °^  V^  n "^  V7:    ^Wi^®'^*'  '^.  *U  tJm.is  tbe. App 
plication  of  what  has  been  here  explained: 

Of  the  feveral  Kinds  of  Ratio Sy  as  they  v;ere ^diftingui/bed  hy 4ii  Ancients. 

Before  I  end  thi5  Chapter,  I  ftiall  give  you  an  Account  of  the  feveral  Kinds  into  which 
Ratios  were.  diftiDguilhed  by  the  Anciients^  and  which  are  yet.  upon  occafion  made  ufeof 
by  fome, 

I,  Ratks  are^  either* 

1,  Multiple,  when  the  Antecedent  contains  the  G)nlequent  a  certain  Whcde  Number 
of  times,  without  a  Remainder ;  /'.  e,  when  it  is  a  Multiple  of  it.  Exdm,  4  Co  x*  or  12  to  3. 

2,  Sufer-PartknlMP,  When  tbe  Antecedent  contains,  tpe;  Confequ^t  once*  atKi  x  over^ 
as  4  to  3*  or  5  to.  4* 

3,  SitftT'^^tfi^^*  When  the  Antecedent  contains,  the  Coniequent  oaco*,  and  a.Re- 
iwainder  greater  than  li  as '5  to  ^.  .         ^      .^  ^  ^ 

Obfifve,  That  as  the  laroe  Relation  may  be  betwixt  different  Terms;  10  5  :  3  : :  to  :o. 
Thefc  two  Definitions  fuppofe  the  loweft  Terms  of  tbe  Ratio :/ Which  is  by  fome  called 
ibe  Exf9nent  of  the  Relation*  tho'  I  apply  this  to  the  Quote  or  Fradlion  made  of  any 

tw  Terw  in  .th^.^fiune.ReUtiona  bec^uic.thcy  arc  alL.cquaU  leavii^^them  to  be  diftin- 

'  •  "  ......  ^guiflfcd 
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guWied  by  Ae  lowcft  Terms,  tnd  foch  as  are  not  fo  )j  For  odietwife  two  Numbers  may 
appear  to  be  a  Supcr-partient  Rack),  which  are  Super-particqlar ^  fo  4:  3 : :  8 : 6;  but  4  to 
3  is  Super-particular,  and  coofcquently  fo  roul  8  to  6;  and  yet  this  appears  Super- partienr. 
unteG;  we  reiVrain  the  Oefinirions  to  the  loweft  Terms.  ^ 

4.  ItluUifk  Sitfer-partieuUr ;  When  the  Antecedent  contains  the  Gonfequent  oftner  thaa 
once  with  i  over ;  as  5  : 2,  or  1 3 :  4. 

f..  Muk^i  Suftr-f^iient  \  Whenthe  Antecedent  contains  the  Gonfequent  ofmcr  than 
oncca  and  a  Remainder  greater  than  i.^-  as  12 : 5,  or  18  i-y. 

Again^  They  diftinguiflied  the  Ratios  of  the  leffer  to  the  greater,  by  prefixing  the  Word 
SiA  vaStCiA  ot  Super  in  the  preceding  Names }  thus,  Suh-Muhifk,  as  x  :  4,  Sub-particular 9 
jis  3  : 4;  Suh-partient,  as  3 : 5,  and  fo  on. 

Alio,  They  had  particular  Names  for  the  feveral  Species  or  Subdivifions  of  each  Kind. 
So  the  Multiple  are  either  double,  triple,  c^-f.  the  Super-parcicular  were  Cdlkd  Sefyui-ahera, 
as  3  : 2;  Sefqui'tertia,  as  4:  3,  and  fo  on ;  fetting  the  Word  Sefyui  before  the  Name  of  the 
lefler  Term:  'For  tKe  Super-partient,  they  put  the  Name  of  the  Number  by  which  the 
Antecedent  exceeds  the  Conlequent  bd^vixt  the  Words  Super  and  PartienS,  and  the  leffer 
Term  of  the  Ratio  laft  of  all  j  thus,.  5  :  3  is  called  Supfrbis  fartiens  tertias.  But  thefe  Names 
are  ufeleis  and  troublcfomeaunce  we  can  much  eaiier  and  more  plainly  ezprels  the  Ratio 
by  its  Terms. 

II.  I  fhall  next  (hew  you  a  certain  regular  Method  and  Order,  in  which  all  pofGble  Ex- 
amples of  each  of  thefe  Kinds  of  Ratios  may  be  fognd»  and  in  their  loweft  Terjms. 

T.  For  Multiple  Ratios  tnake  i  the  ielTer^T^rm,  and^any  other  Number  from  2  ift  in^ 
jtiM/«jir>  the  greater. 

2.  For  Super-particular  Ratios;  Make  any  Number  greater  than  i  the  teller  Term,  and 
the  Dcx^^  greatei;  Number,  make  t^ip  g^eatar.  Tckib  j,  that  ia^  <;^,mpare'^  eVf  jy  X*ni  <rf  tbs 
naturat  Series  df  Numbers  from  2;  as  i^  q,  4,  5,  6»  ^c.  to  the  next. 

3.  For  Super-partient  R^os^  ll^ke  iti^'Numbcf  above  i  fin*  Uhe  leffer  Term,  and  to 
it  add  any  leffer  Number  which  is  not  an  aliquot  Part  of  it,  nor  the  Multiple  of  any  aliquot 
Part  of  it  greatet  than  i,  dMitSupxi  j»the  greater  Tenn :  ^Thus  yov  may  find  all  the  Super^ 
parcient  Ratios  which  can  Jiavci  any  affumed  Number  for  the  leffer  Term,  fuppofing  you 
can  find  iSL  the  aUquot  Parts,  of  anjr  jhTenrtb^s  9$  ypull  learn  in  Book  V.  Chay,  i.  The 
"Reafin  of  this  is.  That  if  ^  is  not  an  Alicxiot  of  «,  nor  the  Multiple  of  any  aliquot  Part 
ereacer  than  i>  then  a>  and  a-^m  cann't.Bliye  a  common  Meafiire  Cbuti  jjr  for  if  they 
have,  then  becauTe  it  meafures  4  and  a-^n,  jt-  muft  alfo  meafure  n-y,  and  confequendy  n 
is  either,  aaaliquot  Fart  or  Multiple  of  fome  aliquot  of  a,  'contrary  to  Suppofition.  Laitly, 
becaufen  is  lels  than. 4*  yet  greater  tfaa^  i ;  therefore  a^n  to  ab  Super-partient.  £x- 
ojaple:  T  (^=^-^x)S^.  .  '^ 

4.  The  J(/«/r^2p'$uper-partiadar  apd  -Super-panient  Ratios  are  ealily  found  firom  thefe 
Rules.  •  ' 

in.  I  IhaU  ei^d  this « with  aootberObfervatjon  upon  the  Dependence  of  "the  different 
Kinds  of  Ratios  upon  one.  another,  and  upon  the  Ratio  of  Equality.  •"- 

1.  Take  any.  two  equalNumbcrs.  ,as^i  ri,  oneof-them  compared  to  thii  Sum  of  both, 
is  in  double  Ratio>  ox^  as:i  to  2.  Again  ^  the.leiGbr  of  thefe  coomred-to  die  ^um  of*  both 
is  triple  Ratio;  as  i ;  ^.    By  going  onib,  youflL  have  aU  the  Multiple  Ratios. 

2.  Of  all  the  Species  .of  Multiple  Ratios,  compare  ihe  greater  Term  to  the  Sum  06 
both,  you  have  all  the  Species  (^  Super* particulars: .  Ttiusj^  from  x :  2.  comes  2 :  3,  from* 
1.:  5  cpines  3 : 4«  and  fo.qn.  _ 

3.  Of  all  the  Super- Particulars,  compare  the  leffer  to  the  Sum,  you  have  all  thedoabltf 
Super-particulars:  So  from  2  :  3  comes  2 :  f,  from  3  : 4  comes  3  :  7.  ^c.  Again  \  From 
the  double  Super-particulars  come  the  Triple,  as  from  2:5  comes  2:7;  and  from  the 
triple  ^bm^  die  Quadruple,  and  fo  on.  4.  Of 
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4.  Of  dl  the  Soper-ftrdcuUr  IUtio*«  compare  the  greater  to  die  Sum,  Md  tbej  are 
Supcr-ptftien(«  and  they  are  paiticularly  of  that  Kind  10  which  die  £xce(s  and  the  iefler 

Term  are  Super-particular;  thus  from  3 : 2  come  5 : }« who(e  EzpooeDt  is  i-;  from  4 : 3 

come  7:  4j  ^whofe  Exponent  is  il.    Or  if  you  take  tbefe  two  Seriet^  viz.  5^  j,  ^,  ^r. 

4 
ftill  increafing  by  2>  and  this>  ;>  4*  ;>  &c.  incicafing  by  i#  compare  their  Terms  in  Or- 
der,-and  you  have  ail  tbefe  Super-particnt  Rratibs>  viz.  '^-^-^  't^-  ^-  &^' 

f .  From  the  Super^partient  Ratids  ptoceod  their  Mutt^Ies  (he  fame  way  as  bom  the 
Super-particidars. 

The  Heafiws  of  all  tfaefe  things  axe  obvious. 


W*i 


CHAP.     II. 

Of  Arithmetical  Proportion. 

Oblerve:  7b  fiwten  vfritmg,  Inutrk  /ire  JT^  Arithmetical  Proportion,  tr  ArithmedctUy 
Proportiomu,  ly  this  CbaraSef,  :  /;  4mi  Continued  Arithmetical  Proportion  ^  «ktr-r-i. 


Exapftt  1. 
Given.    Sought. 


2.  J  :  7.    J«. 

OperadOD. 
5—2  =  3.  then  74-3=xo. 

SxampU  2. 
Given.    Sought. 


T 


5,  I ,    Cwtaining  the  more  general  ^oEtrine  common  to  both  Cofl- 

'yoixxQi  and\>\^yaaSi.  Proportion. 

P  R  o  B.  L    gTi&wr  Numbers giM;m^  ^ofinia  4th  :/l 

RxTL».  ^TT^AKE  tie  Dificrence  of  Aefirftand 

iecond^and  either  add  it  to  the  chir(l> 
(as  jh  E^xmn,  i.)  or  fubtiafi:  it  from 
it,  (as 'in  Bx^tm.  2.)  according  as  the  AntecaJent  is  Icis 
or  gfrea^r  than  the  Confegocnt,  (i.e.  the  firft  Term  than 
the  ftcond)  the  Sum  or  Dififarence  i$  the  fourdi  fought. 
So  univerially  to  thefe,^  m,  h.  c,  a4Ch  :/  is  fc— <•+**  (^ 

*  isgneatett)  <x  c-^a — ^rrs^— #-[:.*. 
The  Reafon  is  pUinly  contained  in  the  Definition  of  :/• 

•  CoitoL.  Since  3  Numbers :/ arc  m  effeft'the  6mc 
Oft'Stf  4  Numbers,  by  taWne  the  middle  Term  twice; 
therefore  a  3d  "./tb  two  riven  rfambers  is  ft>und  by  ta- 
king the  Difierence  of  the  fiift  land  fecond,  and  adding 

I    k  to,  or  fobtraSing  Jt  from  the  fccond.  *Which  isalfo 
deduced  frdm  the  &me  Definidon  as  naturaHy  as  tte  fbrmier  Cafe.     £xMm.  Given  $.  & 

tbi  third  :  /  is  11  ^  or  given  i.  ft  the  third  :  /  is  2.  2 

UniverfiJly  to  thefe  #,*,  a  3d  is  *•— dS+*  =  2*  — ^sj  or  f— 4— ^=* — 4+*^ 


9.  7  :  4.    2. 
Oparatibn« 

J— -73=;2.  then  4-^2=2. 


I  » 


*•  •.  « 


SCHO 
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■  .  .  . . , 

SCHOLIUMS. 

r.  When  a  ftnmh  :  /  is  found,  the  four  Terms  will  cither  ht  conjunA  or  disjunft,  ac- 
cording as  the  Diflerctice  of  the  ad  inA  %A  is  equal,  or  not,  to  that  or  the  firft  and  fccrond^ 
which  is  Qoc  conGdcred  in  i\a&Pf9Uaff^  noc  in  any  of  che  foUowing  Propoficioasj  where 
four  Terms  are  meouoo'd. 

2.  A  third  Of  foiatb  :  /  is  poffible  kv  aU  Ca(es>  if  .the  firft  Term  is  lefi  than  th^  fecond* 
but  HOC  if  it  is  greater  ^  for  then  the  Difference  may  be  greater  than  the  fecond  or  t\)ird, 
and  fo  cannot  be  fubtra<3ed^  as  in  chefe  5.  a>  to  which  a  third  is  impoflible  in  real  and  po- 
firivrc  Numbers^  but  if  we  bring  in  what  are  odl'd,  by  the  Algebraifts,  n^ative  Numbers, 
or  Numbers  cooceiv'd  as  le&  than  nothii^,  then  it  is  poflible.  VonExamfU:  To  f  and  2 
I  find  a  thirds  t^osr;  Take  die  Didcreace  5  —  a  =±  3^  aod  becauie  it  is  greater  than  a^  and 
can't  be  fobtra^ed  fTQM  it,  take  j-^s^asi^  and  conceive  this  as  it  were  fubtra&ed  from 
o;  then  is  o— i  the  third  Term  fought>.ai^  thcitbree  ftaod  thus,  5*a.o —  i.  I(  is  true 
indeed  there  is  no  fuch  thing  in  Nature  as  a  Number  Ie(s  than  o,  and  fo  this  will  be  pre- 
fently  looked  upon  as  chiroerical.  Ali  I  (hall  &y  here  is,  that  for  the  common  Applicati- 
ons it  k  of  no  Uie;  and  for  the  Uie  that  is  made  of  it  in  Algebraical  Reafonings  and  Cal* 
cutationSi  I  leave  yoti  to  feek  ic  ih  Books  of  that  khid ;  yet  thiis  much  I  (hall  (hav  you 
here^  iMe/  thsA  fuch  on  £!rpf eflicm  anfwers  in  general  to  the  Definition  of  Arithmetical  Pro- 
pDrtioii,-ii^h!ch  rctjuires  only  that  Ae  piffeence  of  5.2,  and  of  2,0 — i  be  e^ual:  and 
from  the  Nature  of  Subtradion  this  w0I  be  fa,  if  that  DiKrenoe  (which  is  3)  iidded  to 
o — X  ob^ei,  whictjt  doc«;  that  isi  o*— i4-?~a.  For  if  to  o  we  add  3,^  the  Sum 
is  3;  frtpgn  which  taking  one,  the ketnaiivder  is  2>  1.  e.  0  +  I  -^  x  =s^ ;  whicli  is  the&nse 
thing  in  tSbSt  as  *  -—  i  ••f'  3  j  for  the  Signs  4**  "^  fig^^fy  ^Y  the  adding  the  one,  or  fub- 
tra&ing  the  other  from  fome  firfl:  Quantity  ^  and  we  may  begift  with  either  of  itefe  Ope- 
ratioosi  mikia  that  fipft'  Quantity,  $Sh  ^m  o>  iBake  tk6  9MtHtBki<iti  really  impofflblei  and 
then  we  begin  with  the  Addition. 


t^n  k  0  k  «  M  I. 


and 
3  +  9  =  5  +  7=5". 


J 


II^  foov  NuDftbietv  am  t/>  ttiUB>^.^:<.i/,  the  Svcli  of  the 
Extremes  is  equal  to  the  Sum  of  the  middle  Terms,  a^d^=i 

Demon,  ff  the  iDifference  were  o,  the  thing,  would  be 
evident.^  and  if  it  is  not  fo,  yet  the  greater  Extreme  d  exceeds 
its  adjacent  Meai><,  ii^^n^tic^  as  the  leffer  Extreme  a  wants  of 
its  adjacent  Mean  b^  whence  the  Truth  propo^d  is  manifeft. 

Or  tlM$:^  Let  any  Whole  be  retileleiired  by  44-^9  if  you  tike  m  Quantity  from  d 
(b  as  the  Remainder  be  r,  and  add  as  much  to  a,  fo  as  the  Sum  be  p»  it  is  catab  dttt« 
*+^=*-<«+<6  becanft.w^ihave  a^edaOd ^t(btrai£UNl  equally  from  a^d. 

Or  ftpjn  .froh.,if^  fbusi.  To  theft  thre?  ^,b»  ^i- a  fourth. : /  is  *•— t-f-r,  or  i-^-if +  ^i 
which  added  to  a,  the  Sum  is  plainly  i  +  r.  

Qfk  Imfify,'  Any  fiwt.Nwabers' ;/;  wayille  reprqfimted.tbf^  ala-^d'.kt^d.  In 
which  the  rtetrew  is  maoifcft,  «Plx.:tf +#+</=  j-f-i/+*i  being  iic&mc  three  Num- 
bers on  both  Sides. 

The  Reverfe  of  this  Tbecrem  is  alfo  true,  viz,  that  of  four  Numbers  taken  in  a  certain 
Order,  if  the  Sums  of  tbe  Extreines  and  Means  are  equals  theft  Numbers  are  :/  y  tl^t 
is,  a.i ;  c.  '4  are  ;  / ,'  fappoflng.  a  +  ^^  b  4?  cr     .  • 

«  '  !j.  '    i    .'    i       ',     i  '  '  .11.1.' 

Demonstrat.  By  equal  Subtradtion  of  a  from  both  Sides,  it  is d^=i b -f. r —  a. 
.^Hi^i  By  equal  Subtra^ion  of  o  it  is  il  — 1=^— ^j  wherefore  <;.i;f.<i  their  Dific- 
rences  being  equal.  '  J^ain-y 
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j^l^in ;  The  contrary  of  this  Tieorem  and  its  Reverfe  is  alio  tnie>  vix^  if  ibur  Numbers 
are  not :  h  the  Sums  of  the  Extremes  and  Means  are  not  equal :  for  if  this  were,  the 
Numbers  would  be  :  /  (by  the  Reverie)^  and  if  the  Sums  are  not  equal*  the  Numbers 
are  not  :lj  for  if  they  were*  thefe  Sums  would  be  equal j  by  the  Iteorem. 

_    _  / 

Scholium.  To  fave  needlefi Repetition*  I  would  have  it  obforv'd  once  for  all Thtt 
where-ever  any  Tieorem  and  ics  Reverfi  are  true>  the  Contraries  are  ai(b  true;  for  they 
plainly  follow  from  the  other..  Of  which  we  may  make  this  leneral  DemMftratiqn:  lA 
A  $pd  B  reprefent  two  Tropoficions  ^  then  fiippofe  that  if  A  is  true>  B  is  alio  true;  and  rc- 
verfly«  if  B  is  true*  A  is  atK>  true:  Their  Contraries  are  alfo  true*  /. >.  if  A  is  not  true, 
neither  is  B;  for  if  this  were>  the  other  would  be  foaUb*  (by  the  Reverie  of  the  firil);  and  ifB 
is  not  true*  neither  is  A ;  for  If  this  were*  fo  woidd  be  the  other*  by  the  firil.  Now  in  all 
that  follows*  both  in  Arithmetical  and  Geometrical  Proportions*  where  the  Reverfe  of  i 
Tbemrfm  is  true*  I  (hall  mention  it*  and*  if  reed  be,  demonfbate  it;  if  it  is  not  tnie,  I 
fhall  (hew  it  by  one  Exampft,  which  will  be  fufficient  to  make  this  appear;  and  dierefbto 
I  (hall  never  trouble  you  with  mentioning  the  Contraries. 

COROLLARIES. 

1.  If  three  Numbers*  a  ,h  .c  are  :/*  the  Sum  of  the  Extremes  is  equal  to  twice  the 

Mean*  or  this  is  the  half  of  that ;  i.  #.  a-^jc  =zi:  For  by  ^^ 
peating  the  Mean  thus*i  a.tib.  c,  it  is  the  (aa>e  with  the  Ok  of 
tout  Numbers;  or  this  Cafe  may^  be  9^0  represented  tbusi  «. 
d-^Ji  a^xJj  wherein  tbeTrutn  propos'd  is  muufcfl^  for  die 

Sum  oftheExtremes  is2«-|~^^=^x^"f^^-  ^r*  by  Or.to 
Frat.  X.  where  we  fee  that  a  3d  :i  to  if*  ^  is  2  k-^  £>  coofe- 

quendy  a^  —  ^"f-'^^^i** 
The  Reverf4fo(  this  is  alio  true;  forif  f+^?=^*'  ^°  *•— 4S=s<— *;  whcncc#i.f 

are  :/. 

II.  Hence  we  have  got  another  Rule  for  findiog  a  third  or  fourth  :  /.  ^t^ 

X.  For  a  third.    Subtrad  the  firft  from  double  the  (econd*  and  the  Remainder  is  the 
tiiird.    Exsn^le:  To  xheb, 1^7,  ^ibifd  is  11.    Thus;  2X7  =  14*  then  14— 3  =  11. 

2.  For  a  fourth.  Subtraft  the  (irft  from  the  Sum  of  the  (econd  and  third*  the  R^ 
mainder  is  the  fourth.  Examfle :  To  the(e  X2. 5. 8*  a  4th  is  i.  Thus  5  +  '  ~  ^3*  ^° 
13  —  125=1. 

P  R  p  B  i.  E  M      n. 

* 

Of  four  Numbers  :  l»  s.t:  c.  d,  having  the  two  Extremes  #*  d,  and  one  Mean*  to  £nl 
the  other. 

Rule;    From  the  Sum  of  the  Eattremes  fubtraft  the  given 
Mean,  the  Remainder  is  the  Nf  ean  fought.    Th6s*  ^+4f—  t = f • 


2.5.8 

and 

a  +  8  =  2X5  =  io. 


Examfk : 
a,h:c.J 

J.5-.7-9 

Operation: 

^^p  =  i2*  and 

12  —  5=7*  o' 
i2~7  =  5. 

Scholium.    We  may  folve  this  Problem  thus*  viz.  Take  die  Diflfercnce  of  the 
riven  Mean  and  its  adjacent  Extreme,  smd  add  or  fubcradl  it  with  die  other  Extreme*  as 

Sc  Cafe  requires.  .t>„^« 

...  Prob- 


D  fi  M  o  K.  This  followsftom  thelaft  Vmr^m^  and  is  evident  in 
this  Reprefentation*  s. a-^d: h. *+i/;  wherein  * -f- * + J—  ^  = 
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To  find  M  Arithmetical  Mean,  b,  betwixt  two  given  Numbers^  a  and  c* 
Rule.    Take  half  the  Sum  of  the  given  Nttmbersj  it  is  the  Mean  fought.    Thus* 


Examfb:  ^=4.  ^8=514.    1        Demonstr.     This  follows  from  the  C»ott,  laft 

i  =  0=:  lltif  =:  ll  I    ^nbwrew,  or  may  be  made  evident  thus;  a.a^d,  s^tJ 

^  z  2 '         I    are  three  Numbers  -^  I,  and  the  Sum  of  the  Extremes  is 

2,S'\-2J,  whofe  half  is  s-\^J  tht  middle  Term. 

Scholium.  We  may  Iblve  this  Problem  thus;  Take  half  the  Diflfercnce  of  the 
etven  Numbers^  add  it  to  the  lefler^  oi:  fubtrad  it  from  the  greater^  and  you  have  the 
Mean  fcc^t.   The  Reafon  is  obvious. 

Theorem  II. 

Tf  four  Numbers  are  :l»  a. tied,  they  will  be  fo  alternately«  thus«  s.eih.d. 
Examfk :    I       Demonstr.    This  is  clear  from  Hear,  u  becaufe  the'mkklle  Terms 
2.6:3.7    I    ''^PB  ^^  ^^  &tne,  only  in  a  different  Order*  their  Sum  is  the  fiime;  and 
2.3:6.7    I    being  equal  to  the  Sum  of  the  Eamremes*  hence  they  are  :l,  aifb  in  the 

alternate  Order. 

Or  we  may  demonfbate  the  TiMf fw  thus ;  Since  ^s.^t^.^i  then  « 4~^^==^"f*^'  Thear^ 
I.  take  away  ^andallb  A  from  both Skles»  and  wehave^— '^ss^*— ^^  whence  ^s.r:  A. i/. 

L  E  Hi  M  jt* 

Tmt  L  If  two  Numbers  are  added  to^  or  fubtraOed  from  other  two  orderly*  L  e.  the 
lefler  of  the  one  with  the  lefler  of  the  other*  and  the  jrreater  with  the  greater :  The  Sumi 
win  differ  bv  die  Sum*  and  the  Differences  by  the  Difference  of  the  Differences  of  the 
given  Numoen. 

Exm^h  I.  6.9  added  to  5.7  the  Sums  are  6-^53=11*  and  9  +  7^==^^;  then 
l<^ll=:y  =  9  — tf  (=3;  +7  —  5  (=a)-   ^ 

ExMHfle  2.  5*7  fubtraoed  from 8 .  13,  the  Remainders  are  8  —  ^^=^l»  and  13  *— 7 
=:tf;thcn6— 3=3  =  13  — 8  (=5)  — 7  — 5  f=:2;. 

Demonstr.  Lee  s  s-j-J  and^.^  +  r  reprefent  any  given  Numbers;. their  Sums* 
tskcnas  propofed>areif +^j  and  ^4i^+^+^«  whofe  difieroice  is  plainly  d-j^c  the  Sum 
of  the  gfven  Differences.    Again ;  Their  Diffiarences  are  n — A  and  «  -f-  a — ^•—  ^*  which 


we  nay  alio  exprefi  ii — ^  +  ^ — ^»  ^^  ^  —  ^  — ^ — ^  according  as  ^  or  ^  is  greateft ;  i 
which  Ezpreffions  the  Difference  from  ^  —  *  is  d—c,  or  c  —  d,  the  Difference  of  th 

given  Differences  d  md  c:  For  if  1/  is  greater  than  e,  we  rtuft  take  it  J^^-f-i/— o 


m 

the 


exceeding  a^-bhyd-^c:  And  if  ^  is  grcatci  than  d,  we  take  a^b  —  c  —  d,  wanting 
of  *— ^,  the  Diflfercnce  c — d. 

Tart  II.  If  two  Numbers  are  added  to,  or  fubtrafled  from  other  two  in  a  contrary 
Order,  (viz.  the  leffer  with  the  greater  J  the  Sums  differ  by  the  Differences*  and  the  DiN 
fercQces  by  the  Sums  of  the  firft  Differences. 

G  g  Ex.  li 
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Or  A-f  ^  — #  .  h  —  M  —  dU+Jt' 
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DftMONtTR.  Forthe  Sunhl.  the  thkig  is  pfate  in  the  Ufihrer&l  SwM^ir tmcK^d. 
For  the  Difivrences  it  may  be  t  litde  Amber  explained^  thus  \  a  -{*  / —  b  is  ^aiinly  greace^ 

than  A  —  h~c»   and  their  DiflFtrencc  is  ii-f-i/— *— <f  — ^  — f  =  4i+</— *— ^^-i 

^f=i/-|.^.    Again^  ^4"^  "^^  is  greater  thaD^— mi — li  and  their  Diffirrence  is^-f-^'— j 

C  o  R  o  L  L.  to  the  lA  Part.  If  two  Numbers  are  equally  tnuItipHed  or  diWdedj  die 
Produds  or  Quotes  differ  by  the  like  Multiple  or  aliquot  Part  of  the  given  Difibreoce : 
Becauie  Multiplying  and  Dividing  is  but  a  repeated  Adding  and  Subtrading.    Or  it  may 

alfo  appdir  thiisj  a  »  — *^=s  a  —  k  x  n,  and -ss  — . 

Theorem  III. 


I 


If  fout  Numbers  :/  are  added  to*  or  fubtraOed  from  other  four  fiHb  iJ,  io  ctia, 
the  lefler  wkh  the  lefler,  and  greater  with  the  mater  Term  in  the  idpedive  CoopleSj 
the  Sums  or  Differences  are  alfo  :  />  with  a  Difference  which  is  the  Sum  Or  Difieieoce 
of  the  given  Differences  (  Exam,  i.  and  a. )  But  if  they  are  added  or  fubtraded  in  a  con- 
trary Order^  the  Sums  and  Differences  are  alfo:/;  but  the  Sums  have  a  Difference  eguai 
to  the  Didference^  and  the  Differences  haveaDiffinrenee  equal  to  the  Sum  of  the  f^vcn  t>if- 
fciences  ( Exam.  3.  and  4.). 


Example  1. 
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D^MOK s TR.  The  vmveftiil  Mafim  of  botd  P«ns  of  ^this  TUmtpem  k  plaiidy  ooatained 
in  the  preceeding  Lemma:  For  the  four  Nmnbcts  betiig  : />  the  S«a»  or  Krecuoes  at 
in  the  &me  I>iwrence>  which  by  the  Lemma  is  accordiif  to  what's  faere  propofed. 


COROLLARIES. 

I.    If  four  Numbers :/«  or  any  Series  -^l  are  equi-mdtiplied  or  divided^  the  Pro- 
doAs  or  Q^iotes  are  aUb  :  /  or  -^  A  with  a  Difference  which  is  the  like  Produd  or  Quote 


4  y 


d 


of  the  given  Difference :  Thus^  If  a  .b\e.d»  theiv  an.bnxcm. dn,  «ad  -*-.  —  :-«-• 


n  u 


2.  U  two  Series  -r-  /  are  orderly  added  to  or  fubcraded  from  ctte  another^  the  Sums 
or  Differences  are  -r-  /,  with  a  Difference  that  is  the  Sum  or  Difference  of  the  given  Dif- 
ferences: And  if  they  are  added  or  fubtrafied  in  a  contraxv  Older «  they  are  alfo  -=-/; 
but  the  Su(ns  differ  by  the  Difierence,  and  the  Difieresces  by  the  Sum  ot  the  given  Dif- 
fcrqpees. 

Examfb 


(%ap.  2. 
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§•  IL    Of  Arithmetical  Progrdffion. 

Ob(etve«  Ej  the  Diftance  ^f  m^  Term  §f  a  Series  from  another ,  is  meant ,  Ite  Number  ef 
Terms  from  the  one  exclufive  to  the  other  inclufvt'^  or,  including  ioth»  ifs  the  Nfimker 
of  Terms  kfs  i. 

Problem  IV.    Ji  raife  an  Arithmetical  Series  from  a  ^iven  Number j  nvith  a 

grven  Difference. 

Rule.  Add  the  given  Di£&rence  t<jb  or  fubtrad  it  ifrom>  the  given  Number;  the 
Sam  or  Remainder  is  roe  2d  Term :  To  or  from  which  add  or  fubcradt  the  (ame  Pi£[b- 
rcnce^  and  yoa  have  the  3d  Term  j  and  thus  you  may  go  on  to  any  Number  of  Terms, 
increafing ;  but  decreafing^  you  can  go  no  farther  than  till  the  laft  Term  found  is  equal  to 
or  iefi  than  the  Difference. 

Demomsts..  The  '^fim  of  this  ^uk  h  plaudy  contained  in  the  Definition  of  A- 
riihuieiical  fVogreflion. 

EjfMffe  f .  Gmn^  the  ift  Term  %»  and  comtnon  Diiereoce  2^  the  Series  is  3.5.7. 
9.  II  .13  .  ^e. 

Examfh^.  The  ift  Term  ao^  mi  JXSBsHaact  4;  ^decreaGng  Seriesis20.16.12; 
8.4.. 

SCHOLIUMS. 

1.  An  Arithmetical  Prpgreflion  can  be  railed^  increaQng  in  infinitum,  from  any  given 
Number^  but  not  decreafing}  for  by  concjnual  lefienipg  p(  any  Number  you  muft  at 
laft  ezhauft  the  whole. 

2.  If  the  two  firft  Terms  of  a  Series  be  called  a.b,  the  whole  may  be  repreiented 
tbus,  a.b  ,2b  —  a.^b  —  2if.4 i— 3  a. ^e, fpr  thefe  are ijie ExprdSons  Aat arifc  by  finding 
a  3d  :/ to  a. by  and  a  fourth  to  k.b,  and  the  Term  laft  founds  and  jib  on  f  by  Vrob,  i.) 
Where  obferve.  That  the  Number  multiplying  b  is  the  Diftance  of  diat  Term  from  a. 
But  a^in;  ^ 

3.  If  Mte  can  the  leSer  Extreme  of  a  Series  a,  the  greater  I,  and  the  common  Diffe- 
rence d'^  theou  tqr  the  Method  of  the  prefent  Problem,  it's  manifeft  that  the  Increafing 
Series  from  4i  is  geprefented  fhus^  s.a'^d.^'^s.d.S'^^d.  &c.  to./,  and  the  De- 
cfofing  Seite  thw,  JJ-^dJ'^iJ.  &c.  to  a:  from  which Reprefeataeioas  Ai&£c  Corolla.'^ 
rir/ aie  evident. 

COROLLARIES. 

1.  if  the  Icffer  Esctreme  of  a  Series  is  the  common  DiflFerence,  the  other  Terms  ar^ 
the  fever:al  Muldples  of  that  Djfigbc^ncc.  Thus:  If  a  ==idj  (hen  a,a^d,  a-j^2d,  ^c.  is 
fbe  &me  as  this,  d,  2d,  3 d,  &c.  \V bcrcfore  the  Series  of  the  Multiples  of  j|ny  Number 
is  an  Arithmetical  Progreffion. 

2.  If  o  js  the  firftTermi  the  iecond  is  the  common  .Difierence;  and  ^11  the  following 
are  the  Series  of  ihe  Multiples  of  that  Difference :  Thusj  o,d,  2d,^d,  ^c. 


Gg2 


3.  Be- 
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3.  Betwixt  o  tnd  any  Multiple  of  t  Number  d,  as  9d»  tbere  can  be  put  is  many  A« 
ritbmetical  Means  as  the  Muluplier  left  i«  or  n—  i ;  dx  common  Difierence  beiog  cbic 
Number  d\  as  is  manifeft  in  this  Series  09  d^2  d,  3  d 

4.  Every  Arithmetical  Progrefllioiv  whofe  firft  Term  is  not  Oj  has  its  feveral  Terms  equal 
to  the  Sums  of  the  feveral  Terms  of  fuch  a  Series*  added  to  the  firft  Term  of  the  g^ven 
Series.  Thus;  In  s»  a-^^d,  s^  %  d»  ^c,  they  are  equal  to  the  Sums  of  #  added  to  eicb 
Term  of  this  Series  o,  d»  a  <t  &c, 

5.  As  any  ProgVeiBon  may  be  thus  repreientedj  a»  M^^d^  a-^^T.dt  ^c,  a  being  the 
ledcr  Exrremej  and  d  the  comn^on  Difference*  it  is  manifei}  that  the  Multiplier  of  ^  ia 
every  Term  expreffes  the  Diftance  of  that  Term  from  the  firft.  And  hence  it  follows  im- 
mediately* that 

6.  Every  Term  is  equal  to  the  Sum  of  the  lefler  Extreme*  and  fuch  a  Multiple  of  the 
Difference  d,  whofe  Multiplier  is  the  Diftance  of  chat  Term  from  a.  And  reverjlji,  the 
lefler  Extreme  is  equal  to  the  Difference  of  any  greater  Term,  and  fuch  a  Multiple  of  the 
common  Difference^  whofe  Multiplier  is  the  Diftance  of  that  Term  from  the. lefler  Ex- 
treme. Thus:  Let  the  Diftance  of^any  Term  from  s  be  m,  that  Term  is  n-^ssr^^  which 
if  we  call  /,  then  is  l^a-^md-^  and  revcrfly*  a=l — md. 

Scholium.  Becaufe  the  greater  Extreme  of  a  Series  is*  by  what's  now  (hown*  qual 
to  a -}^md,  or  a-^n  —  i  X  rf,  (m  being  the  Diftance  of  the  Extremes  =: » —  i,  the  Num- 
ber of  Terms  left  1)  and  every  Term  below  having  the  common  DiflFercnce  once  Ids 
contained  in  it*  or  multiplied  by  a  Number  leis  by  i  than  its  Multiplier  in  the  precedina 
greater  Term  j  therefore  a  decreafing  Series  which*  when  the  greater  Extreme  is  called  7* 
we  have  feen  rcprefented  thus*  v».  /*  / — d,  I — xd,  &c.  may  alfe  be  reprefented  tha* 
a-^md,  a-^m — id,  a-\^m  —  2d,&c,  Or  thus,  a^u — id,d^u — 2^*«4-»— 3* 
^c.  ('becaufe  fn^=n—  \)  going  on  fo  till  the  Multiplier  of  1/  be  equal  to  i ,  and  then  we 
have  4f +^'  the  Term  next  a. 

7.  But  again  more  untverfally :  From  the  ftme  Exprdfion  of  a  Series*  -it's  manifeft  that 
the  Difference  of  the  Multipliers  of  d  in  any  two  Terms  cxpreflcs  the  Diftance  of  thcfc 
two  Terms  5  for  in  every  Term  afcending.  the  Difference  is  taken  once  more  than  in  the 
preceding^,  and  therefore  from  any  Term  to  any  other*  it's  as  many  times  oftner  taken  in 
che  greater  than  in  the  leffer*  as  their  Diftance  expreffes*  /.  e.  the  iJifierence  of  the  Multi- 
pliers of  d  is  their  Diftance.    And  hence  it  follows  immediately*  that 

8.  Any  Term  of  an  Arithmetical  Progreflion  is  equal  to  the  Sum  or  Difference  of  any 
other  Term ;  and  fuch  a  Multiple  of  the  common  Difference*  whof^  Multiplier  is  die  Di- 
ftance of  thefc  Terms.  Alfo  tne  Difference  of  any  two  Terms  is  equal  to  fuch  a  Multiple 
of  che  common  Difference*  whofe  Multiplier  is  the  Diftance  of  thefe  Terms.  For  any 
Term  being  exprefled  a-^md,  (xofChe  Diftance  of  this  Term  from  a)  any  greater  Term 
muii  have  a  Multiple  of  </,  whofe  Multiplier  exceeds  m  by  the  Diftance  of  thefe  Tenns 
(by  che  laft)i  fo  that  Diltance  being  r,  the  greater  Term  is  a-\-^m^rd.    But  m-^-ri^ 

md-\^fd.  Hence  <i+^"f'^^=^  +  ^^+'*^-  And  reverfly,  ji-f-w  +  r*/— r^  = 
a,^md\  and  ii-f-w  +  rV — a  —  md^=^rd^  Or  this  Truth  may  aUb  be  deduced  from 
Or.  6.  Thus ;  Any  Part  of  a  Series*  /.  *.  from  any  Term  to  any  other*  i$  ftill  an  Arith- 
metical Progrtflion,  whereof  thefe  two  Terms  are  the  Extremes^  which  being  called  ii>  L* 
and  chcir  Diftance  w*  ic*s  fl\cwn  that  a^=>\u  —  md,  and  L=<»+w</j  and  hence*  i»/^» 
L  —  a'='md. 

Exam.  In  this  Series,  3. 5. 7-  9-  "•  i?-  !?•  If  we  compare  5  and  13*  whofe  Diftance  i« 
4j  then  is  5  =  13  —  8  f=a+4-)  ^^^  i3  =  5-f  8,  alfo  13  —  5=8. 

Scholium.  The  immediate  Ufe  and  Application  of  this  laA  Truth  we  have  in  die 
Solution  of  thefe  Problems. 

I.  Haviiif 


(i.)  Havihg  one  Term  of  aSerie$»  ^xi&'^  i$mmonBiffifmi,  to  find  a  Term  at  any  Di^ 
ftaoce  from  cbe  given  onc>  without  fiading  all  tbe  iocermediate  ones ;  the  Sohidon  of  which 
is  plainly  contaii^  in  this  Onrol.  and  is  tbis^  Multiply  the  common  Diflference  by  tbe  gi* 
ven  Diftance>  the  Sum  or  Difierence  of  this  Produd*  and  the  given  Term«  is  the  Term 
fought  9  (b  in  the  preceding  Exam.  1 3  ss  5:  ^  g  (=,  2X1)  and  5  =5 11  *»  8. 

(2.)  Having  any  two  Terms  and  their  Difhuice^  to  find  any  other  Term  at  anv  Diftance 
from  either  of  the  given  Terms ;  which  is  folved  thus :  Take  tbe  Di£fef ence  or  the  given 
Terms^  and  divide  it  by  the  given  Diflance«  the  Quote  is  the  commvm  Dsfferenci:  By  which 
we  can  6nd  a  Term  at  amy  (iftance  from  eidier  of  tbe  given  Terms  by  die  Method  of 
the  preceding. 

f3 )  Of  tbefe  three  thing^^  vm.  the  ctmmm  Dsffinme,  the  Diftance  of  any  twoTerms* 
and  the  Difference  of  theie  two  Termsi  having  any  two«  the  third  Term  ma^  be  found  j 
for  any  Term  being  called  a,diht  common  Difference^  and  m  thcDiibnceof  any  greater 
Term  from  a,  chat  Term  is  ^=ia^mJ'y  and  the  Di£ference  of  a,  and  a^md,  is  md-y 
which  if  we  call  M>  then  (i.)  If  a,  m  are  given^  M  (=m^)  is  alio  known,  (a.)  If  M 
and  jRi  are  given>  d  \s  alb  known;  for  it  is  s=sM*^iv.  (3.)  If  M  anda^  are  givenj  n$  is 
known ;  for  k  is  =M -^-^ 

9.  The  Sum  of  the  Extremes  for  of  any  other  two  TermsJ  of  an  Arithmetical  Pro- 
greilion^  is  equal  to  twice  the  lefler  added  to  the  Produd  of  their  Diflance  and  c^mmam 
D^nfCi.  Thus^  The  lefler  Extreme  a,  the  greater  i,  the  Diftance  m,  and  th^  common 
D^oMCi  d'y  liay*  if -(-^^=2 ^-4* as ^;  for  l^sza^md,  by  CorolL  6.  wherefore  4  -{-<  / 
sza^=^M'^mdJ=S'Aa-\^md. 

Scholium.  We  ihall  apply  this  to  ibme  particular  Progreffiotb,  as* 

(I.)  Suppofe  the  lefler  Extreme  i,  and  the  common  Difference  2>  asin  this  Series  1 : 3 :  ( 
:  7>  crc.  (which  we  call  the  natural  Series  of  odd  Numbers)  the  Sum  of  the  Extremes  is  al- 
ways double  the  Number  of  Terms;  which  if  we  call  n,  then  u-f- '==**>  for  ^^e  lefler 
Extreme  being  i*  its  double  is  2,  equal  tb  the  common  Diffirence'y  therefore  ^4-/=2  tf  4^ 
md=: %  +  ^^=^^  i-f»w  =  a »,  becaufe  »  =  i  -f* w. 

(2.)  Suppofe  the  lefTer  Extreme  is  tbe  common  Difference,  the  Sum  of  the  Extremes  is 
equal  to  the  Produft  of  tbe  common  Diffheme,  and  Number  of  Terms  -f"  i«  Thus;  Since 
o^=id»  then  a  +  /=  24»  +  wJ==2rf+w</==Jx  a-f-wss^xsi-l-i' t)ecaufcw==»--i; 
and  therefore  i»+^  =  *'  —  .* 4lJ^^*+  ^*  ^'  ^^®  ^  ^^"^>  ^"^^  *  Smss  is  a»  %a»  3  a» 
&c,  na,  and  tf  +  »j  =  if  Xjp^  i. 

Yet  more  particularly*  if  the  lefler  Extreme  and  Difierence  is  2 j  as  in  this  Series  2:4: 
< : 8 :  10,  &c.  (which  we  call  the  natural  Series  oi^even  Numbers);  then  is  4+/= 

2X»+i  =  2»  +  2;  that  is»  double  the  Number  of  Terms  + 1;  or  the  Sum  of  2,  and 
twice  the  Number  of  Terms. 

10.  The  Diflerence  of  tbe  Extremes,  (or  of  any  two  Terms)  is  equal  to  the  Produft  of 
their  Diftance  by  the  common  Diflerence;  for  l=sa-^md,  therefore  l-^a:=smd. 

Theorem    V. 

If  there  are  two  Arithmetical  Series  having  the  feme  common  Difierence,  any  two 
Terms  in  tbe  one  are  :  /,  or  have  tbe  lame  Difirercnce  with  any  two  in  tbe  other,  taken  ac 
tbe  fame  Diflance. 

Exom,  In  this  Sefiesj  2.4.6. 8.  lo.  12;  and  this«  y.  7.9, 11. 13. 15.  Theie  are  :  /,  viz: 
2. 8 : 5.  II  ^  and  chefe  4. 12 : 7 :  i;. 

Demon; 


DemOK.  fiieicb  Piir  riic  gmiter  conndoi  tli«  lel&r»  Had  <hg  <mwing  f^ghmti  ttioea 
the  &me  Numter  of  Timet,  (l«  e.  the  fti&e  Multt^  of  4)  becMfe  of  the  eqtui  Difbu^ 
cei. 

T  fl  fi  0  R  E  M     VI. 

Ant  two  Terms  of  an  Arlthnietical  Series  are  :  A  with  an/  other  2  taken  at  the  fame 
Diftance. 

Bxam:  In  diisSeriefa  3.9.7»9-iM9- 15;  thefeare  :A  3^11.  if ;  and  3.9;5.ai. 
^^^/v;  If  you  take  any  3  or  more  Terms  equally  diftant  firom  one  another^  they  make 
a  ProgreOioto^  or  continued  Series  ^  fo  in  the  preceaing  Seriet>  3. 9. 15,  or  3.  y.  1 1. 15. 

D  £  Mo  N.  The  Reafon  is  the  fame  as  in  the  laft  Theorem. 

COROLLARIES. 

I.  If  fioGi  t\K  Sum  of  any  two  Tarms  you  take  any  odiel'  Term*  the  Remainder  is 
equal  to  a  Term  of  the  Series  as  far  diftant  from  one  of  the  Terdn  added  on  the  one 
hand>  as  the  Subtrador  is  from  the  other  of  them  on  the  other  hand :  For  (ince  any  four 
Tertos  are  :  i  hereof  the  cw6  leffer  are  at  the  fioae  OiOioce  as  die  two  greacoTj  ( and 
confequeiteiy  the  leaft  and  that  next  to  the  ereaOBft  at  the  fiime  Diflance  ai  the  matcft  and 
that  next  to  the  ieaft>)  therefore,  from  the  Sum  of  the  two  middle  Terms  of  thefe  £our» 
any  of  the  Extremes  bebg  fiibtmdied*  the  Remainder  ia  the  other  £ietreme.  Or  iirom  the 
Sum  of  the  Extremes*  one  of  the  Means  being  taken*  leaves  the  odMrMeao;  whence  the 
CorolL  is  manifeft. 

Obferve  again:  If  die  SvriMvafior  is  one  of  the  Bxtrbmesi*  t.  ^.  lies  on  the  fame  i»nd  of 
(or  is  leiTer  or  ^eater  than)  either  of  the  Terms  added,  the  Remauder  wtU  be  the  other 
Extreme,  /.  e.  will  lie  on  the  oppofite  hand  of  ( or  be  contrarily  greater  or  lefler  than)  ei- 
ther of  the  Terms  added  ^  and  confequently  the  Dillance  of  die  Remainder  from  the  Sub- 
tra&or  wvll  be  the  Sum  of  the  Diibnces  of  both  the  Terms  added  from  the  Subtraftor* 
\  or  from  the  Remainder  it  Tdf,  which  is  at  the  fame  Diflance  } :  But  if  the  Subtraftor  is 
one  of  the  Means,  i,  e,  lies  betwixt  (or  is  lefs  iban  one;,  and  greater  dian  the  other  of)  the 
Terms  added,  the  Remainder  will  be  die  other  Mean,  or  lies  alfo  betwixt  rtie  Terms  added; 
and  confbflifently  its  Dfftance  from  the  SubtmAor  is  the  Difference  of  the  Diftanccs  of  die 
Terms  added  from  the  Sufbtrador,  for  from  the  Remainder,  which  is  the  fame  Diflmce. 

Emm.  In  this  Series,  A.B.C.D.E.F.G.K,  tfs  true  that  C  +  F  — A=H.  Becatifc 
A.C  :  F.H,  which  is  as  far  from  Fontheone  hand,  as  A  is  from  Con  the  other  hand;  and 
as  ink  ^m  A,  a6  the  Sum  of  the  DUfaances  of  "C  and  F  from  A.  Again;  A+H — C 
=^,  which  46  as  ^n*  from  H  "On  the  oae^Kind,  asC «  from  A  on  «fae  other;  and  as  Gmt 
firomC,  lastheDiSerence-idf  tfaeDafamoestjf  AandfiftomC. 

.  2.  If  any  Term  of  a  Series  is  -doubled,  and  from  that  ^uUe  another  Term  (irbtraded, 
the  Remainder  is  a  Term  df  the  fame  Series,  as  far  diftant  from  the  Term  doubled  on  the 
one  hand,  as  t*he  Su'btradlor  is  on  the  other;  and  confequendy  the  Remainder  is  twice  as 
hx  from  the  Subtradlor,  as  the  Term  doubled  is.  Hence  reverily,  the  half  of  the  Sum  of 
any  two  Terms  is  equal  to  a  Term  in  ishe  iiftiddle  df  the  Terms  added,  if  there  is  fuch  a 
middle  Term.  But  however,  this  is  true.  That  the  Term  which  is  in  the  middle  betwixt 
ftffy  two  T^ROs^  ihe  Indf  of  their  Sum. 

So  ia  the  preceding  Scries,  2D  —  B = F,  and D  =       **   ,  becaufe  B . D . F  are -t-i- 

%.  Agam^  More  univcrbtly.  If  any  Term  of  a^^ics  •-r'/'is  mulfipliedlgy  aflyNumber* 
and  from  the  Produd  be  fubcraded  the  Produd  of  another  lOcPin  by  a  Mukiplier  I0& 
dan  the  former  by  i ;  the  Remainder  is  a  Term  of  the  fame  Series,  whofe  Diflance  from 

I  diat 
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that  Term  whole  Multiple  is  fubtraded  is  ecual  to  the  ProduA  of  thefe  two>  tnx,.  the 
Number  which  mukipliea  the  Tytm  wbofe  Mi^ltiplQ^is  the  Subtrahends  and  the  Difhnce 
of  the  two  given  Terms  from  one  another.  The  Reajbn  will  be  plain  from  this  Exam- 
ik\  Let  any  two  Terms  pf  a  Scries  be  A  .3  j  a  Scries  continued  from  theft  i?  A  •  B  •  2  B 
—  A.3B— aA.4B  —  ^^.  &c,  (SchfiL  Prob,  i ,  ^c.)  Bur  by  the  two  preceding  Coroli  each 
of  chefe  Terms  is  ,a  Ternj  of  any  Series  to  which  A»  B^  om  beIop|i  fmce  ;&B-^A  is  a 
ad  :/  to  A .  B*  and  tfich  of  the  reft  a  .jih  to  A  B,  and  ih^  preceding.  And  hpre  it's  evi- 
dear  that  each  Term. is  twice,  thrice^  er^.  as  far  from  A  as  B  is#  according  to  the  Mulu- 
plier  of  B.  '         M 

4.  If  any  three  or  more  Terma  are  added  together^  and  irom  the  Sum  be  taken  the 
Produd  ot  a  Term  lefler  or  greater  than  any  of  them*  nuiltiplied  by  a  Number  i  lefi 
than  the  number  of  Tercas  added*  the  Remainder  is  a  Term  of  the  J^erie?  wboie  DiAance 
fircxn  the  Term  whofe  Multiple  is  Qxbttzdcd,  is  equal  to  tjbe  Sum  of  tbs  Diftaxices  of  i^e 
Terms  added,  from  the  &me. 

The  ReafoM  will  be  plain  from  tbe  The^rew^  thus :  Let  my  Term  of  a  Series  be  A*  amd 
any  other  two*  both  greater  or  both  lefler  than  A*  be  B*  C,  then  B-^^C**- A  is  a  Term 
of  the  Series  as  far  from  A*  as  the  Sum  of  the  Diftances  of  6  and  C  from  A  (by  Cor0U,  r.) 
Add  another  Term  D*  the  Sum  is  B  +  C-j-D  —  A*  from  which  fubtrad  A*  the  Remain. 
isB-4<C-f*D-— 2A9  which  is  a  Number  round  in  the  manner  propofed*  and  (byCor^i.) 
is  a  Term  of  the  Series  as  hx  difbant  from  A>  as  the  Sum  ^  the  DijUarices  cf  tbe  two 

Terma  added*  twc*  B-4-C— A  and  D»  which  is  the  Sum  of  the  Diftances  of  the  three 
Terms  B  4*  C  4~  D.  It's  manifieft  that  by  adding  anoth^  .Terai  continiiaUy*  and  fiibtra- 
fiiiig  A  at  every  Step*  the  &me  thing  will  (till  hold  true:  For  at  every  Stop  there  will  be 
one  Term  more  addod«  aad  A  onoe  more  fubtrafted ;  fo  thi^  the  Multiplier  of  A  will  be 
ftiH  I  k&  thah  the  number  of  Terms  added. 

Or  w«  may  foe  this  Tmtb  m  juiother  manner  without  the  The&rem,  thus :  Any  Term 
of  a  Series  may  be  called  A*  and  if  the  coneimcxi  Differecoe  of  the  Series  be  d»  then  all 
the  Terms  above  A  arc  A+i/.  A  +  21/.  A  +  jW*  ^.  Suppofe  any  three  or  more  of 
thefe  Terms  a;re  added  toeether*  and  let  n  reprefent  Ae 'Number  t>f  Tenna  added  ^  alfo  let 
m  i^pveftnt  the  Sum  of  Jl'  the  Namlaefs  which  smildply  d  (i.e.  the  Sam  of  tbe  Diftances 
of  the  feveralTermi  added*  ftom  A)»  i^s  manifeft  that  their  Sum  will  be  »A^mJ: 
from  which fubtrad  n — ix  A  =  »A  —  A,  the  Remainder  is  isA*f-Mi^*-*"9  A-4^A£=A 
••{^mdy  whieh  hy  the  nature  of  an  Arithmetical  Series  is  (Uch  a  Term  of  a  Series  who(e 
iefier  Extreme  ^is  A*  and  the  Difference  *i,  as  that  its  Diftance  from  A  is  equal  to  m*  the 
Sum  of  the  Diftances  of  the  Terms  added.  If  the  Series  isA.A  —  iif.A**2i/*  &i:.  the 
Demooftration  will  proceed  the  fame  way. 

Scholium.  The  immediate U!fe  and  Application  of  thefe  Carollarks  is  in  the  So- 
iutioii  of  the  following  Probleo^s. 

(x.)  To  find  any  Terti)  of  a  Series  having  its  Diftance  from  the  i&  Tercd*  alfb  the  ifl 
Term*  and  any  a  other*  the  Sum  or  Difference  of  whofe  Diftances  from  the  xft  Term  i$ 
equal  to  the  DiAance  of  the  Term  fought :  The  Sohition  of  which  is  plainly  contained  in 
CoroU.  I.  and  need  not  be  repeated. 

2.  To  find  any  Term  of  a  Series  having  the  ift*  and  any  3  or  more  others*  the  Sum 
of  whofe.Difibinces  from  the  ift  is  equal  to  the  Diftance  of  tte  Term  fought,^  as  in  C^ 
rpJL  4. 

3.  To  find  any  Term  of  a  Series*  having  the  ift*  and  any  other  whofe  Diftance  from 
k  is  an  aliquot  Part  of  the  Diftance  of  the  Term  fought^  as  in  CorolL  i.  or  2. 

4.  To  find  any  Term  of  a  Series,  having  the  firft*  and  another  whofe  Difhmce  from  the 
ift  is  double.the  Diftance  of  the  Term  fought. 

Obfirvif  If  the  Term  fought  is  becwutt  the  Terms  given>  but  jioc  in  the  very  .middk^ 
you  have  aRule  for  folving  this  in  Frob*  i.  Cor.  8.  Scb,  2. 

Thxoiu 
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I  u  any  Arithmeticai  Series^  the  Sum  of  the  Extretnei  is  equal  to  tbe  Sum  of  toy  two 
mean  Terms  equally  diftant  from  the  refpedive  Extremes^  (# .  e.  the  lefler  Mean  from  the 
lefler  Extreme>  and  the  greater  from  the  greater;  or  contraiilv)  and  to  the  double  of  the 
middle  Term»  where  the  Number  of  Terms  is  odd ;  tbst  it,  mefe  Sums  are  all  equal*  m. 
that  of  the  Ejctremes>  and  of  every  two  mean  Terms  equally  diftant  from  the  ExtremOy 
and  the  double  of  the  middle  Term*  when  the  Number  of  Terms  is  odd. 

Exam.  In  this  Series*  3.((.  9. 12. 15. 18. 21.24. 27.  Tbefe  are  equal*  3  4* 27=^^*4*^ 
=  9  +  ai=  "-^18  =  2x15  =  30. 

Demon.  This  follows  eafiiy  from  the  preceding*  compared  with  Tbew.  t.  For  the 
Terms*  whofe  Sums  are  here  fidd  to  be  equal*  are  :  /  by  the  precedii^;  and  the  Sums  of 
the  Extremes  and  Means*  or  double  the  middle  Term*  are  equal  by  near.  i.  Cor.  i.  Thus* 
A.B.C.D.E.F.G  being  a  Series:/,  thefe  are  :/*  A.  B  :  F.  G;  hence  A  +  G=B+F. 
Againj  A.C:E.F,  and  A+F=C  +  E;  and  C.D.E  bebg  :/,  C+E=2D. 

Or  we  may  (hew  this  Truth  by  another  Reprefentation*  as  in  the  Margin;  wherein  A  is 
the  leder  Extreme*  m  the  Diflance  of  the  Extremes*  and  4/  the  cammam  Diffirenco-^  fo  that 

k^md  is  the  greater  Extreme,  {Of.i 


LeJferExtr.    Greater, 
A  4-A-4-*iJ 


A  + ^  ^  +  A+'JLZl?^ 
A+3i/+A+*»— 3' 


Trob.  4.)  And  the  &me  Series  being  cod* 
tinned  from  A*  and  A  -f-  at  ^.  Which  we 
fuppofe  carried  equally  on*  i.  e.  to  half  of 
the  Number  of  Terms*  if  that  is  even  \  and 
to  the  middle  Term  indufive  in  both*  if  ^ 
Number  of  Terms  is  odd.  You  fee,  Ait 
as  in  the  increafing  Series  i  is  once  tnore 


added  in  every  Step;  (o  in  the  decreafing  one*  it  is  oooe  more  fubtra3ed ;  and  coo^^ 
quendy  the  Sums  of  the  correfpondent  Terms  in  the  two  Seria  muft  Ml  be  equal  to  the 
Sum  of  tbe  Exoremes*  ws.  a  k-^md.  For  any  Whole  being  compofed  of  two  Pans*  if 
we  take  away  from  the  one*  and  add  as  much  to  the  other,  the  whofe,  or  Sum  of  thefe 
Parts  continues  ftill  the  (ame;  fo  t^  conftandy  adding  J  to  A,  and  fubtrading  it  from 
Ji^mJ,  the  Sum  remains  equal. 

Or  it  may  be  more  firoply  reprefented  by  making  /  the  greater  Extreme^  and  fuboaOinK 
J  continually  from  it;  thus*  A.  A+rf.  A+2*  &c.  7 — 2/  I— J,  I,  carrying  each 
Part  from  A  and  /  equally  on,  as  before ;  where  the  &me  Truth  is  manifeft  from  the  fame 
Principle  of  equal  Addition  and  Subtraaion. 

SCHOLIUMS. 

1.  When  a  Series  has  an  even  Number  of  Terms,  there  are  two  Terms  which  we  call 
the  Two  middle  Term  j  and  then  the  Theorem  may  be  expreflcd  thus ;  The  Sum  of  the  two 
middle  Terms,  and  of  every  two  equally  difhnt  are  equal :  And  we  may  fee  the  iame 
Truth  alfo  in  this  Reprefentation,  &c.  m  —  2d,m — /.  m.m.n^d.n-f'zd.  ere.  In- 
creafing and  decreafing  from  the  two  middle  Terms  w,  ar. 

2.  Where  the  Series  has  an  odd  Number  of  Terms  (i.  e.  a  middle  Term  equally  di- 
ftant from  both  Extremes),  then  we  may  cxprcfs  the  Theorem  thus^  The  Double  of  tbe 
middle  Term*  and  the  Sums  of  every  two  Terms  equally  diftant  from  it,  arc  equal  i  and 
it  may  be  reprefented  thus ;  ^c.m  —  %d.m  —  d.m.m^d.m^id.  &c. 

2,  Obferve  alfo*  That  the  Sam  of  any  two  Terms  in  a  Series  is  equal  to  the  Sum  of 
any  other  two  equally  diftant  from  the  former  two  refpeSively ;  becaufe  the  four  arc  :  '• 
Alfo  Double  of  any  Term  is  equal  to  the  Sum  of  any  two  equally  diftant  from  itj  or* 
Any  Term  is  equal  to  the  Half  Sum  of  any  equally  diftant  irom  it. 

4.  ^z^^ ' 


4.' 


4.  <^jSMni-:  WhflB  t  Series  has  in  even  Number  of  Tennis  dio'  the  two  middle  Terms 
ire  not  in  the  continued  Ratio  of-  all  the  reft  above  and  below>  yet  the  Sum  of  die  £s- 
tremes«  and  of  eveij  two  Terms  equally  di&ant  from  them»  will  ftill  be  equals  for  the 
four  are  :/  at  kaft  disjunftly^  becaufe  of.  the  epmm$M  Pifferenf^  and  ejusl  Difiunce. 

Gemrsl  SCHOLIUM. 

In  evenf  Arithmetic^  Ptogreffioo  tfaefe  five  tUop  are  confidenibIe>  viz.  The  two  Ex* 
^emesy  me  Goramon  ^Diffimiee*  die  Number  of  Terms>  and  the  Sunt  From  wUch 
a  Variety  of  Problems  arife  ^  wboeof  thofe  are  chef  chief  and  moft  ufe&il»  in  which  are 
pvcQ  any  duee  of  diefe  things*  to  find  die  odier  twoj  and  diele  I  (hall  next  ezphin. 

TtiUfirftbe  Symbds  mpl^d  in  tbejUkwing  Problems. 

4=Tbe  lefler  Extreme.        xss  Sum  of  the  Series.       sissNumber  of  Terms; 
/=s  The  ptms  Extreme.     i/=? Common Difierence.    mi=s:9*-«  1=:  The  Diiiance  of 

th(  Extremes. 

Problem  V. 

Gtvtn  die  Extremer  #>  h  and  Number  of  Tams  9,  To  fiid  die  Difference  tU  and 
Sum  f . 
RvXi  B  I.    For  di  The  Difference  of  die  Extremes  divided  by  theNumber  of  Terms 

kfi  X  Qiiotes  of  die  common  Difeence  fought*  thus*  J^=s  -^;;^. 

Bscamfle:  jrss^./axf  and  Bsay.  then  ia  i/=sa=s  ^;;^  =  ^*  as  in  this  Scries 
3.5. 7.9. XI. 13.1;.  ^^^^ 

D  E  M  o  N  s  T  B.  In  Cor.  10.  ProU.  IV.  it^s  fliewn  that  i/xT^^ss/—  s.  and  dividiic 
cquaDy  by  » — X,  it  is  i/=.  j~j. 

3.  For/^  multiply  die  Sum  of  die  Extremes  by  die  Number  of  Termi*  and  take  half 
of  dieProduft*  i^s  die  Sum:  Th^./s  ^£Z^, 


the  precedifljs 

!rf  ^tSL^*?*"  ,Vi^  evenr  Pair  of  Mcto*  equdlf  diftaot  fionS,  ci»  Exwni«.  S 
eqoal  (Ttetr.j.)  But  tU  th«fe  equal  Sum*  together  make  the  total  Sum:  and  k**  evkkiK 
there  tfe  a*  many  of  thefe  equal  Sums  as  the  half  Number  of  Term* ;  finoe  each  Sum 
r^  *"  ^^JT?*  *««^e  *e  Sum  of  theEmoses  (or  amr  one  of  thefe  equal  Sams) 

J^sfji'ffi^istt^sg;.^'  ^«^'  ^"^  *«"«  ^^  *«.r'co«fii 

a.  If  the  Niimberjof  Teww  J»  oijd.ror  not  t  Multiple  of  »),  thcDtbeie'js  a  middle 
Jma,  aod  an  equal  Number  on  each  hand,  which  Number  is  plaialy  the  half  of  »— i. 
(the  middle  Term .bfetbgeiduded)  and  the  Sum  of  all,  exclu<&ig  the  middle,  is  by  the 

H  h  b^ 
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being  added  to  the  Sum  of  the  oAcrTcrmj,  make*  the  TottL  ttor^^^Siillli^tH 

.  . ^         '  ^ .  •        •       '     .  •     •;•  at,  •  ,.  '.   X 

Or  the  whote  Dmomfirathn  may  be  made,  without  diftinguifliing  whether  the  Number 

of  Terma  isivoBror  aAd>  thug;  AniiTSeiMiocm- 
finemajf  be  repminited^  aim'^i.a-^^ikiii^ 
' lUid  the  fifue  SeneadQcmEop^aMf  he  takes ^i 
i.  ir^d.l'^.xdt^S^:  Aodtbcfe cigi9:«epriB&9tiB| 
the  fame  Series,  only  in  a  different  Order,  have  equal 
Suins.^  tod  dMrafpce  the  .Su#l  qC  .both  together  is 
doubl^'  the  Smo  of  either,  j^gaie  >  It's,  o.bvious, 
th^t  adduig  thdr  cqn:e4)0Jiding  Terms,,  ihp  ijqtps.  w  cpnftapdy  the  latof  ,.'c;;si.  ^+i  ^ 

the  Niimber  of  them  being  »,  therefore  the  total  of  thefc  equal  Sums  is  7^x»=2S^ 


whence  /  =  — •-- ,  '    ^     •    :      ,     ,  'f 


Scji  OL  luu.    Ul  i  Sends  oS  m  even  Nuoibet  ef  Terndfi  v^  nwiii  Mt&  the  Sum  of 
the  Extremes,  and  multiply  by  half  the  Number  of  Terms  ^  or  half  the  Sum  of  (hoiExtrooMV 

by  the  Number  of  Tewna^  for  all  thefc  ways  make  the  fiime  Sumj  thus,  ^  \,    *'= 

*  I .  Bet wfatt  any  twa.diffisrent  Numbers  a,  /,  we  can  put  any  Number  oP  Aritfanelicr 

Meaiisj  becaufe  /  being  greater  than  a,  and*»  greater  thanj,  it  follows,  char  </=  — ;^^ 

ways  poffible,  however  great  »  be.    But  then  alfo  0hfirt>9,'ThBX  betwixt  t^o  fcteeew  thefc 
:^fWS  wf)l  pot4n,«K^)^  Ctfp.tf^Iotffie;?v Md  t:^7na4<>  thw  allfo>..thje;^§atpjt„Wimbcr 


Units  4s  addecj,  thp.^ujovijpf^'be:  equal  to  /^  confequcntly  the  preceding  Sums  are  inNum- 
teri  equal  ta /^-^V— 4 1  and'  became  thcy^iAum  bye  i?  cbetefefe-  i^f  niake>piih -the 
Extremes  ii  and  /an  Arithmetical  Progremon^  and  the  greateft  that  cap tbp.ip  191^* 
becaufe  the  Difiference  is  the  fmalleft,  vhs.  i.  .     .       .   .    <  - 

'  '\2a^Th^  Siioi  hf'itie:  mtoral;  Seha,ct.i«  ):i4o'.<^K  ia-'o^at't<>  llalf  dKaTlOdttft  of  the 
^kft^Term  muUpliKd  inoo  the  i^dx' g^eM^  b<tCftu{^' dkfiil  it«R  istMe-Sam  of  the 

Sadbremes,  and  (hagreiEUxft  fixtmna  is- the.  Number  of  Tmbs-:  So  iH^^t-t*  34*44-5 

^  £n  aoy.Seriea^whofer  Number  o^'FetoM^is^oAly  thO'Sam  is-e«iid^tO' the- Ptodud  of 
thaNiiroWofc  llema  'naifaii{il^  taiddk^7erm  is 

half  the  Sum  of  the  Extremes.  '.'   '•'■  '•    ^rj'".  . 

:  4:;f  A)th  xhirf: Anrfj  a4d  fitar^^i  'Br&£j^i  'cdtt>aUd^  lhettith'ingtofi(ffld«0»>'''tVi^~)   '    • 


;l^cniaJ^^  For.  i^'thk  Caie*'«^/i»ft«  4^K^  j^ 


./ 


J  •       «4-/x»  ■  "J 


(2.)  The  Sum  of  tny  Series^  wbofe  lefler  Extreme  and  Difierenee  itre  equals  is  equal  co 
Wf  ^e.  Px%idu&>c^ thpie  F^^^m  ^tt«.  1^ ooii^moo DifienBace>  aod  the £um6f. tteNum- 

b€rof  Tcrm^atrffciSqaarejthus^  raa^.ff^'T,  *     For  to  «bfe  CaTe,  <  +  /M5i/<i+.W 
(Cor. 9.  Prrf. 4 J  therefore a-^t Kn^se: d$^ tf^«r.    Htn^e x  =« f^r  >^  ^;sss«.?   r  ■  ,  A- 


cain;  Particularly  if  ^^^Mia^avfti 'this  ISi<fi«^  >.4'^v8«  ^.  ^viMch  tiaalMs  the  tiatural 
Series  of  even  Numbers^  for  it  comprehends  all  the  Multiples  of  2.)  The  Sum  is  equal 
to  die  Sudoh  of  «he  iSf umber  «lf  Termft  Iftnd'ic^'SqQare):  thos^  xpab]i^4**-vibr  dn^-^dn^i 


2  2 

■  ♦  • 


.-P^B^QBLBH  /Vh 


t  1 


Having  the  Extremes  a»l,  and  £>iIFerence  d-^  to  find  the  Number,  of.  Terms  9»  and 
Sum  /. 

Rule  i..  For  n.    Divide  the* TKfiixe$ce  of  th^  Exti:emes  by  the  common  Diffe- 

•  ■■'■■••  t--  -,  ^  _^ 

rence,  the  Quote  fi  the  Number  of  Term*  lefi  i:  Thus,  »—  i  ss— t— j  therefore  al  =: 

J^tJ-^x:^- — lit  -1.  f.  to  the  greater  Extreme  add  the  commfm  Diffinttme^  and  from 

the  Sum  iJce.the  leuer  Extreme,  $uid  divide  the  Retnainder  by  ^%,cQjnimon  l>fl[ifenc€»  the 
«Qu«td  ir  the  Number  otTettiM^  ....      •      .  i       :   .     . 

2  2  •       ♦   • 

XXb  man.  By,  Ctff.  10.  VrA, 4.  ^x  v — j  =: /r-i^> and  dividii^  eacb  by  i^  it  '^n-^s 

ss    J  ,    Whence  »=;—T |^i=; — 7-^. 

2/  For  /.  apply  a.  L  m.    By  Prah.  5.  thus,  /  =5  tJI^—H,    Or  withotit  fiqding  n,  ^ply 

Ae  given  Numbers,  thus:  Add  the Diflftreraec  of  the &[uftrd'  rf the  Extrema,  to  theftd- 
iixQ  g(  the  Sum  of  the  Extremes,  by  the  .common  Di£bpKnce;  this  Sum  divided  bv  doii» 

tlethe^W«^BW?micfi  the  Quote  is  thrSum  foucht:  ihtw,  r-^*"^^^    'i'^~f*^ 
E^sp^  ^=:=3;?=:li5U=2V&etife/=g3=^^ 
IJ  ZM  q^t.  Inft^  of  9:taAe  ipi%ial. above, Jfoiwd*  ~  J^.^  ;  and  fubftitute  this  kh 


....  .  i  .  .      - 

Proves  ML    VIR  * 

••     •   ■  I  .  •  -•         -I  .    •  .   . 
*  .         • 

ModiitoBe  of  dHt'Sxtitmas  « <»/^  wid>di«  Nwnbw of  Tbnoi  »>  and  Difiereaee;ife 
tofiBdittvdife'fisttctM/or^dVMd'.dieSbiD.'  

H'b2  H^  RvL& 


2^6  Arithmetical  Progrdfion.  B^o  t  IV. 

Rule  i.    For /or#:  NfiiUply  the  DUfeicnce' b^  x;iddtiK 

ProduA  CO  die  givea  Extreme  it  rfta^  but  fiibcradl  if  it's  /^  the  Som  or  ReamiDdei  is 
the  other  Extreme.    Thus«  /=i/X9— 1+'>  and  naZ—i/xii— x. 

£»«»».  ii=53»  »=7*  rf=3::tj  then  is  /ssx^ssixtf-^j. 

De  MON.  Thii  Rule  is  exprdily  contained  in  df^ll.S.  Pr§U.V/. 


a.  For  r  tppty  s^L  th  by  Fr^k  5.  Or  without  findiw  m  proceed  Ans:  Multiply  de 
pven  Extreme  by  double  the  Number  of  Terms;  to  the  Produdtadd  C^  the  nm  Ex- 
treme  is  a) »  or  fubtnid  (if  if$  I)  the  PtoduA  of  the  common  Difference  multiplied  by 
the  Di£Eerence  betwixt  the  Number  of  Terms  acd  its  Sgiiare;  the  half  of  this^um  or 

Difierence  is  the  Sum  fought,    ^-^i ^*^+^x#ii-»_a»/~rfx>»-,  ^ 


1 


So  in  the  preceding,  /  =:tf3=i?i22ildli^Li2z:J,  when  js^  js  gJvcn. 
Demon.  Take  sath  as  they  are exprefled  in  the  firft  Part,  «»c.  /— i/x is^  for  #« 

and^+iXiT^fpr/.    Sub^Mtute  dsele  infiead  of  j, /in  this  Rule,  fss^Bil?. This, 
Since  a^l—dxn—u  then  4+/=/~i/xji— i-f/aa2/~i/xg — i,  and  rp 

Xjisssa/9— i/X9— xX9=s;2/«— ^x«sr— 9.     Con(eqaentIy»  f  ss^-^--iiil   ss 

.  -  "        .  .       * 

tfaaiii+/=32«+^^*'^''.^<l^i7'^*— ^^*+^^**^-  Hence,  ssiLlIlL* 

--t ■    ^  >  me  Rule  when  a  js  givca. 

Sc^oL  lu  14^  In  the  preceding  Problems,  we  have  found  J  by  means  of  #,  A  #.  Al- 
io js  by  means  of  0,hd^  and  m  by  means  of  d^mpL  And  here  it  may  be  uiefiil  to  ohlenv 
«  Miftake  of  a  very  confiderable  Author,  Tacc^u  £  T,  who  gives  Rules  for  finding  i»  or 
m,  or  n,  by  means  of  only  2  ck  the  g^en  tbi^  in  the  precodii^  I^Uexxis.    Htf  Rulo 

are  thefe:  if  is  the  integral  Part  of  this  Quote  — — -,  and  4  is  what  remains  over  the 

Divifion.    Again^  n — x  is  the inffgral  Pm  of  tfaisQsiot^  -7,  and  m  what  remam^overdK 

Div&m.    Which  Rules  he  founds  imoo  this,  that  /ssi+'xi— i.    Whence  he  cod- 

dudq,  diat-^sssi^-^x,  and  s  remaining  over}  dfo  Aat  j^^^ ae  1/^  and  ^refutinkig.  Bat 

youll  eafily  perceive  that  thefe  Condufions  are  not  true  univerfiUjr,  and  can  be  ib  only  ia 
a  partkular  Cafe,  tite.  when  10  is  lefi  than  d»  or  than  ii—  x ;  ^et  ne  ddivers  them  as  gene- 
ral Rules  without  Limitation,  at  leaft  without  mentioning  it,  if  he  did  obferve  any.  The 
Reabn  and  Neceffity  of  this  Limitation  I  thus  prove :  1£  dxm —  z  is  divided  by  eitbcrFa^ 
&or  d,  or  si-^'xVthe  Quote  will  be  die  other  of  them;  and  if  to  the  ProduA  dxm-^i 
:we  had  fbft  added  anodier  Number  a  k&  than  the  Divi^r,  die  QpoDe  would  be  die  fime 
as  before,  and  the  Remainder  would  be  the .  Number  added.  But  if  n  tbeNimifaer  iddedr 
is  equal  to,  or  greater  than  the  Divifi>r»  it's  dain  that  the  Q^otc  would  be  gratter  than  die 
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odber  Fa£bor>  becftufe  ifs  comaiced  in  the  Number  added;  tod  the  Reouunder  would  not 
be  the  Number  added^  but  lefij  becaufe  it  muil  be  lefi  diaa  die  Divifor^  which  here  b  left 
than  ibe  Number  added.  Take  this  particular  Sxsmfk:  5. 7:9 :  xi :  13)  whofe  greaterEx- 
treme  13  beinedivided by  4  {=m —  i)  theQuote  is  3  and  x  over;  yet  the  common  Di^ 
fence  of  the  £ries  is  x>  and  the  leQcr  Extreme  5. 
What  can  be  done  by  means  oi  two  thii^  given*  youll  learn  afterwards. 

f^  R  O  B  I.  B  M  *  VIII. 

Having  die  EztremeSj  m,  h  and  Sum  1  j  to  find  the  Number  of  Terms  m,  and  Diffe- 
rence d» 

Rule  X.    For  n  divide  doubk  the  Sum  by  the  Sunv  of  the  Extremes^  the  Qpote  is 
the  Number  of  Terms*  thus;  jsss-nn 

Eximfk:    az^i.l^iK.  r=s(3.  then  is  n^^^.^^^^i2^. 


ikipfying 


2r=:«I^Xii}  dietf,divklingbothby«+/>itissis-|^^ 

%.  For  Jwp6tf  s.i.w.  by  Prs^/.  V.  Or  widKxii!  ^n^W  ^»  work  thos^  Take  the 
Squares  of  the  Eaoremes^  and  divide  the  Oiftrence  of  thefe  Squares  by  the  Difierence  be- 
twixt the  Sum  of  the  Extremes*  and  double  the  given  Sum»  the  Q^oce  is  the  common 

Diflbeocei  thus*  i/=s  -rr—z — f* 


Eiumfb:  <»i3.  /aaiy.  tss6ii  thcnii  daaxss  ^^^^^^^l^}^^  iJ^A 
Demon.  Infteadof  sr*  xsktti^Ecpal ^Hn»voAyaikit^ 


4s4-if     "^  a*— #—/       zs^^^s^^t  ... 

P&OB  LBM  IX« 

Having  one  Exneme  #*  or  /*  widi  the  Sum  /*  anc^Number  of  Terms  •»  To  fioi  the 
edier  J^ttreme  /.  or  ^i*  and  the  Difierence  d. 

Rule  i.  For  /  or  #*  divide  double  the  Sum  by  the  Number  of  Tenn^  and  from 
the  Quote  fubtrad  the  g^ven  Extreme,  the  Remainder  is  dbac  fini^  Hius*  ''=^'V* 
4i,  and  ^  =s  T***"'-  Or  dius:  From  douUe  the  Sum  take  die  Produd  of  the  Number 
of  Terms  and  given  Extreme^  and  divkle  the  Remainder  by  the  Number  of  Terms*  the 
Qioceisthe  ExtreoM  feuf^^  thus*  /sw  — ^— '^and -sfis— ^j — . 

SxM^fr:  4»3.#b:^}.bsss7.  then  &/ ca^^*^  1^3^7=3X5 ^  atii if /=s if 
npren.  then.  =  3=^^*1-7x17,  ^^^^^ 


and  ^  ==  I 


2.  For  i/.  apply  a,  I,  n»  by  frobl  V.  or  withpot  fining  n,  do  thus^  T^ke  the  I)M^ 
rcnce  betwixt  Double  the  Sum  -and  Double  the  Prodoft  of  the.  Number -of  Tcfrtis'  by 
the  given  Extreme  j  divide  tWs  by  the  Dificrence  betwixr  the  Number  of  Terms  and  itsSquarej 

the  quote  is  the Diflference  foughjj  •aiqs,^=  ^^Z^j^"  =:  ^nlZV'    .. 

_  ,  \        .         .     i  2X6^— 2X  3X7        'i2*-T-42 

Example:  #=  3  .  »  =  7 .  x  =  ^3  ,  then  is  </=  a  = y^y  — 7 — =  40— 7  • 

D  E  M  o  N  s  T  R.    By  the  preceding  Rule  a  =f  ,— ^  ^^  ;  Sfltftfew  tbfe  wSmA  of  .# 

•  *     «• 

io  the  R«/«  of  Pr«^trY:  "ti^.  </  =  4^^;  thuj.  /  -r"  *:^  '-r*  •*■«,■  —  *»    >  ZTLkS 
when  /  is  given.  —       ^ 


♦■'  ^.       «         .      J I 


Co ROL L.    We  learn  here  bow  to  find  the  Sum'  oC  lbe-K«remes  by  roeam  of  tbc 
Sumipf  tl}c. Scrimp. aii(l.ibel)Jqmb6i£df'^^        ftiufc  ^k^lms^-p,  as ; wc  At  ii»^^. 

Having  the  Sum  of  the  Series  /,  the  Diflcreijse^^^  and  Niuqat^r.  of  Tcrmf  »,  To  find 
the  Extremes  a,  L 

Rule.    By  the  Sum  and  Number  of  Terms  find  the  Sum  of  the  Eztremesj  as  in  the 
laft  Corollary,  vtL.  «  +  /=  —  5  then  By  'J  an(J  n  find  the  Difference  of  the  Extremes, 

iOiz.'l^ii-=idx  W^(  Cor.  10.  »a*.  IV\ )  lA&ljy  hmtm  *e  Som^ 40* Sifipeaca  of 
the  Extremes,- find  the  Extremes  thus :  To  the  hrff  of  tb«r>  Sum  addl  half  cfae  DiAvaaGO» 
the  Sum.is  the Greatec finremc ^ Aftd . &W\  t\^^  W:  S^m  t^  tfeo  batf  Dificcep^,  the 

Refnainderts  the  LeflcrExtitoie;  ihm»  t^^^^-^^^^  fe«f  +  ' 

2  2  '»•  2  "^  * 

t-oftn.  thef  are  eqiial  to  thefe.  W  h^-^*-^'^'^''T-^\  ap« #»  V~i^**'^"-?  "" 
yhich  X?rcas  alio  the  R«Zf  may  be  expreflcd,     ...'.,   '     .,  ..   ..  ,     "^'^^ 


Demonstr.    Thelaft  PJrrtof  the  Huk  oritj  wants  to  fre  dernonffi-stted ;  and  be- 
caufe  k  is  t  general  Truth  of  frequeiit  Ufe.  Khali  pac  it  by  iskU.  in  the.  Form  of  a 

i»  £  iV  If  ^ 

Tbq  half  5ucn.o|^  twot>f umbers  lidded  tx>thflir  half  Difference  makes*  the  greatar  of  tbe 
two>  and  their  Di^rente  makes  the  ieffer  6f  the  two. 

Exampk:  The  Sum  of  two  Numbers  being  iJ,  and  their  Diffcrehce  n,  tbcfOfeifer 
©f  ihem  13  tS.= J..-+;^i  *"d  the  LefTer  is  3  =  9  —  6. 

De  Mo>M«Tiu    The  two^Numben  being  ^>  A  the  half  Som^  i»  -^^  yadd^Hilf  I>i& 

ss;     A  n  i|  i  n  ^  at.  — ,a=;/..   ■    .    ,- •         .      <       .         .   •  '       .       • 

Problem  XT. 


«  • 


Having  one  Extreme  d»  ot  I,  with  the  Sum  o^-and.  Diffinrence  d.  To  find  the  other  Eat. 
treme  /  or  a,  and  Number  of  Terms  n.  .  ,  -    , 

*  • 

RuL.s  1^  Eor  the  Extreme  Tougbt;  If  icTs  the  Lefletf  ii^tfacn  take  t]ie  Square  of  the 
Greater  Extreme  (A),  to-  which  add  the  Produa  oF  the  Extreme  by  the  common  EHfifc- 
fereo€«i  [^^'^  ^^  ^  this  Sum  .again  add  the  4^  PAi  of  ttarSqnm  <A  tfae^.&tffiNFen^ei 

(—  J  from  which  Sum  fubtradl  th«i  Pfodudl  of  twice  the  Diflferencc  by  the  given  Sunt 
ot  jthc  Series  (xJf),  out  of  which  Rjcmainier^^w*.*  /*-^flf/4*--  — a^//',   extradl  the* 

d 

Sqtiafc  Root  V  to  Which  Root  add  half  the  common  DIfFerencei  or  -  ;  the  Sum  is  the 


73 " 

Leflcr  Extreme;  thus,  41:= /*  +  <//+  T—ai// 


* .  2 


For.il|r..C«»Ter  .fiitreme  >  To  tbtf  Si^afe-  df- the  Leflfer  add  the  Produd  of  eke'  Simr 
into  twice  the  Dlfferente;  and  to  this  Sum  again,  add  the  4th  Part  of  the  Square  of  the 
DJOvaBce^'froqfTiwIkidrSiKA  fub.tra£t.the  Ptod^Qi  of  the  given  Ebmoome-  gnd  DifErcnc^v 
then  t^  the  Sqnare  Root  of>'the  Remainder,  from  whicb  take  half  the  Difference ;  theR&^ 

•■= ■ "  V'J '  ■ — If     d 

maiod^  k  -th^  Grdtf«Edttfedpier>  fiima  l^^  ak  .^2  •</*  *!*.**  ~  a  d^^  -^  -, 

D E MX) N ST  lu  By  Fftfi,  7.  /'=  ^ 4-'i/«i  — /,  and  by  Prcb, 8.  »=  '^jn*    fiibltitute- 


ij*  -  ^ *tr  ^JTl„,yj ^"ss/;-  Moltiply  borfr  by  A-f-/,  and'it-is  if  ji-f*«/H?«\i%Ji— » 

ir</— a[/=*  +  W.  Subtrad  it  /  from  both,  and  it  is  #4+  2/f/-^^</— <//=/*.  Add- 
if  ftp  botb^ifci>>w4y.2<^f '^iii<te=^'  "t*^^^  wherefore  (by  Prrfr.tJ.  Ch^$  §,2;.  a^A^iUl). 

Agaffl}, 


73 — nf     ^ 


A*+  2  </^  +  -: —  adf  — - .  which  is  the  Rule  for  /.. 
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Affdni  By  Pr**,  Vn.ii=/— rf»+i4tnd  byPfrf.VIIL  n^^np  thc«fore#  a/^ 

jT^Tj  +  'i  whereby  wecocne  toth»,  4«+''^''+^'^^'^+'^+''*  Taketwiy 
ah  aodaUbn  i/frotnbotb^  then  tf»-r«i=a:A— i^i/f+i/A  and  {hjVr§i.6.€bVi.^i\ 

Book  ni. )  tf=^+^/+^-2i//)*+  ^,  the  Rule  for  ^. 

'ExMwpU:  tf  s=3.j=53.i/=5a.  then  is /ss  rv.  for  41*  =  o.  2i//ss  ax 2X^2 s 
^ja.  — =i.^rf  =  6.  fo  that>»*-f- 2rfx+  — —  jfi/=:9-f.ay2+i~<ssai2-. 
£s25d.  whofc  Square  Root  is  !<;.  fiom  which  takc-=x;  The  Remainder  is  k  =s /. 

a.  For  the  Number  of  Terms,  n:  If  ^  is  given,  then  from  twfce  the  leflcr  Extreme, 
i^M)  take  tbe  Diflferencc  {i)\  divide  the  Remainder  (2£—d)  by  the  Difierence:  Then 
take  the  4th  Part  of  the  Square  of  this  Quote,  to  which  a4d.  die  Quote  of  twice  the 

Sum  {2t)  divided  l^  the  common  Difference  C^J  i  Out  of  Aat  Sum  (^  +  -  rf 

2iS  — A  V        .    4 

the  Square  of  — j — J  extraft  the  Square  Root  j  from  which  take  half  of  the  Bift  Quote 
( y;».  -of  — J — J  i  the  Remainder  is  the  Number  of  Terms  fought:  Thus,  fcrtevij, 

If  /is  given.  Take  the  Sum  of  twice  /  and  J,  which  divide  by  i(  and  caO  dusQoote 
*/=s^  J     Ji  from  the  ;j  of  the  Square  of  this,  fviz.  — ^  take  ^^  and  axoA 

xhe  Square  Root  of  the  Remainder  vfe.  —  —  ^\^.,  Take  the  Sum  or  Difference  of 


this  Root,  and  -,  and  one  or  the  odier  is  the  Number  of  Terms :  Wlirch  Ruk  is  ex- 


*    .  "F 


jwfcflcd  thus,  «  —  J  dr  —  —  ^ 


* 


Demon.  Bjr  Frtb.  6.  •«— ^,  aod  (b^ Pr,*. j.)  /aa^^~**    Hence  /--i+rf 
«ii:Z-f-,+/«i£Zlif»±2i.  CoBfequcndy  ,==  ( '-]'^f)^^=^. 

Multiply  both  by  -4/,  and  it «  •»^=a,-.2*,^,^.  ^  ^^^^  ^  fubtnA  Wftom 
both,  and  we  have  »»i+a*»— »rf=!»/.    Divide  etch  Member  by  J.  todkki^^ 

^^p^  X  »  =  y.    And  callingi^^=*,  ft  i,  i,»-f.*,=^.    whence  fbyIV**.tf. 
Ob^.s.  5.1.  B.m.)  we  have  ■=7+^*— |.  Ae  Rule  for  »  when  m  it  given. 
jfgshti  By  P«*.  9.*=*-i~-*.   Hence  /~^=y— V--^»-.fa-»<+fa_a&>-J^j 

^^  ^P  ^^ 

jljeni— #+</=!— ~-^'4-rf=;  ^  *~i^       **a»  above;  therefore  ».(=»^rjTT 
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as  above)  =  ^r    'T"""^-^'    M«Wpljr  bodi  by  nd,  and  it  b  nnJ^s^i In— 2s -f^^ j 
add  2/>  and  then  fiibtrad  nnJ  from  both  Sides^  and  we  have  2/=s2/»4"^^~^^'. 

«rf  (bjr  Prtk:  6.  Cb^^Vi.  %%.  B»* lit)  n^'±^ ""^r'  *«  ^"^^  ^  *  '^eo  '  » 

given:  '  "  -   v    ...•...-.    . 

Scholium.  Thefe  Rules  are  tedious  both  in  the  Inveftigation  and  Application:  But 
Acre  is  another  Method  of  folving  the  Problem*  which  tho'  it  is  only  by  Trials,  yet  it  pro- 
ceeds dircfily  and  certainly  tp  the  Anfwcrj  and  is  radicr  cafier  than  the  former  Work,  and 
therefore  I  Inall  here  eaqpla|n  it. 

_  ^-  Another  Rule. 

By  Pfrf.  I.  raife  a  Series  from  the. given  Extreme  and  Difierence;  and  take  the  Sum  of 
the  Series  gradually  as  it  riles,  continuing  this  Operation  till  the  Sum  is  equal  to  the  given 
Sum;  and  ^e  Series  fo  raifcd  will  fhew  both  the  Number  of  Termsi,  and  the  Extreme 
fought;  which  is  ttie  laft  Term  found  in  the  Series. 
The  Reaibn  of  this  Rule  will  be  obvious  from  one  Example .    Suppofe  a:ss=A.,  ^=3, 

' .  ^  X  =  91.    In  the  anne«  Operation,  you  fee  in  the  upper 

j^  *  j_  i  _L  ^         Line  the  given  Extreme  4,  and  the  DifFerenoc  5  conti- 

nually  added.    In  the  fecond  Line  are  theTerrhs  of  the 
Progrcffion  formed  by  that  comimial  AdAtipn;  and  i& 


4.     7:   10.   13.    i6,"i^.  22 
4.  II.  ai.   34.  50.  dp.   91 


t  the.  third  Line  are  the  fcveral  Sums  of  the  preceding  Se- 
ries taken  continually  from  the  Bq;inning,  by  addiiig  the  next  Term  to  tic  preqdding  Sdm. 
Whence,  we  iee  in  the  prdent  Examfle,  t\m  the  ^reme  fought  is  22,^  and  tm  Number 
ofTcrnur7.      -  --     ■  '  ''         T  1 

Ohferv§,  That  the  TediouCiefi  of  this  Medwd,  wheo  the  Number  of  Ibe  Tertns  is  gr  •ar, 
may  b^  relieved  by  the  following  Means,  w.  Take  any  Number  fori»  at  ajguefe,  (in 
whkh  to  prevent  being  too  wide/ of  the  Truthi  have  a. regard. to  the  jivcn  |^umbesj- 
dicn  by  this  Number  », -with  the  pvcn  ^and  ii  or  if,  find  the  other  Extreme,  and  the 
Sum;  and  if  this  Sum  diHefs  from  that  riven,  begin  at  the  Extreme  hft found,  and  raife 
a  Series,  incrcafing  or  decreafing,  as  the  Cafe  requires,  till  you  find  a  Sum  equal  to,  the  gi- 
ven one.  For  Example:  Suppofe  a  =3,  4/==  4,  x=4o5;  Igotefi  »=ia,  and  herebjc 
find  /=47  (=4;x  II  +  3)  ^  '  =? .300  (=5!=F3  x,(J)  ^  whicfe  being  lefi' than  ao6,1 

begin  at  47*  and  adding  the  Diflejence  4  till  th^Supi  is  equal  to  lod,  I 
47+4+4  ;[    fipd  that}  this  happens  upon  addtflg  that  Dififcrence  twke,  i.  e.  that  two 

Terms  more  whh  the  47  make  the  Sum  given';  whence  'tis  certain  that 

14  is  the  Numbe^  of  Terms,  (fqr  diere  were  iz  to  bring  it  to  47,  and 

2  now  added^  and  ^ ;  the  greater  Extreme.  . 

;        ,  S  CHO  l-,I,;U  MS. 

,i'  ■  ■"  ^  •  '  -       •  . 

I.  For  Ac  more  convenient  and  ready  Ufe  pf  the  jaft  fevcn  Prrffcwi,  We  fliaU  put  them 

u^/c.  *?'^-  **^  *^  ,"^*y  aPPca"^  in  one  View;  cxprefled  fimply  by  their  Charafters, 
whole  Signification  I  (hall  repeat:  -         ,    .        . 

^  =»  leOer  E»eme.  n  =  Nuoyber  of  Terms.  $  =  Sum  of  the  whole 

'= greater  Extreme.  i/=  the  common  DiflFcrence.  Series. 

•  .-.        ^  .      .  .  .        ' 
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2.».  .     »« 


SljlPf.f/r.liM  .  « 


I       The  Sohicioct  cM''  this  is  fcy  raifira  a  teicB  firbBi.  tfa»  givtn  ExBCBe 
with  the  given.  DifieMnce,  tilt  tt^  &itn.  ii  o^ai  to  tftat  ctvtn. 


t>Fi  f  <|»,.y|iniiiwfrTr— ^^w  "-     n»^wN-   w^'iii  iiHPi*  f^Tiwiw 


^^^ 


It  AiccorcHng^  as  the  jrivep  things  in  any.  of  the  preceding;  Ytohhms  arartrofen  or  rehtd 
ip  another,  f6  Will  ch^  'frohhvk  be  ^»(4Wte-or  irfi^uilSle':  For  kny.  three  Numl!>ers  taken  at 
hwutotn  wiH  not  make  a  pojXiWe'/^a^ftjw  <)f^"6^c^'q*;  r^^^  of  fbniei  if  viHJ;  becawft 

mere  ace  gartfcubr  Relatioos,  Within  ccrrairf  Linms^  ^^'ftfc;;h  tbe  ^yeip  Nutlibers.muft  have 
to  one  another  m  ipoflr  of  rheffefyvjfowr^fe^thatitk^y  niaj-be  pcSfiW^ 
dhree  given  things  tpa;  betong  to  the  feme  Prog^cfflon.  Tb't;  OP'^^ffi^iWty  or  itopoflibility 
wilt  appear  by  applying  the  Rules;  fbrif  ihc  given  N^bers  Ve  ihcbftfiftent,''o«eorcnope 
of  the  things  fought  will  be  found  fmpoflSblo,  by  frinte  AbRmftry  that  will  appear  in  apply- 
ing the  given  Numbers  to  one  another  according  to  the  Rute. 

But  now  if  you  require  how  te^  iwwrj^^tlted  Ajftfoifs  ^onfiftent  with  one  another,  to 
make  Data  for  any  of  thefe  Froblems-^  it  may  be  done  either  of  thefe  Ways ;  vist. 

r.  Take  any  «wo'  Knoabera  whawvw  for>  *s'^,  m^  inf  ftic«ger  gtoatcr  than  r^  for  »; 
and  by  i^e  tphree  (find  A  f*f  and  thus  you<  h3^6  ^e  things  all  bebngtc^  Kh  one  Troffrsffiim^ 
out  of  which  to  chufe  any  3  for  Data  of  a  Problem.  Th^  j^aalibii  ofsbiB  Rule  is  plainly 
thus:  That' from^  «ny  Number  a  we  imjf  paiffr  a  9i>offr9ffi6»  with  any  i>iflbrance  ^ to  any 
Number  of  Terms^  we  pleafe.  '  .   j  '  .•  *-- •  ..>. : 

2.  Or  take  any  tW9  Numbers  for  a,L  fo  that  a  do  ngt  exceed  /;  and  any  Integer  greater 

than  i  for  n,  ana  by  theie  find  d,  s.    The  Reafon  of  this  is>  that  betwixt  any  two  JNum- 

I  bers 
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bcrs  a»  t  any  Nambrt  of  Arithmetical  Means  nia:y  be  placed^  as  has  been  flie'wn  in  Corol 

to  froh  5*  '   » 

3.  Thcrcfonc  ff  u,n,d»  or  »,  »,  /  are  the  Terms  to  be  'invented,  we  can  find  them  by 
themfelvcs;  and  if  any  2  of  thefe  3,  fas  a,n,  a^d.  n,d,  a,  I.  n,l.  d,l)  with  any  other  Term 
[except  tint  <sat  Caft-dii^i]  are  10  be  infeoted.  we  can  £nd  them  without  finding  all  t^e 
5 ;  yet  one  of  the  two  thtnes  DOt  required  maft  be  fcKmd :  for  we  muft  rake  either  s,  n^  d, 
or  a,n^  /«  add  by  tbem  fkid  the  other  T«rm  to  ht  invented.  But  if  d,  I  an^  s  are  to  bt 
invcnteis  we  nuift.find  all  the  5  by  tneans  of.a,n,d,  or  a,4fsl 

Bit  agin^  it  imay  be  required  (o  in>D9at  tiie  three  things  xx>  be  ^WtA  in  each  of  thd% 
TfoUemt,  without  the  Invention  of  any  of  the  other  two^  which  by  the  Rute  fiow  given 
cannot  be  done,  except  when  A,n,d,  or  4i^nJ^t  to  be  giveki.  For  this  you  have  Roles 
in  what  imtDcdiacely  ^lk>ws«  when  it  is  poffible  €o  be  done. 

ili  In  the  preoedEbg  Brnhlam^  up  kls  chan  three  tilings  a-re  neceflary  to  be  known,  to 
make  each  of  them  determinate  to  one  certain  Solution :  But  If  wo  iuppofe  only  two  of 
cbe  five  tfunp  co  be  j^voi  fat  finding  t^e  other  threie;  theA>  of  fuch  Pr^Memt,  fome  will 
be  indesereninate,  and  ha^e  an  infinite  Number  of  Solutions,  /.  e.  we  can  fkid  an  endlefi 
Variety  ^  Numbers  for  tlie  thMe  things  fought.  Which  will  a4t  fatisfy  the  Frol^lem :  Alfo  of 
thefe  indeterminate  Frohlems,  fome  will  be  abfolutely  indeterminate  as  to  fome  of  the  thingi^ 
fought>  io  that  any  Number  whitei«r  may  be  affiiflaed.  Gut  ortiers  of  the  thin^  tbugbc 
[»d  in  fome  of  thefiit  FroUnm  all  the  chitt^  fpaght]  muft  be  caken  within  certain  Limits, 
which  neverthelefs  admit  of  an  infinite  Variety  of  Soiiitions.  Again  5  Others  of  thefe  Tro^ 
item,  whcrtin  only  two  thin^rs  *«?  given,  will  be  detcwnimrte  to  a  certain  Number  of  So- 
bnosB,  afccerdiag  to  the  diiB&rent  Ctrcumftonces  arid  Relatiom  of  the  two  given  things; 
fior  tisene  wiU  be  one  or  more  Sdhsctons>  as  thefe  Ctrcumftances  dii&r. 

Of  aft  thefe  Probkms,  liukfermmate  or  i^termnatt,  there  arejuft  10;  becaufe  t4iere  are 
joft  ft)  mativ  difibrent  Choices  of  two  things  to  be  found  in  five.  Thus;  the  five  things 
being  MiI,JirM»t,  the  Choices  of  a,  to  make  Dsta  of  a  Problem,  are  thefe;  a, I.  a,d.  0,1$, 
a,s.  l,d.  l,n,  /,/•  d,$$.  d,s.  nrS.  Of  .whicb  there  are  6  that  aie  IndsSenmnMU,  <and  4  2^ 
terminate,  , 

J.  3.  Containing  Problems  cofuerning  Arithmetical  TrorreJJtons^ 
nsAerein  two  tilings  only  are  given  to  find  the  other  three. 

TH  AT  I  may  deliver  the  Rules  and  Demonftrations  of  the  fisUowing  trobkms  in  the 
moft  fihiple  atid  eafy  manner ;  and  diat  you  may  underiland  them  ari^t,  take  thefe 
few  pevious  Mplanattofts* 

I.  Tho^  I  have  {hewn  In  moft  of  the  folfowing  Protlems,  how  to  find,  by  mfcaos  only 
of  the  two  ^iven  thii^s>  any  one  of  the  three  things  fought ;  yoi;  are  not  to  underftand  ir^ 
as  if  aU  thefe  three  Rules  were  to  ^e  applied  in  the  fame  Solution,  i.  ^ .  as  if  three  Num- 
bers found,  one  by  each  of  thefe  Rules,  might  be  taken  for  the  Solution  of  the  ProUem-y 
bacasfe  tbera  being  a  Variety  of  Soluiiuns  foi  xach  of  thefe  three  tMngs,  any  one  Solution 
for  each  of  them  will  not  make  a  Connbination  that  can  folve  the  PrMem ;  for  this  plain 
ReaPjn^  c;/i&.  when  any  one  right  Number  is  taken  for  any  one  of  the  three  unknown 
things,  this  with  the  two  given  things  determine  the  other  two  things  fought,  according  to 
the  preceding  Prot/pwy,  which liave  but  one  limited  Solution  ;  fo  that  we  cannot  with  any  one 
Solution,  fbr  one  of  the  things  fought,  join  any  one  of  the  Splutbiis  for  the  other  two 
things  J  thefe  being  now  determined  by  the  Solution  which  we  have  chofen  for  the  former 
one,  together  with  ihe  two  given  thit^ :  therefore  the  particuhir  Rules  for  the  difiereot 
thino^  fought,  are  to  be  underAood  only  as  Steps  in  fo  many  different  Methods  of  folving 
the  Ume  Problem  ^  which  are  to  be  applied  thus :  By  the  two  £iven  things  jand  any  one  of 

112  the 
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the  unknown  thing$#  according  to  the  Rule  ^ven  for  it ;  then  •take  tbo  thing  .now  found» 
with  the  two  given  things  ^  and  by  thefe  three  find  the  other  two  tnings  Toueht^  by.  that  one 
of  the  preceding  ProbJems  where  thefe  three  thing|$  are  given :  B}xt  the  Rw:$  for  thefe  are 
fet  down  along  with  the  other. 

Z,  As  any  three  things  taken  at  random  couU  not  make  the  preceding  Tr^lems  poflible> 
fo  neither  here  will  any  two  Numbers  make  any  of  the  foUowine  Fr0b7ems  poffible;  there 
being  certain  Limitations^  in  refped  of  one  another*  under  which  they  muft  be  taken  in 
fome  Proilemss  tho'  not  in  all.  That  we  may  not  encumber  the  Prokkms  with  thefe 
diing^^  I  (hall  here  explain  thefe  Limtutions  where  tfaey  ought  to  be,  and  (hew  where 
there  are  none.    Thus: 

a  has  no  Limitation^  and  may  be  any  Number  whatever,  and  eveno. 

/  may  be  any  Number  whatever>  if  it's  not  Ie&  than  a  or  d»  nor  greater  than  ; ;  but  has 
no  Limitation  with  refped  to  n. 

■  i  may  be  any  Number  whatever  not  exceeding  /  or  s,  or  it  may  ii&>  be  o ;  but  has  no 
Limitation  with  refpedl  to  «  or  n. 

n  muft  be  an  Integer  greater  than  i ;  and  tho'>  ftridly  fpeakiag*  there  is  no  PtogreiSoa 
without  three  Terms,  yet  we  fhall  here  allow  of  two  Terms  as  tl^  fmalleft  Progreffion. 

s  may  be  any  Number  whatever,  not  leis  than  «,  or  4/,  or  /^  but  has  no  Limttsitbn 
with  remed  to  n. 

The  keafon  of  theie  things  is  obvious  from  the  Nature  of  a  Progreffion,  which  may  be- 
gin with  o,  or  any  Number,  and  proceed  by  any  or  no  Difference  ^  and  may  confift  of 
two  only,  or  any  other  Number  of  Terms. 

Now  in  all  the  following  Problems  it's  fuppos'd  that  the  two  given  thin^  are  confiflent, 
according  to  theie  Diredions  ^  and  for  the  Limiutions  exprefled  in  the  Rules  for  finding 
one  of  the  things  fought,  they  do  not  only  comprehend  the  Conditions  now  mentioned, 
but  fbme  of  them  contain  more  ftrid  ones,  becauie  regard  is  to  be  had  to  the  reft  of  die 
five  things.  And  in  the  Reafon  given  for  thefe  Rules,  the  general  Conditions  now  men- 
tion'd  are  frequently  fuppofed ;  which  therefore  muft  be  always  in  view,  becaufe  £uch  fimj^ 
things  need  not  be  repeated*  unlefi  where  there  is  any  danger  of  Obfciujty. 

3.  As  to  the  Method  of  inveftigating  the  following  particular  Rules,  I  fliall  here  give 
you  a  general  Account  of  it,  that  I  mav  fave  the  repeating  of  the  lame  things,  as  oihci- 
ways  would  be  necefliry  in  the  demonuratlng  of  each  of  them. 

In  the  firft  place,  they  depend  upon  the  preceding  Problems,  and  oxt  idi£:oveGed  thus :  I 

take  that  one  of  thefe  Problems  m  which  are  given  the  two  given  things  of  the  prefcnt 

Problem,  and  that  one  of  the  three  things  fought  that  I  wouMnow  ftrft  find;  then  bf  the 

Rules  of  that  Problem  for  finding  the  remaining  two  things,  I  difeover  what  Litnitations 

that  one  I  would  now  find  lies  under  with  refped  to  the  two  given  things,  that  thefe  two 

remaining  things  may  be  poflible;  and  then  I  conclude,  that  the  thing  I  feek  being  taken 

within  tms  Limitation,  it  belongs  to  the  fame  Prosreflion  with  the  two  given  things^  and 

is  therefore  a  true  Solution.    But  more  particularlv ;  Suppofe  a,  I  are  etven,  and  1  would 

ftnd  f ;  I  go  to  the  preceding  Prob,  6,  wherein  a,ht  are  given;  and  there  the  Rules  for 

2s                         A  —  a^  * 

finding  »,  d  are  thefe,  n  =  '-^::y  *nd  d  s=     ^ ^ ^    And  here  to  make  n  poffiHe,  it's 

plain  that  2/  muft  be  Multiple  of  if-j-/,  becaufe  n  muft  be  an  Integer  greater  than  i ; 
and  the  fame  Condition  of  /  will  make  d  podible;  for  fince  a  does  not  exceed  /,  there  is 
nothing  to  make  it  impoflible,  but  4-f-/  being  greater  than  2x;  which  it  is  not,  iiF  2x  be 
a  Multiple  of  ^ +'•  Therefore  if  s  is  taken  fo,  as  2  x  be  a  Multiple  of  ^-f-'*  [p^  ^'^^^  *^ 
we  take  for  s  any  Mulriple  of  i»-f-/;  from  whence  certainly  follows  that  2j  is  a  Multiple 
of  <«+/]  any  fuch  Number  folves  the  Queftion  for/;  that  is,  s  fo  taken  with  4,/,  Ijebng 
to  the  fame  Progreffion.  For  if  they  did  not,  «,  d  could  irot  be  found  by  their  Means,  ac- 
cording to  fuch  Rules  as  have  been  difcovered  and  demonftratcd  upon  that  very  Suppofi- 
tion«  that  all  the  five  things  do  belong  to  the  fame  Progreffion.  Thia 
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Thjs  manoisr  of  drawing  the  Conclufion  you  are  to  ruppofe  ;n  all  the  following  DeoQop- 
ftrarionsj  which  I  (hall  never  again  repeat;  but  only  flicw  you  how  that  the  Number 
fought  bdug  taken  according  to  the  RuIcj  is  confident  with  the  Poflibility  of  the  reiriain- 
ing  two  thin^  to  be  found.  In  doing  of  which,  I  have  frequent  Ufe  for  this  Frincifk, 
vfz.  If  one  Number  is  equal  to,  greater  or  lefler  than  another,  any  Multiple,  or  aliauot 
Part  of  the  former  is  alfo  equal  to,  greater  or  lefler  than  the  like  Multiple  or  aliquot  Part 
of  the  other ;  which  being  to  very  fimple,  it  will  be  obvious  in  the  Places  where  I  ufe  ir> 
and  therefore  I  (hall  not  again  repeat  it. 

H^e  come  now  to  the  Vrobletxis,  tohereof  the  firfi  fx  are  Indeterminate,  and  the  other  four 
Determinate;  and  mind,  that  the  Problems  here  referred  to,  are  thofe  of  the  freceding  §. 

Pros.  XII.    Given  a,  1,  to  find  n,  d,  s. 

I.  For  n.  Take  any  Integral  Number  greater  than  i ;  you  have  the  Reaibn  of  this  in 
the  preceding  Scbolinm  i. 

a.  For  J.  Take  any  Number  fuch,  that  —j—  be  an  Integer,/',  t.  take  any  aliquot  Part 
of  I— a.    For  by  Frtt.  6.  «={:zf  4. ,,  and  »=  4/+ ^/-fA— ^^  Whichareboth 

poffiUe^  2$di$  takea;  becaufe  n  being  an  Integer,  -^^  muft  be  fb;  and  if  we  divide/—- if 

by  any  Integer,  and  call  the  Qtiote'i/,  the  fame  1/ dividing  /^— n  will  return  for  a  Quote 
the  former  Integer ;  therefore  any  Number  d,  which  is  an  aliquot  Part  of  / —  a,  makes 

-^^^-^  an  Integer.     As  for  /,  it  requires  only  that  /  be  not  lefs  than  a,  which  is  the  general 

Coodidsn. 

3.  For  /,  take  any  Multiple  of  ^r-f*/,  or  the  half  of  any  fuch  Multiple.    For  by  Frok  8. 

g«=   ^Ij,  and  </= — ^  .;  which  are  both  evidendy  poffible^  as  ^  is  limited. 

P  R  o  B.  XIII.     Given^  n,  d,  ta  find  a^  I^  s. 

1,  For  4,  take  any  Number,  or  even  o.    The  Reafop  is  fliewn  already. 

z.  For  /,  take  any  Number  not  le&  than  dn — i.    For  by  Pr»*.  7.  assl-^dn^^ii 

and  s  =!. "^ — '.    The  former  contains  the  very  Conditions  of  the  Rule,  and 

the  other  requires  only  that  xln-^-dm-be  greater  than  di^,  or  2 /-f*^  greater  than  dn.  But 
if  /  is  at  leaft  =i/ji — d,  then  is  zl-^-d^idn-^zd-^d^idn-^dy  which  is  greater 
than  dn,  becaufe  9  is  at  leaft  2.  - 

3.  For  /,  take  any  Number  greater  than  ^2lz:j£?.  Vr.rUyv..L  .^  — is-^-dn^+dn 

.2  zn         ' 

J   ,      2X-+-</»*  —  dn     vT        -r      •  1-       dn^-^dn     , 

and  /=  — I———. .    Now  if  x  is  greater  than  ,  then  id  is  greater  than. 

dn^ — dn,  and  xs-^dn  greater  than  dn^'^  which  evidently  makes  a  and  /  pofSble. 

pROB.  XIV.     Given  a,  n,  to  find  1,  d,  s. 

1.  For  /,  take  any  Number  not  lefs  than  a ;  the  Reafon  is  fliewn  above; 

2.  For  d,  take  any  Number  greater;  the  Reafon  is  difo  fliewn  above. 

3.  For 
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}.  For  /,  take  any  Number  greater  than  an.    For  by  Frbl.  9.  /^=a   ■    ■     ■  ^  aad^fcs 


2f— i4»« 


The  Reafon  of  the  Limitation  is  plain. 


P  R  o  B.  XV.     Civen  1,  n,  to  find  a^  d,  s. 

1.  For  £,  take  Oj  or  any  Number  not  exceeding  /.    The  Reafon  is  fliewn  abov«. 

2.  For  A  take  any  Number  not  exceeding  ^^Zl'     ^^  ^Y  ^''^*'  7'  «=' — ^»— !• 

tihd  s  = .    In  the  former  dn  —  x  muft  not  exceed  4,  nor  confequemly 

muft  d  exceed .    In  the  other,  %ln^dn  muft  be  greater  than  dn^^  hence  a/greaC" 

cr  than  dn^-^zdn,  or  ^»— ix»i  which  is  true,  if  d  does  not  exceed  ^ ■  ^  ^     for    thea 

dn—i  does  not  exceed  /,  and  confcquendy  ^i  —  i  x  •  does  not  exceed  /»i  Wherefore, 
laftly,  a'«  b  greater  than  i^» —  i  x  9,  as  was  required. 

%.  For  J,  take  any  Number  lefe  than  /  »,  but  not  lefi  than  — ^  for  by  TrobL  IX  J ^ 

^{»~^/   «ndif  B  ^"^     :  The  former  reduires  only  that/ be  lelst}um/#>  andtbleodier 
w*  —  »  » 

iff 
that  2  X  be  not  lefi  than  /  «r,  or  /  not  lefi  than  — . 

Probi..  XVL     Given  a,  d,  to  find  n,  1,  %. 

1.  For  «,  take  any  Integer  greater  Aan  i. 

2.  For  /,  take  any  Number  fo  that  — y-  be  integer  j  1.  f .  take  any  Multiple  of  <t  and 

add  if  to  it,  the  Sum  ft  /j  for  by  tfobl  VI.  »=^'+ 1,  and  x  =  ^^"f^^+»-^ 

The  Reafon  of  the  Litnitation  is  pJiiti. 

\  For  /.    This  cannot  be  found  wkhout  firft  finding  fowe  of  the  former^  bccarfc 
ttM.  XI.  whofc  Data  are  a»  d»  /,  aflfords  us  nothing  for  this  purpofe. 

Probl.  XVII.    Gito»  'n^  s^  to  find  a,  I,  d. 

I.  For  if,  take  o,  or  any  Number  lefi  than  - ;  for  by  ^oVl.  IX.  / 1=  «"■  and 

•  ^^  ilZllflt,  which  require  only  chat  2  4»  be  lefi  than  xt,  or  49  lefi  than  s,  and. 


f 


laftly,  n  lefi  than  j. 

2.  For  /;  take  any  Number  greater  than  j,  but  not  exceeding  -- j  for  by  PrM  IX. 
d  =     ^ „  '»  and  4  =  — - —  J  the  former  requires  that  /  »  be  greater  than  s,  or  I 


$  2  s 

greater  than  -j  the  other  ^hat  i»  do  doc  «ceed  la  f^  or  /  hoc  mctti  ^. 


3' 


For 
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3.  For  J.  Take  any  Nainber  lefi  Aan  -r^i  ^^  by  FroS.  X.  /=  iii^SlZli?, 

and  J  =  * — 4  the  lift  of  which  putt  the  narroweft  Limits  upon  d,  vi»,  thajl 

^s^Jm  be  greater chatt  d  n^  or  2r«greaoer  thaa  dw^^^dn,  and  confisqaemly  ^  greater 

tiiaa r ;  which  is  the  Cofldidan  of  the  Rule. 

2       ' 

Scholium.    This  Frohlem  i&  in  ei!e6i  the  fame  as  this^  vis&.  To  divide  a  certain 

EVen  Ntttnber  (V>  iiito  a  givera  Number  of  Parts  (»)*  fiicb  that  thcfe  Parts,  from  the 
aft  to  the  greateft,  make  a  Progreffion  ArHbmetkat. 

P  R  o  B  L.  XVIIL     Giwn  a,  $,  ti  find  J,  n,  d. 

1.  For  /,  Take  any  aliquot  Pan  of  2  x,  i.  e,  divide  2/  by  any  Integer  lefi  than  itfelf, 
(d  that  the  Ouote  be  greatef  ihan  s,  and  that  when  a  is  taken  out  ot  it  the  Remainder 
may  not  be  lefi  than  ^^  that  Remainder  may  be  taken  for  /  j  and  in  (vder  to.thi»  Solution 
begin  with  2>  and  try  all  the  Integers  from  that  upwards>  till'  you  come  to  one  which  an- 

fwe»  the  Role.    The  J?m/mi  is,  becauie  1^  TrobL  VUL  n  =  ""ir?*  and  rf=  — ^ 

of  ^^ch  the  former  plainly  reouires  the  Limitation  of  the  Rule^  and  the  other  is  evident^ 
Iv  poffible  upoa  the  iame  Conditions.  And  laftiy>  otjerve.  That  there  can  be  no  more 
oofuuons  in  this  Method  than  there  are  Integers  le^  than  2  s,  which  (atisfy  the  Rule. 

2.  For  n.  Take  any  fuch  Integer  that  «»  be  left  thaii  s,  $,0,  cafec  any  Integer  greater 

than  I,  but  lefi  than  --:  for  by  Probl.  IX.  /=        ^    - ,  and  d=:       ~    ^    :  which  re- 

S 

quire*  only  tbat  ai  ir»  be  le6  than  7,f,  6f  an  leis  than  s»  or  » lefi  than  — .  And  oifirve. 
That  here  the  Number  of  Solutions  are  determined  to  the  Number  of  Integers  that  are 
leis  tbaer  "^^  and  greater  than  i. 

3.  For  d,  Ic  cannot  be  found  till  fbme  of  the  other  two,  /  or  n,  is  found. 

Probl.  XIX.     Given  1,  %  to  find  a^  n,  d. 

1.  For  if.  Take  any  aliquot  Part  of  2x,  i.e.  divide  2s,  by  any  Integer  greater  than  r, 
but  lefi  than  itfelf,  and  fuch  alfo  that  the.  Qioc&bft  gi«ater  than  /,  and  that  when  lis  taken, 
out  of  the  Qiiote,  the  Remaifider  do  noe  accced  f ,  that  Reoiainder  may  be  taken  for  #. 

The  ^afin  of  thefe  Limitations  «&  diat  ^s=s  -377*  and  rf=.  — t  (ProU,  VIII.) 

and  the  Solutictas  are  limited  to  the  Number  of  Ine^ers  that  fatisfy  the  Rule,  which  it'» 
plain  cannot  be  infinite. 

2.  For  j»>  Take  any  Integer  .greater  than  x,  and  fuch  that  n  be  greater  than  y,  but  lefi 
than   -y,  becaufe,  by  ProU  IX.  a  =  — '^f-^*  and  d=;  "J!~^^:    The  firft  requires 

2  X 

only  that  2  x  be  greater  than  /  »,  and  confequently  -y  greater  than  n  j  the  fecond  requires 
only  that  /  xr  be  greater  than  x,  and  confequently  n  greater  than  y,  fo  that  the  Number  of 

Solutions  is  as  many  as  the  Integers  greater  than  -j  and  lefi  than  ^. 

3.  For  d.  We  cannot  find  it  till  ^  or.»  are  firft  found  Probl. XX 


• 


24.8  Anthmetical  VtG^K^oTi.  Book IV, 

Pros.  XX.    G/vrad,!,  tofindi^^^s. 

Here  t  cumot  be  fbuod,  till  4  or  «  is  fbundj  and  thde  mar  ^  b*^  f<""^  tmtfaer  in 
one  Operation.  Thus :  Take  any  Number  not  exceedine  U  and  fuch  alio  that  it  oe  equal 
to,  or  fome  Multiple  of  J,  (by  trying  all  the  Multipla  t»  d  from  id,  which  will  not  ex- 
ceed I) ;  then  is  n  — 1  =  1.  ifthe  Number  ailutned  is  s^d:  But  if  it's  a  MuUple  of  i, 
the  Multiplier  is  =  m  —  t  ;  and  the  Remainder,  after  the  alluined  Number  is  taken  froai 
I,  is  =j.  

The  Rcafon  is.  Becaufe  by  Vnh.  7.  «^/ — dv.» — tj  where  if  ^xs —  t=A  then  it 
n —  1  =  1  J  otherwile,  if  ^x*  —  i^xmd,  then  n — i:=Mt. 

PaoB.  XXI.     GivendyS,  tofinda,*,]. 

Here  neither  s  nor  1  can  be  found  till  «  be  known  j  which  may  be  found  thus:  Tilce 

anylnt^rgreiterthan  i.andfuchallb  that  »» — «  be lels than  ^ j  for  by  Proi.  10.  «  — 

^''^'^*~^'"',  and  /  =  ''+^^*~^*.  By  the  firft  it  follom  that  dmn  muft  bcicfi 
than  is-\-d»-y  and  uking  dn  from  both,  it  foUowi  tbttWv* — da  mull  be  lets  it;  lod 
laftly,  (dividing  bodi  by  d)  that  nn  — »  mull  be  lels  than  ^.  The  aher  Part  /  is  evi- 
dently poflible.  with  the  fame  Limitatioa. 

Cmff-ji/ Corollary. 

It's  now  manifi^j  how  by  thefe  laA  ten  Vrablemi  we  can  invent  aay  ditee  thing)  that 

Ihall  make  any  of  the  fortner  fcven  FroHens  poQible ;  and  that  after  various  mantten.  by 

taking  any  two  of  the  thrcc>  under  the  general  Conditions  j  and  then  with  thele  two  fiudiDg 

the  other  one,  by  tiiat  one  of  thele  laft  FraUemt,  wherein  thefe  two  things  we  {treo. 


CHAP. 
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CHAP.     III. 

Of  Geometrical  Proportion. 


i 


J.  I.  Containing  the  more  general  1>offrine  common  to  hoth  Con- 

jun<a  and  Disjund  Proportionals. 

Obferve*  U  aO  tb^  follows,  I  mark  thfe  Words,  Geometrical  Proporrion,  and  Gtomttxi- 
cally  ProportionaL   h  this  : :  1^  and  ibeWirrds  Continued  Geometrical  Proportion  bj  this 

Again  ;  JVhon  any  Axioms  ate  ciUd,  jou  are  to  nnderfiand  the  Axioms  at  the  End  of  Chap,  i . 
of  ttis  Book  'y  and  citing  any  of  the  general  Corollaries  there  alfo  e^flained,  1  mark  them 
thur,  g.  Cor. 

Probi^emI.  ' 

Having  three  Numbers  given^  to  find  a  fourth^  ::L 

RvL  B  X.  T7INP  the  Ratio. of  the  firft  and  fecond Terms,  either 

-T  I.  By  dividing  the  greater  Term  by  the  leffcrj  and  if  the  Antecedent  is 
the  kfftrj  multiply  j  or  if  the  greater,  divide  the  third  Term  by  that  Ratio  j  the  Produft 
or  Quote  is  the  4tb  fousht.    Cfr, 

a.  Take  the  Quote  of  the  firft  Term,  divi-^ed  by  the  fecond.  for  the  Ration  and  by  it 
divide,  or  by  its  Reciprocal  (#.  e,  the  Quote  of  the  fecond  Term  divided  by  the  firft)  muU 
dpiy  the  third  Term  \  the  Quote  or  Produd  is  the  fourth  fought. 

Exsm.  I.  Tothefe  2  id::  5,  a  4th  is  15.  For  the  Ratio  of  2,  (Sis  3,  by  which  y  mul- 
tiply'd  product  15. 

Exsm,  2.  To  thde  24: 20 : :<?>  a  4di  is  5..    For  the  Ratio  of  24  to  20  is  i  ^  =  x  ->:= 

^.and6-^-— J— f. 

Demon.  The  Reafon.of  this  Rule  is  plainly  contained  in  the  Definitions,  and  needs 
no  fiurther  Explication :  or  you  may  foe  it  particularly  in  tHe  Cwrott,  to  the  Definition  of 
Geometrical  Relation,-  which  does  in  e£fe£t  contain  this  Problem  ^  for  there  it  is  (hewn  how 
to  find  a  Number  in  any  given  Rado  to  a  given  Number  ^  and  here  the  firft  and  focond 
Terms  contain  th^.Rado,  in  which  the  4th  Term  fought  ought  to  be  to  the  3d.  Or  we 
fliail  fot  this  once  more  before  us  in  this  univerial  Repreiencation  of  4  Numbers  : :  /,  viz. 
A :  Ar : :  B :  Br ;  wherein  r  being  a  whole  or  mixt  Number,  is  the  Ratio  of  A  to  A  r  in 
the  one  View,  and  its  Reciprocal  in  the  other;  and  it  is  manifeft,  that  Br  is  the  fourth 
fought  to  thefo  A :  Ar : :  B^  alfo  A  is  a  fourth  to  chefe  B r :  B : :  A r,  according  to  the  Me- 
thod of  the  forcing  Role;  which  is  therefore  good.      « 

Rule  2.  Multiply  the  focond 'and  third  Terms  tbgether,  and  divide  the  Produdh  by 
the  firft,  the  Quote  is  the  fourth  fought. 


So  in  Exam.  1.  ij  =5 — ^ss^:  and  in  Exam.  2.  ^=22—.. 

'22'  ^24 

K  k  Take 
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Take  thitf  otber  Exsmfb:  To  thde  4: 5 : :  7>  the  fourth  is  8  -=-^ — ^. 

Vniverfsttj:  To  thcfc  3,  A : B: : C,  a  4*  is  ^. 

Demon.  The  Reafim  of  chb  Rule  will  cafily  appear  from  thft  preceding.  For  let  the 
Ratio  of  A:  B  be  taken  g-«  the  Reciprocal  of  k  is  r-;  by  whkh  the  3d  Term  C  bdog 
multiplied^  the  Produft  is  the  fourth  fought  by  the  preceding  Rule:  But  this  Produd,  ac- 
cording CO  the  Etule  of  midciplyiiig,  Fradiocis^  is  ^t**  if  A>B>C  are  aHInfiBgossk    Buttho^ 

they  are  not  all  Integets^  yec  it  has  been  (hewn  in  Scbd.  after  g,  Cmr.  ao.  that  the  Quote  of 
any  two  Numbers^  B»  Aj  \s  multiplied  or  divided  by  taking  the  Divifor  and  Dividend  as 
the  Numerator  and  Denominator  of  a  Fradion>  and  applying  the  Rules  for  Fradioas; 

therefore  the  Quote  of  B-^  A  taken  thus>  ^;  and  multiplied  by  C>  produces  this  Expief- 

BC 
fion«  -r-  y  which  is  according  to  the  Ruk»  vit^  BC  -t-<  A. 

Or  the  Truth  of  this  Rule  we  may  fee  alfo  in  this  Repreientatk>n»  A:Af::B:Br; 
where  it  is  plain,  that  ArB-r-A  =  Br,  and  ArB-HBr=A.  For  if  anv  Number  is 
fin>  mulriphed  by  anotherj  and  the  Produd  divkicd  by  the  Multiplier,  the  Quote  is  necef- 
£irily  the  Number  multiplied 9  which  is  e^idendy  the  Cafe  here:  for  Arx  Bis=AxrB> 
and  AxrB-r-Ass=fBt 

C  o  R  o  L.  Havings  two  Nuobess  gkem  wb  may  find  a  31I  by  dividing  tbe  S^isre  of 

if  %^  1^ 

the  lecondTerm  by  the  firfl;.    Thus:  To  %\6s  a. third  is  i8s=:  — z.    For  Goce  r.^::<S 

2 

1 18,  then  x8  is  a  fourth  to  2 : 6 : :  6^  which  reduces  this  Cakfe  to  the  preceding. 

T  H  E  O  R  K  M      I. 

I F  four  Numbers  are  : :  /,  the  ProduA  of  the  two  Extremes  is  equal  to  the  ProduA  of 
the  two  Means.    And  reverjly^  if  thefe  Produfls  are  equal,  the  four  Numbers  are  ::/• 
Thusj  If  A:B::C:D^  then  AD  =  BC.     In  Numbers,  2:3::4:<,  andaXd= 

3x4=12.  • 

BC 
Demon.   By  the  preceding  ProtUm^  I^  =  "T"i  hence  DA=BG. 

A      C 
Or  thus:  Since  A:  B: : C :  D,  thefe  Qiotes  are  equal,  av».  ^  ^  fji  then  tbe  Prodads 

of  the  Divifor  of  each  by  the  Dividend  of  the  other  are  equal,  (fee  general  Scb$lhm  at  tbe 
End  of  Chap,  i.)  that  is,  ADfe=BC. 

Or  thus:  A  D  :  BD  : :  A:B,  f^:.  ar.  15  )  alfoBC:BD::C:D.  ButA:B::C:Di 
therefore  AD:BD::BC:BD,  (^«.  3.) j  hence  AD  =  BC,  (^x.  i.) 

Or  laftlyj  Let  4 : :  //  be  thus  reprefenced>  A :  A  r : :  B ;  B  r  ^  then  it  is  manifoft  diac  ABf 
=  ArB. 

For  the  Jleverfi:  If  AD=5BC»  then  la  A:B::G:D;  For,  by.  equal  Dmfion,  A= 
Sj-  J  and  again,  ^  =0^  hence  A :  B : :  C :  D. 

Or  thus:  AD:BD::A:B,  and  BC:BD:C:Di  andfince  AD=BC,  therefore  BC 
:BD::A;Bj  hence  A:B::C;D,(wix-30 

Or 
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Or  «Ub  that:  A  itb::/^  A«  B^.C  is  poffible;  ruppoTe  tbat  to  beN:  i.e.  A:B:: 
C:N;  then  »  AN=BC  (by  the  TftwJ;  but  AD  =  BC  f  by  Suppofition^j  there- 
fofc  ANaiAD:  Hence  N=:Oj  therefore  D  is  the  4th  ::/>  thatis«  A:B::C:D. 

COROLLARIES. 

1.  If  three  Numbcn  are-ff-A  the  Produfl  of  the  Extremes  is  equal  to  tfie  Square  of  the 
middle  Term.  Thusj  A:B:C  bcing-fr/,AC  =  B*.  InNumbers,  z\\\%  are-rr4  and 
2x8=4x4. 

TkeKmrfi  of  chii  Cmtt.  h  aUb  true.  vw.  that  if  ACsBs  thea  is  A:B: :  B: C. 

a.  If  four  Numbew  are  : :  /,  A :  B : :  C :  D,  the  Produft  of  all  the  four  Terms  is  a  fquare 
Number^  whofe  Root  is  the  Produd  of  the  Extremes,  or  of  the  Means  5  thefc  Produai 
being  equal.    So  AD=BC.    Hence  ADxBC=AD»=BO. 

Again  ^  Three  Numbers  -tt-  /  multiplied  all  tqgether  produce  a  Cube  NQmber>  whofe 
Root  i^  the  middte  Term.  Thus:  A:B;C  being  -fr/,  then  AC  =  Bs  and  B*xB  = 
ACxB=B3. 

SCHOLIUMS.     • 

1.  As  this  lUcrfm  is  demonftrated  without  the  Frob,  i.  fo  the  ad  Rule  of  that  Prptkm 

BC 

is  an  evident  Confequence  of  this  Theorem:  For,  if  A:B::C:Dj  thenD  =  -T"*bc-, 

€aiifeDA=Ba 

3.  All  the  general  Cordlaries  reflating  to  : :  /,  in  the  End  of  Chap.  i.  may  be  molt  eafily 
demonftrated  by  this  Theorem.  For  in  all  the  Proportions  there  flated>  we  ihaU  find  thtt 
certain  Mark  of  -. :  I,  vfz.  the  equal  Produds  of  the  Extremes  and  Means. 

3 .  The  Reverfe  of  this  Theorem  may  be  put  m  diis  Form^  vise.  If  the  Produft  of  any 
two  Numbers  is.  eq^al  to  the  Produft  of  other  two,  thcfe  4  are  reciprocally  : :  /.  .  Thu»< 
If  A  D = B  C,  then  A :  B: :  C :  D.  And  here  obferve,  that  the  Faftors  of  thefe  etjual  Pro* 
du<3:5  are  fiud  to  be  reciprocally  : :  /;  becauie  one  of  the  two  comparative  Terms  is  taken 
ouc  of  the  one  Produd>  and  the  other  out  of  the  other  Produd. 

.      P  R   O   B   L   E   M      II. 

•  •  .  -  , 

Of  four  Numbers  : :  (  having  the  two  Extremes  and  one  Mean»  to  find  the  dtber 
Mean  ;  or  to  find  one  Mean  in  -fr  /  betwisct  two  Numbers. 

Rule  z.  Divide  the  Produd  of  the  Extremes  by  the  known  Mean^  the  Qiiote  is  the 
other. 

Demonstr.  This  follows  from  the  laft  Theorem'^  for  if  A:B::C:D«  then  is 
AD  =  BCj  and  hence  AD-f-B  =  C,  and  AD-r-C  =  B. 

R  V  L  E  2.  For  one  Geometrical  Mean  betwixt  two  Numbers^  take  the  Square  Root 
of  the  PfoduA  of  the  two  Extremes. 

DsMOK.  !f  A:B:C arc -?^/,  then  AC=B»;  hence  ^'*=sB.f^x.i.B.III.c.L) 

ExomU:  Betwixt  2  and  8  a  Geometrical  Mean  is  4^  for  ax  S^skSi  and  the  Square 
Root  of  itf  is  4. 

But  if  the  ProduA  of  the  Extremes  has  not  a  determinate  Square  Root^  the  Mean 

fooghtis  a  Surd,  or  an  infinite  Series  of  decreafing  QP^^^'  ^  h^  been  explain'd  in 

BM^m.  So  betwixt  a  and  7  dieMean  is  theSquare  Root  of  14=  3.  74,^^ f.  which  iscon* 

ciflued  III  «i^»/iw,  iKXOidtag  to  the  Msth^  of  Appioxa^        explained  in  Bs^illll.  a.  L 

Kk  1  Theo- 
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Theorem  II. 

I F  four  Numbers  are :: /,  A:B::C:D,  they  are  fo  alfo  reverMj^  that  ia>  making  the 
Confcqucnts  the  Antccedcncs :  Thus,  B :  A : :  D :  C,  or  D :  C : :  B ;  A. 

In  Numbers^  If  ic  be  2:3  : :  4*.  6»  then  it  is  3  : 2  : :  6 : 4. 

Demonstr.  This  follows  evidently  from  the  Uefwtitm\  for  fince  A  and  C  da 
equally  contain,  or  are-  contained  in  B  and  D,  then,  reverfely,  B  and  D  are  equally  con- 
tained in,  or  do  equally  contain,  A  and  C  ^  which  is  the  nature  of  : :  /. 

A       C 
Or  thus:    Since  *ff  ^^  13'  ^^  ^^  reciprocal  Quotes  are  equal  (iee  the  fjSDgattlScboL 

at  the  End  of  Chafi  L)  viz.  -^ssjj,  i.e.  B ;  A : : D:  C. 
Or  aUo  mus :  ^  =  -jj,  and  "g  ^=  ^  r  thercfoitu  (by  jix.  *0  g"  •  "g"  •  •  TJ  •  TJ-    *- 

gain^  ^:-g  ::.B: A,and  |3-*"J)*:D:C  (general  CoroU.  15. )j    therefore  F:A::D:C 

(w^x.3.) 

Or  the  (kme  Truth  appears  (imply  in  this  Repreftntation,  viz.  A :  Af : :  B : Br  j  whence 
A  r :  A : :  B  r :  B,  the  Ratio  being  ftill  the  £ime. 

Orlaftly,  It  follows  from  ^he  equal  Produd  of  the  Extremes  and  Nfeans;  for  all  the 
Change  made  by  reverfin^  the  Terms  is,  that  the  Extremes  are  become  the  Nfeins,  and 
the  Means  become  the  Extremes,  and  the  Pxiodudt  of  the  Extremes  and  Means  are  ftiU 
equals  which  makes :: /. 

Theorem  III. 

If  four  Numbers  are  :  :/>  A:6:rC:D,  they  are  fbtlCoaliernatefy',  that  i^ comparing 
the  two  Antecedents  to  one  another^,  and  the  two  Coniequents :  Thus*  A :  C : :  6 :  D. 
In  Numbers,  if  3  : 5  : :  (S*:  10,  then  3 :  6 : :  5  :  lo, 

Demonstr.    Thefe  Quotes  being  equal,  g  =  q,   the  alternate  Quotes  arc  alfo 

A.      B  * 

equal,  K=  R  i^^  general  ScM.  at  the  End  of  Chaf.  1.) ;  hence  A : C : :  B : D. 

Or  thus :  A  and  C  are  the  fame  Fradions,  oroper  or  improper^  of  B^  D  ^  but  the  fame 
Fradtions  of  two  Numbers  are  the  (amc  Fraaions  of  one  another  as.  thefe  Numbers  are 
f  Cor  oil:  6',  Jjomma  2.  Chap.  I.  Book  II. ),  i.e.  A  is  the  fame  Fradiion  of  C  as  B  is  of  D, 
and  Like  or  Equal  Fradions  make  equal  Ratios :  Therefore  A :  C : :  B :  D. 

Or  we  may  reafon  thus,  g'-g^'-AiC  (gen.  Ow/Z.-ijOi  alfo  jy :  g.;:  B:D-  (gpQ- 

A  f^'  A      f^ ' 

'Coroll  16. )\  but  -g  =  13,  therefore  5  •  "g '•  '•  B :  D i  hence,  laftly*  A: C : : B : D. 

Or  reprcfcnt.  four  Numbers  :^/  thus,  A:.Ar:':B:.Bri  then  if  is  ^lain*  that  A:fi::  Af: 
B>  (by  geii  C(^r(?//.J5,) 

Or,  laftly.  This  docs  alfo  foUbw  from  the  equal  Produft  o\  Extremes  and  Means,  wnoie 
FaSors  are  not  changed,  except  in  their  Order,  which  doesr  not  alter  the  Produi%»  it  bciog 
ttSllAD=BC. 

C;0  ROLL  Alt  IE  &     . 

K  Of  four  Niitrberfi  :;/,  A:B::G:D,  if  A,  Bi  are  refltr  than  C,  D,  or  theft  leffir 
than  thofe,  the  two  leffer  arc  Like  Fractions  of  the  two  greater^  bccaufe  A:C::B:Dr 
«J•.rpyc^fly*  C;  A::D;JB,.  ^^ 
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2.  If  three  Nntnbers  are  given,  to  find  a  4ch  : :  /,  and  if  the  firft  ]s  an  aliquot  Part  or 
Multiple  of  the  third>  and  that  this  can  be  eafily  difcerncd,  then  the  4th  will  be  more  eafil? 
found  by  making  the  3d  Term  the  ad,  and  applying  the  firft  Rule  of  Frobl,  I. 

Bxmntfk:  To  diefe,  4:7::  12,  a  4th  is  21  j  for  4  is  the  third  Part  of  12,  therefore  I 
multipljr  7  by  3. 

3.  If  4  Numbers  are  : :  /,  A :  B : :  C :  D,  then  if  A  is  lefler,  greater,  or  equal  to  C,  B 
is  alio  greater,  leffer,  or  equal  to  D>  becaufe  A :  C : :  B :  D. 

•         •  • 

Theorem    IV. 

I F  four  NuoQibers  are  : :  /,  A :  B : :  C :  D>  they  are  fo  alfo'  ftnpoundly ;  i.  e.  the  Sums  of 
Ac  Antecedents' and  of  the  Confeouents  are  proportional  with  each  Antecedent  and  its 
Qxrfcqucnt :  Thus,  A-f  C :  B  +  D : :  A :  B,  or  : :  C :  D.  Alfo  the  Sums  of  each  Ante- 
cedent and  its  Confequcnt  are  proportional  with  the  two  Antcccdencsi  or  the  twcv  Confe- 
qjiems.    Thus  A  +  B:C  +  D::  A:C,  or :: B: D. 

Ex4mfk :  3  : 5 ; :  6 :  10,  and  9 :  15  : :  3  : 5,  alfo  8 :  id : :  3  :  ^. 

Dkmonstr.    The  Antecedents  A,  C,  are  Like  Fraftions  ( proper  or  improper  > 

of  their  Confequents,  B,  D  (by  the  Nature  of  Ratios jj  bur  the  Sum  of  the  Like  Fra^ 

dtions  of  two  Numbers  is  the  Like  Fraftion  of  the  Sum  of  thefe  Numbers,  (Lem  2 

Chaf.L  Book 7,:)  that  is,  A+  C  is  the  fame  Fradion  of  B  +  D,  as  A  is  of  B,  or  alfo  C  of 

D  i  and  the  &me  FraSion  is  the  feme  Ration  therefore  A  +  C:B4-D-AB--C-D 

For  the  fecond  Parr,  viz.  A  +  B:  C  +  D::  A:C:  :B:D,  this  follows  frotn  the  fame- 

Principle^  having  firft  alternated  the  given  Numbers,  thus,  A :  C : :  B :  D. 

AC  BE)  A       R 

But  wc  may  dcmonflrate  this  otherwife,  thus>  5=^5.  and  g=  p-j  hence  ^+b= 

g  4.  g;  and  by  the  Addition  of  thefe  Quotes,  confidered  as  if  they  were  Fradions  (fea 

'  A-4-B       C-4-D 
gen.  Sffii/.  at  the  Endof  C^.I.)  it  is  — g— =      j^     ;  heice  A  +  B:C4-.D::B:D>. 

Vhich  is  the  one  Part  i  and  for  the  other,  fince  ^  =  jj*  and  ^  =  gj  hence- T^  s=^ 
^i^,  and  A+C:B+D::C:D,  or::A:K  \ 

Or  alfo  from  the  equal  ProduiSs  of  Extremes  and  Means,  A  +  Cx  B  =  U-|-Dx  A  -. 

tot  A  +  CxB  =  AB  +  CB,  and  b  +  DxA=  AB4.AD  (either  by  Lew.  ^CV.B.L 
jf  B  andA  are  Integers,  or  by  Ijem.z.  O&.I.  Book  II.  if  they  are  Frad^ionsJ  :  But  Aliz=^ 

BC  (Jbeor.i)  hence AB+CB=AB  +  ADi  i.e.  A  + CxB=BS^I)"xA;  where. 
fbreA+C:B+D;:A:B  (by  the  Reverfe of  7*w.  i,) 
Or  fee  it  in  this  Reprcfentation,  A:Af«::B:Bri  hence  it  is  plain  that  A^-BtAr -f-., 

Br  (  =  A+Bxr)::A:Ar,  the  common  Ratio  beine:  r:  or  A  +  A r  ("  ==  rTTx A ) . 


B-j-Br  (=T^xB)  : :  A:B;1  thefe  being  equally  multiplied  in  the  firft  Pair  by  t+r; 
Or  in  both*  Cafes  you  fee  an  equal  Prbdudt  of  Extreqates  and-  Means. 

COROLLARIES. 

r.  ff  there  are  ever  fo  many  Cout)lets  of  Numbers  in  the  fame  Ratio,  the  Sum  of  any 
Number  or  all  of  the  Antecedents  is  to  the  Sum  of  the  feme  Number  of  the  Confequents, 
as  any  of  the  Antecedents  to  its  Confequent.  Thus,  if  a :.A :  :^ :  Bi :  c  : C : :  d\  D,  &e. 
Aea4  +  ^  +  tf-f^:A  +  B+.C-f^D::i«:A::^ir.  Fern +  *:  A-fB^::^ :  A,  or^-.C,; 
•r  ii:Dj, hence  again,  n-f  *  +  f : A  +  B-+C::c:C,  or  d\  Dj  and  again>  4  +  ^4-^ 
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-)- 1/:  A  4"  B  +  C Ht"^ '  •  '•  ^'  ^^  ^^  follows  (imply  from  the  &me  general  Principles  is 
the  Theorem,  viz.  The  Sum  of  the  Like  Fraftions  of  any  Numbers^  however  msoy  there 
be  of  chemj  is  the  Like  Fradtion  of  the  Sum  of  tbefe  Numbers. 

« 

2.  If  four  Numbers ::  /  are  equally  multip]ied>  the  Produds  are  alio : :  /»  and  io  the  fame 
Ratio:  Thus,  if  A:B  ::C : D  are  multiplied  by  r,  thcfeare  ::/,  Ar:Br::Cr:Df;  for 
Multiplying  is  only  a  repeated  Addition :  But  this  follows  alio  from  gen.  CorM  15.  for  Kr 
:Br::A:B,  and  Cr:Dr::C:Di  hence  Ar:Br::Cr:  Dr. 

3.  If  A:B::C:D>  and  M:N::0:Pj  and  if  the  Ratio  is  the  lame  in  bothRanb, 
li.  A :  B : :  M :  N>  and  C :  D :  :0 :  P,  then  the  Sums  of  ^eir  correibondina Terms  is  alfo 
aRankof  ::rsi  that  is,  A  +  M:B  +  N:;C  +  0:D  +  P. 

Obferve,  The  firft  CarM.  is  die  fiime  thing  in  effed  as  this  Propofition>  vh^.  if  two  or 
more  Numbers  are  compofed  by  addition  of  the  (ame  number  of  Parts,  thoieof  the 
kfler  Whole  being  lefler,  compared  one  to  one  refpeAively  from  the  leaft  to  the 

geateft,  than  thofe  of  the  greater  Whole,  and  all  in  the  £ime  Ratio  to  tbdr  Cone* 
^  Dndents  in  the  other,  Thde  Wholes  are  alfo  in  the  iimie  Bsth. 

Theorem    V. 

I F  four  Numbers  are  : :  /,  A :  B : :  C :  D,  they  are  (o  divipvefy :  Thus,  the  Difiercncc 
of  the  Antecedents  is  to  the  Difference  of  the  CJonfequeocs  as  each  Antecedent  m  iuCoo- 
fequent,  A  —  C :  B — D  t :  A :  B,  and  alfo  as  C :  D.  Alfo,  the  Differences  of  each  Anr^ 
cedent  and  its  Confequent  are  as  each  Antecedent  or  Confequent  to  the  other.  A— 6: 
C —  D : :  A :  C>  and  alfo  as  B :  D  ^  and  it  is  the  fame  thing  if  the  Antecedents  are  tefler 
than  their  Confequents,  or  A  lefler  than  C>  and  B  than  D  ^  for  then  itisC— A:D— B 
::A:B,  andB  — A:D~C:: A:C. 

Exampk:  3:7::  15:3?*  and  iz:28::3:7;  alfo  4: 20:: 3:15. 

D  E  M  o  N  s  T  R.  A»  C,  are  Like  Fra&ions  of  B^  D*  and  (  by  Lorn.  ^.  Ct.I  Booh  D.) 
the  Difference  of  the  Like  Fradions  of  two  Numbers  is  the  Like  Fraihon  of  the  Diffi^ 
rence  of  thefe  Numbers  j  that  is,  A  —  C  or  C  — A  is  the  fame  Fraftion  of  B— D  or 
D  — B,  as  is  A  of  Bor  Cof  D;  therefore  A  — C  or  C  — A:B  — D  or  D— B:;A: 
B::C:D.  The  fccond  Parr,  w».  A  — B:C—D::A:C::B:D,  followsfrom  the  Al- 
ternation of  the  given  Numbers. 

-  A        R  C        ri  A     c* 

Or  we  may  demonftrate  this  Theorem  thus :   7j-5=:  -r ,  and  (3  ^''^  n  i  hence  "^ 

-T:— J  that  is.  A— C:B  — D::C:D,  or  A:B. 


OrthusaMb;  A'=UxB=5AB  — CB,  and  B— Dx A  =  AB  — AD;   but  AD= 

BC,  hence  AB~CB=:AB  —  ADi  that  is,  J^^xB=F=T3x  A,  the  Produft  of 
the  Extremes  equal  to  that  of  the  Means.    Hence  A  —  C :  B  —  D : :  A :  B. 

Orthus;  A:Ar:B:Br,  andA  — B:Af  — Br  (  =  A— B"x  r)  ::A:Ar,  the  com- 
mon Ratio  being  r.     Alfo  Af  — A  (=7=1xA;  :Br  — B  (=r— ixB)  ::A:B, 

thefe  being  equi-multiplied  in  the  firft  Pair  by  r  — li  or  in  both  Cales  you  fee  an  equal 
Produft  of  Extremes  and  Means. 

Scholium.  This  Theorem  is  the  fame  in  effeft  as  this  Propofition,  viz.  If  any  two 
Numbere  are  in  tht  fame  Ratio  to  one  another  as  the  Parts  taken  away,  the  Parts  remain 
ing  are  aUb  in  the  fame  Ratio.  Thus,  fuppofe  A,  B  to  be  greater  than  C,  D,  then  A,«> 
being  con&der'd  as  two  Whales,  C,  D  are  the  Parts  taken  away,  and  A  —  C,  B  —  D,  aj« 
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the  Pars  retnttnii^.    And  the  Propofition  is  clearly  exprefi'd  in  Sfeis  thus,  A  —  C ;  B  — 
D::A:B::C:Dj  and  if  CD  are  the  greater,  itis  C  — A:D  — B::C:D::  A:B. 

We  ofwy  alfo  erprefi  the  Propofirion  thus:  If  two  Numbers  are. each  the  Sum  of  other 
tt?o  Numftcrs,  or  Parts,  and  if  the  one  Whole  h  in  the  fame  Ratio  to  the  other  as  one 
Part  of  the  firft  Whole  is  to  one  Part  of  the  other,  then  the  other  Parts  are  alfo  in  the  fame 
Ratio :  Thus,  A,  B  being  the  Wholes,  C,  and  A  —  C  are  the  Pans  of  A,  and  D,  B  —  D, 
the  Parts  of  Bj  for  A  — C+'C  =  A,  alfoB  — D  +  D  =  B. 

The  like  C^^/bmi  foUow  from  this  Ihemrem  as  from  the  laft,  by  applying  SuhraBion 
and  Dsvifam,  as  we  did  there  AMtim  and  Multiflieathn :  To  which  w&  may  add  the  fol- 
lowing 

COROLLARIES. 

1.  Of  four  Numbers,  A,  B,  C,  D,  if  it  w  A  +  C:.B  +  D: :  A:B,  or  as  C:D;  but 
let  it  not  be  a£5rm'd  to  be  both  as  A :  B  and  alfo  as  C :  D,  yet  this  will  follow,  that  A :  B 
::C:D,  and  confe<^ciidy  that  A  +  CrB  +  D  is  both  as  A  :B  and  CtDj  For  A-fC 
and  B4-D  are  two  Wholes,  which  being  fappoibd  in  the  fiime  Ratio  as  any  one  o^  the 
Pares,  A :  B.  >he  other  two  Parts  are  alfo  in  the  fame  Ratio»  by  this  Thiorem  and  Scholium  \ 
chac]5>  A;B::C:D>andhenccalfo  A-fC:B  +  D::A:B::C:D.  From  tbia  agaift  foU 
lows,  that 

2.  It  two  Wholes  are  compofed  each  of  two  Parts,  and  if  the  Parts  of  the  one  are  not 
both  in  the  lame  Ratio  to  the  Parts  of  the  other,  the  Wholes  are  in  neither  of  thefe  Ra- 
tios ^  for  if  they  were  in  the  Ratio  oF  any  one  of  them,  they  would  be  in  the  Ratio  of 
YxKb,  and  conicquently  the  Parts  would  be  in  the  fame  Ratio,  contrary  to  Suppoficion. 

3.  Of  four  Numbers,  A^  B,  C,  D,  if  A  — C:B— D::  A.:B,  orC:Di  but  wcdorffc 
fay  and  aUb  as  C:D,  then  it  will  be  A:B'::C:D,  and  coni^uendy  A  —  C:B— D:: 
A:B:;<J:  Di  for  A,  B,  are  here  two  Wholes,  C  and  A  —  C  are  the  two  Pares  of  A; 
and  D,  B  —  D  the  Pares  of  B  i  but  one  of  the  Parts  being  in  the  Ratio  of  the  Wholes, 
v«.  A— C:B  —  D::A:B.foai«  theotherParts,  by  thisT6ftfrtf»>;  thatis,  A:B::C;Dj 
acid  if  A — C :  B  —  IX: :  C :  D,  that  is,  if  both  the  Parts  of  the  one  Whole  are  in  the 
Tame  Ratio  to  thofe  of  the  othcr^  the  Wholes  are  in  the  (ame^  Rado,  by  Thear.  IV.  that 
is,  A:B::C:IX 

Theorem  VI. 

If  four  Numbers  are  ::/.  A:B::C:D,  they  are  (b  ^bmmtfy-^  that  is,  comparing 
the  Suois  and  DiSerences  of  the  Antecedents  and  Confequents  ^  thus, 

•  A  +  C:B+D::A  — C,  or  C— A:B~D,  or  D  — B. 
Alfo  A-f  B:C4-D::A— B,  orB-^A:  C  — D,  or  D  — C. 

Demonstr.  This  follows  from  the  two  laft j  for  the  Sums  or  Differences  her« 
compared  are  in  the  fame  Ratio  of  one  of  the  Antecedents  to  its  Confequent,  vm.  as  A :  B 
in  the  firft  Part ;  or  as  the  one  Antecedent  to  the  other,  viz..  A :  C,  in  the  fecood  Part. 

Scholium.    The  three  ]2&Jbeorfms  may  alfo  be  taken  reverjly  or  aberwsiilj. 

Theorem  VII. 

If  there  are  ever  fo  many  Ranks  of  four  Numbers  : :  /,  and  if  any  two  of  the  com- 
parative Terms  (i.e.  tho  ift  and  id,  or  lA  and  3d,  or  3d  and  4th,  or  2d  and  4th)  are 
common  to  all  the  Ranks,  then  the  other  Couplets  in  every  Rank  *are  ail  in  the  fame 
Ratiou    Or  if  i^s  thus«  viz.  Two  comparauvc  Terms  of  the  ift  Rank  common  to  the 

2d  Rank, 


254 

+rf:A+B-l-'" 
the  Theoren 

be  of  c'   • 

2.     '■ 

Rr 


E:F. 


j.-A:B::C:D> 
^  B:D::E:Fi 
ihenA:C?:E:F. 


^  .-tj/  Proportion. 


Booi  IV. 

^1  :de  ad  Rank  common  to  the  3d  Rank*  apd  fo  on^ 
^  •  <t'Ji  vk-ifl  be  ::/. 

>  .*v  timple  and  immediate  Application  of  Axwm  r  ^d 
K>c  Etp^cation  but  a  few  Exsmfles,  where  you  may  ice  the 
x*:  uangs  may  appear. 


EXAMPLES. 

f3) 
IfA:B::C:D, 
and  E:B::F:Di 
thcnA:E::C:F. 


M 
IfA:B::C:D, 
and  B:E::D:Fj 
thcnA:C:^E:F. 


If  A:B::C:D, 
and   C:D::E:F, 
and   E:F;:G:Hi 
then  A:B::E:F::G:H. 


{6.) 

If  A:B::C:D, 
and  A:C::E:F, 
and  G:H::A:C; 
thcnB:D;:E:F::G:H. 


Theorem    VIII. 

I F  diere  are  two  Ranks  of  4  Numbers  : :  A  which  have  two  comparative  Terms  com* 
(iK>n  to  both*  the  Sums  or  Difierences  of  the  Antecedents  and  Confequents  of  the  two 
diflerent  Couplets  are  in  the  fame  Ratio  with  the  Antecedent  and  Confequent  of  die  com- 
mon Couplet.    Thus: 

Demon.  By  the  preceding  A :C::E:F;  whence 
A  +  E,  or  A  — E:C-f  F,  orC— F::B:Di  or  alter- 
nately, as  in  the  Maxgin. 

Again^  Bccaufe  A4.B:C4-Di:B;D,  and  E+B: 
F  +  D : :  B :  Di  therefore  ihele  Proportions  are  alfo  cruci 


If  A  :    B::C     :     D, 
andE   :    B::F     :     D^ 
tbenA  +  E:B::C  +  F:t)i 
alfo  A— ft:B::C— F:D. 


'USZ, 


A-f  E:C+F::A4.B:C  +  D::E  +  B:F  +  B, 
audA  — E:C  — F::A  — B:C  — D::E  — B:F^B. 


Alfo  any  Couplet  of  the 
firft  Rank  iis  ::l  widi  any  of 
theiecond;  being  all  as  B:D' 
Againi  It  is  alfo  A  +  E  :B  +  B::C+F:D  +  D.    Since  aB:iD::a:D. 


Theorem  IX. 

I F  there  are  two  Ranks  of  four  Numbers  : :  /,  whereof  the  Extremes  or  Means  of  the 
one  are  the  ferae  as  the  Eictremes  or  Means  of  the  other  j  or  if  they  are  reverfly  the  Means 
or  Extremes  of  the  other ;  then  the  remaining  four  Terms  are  reciprocally  : :  /.  i.  e.  make 
the  remaining  two  of  the  one  Rank  the  Extremes*  and  thoie  of  the  other  the  Means*  and 
thcfe  four  are  : :  /.    Thus: 


If  A:B::C:D, 
and  E:B::C:F; 
thenA:E::F:D. 


If  A:B::C:D* 
and  A :  E : :  F :  D  j 
then  B  :  E : :  F :  C. 


If  A:B::C:D, 
and  B:E::F:C; 
thenA:E::F:D. 


If  A:B::C:D* 
and  F:A::D:Fj 
thenB:E::F:C. 


Demon.  From  the  equal  Produdls  of  Extremes  and  Means,  itisAD=BC— EFj 
in  which  all  thcfe  Condudons  are  comprehended. 

i  H  E  *'* 


Chap.  3. 
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Theorem    X. 

I F  four  Numbers  arc  : :  /,  and  if  any  two  of  the  comparative  Terms  are  equally  multi- 
]^ied  or  divided  ^  or  if  the  one  Extreme  or  Mean  is  multiplied*  and  the  other  equally  di- 
vided: or  ag^j  if  the  one  Extreme  is  multipliedj  and  the  other  eoually  divided;  and  ac 
cheranse  dme  the  one  Mean  multiplied  by  any  other*  or  the  fame  Number*  and  the  other 
equally  divided^  the  Proportionality  ftill  remains*  tho'  in  the  fecond  Cafe  the  Ratio  is 
chang^ ;  and  will  be  aUb  in  the  third  Cafe*  when  two  difierent  Multipliers  are  employed. 
Thus :  If  A :  B : :  C :  D*  then  thde  Proportions  follow*  viz. 


A  :  B  : :  C)y  :  Dv. 
Av:B: :  C9:D. 


m     n 

A:?::C:?. 

*  n 


n 
A  :- ::  C»:  D. 


n 


Ajy :  Br  : :  Cff  :  Dr. 
A      B        CD 


A     B      C    D 


u 


A«:Br::—   :  — . 

r      n* 


— :  "Br  : :-  :  Dr- 

n  n 


Pin :  B^::  CniDn. 
A     B        CD 


A«:?::Cr:?. 


Again ;  Inftead  of  dividing  them*  we  may  apply  the  ^ven  Numbers  as  Divifbrs ;  which 
will  make  the  foUoviing  Proportions: 


n 


X-  re-  D* 

n     n     r     r 

A-  B"C*  F 


:;D:C. 


n 

A     B     r     )» 

»    f "St:* 


^  :  j^  : :  Dr  :  C/r* 


Demon.  In  all  theie  Conclufions*  and  many  more  that  may  be  contrived  of  thisNa* 

ture*  the  Truth  of  the  Proportion  is  evident  from  the  equal  Prddud  of  die  Extremes  and 

A      C         r      r 
Meana^  founded  all  upon  this*  that  AD=:BC*  nrszinr,  0*=t5>  and  -=». 

Yooll  find  alio  other  comfdet  ways  of  aigutog  widi  proportional  Numbers  in  the  nexc 
Chapter. 

* 

5.  X.  Of  Geometrical  Trogrejpons. 

Oblerve*  By  the  Dsftance  vf  999  Term  rf  a  Series  Jhm  ofMtber,  if  meoMt  the  Ntmier  ef 
Terms  from  the  mse  exempve  to  she  other  hscb/five'^  or  tnclusbsg  hosh,  it  is  the  Number 
ef  Tsrms  kfs  i.    So  if  the  Number  of  Terms  is  n*  the  Difiamce  rf  the  Extremes  is  n—- 1. 

Problem  IIL 

HavsMg  thefrft  Term  msi  RsSio  to  raiji  s  Geometric^  Series. 

Rule.  TF  the  given  Ratio  is  a  whole  Number  or  mixt*  then  for  an  increafing^  Series 
-«•  multiply*  and  for  a  decreafing  divide  the  firftTerm  by  the  Ratio*  die  ProduS: 
or  Quote  is  the  fecond  Term;  which  multq>lied  or  divided  by  the  Ratio*  gives  the  third 
Term*  and  fo  on.  But  if  the  Ratio  is  a  proper  Fradion*  this  of  itfelf  determines  that  ±e 
Series  ought  to  increaie*  and  we  muft  multiply  by  the  Reciprocal  of  the  Ratio. 
Exdwfle  I.   Find  Term  2*  Ratio  3*  the  increafing  Seria  is  s :  6 :  16 :  54^  &c.  and  die 


deaeafisff  Series  2:7:^1:  *i>  &c. 

3     9  ay  • 


LI 


EximSi 
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Example  2.    Firft  Term  2,  Ratio  4^  the  Series  is  2  :  %  :  16  :  32^  &c.    Or  thus,  2 : 

Demon.  The  Reaibn  of  this  Rule  is  maoifeftly  contained  in  the  Definition  oF  Geo- 
metrical Relation;  fee  the  C^roO.  after  it:  for  when  the  Ratio  is  a  whole  or  mixt Number* 
which  foever  of  the  two  Views  there  explained  it  is  taken  in,  the  Rule  is  good ;  becaufe  for 
an  increaiing  Series^  a  whole  or  mizt  Number  is  in  the  firft  View  the  Ratio,  and  in  die  fe- 
cond  it  is  the  reciprocal  Ratio ;  and  by  the  Carell.  referred  to,  the  firft  Term  or  Antece- 
dent ought  to  be  multiplied  by  this ;  and  for  a  decreaiinff  Series,  a  whole  or  mixt  Number 
is  the  Ratio  in  both  Views,  and  DiviGon  is  the  Rule.  Laftiy,  If  the  given  Ratio  is  a  pro- 
per Fradtion,  it  is  uken  in  the  fecond  Viewi  and  necef&rily  infers  an  incteafing  Series;  and 
therefore  the  Antecedent  multiplied  by  the  reciprocal  Ratio  produces  the  Confequent. 

SCHOLIUMS. 

1.  If  the  Ratio  is  ezprefled  by  two  Numbers  ordered  in  a  certain  Comparifon*  the  one 
AS  Antec^ent,  and  the  other  as  Confequent,  then,  that  determines  whether  the  Series  de« 
croies  or  increafes;  and  accordingly,  if  we  make  t  Fradion  of  the  Antecedent  fet  over 
the  Confequent,  (which  is  the  Ratio  in  the  fecond  View)  and  by  it  divide,  we  (hall  raife 
an  increafing  or  decreafing  Series,  acccording  as  the  Rado  is  a  proper  <^  improper  Fra&ion. 
For  Exam,  If  the  Rado  is  thus  exprefled,  viz.  the  Ratio  of  2  to  3,  or  2 : 3  3  then  dividing 

by  -  makes  an  increafing  Series.    But  if  itfs  the  Rado  of  3 :  2>  then  divkiing  by  3  makes  a 

decreafing  Series. 

_  ^ 

2.  Again :  If  the  two  firft  Terms  of  2  Series  are  given,  (which  do  contain  the  Ratb) 
then  the  Series  is  continued  by  the  common  Rules  of  finding  a  third  or  fourth  -ff-  /,  viz. 
finding  a  third  to  the  two  given  ones,  and  then  a  fourth  to  the  fame  two,  and  the  Term 
h&  found.    And  fo  a  Series  from  a :  i,  whether  inaeafing  or  decreafing,  will  be  thus  re- 

prefented,  a:k:  - :  --:  --,  c^c    But  when  a  Niimber  diftio^  firosi  the  two  firft  Tcaas 

*  a    a^    a^ 

is  given  f6r  the  Rado,  then 

3.  Any  Geometrical  Promffion,  whether  increafing  or  decreafing  from  a  given  Num* 
ber  <j,  may  be  clearly  repreicmcd  thus,  a:ar*  :arh  &c.  adding  ftill  an  Unit  at  every  Step 
to  the  Index  of  r:  for  according  as  r  is  fuppofed  greater  or  leiTer  than  i,  fo  is  the  Series 
increafing  or  decreafing.  If  the  Series  increafes,  tnen  is  r  the  Ratio  in  one  of  the  two  Sen- 
fes  explained,  or  the  Reciprocal  of  it  in  the  other.  For  it  is  the  Quote  of  ar»  the  greater 
Term  divided  by  a  the  lefler ;  but  the  reciprocal  Quote  of  a  divided  hv  j  r«  which  is  the 
Ratio  in  another  View.  Again  ^  If  the  Series  decreafes,  r  is  a  proper  r  raAion,  and  is  the 
Reciprocal  of  the  Ratio  taken  in  either  View>  which  are  in  this  Qife  the  (ame«  viz.  the 

Quote  of  a  divided  by  aty  which  is  -  as  .,  wlio<e  Riecipnical  i(  r. 

Wherefore*  if  we  take  the  Ratio  always  under  the  Nodon  of  the  Quote  of  the  Antece- 
dent divided  by  the  Confequent;  ihen  r  is  to  be  underftood  as  the  Reciprocal  of  rbe 
Rack);  which  makes  the  Series  either  increafing  or  decreafing,  according  as  r  is  greater 
or  IcfT^r  than  i  And  therefore  iho'  we  call  r  the  Ratk),  yet  S  we  underfland  it  as  the  re* 
ciprocal  Qu  ite  of  the  Anreccdent  divitied  by  the  Confequent,  there  will  be  no  Ambi^ity 
or  Hazard  of  Error  ^  anr*  hereby  we  ftall  (ave  the  Trouble  of  making  different  Reprcieo- 
tarions  for  i-nctcafing  and  decreafing  Series.  Yet  in  fome  Cafes  it  will  be  convenient  to 
xeiTefent  them  dififerendy  ^  and  ihea  taking  xhe  Ratio  ah?vays  -as  the  QiK>ce  q£  the  gseacer 

Term 
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Term  tliyided  by  the  kfler,  which  miift  be  a  whole  or  mixt  Number;  and  calling  rhac 
Ratio  u  an  tocreaikig  Series  will  b^^thus  reprefented*  A\ar\Mr^»  ^c.  and  a  decreaiing 

thus>  a\-  :  j;^:>  &c.    Wherefore  if  we  repreienc  a  Series  in  the  firll  manner^  ic*$  fuppofed 

to  be  taken  indifierendy  for  increafing  or  decreafing,  unlefs  ic^s  exprefsly  (kid  to  be  increa- 
fii^;  but  the  other  manner  does  always  expreft  a  decreaiing  Series. 
From  thefe  Rules  and  Exprelfions  of  Geometrical  Series  we  have  die  following 

COROLLARIES. 

1.  If  the  lefler  Extreme  of  a  Scries  is  the  Ratio,  then  the  other  Terms  are  the  feveral 
Powers  of  the  Ratio,  thus :  T\r'*' :  r  s :  r*,  ^c,  or  A :  A* :  A^ :  A*,  &c.  For  here  r  or  A  is 
the  Ratio,  and  r'Ar'=ir^\f^y.f^=^T^^  andfo  on:  Whence  it's  plain,  that  the  Scries  of 
the  Powers  of  any  Number  is  a  continued  Geometrical  Progreffion. 

2.  If  I  is  the  firft  Term  of  a  Series,  the  fecond  Term  is  the  Ration  and  all  the  fucceed- 
ing  Terms  are  the  feveral  Powers  of  the  Ratio.  Thus,  i :  r :  r*,  ^c,  for  the  Ratio  of  i 
to  r  being  r,  the  fecond  Term  muft  be  rS  the  third  r?,  and  fo  on. 

3.  Betwixt  I,  and  any  Power  of  a  Number  as  r",  there  M  as  many  Geometrical  Means 
as  the  Index  of  that  Power  lefi  i,  w«.  n  —  i,  in  the  Ratio  of  i  to  the  Root ;  for  every 
Term  after  i  is  fuch  a  Power  of  the  fecond,  whole  Index  is  eaual  to  the  Number  of 
Terms  after  i  to  t)^t  Po>yer  ^  the  thing  is  evident  in  the  univerfal  Series,  i :  r :  r^ :  r^ :  j\ 
&c. 

4  Every  Geometrical  Series,  whofe  firft  Term  is  not  i,  is  equal  to  fuch  a  Scries  mul« 
tiplied  by  the  given  firft  Term  ^  the  Ratio  of  that  Series  being  the  fame  with  that  of  the 
given  Series.  Thus :  A :  A  r :  A  r* :  Ar3 :  Ar* :,  ^*.  is  no  other  than  the  Produds  of  this 
Series,  i :  r :  r* :  r^ :  r* : ,  &c.  multiplied  by  A. 

5.  As  any  Progreffion  may  be  thus  reprcfented.  A:  Ar:  Ar*:  Ar^:,  ^c.  it's  manifeft 
that  the  Index  of  the  Ratio  in  every  Term  exprefles  the  Diftance  of  that  Term  from  the 
firft  A :  And  hence  it  follows  immediately^  that 

6.  Every  Term  is  equal  to  the  Produd:  of  the  firft,  by  that  Power  of  the  Ratio  whole 
Index  is  the  Diftance  of  that  Term  from  the  firft ;  and  reverfly,  the  firft  Term  is  equal  to 
the  Quote  of  anygreater  Term  divided  by  that  Power  of  the  Ratio,  whofe  Index  is  the 
Diftance  of  that  lerm  from  the  firft.  So,  for  Example,  the  firft  Term  being  A,  the  Ra- 
tio r,  and  the  Diftance  of  any  Term  from  A  being  d,  that  Term  is  Ar^i  and  if  you  c^ 
that  Term  Lj  then  is  L=3Ai^i  and  reverfly»  A=L-t-K 

Scholium.  Becaufe  the  greater  Extreme  of  a  Series  is,  by  what's  now  (hewn,  equal 
to  Ar^,  or  Ar" — ',  (A  being  the  lefter  Exoreme*  r  the  common  Ratio,  and  ^  the  Diftance 
of  the  Extremes  equal  to  n — i,  the  Number  of  Terms  le(s  i)  and  every  Term  below  ha- 
ving the  Ratio  involved  in  it  to  one  degree  lefs  than  the  preceding  greater  Term ;  therefore 
a  decreafing  Series,  which,  when  the  greater  Extreme  is  callea/T  is  reprefented  thus,  /: 

-:  —  :-:*  C^^-  may  alfo  be  reprefented  thus:  A»*:  At*— ' :  Ai*— *:,  &c.    Or  thu5, 

Ar" — ' :  Ar" — *:  Ar" — ^ .,,  ^c,  (becaufe  J=n —  i)  going  on  fo  till  the  Index  of  r  be 
equal  to  i,  and  then  we  have  A  r  the  Term  next  to  A. 

7  But  again  more  univer&lly':  From  the  fiime  Expreffion  of  a  Series,  it's  manifeft  that 
the  Difference  of  the  Indexes  of  the  Ratio  in  any  two  Terms  expreftes  the  Diftance  of  thefe 
cwoTerm^j  for  in  every  Step  aicending,  the  Ratio  is  involved  once  more  than  in  the  pre- 
ceding ^  and  therefore  from  any  Term  to  any  other,  it's  as  much  oftner  involved  in  the 
greater  than  in  the  leflerj  as  their  Diftance  ei^prefles;  that  it,  the  Difterence  of  their  la- 
deices  is  their  Diftance  ^  and  hence  it  follows  immediately,  that 

L 1  2  8.  Any 
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8.  Atiy  Term  of  a  Geometrical  Series  is  equal  to  tbe  Produft  or  Quote  of  znj  other  lefler 
er  sreater  Term  multiplied  or  divided  by  fucb  a  Power  of  the  RaciOj  whofe  Index  is  the 
Diftance  of  thefe  Terms  j  and  any  Term  divided  by  any  other  lefler  Quotes  foch  a  Power 
of  the  common  Ratio,  v^hofe  Index  is  the  Diftance  of  thefe  Terms.  For  any  Term  being 
expreflbd  Ar'j  {d  being  (he  Diftance  of  this  Term  from  A)  any  greater  Term  muft  have 
a  rower  of  r,  whofe  Index  exceeds  d  by  the  Diftance  of  thefe  Terms  ( by  the  laft)  fo> 
that  Diftance  being  w,  the  greater  Term  is  Ar*^"*;  but  Hxf»=r*+«  j  (rt.^.Cfr.i.B  3.)  confe- 
quently,  Ar*+»=:Ar*Xr«;  andreverfly,  Ar**™ -r-r»=:  A rS and  Ar**«-r-Af*=r«.  Or 
this  Truth  may  be  deduced  ftoaiOffou.  6.  Thus:'  Any  Part  of  a  Series,  l  e.  from  any  Term 
to  another  is  ftill  a  Geometrical  Series,  whereof  thefe  two  Terms  are  theEirtremes;  which 
being  called  A,L,  and  their  Diftance  d,  it's  (hewn  that  A=;L -r-rS  and  L=Ar'i  and 
laftly,  L-4-A=r*. 

Exam.  In  this  Series,  2 :  < :  18 :  f  4 :  162 :  486.  If  we  compare  6  and  x62»  whole  Di- 
ftance is  %'y  then  is  6  =162-7^  Cube  of  3,  or  27^  and  leveruy,  itf2=^<f  X27J  and  laft- 
ly  162 -^6=:  27. 

S  c  H  o  L.  The  imn^ediate  Ufe  and  Application  of  this  laft  Truth  we  have  in  the  Soluti- 
on of  thefe  TroHems. 

(1.)  Having  any  one  Term  of  a  Series  and  the  Ratio,  to  find  a  Term  at  any  Diftance 
from  the  given  one,  without  finding  aU  the  intermediate  ones:  The  Solution  of  which  is. 
jkainly  contained  in  this  CoroU.  Thus:  Take  that  Power  of  the  Ratio,  whofe  Index  is  tbe 
liven  Diftance  j  and  by  it  multiply  or  divide  the  given  Term,  and  you  have  the  Term 
fought  above  or  below  the  given  one.  Thus :  Any  Term  of  a  Series  beioe  muldply'd  or 
divided  by  the  fourth  Power  of  the  Ratio,  gives  a  Term,  which  is  the  fourm  above  or  b^ 
low  after  the  given  one. 

(2.)  Having  any  two  Terms  of  a  Series  and  their  Diftance,  to  find  any  other  Terpi  at 
any  Diftance  from  either  of  the  given  ones ;  which  is  folved  thus :  Divide  the  greater  by 
the  lefler  of  the  given  Terms,  the  Quote  is  a  Power  of  the  Ratio,  whofe  Index  is  die  Di' 
fiance  of  the  given  Terms.  Suppofe  this  Diftance  to  be  d,  and  extra<2  the  d  Root  of  that 
Quote,  (by  the  Methods  explained,  or  referred  to  in  Boci  III  J  it  is  the  Rado  fought:  (all 
which  is  immediately  contained  in  this  CaroU,)  Then  having  the  Ratio,  by  it  and  any  givca 
Term  we  can  find  any  other  Term  at  any  g^ven  Diftance  from  the  given  Term,  as  in  the 
preceding  ProUem. 

Otjkvey  For  feme  Cafes  of  this  Frohlem  there  is  a  more  eafv  Solution,  which  you'll  find 
in  Theo.  XX.  fee  the  3d  Anicle  of  the  Scbol  after  the  4th  CoroU.  as  particularly,  fappofe  tbe 
Term  fought  is  lefler  or  greater  then  either  of  the  Terms  given,  and  its  Diftance  from  the 
kffer  if  it's  greater  than  either  of  them,  or  from  the  greater  if  it's  lefler,  is  a  Multiple  of 
the  Diftance  of  the  given  Numbers. 

(3.)  Of  thefe  three  things,  viz,  the  common  Ratio  of  a  Series,  the  Diftance  of  any  vm 
Thtms,  and  the  Ratio  of  thefe  two  Terms;  having  any  two  we  can  find  the  third: 
Tor  any  Term  being  called  A,  r  the  common  Ratio,  and  d  the  Diftance  of  any  greater 
Term  from  A,  that  Term  is  Af^,  and  the  Ratio  of  A  to  Ar*  is  H;  which  if  we  call  R» 
then  (i.^  if  ^,  r,  are  given,  R  (=H)  is  alio  known.  (2.)  H  R  and  d  are  given,  r  is  alfo 
known,  vix,  by  extrading  the  </Root  of  R=K  (3.  If  r  and  R  are  given,  </is  alfo 
known,  vis^,  by  raifing  r  to  a  Power  which  is  equal  to  R  (=H)  aiKl  the  udez  of  it  is  ^• 

9.  The  Sum  of  the  Extremes  of  a  Geometrical  Series  is  equal  to  the  ProduA  of  tbe 
lelfer  Extreme  multiplied  into  the  Sum  of  i,  and  fuch  a  Power  of  the  Ratio  whofe  In- 
dex  is  the  Diftance  of  the  Extremes.  Thus,  A  being  the  lefler,  L  the  greater  Extremej  and  ^ 
the  Diftance  of  the  Extremes  j  A  +  L  =  A  +  Ar»,  for  L=Ar*  j  and  confequently  A-f-L===A 
4- Af**=^A  +  H  +  i.    Again  J  Bccaufe  any  two  Terms  of  a  Series  may  be  confidercd 

as  Extremes  of  a  leiTer  Seri€s>  the  fame  Rule  will  be  good  for  exptefling  their  SiHa- 
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Thus,  one  Term  feeing.  Ar^,  and  tnotbcr  greater  being  Ar**"**   their  S\im  is  Ar*+ 

"  (4.)  The  Difference  betwixt  the  Extremes  of  a  Series  is  equal  to  the  Produft  of  the  leCTcr 
multiplied  by  the  Difference  of  i  and  fuch  a  Power  of  the  Ratio  whofe  Index  is  the  Di- 
fiance  of  the  Extremes :  Thus,  L  —  A=Ar*  —  A= r-*— ix  A.    The  lame  way  may 

the  Difference  Of  any  two  Terms  beexprefledj  fo,  Ar^+J* — Ay^=y»— ix  Ar^j  in  all 

which  the  Indexes  exprefs  the  Diftances  of  the  Terms  from  the  lefler  Extreme  A. 

Theorem  XVIIL 

The  Sums  or  Differences  of  every  two  adjacent  Terms  in  a  Geometrical  Series  make 
alfi>  a  Geometrical  Series,  and  in  the  (ame  Ratio.  Thus,  if  ^ :  B :  C :  D,  &c.  is  a  Geometri- 
cal Scries,  foisthisalfo  A+B:B  +  C:C  +  D,  c^^.  and  this,  B— A:C  — B  :D  — C, 
^tf.  or  A— B:B  — C:C  — D,e^r. 

Exaf^b :  2 : 4 :  8 :  i(S :  32,  being  a  Geometrical  Series,  fo  are  the  Sums  < :  12 :  24 : 4?> 
and  the  Differences  2 : 4 : 8 :  i(S. 

Demonstr  I.  For  the  Sums,  It's  true  of  any  Series  of  four  Terms,  A:B:C:D. 
For  A:B::B:Q  therefore  A  +  B:B  +  C::A:B.  Again,  B|:C::C:D,  hence  B  +  C: 
C+D:::B:C  (7l5ftfr.IV.)  wherefore  A  +  B:B  +  C::B  +  C:C  +  D:  that  is,  A+B: 
B+CtC-f-D,  are  in  the  fame  Ratio  of  A:B,  orB:C.    TBj  the  fame  Keafonin|,B  -f-C 

:C--f-'^-^4:^  ^'  ^  ^"°^  '^  ^  ^^  ^^^  continued  Ratio  of  B:C,  or  C-.D,  Co  thac 
A-^BiB+CrC  +  DrD  +  E,  are  in  continued  IVogreffion.  And  fo  theReaibn  pro- 
ceeds thro*  the  Series  in  hrfimtum. 

3.  For  the  Difftrences»  It's  true  of  any  Series  of  four  Terms  A :  B :  C : D:  for  fince  A 
:B::B:C,  then  (byTfwr.V.)  B— A:C~B::  A:% or  B:Cj  and  fince  BrCr-.C-.D,. 
thcnC— B:D  — C::B:C.  Hence  B— A:C— B:D— C,  arc  in  continued  Progreflion* 
and  fo  on  to  more  Terms. 

Or  we  may  fhew  the  Truth  of  this  Theorem  yet  more  (imply,  thus  j  A :  Ar :  A  r*:  ArJ 
zKf^,&e.  being  a  Geometrical  Progreffion  ^  fois  A+ Ar:  Ar-f--*^^' •A^'^+Ars:  Af» 
•f-Ar*;  and  Ar— A:Ar*— Ar,  &c.  the  continual  Ratio  of  thcfe  being  evidently  rj 

for  A-f-Af  xr  =  Ar+Ar*,  andfoof  the  reft;  alfoAr—- AXf  =  Ar*  — An 

The  Reverji  of  this  Tie^em  is  not  true,  for  tho'  the  Sums  of  every  two  adjacent  Terms 
of  a  Series  are  continuedly  proportional,  yet  it  will  not  always  be  true  that  that  Series  is  fo^ 
biExMHfle:  3:4:10:18  arc  not -fp/i  yet  3 +4: 4+ 10.10  +  18,  or  7:14:28,  are  fo. 

Theorem  XIX. 

I F  there  be- two  Geometrical  Proereffions  in  the  lame  Ratio,  then  any  two  Terms  in  the 
one,  and  any  two  equally  diftant  in  the  other,  are  in  the  (ame  Ratig,  or  Proportional. 
Example:  2:4:8:16:32^  and  3:6:  X2:24:48>  are  in  the  fimeRatioj  hence  4:i5:r 

3:12,  or  4:32:: 3:24. 

« 

Demonstr.  The  Reafon  is  plain  from  the  laft;  for  of  Tertns  at  equal  DHhnce' 
Ae  ereater  is  always  the  Produft  of  the  lefler  by  that  Power  of  the  Ratio  whofe  Index  is 
the  Diftance  ^ therefore  the  Ratio  and  Diftance  being  equal,  diciaTerms  are  in  the  fame 
Ratio  to  one  another,  which  Ratio  is  that  Power  of  die  common  Ratio  of  their  refpedtive 
Series.  UniverfaHy,  let  one  Series  be  a:ar:ar^:ari:sr^'y  and  another  b\bf\bf^\brix 
br^.  Then  n  f :  ^ r? : :  *  r* :  *f4,  the  common  Ratio  here  being  r».  Or  thus,  ar^ :  jr**» 
.;*r*:*r*»+«,  the  Ratio  being  f». 
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Co  ROLL.  Heoce  having  any  two  Ternas  of  aSerkSj  and  any  Term  of  another  Se« 
ries  which  has  the  fame  Ratio  with  the  former*  we  can  find  a  Term  of  this  other  n  £» 
diftant  from  the  given  one  as  the  two  given  Terms  of  the  other  Series  are.  The  Applica*; 
tion  is  plain. 

Theorem  XX. 

Ant  two  Terms  of  a  Geometrical  Prc^;reffion  are  : :  /  with  any  odier  two  equally  di- 
ftant ;  alfo  any  three  or  more  equally  diftant  are  -ff  /;  fo  in  Ms»  2 : 4 : 8 :  i<{ :  32 :  64 :  1281 
thefe  are  : :  A  2:4: :  ($4 : :  128*  and  me&i  2 :  16 : :  8 :  ^4 :  Again*  thefe  are  -tt-  A  4 :  16 :  64* 
and  cheie  2:  8:32: 128. 

Demonstr.  The  IReafin  of  this  is  the  fafne  as  in  the  former  Thtoremy  viz.  the  £• 
quality  of  Diftances  which  makes  an  Equality  of  Ratios  betwixt  the  Numbers  compared. 

COROLLARIES. 

i;  If  any  two  Terms  are  multiplied,  and  the  Produft  divided  by  another  Term,  the 
Quote  is  equal  to  a  fourth  Term  as  far  diftant  from  one  of  the  Terms  muhiplied  on  the 
one  hand,  as  the  Divifor  is  from  the  other  of  them  on  the  other  hand.  For  fince  any  four 
Terms  are  : :  /,  whereof  the  two  lefler  are  at  the  fame  Diftance  as  the  two  greater,  (and 
confequendy  the  leaft  and  the  next  to  the  greateft,  at  the  (ame  Diftance  as  the  greateft  and 
the  next  to  the  leaft)  therefore  the  Produd;  of  the  two  middle  Terms  of  thefe  four  being 
divided  by  either  of  the  Extremes,  muft  quote  the  other  \  or  the  Produd  of  the  Extremes 
being  divided  by  either  of  the  Means,  muft  quote  the  other  ^  whence  the  Carol,  is  maniieft. 

Obferve  again.  That  if  the  DivKbr  is  one  of  the  Extremes,  i  e.  lies  on  the  feme  hand 
of  ( or  is  leiler  or  greater  than )  either  of  the  Terms  multiplied,  the  Quote  will  be  rhe 
other  Extreme;  i,e,  will  lie  oa  the  oppofite  hand  of*  (or  be  contrarily  sreater  or  lefler 
than)  either  of  the  Terms  multiplied  1  coniequendy  the  Diftance  of  the  Quote  ftom 
the  Divifor  will  be  the  Sum  of  the  Diftances  of  both  the  Terms  multiplied  from  the  Di- 
vifor (or  from  the  Quote  itfelf,  which  is  at  the  fame  Diftance) :  But  jf  the  DiviTor  is  one 
of  the  Means,  L  e.  lies  betwixt  (or  is  lefi  than  the  one  and  greater  than  dae  other  of  j  the 
Terms  multiplied;  and  coniequendy  the  Diftance  of  the  Quote  from  the  Divifor  will  be 
the  Difference  of  the  Diftances  0^  the  Terms  multiplied  from  the  Divifor,  or  from  the 
Quote  itfelf,  which  is  the  fame  Diftance. 

Exafnpk:  In  thisSeries,  <i:t:r:rf:tf:f:g:i&,  ii*s  true  that  * : tf : :/:  A,  where  c/-r- it =*, 
which  is  as  far  from  /  on  the  one  band,  as  m  is  from  r  on  the  other ;  and  as  far  from  a  as 
the  Sum  of  the  Diftances  of  c  and  /from  a.  Again;  ah-^c  rs/  as  far  from  b  on 
the  one  hand,  as  ^  is  from^i  on  the  odaer^  alfo/is  as  far  bomc,  as  the  Difierence  of  the 
Diftances  of  a  and  h  from  c. 

Aeain ;  Becaufe  it's  the  fame  thing  in  tfk&  to  multiply  two  Numbers,  and  divide  their 

Produd  by  another;  or  €rft  to  divide  ode  of  thefe  two  Numbers  by  the  fame  Divifor, 

If- 

and  multiply  the  Quote  by  that  other  Number,  for  — =— x  c,  or  —  x  *.  Therefore  the 

laft  Corollary  will  be  iti  efted  the  fame  if  it^s  exprefTed  in  this  manner,  vi%,  if  any  Term 
of  a  Series  is  divided  by  another,  and  the  Quote  multiplied  by  a  third  Term,  the  Produd 
15  a  Term  as  far  diftant  from  the  Dividend  or  Multiplier  on  the  one  hand,  as  the  other 
of  thefe  is  firom  the  Divifor  on  the  other  hand ;  fo  that  the  Diftance  of  the  Produd  firom 
the  Divifor  will  be  the  Sum  of  the  Diftances  of  the  Dividend  and  Multiplier  from  the 
Divifor,  when  the  Divifor  is  lefler  or  greater  than  either  of  thefe ;  but  if  it  lie  between 
them,  then  the  Diftance  of  the  ProdiiS  from  it  will  be  the  Difference  of  the  Diftances 

be         b 

of  the  Dividend  and  Multiplier  from  the  Divifor^  for  — ^=  —  x  f,  which  is  now  called 

a  Produd,  is  the  very  fame  Number  that  was  before  called  a  Quote ;  and  what  is  here  a 

Dividend 
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Diyidend  {nn%,  h  or  €)  is  the  ftme  as  was  befbre  one  of  the  Multipliers^  (and  is  in  efk& 
a  Multiplier  here  alfo)  and  the  Dxviibr  is  the  Czmt  as  befere. 

2.  It  any  Term  of  a  Series  is  multiplied  by  itfelf,  and  the  Produft  or  Square  divided  by 
another  Term,  the  Quote  wilf  be  a  Term  of  the  Series  as  far  diftant  from  the  Term 
Iquared  on  the  one  hand,  as  the  Divifbr  is  from  the  fame  Term  on  the  other  hand  ^  and 
confequendy  the  Quote  will  be  as  far  from  the  Divifor  as  twice  the  Diflance  of  the  Term 
(quared  from  the  Divifor.  Hence,  rev0rjly,  The  Tprm  which  is  in  the  middle  betwixt  two 
Terms  is  the  Square  Root  of  dieir  Produft.  So  in  this  Series,  a:  t:c:d:e:f:g:h,  if 
dxdis  divided  by  h,  the  Quote  is  equal  to/  as  far  diftant  from  </as  ^is  from  ^,  and  twice 
as  far  from  b  zs  J  is.     The  Reafan  is  becaufe  *:</:/  are  ~r/,    and  therefore  dJ=^tf'y 

whence,   </J-f-*=/,    alfo   tj]*=d.  » 

5.  Again,  more  univerfally ,  If  any  Term  of  a  Scries  is  railed  to  any  Power,  and  that 
Power  divided  by  fuch  a  Power  of  any  other  Terra  whofe  Index  is  i  left  than  that  of  the 
Dividend,  the  Qiote  is  a  Term  of  the  Series  whole  Difbnoe  from  the  Root  of  the  Divifor 
k  equal  to  the  ProduA  of  the  Index  of  the  Power  in  the  Dividend  by  the  Diftance  of 
its  Root  from  that  of  the  Divifor.  The  Eeafin  will  be  plain  from  this  Examples  Let  any 
two  Terms  of  a  Series  be  called  a\b:  a  Series  continued  from  thefe  is  ( by  ^fobl  III. ) 

M\bi  — :—  :  — :  &e.    But,  by  the  two  preceding  C&rallaries,  each  of  thefe  Terms  is 

a  Term  of  any  Series  to  which  a»  b  can  belong,  flnce  —  is  a  lA-r^llo  s\b;  and  each  of 

the  reft  a  4th  to  « :  ^,  and  the  preceding  Term.    And  here  it's  evident  that  each  Term  is 
twice  or  thrice,  &c.  as  far  from  ^r  as  ^  is,  according  to  the  Index  of  ^. 

4.  If  any  three  or  more  Terms  of  a  Geometrical  Strict  are  coodnoidly  multif^ed  to- 
gether, and  the  ProduA  divided  by  fudi  a  Power  of  a  Term  Ids  than  any  of  them,  or 
greatser,  whofe  Index  is  i  left  than  the  Nomber  o^  Terms  mtiddplied,  the  Quote  will  be 
that  Term  of  the  Series  whofe  Difkance  from  the  Root  of  the  Divifor  is  equal  to  the  Sum 
of  the  Dtflancei  of  thefe  multipited  Terms  frdm  the  fiune  Rooc.  The  Bte4fin  of  this  is 
cafily  dedttced  foosi  the  7ie6rem»  thus:  Suppofe  any  Term  of  a.  Series  n  0^  and  b,  c,  any 

Mm  ft  _ 

two  otjier  Ternoa  both  greater  or  leflbr  than  4  >  th^p  -^  expre0es  #  Term  diftant  fi:octi 
#  by  liie  Sum  of  the  Dtftances  of  ^  and  r  ( by  Ak&etfmi).  *  Take  anod^er Term  d,  and 

be  bed  bed 

©ulti|)lyio$othelaftfound,iti3— X  ^=="J  *  which  divided  by  ^  is  --j-;,whichisaNum- 
ber  formed  accovdkig  to  the  Propoficion,  and^  Is  aUb  by  this  JUoftm  a^erm  of  the  Serjei 

as  far  diftant  from  s  as  die  $um  of  theBif^qces  of  ^and  — ;  ^ut  ihp  Dlftaixce  of  ^ 

bed 

k  Ae  Suo^  of  die  Pi(lances  of  b  and  f,  therefore  th^  Diftance  of  r-r  is  the  Sum  of  the 

D  fiances  of  b,  c,  d\  and  it^s  obvious  that  the  f^e  Reafbning  will  be  good- in  d>6  Hett 
Cafe,  i.  ^/ where  four  Terms  are  mulciplied,  and  rd"l»  flf/f»iif»w^^       -<'  ... 

Or  the  J)0npnfir4fwm  of  t^is  Truth  may  be  dcdjuced  without  ibi^mmi^'^iicfs^  ^ny 
Term  of  a  Series  may  be  called  a^  arid  if  the  common  Ratio  of  the  Series  is  r,'  then  the 
fcvcral  Terms  after  a  will  be  4f  r,  inr*,  #rJ,  ^e.  (a  that  asy  Term, softer  4f..ipay  be  repre- 
fented  ^sr"  or  ar^»  or  with  any  other  Index  which  wilKeyprels  the  Diftance  of  .that  Terra 
from  s.  Now  if  we  take^any  two  or  more  6f  thefe  Terms  after  a,  and  Multiply "theitl 
tc^cthcr,  the  Produd  will  be  equal  to  the  Produd  of  ihefe  two  PA5ors>  viz,  fuch  a  Power 
€r#  whofe  Index  ia  th^  Number  of  Terms  multiplied ;  and  fuch  a  Power  of  r  whofe  In- 
dex is  the  Sum  of  the  Indexes  pf  r  in  xhc  fev:eral  T^rip^  mulyp^ed  f  t^  4r"x^T«~4»* 
)</*»*,  and  fb  of  more  Tcrrhs;.  Let  iis  then  fuppofe  any  Nuipber  of  Terms  afters  mul- 
tiplied 
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ciplied  togethefj  if  tfaat  Number  of  Terms  is  n,  and  the  Sum  of  tlie  Indexes  of  r  in  the 
Ibvcral  Terms  is  /w,  then  is  the  Produ&  ^"xr®,  which  divide  by  #"— S  the  Quote  is 
4  X  fi"^  a  Term  as  hr  diftant  trom  ^s  as  iri  expreflesj  or  as  far  as  the  Sum  of  the  Diftances 
of  all  the  Terms  multiplied. 

Scholium.  The  immediate  Ufe  and  Application  of  tbele  CorMariei  is  in  the  So- 
lution of  the  following  ProUems. 

(i.)  To  find  any  Term  of  a  Series  by  means  of  its  Diftance  from  the  firft  Term^  to- 
gether with  the  firit  Term*  and  any  two  other>  the  Sum  or  Difierence  of  wbofe  Diftance 
from  the  firft  is  eaual  to  the  Diftance  of  theTerm  ibught :  The  Sdution  of  which  is  plainly 
contained  in  Corou,  i.  which  need  not  to  be  repeated. 

(2.)  By  the  firft  and  any  three  or  more  others*  the  Sum  of  whofe  Diflances  frona  the 
firft  is  equal  to  the  Diftance  of  the  Term  &ught  from  the  firft>  the  Solution  of  which  is 
in  CorolL  4. 

(3O  By  the  firft  Term*  and  any  one  other  whofe  Diftance  from  it  is  an  aliquot  Pan  of 
the  Diftance  of  the  Term  fought  from  the  firft  ^  the  Solution  of  which  is  contain^  in 
CerolL  2.  and  3. 

(4,.)  When  the  Term  fought  is  in  the  very  middle  betwixt  the  given  Terms^  as  in 
CoroU.  2. 

Ohferve,  If  the  Term  fought  is  betwixt  the  Terms  given*  bift  not  in  the  middle^  you 
have  a  Rule  for  folving  this  in  FrobL  3.  See  Article  z.  of  the  SchoL  to  OnroU.  8.     ' 

Theorem  XXL 

T  K  any  Geometrical  Series  the  Produd  of  the  Extremes  is  equal  to  the  Produd  of  any 
two  middle  Terms  equally  diftant  from  the  refpedivc  Extremes*  ( i.  e.  the  lefTer  Mean  from 
the  lefler  Extreme*  and  tbeereater  from  the  greater)  and  to  the  Square  of  theinddJe 
Term*  when  the  Number  of  Terms  is  odd.  That  is*  thefe  ProduAs  are  all  equal*  viz. 
that  of  the  Extremes*  and  the&  of  every  two  Means*  taken  at  equal  Difbmce  from  the 
Extremes*  and  that  of  the  middle  Term  by  itielf*  i.  e.  its  Square*  when  the  Number  of 

Terms  is  odd. 
Exapffle.    3 :  12 :  48 :  192.  i6i :  3072 :  12288*  being  a  Geometrical  ProgrefiSoo*  thefe 

Prodadte^e  equal*  ^s.  3X  i2288s=si2X  3072=45X  X68S192X  192s  eadiofthem 

being  =  3<$854. 

D  E  M  o  N  s  r  R.  This  follows  eafily  from  the  preceding*  compared  with  Tbeor.  I.  for 
the  JExtremes  of  a  Series*,  aiid  anjr  cWo  Terms  eouaUy  diftant  from  theou  ale  ::/  by.  fbc 
preceding,  and  by  Tbetft.  I.  the  Produdb  of  the  Extremes  and  Means  of  four  Proportionals 
arc  eqiiiu';  and  the  Produft  of  the  Extremes  of  three  Numbers  in  continued  Proportion  is 
equal  to  the  Square  of  the  middle  Termsj  hence  the  thing  to  be  proved  is  maoifeft. 

Exafnpk:  diticdie :/: g,  being  a  continued  Serks*  thefe  are  proportional*  # : * : :f:gj 
hence 4^7n=*/?  AgaJPi  4i.:c::e:4'y  l^ence  ^g^^ce.  Alfo  a  :  J  ;g.jare  ^/;  hence 
^  ^ = 4/^  •  wherefore  n  ^  =:  ^/s?  t  esps^id.    However  loDg  the  Series  be* .  the  Trudi  of  die 

The&rem  ia  equally  cfear,  .     ,    a  t% 

*    Which  we  may  alfo'flicw  by  tlm  other  Reprefimtation:  let  #  be  the  ieait  Extreme*  r  the 

Ratio*  and  1/  the  Diftance  of  the  Ex- 


the  feveral  corre^iondingTerais  ftaoding  againft'  one  another  in  the  two  Series  are  all  equd 

-  •    •    J  •  ■■      '   ■  *  *  *  to 


tremes*  then  the  greater  Extreme  is  sr^* 
(Cor.  6.  Proh.  3. J  and  the  Series  of  incret- 
ung  Terms  from  a^  and  of  the  decreafiog 
from  0f^9  are  as  in  the  Mardn.  From 
whence  it^s  obvious*  tfaat  the  Prodods  of 
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to  tf^x H;  for  f  being  involved  once  more  in  every  Term  from  ^j  and  once  lefi  in  every 
Term  from  m^»  makes  ftill  the  fime  Product  «»  x  r ^ 

Or  it  will  be  as  clear  if  we  reprefimt  a  Series  in  this  manner^  M\sr\^^ :  &c.  ''Zx'-'f 

:  /,  increafing  from  s  for  the  one  half  of  the  Series^  and  decreafing  from  /  for  the  other 
half:  and  if  there  is  a  middle  Term  let  both  Parts  of  the  Serte  include  ic :  And  then  the 
Truth  propoled  is  obvious  ^  each  Produft  beipg  = « /.  For  tho'  one  of  the  Fa&ors  is  a 
muttii^Kd  by  ibme  Power  of  r  ^  yet  the  other  is  t  divided  by  the  fame  Power  of  r,  which 
Multiplier  and  Divifbr  deftroy  one  another  in  the  Produfl  propofbd. 

SCHOLIUMS. 

1.  Where  a  Series  has  an  even  Number *of  Temw,  there  are  two  Terms  which  we 
may  call  the  two  middle  Terms>  and  in  this  Cafe  the  Theorem  may  be  exprefifed  thus : 
The  Produft  6(  the  two  middle  Terms>  and  of  every  two  equally  aiftant  from  them  aie 
equal :  And  we  fnay  alfo  fee  this  Truth  in  a  Reprefentation  different  from  any  of  the  for- 
mer>  thus ;  If  «0 : «  be  the  two  middle  Termsj  the  Series  afirending  from  n  will  be  the  con- 
tinual Produds  of  n  by  ^be  Rario>  and  defc^ndtng  from  m  it  vidil  be  the  continual  Quotes 
of  m  divided  by  the  Rati^j  which  in  this  Caf^  is  taken  for  the  Quote  of  the  greater  Term 

divided  by  the  lefler«  as '»  -r-  w :  Thus;  &e.  \-;:i\--T\-'\m\n\nr\nr^\HT^\  &c.  In 

which  the  Theorem  is  manifeft*;  for  n  being  multiplied  by  any  Power  of  r,  and  m  beina;  di* 
vided  by  the  iame«  the  Produd  of  that  C^ote  and  Produd  is  mn,  the  Divifor  and  Mul- 

mm  m/m  M  m  mm 

dplier  deftroying  one  anodier:  So  — Xjsr=s  — —  s=mn'^  and  univerfidly*  ~  xsrr*  =s 

=w». 

2.  Where  the  Series  has  an  odd  Number  of  Terms^  i.  e.  has  a  middle  Term  equally 
diftint  fr9m  both  Extremes*  then  it's  the  (ame  thing  to  &j»  ^^  ProduOs  of  the  feve- 
ral  Tertns  eau^y  diftant  from  the  Extremes*  or.  The  Produds  of  Terms  ^ually 
difbnt  from  tne  middle  Term*  are  equal  to  another*  and  to  the  Sqiuure  of  the  middle  Term; 

and fijch  a  Series  may  be  thus repreloited;  c^r. —:-:-:iii:iwf  :wr*:wf 3,  &c.  which 

alio  does  clearly  Hiew  the  Truth  of  the  Theorem. 

3.  Otferve,  For  the  fiime  Reafbns  here  explained*  the  Produd  of  any  two  Terms  in  a 
Series  is  equal  to  the  Produd  of  any  other  equally  diftant  from  the  former  two ;  and  where- 
of one  is  taken  as  far  above  one  of  thefe  former  as  the  other  is  below  the  other  of  them : 
Becaufe  fuch  four  Terms  are  prooortional;  and  of  the  Terms  multiplied*  the  one  Couplet 
are  the  Extremes*  and  the  other  the  Means. 

Alfo*  The  Produd  of  any  two  Terms  is  equal  to  the  Square  of  that  Term  which  is  in 
the  midil*  equally  diftant  from  either  of  them*  becaufe  thefe  three  Terms  are  : :/;  ib  in 
the  preceding  Scries  af^=^ie,  becaufe  a:b::e:fi  and  aessce^  hccxak0:c::e:e. 

Again  J  When  a  Series  has  an  even  Number  <x  Terms*  tho^  the  two  middle  Terms  are 
not  in  the  continued  Ratio  of  all  the  reft  above  and  belowj  yet  the  Produds  of  the  Ex- 
tremes and  middle  Terms  equally  diftant  frt>m  them*  will  ftill  be  equal*  becaufe  thefe  Fa< 
dors  are  : :  /*  at  leaft  disjundly. 

Co  ROLL.  The  contidual  Produd  of  any  three  or  more  Numbers  in  Geometrical 
Progreffion  is  a  Power  of  Ibme  Order;  particularly* 

(1.)  If  the  Number  of  Terms*  n,  is  even  {i.e.  a  Multiple  of  ^Oaod  the  Extremes 
«*  /*  then  fuppofe  li  -r-  2r = i/ ;  I  fay*  the  continual  Produd  of  all  the  Terms  of  the  Series 

^  tbfi  d  Power  of  dw  Produd  of  the  Extremes*  or  T7f :  For  fince*  as  has  been  fliewn* 

Mm  the 
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the  Prodii£b  of  the  Extcemes^  and  of  every  two  meaa  Tenns  equtlW.  dift^c  from  thelx* 
tremes>  are  all  equals  and  there  are  as  many  of  tbe(e  equal ProduCtsas  the  half  Number 
of  Terms,  or  d:  Therefore  the  continual  Produdl  of  all  thefe  cqw^  Produfis  (which  is 
manifeftly  the  continual  Prodoffc  of  ail  the  Terms  in  the  Series)  is  eaual  to  fuch  a  Power 
of  any  one  of  them  ( as  the  ProduA  of  the  Extremes)  whofe  lodex  is  J.  Rmmpk :  Of  this 
Scries,  2: 4 : 8: 16 : 32 ; 6^»  the  continual  Pioduift  is2X4x8xi6X3ax64=:  205)^52 

(2  J  If  the  Number  of  Terms  iis  odd,  i.e.  If  there  is  a  middle  Term  equally  diftant  from 
each  Extreme^  fuppoTe  that  middle  Term  is  m,  and  the  Number  jof  Terms «;  I  fay,  the 
continual  Produd  of  all  the  Terms  is  the  n  Power  of  the  middle  Term,  m,  or  m":  For 
the  Produds  of  every  two  Terms  equally  diftant  from  the  middle  Term,  being  equal  to 
w^  or  MXm-y  therefore,  as  to  the  continual  Produd  of  the  whole  Terms,  the  Series  is 
the  fame  in  cScSt  as  if  it  were  a  Series  of  Terms  all  equal  to  m^  in  which  cafe  it's  evident 
that  the  Produd  of  the  whole  is  »".  Example :  Of  tms  Series*  2 : 4 :  8 :  16 :  32,  the  con- 
tinual Pfodudt  is  2  X  4 X  8  X  i(J  X  32  =  32768  =  8*. 

Ohfirve,  The  continual  Produill  of  the  Series,  viz.  TJ  ,  or  »",  may  alfo  be  a  Power 
of  as  many  other  Orders  as  are  denominated  by  the  integral  Numbers,which  divide  die  Index  ^ 
or  n,  without  a  Remainder,  as  has  been  already  explained  in  BiMk  III.  Again;  In  fome 
Cafes  the  Produft  may  be  a  Power  of  other  Orders  than  what  are  affigned  either  by  this 
Corollary  or  laft  Objervation^  according  to  the  Nature  and  Compofition  of  the  ift  Term 
of  the  Series,  and  dl  the  Ratio ;  but  thefe  not  fiowmg  immediately  from  the  Nature  of 
Progrefficns,  are  not  to  be  conftdercd  here.  This  only  I  (hall  further  okfirve.  That  if  the 
Index  n  ( viz.  of  the  Power  m^  the  ProduA  of  an  odd  Series )  is  an  odd  Number,  the 

ProduA  cannot  be  a  Power  of  the  Order  d.  Suppofiog  in  this  Cafe  alio  1/  =  -  ;  becaule  f 

2 

being  an  odd  Number,  is  not  divifible  by  2  without  a  Remainder  ^  therefore*  ot  iis 
not  the  Index  of  a  fimple  Power.  Alfo,  If  li  is  an  even  Number  the  Produft  cannot  be 
SI  Power  of  the  Order  » ^  for  that  Produd  being  ai »  if  this  is  alio  a  Power  of  the  Older 
m»  then  d  is  divifible  by  n  without  a  Remainder,  which  is  impoIEble*  becaufe  ^=r> 

Theorem    XXII. 

I K  any  Geometrical  Progteifion»  which  ibever  of  the  Extremes  you  call  the  ift  Tensb 
the  Di&reace  of  the  id  and  2d  Term  is,  to  the  Difference  of  the  Extremes,  in  die  bxst 
Ratio  as  the  id  Term  is  to  the  Sum  of  the  whole  Series,  except  the  lafl  Term:  Or  ^ 
as  the  ad  Term  to  the  Sum  of  the  whole  Series,  except  the  lA. 

Example :  In  this  Series,  2:^:18:54: 162,  itisa64  (=6  —  2)  to  160  (=  162  *—  l)  fois^ 
to  80  (=^2+6+  i8'|-54>)i  or  take  the  Series  decreafiog,  it  is  as  108  (=  i6x — 5^)  toi^o 
ib  is  1(^2 00 240  (=:i((2-f*544-*x8-f<6.)  A^ain^  it  is  4: 160^:: ({1240  }  and  108:  x^o:: 

80. 

Univiffallj:  If  a  Geometrical  Series  is  a:i:c:d:e,  &c,  I,  for  the  whole  Sum  pu^ 
/,  and  let  a  be  the  ift,  and  /  the  laft  Termj  fo  that  /-^4.  s  —  /,  exprefi  the  Sum  of 
the  whole  Series,  except  the  ift  or  laft  Term  ^  then  is  it  *— 4  (or^i — t)  :/  —  #  (or^— ») 
::a:s — /:  :A:y  —  rf. 

D  E  M  o  N  s  T  R.  I.  Let  us  fuppofe  the  ift  Term  to  be  the  kflfer  Extreme,  aad  the  thing 
to  be  demonftrated  is,  that  A-— ^:/— ii:;«  :  *— /::i:f  •— #.  Thusj  Of  «y  Num- 
ber of  fimUar  and  equal  Ratios,  the  Sum  of  all  the  Antecedents  is  to  the  Sum  of  all  the 
Gonfequents  as  any  one  of  the  Antecedents  to  its  Confequent  (by  Zt^IV.  C^roU'  h)'- 
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Bbc  in  caTe  oTa  caadDae4  Pcpgrdfion  all  tbe^  Terms  except  tbe  HaA  art  Antec5daiits>  and 

all  except  the  ift  are  Confequents  j. fo  that ic  is  s — /: s  —  a  :  :  a\b  \  and  tSvfpvely  s — a 

—  /  —  l:t — ar.s  —  /:  a  :  :  r  — «;  Jj  butf  — a —  s-^lsn  s^^a  —  x-j-.7=  /  —  *} 
therefore /-^n:  I — a::S  —  l:a::s  —  a:lr^y  ou  reverflp  t.^ail-^aiisis-^h  :B:  s 

—  If. 

2.  V  we  fuppofe  s  to  be  the  greater  Eitreme>  the  Demonfiratum  proceeds  the.  fiuoe 
way;  qnTjr  inflpadof  i'—^and  /— iii  it  iMa^^kis — /::j:j  — /;:A:4r  — it. 

COROLLARIES. 

'    •  • 

I.  Having  the  Extremes  of  a  Series*  and  the  (econd  Ternij  (or  that  next  either  of  the 
£xtrevaes)  we  cad  find  tbs  Sum  of  the  whole  Soriesj  without  knowii^  or  finding  any 
more  of  the  Tcrtbs.    Thus : 

Multiply  the  Difference  of  the  Extremes  by  the  firft  Term,  and  divide  the  Produd  by 
the  DifFetence  of  the  firft  and  fecond  Term,  the  Quote  is  the  Sum  of  aH  the  Series  ex^ 
cept  the  laft  Term  J,  to  which  .Quote  add  the  laft  Tcrm^and  the  Sum  is  the  thing  fought. 

fartncc  h^^s  :  l-^a  :  \a  :  s — /,  therefore  f—/ss  «T       ^  »  and^aa->" 4^L 

'  b  —  a  b  —  M      ' 

Or  inftead  of  multiplying  by  tbe  firft  Term,  multiply  by  the  fecond  Term  ^  and  you'll 
HikI  the  Sum  of  all  the  Series,  except  the  firft  Term.    For  b — a: I — a:  :  b  :  s^^  a^ 

I  «.\F  ft  /        ■   M^L  A 

■therefore  t  —  ^^==^-r^ — *  and  y=    LJ^^    +^'    '^  we  fuppofe  *  left  thaff  #, 

yet  the  Rule  is  the  fimie,  and  the  Reafon  of  it  alfo^  by  putting  H'^b  and  m^-^l  in  place 
of* — 4  and  / — a.  ^_^^ 

Ag0in :  If  we  take  either  of  thefc  Exprcffions  for  the  Sum,  vte.    ^^^  +  /»    or 


T—ixb 
_— f«  ^  ^  and  reduce  them,  by  the  common  Rules,  to  a  more  iimple  Expreffioo, 

we  ihall  find  it  to  be  this,  x=-np— —  ^  i.  e.  multiply  the  laft  and  fecond  Terms,  and 

from  the  Product  fubtrad  the  Square  of  the  firft  Term,  and  divide  the  Remainder  by  tbe 
Difierence  of  the  firft  and  fecond  Ttrm^  the  Qjiote  is  the  Sum.  And  the  Truth  or  this 
we  may  sdfo  deduce  otherwife.  Thus,  a  :  b  :  :  s-^l\t  —  a,  (as  we  faw  above)  and  the 
Produa  of  Extremes  and  Means  are  equal,  viz.  as — a^zisl  t  — bh    To  each  add  bl, 

and  it  is  *  I'-^-ss  —  a*=:bs'y  and  fubtraAkig  a  $,  k  u  &/-^4^=*/-*4ix=:*— .^fXxz 

bt — ^* 
and  dividing  by  *— 1»,  it  is  -j-—— sw#. 

d.  From  this  Sxpreffion  of  the  Sum,  t  e.  Qom  this  Equslity,  «x-*4fffts=*x*-.  H;  we 
have  aUb  the  Solution  of  thefe  ProbUmts  viz.  (i.)  Haviif;  b,s»  I  to  find  «, which  is,  ^ixs 

£j.?~77^JJ*  (Prob.6.a2.B.m.)  (20HaviDg*,x,/tofiQd*,wliidiife*s=f£=lf*. 

(3 J  Having  0,  s,  b  to  find  h  wjrich  ir/o*  ^  ^~'^^\l*^  .  For  fioce  il^^a^sssbs**^ 
af.-  Add  #*  to  eacb>  it  is  bl  :=tb  s^-^^  as  +  #*j  and  dividing  by  b»  it  is  /  = 
/^ — .  (4.J  Having  4r,^,  X— /  to  find  s-^a^  whKh  tf>  /— uss  — —  j 
^hich  flovn  immediatdy  .from  « x  —  «*,;:s  h  f^hl.  (;.)  Haying.  #«  ^«  r— «  to  fiocl 
«-•/»  which  it,  »— /«s;f."Y     *»  "  •     M  m  •.  In 
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In  the  fime  mtmiar  haviog  any  three  of  thefe  lour,  nnz.  #,  H^  P^  7^,  vc 
can  find  the  fourth ^  thusj  /-—  /ss    ■    ^       »  (which  is  above  demonftrated^  aod  &om 

which  foflow  the  reft,  wc.)   *— #  sslHf-JfJ!!.  /_^  — ZELilHlj  and  ^  = 


we  can  find  the  fourth  thus w—#=:^  ■  ^^    .     Which  is  above  demonftrated ^  and 
from  which  foUows,  that  *— #  =  ?EliL*i  /~#s:;^~  ^  f  *^^:  and  *  = 

S  —  If  X  t  — J 

— J^^^^^r — 

Scholium.  In  every  Geometrical  Progreilion  theie  five  things  are  confiderable,  viz, 
the  two  Extremes,  the  Ratio,  the  Number  of  Terms,  and  the  Sum :  From  which  t  Va- 
riety of  Problems  arifes,  whereof  thcfe  are  the  chief  and  moft  u(efid ,  in  which  are  givea 
any  three  of  the(e  things  to  find  the  other  two.  But  there  is  one  Cafe,  viz,  having  the 
Sum,  Number  of  Terms,  and  either  Extreme,  to  find  the  other  and  the  Ratio;  the  So- 
lution of  which  is  too  much  above  the  Method  I  am  limited  to :  however,  I  Oiall  not  en- 
tirely pafi  it  over,  but  bring  the  Solution  ib  fiir  as  my  Method  permits,  and  muft  leave  the 
reft  to  fiiperior  Methods. 

TteUfi  rftbe  Symbols  mphjidm  tbefilkvmg  Problems. 


W  s=  the  lefler  Extreme. 
/  =s  the  greater  Extreme. 

s  =  Sum  of  the  whole 
Series. 


rss  the  Ratio,  which  is  to  be  ta* 
ken  as  the  Quote  of  the  greater 
Term  divided  by  the  lefler,  and 
confequencly  the  reciprocal  Ra- 
tio taken  the  other  v^y. 


n  ==  Numb,  of  Terms.' 

</=» — i=theNuix»* 

berof  Terms  le&  i« 

or  the  Difbnco  of 

the  Extresies. 


Problem  IV. 

JHdvmg  ihi  Extremis  and  Rstio  A,  I,  r,  to  fimi  the  Ssm  sssd  Number  rf  Terms  a,  n. 

S  OLUTIONS. 

I.  For  the  Sum.    It  may  be  done  various  waysj  thus, 

ift  Method:  Having  «,  f,  we  have  alfo  b  the  fecond  Term,  (ox  ^s^r;  then  by  #> 

bl^^a^ 
*,  /  wemay find  x,as  in  C^r. x.  7teor.22.  thus,  /=s-^^^y  . 

But  without  finding  *,  we  have  various  other  ways. 
.    2d  Method:  Divide  the  Difference  of  the  Extremes  by  the  Ratio  lefi  i,  the  QvKXe  is 

the  Sum  lefi  the  greater  Extreme.    Thus,  /  — /ssjt^^,  and  xss^^^-j+i 

Exofffle:  45=3,  7=48,  f  =sai  then  is  r— /=45  — JZIV'  ^^  '=45  +  4'i  «« 

in  this  Series,  3 :(:  12  .24: 4S. 

Demokstr.  By  Jteor,  22.  ic  is *  —  <•:/ — aiisis  —  /,  or  ^— «:<::/— ^s  :/— /. 
But  b=sr»  therefore  *:#::f:ij  and  divifively,  *— 4:#::r— i  :i.    Hcnccr— x 

:x::/— *:'—'»  and '—'^p^fi  •!*>?=»  fZrr+'?  3d  Afi^. 
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•  3d  Me$bpd.    Miildply  the  Di£fisrence  of  the  Extremes  bjr'the  Ratio,  and  divide  tfaePro- 
duft  by  the  Ratio  ids  i,  die  Quote  is  the  Sum  wanting  the  lefTer  Extreme.    Thus^  s  — s 

_T=aj^     and  hence  s^(E^ll.+s: 

r  —  I  r — I     ^  

ExsmfU:  ^ss^^  /  s  ^^  r a:2^  then  it /*-^4i=:  90&sillli2L3^  and  1=93. 

2*^  I 

Demon.    Since  tiMuru,  (as before);  therefore  *— ii;*::r  — i:r.    But  t—s 
;t::/—  a:s  —  a»  (The^remxi.)    Hence  r  — j  :  r  ::  / —  4:/  —  i»*andx— ^==5 

k— — ,   and  /  sa  +4f. 

4Jth  MetboJ.    Take  the  Produft  of  the  lefler  Extreme  and  die  Ratio  out  of  the  greate 
Extreme^  and  divide  the  Di£feitnce  by  the  Ratio  lefi  i,  the  Quote  is  the  Sum  wanting  both 

Extremes;  thus>  #—4—./=:  ^^  >and/=:  ^^  +^+^« 

Exsm.  Indie  preccdingSerie$,r-— J*— /s=4asai^~-,  and/=4a  +  J^  — 
Demonstr.   By  die  2d  MthJ,  x~/=p~^;  hence/— /~4—y~^  —  sss 

^^IT/  ""^^  r^i'  ^'  ''^"*'  ^  ^^  (which  is  die  fccond  Term,  when  s  k 
the  firft)  be  made  the  firHTerm;  then,  of  fuch  a  Seri^  /— /slZll!l»  by  die  fecond 
Method:  But  diis  is  phinly  =/—/—«  of  diat  Series  which  begins  widi  a.    Therefore* 

5  th  Method.    Multiply  the  greater  Extreme  by  the  Ratio>  and  from  the  ProduA  take 
the  lefier  Extreme ;  divide  the  i)iffisence  by  the  Ratio  lefi  x,  the  Qjiote  is  die  Sum;  thus, 

Ex0m.  In  die  preceding  Series,  /aa^^t      .^sspg. 

Demomstr*    This  Rule  is  deduced  from  the  2d  Mediod,  thus»  s  s=s- ^f  4^ / 

ss   ~^'Tj         =  ^  JJt*;  atwi  it  may  be  deduced  the  fiime  way  from  die  3d  or  4di 

Mediods.    Or  we  may  deduce  it  from  the  xft  Methods  by  putting  isir  in  the  Place  of  b» 

diu^  f^   ~  ^  ^  ss  ^  ~^»  by  dividing  Numerator  and  Denominator  by  a.  Or,  agun, 

from  die  2d  Method,  Thus;  If  one  Term  more  is  Joined  to  that  Series  whoTe  greateft 
Term  is  7,  that  new  Term  is  f /;  and  putting  r  /  in  place  of  /,  in  KmU  2.  it  is  s-^rl^=^ 


L :  But  / — r  /  in  this  new  Series  is  equal  to  /  in  the  former,  whafe  greater  Extreme 


r — I 
was  L  wherefore  its  Sum  is  •^~^-. 

But  we  may  alfo  demonftrate  this  Rule  independently  of  any  of  the  preceding,  thus : 
s\b\\  s—lif-^a  (as  has  been  fliewn  in  Heor,  22.),  but  i:f :;*:*;  hence  x:r:: 
s—tif^M,  and  S'^a^sifS'^rh  and/  — 4  +  r/=r/i  alfor/— #=r/-- ;;  and,Iaftly, 


r*—  X 


A: 
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jf:jf:jif«:8cc.  itfr^-t-'t^r"  i       Or aUb thos,  (iadcpfcndttidyofMw. 

r*^i      •    •  ♦•      j    rem  22.)  Lee  the  Serks  be  isqprcfled 

from  the  Work  in  the  Margin«that 
the  Pfodna  h  =*=A^!— Aj  md  if 
this  Produd  is  (divided  by  f**ii  the 


>  M 

•— ^-f'tf  r"+*  or  *fn**  — # 


Quote  46  ■   !^;<^^.  >  =s  "TZTT  '  *^^^  ^ T"  =/,:and  rl^^r"^'.    , 

2.  For  the  Number  of  Terms  n,  Raife  the  Series  from  A  till  you  find  .a  TdtflU  eqail 
to  h  and  then  youli  have  n.    The  F^^yS^  is  obvious. 

'  Or  thul:   DiWde  the  gitatbr  by  the  lefler  Extreme^  and  raife  the  Ratio  to  a  Power 
0q^  to  that  Qiiotej  its  IzMex  is  eqjual  xon  —  u  otd^  becaufe  /«=  s  1^  {Cw.  6.  FroU.  III.) 

therefore  — =5sr'j  fo  in  the  preceding  Series^  4^  =  5x1*  =  jxiifj  Nyhercfore  5  is  the 

Number  fought. 

Oifirw,  Tbeile  iS;  another  Method  of  finding  /Vr-^Wft*-  By  the  L^^ritJms :  Aad  .tho'  the 
Nature  and  Ufc  of  theft  Numbers  is  npt  yet  explained,  I  (hall  here,  nevenhelefi,  deliver 
the  Rule,  that  what  belongs  to  Progrefliohs  may  be. found  together  9  but  the  Dmonpatin 
and  ^ppUfkitwm  m\x&  both  be  referred  till  U>garHbm  are  explained.    Set  Vagi  m, 

P«.ULE.  To  find  jyby  Logarithms,  Subtrad  the  Log.  of  ^.firom  that, of  /,  and  divide 
the  Remainder  by  the  Log^  ot   r,   tht  Quote   is  equd   to  1/  or  •  ^-*  z ;    thus,  J^ 

^  Log,  f  ^  ^  •    ^^  ^^^^^  Jn.dwan^  aU  the  foUowing  ^ms  by  Logarithm,  that 

fhe  AjQ&ttt  will  ncic  always  be  accuratdy  tme^  and  therefore  t»  be  fur e  of  an  exaft  Ao* 
fwer,  the  former  Method  is  to  be  chofen. 

PROBL.fiMV.^ 

Having  the  Extremes  a,  /,  and  Number  of  Terms  m,  to  find  the  Sum  s  atid  Ritk)  f . 

1.  For  the  Ratio.    Divide  the  peateifBxtreipe  by  the  leCfer;  cxtraft  that  Root  ofihc 

Q!K>te  whofe  Index  is«~i,  or^itis^  Ratio.    Thus,  rss  /-e-^ji. 

.  — — ^-^       — •*■ 

Exampb'   ^skj,  l=i^,  »=5,  then  is  r  =  4i{-T-3]*)=a»  i6>=]Bfc. 

D  E  M o  N  s  T  R.  ls=zAr*  ( CorolL  6.  J?wW.  III. )  therefore  l-r-a^=^r%  and  r  =  /-r-*? 
{Ax.  I.  "Book  III.) 

S  cRt>LtT7M.  Astothe  Extradidft'  of  this  Root,  fee  wfaatis  fitd  m  Book  Ill.^ani 
tf  the  Root  is  Surd,  the  Prohkm  is  impoffible  in  rational  Numbers. 

r 

rl—a 

2.  Fbr  the  Sutti.    Find  k  by  a,  h  u  is  above.  w«.  x=-y^^-. 


Or  inftead  of  r  put  its  Equal  /-Hiild ;  and  fo  th*  Rule  will  be  s  =p/-t-^  x./— 4-t- 

Ty;^'*—  t.  Where  ^^j^rvf » That  the  Expicffioa  for  t  flandiiv  here  diftip(5Uy  by  icTelf,  this 
is  no  other  thing  than  bidding  ycfu  firft  find  r,  and  then  by*,  /,f,  find  1.  Bat  this  Etprefllon 
may  be  reduced  to  another  Form  wherein  the  Expreffion  of  r  is  loft,  thus,  /  -^d/^y.l^a 

^7H-tf|<^  — I  =g  /x/^  —  n  X  ^^-H /^—  43>    The  Manner  and  Reafqp  of  which  Re- 
*  """"""""^  dudlion 
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duaton  is  this,  7=7*=^  -r-*^"  f  7*Mr.4.  ^adl  III.),  <|pd  tterefore  7-5-7,*  x  /  =/x  I* 
-=-  A  from  which  fubtraa--i  and  it  Is  /x  F—a  x  /-r-^V  Again;  i-r-a,^—!  — 
/^-f-tf'i'— .i=/*--^-H  «*.       And   the   farmer  Remaiiidcrv  divided  by  dMs,  quooes 

f  xF  ~  n  X  ii^~  i"^— A*.  If  you  expiefs  all  the  Diwfiotas  here  fraflion^wile  you  will' per- 
ceive the  Method  of  the  RedudHQn  more  caffly.  Yet  here  again  ohferve,  that  tho*  the  Trobkm  be 
poffiUe  in  rational  NnR>ber»>  it  cannot  be'  foived  in  this  rorm  unlefi  /  and  ^'are  both  Powers 
the  Order  d.  And  if  it  be  here  objected.  That  either  this  Solution  is  felfe,  or  the  FroUem 
icnpofliblej  fince  a  true  Solution  muft  neeeflarily  ^ve  the  Anfwer  'to  a  pofTible  Problem* 
this  Difficulty  is  removed  by  confidering  that  this  new  Expreflion  is  only  the  %Ss&  of 

taking  /^-i-  a*  for  T-^Tpj  which  laft  may  be  rational  (and  muft  be  fo  if  the  ProblcOTr 

is  poffiUe)  tho'  /  *  and  41 '  are  both  Surd»  (as  has  been  fliewn  in  Bo§k  III.)  and  the  Con« 

iequence  we  are  to  draw  from  t  and  s*  being  Surd*  is  not  that  the  Problem  is  impofli- 
ble  in  rational  Numbers;  but  rather  this*  that.makn^  thefe  Extradions  funher  and  further 

in  hrfimitum,  and  applying  them  in  tUs  Rule>  we  (hidl  approach  infinitely  nearer  to  the  Ah^ 

f^er  of  the  Problem. 

Problem    VI. 

Having  the  Extremes  ^,  l>  and  Sum  s,  to  find  the  Ratio  ir,  and  Number  6f  Tenns  n. 

I.  For  the  Ratio.  Divide  the  Dtffeicn^  of  the  Es^emes  by  the  Difierence  of  the 
Sum  and  greater  Extreme*  the  Quote  is  the  Ratio  lefs  i :  Or  thus  y  Divide  the  Difierence 
of  the  Sum  and  leflcr  Extneme*  by  the  Di&rence  of  the  Sim  and  gicalef  Exireoie*  the 

Qgote  18  the  Ratio :  thus,  "jz^J  ==5  »• ""  i  >  or  r =-— ^, 
Exam.   -SS3,  /«48.  *= jj,  then  18  r  — isss  ^+~|=  4!  ss  i,  qj  ras^J^^ 

DsMOKSTR.  -*  — ^^=^7^  (TrM.IV.),  hence  f— 1=: -^^(theiftK#iir); 

iKace  f  =:  -j3  -f.  I  = ^5r ^^  7^  (*«  *«•  ^^)-    Which  is  alfo.  de- 

IDOoftrated  thus}  /— /:  €— '4i;:4i:A::x:f-j  henoe  r^a:  ^^j; 

1.  For  *.    Find  it  by  a,  A  r,  as  in  ProU,  IV. 

Or  by  Logarithms,  thus :  Divide  the  Difference  of  the  Logarithms  of  /  and  ^  by  the 
Difference  of  the  Logarithms  of  x —  a  and  s — L  tha  Qi^ote  is  »— *i  ot  J:  Thus  d^=s 

Lo^.L—  LQg'<>- 
Log.  /—  a  ^— *  Log,  y  —  /  "^ 

C  o  R  o  L  L.  Having  r  and  the  Difference  of  the  Sum  from  leither  of  the  Extreme* 
we  can  find  its  Diftrence  from  the  other  Extreme;  for  fince  r=^~f'>  therefore  /— / 


a  .  '^ —        . 

— ,  and  f  — 4=;/— 7xr. 


PROI- 
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Problem    VII. 

Having  either  of  the  Extremes  m  or  h  with  the  Rttio  r,  and  Number  of  Terms  Vi  to 
6od  the  other  Extreme  /  or  #j  and  the  Sum  /. 

1.  If  « is  giveib  multiply  it  by  the  i/ Power  of  r>  die  Produd  is  /;  thus^  I  :=s«h.   If 
/  is  given*  then  divide  it  by  r*>  the  Quote  is  m\  Thus  a^=^l-r-rK 

Exavffk:    a=2,  r  =  3>  ^  =  5>  then  is  /=:2X  3^  =  ix  8xssitf2.     And /being 
giveuj  then  is  41  =  i6z  -5-81=2. 

Demonstr.    ByCwrott.6.  Fr«i/.  ni.  it  is /sstffS  and  hence^ssZ-r-f'. 

2.  For  the  Sum.    Apply  a,  L  r,  $s  in  ProU,  IV.  thus,  /a=  ^^^^  .    Or  it  tmy  be 
found  otherwife  in  the  given  Terms,  thus : 

(i.)  If  41  is  given,  then  is  *= -^— J- .    For/  =  «f" — *,   therefore  r  /  =4  r"~»Xf 

=  4 r", whence f=  ^^^  ==;   ^^^  . 

/r»  — /  /  / 

(2.)  If  /  is  given^  then  isf  «  ^b— ^— ,«    For  «  =;3w:i»  *Qd  r/ — 4s=:r/— ^3=5 

s^Tn^ri  therefore /=-j3ci:r-i-r— I  =  ;:j:3p5=i. 


Problem  VIII. 

Having  the  Sum  t.  Number  of  Terms  n,  and  Ratio  r,  to  find  the  Extremes  s,  I. 
1.  For  s,  P.aife  r  to  the  in  Power  j  multiply  the  Sum  by  r—  i,  and  divide  the  Pro. 
duft  by  r"—  I*  the  Quote  is  is:  Thus,  s  =:   ^^^^  > 
Ex^mpk:  rss^J*  •—T*  '=H*J  then  is  4=^~=s  4-*=i2i  as  in  this  Scries, 

2:6:18:54:1^^'  ^ 

Demonstr:  f  =  tztt  C^'^WIV.),  and  /i=:4f»— '  (Fr^W.  m.  afU,6.)y 
hence  r/s=  f  x*  r"""'  ==  ^r",  and  f/—4ssjr«—4s=:#xr^^2lii  wherefore  1  = 
41  X  r" — I    ^^j  ^v.    '  V  — f^  v»n t'  a«i#i  uAitf  ^'■^  'Xr —  1 


>  and/xr— 1  =4  xr"— 1,  and  !aftlyif=  ii!lZli. 


r"  — I 


2.  For  the  greater  Extreme,    Find  it  "by  4,  r,  si,  as  in  TrM,  VII. 
Or  alfo  in  the  given  Terms,  thus,  find  tne  n  and  n  —  i  Powers  of  r,  and  multiply  tbeir 
biffiirence  by  the  Sum ;  then  divide  the  Produd  by  r"  — - 1,  the  Qtiote  is  the  greater  Ex- 

treme,  thus,  /= 


r"— I 


Exsmpk:  In  the  laft  Series,  ^=243,  and  r»— '  s=8i,  and  /=:  ^^^^^ ^  = 

2  Demon. 
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D E MeN 8 TR.    This,  proceed*  from  putting  *-r^~'-  in  the  place  of  «  in  the  odier 
Hulc,  w«,  wherein Iss^f*^^,  for  thus,  /=: ^^^^—^ X r"— ^*  =^    ^T^ j  but 


y5^yo-^._^.  heoccr— iXfO— *=r«  — f*— 'i  wherefore,  laftly,  l^^^\n     V — ' 


Problem    IX. 

» 

Havioff  either  Extreme,  a,  or  7,  the  Sum  /«  and  Ratio  r,  to  find  the  othec  Extreme  I, 
or  a^  mi  Number  of  Terms  n. 

X.  For  the  unknown  Extreme*    And 

(i.j  If  /  is  gtyen,^  to  find -it.  Multiply  the  Difference  of  the  Sum  and  greater  Extreme* 
by  the  Ratin  lefi  i;  fiibtnift-the  Produdl  fix)m  the  greater  Extreme,  the  Remainder  is  the 

feOer  Extreme.    Thus  ^  4i=s/— /  — /x  r— ij  which  being  reduced  gives  aUb  this  other 
Rule,  ^wft.  if=r/+x-^r/. 

MxMOfk:  f=s24^,  /=i6i,  f=3,  then  is  A=  162*^80x2=:  162 — 1^0=2. 
De  MONSTR.    In  PrdU.IV.  Methiul%,  it  is  (hewn  that  t—l=*  ^^%  haiceT^l 

Xr  — 1  =  1 — a,  and  as=  I  '-^s^-^lxr — i=:r/-|-/ — rs. 

(2.)  If  tf  is  iiven,  to  find  /.  Moltiplv  the  Dififereoce  of  the  Sum  and  lefler  Extteme 
by  the  Ratio  lefi  i,  and  divide  the  ProduA  by  the  Ratio,  then  to  the  Quote  add  «,  the 

Sam  n  /;  thus  /=  ——y—^+  ^9  which  beii^  reduced  is  alfo=  ^^y^     f, 
ExsMfb:  /=242-    a=i%»  r  s=:3,  then  is  /=;  ^^^^^  2  ==  ^-|^a=s  i6>o-fi 

2=102.  

DBM0N8*rR.     Infr^HPf.  ifslheini'Asis^s^'^—^^ 

r —  1=5  i—a  X  f,  and  /   —  #  sa      ■     ^        -j  and  /cs  •- ^  + 

^  r  ' 

rs+a  —  t  ,    , 

r 

a.  Fbr  the-Number.of  Tpms,  Apply  «,  4  f>  by  ProU.^  ,  . 

Or  by  Logarithms,  thus:  (i.)  If  js  is  ^ven,  then  fubtraA  die  Log^vithmo^  r  from 
diac  cA  rs^a'^T'y  and  firdm  this  Remamder  fubtrtA  again  the  Lo^ithm  of  k:  This 
laft  Remainder  divide  by  the  Logarithms  of  r,  the  Q^e  is  si—  x :   t^us,  js  —  i  =s 

Log.  r7^^  —  /—Log,  y-— Log.iS 

Log.  r.  • 

(2.)  If  /  isgiven.  From  the  Logarithm  of  /  take  the  Logarithm  of  r/-f«/-.f /,  tnd 

divide  the  Remainder  by  the  Logarithm  of  r,  you  have  »—  1=  ^^'^•^^^g'^H^'"^^ 

Problem  X. 

Having  either  Extreme,  a,  or  /,  the  Sum  /,  and  Number  of  Terms  n,  to  find  other 
Extreme*  /  or  #,  and  the  Ratio  r. 

N  n  I.  For 


> 
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X.  Vqff^e  unknown-  Ezcremfi.  .  Tate  the  DlffcreQCC*  pf  the  S\m  and^ve/i  Eztrcsne; 
raife  it  to  the  »—  i  Power,  which  multiply  by  the  pvcn  Extreme:  This  Produft  is  qual 
CO  che  Produd  of  the  iv— ^  i  Power  of  the  Di^rence  of  t^ie  Sum  and  unknown  Extreme, 

ipultiplied  by  the  unknown  Extreme:  thuf,  /x/  — i^=-'=:  sx  x— .^i*'— •;  whcrcforcto 
finiAi  the  Solution*  we  muft  find  a  Number  which  beins  taken  from  /«  and  the  ReiDaiu- 
der  raifed  to  the  »  —  i  Power,  and  this  Power  multiplied  by  that  &me  Number,  the  Pro- 

dudl  (hall  be  equal  toaXs  —  ^-^*  if  /  isibi^bf  :  or  QQual  to/X/  — /" — »  if^is  fought. 
But  how  to  difcover  fuch  a  Number  is  the  greateft  Dimcuky :  Nor  xioes  my  Medsod  lod 
Limits  ^low  me  to  give  any  farther  Direftioix  about  it« .  Therefore  I  (hall  only  lUufirate 
the  Rule  by  an  Examfk,  and  demonfirate  the  Solution  fo  far  as  ic  k  deduced. 


Example:  /  =  242,  »  =  5,  *  =  2,  then  is  s  -^  4S=5  240,  f«— «  =s  240*  = 
5317760000*  which  multiplied  by  a=^Zj  is  6635520000  sa: 4 x/—**^  \  and  4e Num- 
ber fought  is  i62ss/^  for  ^— »/=:242'>-«l62S«&0u  and  s ^/'tt:*  55: go* sajjp^fiooo9» 
and  /xi— **— '  =B=  16a  X  409(0000  »  6635520000. 

Demonstr.    Isssar'^^^  {C&roU.6.  Fr0H.%.),  mirissi^^  f PrvM. 6.)  Heoee 

/=tf  xTIiri~/— >— t  —  ^  j(,_^jii— I  ^  Tl^Tw-f .    therefore  / x jr— ^-'  ss 

♦  -    » 

a.  For  Che  Ratio.    (1.)  It  a  ia:ghm.    Find  »  Niftmbri;  wbpie  m  Power  OAmM 

from  its  Produd  by  -  (hall  leave  a  Number  equal  to ,  tLat  Number  is  the  Rido  j 

S  0 

"  fx«4-is— /•'  ' 
Demon.  #=:*r°— ^  (C^.  6.  Pr**.  3.)  and  /=       '  fPr^*.  9.);  djcrcfcrc 


r*i  andlaliiyj  n    1  n/m — ■ ss^— — ^^ 

(2)  If  /  is  given,  find  r  fo  that  "TZT"—  ^  ^i^ 

Pemon-    By  ^rok.  7.  >=^^.Jiw-.;  henci  *r»~/f*-^Vs=/f*— >;   jnd'ir*- 
/       •  tr"~~»  .      -  -  ( 


;     ' 


TABLE 


•    •  •  k    . it 


t     »: 


C^ap.  3, 


k  L. 


Gd^fftOfkai,  Prpgr^ffipn. 


^75 


TABLE  of  tbeiaft  Stvtn  Problsm s,  with  their  Solutians. 


I 


5- 
6. 


.*■  ■  1 1 1 


Given.  I  Sought.  (^ 


i*MM 


•-iP=;tl«lkd«iofthat  Power  bfr*hichis^|.or«-,»=^^^^-:^ 


^Via^l 


ritanrfa 


II  *  A  t  X 

f,  /    |^r=/-r:  d^.    s  as  above«  or  /  =7-^ij«xf-^  #  -y-Z^-r-  <>t^->i. 


-7/ or  fiU 


8. 


or  # 


t,^  m  above;  or 


Ai^ 


.     / 


o«  s,  r 
7, 


i(«t 


or  m 
14 


/ 


/Xf— I 


f"— 1 


rXf^>^r"' 


I*     imiifcl^     I     JliJLJ—"""    "IM      "U       I' 


r  ' 


rs 


11_^A.UIW 


~  Log*  r 


=:  /^i*WXf  —  i=5r/-H^— rx. 


tog.rf  4,  s^t^log.r^lo^ji 


Js^j 


"•r 


For  the  unknown  Extreme^  ixs^^l       s=z  ax  s  -^  a 


i'afid' 


/r°— ' 


ScHOL.  What  has  beenl^fe  obftired  iipqn^Arit^metical  Progreffions  holds  alTo  in 

*  wiU  I 
r^uid  e 
\p  ch< 
place 'pblerve^  That  as  we  have  fome  generld  Rules  in  Aritfime- 
do^  for  inventing  three  thin^  to  xAikt"  a  .ttdbhsm  j^offlble^^  fo  we  have  here  alfo.    But 


Geometrical*  viz.  that  anv  three  Numbm  uken  at  random^  will  not  make  a  poffible 
TfMem  in  every  Cafe;  and  thei^re  we  (hall  here.aUp  confider^md  explain. the  Invention 
cf*  fhcfe  Wnt^bofii  itiAYkm  l^^tnkkis  ^of  any  tmo  gi^eA  tUngs  ch<  oth^  three  may  n)e 
found.    And  in  the  firft  place  pblerve^  That  as  we  bav^  fome  senerld  Rules  in  Aritbi 


yin ;  in  thefe  we  found  alio  a  Variety  of  particular  Il^l^  for  the  Invention  of  any  one 
die  three  thicfgs  iqifttatelv*  wichouc  being  obliged  10  fihd  tny  of 'tti#  odier  twoi  ^tboilgh 
tfaur  laveotiott-is  owing  to  m  Rules  for  finding  tbeie  others);  whereas* here,  the  Solutions 
di  the  preceding Frsmpf  do  not  ajSR>rd  us  Rum  for  this  punpofe  in  emry  Cafe;  andthere- 
ibie  we  mirfb  be  concent  witb  the  general  Rifles.  And  for  thiStRetfon  the  Soi^tion  t>f  the 
.  TrwUam,  wherefa  two  things  oidy  afef;iveni  tw.  co^ipKlieiided  ki  (hefe^genecai  Knits -^ 
liidi  of  thetoiNLleaft  fis  are  folvaUe  upon  pwr  Mettbd^  iNow^Ae4rfHthihg>Itfliallido 
lieiei.  it  to  five  you  the  general  Limimtians*  whi^b  the  feveial  things  belonging  totteie 
FrMem  muft  have  with  refpeft  to  one  another;  which  are  ttofe: 

m  mvf  be  any  Number  le(s  than  x/and  not  greater  than  /. 

/  any  Number  not  lefi  than  a,  nor  greater  than  s, 

r  any  Nurnbei:  not  lefi  than  i. 

u  .    any  Integer  greater  thftn  <•     i  >.  '  . »   ;  i-  - 

s  any  Number  not  Ie(s  than  if  or  /•  ^     v       i  ^ 

Nna  The 


Ik 
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The  Reaibos  oF  diefe  Limications,  and  that  there  are  no  other*  will  be  manifeft  upoD  a 
fmall  Attention  to  the  Nature  of  ft  Geometrical  Progreflton. 

Now  for  the  lovencion  of  any  three  of  thefe  things  to  make  a  poflible  TroUm, 

(1 )  If  thie  things  to  be  invented  are  a,  n,  r>  or  A  n,  r«  or  s,  n,  r,  thev  may  be  taken  tt 
deafure  within  the  general  Limitation^  becauie  from  any  Number  s  or/,  we  may  ralTe  a 
Series  in  any  Ratio.  Again;  Chufing  any  Ratio  and  Number  of  Term$»  the  Sum  may  be 
any  Number  whatever*  fince  this  has  no  Dependance  on  r  or  m. 

(1)  If  thefe  are  to  be  invented*  vis.  a,hr,  ot  d,l,m,  or  m»  m»s,  or  f*s>i;  ot  r,/»fj 
or  s>  r,s.  Then  take  fuch  one  of  the  preceding  Caiea*  in  which  are  any  two  ef  the  things 
to  be  now  invented ;  and  with  the  three  things  of  that  Cafe  find  the  rennining  thing  to 
be  invented  fby  Pr^h.  7*  or  S.) 

(3.)  Us,  I,  s  are  to  be  invented*  you  muft  find  all  the  five*  by  taking*  firfb  any  one 
of  the  three  Cafes  in  Art.  i.  (in  any  of  which  you  have  one  dF.the  things  now  lequiied) 
and  by  thefe  find  the  other  two. 

For  the  Problems  ^  wherein  two  things  only  are  given*  they  are  aU  poiSble*.  except  three* 
viz,  when  a,s,  or  /*/*  or  s,  I  are  given.  For  any  other  two  they  are  both  found  io  one  of 
the  Cafes  of  ArS.  i.  viz,  a,  m,  r*  or  l$m,r,  or  s,m,r.  And  therefore*  fince  die  Numbers 
of  an]c.of  thefe  three  Cafes  may  be  taken  at  pleafure  within  the  general  Limits*  this  ihewf 
how  one  of  the  three  things  now  required  (by  means  of  the  two  things  given)  may  be 
found ;  and  then  by  Prcb,  j,  or  8.  the  other  two  are  found.  For  Exsmfb^:  Suj^ofe  4,  r 
given,  then  is  n  alfo  given;  for  we  may  takeany  Imqger  greater  than  i^  and  b^  s, 9,f 
we  can  find  I,  s  by  Prob.  7.  But  if  #*  /*  or  m,  /*  or  /*/  are  given*  ^t  cannot  find  the  0- 
ther  three;  becaufe  we  have  no  Method  of  finding  any  one  of  them  confifteodv  with  the 
two  given  thing ; ;  fince  thefe  two  are  np^  two  of  the  mings  in  any  of  thefe  Cafcs  wherdn 
three  things  may  be  taken  at  pleafure  within  gehoal  Limits*  as  «*s*r^  &«*r;  $in,f\ 
which  are  the  Foundation  of  all  thefe  Rttles. 


^ 


CHAP.     IV. 


Of  the  G>mpofidon  of  Ratios  iand  Proportions,  aful  things 

.  depending  thereon. 


T 


Dkfi  N.  X.  '^  I  ^HE  Ratio  of  one  Number  to  another  is  find  to  be  compounded  of 

the  Ratios  of  two  or  more  other  Numbera  compared  to  as  ifiaDy> 
when  the  Antecedent  of  the  firft  Ratio  (called  the  Compound)  is  to 


ks  Confequent*  m  the  Ratk)  of  the  Produd  of  the  Antecedents  to  the  Prodod  of  die 
Gonfeijuents  of  all  the  other  Ratios  or  Numbers  compared.  Thus :  The  Ratio  of  #  to  i 
-as  fiiid  to  be  compounded  of  the  Ratios  di  tto  tk  and  of  #  xof,  providing  that  thefeNua- 
bers  be  ::/*  viz,  s\b:\  r#:^  Or  thus:  Take  Ratios  frad^ion-wife*  placing  the  Antec^ 
dent  as  Numerator  over  the  Confequent.  Then  if  one  Ratio  is  a  Fradion  ("or  Quote)  equjil 
to  the  Produft  of  feveral  other  Ratios  multiplied  as  Fraftions  (or  Quotes),  that  one  is  m 
to  be  compounded  of  theife  others  ^  whether  it  be  in  the  ftme  Terms  with  thatProdu&or 
only  in  equivalent  Terms.    Examfk:  8 :  15  is  a  Ratio  compounded  of  thefe  Ratios  a:} 

at5d4:^  bccaafe-- =-X^.    Alfo  J ;  2  is  compounded  of  2: 3*  and  3:45  for^  — 

•*■ 
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-  X  3  s— . '  Now  that  thU  Dcfinidbrl,  or  Chamacr  of  a  Compound  Ratio,  is  the  fame 
in  eflEba  85  the  preceding,  is  evident;  becaufe  if  5=:  —  ,  which  is  the  laftCharaaerjthcn 

x:a::({:i3,  which  is  the  firft  Charadler;  univerlally,  ^^  r=57*  ^^^  A\h\\ce\df. 

2.  Any  Number,  Integer  or  Fradion,  isalfoYaid  to  be  coqnpounded  of  others,  or  to  be 
a^Gompofitc  of  thcjc.  pthers,  to- whofe  Produa  it  is  )equal : .  Thus  if  4=  cde,  then  is  a,  com- 
pofice  of  c»  dl  and.^A  ^nd  die  compounding  Numbers.are  called  the  Fadors  of  the  Compofi- 
tion. 

3-  Two  Numbers  are  (aid  to  be  Uke  or  Jwnlar  Cofftpoftes^  when  having  an  equal  Num- 
ber of  Fa<flor$»  they  are  all  in  the  fame  Ratio^  coinparing  the  lefler  Fadpr  of  the  one 
CoAipofice  to  the  leffer  of  the  other,  apd  fo  on  in  order  to  the  greateft.  Thus;  ab»  cd 
$xc  hke  Cofnfejttefi  if  aicMb'.d  for  a:t::c:d);y  aUb  she,  deftiTt  famlar  Con^ptes,  if 
s\d\:h:e\:4\f. 

Hence  it  is  evident,  that  all  fimilar  Powers  are  fimilar  Compofites^  the  Roots  being  the 
compounding  fimibr  Fadoss.    Thus;  » a  and ^^  are  fimilar  Compofitea.  becaufe  a\h\\ 

Scholium.  The  peculiar  Dodrine  of  the  Cmpofiii&m  and  "Refilutiw  of  Numbers, 
you  have  in  the  following  Book :  But  the  laft  two  Definitions  were  neceiSry  here,  becaufe 
of  (bene  relative  Properties  of  Numbers  arifing  immediately  from  the  Confideration  of 
compound  Ratios*  and  which  are  equallv  applicable  to  Integers  and  Fradions:  wheceas  the 
0>a3(pofidQO  afterwards  ezplaiped  r^cdslntesers.only,  becaufe  it's  confidered.  io  Oppofi- 
tion  to  acbther  thit^  which  bebngs  not  to  Fradions,  as  they  are  diftinguifli'd  from  Inte- 


4.  Two  Numbers,  «V^,  are  (aid. to  be  in  the~  duplicate  Ratio  of  other  two  e\d,  when 
the  former  are  as  the  Squ^s  of  the  other;.  L  e^  if  4:^:  :/>:y^;  and  if  tf:^  are  as  the 

IqQaFe  Rdotd  of  «{/>  4.$.  if  aiiiit^.d^  '^  then  s:k  are  faid^  to  be  in  the  fiibdupl'cate 
Ratio  of  €  d.    Again :  li  M\b\\c'^\d^»  then  n :  ^  are  faid  to  be  in  the  triplicate  Ratio  of  r:  J; 

-  or  if  ^ :  * : :  t^ :  d*,  then  sire.if :»  Aid  to  be  in  tbe  fubtriplicate  KtAo  of  4\di    Univerfidly, 

if  Aihii^xdfs  or^':^*^;.  then^ii  is  Aid  to  be  in  fuch  a  Ratio  as  is  named  from  cd, 
with  a  complex  Denomination  expreffiag  fuch  a  Power  or  Root  of  c:d  sls  m  exprefles. 

This  was  the  antient  wayj^  and  is  Hill  in  Ufe;  but  it's  plain,  that  it's  as  fimple  and  con* 
<venient.a  way  to  name  the  Order  of  the  Power  or  Root,  and  fay,  that  sib  are  in  the 
Ratio  of  the  Squares  or  Cubes,  or  si'Powers  or  Roots  of  cid^  wnich  is  yet  eafier  exprcC- 

led  in  CharaAcrv,  tfaus»  is  :^ : :  #" :  1^,  or  £" :  fl<  V 

Theorem    L 

Ik  any  Serfes  of  Numbers,  whatever  :  :7 or  not,  as  A:  B:  C:  D:  £,  t^c.  the  firft  is  to* 
.  the  laft,  in  the.RaQO  compounded,  of  tb^  Ratfos.of  all-  the  intermediate  Couplets,  com-* 
paling  always  every  Number  as  Antecedent  tathat  which  is  immediately  next  it. 

Demonstr.    a  is  to  £  in  the  compound  Ratio  of  all  the  intermediate  Terms; 

•u-.  •      A       A^B-    C^D_ABCD     -     «or\  •  ..   ,.  vr 

:  that  IS,  -p=  "ff    TT    "D     "E      EBCD'         *>\^D  m  common. to  both  Numera* 

tor  and  Denominator,  therefore  both  being;,  divided  by  it^  Ae  Qiiotes  A  and  E  make  an 

.  equal  Fiadioh  ot  Ratio  tr*         • 

^  Now 
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Now  tiower^r  iiHmy  Terms  the  Series  has^  the  f^rodud  >of  tbf  Numertcon  vnll  be  tbe 
ProduA  of  all  the  Series  except  the  laft«  aiul  the  ProduA  oF  the  Denominatora  will  be  tho 
Produd  of  all  the  Series  except  the  6rft ;  and  therefore  the  ProduA  of  di  t|^e  interme- 
diate Terms  will  be  an  equal  FradioD,  and  contain  Nothing  in  it  but  the  firftTerm  divided 
by  the  laft.  ^ 

T  H  £  O  R  E  M  JL 

Any  two  Numbers  whatever  are  to  orie  another  in  a  Ratio  compounded  of  an  indfr 
finite  Number  of  other  Ratios^  r.  r.  we  can  affign  as  many  other  Gpuplets  as  cid  be  re- 
quired»  whofe  Ratios  compounded  fliall  bo  equal  to  the  given  Ratio! 

Demonstr.  ani  Rule.  Gonfider  the  Difference  betwixt  the  dven  Number 
and  multiply  them,  by  fuch  a  Number  that  the  Difierence  of  th6  ProdwSbs  (hall  be  it 
leaft  equal  to  the  Number  of  the  Ratios  to  be  foutid ;  then  betwtxt  tbde  ProcfuAs  yoQ 
can  take  as  many,  intermediate  Nuipbeis  as  will  aofwei;  the  Problem.,    f  dr  £yjm^2f  :Td 

find  4  Ratios'  whofe  Compound  is  equal  ft>  rc)  midtiply  i>^^»  by  4»  the  Psoduds  ire 

8>  12  i  betwixt  which  there  are  thele  Numbers*  9,  io>  xi«  and  the  whole  Series  is  8>9, 

10,  II*  i».    But  —  is  =  7-:  and  this,  by  the  preceding  Theorem*  is  p=  -  x  -^-x  ^ 

3  12  . .  -  9      10    n 

12  ...... 

Now  the  general  ttiajin  of  the  Rule  is  this.  The  given  T^mfe  being  toualfy  tndti{*icd> 
the  Produfts  are  in  the  fame  Rario,  and.thcif  Difference  coiitains  the  iJijfcrcflcc  of  rbc 

fiven  Numbers  as  oft  as  the  Multiplier  contains  i.  Therefore  *tis  plain*  that  betwixt  the 
^rodu(3:s  can  be  found  as  many  intermediate  Terms  as  their  DifiGefreoce  hath  LJnits  lefi  i  ^ 
fo  if  you  miittiply  by  filch  a  Number  as  mikes  the  Differefacc  bf  the  -Piodufls  as  great 
AS  the  Number  of  Ratios  nsquiped^  Jrou  wa  have  is  mftny  l^temMKiistQ  Nuanben  as  joa 

need.     .    .  •.,.*.  .     :  •  • .  1:^.  :.  :  ■  \ 

Scholium.  If  the  Difimace  of  tbe^ven  Numbrisis  fruat  eociiigh  fer  d»iw- 
pofe*  there  is  no  need  to  multiply*  as  if  in  the  former  ExsmfU,  the  Nunabers  giveo  had 
Decn  8,  12*  inftead  of  2,  5.  But  ohfirve.  That  the  greater  you  make  the  Dififercflcc  (of 
Numbers  in  the  lame  RatioJ*  the  greater  Variety  of  Choice  you  have  in  die  intcrcncdiate 
Terms  and  Ratios:  So  if  inftead  of  8,  12*  I  take  32,  jA  ( i.  e,  mxfltiply  by  itf );  then  I 
can  chufe  any  of  thefc  Series  to  fdve  the  QucfUpn*  w«.  32:33 :  jy :  Jtt :  48;  or  32.  Vi- 
3tf»4o.48,  &i. 

C  o  R  o  L  L.  Tis  plain*  that  one  Ratio  is  not  only  equal  to  the  Compound  <^  so  in- 
definite Number  of  omers*  but  any  Number  required  can  be  taken  in  an  indefinke  Va- 
riety. 

P  RO  B  L  B  M    I. 

Any  Number  of  Ratios  (or  Couplets  of  Numbers  compared)  bctog  gtv<ln*  fo  conttmie 
them*  #.  ^.  to  find  a  Series  of  Notnbert,'  wtiich  Oidl  be  to  orte  another  (comparing  them 
each  to  the  next  in  order  firom  the  firft  to  the  laft)  in  the  given  Ratios  taken  in  any  Order 
afligned. 

Rule.  Mukiply  *e  Terms  of  Ae  firft  Ratio  (^.r.  that  which  ou^t  to  be  bctwirt 
the  two  firft  Terms  of  the  Series)  by  ^  Antecedent  of  the  feoonc}*  e^.  the  Confcquent 
of  this  by  the  Conlcquent  of  the  firft*  and  thus  you  have  three  Numbers  which  continue 

the  two  nrft  Ratios.    Then  multiply  this  Series  by  the  Antecedent  dF  the  child  JLuiQr.sB^l 

J  the 


I. 


a: 


i 
♦  •? 


8:12: X5 
4S:  72: 90: 105 


a:  3 
a:  3 

4:  6:  9 


tr 


8:11:18:27 
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tbe  Confequftnf  df  A&  by  the  toft  of  chac  SerieSi  aad  you  haiJc  four  Knmbers  wWch  con- 
tmac  the  ttrft  ttnte  Ratim.  Go  on  ihas,  mukiplying  the  laft  Senes  by  the  Antecedent  of 
the  next  Rario,  and  the  CoDfetjucnt  of  thw  by  the  laft  Term  of  that  laft  Scries.  Th« 
Manner  of  the  Work  will  be  dear  by  an  BxamfU :  Suppofe  thefe  Ratios  are  to  be  con- 
tinued in  the  Order  prop6fed,  vkc,  2: 3  ..4:5.  .tf:?,  they  reduce  to  this  Series  48:72: 
00: 105.    See  the  Work  of  Eximfk  i. 

^  The  Method  h  the  fitme  if  ar  Series  is  re<(ui^ed  in  the  contkiued  Ratio  of  any  two  given 
Terms,  fo  to  continue  th^  Ratio  2: 3.    See  Exstnfk  2^  '    V 

D  E  M  o  ITS  r  R.    The  Iteafin  of  this  Rule  will 
eafily  appear  without  many  Words  from  the  Ope- 
ration ^  by  which  it*s  manifeft  that  the  Terms  of 
each  Ratio  are  equally  multiplied,  and  confequently 
the  Numbers  produced  (pntinue  in  the  fame  Ratio ; 
for  2: 3  are  tK>ch  multiplied  by  4^  then  4:5  are 
both  multiplied  by  3.    Again;  8: 12:  if  are  each 
inultiplied  oy  ^^  aixl  6: 7  both  multiplied  by  15; 
and  fo  on. 
ScHoi<  iVMr  I.    Here  we  have  a  new  Mcduxl  of  raifing  a  Series  in  a  given  Katio>  fo 
IS  alk  the  Terms  be  Intmvs :  In  which  9iifirve%  That  Ooi^  of  the  Extremes  can  be  given 
Natnbera,  foe  that  is  a  Limitadoo  which  io  many  Cafta  will  bring  in  Mix(  Numbers  into 
ibe  Series,  as  we  ilaUafberwaixbioinii 

C  O  ROL  LA  R  IE5. 

'  1.  Since  the  Series  produced  ezprcfledi  in  Orden  die  feveial  giiici^  Rstiosr  The  Exr 
if^mes  of  it  are  in  iheooaiDOund  Ratio  of  Hatk  given  (by  Ihnnr.  i)  And  for  this  Rear 
fb04  IQ  whatever  diS^sent  6rder  the  &me  Ratios  may  be  continuedi  tho'  the  Series  produ- 
ced wAi  be  different;  yet  the  Extremes  will  not  onhr  be.  in  the  fiime  Ration  becaute  they 
are  the  Compo^d  of  the  give;)  Ratios^  )>ut  t;hey  will  be  the  very  (ame  Numbers;  becauie 
'by  the  Rufe>  the  fitft  is  ^always  the  Produft  oTlin  4^  givefiiAprec^deat^  atkl  ifie  bft  the 
Produd  of  all  the  Confequents :  So  take  the  preceding  Ratios  in  another  Ocdcr*  the  Sef ids 
is  difiereDtj  but  its  Extremes  are  the  fuiie> '  as'  in-  this  ^eme^   •  .   . 

^ :  7 


<  •) 


24: 3©:  35 

2:    3 

48:(fe:7o:  X05 


^  "9^  i)laih>  ^  ttvr  Sene^  ratfed^ will  ^kp  %pm  » ^inany  jTerms  as.  Ae  Number  of 
RjccioSr  and  one'  more.  *         '  •  . 

3.  *rts  evidenr/that  the  Extremes  of  t  ^contiMed'Serics,  t^'* '«  whereall  the  gjven  Rados^ 
fia^  lhe  Aoif  Htyi^^)  r^d  ato  this  maonerj  ^re  like  Povfei^  (of  die  Terms  of  the 
«ven  Ratio)  Wha(e  fndex  is  the  Niltaaber  ^cf  Terms  lefi  U  a^  in  Exm^ it?  2.  where  the 
Mjix^ximl ^»  Q  jm  tl^.  Squares  of  ^  ^d  3  ^  and  %,  27  are  the  Cu^es  os  thir4  Powers  (  3 
btiog  rJw  um  i^  the  r<fumber'6f  Terms)';'  aMlb'thfj^fatro  n^anaef  ir  wiB  pi:oeeed  k$^ 
mfimtum^  heoiufft ^ Mo; ^teme. js  pulttpUed  by.  2»  fqpd thegreater  t^  3. . 

^  It  the  Extremes  of  the  Series  )ire  only  required^  f .  e,  two  Numbers  which  /hall  be* 
iQ  the  compound  Rati^  of  thq  Ratios  |iven>  then  'tis  plain  we  have  qoihiag  more  to  do* 
btit  mdtiply  together  9II  ^  Antece<ients>  and  then  all  their  Conleauei]Q5>  fhe  two  Pro- 
duAs  are  in  the  Ratio  foughr^  iahd  if -the  Attie  Rado  ii  continued^  thett  raife  the  Anoece-- 
4mt  9(h1  Qonfcq'u^nt  io  a  Power  whofe  Index  is  the  Ngitdaer  of  SLiOJosr  (winch  is  the. 
Hu«ftbts  of  laaaas  that  would  be  in  the  Series  lefi  i.).  ll,...'j^  ' 
'  ^This  follows  alfo  (Imply  from  the  Definition  oi  Compound  Ratio. 


28o  Of  the  Cjmpojitim  of  BookW. 

Scholium.  %.  This  is  to  be  imiark*d>  Thtt  dio'  die  Mediod  of  this  Prv^/rw  be 
tpplied  to  all  the  difiemit  Expreffiom  or  Vtriecy  of  Terms  in  which  any  Ratio  can  appear* 
i,  e.  all  the  poflible  difierent  Choices  <^  two  Terms  in  the  fittne  Ratio  j  yet  we  canooc 
hereby  find  all  the  Variety  of  dt£ferent  Series^  which  are  the  Gondnuation  of  the  ^e 
Ratio  ^  becaufe  fbme  of  the  Series  found  this  way  being  equi-niuluplieci  or  divided^  will  al- 
ways make  a  ne^  Series  in  the  fame  Rado«  and  which  will  often  be  difierent  from  any  of 
the  Series  railed  this  way.  For  Extmfki  S :  12 :  18:37 >^  ^  Series  raifed  from  2:3;  and 
ii  one  is  raifed  from  ^\6,  which  is  the  fiyme  RadOj.it:i^  6^:^iii^:zi6'^  and  tf  you  go 
on,  ftill  taking  higher  Tertns  of  the  Ratio«  the  Series  will  confift  of  greater  Numbers^  yet 
betwixt  thefe  two  Series  raifed  from  2 :  x  and  4:6  we  have  leveral  others:  Fof  by  multi- 
plyitig  the  firft  of  them  by  thefe  feveral  Numbers,  2,  3,  4,  5,  6»  7,  we  have  fix  new  S^ 
ties  in  the  fame  Ratio  difierent  from  thefe  two«  and  contequently  from  all  others  that  can 
be  raffed  from  any  other  Terms  of  the  Ratio.  And  if  it  is  required  to  find  all  the  di£k- 
rent  Series  that  condnue  the  fame  Rado  to  a  given  Nu^iber  or  Terms#  the  EmU  for  thit 
youTI  find  afterwards.    ( Sec  Sehol  2.  to Trttbi 6,  Cb.  1.  Sook  V.)  - 


Problem  IIT 

*  To  reduce  any  Number  of  Rados  (given  as  in  the  iaft  PrvUem)  to  a  common  Antece- 
dent or  Confequeat>  that  is,  to  find  a  Series  whofe  firft  Term  compared  to  ail  the  reft  ai 
ft  common  Antecedents  or  to  whofe  Iaft  Term  as  a  common  Confequeot  all  the  reft 
being  compared^  their  Rados  (hall  be  equal  to  certain  given  Rados^  taken,  in  a  cemanOrder. 

Rule.  Take  the  Ratios  fra&ionally.  and  reduce thefn  fby  the  Rule  of  Fradions)  to 
one  common  Denominator  for  a  common  Oonfequent»  or  to  a  common  Numerator  for  a 
common  Antecedent :  Then  place  the  Terms  in  a  Series  according  to  the  Order  aflligned. 

Exam.  Thefe  Ratios^  ^  •  1  •  7>  reduced  to  one  Antecedent  or  Numerator  are  |^  •  ^ 

1..  So  the  Series  is  56 » 84. 70 .  ({4;  but  reduced  to  one  Confequeot  pr  Denqmioatpr  they 

are --2L.;2^,  121,  and  Ae  Scries  is. 80. 56.rips..X2o»   .  .  j, 

120   120   120  ^      ^^     .         '  1     .   .     .  . 

The  Reafon  is  manifeft. 

Theorem  III. 

Fart  I.  If  one  Rank  of  ::/r  (whether  continued  or  not)  is  muhiplied  bv  aoodier 
Rank  in  the  fiitne  or  another  Rado,  the  Pfoduds  are  aUb : :  />  in  the  compouncl  Rado  of 
die  Fadora. 

DsMofrs^TR.  AD==^BC,  uxidsd^x^t,c»  tfaettfoce  A 
DxsdzsiBcxic.  But  ADxaJ=:AaxliJ,  and  BCx^r 
s=BH-Co  bcoce  Am  x  Dd=:M  x  &»  wherefore  A«.  Ui::Cc: 

AC  M  £        ' 

VJ:  Or  dius,  f  =  ^'  «nd  j  =;j  (*y  l>^km)  dwe- 

foic  :i^x  J-  :f=p  X  ^  (i-e.  equal  Quapiides  multiplied  by  equal ),',di^  is  ^-gyss  ^ 
Therefore  A  * ;  B* : :  O :  Drf.    Or  it  may  be  (hewn  by  anodier  RepreAntaiicM^  thua r 


Examfk. 

If  A:B::C:D 
And  m  ',B:\  t  1  d 

ThenAis:B*::,C>:Di/ 


Ex0XfU* 

A:  Ar**B:Br  Wherein  the  common  Ratio 

C:Cii::D:Dji  of  Ac  Pioduds  is  plainly  rn. 

AC:ACrfs;:BD:Br)fif  . 


Exank  jp.  Nu(Qb<n« 
}:   4;:  6:     i 


H         I       lit!       _  . 


« 

Chap-i4*     '      Ratios >«!w?  ProjKwtionR,  ^c.  iSi 

Pmri  H.    If  oiw**!*  ^::k  is  divided  by  another,  illie  Quotes  wet  -J  m  t  Rario 
which  is  riw  Qpot©  of  the  Ratio  of  the  firft  Rank  divided  by  the  Riitio  x>f  the  other. 

Tbw  in  ihe  prcc«ding  Exdmfh.  i?  is  y  :  •y  : :  7  ;  -y  . 

,     ^      AD  Z'     A      PN 
PvMoN^TK.    AD=>oBC,  indsJtai^i,  therefore-^  V"' 7  ^  7y  "^ 

Or  thus:  Dividing  each  Antecedent  by  its  Confequent  (by  the* Rules  of  Fraftions), 

A.  A  A'      A  Cd        C       d  A 

the  Ratio  of  tfio  frft  Pair  is  wj=«  ^  ^  ^'  *Bd  the  fccond  is  ^=='  ]5  X  -^  Bat  -gw 


BC 


£,  afi4^  =  -^  by,Supp6fition  i  therefore  «d  )^-^=^  ^x  ^5  th>t  is*  the  Ratios  aio  equal 

and  conlequently  the  Terms  are  : :  /^  alG)  tb9  Ratia  i$i  die  Quote  of  tbt  |ivm  Radoai  for. 
A^_  A     .    «        jCi/_  C    .    / 


A     Af* 
But  tha  whple  wiU  appear  yet  qiore  ea^y  in  the  otim  R^pre&ntattoD«  thus^  ^:    ^ : 

D  '  IS^  ^^^  iT^  ^Ti^^*  ^  rv'^^'n^^)  hence  the  Ratios  ave  equab  and  is  aUb  * 
the  QuQte  of  the  former  Ratios*  vix^  r  gnd  «. 

£#*;,.  in  NuBibcn.  Fori+xa70==;4jx  J54==}7»o,  alfoi*«i  xZ.     if    t^, 

a  :     5  : :    ^  :     15  ^               t^       t      »/              45       5      9 

7  :    9  : :  14  :    >i^  Predu^  are  ^ain  divided  by  one  of  the  former  Series>  it  iQaket , 

i4:45';;'84'V^o  I    an  £«*«?/#  of  the  fecond  V 

The  Rtverfi  of  this  Tiecrem  is  not  univerfiilljf  truQ ;  for  two  Ranks  may  produce  : ;  &'^ 
hich  are  nek  diernfelvcs : :  /,  as  an  Examine  will  fliew.    This  Rank,  6,  2,  3,  3,  hy  thi»> : 
2,  9,  9>  p,  produces  this  :: /Rank,  12:  iS::  18:27. 

S  c  R  o  L  i  u  Mi  There  are  many  fropoficions  demonfbable  by  the  mean^  of  ^s  Tlfft*.  ■ 
rra»  alone,  efpecially  the  ift  Baiv^  whica  needing  but  a  vtry  fmaH  Help  to  demonftratei - 
I  cbufe  to  bring  them  here  as  Cortllarits,  and  fliaU  exprefi  them  only  in  CharaAers,  leaving 

Kiieezprels  them  in  Words  at  ]c9Ktbf,and  ajiply  ^t{«abfrs  at  pleafure,  except  the  two 
,  which  are  of  more  frequent  Ule. 

-      If  A :!?:.: C':t>*thqn  follow  thefc 
Co^Q]pi;4R;;(^S{  .  which  atife  freai  multiplyiflg 

1.  A*  :B*    ::AC:BD--. r A:B::C:P  byA:B::A;B 

2.  A*  :0    ::A1B:CD-'--<T  ^ A:C::B:D  by  A:C::A:C 

3.  A*  :B.C:.:AQ:CD. r- -  .  -  -  A:B::C:D,by  A:C:iA:C: 

4.  A*  :AB::CP:D» -' r A:B::C:  D  J^  A:  A::D:D 

^  5.  A*  :BC::BC^D» -- -^^  .  A:B;:C:D  by  A:CtrB:D 

6.  AB:AC::BD  :CD  -  - A:C::B:b  by  B.:A:tD:C 

7.  AB:BC::BC:CD  -  -  ^ -,  -  -  A:B::C:D  by  B:C::B  :C 

8.  AC:BC::BC:BD-- A:  B:iC:D  by  C:C::B  :  B 

9-  AB:AD::AI>:CD  -  - B:  A-.:D:C  byA:D::A:D 

jp.  ACjAD;:AI>jBD-— > >- -  -  0>B:«A:  B  byA:A::]C>:D 

Oo  CoROlJ.. 


CoKOLt.  n.  A":B"::C»:D'*i  that  \b,  df  any  fouf:Niimfaer$  arcMl,  fo  'areihcir 
Like  Powers,  whatever  the  Index  be ;  the  Dcdodian  of  .which  from  the  Theerm  is  plain ; 
for  if  A:B::C:D  is  multiplied  byA:B::C:D,  the  Produds  are  ::/,  viz.  A*:B*-.:C» 
:  D^ ;  and  if  this  again  is  multiplied  bv  the  fafne  Rahk,  A :  B : :  C  D;  aild  thefe  Produd^ 
alfo  by  the  fame,  and  fo  x>n,  the  laft  ProduA  will  ftill  be  a  proportional  Rank^  and  i^s 
plain,  they  will  be  Likq  Powers  of  thefc  ^qcxb  A:  B: :  C :  D,  the  Inder  iKliiocreaiing  by 
I  ac  every  Multiplication. 

The  Truth  contained  in  this  Corollary  may  alfo  be  proved  thus;   Singe  A:fi::C:Di 

AC 

then  is  -g  =  -j^ ;  therefore  the  Like  Powers  of  thefe  fraftional  Hoots  muft  be  equal, 

which  Powers  are  p^=  ^i  therefore  A*  -.B** : :  C?  :D»  :  Or  $lfo  AD35=BC,  andAO" 

BC  :  ButXD'=A"xD»,  and  BCj" :a=  B" x C" ,  whence  A" : B" :: C" : D^ 
Hence  again.  The  Reverfi  of  this  Corollary  will  cafify  be  proved,  vtit.  That  if  four  Like 

Powers  are  : :  /,  fo  are  their  Roots;  for  fince  A» :  B" : ;  C"  :I>,  then  ^  =3  g^;  and  the 

A      C  • 

n  Roots  of  thefe  Fraftions  are  g"  =s  jj»  therefore  A :  B : :  C :  D ;  or  thus,  A»  I>» = B°  C, 


but  thefe  are  AD  :=  BC    (bjlieor.  i.  Ch,  1.  Book  EI.  h'  and  hence  AD  =  BC,  and 
A:B::C:D. 
Again  i  It  follows.  That  of  a.  Series  -ttI,]  the  Like  Powers  are  alfo  rf 7,  and  reverjfy. 

C  o  R  o  L  L.  1 2.  A* :  A  D  : :  A  D :  D* ;  that  is,  the  ProduA  of  twoNtimbers  is  a  mean 
Proportional  betwixt  their  Squares ;  for  A :  D : :  A :  D,  and  A :.  A  : :  D :  D  ;  which  two 
Ranks  multiplied  produce  A* :  A  D : :  A  D:  I> ;  or  thus,  A»xD*=ADxAIX 

Scholium.  This  is  a  Corollary  of  the  Jiepremf  but  independent^  of  the  Suppofiaon 
of  A:B::C:  D  j  and  xtjhas  alfo  a Demonftrapon  independent  of  this  Thevrem-y  thus,  A:0 
: :  A* :  A  D,  by  Equi-multiplication.  Again ;  A :  t) : :  A  D :  D*  j  and  hence.  A* ;  A  D : : 
AD:D*. 

Example :  Take  the  Numbers  5  and  8,  their  Squares  are  25  and  6^  their  Prodads  40, 
and  25^40;:  4.0 164. 
Or,  Ail  thele  Corollaries  follow  from  the  equal  Produds  of  E^remes  and  Means,  founded 

aU  uponthifiu  that  AD=BC,  and  that  ADxBC=  AD*  s=  ¥C\ 

Theorem    IV. 

Two  compofite  Numbers  of  an  equal  Number  of  Fadors,  are  to  one  another  in  che 
compound  Ratio  of  thefe  Fadors  compared  one  to  one  in  any  Order. 

Demqns.tr--  T«ke  any  two  Numbers,  A,3,  jbid^fiippofe  A^4t^c,  and  B  = 
wara,  thenid  -3-  =  — !-•  But =—  X  -  X -,  therefore  75.=  —  X  —  x  -. 

Scholium.  This  Propofition  is  the  fame  in  eflfeft  as  this,  viz^.  If  the  fevcral  Favors 
of  the  one  are  divided  by  thofe  of  the  other,  and  the  Quotes  niultiplied  t<^ether,  the  Pro- 
dud  is  equal  to  the  Quote  of  one  whole  Dividend  by  the  other. 

LEMMA. 

When  feveral  Fradions  (or  Ratios)  are.  continually,  mufniplied.  tpgether,  the  Produfl  is 
equal  to  the'Produdl  of  as  many  cguiyalcut  .Fraftions^foi  Ratio?)  expj$flfed  id  any  other 
lUfierisnt  Terms.  .    ^  ^*^' 


•  ^^'^wc  .y'''5;n^6    •      y  ^^'55  ^  g  '^5       0   i\  10  15       120 

Demonstr.    The  Reafim  i$ mtnifeft  from  this  Axwm»  That  equal  Fra^ons  tnuld'- 

pMed'by  cqaaf^  ^cbce  e^al';  n  rJ  equai  *FTadi($fis  of  equal  FradioAs  are  equal. 

'  CoRoLii.''  The  oont4iiual  Produd  of  any  Number  of  eqdal  Fraftions  (or  Ratios) 

^  expreflbd  in  dtSer^nc  Terms,  is  equal  to  fuch  a  Power  of  any  one  of  them  as  has  for  its 

Index  tKe  Number  of  Fadtors  (or  Fradions  multiplied),  that  is,  the  Square  if  di^  are  2^ 

.the  Cube,  if  3,^^^ 


.2^A.         2J^2        2'<.A  'A^i 

Zxgm.  If  -  =  ^;  then  -  x  5=:=-  x  -,  or  the  Square  of  -■. 

'3.        A,       "€  24.622'ai  m       ^   ,  ^2 

Airain:  If  -=5==-*  thenis-  x  ^x -  =  -  x  -x  -,  or  the  Cube  of  •• 
-^s****-  *   3      (J     p*  3<5^33      3  3 

■ 

UmverfiUy:  If  J=:^=l=J=f,  «$**.  then  is|x^Xp^x|x,  ^«.  ss  Jx  Jx  Jx  Jx 
^e.  making  as  many  Fa&ors  in  this  t^art  as  the  other;  fb  that  fii'  the  Number  of  FiuSon 
-(or  equivalent  Fradions)  -is  n»  and  toy  one  of  themMs  'y  the  ProduA  of  the  whole  is  =; 

--  (that  is>  '  raifed  to  the  0  Power.)  .        . 

T  :H  E  O  R  E  M   ,V.  ' 

Two  like  com^fite  Numbers  are  in  ttie^Racio  of  the  like  Powers  of  any  two  of  their 
fimilar  Fadtor6Uv.the  Indes  of  the  Powbr  being  equal  teethe  Index  of- the  Gom]^Gtk>n  (or 
Number  of  Faftors.)    Thus:  /  ;•  ,     .      '  .   • 

If  ah  and  AB  are  like  Compofites,  i.  e.  *:  A::^:B  :  then  **:  AB::**':  A*:  [\,  e.  ab^ 
to  A B  is  in  the  duplicate  Ratio  of  a  xo.h)\  and  if  4^ d,  ABC,  are  like  Compofites, they 
are  as  a^ :  A*  (or  in  the  triplicate  Ratio  of  i>  to  A.)  Generally  j  V  abcdi  &c.  :  ABCD, 
^c,  are  fimiiar,  let  the,  Nufnbcr  of  Fadiors  be  » j  thj^n  it  will  be,  a  he  J,  &c.  :  AB.CD, 
&c.  ::i»°:A?.:  :  '  ■     . 

D  5  M  a  ».  The  Viit£m  of  this  is  plain'  from  the  laft  TU&remj  an^  <:otot(ary  to  the  Lem^ 

abcdi  dec  A      h^    c  '  'd       '*  '         i 

*•*•   ^^'  AB~C D7^ic^~A^  B^C^D'  ^^  ^^^  '^^^^^'  ^'^  w^^'^b^  Faftors  bttng,  by 


4" 


Suppofition,  equal  Fraftions  or  Ratios*  their  Produft  is  equal  to  ^n   by  Cor^bny;  to  tie 
J  that  is,  abcd/^,  :  ABCE>,  &c.  i\a^\hK  *    .     ' 


In  every  ProgreC^on,,  the  firft.Term  19  to  the  laft.  as  fucb  a  Po>^er  of  thefirjfe  whofe 
Index  is  the  Diftance  of  the  Ejttrciries,  or  Nucnbcr  of  Terms  lels  1,  is  to  the  likePowtr 
of  the  fecond  Term;  orais  thofe  like  Powers  of  any  two  Terms  of  the  Series  nextr  other. 
Thus:  IF  the  Number  of  Terms  is  3  or  4,  tl;ie  Extremes  are  in  the  duplicate  or  triplicate 
Ratio  (or  as  the  Squares  or  Cubes^.  pf  the  firft  and  fecond/JCerros  s  and  fo  of  others.  As  in 
this  Seric?:.  A :  B :  C :  D :  E :  F-: G, '  whofe  Nubiber  of  Terms  is  7,  I  fay  A :  G : :  A^ :  B^. 
And  ^«T»w'ii//;r..if  wq .make  A. thg  .firft Term,  B  tJiefet«id*.andLthdiafEbf  anyfoch  Sc- 
ries, and  n  the  Number  of  Terms  Ipfi  one y  then.I  fay,  A :  L : :  A" :  Bf . 

Demon.  By  Theorem  2.  A  is  to  L  in  the  featio  conipofed  of-  all  the  intermediate  Ra- 

A      A     B     C  • 

b08,  i.e.  n'-^rr^T^^  K»  ^*-  wbiteh  are  ha  Number  equal  to  »,  and  all  equal  to  one 

another  J  wherefore  their  PrgduS  or  Compound  i?.  equal  to  the.»  Power  of  any  one  of 

'        '''doa \^   them. 


^ 


-2^6   .  .01  th^ Qtfiip^m^  \      Bofpxiy. 


:(f</eA:^i/fAB:i/eABC:^A&CD:ABCD^.  la  which  the  Mtaos  are  filled  up, 
by  taking  dut'the  firft  Term  of  rhe  Icflcr  Extreme,  and  putting  in  the  firft  of  the  grciier; 
and  (b  on  in  Order,  taking  out  the  next  Term  of  the  Grit  Extreme,  and  putting  in  theneic 
Term  of  the  laft  Extreme,  till  all  cheTerna^  of  the  firft  Extreme  are  taken  ouci  and  that 
the  Series  thus  made  is  f^/iri  the  Ratio  of  .the  Cmilar  Favors,  is  manifeft  by^Iafpcdion. 

But  if  we  only  know  the  Ratio,  (/.  e.  any  one  Couplet  of  the  fimilar  Fa(9cors)  the  Means 
muft  be  filled  up  by  the  common  Rule  of  Vrch,  3.  Ch^i,  3. 

COROLLARIES. 

I.  The  Produd  of  two  Numbers  which  are  like  Compofioes  of  two  F^uterSi  isi 
Square  Number;  fo  if  N,  M  are  fimilarly  coropoied  of  two  FaAors,  they  admit  one 
Mean^  as  X.  and  then  'cis  plain,  N  M  =  X^:  Or,  independently,  of  rhis.T&m^m,  it  may 
be  demoiiftrated  c)ius:  Let  N=ii^,  and  M=AB,  and  becaufe  they  are  fisnilar,  a\^ 
::A:B,  andisB=AA9  wherefore  a B X  ^  A  (=ii^xAB)  is  a  Square  Number,  wfaofe 
Root  is  i»Bs=i  A. 

The  IReverfe  of  this  CorQlUry  is  alio  true»  viz.  That  if  two  Numbers,  A*  B,  produce 
a  Square,  they  are  Like  Compofices  of  two  Fadors;  but  the  DemonJtrafUu  of  this  bdoop 
to  another  Place.    (See  MroU.  i.  Theor.  34.  in  §.  11.  Ob.  i.  Book  V.) 

z.  Any  two  Like  Conopofitq^  of  an  even  Number  of  Fadiors  produce  a  Square  Num* 
ber;  for  anv  two  of 'the  Fadors  of  the  one,  and  the  fimilar  two  of  the  other,  produce  a 
Square  by  tne  ift  CarolL  The  like  will  any  other  two  do;  and  thefe  two  Squares  multiplied 
together  will  produce  a  Square  (by  Theorem  1.  Book  III.)  and  fo  on,  taking  in  the  two 
next  Fadors.    Examfle:  If  there  are  four  Fadois,  tf>^i/:ABGD#   becaufe  'lis4:^^ 

A:B,  andr:£/:rC:D;  hence  4* AB  =  JB*,  alfo  ri/CD=TD*:  And,lafay,tf*^Jx 
AB  C  D  =tfB*  X  7D*  =  aBcD*.  Or  thus;  fincc  4B=*A,  and  eD—dC, there- 
fore tfBf  D  =  *A</C;  and  thefe  mulriplied  produce    ^  ^  ^  </ ABCD=  ^BTC,  or 

3.  If  the  Produd  of  two  Like  cornpofite  Numbers  of  an  odd  Number  of  Faftors  is  di- 
vided by  the  Produdlof  any  twoof  the  fimilar  Fadors  (one  in  each  Compofitejthe  Quotient 
is  a  Square  Number.    Exap$pk :  If  A^  B,  are  two^fuch  Numbers,  the  leaft  Number  io  A 

A  B  )     '  '  • 

being  a»  and  the  leaft  in  B  being  h,  then  I  (ay,  — y  is  a  Square  Number;  for  when  ooe 

Fador  is  taken  out  of  each  there  remains  a^  €ver>  Number  of  component  Faftors  in  each, 
whofc  Produ(fi  makes  a  Square  Number :  But  by  dividing  the  total  Produfl:  of  all  the  Fa- 
ftors 'by  the  Produft  of  any  twd  finiflar  orics-,  we  cfiev^ually  take  them  away,  and  reduce 
the  Cafe  to  an  even  Number  of  Faftors.  ' 

■ 

T  H  E  O  R  E  M     X. 

I F  betwixt  any  Number  A,  and~  each .  of  two  others  B  and  C>  there  falls  an  equal 
Number  of  Means,  there  fall  as  many  betwixt  B  an3  C,  which  are  in  the  Ratio  of  die  2d 
'Terms  of  the  two  Series  from  A  to  B,  and  C.      ;    <     .  » 

D  E  M-o  N  s  T  R.    Suppofe,  the  firli  Mcai^  betwixt  A  and  B  is^h^  and  the  firft  betwirt 
A  and  C  is  c,  then,  by  Tbearem  VI.  thefe  Proportions  mark'd  in  '(he  Margin  arc.  true  (* 

being  the  Number  of  Terms  ~  .1)  >  and  hence  this  is  tlfo 
true,  B: C::^:g";  but  ( b^  Tifeorem  8» )  becwbct  b' : ^" 
there  fall  »—  i  Means  in  the  Ratio  tic  (.\Vfx,  as  many 
as  fall  by  Suppofition  betwixt  A  :,B  and  A :  C ;.  for  n  be- 
11^  the  Number  of  Terms  —  i^.^he  Niimlfer  of  Means 


A  :  * B 

A  :  c C 


Series, -s^ 

^       1a  :.C  ::  A"  :  <"  ,. 

''^, — '■ • —  .     is  »  —  I  k  therefore,  Ahy  Jimmj:)  phcBp  ftU  ^  many 

bctwitt'B:C,  inthe/ameRatioof  t:r.  V^t^^    ?A'     >  •-      gcHO 
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s  c  H  o  L  I  u-M  s. 

1.  The  Means  that  fiill  betwixc  A  :B  aiid  A:  C  muft  manifcftly  be  iri  different  Ratios; 
for  they  muft  be  diflferent  Numbers,  fincc  there  are  an  equal  Number  of  them,  and  tend 
to  diffirenc  Extremes,  B  and  C ;  biit  the  Means^  bqtwixc  B  and  C  may  be  in  the  fame 
Ratio  with  one  of  the  former,  or  different  from  both ;  for  if  we  fuppofe  A :  B : :  B :  C, 
theaihe  Ratio  in  the  Series  from  6  to  C  will  be  the  ftme  as  that  from  A  to'B.  \' 

2.  TYicReverfe  of  this  Tbeortm  ,\s  l\m  ^  If  any  Number  of  Means  fell  betwixt  t|ro 
Numbers,  C,  B>  there  is  another  Number^  Aj  betwixt  whieb«  and  each  of  thefe,C>BjChJR:c 
fall  as  many  Means.'  But  the  Uem^wfiratign  of  this  depends  upon  fomeihing  not  yet  ex- 
plained, and  muft  be  referred  to  another  Place.  (See  Thtor.  27.  and  28.  in  §.  iiXh,  i.fi.V.) 

Theorem   XI. 

If  one  Extreme  of  a  Series  is  a  Power  whofe  Index  n  is  the  Number  of  Terms  —  t, 
the  other  Extreme  is  alfo  a  like  Power.  Or  thus;  If  two  Numbers,  whereof  one  is  ati  n 
Power,  admit  n  —  i  Means,  the  other  is  alfo  an  n  Power.  If  the  one  Extreme  is  A"  and 
the  other  B,  I  fey,  B  has  an  n  Root;  I  e.  If  » is  2  then  B  is  a  Square  Number.  If  »=  3 
then  B  is  a  Cube  Number,  &c. 

Demon.  Betwixc  i  and  A"  there  fall  » — i  Means,  (viz.  all  the  inferior  Powers 
of  A  j  and  fince  there  fell  as  many  by  Suppofition  betwixt  A«  and  B,  therefore  (by  the 
laft)  there  fall  asipanjr  betwixt  i  and  B;  and  jbeiic^,  laftly,  B  is  an  »  Power,  -w;&.  the  n 
Power  of  the  2d  Term  of  the  Series;  for  all  the  Terms  of  iSeries  from  i  are  the  Powers 
of  die  2d.  (  CarelL  2.  Probl.  3.  CA.  3.) 

Theorem  XII. 

O  F  four  Numbers  : :  /,  if  any  three  of  them  are  Like  Powers,  fo  is  the  4th,  and  its 

Root  is  a  4th  : :  /  to  the  Roots  of  the  other  three  compared  in  the  fame  Order  as  their 

J. 
Powers:  Thus,  if  # '  :*"::<":ii  Ifiiy,  </ is  an  9  Power,  and  aitiic.d'' 

Oemons^tr.  Betwjbcc  «":^S  there  fell  »— i  Means  (Tt^w.S.)  and  as  many  be- 
rwixc  i^:J  {Thear,  y,),  therefore  d  is  an  n  Power  (Tlwr.  11.),  which  is  the  firft  Part. 

Again ;  Suppofc  </=  r ",  fo  that  ^ni=r ;  then  becaufe  ^f" :  A** : :  c^ :  r",  therefore  a:k::c:r  (2t*. 

ortmi.  C9rM.  ii.)i  that  is,  a^bwcd^,  becaurer  =  d">  which  is  the  laft  thing. 

Or  thus:  Since  a'\b^:\c\.d»  therefore —r  =s  rfr  but— r  =  -^  »  therefore -^r^ 
^7  orM:h::c:d^. 


C  H  A  P.     V. 

Containing  the  Comparifon  of  unequal  Ratios  (wherein  the 
Ratio  is  always .  to  Be  under fiood  as  the-  i(uote  of  the 
Antecedent  by  the  Confequent ) :  With  the  Compartfons  of 
Arithmetical  and  Geometrical  Proportions. 

#  ■ 

OhOsrye,  V^  ^  mrds  greater  and  IcSer,  I  ufe  tbifi  Sigin»  y  smi  L'  Tb$ti,  A  7  B*  0r 
^  L.Bi  Jlp^fs  Agreafer  or  lefir  tbam  B^  and  A:By»  w  JLC:D>  figmfies.  tfhU  tbt. 
^a^M  of  A  to  Bis  ireater  or  lefer  tb^i  that  ofQtoD. 

§.  I.  2*e 


2  8  S  Cmtaining-  fh  Cotn^rifw  :        B  oo  x  IV, 

•     •  • 

$•  I.    ^be  Campari/on  of  Uoequal  Ratios. 

Theorem  I. 

IF  to  each  of  two  oneqaal  Numben,  s»  i,  be  added  or  fuberaded  an  equal  Number, 
he  Ratio  of  the  Sums  ii  lefler,  but  the  Ratio  of  the  DifFerences  greater,  tbai^  that  of  the 
given  unequal  Numbew,  comparing  the  greater  Term  to  the  leffcrj  or,  contrarily,  com- 
paring the  Icflcr  to  the  greater:  Thus,  if  s^h  ihen  jf-f-n^  +  r,  ^#;*,  and*— r. 
h—cysih.  iS^XMrnpU:  572  and3-{«4  \%^^L%\%,  and  5  —  2:4— 2-73:4 

Demonstr.  If  a\h\\€\i,  then  A^c\b'\'d\\A\h  ('!rtftfr.4.a&.3.  B.IV.)  butb^ 
caufe  a'^  h»  therefore  c-y  Jmdi4-c  y  k-j-dy  wherefore  a-^ciif-^-c  Ls-^-cb-j-d 

(jix,ii.)p  andconfequently  «4"r:^-(-*^^^'^- 
*    But  comparing  the  lefler  to  the  greater,  proceed  thus;  b  +  d:a-^^::i:a\  buti+r 

•7  b-^d,  therefore  ^  +  ^:^  +  ^7^  +  ^-^  +  ^i  hence  i  +  ^'.^-f-^T  *i*- 

Again^  For  the  Differences^  4  —  c:k  —  d::a:h^  but  4*7*,  hence  cy  d$  andi--f 
Z-*  —  d,  therefore  a — c:b  —  c  7  a  —  c:t —  d,  and  confefluently,  a — c:b — cj a.i: 
But  comparing  the  leO'cr  to  the  greater,  then  b  —  d:^  —  c::b:a'^  and  Cr>cc  d  Lf*  there- 
fore * —  d'ji—c,  and  hence*  —  c\0  —  c  —  bLb — d\a — c,  and  confeqqeoilyi  b-r-r. 
a  — €  jL  b  :  a. 

The  Eeverfe  is  alfo  true,  viz.  If  a^cib-^c  La:b,  therefore  47  *,  and  &  of  Ac 
reft  of  the  Parts,  which  is  eafily  demonftrated. 

T  H  s  o  R  f;  Ai  IL 

I F  four  Nurribers  vff  : : />  a:b::c: d,  the  Antecedcnt$  #,  ^,  being  1^  thaq  their  Coolfr- 
quents,  and  a,bj  xhc  two  leaft  of  the  four,  then,  by  equally  increafing  or  decreafing  ihc 
two  Antecedents,  or  the  two  Ooofequents,  or  boch,  the  Proportion  itdeffaoyed,  and  the 
Ratio  of  the  firft  Couplet  ib  alter'd  will  bp  ie0er  or  gf^ter  tkp  that  of  th^  ^i^&<i  ^ 
tbefe  Grcutnftances,  viz.  ^ 

I.  By  equal  Addition  to  the  Antecedents,  the  ift  Coupkt  has  the  greater  Ratio j  ibusi 
a^H:by  e-^ft^id. 

a.  By  equ^  Ptminution  of  the  Conle^ueots*  the  iQ  Qoi^pl^  has  ;he  gnMiet  ^^f 
thus*  ^:b  —  »  7  c: d —  n, 

3.  By  equal  Addition  to  the  CopfeqoentSj  the  Ratio  of  the  ift  Couplet  is  Icaft;  thus, 
4i\b-\-n  Lc\d-\^n, 

4.  By  equal  Diminution  of  the  Antecedents,  the  Ratio  of  the  ift  Couplet  is  leaft;  thus, 

<.   By  equal  Addition  to  all  the  four,  the  Ratio  of  the  ift  Couplet  is  the  greatefl,  thuSf 

6.  By  equal  Diminution  of  all  the  four,  the  Ratio  of  the  firft  Couple  is  greateil;  thuSy 
4rr^w:*— »  7  •f-^«;y'^«rr  ., 

7'  By  equally  itj^cteafiQg  the  Antecedents  ^nd  diminifliing  the  Con^uents,  the  Raiioo^ 
df6  ift  Couplet  k  the  gieaier;  thus,  iM^n:b-^m  7  d-^wid-m^m, 

8.  Sy  ^q^aliy  diminiQiing  fbe  Antecedents  and  moxc^D^  tbe  Q)Afe<)ijp)ts^  the  Rack)  ot 
t^p  ift  Cpoplei is  the  leaft i  thusi  #  —  »:*+»  L  C'-r-iiid-^n, 

DEMONSTRATION. 
C^f.  m"^nih'y:^'^m:4l.  For  M^inis^»'y  an  (3*Mr.  |.)  but 4! r::*:^* there- 
fort  afJ\^mis^p  7  bidy  and  b^nce  fby  Jhifpf.  4th,  bck>w^  wtiieh  is  demoofixwd  irK^e* 
pendendy  of  this)  44-'»:*7^H»«i^«  ^'■'^ 
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Cafe^.  M:h^nyc:d"^n.  Far  i—n:d—n Li:J  (Thecr.i.)-^  h\xtt:J::a:c.,hencc 

^n\d—nL  a\c\  or  tfi^V  k-^nid^-fn,,  th&ekat  a  i  h  —  n  -j  c\d — n  {Tbeor.  7.) 

Cafe  7.  a:t-^mLe:d+M.  For  bidiiaii:,  and*  +  aL:</+»7  t  :rf  {Theor.i.),  con- 

fequcndy  *  +  »  :^-h»7  4;f,  and   (by  rtwr-jj  ^-f.^;-!  7^+ »  :^i   and,  reverjip 

ait-^-nLcid-^ft  (Theor.6.)  ,     ,   .       /     , 

C*/r4.  a  —  n\hLc—n\d  For  a:c  ::b:d'y  but  a—n:c—j$  Laic,  or  ^:A  i.c.^:^ 

-7  tf — »:<  — »,  and  (by  rtfdr.7.)  *:4— »7^:f  — »5  and,  reverfly,  a—n\bL 

Ctf/J  5.  .tf4.»:*4-«7  f  4-^:</rf-».  For  multiplying  the  Antecedent  of  the  one  into 
the  Conlcquent  of  the  other,  tht  Produfts-  which  (arfe  the  Antecedents  when  the  two  are 
reduced  to  a  common  Confequentj  are  ad-^-an-^^-dn-^-nn,  %nA  bc-^bn-^en^nn-^ 
the  ift  of  which  is  the  greater,  becaufe  taking  equal  Parts  out  oF  both,  vi%,  a.d^=^  6V>and 
nn=inn»  there  remains  in  the  firft  4»  +  <i»  =  JiXii+*Z  and  in  the  fecond  *»-f  c »  = 

»xTTfj  butiTp^y  b-^c  (Tfcar.  14),  therefore  the  ift  is  grcateft,  i. e.  #+»•*+• 

Cafe6.  a — «:  A  — »  7  c-^n : J— «.  For  Multiplying  the  Antcccdeiif  of  each  into  the 
Confequent  of  the  other,  the  Produfls  are  ad — an  —  dn-^nn,  and  bc-^b  »—  cn-\- 
nn-^  out  of  each  take  nn,  and  compare  the  Remainders,  which  are  ad —  an-^-d'n,  and 

be  —  bn'-\'Cn'^  but  ad=sbc,  and  4-|-^7  *  +  o  therefore  the  ift  is  greateft,  /.e.  a  —  n 
lb  —  n^  c-^n:d — n. 

Caff],  a-\-n\b — »7  <-[-»*:</ — n.  For  if +  »:<^"f-*"7  <»:  ^»or  b\d  (Theor.  i.),  and 
i  —  n:d — n  JLbid  {Thear.i.)»  therefore  a-^-nic-^-ky  b  —  3»:i/— :»,'apd  #  +  »:i^— » 
-y  c-^n-.d^^n  (Tbeor.  f,), 

CafiZ.  a  —  n:br\^n Lc — nid-^n.  For  a  —  w:^— »  Laic,  orb^:d  (Tbeor, i),  and 
h^nid-^ny  b'.d'^hencc  a  —  n:  e-^n  Lb-^n,:d-^n'j  tmd  laftiy,  a  —  n:b,-\rn  L 
c — nid-^-n  (p9eor,j.). 

C  o  R  o  L  L.  All  thefe  Cafes  are  applicable  to  Numbers  in  Geometrical  Progreflioo.  I 
(hall  only  mention  the  Application  oi  Ca/e  5.  and  6.  thus:  By  Addition  or  Subtradion  of 
the  fime  Numbers,  to  or  from  each  Term,  of  a  Series  -rr  />  the  Sums  or  Difierences  are 
not  -rr  I J  but  ( comparing  them  from  the  leaft  to  the-  greateft )  doe^  continually  decreafe  y 
thus,  if  aibicid,  &c,  are  -h-/,  then  a^n  ib-^ny  i+*"^+  •  7*  +  *-^+*>  ^'* 
But  from  the  greateft  to  the  leaft,  it  doea  codtinu^y  increafe; 

.T  H  ^  O  ^  E  M   III. 

If  <f:*V  c:d,  and  a  Lc,  or  a==:c,  then  is  b  Ld, 

Examfle:  <f :  7  7  ? :  13,  or  5 : 7  7  7 : 9 ;  alfo  (S  Z.  8,  7  =  7,  then  7  Z.  13  or  9. 
Demokstr.    Itcann't  be  that  b=dy  for  fince  4  Z-or=:tf,  then  a:b  would  be  L 
Of  =r:i/>  contrary  to  SuppoGtion;  and  it  would  be  yet  more  fo  if  we  fuppofc  by  d. 
The  Reverfi  is  alfo  true,  as  you'll  eaGIy  prove>  vi:ii.  If  b  Ld,  and  ^  Z.  or  =  c,  then  a : 

h  -7  C'.d. 

T  H  EC  R  B:M  IV. 

If  a:  by  c:d,  zlCo  a^b^^c-^d,  ihctk  is  ay  c. 

Example:  6:27  5' 3>  and  (S 4*^  =  5 +  ?>  then  (J  7  5. 

Demonstr.  xSuppofetf  =  r,  then  muft^Z.^to  make  4:*  7  r:V^- but  if  4:=^, 
and b  Ld,  then a-^b  Lc-^d,  contrary  to  SuppoGtion.  And  if  we  fuppofe  a  Lc,  it  will 
yet  more  flrongly  follow  that  a^b  L  c-^J. 

The  Ueverfi  is  alfo  true,  viz.  V  ^x+^^^+A  and  ay  f,  then  is  a\byc\d.  The 
It/^r/gjir  is- eafy  from  the  preceding  Method.  .      •         ~- 

Pp  Theo- 
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Thuor&mV. 

If  a:iy  e:il»  then  is  aJyhc 

DEMONsi*R.    C'X'H'.d'j  t\d'y  Xftn  betaken  (b  iAM\^\^t'^n\ip  ind  theoiiifss 
hc"\-bn9  hence  a  Jyic. 
Or  this  Truth  is  in  eSe^  already  demonftrated  in  TfkdSoas,  Whoe  Hfs  Ihewflb  dot  ii 

r  "7  :?>  tbenni/v  ir. 

*       •  ^^ 

The  Cmnmfi  of  this  is  aUb  arue>  tiis.  If  sj-jic,  cben  sity^idj  fisr  ^  7  o 

and  T  "7  *i»  by  equal  Divifiott. 

T  H  S  O  &  B  M    VL 

lvM:tyt:d,^eiiriverflp4:cyh:d. 

Demomstr.  y:j::p  ^  (Ct^i.^^wi.OBf.ijOMdif  J"  7  3»  *»cfi9re^ 7  p 

vhich  ConJMuence  is  alfo  proved  already  &otn  the  Nature  of  ^radioDs. 

Or  thus,  Take#:^::f  +  »:4»  whence  d:t^m::i:ai  hat dicyJxc^n,  therefore 
dicyiia. 

Theorem  VII. 

If  M:iLtid,  then,  idtema^fy,  sicyi.d. 

Dbmomstr.    j  :  5::  '  :  j  (C*.i.^wi.Ctfr.ia.)andif  j  7  j.  thorelbre  ^7  y 

whiA  is  alfo  already  piroved  ki  the  Doarifiie  xf  Fraftions. 
Or  thus.  Take  tf::i:c  +  »:rf,  whence  aic-^n.ibidi  but  s:ty  siC'^t,  cobA- 

quclitty  a:^y  h:d. 

Theorem  VIII. 

U  aity^id,  ttoi,  aamfiimdfy,  a+^ii-^dLait,  but  y  c:d^  9Ub a+iii-^^H 

D  E  M  oNs  T  R.  Take  a :  *  utc^^ai;  1/,  then  s^T^^ii  +  d: :  #:  fr;  teC  «  +^:*'+ 
rf/Lj+T^^t+j;  therefore  if +  ^'-*+^^^-*-  Again;  Take  f  :^::#:^+y,theo 
t^a:d-\^V+n::€:d'^  but  4+*:>4-rf^ -s+^:«'+*  +  «>  therefore  ^  +  tf  :*+^7 

For  thciecond  Part:  Since  i»:* 7^:^,  therefore,  akernately,  M\cyi\d  (lte#r.7) 
and  then  by  the  ift  Part  it  is^s  +  * :  f  4-</ Z.  ^:f*  and  7  * : d. 

The  Altfrnations  of  all  thefe  ConcIuGons  is  true  by  vertue  df  Ae  preceding  Tfcwf^. 

The  Converfe  of  this  ttfww  is  alfo  true,  v/*.  if  a-^cii-^-drj  c :  *  then  siij  r.dy 
for,  (by  the  fon(JWing7»fdrf*»)  a-j^c  —  c  (=^a):h+d'--d  (^l)  7  ^^-^ i^^'^'^+Ji 
and  ^  +  ^  inftead  of  if,  ^^  in  the  following  Tbwem),  that  is,  if :  i  7  r :  ^.  The  C9tfvefjf 
of  the  other  Conclu&ons  will  be  fdimd  itbe  ftioe  ymf. 

Theorem  IX* 

'  Iv  M:hyc:d,thciik,  tBvifivefy,  a-^cii^d-jail^  andaMb7c:i    :A«ain,  #— *: 
r — ^7#:<,  ^and  alfo  7  t:i/. 

Demonstr.  Take  a \b : \c^n\d,  theo^f  —  »— if : *— rf: :  if: *i  but ^ — ^'t^t 
•74— i^—^:* — d,  therefore  if — c.b-^dy  m\*^  and  confequcndy  M>'j4:\d,  wdjcU 
is  La\b.    The  other  Part*  or  4  — * ;  ^—^7  #: o  or  * ;44  is  proved  the  ttiBC  wy»  hy 

.11 .—.L.^  IDC 
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The  Oumrfe  iidUb  Ulae^  tt4  (bpndi  upotf  the  Tth  kl  lb0  ftiM  mftiUMr  as  the  Ck)n- 
▼erie  of  ditt:  upon  this. 

ScQOLiVM.  Aswe  hsre  trgaed  from  the  greater  Rado  to  the  leSfcr  in  the  preceding 
five  The9rtmf»  fe  wernay  argue  the  fiime  way  from  die  leflfer  to  the  greater;  for  this  is  all 
contained  in  the  other;  becaufe  \!  a\b^  c\ d»  then  c:dLs:t,  and  it's  no  matter  which 
of  the  two  Ratios  we  fuppofe  to  be  greaoeft. 

;Th 9  08.1^14  X- 

If  thees  art  two  Ranks  of  ibur  Numbers  eftch>  whereof  the  Anoeeodeots  of  the  one 
tre  the  Gotdequeot^  of  che^ other  Rank>  as «>  i>  «»  4  and  A>  tf>  A/;  and  if  s.\b-y  e\i^ 
tUb  kie^d\f,  then  is,  a.ie'J  c:f. 


Ifs:kye:d 
then  Mie-y  c:f 


Dbmomstr.  sicy  b\d»  $x^b:dy  e;f  (p^9r,j.)  bcpce  #:r 
7  s :/>  and  #  :f,7  € :/  (I*w.  7.) 


Theorem  XT. 

O  F  two  Ranks  of  four  Kucnbeis  eaoh*  where  the  Antecedents  or  Confequents  of  both 

are  the  fame  Numbers>  as  in  the  Margin,  and  the  Ratio  of 
the  firft  two  greater  than  that  of  the  other  two,  the  R^cio  of 
the  Sums  of  the  Antecedents  to  that  of  the  Confequents,  is 
greater  than  the  Ratio  pf  i;he  two  common  Terms. 
Demonstr.    T^e  a — nxt::c:d,  and  # — m:i::f 

:dy^3^d~h'^0'^m:i'^f::h:d  (^Aear.ZCkfp.'^,),  buc 

i^eyi  — »+  '^^'hence*-f-e:tf4"/7^~*+^-^ 
:c^f,  ot  bid. 


If#:*7^:rf 
and  eihTf'.d 

thcnu+'J^T^+f-^ 
or 


"      Theorem  XH. 

Of  two  Raakii  wheieof  thp  Extreo^es  of  the  ooe  iurp  the  Mean?  of  the  other,  as  in 

the  Margin;  if  if-.^y  r-.i/,  and  ^  :#7/:**  then  #:f  v/irf. 

Demon STR.    adytc,  voAbc-f  tfi^ir.  ^.)  kssKxsdyef, 
and  4:i'7f:d,  by  Conv^e  of  the  )tb. 

ScHo;.|UM.    If  the  Ranks  are  ib  dUpofed  that  the  Extremes  or  Means  of  the  one 
t^  alfo  the  E^etremea  apd  Means  of  the  om^r,  as  ip  the  Margin ;  yet  we  e^n  draw  no 

Condofion,  bjscaufe  all  that  immediately  follows,  is  onhjr  that  ady  b  c,znd 


a:by  iid 
b\$^f\c 


^:*7  c\d 


if-y  bc'y  but  leaves  k  «idctermincd,  Whedicr  ad  i&=efi  or  not.  for  k 
may  beeither  way ;  as  *efe  Examflei  flicw,  w,  (ij  5  i  ^  7  4^:  if ,  and 
9:674:5**nd  3x15  =  5X9.  (i.)  i\6y^:i^»  and  8:674:5,  and 
3x1578x5. 


§.  II.    Arithmetical  and  QfQxmtfl^l  Proportions  compared. 

LEMMA. 

IF  four  Numbers  are  pr<>portional,  ehher  Arithmetically'  or  Geometrically^  the  kafi  and 
peauft  of  the  four  are  the  two  Means  or  the  two  £x|remes. 

^   f    ^   A     D  E  M  o  N  s  T  R.    The  leaft  of  the  four  is  either  one  of  the  Extremes  or 
M,  P.  c,a^  ^^  ^f  ^^  ^^^    Suppofe 

'  P  P  a  If  That 
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X*  Tliat  a  is  the  leafl:>  then  becaufe- 4  ZL  i^i  fo  ise  L.d^  but  c  is  tllb  grctter  thta  « 
(which  is  the  ieift  of  the  four)>  and  hencei/7  ^;  confequendy  d  is  the  greacefi. 

a.  If  ^  is  the  leaft«  then,  taking  them  reverfly^  t,  a^  d,  r,  becauTe  the  one  Extreme  is 
the  leaft,  the  other  is  the  greateft  f  by  the  ift  Cafe),  ^  4^  ia  the  other  Pofition,  the  two 
Means  are  the  lead  and  greaceft.  , 

C o R o L  L.  Of  four  Numbers,  : /,  or  : :/,  the  two  grcateft  or  the  two  Icaft,  arc  one 
of  thecn  an  Extreme^  the  other  a  Mean. 

Theorem  XIII. 

I F  four  Numbers  are : :  A  the  Difiereoce  of  that  Couplet :  (  h  e.  of  that  Extreme  and 
Mean)  which  confifts  of  the  greateft  Numbers  i& the  greateft^  £6  if  #:^  are  gicateft,  ^— 
s-^d—c. 

Exarnfh; 

a  :  *  ::  ^  \  d  Demonstr.    *  —  a\d — r::4:rj  but  by  Suppofition  ajt, 

TTTTrrrZ       therefore  *  —  47  </— r ;  or  if  a,  c  are  greateft,  then,  becaufe  ^— j: 

t  .*  \  :.*  ^  '  ;       d—b\\a\h,  mdayby  thmfore  c—ay  d^k        ..      .. 
4.  2.. .0.3 

C o  R o L L.  OF  Numbers  in  -ft- /,  a:h:c :  d,  &c.  the  Difierences  taken  from  the  Icfler 
Extremes,  do  continually  increafej  thus,  b  —  ajLc  —  bLd-^Cy  &c.  for  *:*::*  :oand 
b,  c  the  two  g.reateft,  hence  c  —  ^  7  i  —  #,  and  fo  on,  through  the  Series. 

Scholium.  In  the  laft  Chapter  (Tieor.  18 )  it  is  demonftrated,  that  tbefe  Difiereeoces 
make  a  Scries -fr/. 

Theorem  XIV. 

O  F  four  Niimbo^  : :/  the  Sum  oF  the  E^ctexties  and  Meani  are  unequal;  and  that  Sum 
whofe  Parts  are  the  Icaft  and  greateft  of  the  fouf  r  is  the  greateft. 

D  fi  M  ON  s  T  R.  If  ^  is  the  leaft",.  then  is  d  the  greateft  {Lemrnj), 
and  I  fay,  a-^d-j  b-^^c^  (or c,d  or  J,  *  are  the  two  greateft;  fuppofe 
c,d,  then  d  —  cj  b  —  a  {Jbeor.  15  J  ;  add  m  '■\-c\o  both,  and  J— f 
^a-^c  (=5//-f4j  is7^— if+if  +  r  (=i-!|-f).  Orif</,*arethc 
two  greateft,  then  aUb-^ — A 7  c^^a-^  add  m-^b  to  each,  and  </-|-* 
7  *-f-r. 

If  A  is  the  leaft>  then  is  r  the  greateft,  and>4'^  7  ^+^i  which  is  plain  from  the  Al- 
ternation of  the  Terras,  viz..  b:a:;d:c,  whereby  the  Extremes  are  the  kaft  and  greateft, 

as  before. 

C  o  R  o  L  L.  If  three  Numbers  are  -rf-  /,  the  Sum  of  the  Extrenjes  exceeds  double  of 
the  Means  j  thus,  if  a:b::b:  f,then  tf  +  f  7  2A.  And,  particularly,  it  exceeds  by  the 
Produa  of  the  leflcr  Extrenie  into  the  Square  of  the  Difiereace  betwixt  the  Ratio  and  t; 
pi  ifwetakeif:tfr:tfrS  then  is  44-^ r^  =  ^x^^+ t ,   and  2  #  r=  « xa  r,  alfo  «  x 

r*4-i  —  4  X2  r  =  if  X  r»4-i — 2f=  <»  X  r— il* 

Theorem  XV. 

If  three  Numbers,  -r,  h  c,  are  rrr4  and  other  three,  d,  e,  /,  alfo  -ff /,  and  in  the  fame 
Ratio,  viz.  a\b:\d:ei  then  the  Ratio  of  the  Sum  of  the  Extremes  to  double  the  Means. 
is  the  fame  in  both  Ranks. 


a  \  b  ::  c  :  d 

3  :  2  ::  ^  :  4 
2  :  3  : :  4  :  <^ 


a,  b,  c 
4,  6,  9 

d,   e,     f 
8,  13,  18 


^.4, 9 : 2  X  6 : :  8 + 1 8 : 2 X  1 2 
13   :   12  : :     26     :     24 


Demonstr. 4r:^:: d:f(Tbear.  X9. Ch^, 3.) ; hence 
a'^c:d'^f::a:d:  But  fioce  a\b:\d\  f,  therefore*: 
d\'.k\€y  confequently  a^-^cid-^fiibie::  2*:  a*. 


Or,  alternately,  a^c:2b  :: d^f: 2 e. 


Theo- 


» 


L  b«  to 
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T  H  B  0  R  E  M  XVI. 

If  three  Numbers,  #, *,f,  are  -rr-l  {a  the  greatcft),  and  other  three,  rf,^,/,  alfo  -r^l  (4 
the  greateft),  but  in  a  lefler  Ratio  than  the  other ;  then  the  Ratio  of  the  Sum  of  the  Ex* 
cremes  to  double  the  Mean  in  the  ift  Rank  is  greater  than  that  in  the  other  ^  thus;  a-^c 

Demonstr.  Take  three  Numben,  /,  h,  m,  -rrl,  whoTe  Mean  is  the 
M,  b,  e  I  fame  as  that  in  the  ift  Rank,  and  the  Rado  equal  to  that  in  the  2d  Rank; 
viz  J:e::t:b'j  then,  becaufe  siby  Jie,  therefore  a: by  I: *,''confequently, 
sy  Ij  and  becaufe  aUb  b:cy  b:m,  therefore  c  Lm-y  but  ae=b h  =  im» 
hence  4 :/::  w:^;  and  becaufe  a  is  the  greateft,  and  c  the  lead  of  the  four, 
therefore  if-f-^vZ+w  {Theor.  14.),  and  confcqucntly,  a^c:2by  l^mi2b»  which 
proves  the  Theorem  in  this  Cafe.  But>  again  (by  laft  Tbeor,),  unco  J,  e,  f,  and  /,  b,  m,  are 
-rr i  in  the  &me  Ratio,  therefore  d-^f: 2e::l+m:2b'y  and  it*s  now  Ihewn,  that  a-^c: 

2by  l'\*m\2by  therefore  4 +  ^'.2* 7  </+/•* ^' 

■  • 

Theorem  XVII. 

O  p  fbut  Numbers :  /,  the  Ratio  of  that  Couplet  which  conGfts  of  xbe  greater  Numbers 
is  greateft,  comparing  the  lefTerTerm  to  the  greater,  andj  contrarily,  comparing  the  greater 
to  die  ieiler. 

Demonstr.    If  4,  A,  ^,  ^  are  :  /,  and  c,  d  the  two  greater,  aUb 

dye,  then  -.y  rifor  let  J=3=tf-|*«,  and  *=tf -f-»,  then  a.  a-^n:e. 

c-j-n.  Take  their  Ratios,  viz.      j      and  --v— ,  ^nd  compare  them  bjr 

reducing  them  to  one  common  Denominator,  the  new  Numerators  are  ac^^in,  and  ac 
4^«#»  which  is  greater  than  the  former,  becaufe  is^  is  conunoo  to  both,  and  c  being  y  a. 


a,  b  :  e,  d 
5*  7  :  8,  10 


m 


yna,  confequently,  j^  (=j)  '""y  7^  {j=f) 


C  o  R  o  L  L.    la  a  Progreffion  -r-/,  the  Rados  of  every  Term  to  the  next  from  the  lefler 
Ememe .  do  continually  increafe  ^  thus,  if  a,  b,  c,  d»  e^r.  are  -r-  A  and  a  the  lelTer  £x- 

treme,  then  istZ.  -^  ^  ^^'     ^^^^f^^  •    ^  *w  Piogrcffion,.  i,  2,   3>  4^  5,  &c. 

the  Ratios  iacreale  --  Z.  -  /^  ^  Z.  ^,  drc. 

*       3        4       5 

Theorem  XVIII. 

Of  four  Numbers  :/,  the  Produft  of  the  Extremes  and  Means  are  unequal,  and  that 
of  die  leaft  and  greateft  Terms  is  the  leaft  ProduA. 

Demonstr.    Suppofe  a  the  leaft  and  d  the  greateft,  then  cither  c 
y  or  L  or  =i  b.    ^Suppofe  c  y  or^b,  then  are  r,  d,  the  two  greater 

Terms,  and,  by  the  laft,  a'^  T*  ^^*  coniequcntly  c  b  y  ad.  Again ; 
Suppofe  c  Lb,  then  are  b,  d  the  two  greateft,  and  if  we  alternate  the  Terms  thus,  a, c ; 
b,d,  then,  by  the  laft>  ^  7  7'  ^"^  hence  bey  ad. 

If  the  leaft  and  greateft  are  the  two  Means,  then,  by  rcvcrfing  the  Terms,  they  become 
the  Extremes,  andthen  it  falls  within  the  preceding  Demon^atton*  Coroll. 


**  *  :  Ct  d 

3-  7  :  5-  9 
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Coroll:    If  three  Numben  ire -«-&  s.i.€,  the  Produft  of  the  Extremei*  s,  c 
is  lefi  than  the  Square  of  the  Mean  ^ A.  end  thiK  by  tbe  Square  of  the  Difeenccj  thus' 

Take  s.s^J,  a^zJs  and  ax^+zd=is^+2aj^  alfo^  s+Jts=i^+i4J^t^. 

Theorem  XIX. 

If  there  are  three  Ntimben»  s,  t,  Cs  -^l,  and  other  three^  J$  fffj  aUb  ~/«  and  with 
the  fame  Difierence«  the  ProduA  of  the  ExnreoMa,  and  Square  of  the  Means  have  the 
fiune  Difierence  in  both  Ranka^  thus,  nr^-f  ^=si/-^##. 

«       I       Demonstr.    Let  the  coohixmi  Di£fereoce  in  the  two  Ranks  be  «« then 
*^*/  I    f*^y^***^*^*)  **~****"^i  •'*'^'/~**=*''  therefore  #f-*>>=:4f/ 

« 

Theorem  XX. 

I F  three  Numbers^  a»  h  c,  are  -r-f^  and  other  threes  d,  §,  f,  alfo  -?-/«  but  with  t 
lefler  Oiflference»  the  Difference  of  the  PioduA  of  the  Extremes/ and  the  Square  of  the 
Mean  in  the  ift  Rank*  is  greater  than  that  in  the  2d  Rank. 

Demomstr.  Let  ^  — ifsssffiT^  and  1/ — #=»,  then  (br  Aear.  it)  «( 
*— ^^=sMr«,  and  ///— ee=»*;  bat,  by  Suppoficioo^  m^  u,  nefioe  *»  7»», 
and  confcqucndy  tf  tf— *  *  "7  df — ee. 

Theorem  XXf . 


The  Mean  Arithmetical  betwiit  two  Numbers  is  a  greater  Number  than  die.  Mean 
Geometrical. 

D E  mo N s tr.  The  Produft  of  the  Extremes  is  oqual  to  the  Square  of  the  Metn 
Geometrical,  but  it's  lefi  than  the  Square  of  the  Mean  Anthmeticat  (by  Cor.  toTim^  1%) 
confequently  this  Mean  is  ereater  than  the  other:  Thus>  betwixt  A>  B,  let  the  Mean  -r/ 
beC,  and  the  Mean -fr/D;  then  is  ABs^DD,  but  ABZ.CC,  therdbrcDDZ-CC. 
or  CC7DD.    Eitamfb:  Betwixt  1  and  StheMeaa  :/is  5,  and  die  Mean::/ifJ^ 

Scholium.  If  we  ei^tds  the&  Means  according  to  cheir  proper  Rales>  we  find  ch$ 
Mean  :  /  exceeds  the  Mean  : :  /,  by  half  of  the  Dificrence  betwixt  the  Sum  of  the  Ex- 
tremesj  and  double  of  the  Geometrical  Mean;  for  theie  are-rrA  #:tfr:ifrf,aDdtbe 

Arithmetical  Mean  betwixt  ^  and n  rr  is  13111?:  And,  liflly,  ^  r^T  ^  ar^ 

2 . 

Theorem  XXIL 

T  o  the  fame  three  Numbers*  a»  b,  c»  take  a  fourth :  L  9^  and  a  4th : :  A  d,  and  order 
them  fo  that  the  two  firft  Terms,  a^  b,  are  cither  the  two  leaft  ox  the  two  gr^teft  of  the 
four  Tcrtns,  then  is  »  V  or  Z.  J  in  theft  difFerent  Orcumftances,  viz,  f  i.)  If  ^,*  are  d« 
two  leaft,  and  a  n  b^  then  k  n^d.  (2.)  If  #,  k  are  the  cwo  leaft,  Bs^a  4^b,  then  isa» 
Cd'  (3.)  If  ^»  *  •'c  ^tie  two  greyer,  and  ^  7  *,  then  is »  4- rf  (4)  If  tf,  *  arc  the  two 
greater^  tnd  a  Lb^  then  isny  d. 


$  .  i  :   c  .  m 
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Demonstr.  I.    IFtfjiare  tbetwolefler«  and  «7^'  ^I>^  ^ 
|7  ;  (2*«T- 17)  But  J=»  J,  Jseoec  j7  j»andconfcqueatIy«7</. 

fa^  ^ufcihecwotaflBTpMd^  jLi.  tbeo  is  Jz.  ^  (Tiwr.  17.);  *>«t  5™  y  ^ce 
jA  J,  and  »  Z.  1/.  (3.;  if,  ft  the  two  greateft,  and  n  7  fc  j  Z.  -^  (Tieorm  17.)  J  but 
y«y  hence  j  Z.-,«nd  »  La.   (4.)  4>ft  the  two  greater,  and  ^  Z.*»  then  is  ^y  jji 

hence  -57-1  and  s  7  #. 

CoROLLi  To  two  Numbers  a  thiid  ~/  increafing*  is  lefi  than  a  third  ::  \\  bur* 
deaeafing  it  \%  greater. 

T  H  £  o  It  B  M  xxni. 

Of  four  Numbers  X  take  their  Squares:  They  cannot  poffibly  be  t/>  but  the  Dtfie- 
rence  of  the  ift  and  2d  Square  will  be  to  the  Difieience  of  the  od  and  4th  in  the  Ratio 
of  the  Sums  of  the  common  Pifieiience»  and  douUe  the  leflinr  Term  in  the  refpeAive 

Couplets.    Thus,  i£ a.iic.J,  then  *»— *»:i^*—r»::24+^— *«*^+'^'^^- 


DsMOKSTR.  Take  four  Tennfc  diua»  a.^^di^.t-^J*  their  Squares  ase  4^ 
0«+a«i/+«^^  ft^>  i^+2hJ-^*s  and  the  Difiraicei  are  ^sd^d'.zhdJ^^^,  wbicht 
by  equal  Divi(ion>  are  as  ^a^d\%b^d. 

Co&oLL*    The  Squares  of  a  Series  :/  cannot  poffibly  be  \l 

T  H  E  O  R  X  M  XXIV. 

O  F  four  Numbers  :  h  the  Difference  betwixt  the  Sum  of  the  Squares  of  the  Extremes 
and  the  Sum  of  the  Squares  ef  the  Meansj  is  eqiul  to4he  P^tift  of  twice  the  common 
Difierence>  multiplied  into  the  Difference  of  the  ift  and*  3d  Terms«  the  Terms  beios  fo 
ordered  that  ^  xft  and  yi  aw  lels  than  the  id  and  4ih.    Thus»  take  s.ki^^d,  where 

a  Lh»^nAc Ld,  then  4»+/i  — t»-f.tf*=:f— ^xxxi^— 4. 

Demonstr.  Tiike  a.a'^d\h.h'\*d,  their  Squares  ^are  ^S  ifi'-^iad*^d^,  h^, 
^4-^  ^^+^9  (be  Sum  of  the  Sqnares  of  the  Extremes  is  «*+K4*a^</-f-^>  and  of 
the  Means  it  is  ^-f>is*4*2  4^-f  ^9  ^^  ^^  Dificrence  of  thele  Sums  is  [flaickly  theDif« 

ference  of  2^^ and  ^ad  (che  other  Parts  being  equal)>  i.e.  xid'-^2sd^=s2dxF^^^,  t^ 

2Md'^7,bd=zdXa'^t. 

CoROLL.  If  three  Numbers^  s,  h,  i/j'are  ~/j  or  2^=:«-^i/>  then  the  Difference 
of  the  Sum  of  the  Squares  of  the  Extremes  and  doable  ifae  Secjfmt  cf  the  MeaB»  is  dou- 
ble dK  Square  of  the  common  Diffisreooe. 

The  o- 
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» 

Theorem  XXV. 

I F  three  Numbers  are  -f-A  the  Rado  of  die  Extremes  .canoot  poffibly  be  the  (kitie  is 
that  of  the  Mean  and  common  Difference. 
^^  • 

Demonstr.    Take  ^t .*+J.<f  +  2^;  I  fiiy*  it*«  impoflible  that  it  can  be  *:^+ 

zd::d\4i^  d*y  for  if  it  is,  then  axa'j^J^=^dx  a-^zJ,  i.  e.  if*+^f'=*^+*<''i 
whence^  taking  a  J  from  bothj  iiis  a^=2d^,  which  is  impoflible  fince  2  is  not  a  Square; 
for  then  a  Square  J'',  and  a  Number  not  a  Square  wouldproduce  a  Square  a\  contrary  to 
what  is  demonftrated  in  Cb.i,  Book  III.  See  CoroU.  after  Theor.  2. 

Scholium.  If  the  Extremes  are  in  the  Ratio  of  1:1,  the  Diflerence  and  Mean 
will  be  as  1:3,  ^thls  Exantple  fliewsj  a.a-^d.a-\^2J^=i2a,whencc  MS=:2J,9Jida'^'d 
=  '\d'^  and,  reciprocally,  if  the  Extremes  are  in  the  Ratio  of  i :  3*  the  Difference  and 
Mean  are  in  the  Ratio  of  i :  2>  as  here,  a»  za,  3  a.  In  Tieorem  26.  youll  find  this  Re* 
ciprocality  demonftrated  unifreifally,  whatever  the  Ratios  are. 

Theorem  XXVI. 

If  there  are  two  Ranks  of  three  Numbers  each,  -r-/,  and  if  the  Ratio  of  theEttremes 
in  the  one  Rank  is  equal  to  the  Ratio*  of  the  Mean  and  Difference  of  the  other  Rank 
then,  reciprocally,  the  Ratio  of  the  Extremes  in  the  laft  Rank  is  equal  to  the  Ratio  of  [he 
Mean  and  Difference  in  the  former  Rank. 


a  .   a-^d  .  a-{^2d 
6  .      i.  10 

2  ' 

25  8 


D E M o N sT R.  In  the'  annexM  Sxample :  The  Extrecftes 
of  the  2d  Series  are  the  Difference  and  Mean  of  the  ift  Series* 
and  therefore  iq  this  Cafe  it  remains  only  to  be  (hewn  that  die 
Ratio  of  the  Extremes  of  the  ift  Series  is  that  of  the  Mean  and 

Difference  of  the  2d^  which  is  plain,  foTd'^zdia::  — j-' 


. — u__i/=3  —l: =-;  but  — i- —  :  -::4  +  2tf:^,  therefore^ 

2  2  2'   .  2         2        ' 

Again,  Whatever  three  Numbers  we  take  that  are  -r-/,  and  whofe  Extremes  are  as 
d\  a  +d'^  for  Example,  D,  E,  F,  where  we  fuppofe  D :  F : :  </:  4  -{-  d,  then  (  by  Xtf^w-.  31. 

below)  D:E::d:t±2Ji,  and  E-DcE::  l±2i- 1/ f=0  :  *"tii    :-  :^ 

2  2  V    ^y       ^ 

^id. 

Theorem  XXVII. 

I F  three  Numbers  -r-/  admit  betwixt  each  of  them  a  Geometrical  Mean,  the  Square 
of  the  Mean  -r-  /  is  a  Mean  -r*  /  betwixt  the  Squares  of  the  two  Geometrical  Means. 

X  Demon- 


or 
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A    :      B     :     C  Demonstr.    L«  a : B : C  be -f- /,  tnd  the  two  Geo- 

_^       _.^  mctriai  Means  as  id  the  Margin^  vm.  A  ft*  betwixt  A  and  B, 

B~G>  betwixt  B  and  C^  then  the  Squares  of  theie  two»  with 

die  Square  of  the  Mean -7- /,  B,  are  -r-Zj  for  thefe  Squares  are  AB:BB:BCj  which 
are  the  ProduOsof  the  Series  A.  B.C  by  B>  and  confequently  they  are  H-/  (76. 3.C1&.2) 

Theorem  XXVIII. 

It's  pofSble  to  find  three  Numbers  h- />  fuchj  that  the  greater  ihall  be  equal  to  the 
Sum  of  the  two  lefler  j  but  ta  find  fuch  three  Numbers  "t^  /  is  impoffiUe. 

.  D  E  M  o  M  s  T  R.  For  the  I  ft  Part>  it's  evident>  and  the  Rule  is  this;  Let  the  leffer  Er- 
tren)e  be  equal  to  the  Differencei  thus>  4.24.3^,  where  5 ^ = a  «  +  ^*  ^^^  *e  ^  Part, 
it's  demonJftrated  thus;  Let  a,  b,  c  be  any  three  Numbers  -fr/;  then  a  being  the  greater 
Extreme,  and  if  a  =;=-*-f.  c,  then  b^c:b:c,  are-f^A   whence  i^4"^^==**i  and  i£ 

this  if.  poflible,  then  (by  Pr^Uem  6.  Cb^tf.  2.  Book  III;  c  =5  ^bk^tl  ^t, 

4        ^ 

y—, r-'   ^^^  ^^^  ^  impoffible,  ^ —  not  being  a  Square  Number:  for  tho' A*  is 

.   T  ^  •  4 

a  Square,  yet  5  not  being  a  Square,  ^bh  cannot  be  a  Square  (Jbeor.  3.  Cor.^,  Ch,  i.  B.  Ill) 
wherefore  it's  impoi&bie  that  b^c\^\c  0iould  be  -i^  I. 

C  o  R  o  L  L.  If  three  Numbers  arc  -rr  /,  it's  impofllble  that  the  leflfer  Extreme  (hould 
be  eoual  to  the  Diflerence  of  the  greater  and  Mean :  For,  in  the  preceding  Exsmfle  let 
«  —  •=*<'*  then  is  tf  =  *-f  o  which  is  inconfiftent  with  a:b:c  being  -—  /. 

T  R  B  o  a  £  M  XXIX. 

If  the  Extremes  of  two  Series  -W  having  an  equal  Number  of  Terms,  are  : :  /  (or  is 
die  fiune  Ratio^,  any  two  correfponding  Terms  io  the  one  and  other,  are  aUb  : :  /. 

Demonstr.    If  4:e::A:E,  then  <f:*::  A:B;  for  the 
A  !  6  .'  C  .'  £)  .  E        ^^  Dif&rencifis  are  *— ^=:^=^,  and  B  — A=  |^^  {n 

being  the  Number  of  Terms,  Froblem  5.  Chaf^  2. ) ;  hence  *  =  a-]-  ^      ^>  and B=A 

4-  ■  "^^i  but  fince  is:A;:*:E,    therefore  a.A::e  —  4:E  — A::  ^-^—^  :  "  _ 

'  u — I  '  » — I      w —  1' 

e**-if  E A 

and  hence  again,  j  :  A :  n«  -^  ^  ■  '    i  A  -^  "  ^    -  -,  or  4 :  B  ^  wher«fo^e>laftly,  4 :  i : :  A :  B. 

Again;  Sincen:  A-.ietE:  aitd  #rA::A:B,  therefore  i:  B:  :e:E, or  i:  f::B:E;  and  be- 
caufe  we  may  now  confider>>f  and  B,E  as  Extremes,  therefore,  by  the  fame  Reafoning  as 
before,  it  will  follow  that  b:c ::B:Cp  and  fo  on,  thro'  the  whole  Series.  And  again ;  Ta- 
king any  two  correfponding  Terms  in  each,  at  whatever  Diftance,  they  will  be  :  :/i  be- 
cau(e  they  are  the  Compound  of  the  fame  fimple  Ratios ;  fo  # :  ^: :  A :  D>^  alfo  ^ :  ^: :  B :  D^ 
tod  to  <K  ochcs& 

•  P  p  The  a* 
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Betwixt  each  Term  of  t  Seria  -ff /« txkeaMieia  vh  tnddiefeMetof  iretlfo-fff. 

Demonstk.    U  s.l.e.J.e.  &c.  are-fri>  then  the h-/ Means  ire---^:  --^: 

2         a 

•^^,  &c.  But  (hjTte^r.ii.Cbiff.  3.)  if  +  *:*  +  ^'-^+*  Sec  arc  ^t  tbcrelorc  thdr 
Halfs  are  fo  (GfM.  enroll,  xj.  Cbaf.  i.}. 

Theorem  XXXI. 

I F  three  Numbers  are  -r-  A  aod  if  to  any  one  of  the  Extremes  be  added  thit  Number 
which  is  a  3d  -rr/  to  the  other  Extreme  and  the  DtfiRnrence*  the  Sum  isa  3d  -rf/to  cbe 
preceding  two  Terms. 

Examfb:  4 . (( .  8  are  -;- A  and  4 .< •  9  are  -fr/,  9  =  8  + 1»  and  i  the  3d  —•/  to  ^^» 
and  a  the  common  Difiereoce  in  the  Series  4.6.8.    Again^  8.6.4^  are^A  and- 

the  3d-rr/  to  i»  2. 
Demonstr.    a.d-^t>  S'-\-it  aren-/.  Letif,  *,^be~4  then  arc  4i:if+*: 

^fs=3i*,  fmce  4:*:r  are-H-/)  =  4  +  ^,  therefore  4i:4f-j-i;4  + 2 i-^-t  arcTrA  the 
Produd  of  the  Extremes  being  equal  to  the  Square  of  the  Mean. 
Or  if  we  take  thefc  -^La,  m  —  *,  s  —  2**  and  thefc,  ii:^:^,-fr^  then  «;«—*■ 


S  —  2*  +  *  are  -rrl,  for  ax  a — 2^  +  ^  =  «»  — 2«*  +  tftf=:i»* — 24*  +  **  =  *-" 

Co R o L  L.  If  three  Numbers  ^re  -fr-A  a:t:t,  then  any  one  of  the  Extremes^  4, the 
Sum  of  that  Extreme  and  the  middle  Term>  s-^k,  and  the  Sum  of  both  Ezncmes  viih 
double  of  the  middle  Termj  4-f-2*-f-^>  make  a  Series  -fr-/. 

Problem    I. 

.  To  find  three  Numbers  -4-/  fuch  that  the  Quote  for  Ratio)  of  the  Ratio  of  the  Ei- 
tremesj  and  the  Ratio  of  the  Mean  and  common  Difference^  diaU  be  greater  than  aoy 
affigned  Ratio  (uking  the  Ratios  of  the  greater  to  the  lefler). 

Rule.  Suppofe  the  given  Ratio  is  J:  a,  where  Jy  s,  then  the  thice  Numbers  fouthc 
are  if.ii+^-.^  +  arfifor  the  Ratio  of  the  Extremes  is  -^^i^fthatoftheMeanandDiflcrcncc 

is  -^i  then  ^ ""^^^^f-di-  "^  T^  ^  V  which  is  greater  than  -  • 

Problem   II. 

» 

To  find  a  given  Number  of  Terms  -r-  /,  whoie  Extremes  are  in  the  Ratio  of  two  given 

Numbers^  and  the  common  Di£Fcrence  is  the  Difference  of  the  lame  two  Numbeis. 

Rule. 


Chap.  5i  Fropordom  compared.  *295 

Rule.    Suppofe  the  given  Numbers  are  m,  *,  i^Lt)  tnd  »  Ac  Number  of 

Terms  i  thefe  Produfts,  viz.  n  — i  X  a,  and»  -^i  x  *,  are  the  Extremes  of  the  Scries 
fougjit ;  by  which,  with  the  given  Difference,  *  —  ^*  the  Scries  may  be  filled  up. 

"Example:  The  given  Ratio  3 :  y,  and  Number  of  Terms  7,  the  Scries  is  18 .20.22- 
24 :  26 .  28 .  30. 

Demokstr.  4:i::#x«—  i:*X»— r,  and  thefe,  4  x  »  —  ij  and  i  x  »  —  i,  being 
made  the  Extremes  of  a  Series  -h/»  whofc  Number  of  Terms  Is  n»  the  common  Diffe- 
rence k *x^— '~^^*""!  (by  FwW.  5.  Chaf.  2.)  =h  —  a,  dividing  the  Numerator 

iS  •"^^  K 

and  Denominator  equally  by  » —  i. 

Problem  IIL 

To  find  two  Series  -r-/ in  which  the  Extremes  are  in  two  given  Ratios,  and  the  common 
Difference  equal  in  both. 

Rule.  Suppofe  the  given  Ratios  arc  a\b  and  nd,  find  (by  the  laft)  two  Series 
whofc  Extremes  are  (the  one)  in  the  Ratio  of  a :  fc  and  fthe  other)  of  c:d,  with  any  pro- 
pofcd  Number  of  Terms  in  each  ^  dien  multiply  each  of  thefe  Series  by  the  common 
Diference  of  the  other. 

Exsmfk :  The  Ratios  2 : 3,  and  4:7.    I  firft  find  thefe  two  Series,  6.7.8.9,  whofc, 
Extremes  are  6:9  (::2:3)  and  12. 15. 18. 21,  whofc  Extremes  arc  12:  21  (::4:7); 
<thca  multiplying  the  ift  Scries  by  3,  and  theother  by  i,  the  Ptodufts  are  18 .  21 .  24 .  27, 
and  12. 15  .18 .21  the  Series  fought. 

D  E  M  o  N  s  T  R.  All  that  needs  Demonftration  here  is,  that  the  two  Series  firft  found  being 
multiplied  by  one  another's  Differences,  the  Produdsare  two  Series  having  the  fame  Difie- 
rraces;  which  is  plain  ( from  Theqr.  3.  Chap,  2.)  j  for.  let  the  Differences  of  the  firft  two 
Series  be  d,  c>  then  the  Series  whofc  Difference  is  d  being  multiplied  by  c,  the  Produds 
are  in  the  Difference  dxc^  v^^e.  Series  whofc  Difference  is  c  being  multiplied  by  d, 
the  Prodttds  are  in  the  DiffiStnce cy.d'^  but dy. c^=^cxd»  tberefbie  the  ^k  is  oue. 

Problem  IV. 

To  find  a  Series  of  Numbers  ~/,  whofc  Exnremes  are  in  a  Ratio  not  lefi  than  a  given 
one»  and  the  Difference  of  the  leffcr  Extreme  and  thp  Term  next  it  not  Ids  than  a  given 
Number,  the  Number  of  Terms  being  alfo  given. 

Rule.  Suppofe  the  given  Rario  <f  :*,  and  the  giren  Number  nx  Then  I  find  (by 
VrM.  2.)  a  Scries  -r-  /  of  the  Number  of  Terms  propofed,  whofc  Extremes  are  in  the 
Ratio  a :  *,  and  whofc  Difference  is* — #iif*— «2L»,  then  I  mulciply  the  Series  found 
by  fuch  a  Number  as  (hall  make  the  Diflference  of  the  lefler  Extreme  and  Term  next  it, 
at  icaft  =».  Take  this  Series,  or  the  former  Series  if* — 4iis=:or~7]s,  and  continue 
the  two  firft  Terms  into  a  Scries  ^/  to  the  propofed  Number  of  Terms  ^  it  is  the  Series 
fought. 

A  3  C  D  E  Yy&c^i  I  Demonstr.  Let  A.B.C.D,  e^r.beaSe- 
A  •  B  •  L  •  M  •  N  •  O,  ^/  Y*  ries  -r-/  of  the  given  Number  of  Terms,  wbofe 
A  .  D  .  J.  .  m  .  IN  .  ^,  err  I.    I    ^^^^^^  ^. X,  arc  in  the  given  Ratio, 41:*,  and 

B  —  A(=t  — ^jnotlefi  than»;  Then  the  2d  Series,  A.B.L.M,  &c.  being  ■—/,  of  the 

fame 
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amc  Nuiaber  oF  Terms,  tad  (bv  i&  fod-  ad  Ttttm  being  lixe  -{koM,  nvo  Cnbditlons  of 

the  PmiiUra  are  anfwercd.  w«.  [he  Number  of  Terms,-  and  Dififerceceof  the  i  ft  and  2d 
Terms:  W>iar  rcmaini  to  be  rtiewo  then  is  only  this,'  that  the.  Raiio  of  the  Extremes  Y: 
A  is  not  iefethati  the  given  Ratio  t:^,  or  X:  A;  which  is  thus  proved:  lii  the  Series -^ /. 
A :  B :  C,  <i-e.  the  Ratioj  o*'  every  Term  to  the  preceding  leffer  Term  do  conftintly  dc- 
creale  (Tbear.  16),  andX:  Ais  in  the  compound  Ratio  of  alliheiiitermediateRatio8;butin 
ihe  Serirs  ^h  A :  B ;  L,  d-t-  the  Ratios  being  equal,  and  Y :  A  in  the  compound  Ritio 
of  the  intemiLdiate  ones,  it  muli  be  greater  than  X :A.  Or  chus^  la  the  Geomecticil 
Scries  the  Diffirrences  from  the  lefler  Extrctnc  do  conftaotly  incrcafe  fby  Tiwr.  ly),  but 
in  the  Series  —/  they  arc  the  ikme;  thcrafotey  — Ai»  gitatcrthan  X  — A,aiidX7X, 
confequenly  V  :  A  7  X :  A. 

Scholium-  If  the  Problem  is  propofed  lb  that  the  Eztremci  of  the  Spries  to  b: 
found  ihall  be  in  a  Raib  not  exceeoiog  the  givea  <nie,  then  proceed  thus:  Having 
fbuiid  a  Series  -r-l,  whole  Excremei  are  in  the  given  Ratio  s :  b,  and  the  Did^rence  of 
the  lelTer  Extreme  and  that  next  ic  =  i  — <,  as 
that  reprefemed  in  theMar^,  A  B.<i,(^(  U.X, 
wherein  X :  Kwb-.d,  and  the  common  Dif&reccc 
=t  —  dj  then  I  contrive  a  Scries  ~H-/,  dowtiwardi 
from  X :  U  to  as  many  Terms  as  the  ottwr  Sciio> « 
X :  U,  ^t.  N :  M :  L ;  and  becaufe  the  Differences  decreafe  trom  the  greater  ETtremr  X, 
therefore  M  —  L  is  lefs  than  X — U ;  for  the  lame  Realbo,  and  the  Equality  of  die  DiBis 
rences  in  the  orher  Series,  it's  plain  that  L  is  greater  tbao  At  and  conlequeatly  X :  L  is 
lefs  than  X:A  for  4;«,  the  given  Ratio):  Bot,  laftly.  becaufe  M  —  L  Lk~m.  I  mul- 
ti^y  the  whole  Scries  byfuch  a  Number  is  inakas«M—i*L  not  Icfi  tbao  i — »•■,  ii>d&) 
diefe  Produ<fb  make  the  Series  foughr. 


A 

B 

C,  *<.    U 

X 

L 

M 

N.  *..    U 

X 

•  L 

»M 

.N.  ^.  »U 

•  X 
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CH  A  P.    VI. 

0/  HqtthaaiM  .frppoftion ;  in  mbicb  I  ufe  this  Sg«,  hi,  for 
'        the  U^ds  H^rmomc^lly  Vto]^(^^ 


J ,    I  *  .    .  ■'   «        . .   '  I «. 


^.  I.  Contairts  the  Th  e  o  ry,    cmjidered  purely  ai  m  Arithinetictl 

'  DoM^brine. 

.,       .;.     .    ,.       ^PROBLEM    t;    .   ,  ,      .  '.      . 

HAV ING  three  Numbers,  to  find  a  fourth  bl  with  them,  taken  In  a  certain  gi* 
ll»fc.    Take  the  Paodoa  pf  the  firft  *nd  third,,  divide  it  by  Ac  DiflFercnce 
of  the  iecoiid  land  douWc  tho&ft^  the  QswHc  ifi  .the.  Number  fought.    So  to  thefe> 

AC 
A,  B,  C,  ^{o^hl  i«,^;3^  ^  \ 

^kfn  'To  th«^  5,/4j  45,  a  foufth  M  b  $  5  thu* 'jk^j^ciS  5  then  2X3  (sfetf  )  — 4^==a» 
LafMy,  18-^1=9 ;  fo  that  thefe  4  are  hl^  w^  3,  4i'^j  9/  for  thcfe  arc  geometrically 

3Mmm.  Let  ib^  Numbers  i^bb  reprefentcd  by  sjieie  Letters^  A,  B,  C,  D  $  thcii 
if  A  «  giCBteir  dntft  B,  thefe  are  n  •/,  ^«i  A  ;  D  :  i  A---B  :  G-D.  Hence  A  C^ 
A  I>»A  Du-J»D,  and  addkig  A  D  to  both  thefe  Equals,  it  is  A  C=S2  A  D— B  D=e 

a  A--BxDj  jiad  diMi4iag  t^uaUy  by  %  A— B,  it  u  D=^X^   ^^^^^'^  ^^  *^  ^^' 

'    OflfA  islcfsthariB;t?heh  A  :D  i':  B-:A  :  D-Cjhcnce  AD— AC=BD— AD, 
and  adding  A  (i  tbbdtb,  it  is  A  Di=BD— A  D+A  C    Again,  fubftraftingBD— AD 

from  both,   it  is  AC=:2AD--BD  (=a  A^BxD)  and  dividing  by  a  A**B,  it  is 

jCOROLIiARieS. 

jfi.  We  can  by  the  £ime  Method  %d  a  third  /?/  to  two  given  Numbers,  if  we  take 
the  £bcond  Term  twic^  to  ^  make  three  giv^n  Namber9f  and  then  the  Rule  will  be 
|Aainly  thus  ^  divide  the  I^rodu^  of  the  two  given  Numbers  by  the  Difference  be- 
twixt the  iecond  and  double  the  firft,  the  Quote  is  the  dumber  fought. 

J5k/i.  To  thefe  3,  4,  a  third  bl  is.^^  and  to  thefe  d,  4,  it  is  3  5  as  you'll  find  by  the 

'  AB 
Rule  univerfaHy  fo  thefe  A,  B^  a  thfrd  bl  is  •~Y;;n& 

SoBOtJVMc  (1^0  A  third,  or  4th  h^  is  always  poffihle  whcA  aA»  (or  douUe  the  firft 
Teroo^  is  greater  tnan  the  fccond^B^  but  not  otnerways.  The  Reaion  ii  plain,  becaufe 
the  Divilbr  a  A-—  B  is  then  Ibme  real  Number  ^  but  if  a  A  is  lefs  or  only  equal  to  B,  then 
tbete  is  no  real  Divi&r,  &  that  a  third  or  ftorth  /bi-to  the  giveti  Kumbera  is  impoC- 
fible. 

Em.  To  thefe  |,  d,  or  3,  6y  7,  there  is  no  third  or  fourth  bl^  becaufe  doable  th^ 
firft  Term  is  equ^l  tp  the  f^ond  $  nor' to  ih^fe  a,  u  or  a,  5,  (^,  )>ecaufc  double, the 
^rftTcntiisfcftttotafthe^feitohd.  /.,-*•     ..    ,  : 

(Q^q  i^.  Obferv« 


^^t  ^litil^iah^t^m^,  docket; 

1^,  Obferve  al(b  thefe  other  CharaSers  of  two  or  three  Numbers,  to  which  a  third 
or  fourth  blis  poifible,  viz.  If  to  two  Nuc^befBy^  a. -third  arithmetically  px>poitional 
(which  two  laft  Words  are  marked  thu»  :l)  Mk  be  found  either  increafing  or  decteafing 
(as  it  can  always  be  increafing)  then  a  third  bl  to  the  fame  two  Numbers  can  be  feuod 
cofttrarily  decreafing  bt  incrdafing^  bccanfe  inr  tl^is  Cafe  double  thfc  firft  T^nn  of  tht 
Hahribnicafe  i^  always  drcitef  tllan  tlie  fecotid.  :  l^hus  i^A,  B,  C;  ire  i^,  then  t  ftai 
A+C  J  confequ<jmly  a  rakd  W  ioB^  G  as  jsjoffiiHei  Agaim  if  fLAlxdxi  to  C,  B,  is  pof- 
fible,  a  fourth  bl  to  B,  C,  stnd  any  otbor  Number,  as  B,  C\  D,'  is  alio  pofiibiej  &r 
the  fame  Reafon,  viz,  becaufe  2  B  is  greater  than  C  Laftlyy  If  three  Numbers  are 
ii  tj  ttdif  to  the  middle  Term  with  eith^eMfrern«e^%thtrd  1H  istefliialot^vtofke  km 
three  Numbers  a  fourth  bl  is  pof]^ble  in  thkOfder,  viz.  If  A,  B,  C,  are  : :  /,  and  if  to 
B,  C",  a  third  bl  is  poffible,  then  alfo  lb  A,  B,  C'a  fourth  hi  is  podible  5  for  fince  A :  B 
: :  B :  Cy  hence  2A:B::aB<C^  but  x  B  is  JTcater  than  C,  elie  a  third  bl  to  B  C 
would' not  be  poflible^  therefore  *i  A' 4s  ^reiitiir%iti'&>  which  makes  a  fourth  /?/  to  A. 

The  Reverfe  of  all  thefe  are  alfo  true  and  neceflary  to  be  here  roniiEirk>0dftha%!rio 
B,  C,  Of  b,  6,  D,  a  thlfd  or  fttfHh  »r  J^  ^b^  iIma  fev«ft]%  x6  C,  ft,  4  thit^ :  Im 
A  IS  iHb  poffibk  $  for  t^m^^rioi^  2^B^  giMter  flittn  0,  ;^bittb  intdl  the^^diKiiddki 
Bcceflary  to  make  A  poffible,  fince  A=2  B-— C.  A^n,  if /A,  B,  C^  are  : :  J^.  and  if 
to  A,  B,  C,  a  fourth  bl  is  poffible,  then  a  third  bl  to  B  g  is^fti'  p<rabli  ;  <bf  ibSl  tc- 
^ireseitlv  that  2  B  be  ^at^r-tfaan.-Q  ^l^if^  i>t  Wift-b(»^lieA  ^.A;U^AtoirthaaB,a8 
ttisinoaiie  afovirthi)j^AiB,xC^is^pofiibIp.'    -i   .     :.:;;.;;  ri  :^:-:.        : 

2  J..  From  any  given  Number  a  Progneffion^or  ScaifiB  i?/  tpav  be^  foetid  domafiqffifi 
inflmtuiliy  b<St  Aot  incrc^fitei  tfor  it  wiU  fteo  whiMvof  .1^  rlilftfotl^ 
to  dr.'ex««9d^  the  Double  offhe  preceding  Tertn^  (^  th^lbl  $aut^  ta^^hj,  io,'j<^ 
igrh  bt  continued  no  further  inafdafllifi^.  beoAilQ  ^o  via  left. thJui 4Q^=HXai:^^.f6t  it% 
poffible  to  find  two  Numbers  from  which  any  affigned  Numbers  of  TTerms  bl  maj:pto- 
cecd  inct^eaflng,  fe-yett'lVJcajn  in  5PW(?H?J»*'ft<tend,  tf'td Ifed  'tti^iisi  JW'of  iftjf Ntoh 

btnof  Term.^ ^1  Intgg^rs-f.  which jjan^ot  bc.doge^fjom^aifyWcn-Nu^ 
w(7take  m  Scries 4iccreafing|^  De^^nui./a  ^— Tfi^^ilL  not  be.ii;»,evei;y  ^aic.an  alicpiot 
Wof'AB- 

PROB-LEM  II. 

A     -. 

,  To  find  uMedh^diehbiici  Ma  Numbers.  , 

/«**,*•*  A  B       ' 

thus,  betwixt  A,  B^  a  M«ln  *(  as  *Jteg 

Jx^.  Oitfet\  ^,  -«,  the  Mctfn  i^  4  5  thu*;  jXtfisitS^  then  2Xrt:*i3tf  and  5d-^9— 4* 
For  thefe  are  */  3,  4*  <^,  becaufe  3, ;  i:  14^^  (ss^i)  i :  l?-*4X=?%i»>.  ,  f     i  .     . 

fDemon.  If  A,  B,  C,  are  */,  de^eaflng  from  A,  and  ihcreafiijg  from  C,  then  it  i» 
A  i  C  ;  :  Au^*  :  6-G  3  Attd  fWefBy  G  vA :  r  i'^^G' :  V  A-^B, '  iw^ehec  »  »-A  C= 
AG-bG  5  aWd  irfdiiig  B  G  to  ^ith,  it  ia  A  »-At^&'C^A  C;a«ihi,  adding  AC 

iatwAvitkAB^.G  (wtA+^KB}*^*!^^^  and^  Xii/?i&%>»^Wl55\tbicbistte 

RV1«'  ^  L  .  .  ,  '  >■*'         • 

XHEOflEMl*- 

if  tbOf  t^UliiBeA  jl*)  ^-e^titeliy  mdltipli^,  or  <iivi^H,  {|icMu^>  or  Quotes  afe 

Ext. 


•  .  «•!•■'       f 


it :  wlBib wwa  -tfwi^od  by  c  Qjwtc  (be  iwpttr,  „      „    .      . , 

.Ziimv.  T^c  Produfls  or  Qvlotcs  of  the  EMreanw  arc  ftiH  in  the  fime  Ra«o  wub 

the  EnretHMj  anitka  i)aftrcnc«*ftfee^Prt^uifte.of  the  aiJddle  Term  and  Exweams, 


:  Ptydu^pf  tjie ,  —  -  ,-^.-, .^^ , 

w^j^ijD^hoJPnK)iiSiw<^tc$/kptwiyf  ^h^  S^tttFcattu  ^^ 
from  the  mean  Temw,  i,  e.  fhcfe  Produas  or  Quotps  ore  hi. 

'  e*.  fee  thii  Troth  alfo  in  nniw-rfalCbaraftcrs  thus,  i".  tet  thcfi:  be  M  ^'f*-  A» 
?,C.P.  tb«  is  A^DjiA— e^C— D,jtheDarcthe&j&;,  Ar,  Br,  Cr,  Dr,  TJw*  » 
Xi  :"I>t  t  :  Ar — Bfls  Cr^B»,  fcr  thefc'arc  tlrc  j<hin  Effefls  of  multiplying  r  into  the 
nvcediog  :  :  fa,  t)i».  A  !  D  :  :  A — B  :  C — D,  thcrefive  the  Pimiu^s  arc  !  :  /,  via. 
Ar :  Dr  :  :  Ar— Br  :  Cr — Dr,  Tbaf  is,  Ar,  Bf,  C^;  Dr,  are  'if,  according  ,to  the  D^- 
nitioik   'As-ior  I>^afi9t^-4t:u  bift-tii4  V.9V!^^ 


COROtJrARlES. 

,  9li,iAter'tb<ni3^«Mr^i>'^HtAg-<4u4U)' i)MiliMb^'-*r4md^  BroJufis.  or 

QiMmJuSlbtibhi  }Mt:wi{(i4>r<ttlung.tW  tud^e^Tfnn twice,  tit^' jmike  fedr  Tcmn 
Ui,  far  1,  3,^.  i*  the  fame  ,aa  >,  j,  3,  6,  as  (9  M         _      . 

iri  As  AriyThwe  "NWrfkri  ;^^-lbty  eqoai  ^RferiW'ahy  Series  continually  */ being 
equally  multiplied  or  divided,  the  Produfts  or  Quotes  arc  ftill,  bi. 

^d-  By  this  7'heorem  and  Problem  firit-,  we  learn  how  ta.fiftd  a  Serks  JM,  confiftint 
of  *ry  N«n^r  pf  Terjjn,  1  tflficrs,  and  f!na 

»  fhird  2-;  defrcafipg,^  ifits  i^raftion,  tbm 

rt»y5tipl;r',iVtVttg»'<:n'^ui  B,  the  Produfls 

jrjtE  [bj:  TJwrpwjifor  are  pre  11  ,^  dccicafing  j 

ano  ^it's  ]Pi^ion?l,,  ihulk  ^  and  thefe  Pro- 

duAs  with'the  "IMumerator  is  manner  go  on 

C9  »iisr  N)iWb!W^^-T«n^-  But 'jrtHi'a  le«iq  sn  -eafiw  Way  of  Wwog'  AJa  P«*ldn 


4?A;'We4c4i'n'hctc  rffo.hAw  *b  fittd'a-ScKeS  ^4^'/ br -^^/in  Ihttecrs,  betwixt  every 
two  adja(;pnt  Terms  of  which,  ^hcre  &Ua  a  i&/  Mean  al{b  Integral,  ^iius,  t^lce  any 
ecp«-^^,-«''*'-'aS'5*itegers;''i:Kfcrftt;id"i^i(rl&/  Mei?s,  whrclT  tblng  alt  of  panQf 
them  'nbeA^'i<f'imieTs,'timi:'mh^4fim'^Kk  flrttfound,  togtrther  *iA  iihe  Means, 
to  a  common  Dnwminatpi;,  and  tt^e  Numer^ton  gi,vc  the  Numbcn  fought,  .and  alG>  the 


Jf  tiicre  Is  a  S^ql  rf^Ntenbers',  ;■  .-^ncreaGng  or  dccteifing, 

&eir.IUcfi)i  ^  j'i^^iiSfL'l  r^ptrarily  deCfeafing  or  jip-- 

i^^g^j; d  ;  iHf%-c^'&"{  te  -r-i'         (■'"  ■■■' 

^  2?c»«p»,1  ,  c,  3,  ■&€;  is*  a  «reafing,  their  Reciprocals 

JjJ,  t?f -  i?i  ly  dccfcafior.l  evidently  ftom  the  Natmrc 

rfftaftioni  BJ'dr,  ehlfp.  1  .   .'      - 


J"' What 


306  Har^nmc4.1Pf'fif^m^ 

•  3  "•  What  remaiat  to-  be  prbtcd  tben  i*  '«»i1y  this,  »/*  Tfc*t-  if  Mf  three  •Pertes;  a, 
h,  c,  are  :  /  or  bl^  their  Reciprocals  muflr  be  contrarily  hUtx  il',  whi&  I  flie*  thw, 

Ci')  Suppofc  «,  h,  c,m-r-i,  then  i,  f ,  f  are '«,  that  m,  f  ;  -J  /:  i-f  ^  t=^  )  . 

'^•^ j-J  J  foe  fince  i, '  ^,  r ,  are  -«-  /,•  •  then  h-^0^  ii-*,  and  :h«Be.--j^»*-Tr-, 

7**^  M,  I'x  -^  ^  X  ^"^^  whence  it  is/f- :  ^  :  :  ~?V^.  »».  -StappereV, 
*»  f »  *>«  *'i  then,  f,  |j  a  arf  -7-  /,  for  fioce  «,  b\  f ,  ar^  W,  i.  e.  ^ :  c  :! :  b—t :  «—*. 
Therefopc  ~jp=  ~j.— '  and  dividing  ec^ually  by  ^  "."  "a"""^!"' '.  Bi**  ~r-ts  * 

-^,  and  -^-« i  f  hcncb  f ,f , ;|;arip -^/.        .       " '      /    • ;  - <^' ■■■. --V'.' . 

^«»»*;  I.  a,  3,  4,  are  -i-/,  and  f ,' f  i,  /Wj  fcr  f  t'i  i  i ^p-f  (aasf )»  f^-C^jf.-) 
^tfw.  2.  3,  4.  tf,  are  /;/,  and  i,  i,  i,  are  -i-/,  for  •{— t  (s=_y)  =|.i^  (as^.) 


»     '       I 


Sen  o  L  1 17  M. 

Y^.  TUs  Tcuth  la  univevfal,  whetber  t&e  (lippoftd^'Munibttt  W^lbtfcgeM  orFra- 
Aions  3  becaufe  f  exprcfiea  the  Rcci^iroctil  of  i^  WhtteTer  jli>ev  ^-frbm  k&  Macuit  of 

I)ivifipn.    If  4  is  Imegpr  the  Thaog  is  pIaiA« .  I^v^  ^\«lw»  W'l  '^^^.  i  »>   ^-^ 


*  -.  "  •  '  .  '  *• 

Ac  Reciprocal  of  j^  rsa;ai  j 

it.  If  any  Series  confifts  of  Frafliopt  (either  all,  orontyibme  of  thcTeons^  then 
if  the  whole  Series  is'rejucecl'  to  a  common' JDcnomihatory  the  new  Numerator  is 
a  Series  of  Intcgers^.of  the  fatoe  kind  of  I>rogrcfli<in^(Tf^/,  )&/  or  4f- Jf*)  with  that  rcdvi- 
vcd  5  becawft  the  new  Fraftions'  afe'  fb,  fince  they  are  ^ual  to'tKc  fol-fcncr  ones,  and 
the  Nuraci-atorS  arc  Equimultiples  of  thb  ]^raAion^  (for  they  lire  thcic  Multiples  by 

the  commoti  Denominatori  £tsce  ^   x  lfs±a  3)  wA; '  Zajtty.'^he  E^tsitnoldples  ff 
wy  Scries,  -r/,  f^lor  bl,  arc. of  the  &tne>KiiKi:)  u  hj^s, beeii.%ffffi>.of .  jeadj  in  their 

JPIa<;cSf .  '   •     ..I    •         '    ,     f  .    '      ''  j'    w'J     :    ,       '-J   ;v;  ^  ;  .•  aJC     ii 

^i.  If.'an)[  Seriei  coofijfe  all  of  latcffmi  ^diinvft/c^nv^wol  W 
Sjcries  of  their  Rcciprpca^s  (which  are  suiFiadic^^to^.foi^q:)^^^ 

Of  the  given  Series  of  Integers  take  every  Coup- 
let reveriely  in  Order  from  the  beginning*  and 
continue -them  as  fb  many  Geometrical  Ratio's 

.  X^.^fc«:  M^^-^4v>  ^fio^th^  anjwc^^  Xx- 
J  I  ample  j^.  ^be .  vJpcratipn  ot  whidv  y w"!-  ^afily 

.   jerceiVe .  to  Be^tfte  faip6  as-  flii'yvii^h  finds  the 

' , .  new  i^umctators  M^here '  the  F[.pcjpi;ocals  ,6f  thcfe 
Numbers  are  reduced'  to  a  coinmon  JDenomin^h- 

"  tofi'thus;.!;';!.^^,  rcdijcipd,  the  hw  Nijmcnitof^ 

«e.35?4==ij^;  »;?^>4;;.M!3H '-i^^**'^ 

yet  inbrc  evident  mtbwixapplf  19 ^tt*iS.,;  S«<t^c^.^W,p  ...  .  .'r  .-i 


jfritbtneticaU, 


"/t 


a». 

3> 

4» 

t  j 
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3» 
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;•«' 
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.3.. 
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'i.i 
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•'tf! 
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1 

Saffnomals^ 


SdrmamcafSy      tfo»  40,  30,  24 


t    O    'X 


4*.  Witb- 


^»*< 


c. 


k€y    4r,      ab^ 


liU  >^       >»« 


^^        llCiy       il^l7»        tf^^ 


^9     ^9     c^i.  4^  Wicbout  r^ard  tothoRule  (brreclucing  FraAions  to 

one  Denominator,  we  can  eafily  dei^onftrate  that  thefe  Pro* 
du6l«  have  the  Quality  aflirtcd  in  the  Theoretn^  viz,  that  if 
a^  tj  f ,  J,  &c.  arc  -r-  /  or  W,  the  Produfts  fo  made  arc  con- 
trarily  il  or  -r-  /  j  T'hus^  thcfe  Produfts  arc  Scries  in  the 
,  reciprocal  Ratio's  of  the  given  Scries  (as  has  been  dcmonftra- 
t^  in  the  Problem  referred  to]  but  the  Reciprocals  of  the 

S'ycn  Series  are  Kumbers  alio  in  the  reciprocal  Ratio's  of 
e  fame  Series,  therefore  both  thcie  Series  {vi^  the  Series 
of  Products  and  of  Recipcocals)  have  the  fame  Quality  ^ . 
which  is  thus  proved. '  Let  a^  b^  c  reprefent  the  Reciprocals  of  any  three  Numbers, . 
and  A,  fi»  C,  other  li^r^e  N.unibers,  in  die  fame  Ratio  s,  viz.  /i :  ^  : :  A  :  B  and  b  :  c 
t :  B 3  Gk  then ccmipiring thefc^  it  is 4  ^  A  :  :  ^ : C or /i :  r  : :  A :  C.   . Alfo,  ai  kii 
*— tf  :  Br-*A,  and;^ :  C ; :  c^b  :  O—B.    Again,  comparing  the  laft  three  Proportions, 
it  is  b^a  I  B — ^A : :  c— *  s  C — ^Bj.  or  b — a  :  c—b  : :  B— A  :  C— B.    Thefe  Preparati- 
ons being  made,  fuppofe  now  that  /r,  *,  r,  are  */,  #.  e.  aici-  h^a :  c^— *,  then  arc 
A,  B,  C,  */  J  or,  A  :  C  2 :  B— A  :  O—B  j  for  bccaufe  ^  :  r  : :  A  :  C,  therefore  A  :  C 
: :  br^a :  r— A.  and  bccaufe,  b — i^  :  o^b  : :  B — A  1  G— B,  hence  A,  B,  C,  are  bl  : 
Agarn^  iopppie  ^,>,  f,  s^-e  -r-./,  or  b — a=^c*^by  fo  are  A,  B,  C,  or,  B — A=C — Bu  . 
Por  it  is  afcove  Ih^wn.that  b-^a  2  fv*^  2 1  hr~;K  i  O— B,,  and  : therefore  if  b^^a^=rC — b  - 
fo  muft  Br-^A=C — B.     In  the  laft  Place,  fince  the  Tting  is  true  of  three  Terms,,  it's 
true  of  jMjrtNaaiber  in  ar  I^rogreffiom 

;   :    ,,      corollaries;  ' 

Tfi,  Here  then  we  learn  a  very  cafy  Way  of  finding  a  Series .  Kl^  'confiflihg  of  ah]^ 
J^umber  of T«rms,  aAl  {ntegers:^  tjpm^  take  ^ny,  Scries, :  /  pf  the  fame  Number  ofTer^is, 
all  integral,  and  tnultiply  their  Tern^  together,,,  accordi^  to  the  Dlre^ioh  in  the  ic- 
«opd  SchoU^fn^^  ^d;  you  haya  a  Series  hi  .dizK  many  ,Terms,.  al  1  Integers. 

^d.  If  it  were  required  Jo  a^gn  two  .Numbers,  to  which  any  Kutn^r  of  T^rms  hi  itc 
poffible,  increafing, without  finding  the  whole  Scries  ^  it's'd'one-by  taking  any  Series :  f  con- 
fiftiiig  of  the  given  Number  of  Terms,  and  mulcipjy«flg  continually  into  one  another  all  ■. 
^e  lerfn^  <?  the  Scries  ;/,j  except  the  greater  £j£tremc;  for  their  ProduA  is  the 
leflcr  of  the  Numbers  fougbt,  and  the  continual  Prpduft  of  all  the.Terms,^exce]pt  tha^ 
nct^t  the  g"eatcft  ^^^^trcsme,  i»;*be  grcater^of  the, two^Nuinb^rs  fought.  '.    * ,     . 

But  if  u^s  alfo  required  tliat  BotTi  the  Terms  fbiigbt,  and  alfo  alfthat  are  propofcd  as  , 
|KifiBbletq.^  ;Hlded  t<|f^cf^,^be  I^t^eipfj  :th;Gin^Jc|,tl^^aaumcd.Serie^ 
tcig^rs.   '    .  ?'■    .,     -      .•••*'.••/.'    '        ,'.■■.■...,..     .-^ 

)^«  Foi;therj  thoi^  a  Scries  >&Amay  b'p  continued  jnffnitelydeccca(it1g  from  any'gil  . 
Tcn  Number^  yet  the.l^erm^  wilF hot  aUbe,* Integers  jth'ei*cfore  if  it*s  requited  tbitud 
two  Kumbers,  to  which  a  given  Number  of  Terrhs  hf  may  be  found  deci'eafing,  aQd  : 
all  Integers,  its  done  fhus-^  take  a  S/srip^  *L  f^^^f^^S  of  the  given  Number  of  itrms, 
^l*  Ifttegers,  and  the  cpntjnujl  Prpdufl  o^^ ^' the* Tc  rajs,  except  the  lelTcr  Extreme,  is  . 
the  greater  of  the  Kumb^rs.iQjagKt,  and  t^c,c^imnual'T^rodiift:6f  MlJ^  Te^^^ 

ncKt  the  leflcr  ExtrAme^*  i%  tbeilerirer.oF  jnc/ Terms ;feu^^  AUitWs  is  plam  fiom 
the  preceding  Operation,  wherein  every  Tcrrti  6f  the,  Hafmqnicals'  is  the  continual 
Produft  of  all  the  Jernj8.of  jie.Ari'thm*^ri<a1VeVcep^^  CotrdfpOiidcnt  inp^der,*/.*^. 
the  i/?,  idy  or  ji,  &c.  'if  it'is  the  i/?,'2if,'or  3J,  6f  the  Harmc^icals^-:   _    \ . 

4ph^.  if  ai^  ^hll0bcl:9,  a^ib^A,  Up^ . wfncbi^c  rr=X6r  ^/j  are  applied  arf>»vi{ors  to  the  : 
fiime  Number,  N,  the  Quotes  are  contnirily  hi  of^^^  bccaufe  Quotes  are  in  the  re- 


^.f 


ith^ 


j/».  'fithce  we  leant  tbc'  Stfltftiort^of  fhk  PmMete;  v&.  to  find  a  Progicffiqt  of  my 
JJumbey  6f  Terms  W,  and  whofc  Extretnca  ftall  be  in  apny  aflSgncd  ftttiet  -which  u 
ftlyed  r*tf J  :  Find  a  .Series  -7-/  of  Ae  ftfuc  Namber  of  Tennt,  and  whofc  Birtrc^cs 
arc  in  the  given  Ratio  (by  ^roi^/.  IF.  Ch*.  5.)  then' tke  Reciprocals  of  diefc  or  their 
Mumcrdroryj  being  all  reduced  to  ^  eommgrt  J)cflotoiin«o|',  *fo  the  Numbers  hew  fiMgbt. 

6r^  yjfe  have  4Mb  die  Spltition  of  trbis  Kobteiw,  <*«»  tiiiftld  ihc  firft  iif  <iny  ^mbcr 

pr  Harmjjirical  Means  'ftetwixc  <wt)  given  Numbers;  ilbl^i,  TAka  the  AecSproGals  of  the 

Slvttx  Nunfber^,  and  fliid  tbe  flrft  oFiJfe  propofedNoteiber  cff --rt/  Means  be«wi«  them 

r^  direft^ed-  in  Article  2*  of  tife  * M.  after  df^eU:  8.  TroU.  4.  Cb.  9.)/tb«  ?Lcflipi»c4 

•oftljis  Mpan  is  thoblMeanfijng'Kt;'    '  ^ 

jTh:  Wc  have  aJft  Are  SolnHoif  of  tWs  Problem,  vi».  to  find  tHwy  Iii^g^,  1>fl*«^ 

tvhich  a'  j^opbfed  Number  of  ^  "Means,  ilV  foregcrsi  rn^fhef^Ai  1?>«5>  take  any 

Series  -^Z  betwixt  whbfe  jfixthemttr' there  is  tiit  ^ropoftidkciiwiblr^wMeaii  jthc^on- 

tirioj^r  fyodUttofall  the  Antecedent,'  and  the  cy>nTifliwl^m^aadf^aiJr*eCoiilfcqMft« 

^  ai-e  t^  jN  iftibcrs  fuch  as  rc^u  ired  j  this  is  mankeft  ftonr 4^*(tei^ » 5 Ji  •  — 

TflBOtlEM"   HI.       '  '  ,  .«- 

If  fodr  Numbers  are  ; :  /,  A  :  R  : :  C  :  B  j  and  if  botwiart  e^liGGafkt  yoatAe  1 
Jbf:  Mean,  asSc  bct^i^ixr  ^  :  B,  and  y  )ytv»vkl  C  5  D-j  Chen  tbo  two  ktUi^dciits  or 
two  ConTe^uent^  with  thcfe  two  J^  Meahs,  arc  ilfb  :  i^j  thXis*A^:»z «  C«  j'* andflii 

::D:^.   "      "    '  "  " '     '    ;•       '  ""      "-'•  — .i'..    *■ 

2)emon.  Let  it  be  A :  B  : :  Ar :  Br.  (inftead  of  C,  B)  then^A,  a^,  S^  l^ti^  Itittki^ 
by  f ,  the  Produfts  Ar,  xr,  Br,  arc  W.(7>bco.  I.)  alfo  A  :  x  : :  Ar  :  xr.  But  Af=(Jand 
Br==D,  therefore  Jcx=y.  confeq.  A  :jx  :  i  C  :  r. .  But  again,  A ;  C  : :  B :  D,  therefore, 

'  CoaoiiL.  If  betwixt  every  tvl^o  adj'irent  Terms  cff  a  ^Gtbaie^kttl  Series  «  *;  Mean  is 
taken,  tiicfe  Means  h)a1^  a^  a  GeometridaSdrids^in  the  famel^atlo;^    :  . 

m.  Medps  t :'  m, ; 0.      f    therefore  lim: xnti n ;  ^nd  ft  on.   :    • 

•  \]  r   ^     .  ' . ,  .  •    ■'  •  Thkorew  TV.      ' 

.  In  an  Harmonical  Progreffion,  any  three  Terms,  whereof  die  Middle  is  equally  di- 
ilant  from  the  Extrem^r  aJ^t  kMb  W.  '  . 

.  JSxam..  In  this  S«^ies  .iij,"j^i|  iJ>^*o,^b,  :^6\  tbcfttKrcc  Jirt^*;,  10,'  ly,  30?  ** 
tbc&  iaj^6,<ro-.       '';..'    \     .      '  .  '    '■  '       ^'  '    •'  ' 

^  fDembh:  since  hy  ScHbh  3d.  i3bTbeor.ll.  «  Antfamdica!  Series  ea^  be  fbtod,  each 
itpmediate  Couplet  wbereqf  i$  in  the  reciprocal  Ratio's  of  (the  Correspondent  Iteao- 
nicds,  and  of  tne  Series:/^  any  three  Terms,. whereof  the  Middle  ii  equally  diftant 
from  the  Extremes,  are  ;  /  3  therefbre  the  Coxrefpondent  to  thcfe  in  the  Series  hi  muft 

aiTo-bci*;;.  '     ; ,     ;  •  ••  ■    ^  '■••■ '  '     •  ''• 

trtncre  are  four:Niimber8  fb  ftated^  that  the  two  middle  Tcrttis^ arc- :  /  witk  the  one 
Extreme,  and  ^/wit^  fhe  other,  thefe.  four  Number*  arp  : :  ?.  - 

^Bxarn.  i  :,'5  : :  8":  ao^are,: :  k\  a>  5,  8,  ar6  i)^  and"  5J  8,  ao,'W/  IT^iverfaffyt  ^^* 
7?^  ^,  are  ?  /,  and  I,  c,  d^  are  bl^  then,  ^,  '*,  c,'i,'  arc  :.:7.    '  \   " 

a    h    c  ..JtL^js^tL    i      c  2)«:/jw#.  8up|>o{e  <^,  ^,  r,  are  :  I,  <hcn  to  *,  ^,  a  third 

is  -^  and  this  is  equal  b  dre  xOitki  ^  /r,-^  c,  being  |t/y'tliordOfe^#HTirti^*J^  Ince 


be       he     ' 

4th  :  :  /,   to  a^b^C. 

be      I        Or  «lia  thai,  finmic  any  tw6  NcM&bcfs,  i^  c^a  3d  t  /  td  ^  ^, 

'        .  '**^     •  is  i*— ^,  ««da  3d  Wtpir,,r,  M'-r^ 'andthefc4iurenkn^^ 

ly  : :  /  5  for  by  the  common  Rules  a  4th  : :  /,  to  2^^,  ^,  ^,  is  -r- — 

The  Reverfe  of  this  Theorem  is  alfo  trae,  viz.  that  if  four  Numbers  are  : :  /,  and 
if  the  c«m:Maus  irachmie  of  the  £3ttD&mes  isire  li^  or  M,  they  are  tontrarily  j^  or :  / 
with  the  other  Extreme.    The  Demonflration  of  wiucb  is  oantaiiied  in  the  former  5  for 

whether  we  fuppofe  three  Terms ;  /,  i  b-^^  *,  c^  or  three  Terms  bl^  i^  c^    .»— .— 
the  4tlvf. ;  /  Wiil:  bi^  jp^ 


•  I 


ScnOLltTMS.         ^ 

f/?^  As  either,  tte  Theoittm)  or  its'  Reveifcs  are  <lemoiiflk»ed  iftfle|)te^n^  of  one 
snocber>  ft  the  mie  bcltig  fuppofed  true,  the  other  miiy  be-  demonftrated  by  its-  ' 
Means.  ''•..'.•.. 

t^.  Snppoictbe  Theorem  true,  the^ReTeffekdemoofliratedthiis^' if«;j^,  r;  #,  are 
:':^.aad«9Jr;  ^,  ;i,rthen&ppo(e  a  third  i^/  t^btCy'iBn^  hy^bcTheostma-.bticz 
n  ;  but  a  :  b:i  c:dy  hence  a=dt  and  b^  c,  J,  are  ifl.  The  Ddmo8AnR2o&  wiB  proceed . 
tbe  iimie  way  by  firft  fuppefing  j;,  2^>  r.  to  bd  ^. 

.    ak%  <  Suptadh  the  Revekic  ia  trueii  the  Tlidorem  is  demonlbited  'ilws  $-  let  >#^  ^,  ^^,  be 
t:fc»i  ifid  i^c^i^M^  then  to. rf^i/i',  e:^  let  a  4th  :  1  i  bef«,  rbv  Soppofition  A,  ^,  >^,  arte  */, 
(^b9c^£6,ai  by6^9m:iy,  mA  a^  bs  tyi9^  ueiilA  ..But  ft^^are'^tc^^^,  <;(itiibqHiently/ 
»=^,  and  aibiicid.    If  ^ii,  ^, .r,  are  fuppoied  /?/,  the  Itemonftdrtion  proceeds ;,tbc 
fame  way.  '  '  ' 

Ad.  We  may  M  E»*!mpl«»  of ^iy<  kv...t^i«jp*y  three  lute- 

gCKs,  which  are::  I,  4nd  to.  them  find,. ar  4th  :  :  /.    If  (his.  ii  aa  Integ^  yoUhate  wfaadb 
ioaghti  *b^t  if:U'i  fi»a}o»al|  ^auitipjy, all  bj  f&^ .Qe^^omimt^.^    Ilhuslif  n^.^i  r,a»« 

a>e$  Nuittbe'ri  ':  /,  thfc  4th  i  a  t  is  ^ -j\  ind  If  f h^s  isi^not  ap  Integer, .  iiyen,fliultjfily ^^^y 
die. Denominator;^^  ifdiins&ur.Ktimibeps^Md^  i    -(  .'    '   -^ 

Theorem  VL  '    * 

If  there  ire  ifoiir  Ntttobor^  fbihited  that  ^e  SAmmib'whh<m6l(teanai«  V/,'^]9d 
tekk  tb»)otheariMy;<('^r9.  if  bcttsirfict  atiy:twoilt«mlMn9iydU'piit  ai^  A^ithrA. «atid  hro^a 
Hatfti>^4kiii).die  Jbn^  wiftbe  :sil*  ...     <..'  ■•         '.''■•. 

£jCtf/».  <J  :  8  :  :  p  2  xa  are::.:/,   (^^^,  fczy^ace  vV«d  ^i^  «<ij  Wr^^&rflTtf^^  . 

d,  are :  /,  ^,  by  d,  hi :  then  are  a^  by  c,  dy  : :  /. 

a-A^b      1  a  b         \  '        ^2-4-^ 

*r~-*— «:  girj-*  tj        Zrti«w»*  ftjrwiflct  ^-wid  A  •  * ^i^aa - '  i^  ^dil^Mean. 

*/  is  ro,  *3W^he  P«tafts.ofcth4  liRfreiiei  and  Me*nt  are  ei^acAtiy.e^ual/ there- 

fore  the  tour  are  : :  /. 

The  R^eyerCi^of  this {Theoicm  ia^Ub'tfue-^  'z;«a«.iffdur  Numbeisare.: :  /,  and  if  tbe 
a  £xtrfflief  TCvi  tfcQjoaeJVIciiirwe :  Lev  ib/,  ifacy 'See  cMtrarily*^  •r  : )  wmi  the  olhcr 

Mean^.. 


^ 


/• 

#• 


^o^  Hammcul  'Troportfwi.  Book  IV. 

Mean  y  tKe*  D&mofiftrfttidn  <^  which  i«  eonedncd  10  the  former,  fof  a^  —f^'p  rcprcfcflt 

±  a  h 
any  three  Numbers  :^  -and  ^t  Tjrp  ^  «ny  three  Wj  and  if  ^,  *,  arc  die  Extrcmoi 

of  four  Numbers  : :  /,  and  dther  of  tjiefc  pthejp  Exprcfltons  one  of  the  Means,  it  1 
TKown  that  the  other  of  diem^will  be  the  othei?  Mean,  which  is  an  :  /  or  W  Mean  be- 
twixt the  Extremes  ^^^,  if  ihe  former  is  con  trarily  i&/^  or  :./• . 

Scholium. 

I .  Sup{M>fe  cither  the  The6fcm  or  its  Rcvcrfe  true,  the  other  may  be  demooftratcd 
•by  means  of  it,  nfter  tfae  lame  manner  as  was  done*  in  the  laft  Theorem. 

1.  We  may  6nd  as  many  Examples  of  this  Theorem  as  we  pleafc  in  Integers,  after 
this  manner  5  "take  ^ny  two  Integers,  and  betwixt  them  find  a  mean  hly  *hich  being 
a  mixt  Number,  reduce  all  the  three  by  its  Denominator  to  other  three  Numbcn, 
^hSch  ihaU  *be  all  Integers,  and  ftill  W  ('by  T'beof:  ill)  then  if  the  half  Suto  of  the 
Extremes  is  an  Integer,  it  is  the  Arithm.Mean,  but  if  it's  not  Integral,  double  the  three 
Terms  already  found,  and  then  the  half  Sum  of  the  Extreams  wnl  be  an  Integer. 

JEicam.  If  I  take  5  and  5^  a  mean  M  is  -r,  therefore  multiplying  all  by^  I !«« 
if^y  go,  40,  hi}  and  &  m<an  :/  betwixt  24  and  40  is  9a  5  dierefore  24,  jo,  3a,  4o>  is  ^ 
Example  of  what's  required.  But  if  I  take  a,  3,  their  harm.  Mean  is  -7^,  and  I  reduce 
them  to  this  Series  xo,  xa,  t^  ^  but  here  I  cannot  have  a  mean  « /  in  Inte^ers,thcreferc 
I  double  thefe  Numbm,  making  20,  24,  30,  and  the  mean  c  /-is  25  ^  and  10  20,  24* 
A5,  ,3jP,  is  .2^  £;$am|)le  of  what's  reauired. 

Hence  again,  If  it  were  propofea  to  £nd  out  two  Numbers,  the  half  of  whofeSumu 
an  Integer,  imd  alfo  who(e  Sam  is  an  aliquot  Part  of  double  <  the  Prodafl>  it's  plain 
from  the  preceding  Ikmonftratjon,  that  if  we  find  any  Example  of  this  Theorem,  the 
lExtremes  are  Numbers  fuch  as  are  here  required  5  for  the  Extremes  being  ^  iy  ^be 

two  Means  are and  ttl 

5.  This  Theorem  and  the  preceding  may  coincide,  viz.  there  may  be  four  Nilm- 
hen  : :  /,  whereof  the  two  Means  may  be  :  /  wiA  the  one  Extreme,  and  W  with  the 
<idhcf  5  and  alio  the  two  Extremes  may  be  :  I  with  the  one  middle  Term,  and  M  with 
the  oth^r,  as  in  this  Example  2  :  3 .: :  4 :  5  &  but  this  Q>in,cidence  does  not  always 
lappen  5  for  either  of  the  Parts  may  be  foUnd  by  it  fclf  without  the  other.  So  thcfc 
d,  8,  p,  12,  is  an  Example  of  this  Theorem,  but  txit  of  tfae  joclier^  as  thefe  3, 6^  9i 
18,  or  thefe  3,  4,  d,  8,  belong  to  the  former  Theorem,  neither  of  which  belongs 
to  this. 

G>ROL&.  If  betwixt  two  Numbers^  A,  £,  are  put  three  Means,  an  Aztthmetical 
(fi).  Geometrical  (C),  and  Harmcnical  Mean  (D),  thefe  Means  are  io  Geometriou 
Progreilion ;  the  Geometrical  Mean  being  the  middle  of  die  three  5  fcr  AxE=^BxDi 
alfo  Ax&sbCxC,  therefore  BxDssQxC,  or  B :  C : :  C :  D. 

T  H  S  O  R  X  M     VII. 

If  foor  Numbers  are  fb  ftated  that  the  two  Means  widi  the  one  Sxtreme  are  W,  and 
with  the  other  : :  /,  thefe  four  are  M. 

£Mm.  3,  4,  d,  are  bf^j^  tf,  9,  are  1 :  /»  and  3*  4,  tf,  9^  arc *A  UmverfdUy,  "^ 
h^c^  are  : :  /,  and  b^  r,  d^  hl^  then  4,  b^  r,  d^  are  bh 

-  jL   -  Ji J±^     I       2>€mon.  Since  a^  b,  c,ht  n  /,  and  to  b,  c,  a  tlurd 

^1  ^1  ^1  .1.--.—  j^^,,^    j    ^/  is  by  Sbppofition  poffible  5  this  by  "PfMem  fix*  « 


Chap.  6.  ^  Hammkd  Trtfkt^i^  305 

J?£-5  ^B}toa,b,c% fiiarth bt is  poflSMc  (&*.  CoroU  I- 3>rd*.  L)  andlt is  ^^5 

which  Idcmonfbatc  to  be  equal  to  4^  5/i&«5  5il:*:  :*:^bySttppofitioiii  hence 
14  :  a»:  :»t  r,  and  atf— *  :  2*— t: : :  *;C.  But  *  :  C: :  W:  ^^5  hence  a^-*:  ai 
iibhi  bc^  and  again,  *^ :  xb—c  iibb  i  xor^b^  therefore    .      ac      -,  5  b^t  M 

s^iiif J  therefore      ■     •— - 


2^"— ^  2ll-*^ 

Or  alfo  thua:  To  any  two  Numbers,  as  *,  r,  a  third  bt  is  -^-t  and  a  Aird 

: :  /  to  r,  *,  is  ^,  and  thefe  four  are  «,  viz.  ^,  *,  c,  ^.^j  afcarA  Wto^ACfbeing 

J^  by  ^n^^I  i:  for  J^x  c  =  ^»,  and  i.^±>-  b  ==  "  ^^^-^^  and  » -^  *it=*f  » 
a*— <  c  ^  (:  ^ 

ibb-^c       2*— <:* 

The  Reyerfe  of  this  Theorem  is  alfb  true,  viz.  if  four  Numbers  are  /^  and  the  two 
Means  with  one  Extreme  :  /,  or  ib/,  it  wiD  be  oontrarily  bloxxl  with  the  other  Ex- 
treme.  . 

The  Demonftration  is  contained  in  the  former :  For  whether  we  fuppofe  three  Num- 

'  '  bb     *  * 

bera  : :  /,  which  may  be  exprefled  li  ib*.c^  or  three  Numbers  bt  which  may  be 

G 

exprefled  b^  c  ---^  ;  the  fourth  bl  will  be  -^  or  --%  contrarily  blctit^  with  the 

%b^^  ^b-^c       c 

other  Extreme'. 

ScHOL.  Either  the  Tbeoitm  or  the  Rererfe  being  fappofed  true,  the  other  may  be 
demonftcatcd  by  means  of  it  inihe  Manner  fliown  in  "Stbewem  V. 

PROBLEM  IIL 

7b  find  a  fourth  Contra  hi  to  three  given  Numbers. 

C^e  ift.  If  the  firft  Term  is  left  than  the  fecond,  the  Rule  is  this^  from  the  Pto- 
do&  of  the  &ft  and  ftcond  Terms  (ubfiiafL  the  Square,  ctf*  the  firft  Tcrm5  and  to  the- 
DiGference  add  the  fourth  Part  of  the  Square  of  mc  third  Texm^  out  of  this  Sum  ex- 
trad  the  fquare  Root,  to  which  add  die  half  of  the  third  Term  5  this  laft  Sum  is  the 
fourth  Term  fought. 

JSmm.  To  Aefe  rf,  g,  b  (ibcing  lefi  than  c)  &ppo{e  a  fourth  Contra  iW  is  ^,  then  is 


z  •*     -  4* 

JExam.  in  Numbers.  To  thefo  three  Numbers,  2, 8, 4,  a  4th  Contn^bl  is  ^  5  for  2  :  1^ 
: :  tf^— 4 :  ^^  J  which  I  find  thu$^  2)^8s=i^,  and^  ^?^a=^4>  then  id-^4;=si2  ^  again, 
4X4=1  <^,  whole  fourth  Part  is  4,"  which  added  to  12,  the  Sum  is  16,  whofe  fquare 
Root  is  4,  to  which  add  2  (the  bolf  of  4)  the  Sum  is  6. 

Cafe  2d.  If  the  firft  Term  is  umxtt  than  the  foeond  Tetm,  the  Rule  is  this :  From 
the  &iuare  oFthe  firft  Term  fubftra£l  the  Produd  of  the  firft  and  fecond  5  and  this  Dif- 
fibreocc  fubftraft  fix>m  the  fourth  Fart  of  the  Square  of  the  tliird  Temi^  then  cxtraS  the 

R  t  Square 


SqtMre  RMt  'oftVi^laft  Diflerencei  whicjk  ^d  fov  iuU^ra^^  fiom  the  Half  of 
file  third  Term  J  the  Sum  or  die  Difference  ^onc  of  tte'two)  \;^ntl)e  tic  iontA 
fought :  And  you  muft  chufe  that  which  maket  the  Prcportioa  with  ike  .gJTen 
Numbew* 

Sxam-    To  ^hefe  a^  K  ^r   (^  l^ing  .flceater  thaa  ^1. 4i  fcutthr;  Ctatxa*  Jb/ 1  ii 


€       €C  *^  C       CC  B'f 


Example  in  Numbers,    To  thefe  d,  4,  8,  a  fourth  <3ontra  JE9  is  ^{  thu$,f<MBcl^ 

tfX4=:24)  and  dK^=3^,  then  3d— 24^=12  5  again,  — -==— ==id, .  and  id— 14=4, 

^  '  8  -  *       ^ 

whofe  Square  Root  is  2,. then  -7=^.,$.  Laftly,.4-|-2=s^,  ainl  4—2=**,  which  laft  is 


the  Nunibcr  fought.         .       . 

fli«ivib»^  Let  thefe  b»  CMTm  ib/,  tf,  ^^^ipf  ^  5,  ^  fi^ppdb^^ater  ^aa^,  ttA 
c  than  3  3  then  It  is  4f ;  J;  :  ?— ^  :  a—b  5  'aijd  mtilrirfying  tl^c  Sbctremes  anA  Mow, 
it  is  a4'^ai=^-^d.    But  it  has  been  demonftratod  {"Probl.  VL  Book  IlL)  *«  if 

,       .  b  ,       7bb\i^ 

fifir^al^p^  then  is  ^P=^+i^+^|     which  ia    the  JLulc  of  Cgfe  ift»  IbflMGog 


di^di=^p.   Again,  it  is  alfo  demonftrated,  that  if  dc—dd==pt  then  is  *=— i  — ^ 
wliich  Is  the  Rule  of  t^  2d,  fuppofing  aar^b=$.    It  is  demonftrated  alfo  that 


U  :  ,  n,      -n^    c         '  .         ^^ 


if  —  be  greater  than  jp,  fo  will  —  be  greater  than f        But  if  p  is  not  Icfi 

4,  .  *    .     . .  »  .  4       .       .       . 

than  —9  the  Problem  is  imp<)ffible.    Alio  in  both  Cafes,  if  the  Squacc  lloot  to  be 

-v^trafied  ia  fiicd,,  diere  is  no  iburth  Comm  i^  miM»ofHttt'¥9iMbeM/ 

Co&oLL.  If  to  two  gifcfi  Mondieira  a  thsid  'CoiKMi  vb/ Ui  nsqtiiiiKll;  the  mtcdfog 
Rules  are  applicable,  by  fuppofing  the  fecond  and  third  Terms  to  be  the  fame- 


b  J 

Thu3  5  to  thefe  ^,  b^  a  third  Contra  W,  when  a  is  lefs  then  ^,  is  -r+^^^^^+T 


*  tW 


-  •  1. 


and  if><>  is  freater  than^,  :then  it  is  E.-j^-^-^f^f-^     »  j^ap  -«eiU  &vl  ift  tkic^^' 

*      4         '1 

PROBLEM    rV. 

t 

'  To  fini  8  G««fr»  W  "Mmn  ivtiDlxt  M»  given  Jfmhm. 

Ruk.   Divide  ^c  Sum  of  tbcLr  Squares  hy  dieir  Sum  j  ttiv;  Quote  i<  diftMeut 

Bm»w.  Berwixt  4,  *,  arGraitfa  i#ia«m  »-^jjr;^ .        ' 

Mum^e  h  lUmlrvi*  B««wiit  5,  tf,  a  Codt»  Mean  is  5«b^  — ^ 


*         « 


U>em»* 


.  SkmoB.  ITtiMb  dkffie  am  Omtrst  Ny  ^,  t,^  c^  that  is,  if  H  t^  ti  h^c^i  ^H^,  then 
■ishiplyiiig  At  Sxtnmei  and  Means,  it  ii^  a^^^^b^^c-^^^  and  adding  ^^  to  both 
Sidie»,  itis  h^st^th^^b^  *  5  and  again,  adding  ab  to  both  Sides,  it  is  ab^c=^^'\k  *  j 

and  dj»ridjx)g  both  3iA(^  by  4^^  it  is,  ^''"^-jlj::^* 

Tkeok  liM'  VIII. 

IF  ftur  Numbers  are  ib  ftated  that  tbe  Extremes  with  one  Mean  are  bl^  and  with 
the  other 'Ocmtra  M,  r.  ^.  if  betwixt  two  Numbeis  you  put  a  Mean  jb/,  and  another 
Contra  1^,  thefe  four  Numbers  are  :  /. 

Exam.  3,  4»  <^,  ate  W,  and  3,  5, 5,  Contra  »/,  and  3,  4»  5i  ^»  •'•  U»iverfaUy  5  if 
4r;  ^,  r,  (I  are  i&/|  and  ^,  r„  J  Contra  Jb/^^'  then  are.  a^  kp  r,  i,  :  A 

x#^     ^  i^»  SDemoff^  Botwtact  4,  *,  a  Mean  kl  is  ---w-7  (5^ro4/.  II.)   and 

^' a+b  •    4+*  ' 1  nMcrtniQmtra Wis  £+?  (*^*'- 'V.)  and  thefe  fcurate  : Iz 

■  *  *■  '      ■ '«  4-f*^ 

Rules  I  Or  thus,  a+b  (the  Sum^  of  tfa«tfotrei»es)  ir.sF5w*-fi*4-i^»  (ss^^^-i  IquarM) 
divided  by  4-|*^,  the  common  Denominator  $  wmch  Quote^is  the  Sum  of  the  middle  . 
Terms. 

.  The  SM^f?  of  ^  Xheorm  i^.aUb  ti^iei  5efy«..  That  if  fimr  Numbers  are  :/,  and 
itu^  %saxcxsm  wirhoQe  'iA^m  afo  lsit\^  «r  Contia  U  i  wiih  the  other  Mean  they  will 
be  aoiiai%  Centra. /?/,  o^  tfh  Vbfi\IiiBn&»&miDniscoaMacd  in  die  former  :  Thus^ 

any  tkrce  Numbers  tit  may  be  reprcfcnted  a  'TtiI'  h  andany  Contx^bha :  — Jt"5^» 
aiHLif4^^axcthe£xtremescf  fimrNiimbccs: :  4  ^1^  ~y-7,  or 

'^i  L'%  an^H  or  Cwtra  MMcan  betntuBt  the  Sxtremes  5  it's  demonilrated  that  the 

other  of  the  two  Means  will  be  the  othejr  ofthefit  ty^OrExpi^flioqs,  viz.  contmiily  ao 
Mocil  Mean  betwixt  the  fame  Extremes  :  Qc  thus^  fct  a^  i,  c^.  d,  be :  /,  and  a^  6,  i; 
be  A/,  i..c.  a:  3::  or-bt  ^iy  then  becaule,i«— ijf^— ^,  aflb  <?— £=54^>  thcrow 
flf :  3': :  ^i  i  d-^  i.  ^.  ^r,  <i  ^,  yd  Co^tt^W  i  or  if  ^,  I',  ^^  ai 


fbre  a:  3  : :  ^^i  ia-^  i.  d  ^r,  ^  ^,  yc  Co^tni  i'i  j^  or  if  ^,  1^,  ^,.  are  -W,  the  Dc- 
monftratibn  wiS  j^rdceed'  the  £lme  Way. 

1.  Hence  we  have  amxhts  Methid:  ft»  fiodkig^  a  Mean  Ocmtra  If/  :  Thus,  find  an 
Arithm.  Mean  £  then  fix)m  the  Sum  of  the  Extremes  take  this  Mean  £  the  Remainder 
is  the  Meaft  Contra  il :  Becaufe  the  fbuj-  bein^  i:/^^^e  Sum  of  the  Extremes  and 
Means. afe.eoualw     .,     .    ..         -      :  5     ■  •  ^.  •  '  '    • 

1.  Thejbl,  ::/,  aail  Contck^/  M^ai^  b^twgbct  t^vo  Nitmbevs}  are  iih  Arithtn*  9ro- 

fr^on  ^  for.  if  betwi^  A,  £,,  the  Hcf^M  il^Qi   tike:  4  C,  ^and;  Contra  bl^  S  ;•  then 
cauic    A,,B)  CK    and.  alfo  A  ^>»  1^  .a«e  :/;:  bsnsd- Atffi-vB^-O,    tad 


»-  •  •« 


I     V 


'^      '    '    T^HlfORfi^lA-!  1*.    •  • 

Of  the  mean  ProportionaW'beti^i:^  two  j^On^ber^  alrc^a4y^explained,  the  Order  is 
this  :  The  dire£lIiarmtniibtisme'lea!tNtuhbecV  th^^ 
tric^,  the  Arithmetical,  and.  the  Contra^  )&/. ' 

Rr  a  3)emon'^ 


3oS 


lO 

A 


16 

B 


4 
zo 

C 


5 
D 


£ 


8 

40 


ai\ 


:t 


£ 


BooklV: 

7)9mon.  i^  Ic*)  already  fliewn  in  7iieo;XXI. 
Chap.  V.  that  the  Arithmetical  Mean  D  is  grea^ 
ter  than  the  Geemetrical  C$-  and  fay  Cordl  to* 
Theorem  VL  precedinf^  it's  fhewn,  that  B,  C, 
Daie-nrr./^  t&brffiNre.D^and- Care  both  ip^ 
than  B,  #.  e.  the  Harmonica!  Mean  is  leu  thaa 
either  the  Geonetrical  or  Arithmetical,  and  fo 
thefe  three  Means  ace  in  the  Order  here  flated. 

2^*  The  Contra./?/  Mean  is  greater  than  die 

Arithmetical^  ^r  Hy  CoroU.  z.  to  the  h&3['he(h 

ret^^.thc    biy    :/,.  and    Contra    bl   Means 

are  -^  /,  the  Arithmetical  beinff  the.  Middle  of 

the  three  5  and  by  the  Expreffions  of  thefe  Means  it  will  be  eafily  fliewn,  that  the 

^^  \  fit>m  which  it  is  plain,  that  tHe 


Or  fibus^ 

2        a-^' 


^m 

».      I 


^ 
«> 


••^ 
C 

^ 


Contrail/  Mean  £ii*is  greater  than  the  hhy  *^* 


CpntnuibA  is  greater  than  the.  Arithmetical.  The  former  is  prored  thus,  the  Denomi- 
nators are  equal,  therefore  we  have  only  the  Numerators  zai^j  and  4^4-^  to  compare^ 
now  a^zabiji  ab:  B^  (both  being  as  a^.t)  and  ^S"**^  a^*  (J'ifeo.  XXL  Chap.  V.) 
thercfbf e  the  Cbntra  fot  Mean  is  greater  than  the  ib/,  and  conf^quetttly  than  the  Arith-! 
n?i.etical  5  to  that  the  four  Means  are  in  the  Order  propofed. 

General  Scholium  I. 

Comparing  the  three  Kinds  of  Proportions,  Arirh.  Geom.  and  harm,  we  haTethirvcfy 
remarkable  DifiTerence  to  obferve,  viitt.  That  a  ProsreCBon  Geom.  can  be  continued 
from  a  given  Number,  upwards  or  downwards,  in  Infinitum  5  an  Arithmetical  Up* 
wards  but  not  Downwards  5  a  direftharmouioU  Downwards  but  not  Upwards  ^  and 
a -Ccmtra  W  neither  Ways. 

II. 

As  the  Harmonica!  Proportioi^  of' three  Numbers  already  explained,  proceed {x)m  a 
Comparifon  of  the  Ratio  of  the  Extremes  with  the  Ratio's  of  the  Di^renccs  betwixt 
the  Extremesand  the  middle  Term  i  to  there  are  other  Comparifons  that  may  be  made 
in  the  fame  general  Way  5  that  is,  dv  comparing  the  Ratio  of  any  two  of  tht^^Numr 
bers,  with  the  Ratios  betwixt  the  Difirerences  of  any  one  of  the  three,,  and  thp  other  two. 
But  as  Idefigii  no  particular  Conflderation  of  thefe  ^fince. after  what  is  done. of  this 
Kind^  any  may  do  what  more  they  pleafe)  I  Jhall  only  lay  down  Examples  of  the 
Comparitons  wherein  it  is  poffible  there  may  be  a  Proportionality,  and  fliew  where  it 
cannot  be. 

Let  /r,  tj  r,  be  three  Numbers^  whereof  a  is  the  leaft,  and  c  the  gieateft ;  then  is  it 
ppifible  to  inyeiitdiem  fb  as,the  following. NuAbpics. be  : :.  /»:  vitk 


s 
a 

4 


z  C 

:.  r 


^ 

^ 


c 
c 


,   3 

I  ^ 

^   6 


4 

I 

7 


6 
6 

9 
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.1 


a  I  b.i.i.b"'^ 
a  I  b  II  c*^ 
a  lb  I X  ^— ^ 
a  I  b  II  c 


r— ^  «J  3  •  4  •   7 


kV^'e 


:  :  -^ 


h^S  ;  C-^b 


I  C  II 


.  • 


:  c 


k  iC  ;;>-^  ;  ^— < 


^.4  :  ^  s    9 

&  I.:  4. :     C 

^    I    8  :  9  :  la 


upon 


Chap.  6^  Hartmuical  Troportimt^  3°9 


upon  Acfc  Examples  olferve,  That  they  arc  diftinguifhed  into  three  Cafet,  accord- 
ioa^a  icotai  t^  or  bic^  zie  made  the  firft  and  fecond  Terms :  Thcti  in  every 
Claft  there  are  four  Cafe^  5  and  in  the  two  fiiil  of  thefe,  the  third  and  fourth  Terms  are  the 
iame»  only  reveried  5  but  of  the  third  and  fourth  Cafes  the  fourth  Terms  only  are  common  ^ 
nor  can  a  Pmportion  be  ftated  with  thefe  reverfed,  while  the  firft  and  fecond  Terms  keep 
the  ikme  Order,  for  then  the  Comparifon  would  be  diffindlar.  Thus  it  is  impoffiblc, 
that  it  fhould  hcazcii  o--^ :  c— *,  benofe  a  is  lefs  than  c  5  but  c--^  is  greater  than 
c-^b^  fince  ^  is  greater  than  a.  Then  the  kft  Cafe  dF  the  third  Clafs  is  marked  im- 
poffible  5  for  if  the  fame  Numbbr  a  is  taken  from  each  Term  of  any  Ratio  of  Inequality, 
the  Remainders  cannot  be  in  the  fame  Ratio  ^  fince  the  Remainders  cannot  be  in  the 
iame  Ratio  unlets  the  Numbers  taken  away  be  in  the  Ratio  of  the  whole,  (Corolh  II. 
^tbeo.  V.  Ch.  III.> 

Ohferve  alfo^  That  in  the  firft  Cafo  of  the  fecond  and  third  Ckfles,  the  Examples 
are  always  -?r/,  as  will  be  manifoft  from  the  Confideration  cXi'beorem  V.  Chap.  3.  and 
fo  any  tbee  Numbers  -n-  /  are  Examples  of  thefe  Cafes. 

m. 

Of  harmonical  Progreffions  there  is  another  Kind  than  that  already  explained,  where- 
in every  three  adjacent  Terms  are  dire£Uy  i?/  $  for  a  Series  of  dire£t  Harmooiestk  may 
be  found  fuch  that  every  four  adjacent  Terms  are  i?/,  as  in  this  Example,  d :  8  :  lO  r 
I'5  :  20  :  40. 

Bm  then  obferve  this  great  Difference  betwixt  the  Nature  of  thefo  harmonical  Pron 
greflions,  and  the  Geometrical  and  Arithmetical  5  viz.  that  in  thefo  laft,  becaufe  every 
three  Adjacent  are  Proportiooal,  therefore  fo  are  every  four  either  Adjacent  or  taken 
two  and  two  at  equal  Diftance  5  but  it*s  not  fo  in  the  harmonical  Kinds,  for  tho'  every 
three  Adjacent  are  i&/,  yet  every  four  will  not  be  fo,.  neither  will  the  Conclufion  hold  . 
firomL&ur  adjacent  Terma  to  three. . 

$«  2*  Of  tie  Name  and  Application  of  Harmonical  Proportion. 

1,  HAVE  already  faid,  that  the  Name  comes  from  the  Application  of  this  kind  oF 
Proportion  found  in  Mufick:  Not  as  if  this  were  the  only  Proportion  found  among 
rouiicu  Sounds  5  but  becaufo  its  Efieds  are  the  moft.perfe£l.  It  would  be  out  of  my 
Ro^  to  fay  much  on  that  Subject  here  ^  for  I  might  as  well  pretend  to  exj^ain  all  the 
SubjeAs  to  which  the  other  Proportions  are  applicable  :  Yet  this  being  a  Thing  little 
conndered  (though  the  Writers  on  Mufick  have  fully  explained  it)  and  of  great  Ufo 
and  Curiofity  5  I  iball  (ay  as  much  upon  it  as  may  forve  to  give  a  diftind  Idea  of  thi» 
Application,  to  fuch,  at  leaft,  who  nave  made  tne  following  Obforvations,^  or  can  di- 
flinty  conceive  them.  t 

%A.  The  Thing  in  Sounds,  upon  which  what  we  call  Harmony  in  Mufick  depends^ 
u  tnat  Prc^rty,  of  them  whereby  they  are  diftinguiihed  into  Hi^h  and  Xowy  called  al- 
io Acute  an^  Grave  $  the  Idea  (n  which  we  get  by  a  Series  of  Notes  or  Sounds  raifod- 
one  after  another  upon  a  mufical  Inftrument,  or  by  a  Voice.  And  obferve  alfo.  That 
this  Highnefi  or  Acutenefs  is  very  different  from  the  Strength  or  Loudnels  of  a  Sound  5 
ftnr  the  Voice  of  aL.BQy  may  be  Acuter,  though  not  .fo  Streng  or  Loud  as. that  of  a  . 
Man* 

z^.  Take  two  Strings  (fit  for  a  mufical  Inftrument}  which  are^tta],:or  the  £ime  in  ; 
all-refpeds,  except  the  Lengths,  fi.  e.  of  the  lame  Matter,  and  Dimenfions,  and  equal- 
ly ftretched :  And  this  will  neceilarily  happen,  if  we  take  a  String  ftretched  to  any  De- 
gree fit  for  founding :  Then  divide  it  mto  any  two  unequal  Parti,  which  may  be  founded/ 
&parately  3  which  js  done  by  having  the  String  fix'd  at  both  Ends,  and  a  little  raifed 


^la  Uartmmcal  Tr^fu^m^  Sboh  W. 

OTer  the  Sarfice  of  any  Inftrameni:  or  Table;  and  fittiiu  mAd  it^  ktJ  any  Boaotrtbat 
divides  it  nncqu^ly,  a  Bridge,  fo  that  the  String  ia  not  the  mors  ibretdbod  by  it,  but 
t!be.  two  Parts  fo  fepwttcd  tM  they  can  be  fimndcd  each  by  it  fel£]  The  kn^er  String 
"will  give  the  Lower  (or  Graver)  Sound  ^  and  the  fhoiter,  the  HLzher  (or  Aciifier} 
Sound  J  £q  that  a  Number  of  STrinaa  of  dificwnt  Lengths  (all  odber  cSreonftanoBa^be^ 
ijig  die  fame)  will  give  a  Series  of  diflbfcfit  Soands  or  NoteSi  Kifing  -or  ftdiaig,  in 
Acutene&andGmviev,  a$  the  Strings  become  fliorter  or  longen 

^  A  String  may  be:  made  of  fuch  a  Length,  and  fo  itocccbed,  ai  that  its  ScnmA 
fhaiLhave  the  &me  Degcee  of  Acuteoefa  (or  Gravity.^  it's  no  lAutei  which  we  &y« 
finco  they  are  only  Wonte  e}q)reffifig  %  Rehtion  of  one  Sound  to  another)  widi  any  other 
Sound;  andconfe^iently,  any  two  Sounds  may  be  expceflbd  by  Mo  Strings,  the  fame 
in  all  Refpcfts  but  the  Lengths  5  and  then  the  Relation  of  their  Lengths  may  very  fitv 
}fj  be  GOQAdered  as  expreffiog  the  Relation  of  thefe  two  Soundis,  as  to  Acitteneft  or  Ora- 
Tifiy,  which  we  aLfo  call  the  Rektiou  of  tfaein  Tones  $  ier  e^i^  Relation  taaift^  ha^ 
fome  real  abfolute  Foundation  ^  and  thia  in  the  Kelatioii^  of  AcuMiefs  aad^  Gta^ty 
among  Sounds  we  call  the  Tone.  For  though  every  Sound  is  both  Acute  and  Grave  io 
refpca  of  dififerent  Sounds  5  yet  every  Sound  muft  have  its  own  determinate  {Degree 
and  Meafuse  of  that  upon  which  Acute  or  Grave  depend  5  which  are  but  relieve 
Names  fi)r  dtfieaent  Degrees  of  it  oompared  to  one  another.  What  this  Tone  d»endj 
upon  more  immediately  we  (hall  next  confider. 

^b.  Though  the  difierent  Lengths  of  Strings  (other  Circumftances  being  the  fiunc) 
produce  Sounds  of  di&rent  Tonesj  or  Acute  and  Grave  in  refpeft  to  one  anoriier^ 
yet  the  Relations  and  Degrees  of  Tone  are  not  meafuved  by  die  fimple  Dtflbatnccsof 
the  Lei^tfas  of  the  Strings  ^  £b  that  though  iev^^  Stri^  have  an  equal  Diiflfeience  of 
Lengths,  aa  if  they  were  8,  d,  4, 2  5  yet  their  Sounds  db  not  exceed  each  other  by  ^n^l 
differences,  of  Tone ;  but  the  Elelationof  the  Tone  i»  the  GeoDietrical  Relation  of  the 
Lengths  of  the  Strings  5  fo  that  to  make  a  Series  of  Sounda  i^e  or  become  Aeut^  by 
equal  Differences,  the  Lengths  of  the  Strings  muft  be  in  Geometrical  Progrei&on,  as 
8  ;  4  :  2. :  L.  ^)ow  for  the  Hseafbn  of  this,  obierve^  that  when  a  String  is  ibuxided  it  is 
put  into  a  Motion,  which  we  call  Vibratory,  i.  e.  to  and  again  3  and  the  Vibrations, 
or  Motions  to  and  again ,  are  quicker  or  ilower  as  the  String  is  ihorcer  or  lonc^ 
(other  Circumflances  being  alike.)  And  the  Mathematicians  have  demod^ted  that 
the  Number  of  Vibrations  of  two  fudi  unequal  Strings  made  in  the  fame  Time,  are 
in  the  Ratio  of  their  Lengths  reciprocally  5  thus,  one  String  being  one  Foot  long,  and 
another  two,  the  former  makes  two  Vibrations  in  the  Time  that  the  <ither  makes  one. 
And  iince  all  Sound  is  produced  by  the  vibratory  Motion  of  the  Parts  of  Bodies,  they 
conclude,  that  the  Tone  of  every  Sound  depends  immediately  upon*  the  Number  of 
Vibrations  made  in  any  Time ;  and  fince  we  can  estprefs  the  Tone  of  any  Sound  bv  a 
String,  and  confequently  of  any  Number  of  different  Sounds,  by  as  tnany  Strings  oif 
fisring  only  in  Lei^h  ^  the  Vibrations  of  thefe  Strings  are  the  iaraeaa  the^Vft>rtlions 
of  the.Parts  of  other  Bodies,  whoie  Tones  they  are  equal  to  5  and  beocoife  the  Vibra- 
tions ase  recippocaliy  as  the  Lengths,  therefei-e  the  Ratios  of  the  Lengtbtof  Strings 
(.ceteris  parihts)  arc  true  Expreffiqns  of  the  Ratios  of  Tone  5  fo  that  where-evcr  be- 
twiict  any  two  fuch  Strings,  there  is^  the  fime  Ratio  of  Lengths,  cfaerd  muft  be  the 
fame  Ratio  of  Tone,  i.e.  the  fame  Excels  of  the-  one  above  the  other :  For  JS^ampk^ 
If  four  Strings  are  8  : 4 : :  d  :  3,  as  iar  as  the  Tone  of  4  is,  above  that  of  8,  fb.  £u:  is- the 
Tone  of  5  above  that  of  6  I  becaufe  they  are  in  the  lame  Ratio  2 :  t.  And  fe  in 
thefe,  8:4:2*,  where  if  we  judged  by  the  fimple  Differences' of  tfat  Numbers,  the 
Tone  of  z  would  exceed  that  of  4,  only  by  tfaeHalf  of  what  the  Tone  of  4  exceeds  that 

of  8>  whereas  the  Eaccefi  of  Tones  is  equals  the  Rarios  bting  fb/ 

....  ■ 

In 


fai  ibe  itteddikig'ObferndmB  ^rou  kawtfae  general  GroiuidsVif  the  Arkhoietical 
TfacMy  et  MuBok  ^  or<tfae»Fin]Kdation  iypdniwhi4k4aitfical  Scwnds  faU  under  Aritiime- 
.i^od  Cilcttktiott:  TbeifeUomng  ^all  finifh  what  I  have  to  fay  upon  this  Subjefl,  and 
^flitfw  yew  die  AmUcationiof  iiwrtnaiikal  Proportion. 

sib*,  Sounds  dififfcnng  in  Tone  arewplied  in  Mufidc  two  Wfty»,  -w^.  In  Bucceflion 

.  am  Cbnioamce  j  itkut  is^  b;  raififeg  diftincc  Notes  one  after  another  5  and  by  mixing 

i0r  jofiiiikg  thttit  together  <&  tMt  ^they  <fall  tipon  the  Esrtdl  at  tmce.    But  ihttk  ob/irv^ , 

IHm^cnitif  IMfeMlce  of  Tone  is  not .fk 'for  Mufick  5  or,  any  Notes  taken  in  any  Roh- 

-^easnf  Tooej  imiin aiiy Ordei^  ^cmmoc ;^le^e  the  Sir,  either  in  OutccffiDit  or 'Confc- 

nnoe  5  <bift  there^atecenaiti  Rtlanions  upon  which  Mufick  depends,  and  widio^r which 

it  fan  fiuJBeing  y  and  thdfe  Expmeiice  has  difcovered  <md  approved  $  t^ar  isy  it  is 

.fcnud  that:Soiuimin€emilil.idationS0rTone»  beine  heard  together,  or  one  after  ano- 

itteybate  iuck  ua  Acfeenront  or  Union  as  to  ipUdk  ttie^Ear,  toe  -in  differdnt  Degrees, 

accordinj;  to  the  Relations.    Every  Relation  that  produces  an  agreeable  Conibnanee 

will  jdio  make  an  agreeable  Succeffion,  but  not  alwavs  the  contrary ;  and  therefore 

die  Ibftnet  raare  reckc/ned  the  fimdahiental  and  e£(ential  Principles  of  Mufick  i  and  fuch 

'Soatids  are  particularly  t«Bed  i^bncotds  5  the  contrary  Sfiefl  being  called  JDiflbnance 

Of  Difbord.    Though  mere  be  different  Decrees  of 'Concord,  according  as  the  Rela-- 

tfidttt  tlifihf^yet  to  out  prefent  purpofe  it's  enough  to  take  Notice  of  what  Muficians  call 

The'&itmrle^  Primitive,  xfc  Original  Concords,  of  which  there  are  only  feven5  exfKefled. 

4fp  the'Rauos  (ef  l^Unri^ersj  and  Natnei  in  this  Table  5  to  'be  mnderllood  thus,. 


)f  t^tro  Strings  differ  only  in  liength,  then  their  Lengths 
beil^g  iA  ^y'of  thefe  Ratio's :  fi>r  Example^  as  2  :  i  or  3  :  a, 
tSc.  their  Tohei  are  Concord,  and  the  Agrecablenefs  is  ac- 
xording^to  the  Order  here  expr^flcd  j  tYkcVSave^  2  :  i  being 
the  mSft  perfeft,  then  the  Fifth  3:2,  and  fo  on  (tho*  there  . 
is  fome  Oueftion,  Whether  the  T'Joird  leffer^  or  Sixth  greater.^ 
is  prfefcraBle.)  Or  if  we  would  exprcls  all  thcTe  Concords  in 
relation  \o  one  fundamental  Sound,  which  we  may  exprefs 
Iqt  r^  ttre'SbHe's  of  Sounds  having  thefe  gradual  Cc^ord-Relations  to  that  Fundmenta)^ 

iii  ex^efibd  thus, 


4  $  i.Fowrthy 
-5  s  4  fHiri  greater f 
*6  :  5  Ttiritejjbr, 
ii  I  5  Skthgreaxet^.. 


\  » 


d :  :    JL    :    J-     :     ±  :     J.  :    J.  :     il 

A     '     3  4    *    t5  '     <^  *     5  *     8 

^  ^  "bMO  "^  ^  ««i 

I         ^  I  ^ 


Whefi't^Vt)^Oirbas'ftav-e  the  fafhe  iTone,  theyttreTaid  to  be  Unifons  f  which  c^tainly 
ilthe  firft and  mOltpeffeSl  degree  ofConcord 5  yet  more  commonly  Concord  is  appli- 
ed to  SoUn'dn  dF  difietent  Tone.  The  Reafon  ^of  the  Names  OElave^  &c.  you'll  find 
belo^. 

No^^  asthdft  COncOrd-Relatibna  are  the  fundamental,  and  effcntial  Principles  of  Mu- 
^dcj  fo-Ae  Thing  rcmarkibfe^  to  ourPurpdlfe  here  i^  their  Conneflion  and  Depen- 
^Mce  up*tt  one  anOflier  j  in  -vHiich  the  Application  of  the  Proportions  Arithmetical, 
^cometried  and  Harix^cil  i^'to  be  fcomd^    TtbuSy 
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Let  ftny  two  String!,  D  and  A  be  in  length,  u  a  :  -i  (ceteris  paritkiyihcy-maJB:  ibe 
Concord  0£lav£,  u  above.  Betwixt  a,  i,  take  an  Arithmetical  Mean  C,  which  ii  if; 
this  StrinE  will  make  with  D  the  Coacord, 
Fourth,  t&r  a  :  i  f  : :  4  s  3)  and  with  Adie 
Concord,  Fifth,  ffor  i  f  :  1 : :  ;  :  ft 0  Again, 
take  an  Hannonical  Mean  betwixt  D  and  A, 
4t  i*  B=  t  ■(■,  which  makci  with  D  a  Fifth 
(for  2  :  I'^ii  )  :  1)  and  with  A  a  Fourtb, 
(for  ij)- :  1 1 :  4 :  3.5  Ai>d  the  Iici^tht  of 
theie  lour  Strings  being  reduced  to  Int^nl 
Exprcffions,  are  12,  9,  8,  (}  which  ate  ia 
Geometrical  Proportion  ^Idx  m  9  ■.-.i-.S, 
6  arc  both  Fourths  ;  aiui  21^:  S,  j) :  5  both 


:  8  :  :  9  :  tf ,  in  which  12  :  51  aa^  8 


E- 


Again,  take  the  FifUi ;  :  i  j  an  Aiithtoeti- 
cal  Mean,  E={i  f,  makes  the  Third  lefla 
with  r>,  and  Tturd  greater  with  B.  Bnt 
take  an  Hannonical  Mean,  F=a^  itnial:«i 
Third  greater  with  D,  and  a  Third  Ie& 
with  B.  And  being  reduced  to  Integers, 
they  arc  30,  aj,  24,  10,  which  arc  in  Gci>- 
A  or  B  ■      ■      30   JS^  metrical  Propoationij  for  30  :  25 ::  24;  10, 

or  30  :  24:  :  25  :  20  J  in  which  ;o:  ijind 
34 :  20  arc  both  Thirds  Idler ;  and  30 :  24,  2f  :  20  both  Thirds  raster. 

Now,  as  the  two  Concords  next  in  Pcrfe^ion  to  the  OSave  aiSc  immediately  fioffl 
the  Divilion  of  that  Concord,/,  e.  putting  an  Arithmetical  or  Harmonical  Mean  betwixt 
the  EmrcDics  of  the  O£la'0e  ;  fo  the  Fifth  being  the  fame  way  divided,  producei  ibe 
-two  next  Concords  of  Third  greater  and  lefler.  Then  for  the  Sixths  greater  and  let 
Ter:  they  are  the  Consequences  of  the  preceding  Divifions ^  for  having  divided  tbe 
OEiave  into  the  Fifth  and  Fourth  ;  then  the  Fifth  into  the  two  Thirds  s  we  have  al6 
the  Sixths :  TiJUS.  If  D,  A  are  0£iave,  and  D,  B  a  Fifth,  sUb 
D,  E  a  Third  greater  or  lefler ;  then  £,  A  will  be  conttarily 
a  Sixth  leHcr  or  greater,  as  the  Numbers  annexsd  do  fhev; 
for  if  £=24,  then,  -js  10 :  24 : :  5 :  4  a  Third  ereatcr  j  to 
24  :  ij  : :  8  :  5  a  Sixth  jeltcr.  And  if  E^a;,  Uicnai  )o: 
2 J  :  :  f  :  5  a  Third  leflcrj  (b  25  :  15  :  :  5  :  3  a  Sotb 
greater. 

I  Ihall  go  one  fliort  Step  further,  and  lh«m  tbqj^eafen  of 
thefc  Names,  OSave,  Fifth,  Ste.  which  will  ftiew  a  further  Application  <n%c  Har- 
monical Proportion.     Let  A  :  H  be  an  OSave  j  A  i  D  a  Fourtb,  and  A :  £  a  Fifib; 


A-^ 


D,      E, 


*S 


ABC 


■  E  ■  P  •  G  - 


then  A  :  C   a  Third  greater ;  olfo  D  : 
Third  greater,  (from  the  Divifion  of  the  Fifth 
D !  HJ  then  will  F :  H  be  a  Third  lefler, 
♦      5       S      'J      *  and    confequcntly  AsF    a   Sixth    greater. 

Again,  A  :  C  being  a  Third  greater,  a*  j  :  4,  take  fl  a  Harmonical  Mean,  then  will 
A  to  B  be  AS  p  :  8,  and  B  ta  C  as  10  :  9.  Lafily,  Let  G  be  taken  in  the  fame  Ratio 
to  F,  as  B  to  A,  and  its  Length  will  be  JL  for  9  ;  8  :  s  -I :  -1.  And  then  we  bavc 
eigiir  Sounds  in  fuch  Relations  of  Tone  to  one  another,  as  make  the  Scries  orSuceef- 
fioi;  of  S  un  fs,  which  is  called  the  natural  Scale  of  Miifick,  which  contains  in  it  all  the 
Principles  of  Harmony  j  wherein,  bcfidet  the  Concord-Relations,  thefc  arc  alfc  veiy 
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confiderable,  wliich  are  betwixt  the  feveral  intermediate  Sounds,  at  A  •  B,  B  •  C,  6^^. 
which  are  cane4  the  Degrees  of  the  Scak  ^  of  which  there  are  but  three  di&reot  ones, 
«i5.,thati£.A.toB,!jiS9aJB4  fi£.B.taC^^  ia:.j>^-of C^D,  as  id;  15.  Thatthe 
reft  are  the  fame,  and  in  what  Order  they  are,  you  fee  by  comparing  their  Expreffi* 
ons  :  Or  fee  them  here,  where  the  Lengths  of  the  Strings  are  fet  above  them,  and 

their  mutual  Relatiglb  bofcwixt  tliem  Wow.    So  B  is  ^  of  A,  C  is  -^  of  B,  D  i^  -i 

is  (:  '   I  i  of  G|^  and  €0  on.    Now  the   Relations   of 

8     4  '  "^      ^J    \^     ^     i    I    ^^^  of  thefe  Sounds  to  the  fundamental  A 

'       95       jTr^f^l    ^^  named  according   to  the  Number  of 

A'B*C*^*^*^'^'^    I    Notesfrom  A  in  the  Scale,  hence  are  the  Names 

8      9158      9      815        iof  Third,  Fourth,  ^c.  So  the  Relation  5  :  4 

o     To    16    T    ^    9     16       \    ^  ^^  *  Tbhfd,  becaiifc  it*s  that  betwixt 

^  ^    '    -«.  .    I    ^  •  ^>'  which  jbaving'onc  Note  betwixt  them 

make  in  all  three  Notes  of  the  Scale  $  lor  the  £une  Reaibn  5 : 5  is  called  alfb  aThird, 

being  the  Ratio  betwixt  C  and  E. .  But  5  :  4  is  a  gieater  Ratio,  and  therefore  called 

die,  Tfaiid  ^greater,  as  ^e  others  :  jr  is -called  Ae  Third  le£^. '  For  the  like  Rea- 

fbo^  4  *  3»  w^icE  is  betwixt  A :  D,  is  called  a. Fourth^  ^  :  i,  which  is  betwixt  A :  E, 

is  a4|^  a:  f'lfth.  ';^  s  5  bet^ixt.'A :  F  is  joafled  a  $|xth  greater;  8  :  5  betwixt  C  : 

H  is  called  a  Sixth  kfler  5  and  2  :  i  betwixt  A :  H  is  called  an  Oaove.    Then  for  the 

intemediate  Degrees,  they  are  caQea  .9e^p|^  ^heoepf  9  :  8  'is  thp  yrcateft,  10 :  9 

next,  and  16  :  15  leaft.    And  tfaey^are  otherwife  called,  particularly,  9:8a  greater 

Tone,  10 :  9  a  lefler  Tone,  itf :  i  j  a  SemirTone,  ("the  Word  Tone  oeuig  here  taken 

in  another  &nfe  than  we  fonnerly  uied  it  in.)    And  die  Ratio  15x8  betwixt  A :  G  is 

called  a  Seventh.    But  I  Ihall  iimft  no  more  upon  this  Subjeft,  haying  done  all  Aat 

piopoied^  or  eoiild  be  ex^peAed  ill  di^ 
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$.  I.  Of  ^antitm^^Commehfur4ff4e  m4^ 
Ratios  :  Shewing  hew  the  whole  DoStrine  of  Ratios  and  Proportion 

is  reduced  to  the  Science  of  Numbers. 

THE  two  grand  Branches  of^ure  Matbematicks  arc  Jrithmetick  and  Geomem^ 
As  tjic  Objcd  of  the  firft  is  Number^  caQed  aifo  ^uafftirj^  difcontinucd  j  To 
the  Objcft  of  the  other  is  called  Magnitude^  or  alloJgfltf/rriVji?  continued  ^  the 
Species  of  which  arc  Lines^  Surfaces  ^nA.  Solids,  Thcfe  twoBranches  arc  fb  conncil- 
ed,  that  the  firft  is  neccflarily  fiibfcrvient  to  the  other,  which  without  it  would  be  ufe- 
lefs,  or  rather  could  have  no  Being  at  all  j  for  the  Confidcration  of  Numbers  runs 
through  the  whole  Science  of  Geometry,  Among  the  Principles  that  are  common  to 
both  Subjefts,  the  moft  remarkable  are  contained  in  the  Doftrine  of  Ratios  and  Pro- 
|>»rrton;  ^VRoft  ThttBslioRr  equally  m  JTrltFmcUcIT  a^dTrcomcffiHr  QuantTlTe^ :  So 
that  this  is  an  univerfal  Dofbine  in  Matbematicks,  equally  apnlicable  to  both  its  Bran- 
dies  ;  but  the  Way  of  explaining  it,  €o  as  it  may  comprehena  both,  has  been  Matter 
of  Controvcrfy  among  the  Mathematicians  j  while*  fome  have  approved  Euclid's  Me- 
thod (in  the  fifth  Book  of  his  Elements)  and  others  have  cenfurcd  it  j  fome  of  them 
obje^ing  againft  the  very  Foundations  of  his  Method,  and  others  complaining  only  ot 
the  TediouTncfs  and  Difficulty  of  it.  To  my  prefent  Purpofe  j  I  have  only  thcfc  two 
Things  to  obfcrve : 

jft.  That  as  I  have  never  been  able  to  help  thinking  Euclid^s  Method  tedious  ana 
difficult  (without  Regard  to  other  Objeftions  ;  for  I  enter  no  further  into  the  Conrro- 
verfy  :  Thofe  who  are  curious  may  lee  Dr.  Sarraw*s  learned  Defence'of  Euclid,  in 
his  Mathematical  Leftures)  fo  I  readily  own  they  have  been  juftly  blamed,  vfho 
ftr  lfee«i»iilvi*VDiarine  of  Proportion,  4|av«^nly  given  us  that  of  Numbers  j  without 
-    -^'I  vl    I    1   n  I    C  cxpum- 


".f  '•: 
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^Kfimu^  hof9r  ;tbeT{kme  ii  i^picoibfo  tn  i^  Kitlda  of  Ceotnetricfl  Qoantitic^. 
And)  I'.t  .      i   •   •  i.  . '»         '.    n    •     .     •     •  .    •■ 

j^  ib  I  ttikdt  ikii  inlry  bt  dfttfie  in  *  toty  rtafotistUe  Senfe ;  fo  it  will  make  much 
eafier  Work  than  Euclid's  Method  3''Md'  t>Miic6  the  ^ole  DoSnne  of  Ratios  and 
iWwMBtw'tbtte  SdimteMtt  Arkhttittidt  5  t^b^^tig^he  Ri:lations  of  all  Quantitie« 
wmct  iiie'Motioft^of\NtHncMl-RAuit)i)i^  itifuch  urS^nfe  thiit  the  &me  Truths  may  be 
afbli^'7n  fhi^faiM'  Otttnbhihitioh  10  tftl  &itlds'df  Qtoitliritfs  ^  whtteby  the  Method  ii 
trolfy ^iiiiy«»fai.'    -^         ' ''    '    ••*•     ;    .       -'     >y      »  ^  ' 

i*  md^^  )i«i 'this  refill  firft  4bfl^et  f$je  Natttf6  of  <yemiketrioaI  Quantities^  as  they 
ai^  Aiftiiidbiffaed  into  CMm^nJUratk  and  IncotnmenfurAhk :  Thus, 

One  aNMgMlirffiir  f  iKAifi  Suffate^  ot'SoHd)-  may  bii  equal  t?o  *  eettam  Part  or  Parti 
ef  anoihor  (of  the  £mie  Kind  )}  'atid^hehtd  *tis't>hiin  that  the  iTefinition  bf  Geometri- 
cal AdImMi,  'ttpi)lidt>tolKiUh»beys|^j^e^ttalI^  i^j^^icable  tb  fuch  two  Magnitudes^  and 

teSAit^  ititoihe  fame,,  alike  ^itlafidn  ^f  *oh^  Number  to  Another  t  fb  if  the  one  i^ 

•  •  •  •  ...  ^ 

r-  iIVurtiL  of;^  -otbey,  tiiGy:ai|er|0'<>Be'a«otheifa8  ^t^)^' 3  .for  the  oiie,being  diritkl 

into  as  many  Parts  as  n  expreflb,  the  other  is  diviHble  into  a  Nudiber  of  the  ftmb 
Patts  equal  to  l^'j  And  fheft  tifeolvl'agrtitudes'are  htncc  faid  to  be  Cmmenfurabk^ 
becauTe  the.fartre  M^mtmfc  is  art  aViqtCor^^h  fo  both,  and  therefore  is  contained  ia 
eadh  tf  th<i^  *  cei;(^ih*ruihber-<tf  Tihars  <^itKour'  k  Retaiindct  j  fcom  Which  it.i^ 
Aifl  tb  mca^ifefteln1jflTfli,:artd  they  ;ttf^b(i\Comfti^itfuM^  the  pccfent 

Cafi::>  ifhe*fitec<MiK|^nijbcMbA  ^  paitbf  i4hc*b#^;  rtftd* -^  ^l*t  bPthfe  e^r,'       '   '^   ' 

But  every  .two  Oe^raetrTq'al  duaniiU^a.  fof  &e  jfufjqijfet ji^j \  are.  pot  ^ 
or   have  not  a  common  aliquot  Fart  j  (tvs  the  (S^dwf^feri.  have  f9iifiul4 
in  many  'C^fcs").   Tbercfore.*  the  JJefi^itioa  of  Geoiwe  to 

!>3um\>cpi  and  Cdmrnenfufablp  Quantjtiesj  fpii  not  Be^aocij^^  itei6%  apply'-^^^ 

Incommei^i^^^^^  ;Foj  tk)u|^  tjipjc^^a  R^^aj^^  Wbemg 

Co^t'amcct'betYm^v^^lac^^  rwh^ihat^wf^  Can  fay  .t^he  lefltif 

Is  prccilely  Juch  a  Part  or  Fafte  of  the  other.  5 ,  zifi,  ,ftercfor«,  m  jaot  thf  1(amc  .-pWifely 
fts  that  of  one  t?umbcr  to.anptW  ;.^r  if  Jt .  rt^^,  fo,,,43^.  ^ 

the  Unit  coin^fing  theft  N^mbcrs^•wouIi^Be  anii/f^^  ?ar^  of  600x5  ani  &  they 
-wci^'ndt  Incommjcnfurabje,,.     .      •      .  j-./    :»    .  .    ^  .    .r   ,;\   1   ,>  -  ..  • 

Bvit  tBoiigh  Ihcommcpruray'q  Q^^K^'^f^^ 
7^*^*44^><^  «^^^^  .^^^^?^^^Wl?ti9«,  ;  %;^t^<lawl*  this,, I  ihaU  fiift 

oblervc.  That  tne  lin?plc  adea  otj  being  .Inconitn^nfuraJbJ^.oyr,  h^^^^g  po^  conpmon 
aliquot  v^^i  though  h*  1  ufljcicntly  d[iJlinfluiflio8''thcni  from  0>mmen(p«ible  Quantltie^ 
yet  doqs  not  of  it  felfgive  us.aw  iUyi  .Idea  of  their  Jflcktio^^^  of.  cjs^pt^i^M 

one  another,  as  tp  dilringuifh  the,  Relatioos  of  fcveral  l9oommcni|ur,i^bles  ^  becaulc 
they  are  all '^^qual  and  ^ikc  in  this  Kefpcft  ;   tot  frooajiu^W^'cr^lTNotion^^^^ 
menfurability  ^c  hi^ve  a  Dlain*^C6'i|rcqucwCjWhicViurijiI&ey^^^     sm  Ij^ca^pfitli^irR^- 
latipnsy  as  (ufficiently\di](l^^iTHjgs*  them,  .and^coaisiil^'a  Cjia^jalj^  .pr,  M^^r^tof  tjci^ 
Equ-^17  and  lAcqual^y^' ui^^^^^  g*ftpdai^l4ea.flf"f^«?pp«^  .wiu^W?- 

rcaucnce  IS  this :  .        .   ,    .  .       -       \     ;- ..j     .'•'•' /      ' 

If  two  Quantises  A,  5/ have  m)ta_coqi'm(m^/i^itU.P^rt,.'^hefLjtJxU,'w 
lows,  that  the  leffer^  A,  feeiog  takieiioi^  gf  Fhe^grcatcr^  4>  W  pft  asjooffible,  there  is  a 
Remainder  5  whi^h,  Kcmadnqcr^  being  talccaaut  of  rA^.^s  pit.as  p<;ria5bl^.  there  is  alfo 
a  'Remainder  5  and  this  Rcpijukider  bciM;^        put>ofj^{^|ia#.J^ciwind^,  as  p^i  af 


i^pmi^eiifiurabl^ 
Jand  demonftrated 


Remamdcri 


I 
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Remainder,  •then  the  Divifor  m\)A  |>e  n  cemteoH  Meaipre  to  tbe  gmm  (^fUtaHa, 
A,  B  J  the  Realbn  of  which  you  fee  plainly  in  the  Demonftrationof  the  JR.ulc  for  find* 
*"S.  ^^  grcatcft  common  Meafare  of  tyo  Numben  (ia  VroU.  V.  OfSf.  H.l  )MtH.) 
which  15  eqoally  applicable  to  any  two  Quantities*  ' 

,  Now  here  is  one  way  of  conceiving  the  R^latton  betwixt  thcfc  tm  Mtgttttdw, 
vfz.  By  the  infinite  Series  of  Quotes  arifing  fiwli  tbefe  altdraats  Dkifiois  $  and 
therefore,  if  any  other  two  Incommcnfqrablea,  m  A  D,  being  the  finie  Wty  di- 
vided, give  the  fame  Series  of  Quotes  ad  Infinitum^  their  Relation  it  like  and 
cq^ual  to  the  f9rmer  ^  and  con&quennjiy  ve  may  lay  thdfe  four  Magaitiides  are  Pkth 
portional,  viz.  A  :  B  :  :  C  :  D.  But  now,  though  we  can  thus  in  gencxal  coaotive 
of  the  Equality  and  Inequality  of  the  Relations  dF  difierent  IncommefdUrsbks  (wi 
have  reduced  them,  in  one  Senfe,  to  Arithmetick  y)  yet  ftiU  we  want  £bme  more  par- 
ticular Exponent  of  thefe  Relations  \  by  Means  of  which  ,we  may  faring  them  more 
dire(fUy  under  the  Notion  of  the  Relations  of  Number  to  Numbo*  $  fb  that  the  whole 
Doftrine  of  Proportion  may  be  comprehended  in  the  fame  Principles  and  Method  of 
Demonftratioo,  already  nied  fer  Numbers  and  eommenfuiaUe  Quantities :  And  this 
may  be  done  different  Ways  in  Confequence  of  the  preceding  PrincipJes. 

i^.  In  the  alternate  Diyifion  of  B  by  A,  and  A  by  the  Remauideri  and  foon; 
the  farther  the  Operation  is  fiu)po(ed  to  be  carried  on,  the  Remainder  becomes  the 
le£^r  ad  Infinitum  ^  and  consequently  we  come  the  nearer  and  nearer  fi>r  ever  to  a 
Quantity  which  is  a  common  Meafure  or  aUquot  Part  to  both  A  and  B  ;  for  if  we 
fiiould  come  at  laft  to  a  Divifion  without  a  Remainder,  the  Divifor  would  be  a  com- 
mon  Meafure  ta  A,  B5  and  codfequently  the  lefler  the  Reauinder  is,  tli& nearer  is 
the  Divifor  to  fiich  a  common  Mealure  $  and  as  the  Remainders  duninilh  infinitely, 
i^  follows  that  they  approach  infinitely  to  the  Condition  of  a  common  Meafiire  of  A,  B; 
therefore  fuppobng  A,  B,  both  divided  by  thefe  Remainders  fuccefBvely  one  afier 
another,  the  Quotes  will  anproach  nearer  and  nearer  ad  Infinitum  to  true  and  com- 

{»Iete  ^preffions  of  thele  Magnitudes  ;  for  as  the  laft  Remainder  may  be  fini^fed 
efs  than  any  affignable  Quanttty,  fo  wifl  the  Quotes  iif  A,  B,  by  the  laft  Divifor, 
Srefs  two  Quantities  that  Ihafl  Want  lets  tluii  any  aflSgnable  Quantity  of  A  and  B  ^ 
confe^uently  A  and  B  are  infinitely  near  in  tne  Relation  of  theife  two  Quotes, 
h  e.  infimtely  near,  as  Number  to  Number.  Or  we  may  cdnceive  it  dfo  thus : 
Suppofe  any  of  the  two  Quantities,  as  B,  divided  into  any*  Number  of  equal 
Parts,  each  of  which  is  lels  than  the  other,  A  9  then  wSl  A  contain  a  certain 
Number  of  the  &me  Parts,  bat^vith  (bme  Remainder  overj  elfe  A,  B  were 
Commcnfurable :  And  the  more  Parts  B  is  divided  into,  as  that  Part  is  imaOer,  fo 
A  contains  the  more  of  them,  with  a  leflcr  Remainder  :  And  by  fuppoGhg  the  Num- 
ber of  Parts  of  B  increafbd  gradually  ad  Infinitum^  the  Number  of  the  (ame  Parts  con- 
tained in  A,  does  alfoincreaie,  and  the  Remainder  decreafes  ad  Infinitum  5  £>  that 
what  we  take  of  A  becomes  nearer  and  nearer,  ad  Infinitum^  equ^l  to  A  3  and  confc- 
quently  the  Relation  df  thefe  Numbers  becomes  nearer,  ad  Infitfitum^  to  a  true  Ex- 
preffion  of  tb^  Relation  cif  the(e  two  Magnitudes,  .A,  B  ;  for  they  expreis  the  Rela- 
tion of  two  Quantities,  one  of  which  is  eaual  to  B,  aha  the  other  equal  to  A,  infi- 
nitely near,  oir  within  lefs  than  any  dfignabie  Dxfierence  :  Which  (hews  us  alio  this 
remarkable  Truth,  that  what  hinders  any  two  Magnitudes  to  be  perfectly  Commenfu* 
rable,  is  a  Magnitude  infinitely  little  or  le(s  than  any  affigfiable  bhe  5  Vhich  being  neglefl- 
ed  as  nothing  comj^uratively,  the  two  Quantities  are  Commenfurable,  infinitely  near. 

In  this  Maimer  rhed  all  Quantities  are  reduced  to  the  Relations  of  N limber  to  Num- 
ber, by  diftinguifhing  Relations' into  fuch  as  arc  accurately  fo,  and  fuch  asare  fe  infinite- 
ly near.   And  the  valuable  Ufe  and  Application  of  "this  is,  rhat'whatfbev^er  Conclufion* 

can  be  drawn  from  the  Proportion  of  Nutnbers,  the  lame  muft  hold  ti^e  in  the  Pro- 

•    '-'       1  '  portion 


Tfom^ of'ltffmmnwSiiMGs^  fince they aicinfihitcly  nor atNambertoNumber:  So 
that  whatever  finir  proMrtional  Quantities  thcfe  Letters  reprefent  A :  B : :  C :  D,  wc 
nay  aigae  widi  diem  the  laale  Way  as  if  they  were  Nombers.  For  fince  there  are  Num- 
bets  which  ex wefi  any  two  Quamities  by  eauid  Parts,  cither  accurately  or  infinitely 
near,  the  QMiciufion  can  neVcr  be  fiilfe,  while  thefe  Exprcflions  remain  indefinite  as 
t»  Numbefs :  $bce  whatever  Enornught  be  in  fuopofing  them  determinate  to  any 
certain  Degree  of  Approximation^  it  is  coirefted  by  iuppofing  the  Approximation  car- 
ried fiirtheron  ^  and  becaufe  this  can  be  dofie  without  End,  the  general  Conclufion 
fern  theie  indefinite  Exniefiiont  mufl  be  accttratejy  true.  So  that  the  fame  Demon* 
ftrations  reach  to  all  Kinos  of  Magnimdes,  Commenfurable  and  Incommenfurable  5  and 
by  this  Means  the  luiirerfal  Dodrine  of  Proportion  is  induced  to  the  Science  of 
Arithmetick* 

a^.  There  is  alio  another,  and  perhaps,  a  better  Way  of  conceiving  and  expr^fling 
die  Relations  of  Quantities  Incommenfurable.    Thus  ^  Suppofe  two  Tuch  Quantities, 
A  and  B  5  if  fi,  me  ^ater,  is  divided  by  A»  let  the  Quote  be  q^  and  theKetpaia- 
der  m^    Co  that  B  contains  A»  q  Times,  and  the  Quantity  m  over  j  which  is  In- 
commenfiuable  to  B  (for  elfe  A  and  B  would  be  Commenfurable:)  Again,  we  can  con- 
ceive A  divided  into  a  Number  of  equal  Parts,  each  of  which  is  a  lefler  Quantity 
than  iff  i  (0  that  m  contains  a  certain  Number  of  thefe  Parts,  or  is  equal  to  a  certain 
Fradion  of  A,  with  a  Remainder  41,  Inebmmenfurable  to  x^  5  confequently  B  contains  A, 
f  Times,  and  that  certain  Fradionof  aTimc,  with  the  Remainder  n  over :  In  like  Man- 
ner we  can  conceive  »  equal  to  a  certain  Fradion  of  A,  with  an  Incommenfurable  Re- 
iwuiider»o  |  fo  that  B  contains  A,  ^  Times,  and  the  Sum  of  thofe  two  certain  Fra6li' 
one  of  a  Time,  with  the  Remainder  o  over.    In  this  Manner  we  may  proceed  ad  In- 
fimitum^  confidering  the  kft  Remainder  as  a  certain  Fra£Uon  of  B,  with  a  new  Incom- 
mei^farable  Remainder,  ftill  decreafing  in&iitely  $  fb  that  fi  is  equal  to  f  Times  A, 
and  the  &n&  of  that  iofinitt  Scries  of  Fraftions  of  a  Time  (#.  e*  of  A.)    Therefore  B 
snay  be  edipK£&d  by  Ar  \  r  rdpreienting  the  Sum  of  f  ,  and  that  infinite  Series  of 
AaStons.    Now,  if  the  greater  of  tupo  other  Incommenfurable^  being  divided  by- 
ffae^  lefl&r,  thete  arifes  the  ftme  Quote  q^  and  alio  the  fame  Series  of  Fractions,  by 
dividing^  the  iefler  and  the  Remamders  in  the .  Mangier  above  mentioned  3  then  the 
Rjclation  is  theiame^  b  that  the  Iefler  being  called  B,  the  greater  is  Br  ^  and  thefe. 
ate  s :  /,  A :  Ar : :  B  9  Br«    Thus,  then  we  have  an  univerfsu  Methpd  of  reprefentipg 
aOLQuantities  and  their  Proportion  x  For  whatever  Quantity  A  reprefents,  Ar  will  re- 
prefent  another  greater  1^  which  is  either  Commenfurable  to  it,  if  r  is  a  determinate 
Number,  Integral  or  Fra^iona]»  qt Jbi^mmenfurabk^  if  r  expreflcs  a  Number  mixt  of  a, 
whoIeNim&ber,  and  an  infinite  Seri^  of  Ftaioions  decreafing.  Or  A  may  be  the  greater 
of  the  two,  and  Ar  exprefi  the  lefier;  In.whi^KCaf^  r  wmI  reprefc^t  either  a  certaia 
determinate  Fraiflion,  or  infinite  Series  of  Fraflions  decreafing  5  and  in  both  Cafc?^ 
that  Series  carried,  ad.Infimtun^^  can  oeycr  be  equal  to  Unity. 
-    Thus  al(b  we  fee  die  univerfal  Doftrin^  of  Ratios  (reduced  to  Arithmetick,  uiider 
tbe  Diftindion  of  determinate  and  indeterminate  Ratios  9^  whofe  Equalities  conftitutc 
Proportion  ^  and  being  exprcfl^  in  ag^eraland  uoifonn.Manner  (as  A  :  Ar : ;  B :  Br.) 
The  Condufions  drawn  fiom  the  Equality  of  r  (whatever  this  is  in  it  felf)  are  alike 
true  and  good.  . 

I  ihall  nnifh  this  Se£lion  with  a  faw  Cxmfcquences  from  the  Nature  of  Commenfu^ 
mble  atxl  Inccmimenfunible  Quantities  and  their  Arithmetical  Expreilions. 

I.  If  A :  B  : :  C  a  D,  the  ope  Ratio  being  determinate  or  furd,  fo  is  the  other.  be-» 
cauic  they  aj»  equal.  Or,  aSj,A:*  Bare  Commonfuraj^le  or  Incompienfurable^  m  arc 
C  :  D. 

%.  Quan« 
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^  2.  QaantifMs  A,  b,  tft^  ate  bdch 'OomaienfiMble  to, the  fuiie  {taaMty' (^  »e 

ComBaenfurablc  to*oiie  Another;  r    :    i*?    \     .    .   ; 

^ .  If  A  is  Commenfurable  to  C>  and  B  ineofmnenfiiniMe  t^  C; ,  Adti  A,  B  ^re  h^ 
commenfurable  :  for  if  they  were  Ckinjitieiifiuubie,  •  dMft  C  tfifl  •B  Wl^e  idfo'CotiinietiQ 
foraWe,  by  the  laft,  contrary  to 3uppdfiekm. -  •     '     '■    '    "    /r  »  ^    .-  • 

4«  If  A>  S  are  CbmmehftirAble,  tbc^  are  bwh  (^l^Mto^ftMbke/W^thlftdflMi^ 
furablc  to  the  fime,  C  J  for  fappoiSng  A'ComimtalUj;abl*  to  C^  &  h  B^  by  fhe  fiwond. 

5.  As  A,  B  are  Godimenfurable  or  IncombjctffufaMe,  A+B  h  fo  ttd  t^teaibddi. 
And  if  A4-B  is  Goihmenfurable  Or  InooitftfttitiaraMe  to  A  or  Id  fi,  it-  i«  &alfo«>Ac 
orh^r  5  and  fo  alfo  is  A  to  B. 

-SciiOL.  A  eertftin  or  decermifiate  Number,  and  a  Surd,  are  kl  <he  ttih  ibfoluti  Stnfc 
Incommcnfurable  5  yet  there  is  in  Arithmctick  another  more  limited  Scnfo  rfGofflttt€fi- 
liirability  and  Incotomeftfoftabiky,  which,  is  alfo  ^atftoflg  ^eteMtlitiaitdi  Klunbers, 
and  depends  upon  their  having  w  not  having  another  oonitffort  irf^f //e<r  Pift'  but 
Unity  ',  though  «I1  thefe  are  CoMmenTdraUe  in  "Ac  abfetoe^  Sc^fe.  The  ^ootfj 
of  Numbers  depending  upon  this  liitiiMd  I>Htin£lbn«^€6firffi«nftimbfe'Mid  Incam- 
menfurable,  which  is  very  confiderable^  you  bavc  in  the  next  BoOk  5  ift  the  AKtfn 
Time  we  pafs  on  to  another  Confiderauon  of  Ratio's.    • 

>  I    «  • 

•■ 

A  Mo^  Authoiis  thei^  ore  fome  who  talk  of  Racmas  apfemkiikr'ILiiid  of  (^umtiaei 
""*  di^rent  ttotn  pure  Numbers  5  «nd  hence  vbey  aforibe^to  thdto*^  oomAdn  Affi^ 
Aion  of  Quantity,  viz.  a  Capacity  of  more  and  lefs,  pr  of  Increafo  and  Decreafe:  Bac  as 
they  imagine  them  to  be  of  a  Nature  e£fentially  difievent  frdm  'pum  Numbers,  either 
Integers  or  Fradions,  fo  they  pretend  to  tm  Id^a  of  the  Aidditioivof  Rd^ibs,  ^4Miier 
Arithmetical  Operations  about  tbertt,  qiiite  diffbrtoc  ffMiaf  dfd^e^abMt'pm'e  tfcnofeis. 

How  chimerical,  and  void  of  aB  folid  luid^  nafoB^Ue\Ppui6dafit>ri^  .^^ir  Motian  mKi 
the  very  ingenious  and  learned  Do^r  Satrtm'bsL&iix&cufKi^y  IHetrntin^his  Ntahtam^ 
ticallie^Wes.  I  ftiallonly  menticMi  6ne  prkicipai  AfynbeMof^liif,  o&>.  Tksnpon; 
Relations  (for  it  is  the  abmaft  Relation  of  the  Antecedents  iMM  after  a  octftasa  mn* 
ner  contained  in,  or  containing  the  Qmfoquent,  whith  thdy  OiU  the  Ratio  |  and  v^ich 
Name  I  appljrtothe  Eitponento^f  the  ReKitioii3'eiilufM  be  at^  abTolum'Th&g^;  cife 
there  is  tto  Difierence  betwikt  Things  abfiduite  and  reltfcm  ^  vAiich  ista  jnahifwAlh 
furdity.  He  fhews,  that  it  is  imp^Ue  tb^make  «iv  Comp^fifci»ttf'  rwo  RaitidSi  tio- 
leis  the^  have  a  common  Omfequent,  oi5  bb  f«d«aea  to  th^  Smotj  :i;:<;ifour  Onsn- 
titles  of  one  Kind  muft  be  found  (or  foppdfod)  whereof  the  «wo  fevieral  Coiiplots  hsirc 
the  fame  or  ah  equal  Cohfequent  ^  and  their  Ratios  the  fame,  as  thofe  in  riie  Qpo- 
ttion  $  and  then  to  fay,  that  the  one  Ratio  is  greater  or  leiTer  ffaian  the  other,:  can  have 
no  other  Meaning  fays  he,  but  that  the  6q6  Antecedent  is  grehter  orleflcr  than  tho 
Other,  for  there  is  no  other  real  Things  in^dfis  Cafb  capable  ^f  lieiog  compared  as  to 
more  and  left.  And  fo  the  Quantity  ot  thb  'Retatti^HH  of  R?af io,  ean  bo  natfadng  elfo  buc 
the  Quabtiry  df  the  Antecedent,  When  the  Ratios  are  reduced  to  a  copmioDiCoa' 
fequcnt. 

Now,  though  the  Doflor  cenfures  the  groundlefi  Notion  of  a  real 'and  abibhite 
Quantity  of  Relations  (as  fuch)  yet  be  allows,  is  ufefol  and  C(»wenient^  the  rsceiired 
Way  of  fpeakittg  of  Ratios  being  equal  or  uneqAal,  ptovided  it  be  uken  in  the  only 
tfiie  Scnfe  and  Meaning,  which  iias  a  national  Foimdatioii,- as -be  explains  it  ^  and 
which  is  the  fome  Senfe  m  EtkSk  that  I  have  foSowed  m  ^o  Foundation  I  have  laid  of 
the  Do£brine  of  Proportion  Geometrical,  in  Chap.  L 

/  ,  Att 
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AS  timi  haSiiM  fttit]^et  wpm  tUs  Queftiob^  in  ihort  tiiaSy,vmJni^  as  we  caa&rm 
no  diftinft  paiticalar  Idea  of  tHc  Ratio  pl^any  two  QnamiticSr  which  are  not  as  Mumber 
to  Number  J  fo  in  the  Proportion  of  Numbers^  or  of  any  Quantities  which  arc  a« 
Number  to  Number,  thouA  the  aifeaft  Relation  of  any  Number  or  Quantities  being 
equal  to  a  certain  Part  or  Parts  of  another  (which  is  the  Geometrical  Relation  of  two 
ICumbf  r$«.  or  Qpaotitie^  exj^ejE&d^l^  Nuxnbcj^)  k  no  real  and  abfolttte  Quantity^  yec 
tbeE^^n^t  of  that  Rdlalion  (wlujsh  is  theThi^gl  call  the  Ratio^  in  diftin£lion 
from  thQ  pure  ^tra£l  ReUtis^o  tf  felf,  of  which  it  is  the  Exponent^  being  a.Fradion 
proper  or  improper,  dif&ueot  E>qp(ments,  or  Radios,  as  I  take  the  Word,  arc  capable 
of  more  and  kfs^  and  of  beif^  compared  in  Quaaftity  the  fame  Way  as  diflferent  Fran 

flioni  ar^  t  2l&«j,  for  Example,  if  A  is  1  of  B,  and  C=5  i  of  D5  then  we  may  fiiy^ 

that  the  Ratio  of  A  to  B  is  greater  than  that  of  C  to  D^;  meaning  no  other  '^hing;. 
thso  t&ac  A  i»  a  greater  Fia£lioA  of  fi  than  C  is  of  D  i  for  being  reduced  to  a  common 

Dchomihation  tiiey  are -^==—  and  iL=!£*,  which  is  the  lame  iSenIc  of  the  Quanti- 

tvof  a  Ratio  that  we  have  heard  above  in  the  Do6lor*s  Reafoning:  For  thefe  four 
Qeamkies.ai»ieisheritMM  at  exprefible,  aeo^ding  to  the  fappoTed  Ratios, 

by  four  Numbers,  viz.  2  :  5,  and  4.:  5  5  and  by  rcdraeing'the  Fraftions,  <^  Exponents 
ot  the  A^atianBf  to  a  komhioa^  DenottiiiMfir, :  whkh  is  reducing  tfie  Ratios  to  a  com- 
flio^Q)iifti)OeM5  tli^y  mei'io  1 1^  and  ft':  15^ 'and  from  the  Omparifbn  of  the  Ante- 
ttdenttfiib  and^ia^  iihe  Coiopanfoi^  df  th5  FrASion^  at  Ratios  id  made, 'and  their - 
QStonthTes  ^dctcfpiitie^  *  ... 

Ol%ve  ^Wb;-  That  we  dbnV compare  ^  of  B  to  ^  of  D  5  for  if  B,  I>are  Things  of 

different  kind,  no  fuch  G)mparifbn  can  be  made  j  and  though  they  were  bf  one 
Kind,  yet  ^  of  D  might  be  grower,  thaft  -  of  B,,.accordii^  as  the  Quantities  of  B 

aodD^  happen.  ta«h&  •  But  wo  fi.n]^il]f  cotspare  the  twaabftraifi  FradFiaAs^  awt  ^ 

wWeft  tx^rcfs  tfte  Relatiom  wirAoiit  regard  fa  any  Difierence  Of.  I^tcncfi  of  the 
Irii^s^'bccnttfe  Ad-fninYediateSabj'eA'of  the  Relation  is  niere  Quantity  5  which  ic^vQ9 
no  more,  but  that  the  Terras  of  the  Relation  be  of  one  Kindiii  each  Couplet ;  and 

th^o^iii  is.^l4Mink  ,TJwti  A'si  being  1  of .B*  ift btiiig-  a  grcatser.Piurt  of  ir>  tbah  C«  being-1 
rfD  IS  or  it  5  whatever  kind  of  Things  A,  B,  and  C^I>are. .  . 

'  Kdife:Awhor»y^or*tbdu??(ilowen^'  w^  were  content  with  this 

Ncftion  5t)f  tRc  Quantity  of  a  Ratio,  then  they  ftiould  be  fgrced  to  own,  that  the 
Arithtnetiflc  oFRapiosfis  -in  yrref^bftis  <roincident  with  ttiat  of  Fraftions  (which  are 
rtfetivfe  Nutxrfaers,;'  ot  fijcpr^ffinife*  of  Qdamities  relktlyely' to  others)  and  .fo  they 
wouW  ha^c  rio  Rei©n:ro  t^Bc  ofa  neiw  Species  of  Qujihtitics  5^  or  of  any  diflEJ^rent  jS-o- 
riern  of  Addttton^  and  other  Operations.  iVout  tbefc  Quantities.  $omc.of  thcfc  Au- 
thf)r5,  however  abflYaftfy  they  pretend  to  think  about  R^tios^  as«  Quantities  qf  a  parti- 
cular Species  5  yet  as  they  reprefent  them  no  other  way  than  as  Quotes  of  the*  Antece- 
dent, divided  by  the  Confequent  /which  arc  Fraflions,  or  reducible  to  fuch^  fo  they 
perform  all  Operations  with  them  as  Fractions :  But  there. are  others  who  form  a  quite 
different  Notion  of  the  Arithmctick  of  Ratios  5  and  though  the  Ground  of  the  Appli- 
cation is  perhaps  arbitrary  and  whimfical,  yet  as  it  is  capable  of  being  proposed  in  other 
•I     '  *  more 
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;xnore  rcaibnable  Tcrms^  and  ia,  indeed,  no  other  bat  the  Application  df  Ibme  of  the 
preceding  Propofition*,  I  ihall  here  briefly  explain  it. 

I.  Of  the  Additm  of  Ratios, 

'I 

Suppofc  any  Numbers,  a:b  :  c  i  itt,  containing  any  Ratios  j  the  Ratio  of  the  Ex- 
tremes a :  e  is,  by  the  Authors  I  have  now  in  view,  called  the  Sam  of  the  btermc- 
diate  Ratios,  vi2^  az  b^b  :c^  c%  d^  d  ze^^  for  no  other  Reafon,  I  know,  than  that 
they  are  continued  into  one  Series,  and  fb  exhibit  a  certain  Kind  of  AdjunSion  of  the 
Ratios.    This  Operation  or  Problem  is  plainly  thjcn  no  pther  than  this,  v/a. 

Having  two  or  more  Ratios  given^  to  find  the  Ratio  of  tie  Extremes  df  a  Sem, 
Kvhofe  imcrmediate  "terms  are  in  the  given  Ratio  i  the  Elation  of  which  fee  in  Co- 
rcll.  IV.  "Probl.  I.  Chap.  IV.  .  .  .  ' 

Exam.  To  add  i :  ;  and  4 :  5  the  Sum  ii  8  : 1 5  ^  for  a  :.$  and  4 :  ji  continued  make 
this  Series  8j  12  :  155  and  by  the  Rule  vefenvdd  to,  the  Sum  or  Ratio  fought  is  thus 

found,  viz.  ^  X  JL  =-.. :  So  that,  in  the  laft  Place,  yoa  may  obferve,  that  this  Addi- 
^        ^  J       5       15  '•  ^ 

txon  of  Ratios  is  the  fame  as  Compofition  of  Ratios  $  and  is  Mttitiplication  and  not  Ad- 
dition, of  Ratios  confidered  as  Fra^ions. 

r  ScHoi..  Though  in  the  true  and  proper  Notion  of  the  Additioa  of  Qoaittitiet, 
the  Sum  is  greater  than  any  of  the  Parts  ^  yet  in  this  Appticatipn  the  Sum  will  al- 
ways be  a  lefler  Ratio,  confidered  aa  a  FraAion,  than  /my  o(F  the  Patts»  if  thcv  aie 
all  proper  Fradions^  but  it  will  be  greater  when  ^they  are  improper  Fnoions. 
And  in  the  laft  Place,  if  we  confider  only  the  Diftance  dt  the  Terms  in  a  Series  of 
Nunibers,  then  the  Extremes  being  at  greateft  Diflance^  in  (this  refpeS,  the  Ratio  of 
the  Extremes  is  the  greateft^  bat  to  take  it  in  this  Manner  is  a  very  &ntaftical Notion 
of  its  Quantity.  ' 

II.  Of  the  SuhfiraSum  of  Ratios. 

This  depends  upon  die  former,  and  is  to  be  conceived  thus :  Let  there  be  any  three 
Numbers^  \bi  Cy  then  as  the  Ratio  ^ :  r  is  called  the  Sum  of  4 :  ^  and  b :/» foeithcr 
of  thefe  is  call'd  the  Diflerence  betwixt  die  other  and  aic^  and  io  is  reducible  to  this 
Problem^  viz. 

Having  two  Ratios ^  to  find  a  tbird^  which  being  continued  into  one  Series^  mtbone 
of  the  pven  Ratios^  the  Extremes  JbaU  be  in  ttfe  other  given  Ratio.  The  SoktioD  of 
which  IS  oppofite  to  that  of  Addition,  and  is  therefore  aone  by  dividing  the  Subftra- 
hend  as  a  Fraftion,  by  the  Snbftraftor. 

Exam.  To fubftrafl  2  r^  fiom 8 :  15,  the  Remainder  is  4  :.'5  3 for  — -^-Lss^ssi.' 

as  this  Series  fbews;  15:24:  jo$  where  id:  24: :  2  :  3$  24:30:  :4:  5>  anaxtf:}0 
: :  8  :  1 5  5  or  this  Series,  24 :  30  :  45  ^  where  30 :  45  : :  2  :  j,  and  24 :  45  : :  8.:^  15* 
From  all  which  it*s  eafV  to  obforve,  that  this  is  the  EGfoft  ot  reducing  the  two  &ven 
Ratios  to  one  common  Antecedent  or  Qinfequent  (by  SPro^/.II.Ch  JV.)  the.Ratio  ^  the 
other  two  Terms  found,  being  what  is  here  c^ed  the  Remainder  or  Bififorence,  in  the 
3cnfe  oppofite  to  the  Sum  in  Addition. 


III. 
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t 

III;  Of  (be  Miltiplieatm  of  Ratios. 

Xlafe  I.  The  Multiplier  being  an  Integer,  this  is  nothing  but  a  repeated  Addition 
of  the  fame  Ratio,  or  the  Continuation  of  the  fame  Ratio  to  a  given  Number  of  IVrms  $ 
and  fo  refblyes  into  this,  viz,., 

Tindinz  the  R^tio  of  the  Extremes  of  a  Series  -rr  I,  tvhich  is  in  a  given  Ratio^  and 
the  Ntmwer  of  Terms  i  more  than  a  given  Number  ("which  is  the  Multiplier.)  Which 
is  the  Application  of  Cor.  lY.^rob.  I.  Ch.  IV.  Thus,  to  multiply  the  Ratio  ^ :  *  by  3,  the 
ProdttS  is  a^ :  h^^  and  univerfally  a  i  b  multiplied  by  «  is  ^"  :  ^.  For  the  Extremes 
of  a  Series  -H-/  in  the  Ratio  a :  ^,  and  whofc  Number  of  Terms  is  n^i^  (ov  the  Num- 
ber of  whofe  intermediate  Ratios  is  »)  is  by  Cor.  IV.  'Probl.  1.  a*-,  b*. 

Eicam*  The  Ratio  %  :  2  continued  to  5  Terms  is  16.1  24  :  ^d  :  54. :  81.  And  fo 
16  :Si  i=i^  i  3*)  is  the  Produft  of  16  :  14.  (~z  :  3)  by  4  5  becaufe  this  Ratio  is  re- 
peatc4  in  a  Scric8-4  Times.  * 

ScHOL.  A.  Ratio  may  be  alfo  multiplied  by  a  Fraflion  (which  is  the  fecond  Cafe.) 
But  as  the  multiplying  by  a  Fraction,  and  dividins  by  its  Reciprocal,  are  the  fame 
Thing,  and  the  Operation  depends  upon  the  Diviuon  by  a  whole  Number  3  I  muft 
refer  nils  till  the  firft  Cafe  of  Divtfion  be  explained  3  where  you'll  fee  both  explained 
together.  ,  .    » 

IV.  Of  the  Divijion  of  Rmos. 

Vaje  ^.  To  divide  a  Ratio  by  ^  whole  Number.    As  DiVifion  is  oppofite  to  Multi- 
plication, fo  is  the  Senfe  and.  Work  of  the  Divifion  of  Ratios  to  that  ot  Multiplication. 
Xhereibre  as  in  a  Series  -rrly  a  :  b  •  c  :  d  i  e^  the  Ratio  of  the  Extremes  ^  :  ^  is  called 
the  Product  of  the  common  Raliq  ai  bhy  the  Number  of  Terms  leis  1 3  ib  that  com- 
mon Ratio  a.ib  is  oppoiitely  the  Ql^te  of  the.  R,auo  of  the  Extremes  a  :  e  divided  by 
the  Number  of  Terms  lefs  1 3  fo  thsu  this/W4>i^^.^eibI^es  into  this  Problem^  visi^ 
rHaving^one  R^tiopv^\  f^MAanfitheKf.  'suhich  bein^  continued  into  a  Series  -rrl  of 
a  given  Nimber  of  Terms  (viz.  i  more  than  the  profofta  2>ivifor)  the  Extremes  foall  be 
in  the  given  Ratio.    The  Sqlwion  of  which,  is  plainly  had  by  Coroll.  T^eor.Yl.  Ch.  IV. 
^vi^.  finding  the  fecond  'Term  of  a  Series  ^/,  whofe  Number  of  Terms  is  «+i  (n  being 
the  propofcd  Divifbr)  and  whofe  Extremes  arc  the  Terms  ^of  the  given  Ratio.    For 
this  fecond 'Term  yfith  .the  adjacent  Exjtrf;rae,  or  db^at  Terinof  the  given  Ratio  which 
we  chufe.to,calJ.the  firftTcrip  pf  th/eSeriqSj  cointain.  the  Ratio  fought.  *      ' 

Exam.  The  given  Ratio,  i^r,8i^,  aii4  ^9  I>i<^if<lir4».  i^he  Aatia  fought  is  found  By 
the  CorolL  referrcd.tp,  a;:  3,  which. i^ e4ual  to  161  145  as. in  the  Series  i(^  :  24  :  3d  : 
5^  :  8r.         ^ 

Cafe  z.  Both  for  Moltiplication  and  Divifion.  To  multiply  a  Ratio  by  a  Fraftion, 
or  divide  }%  hy.tbc  reciprocal  Fraftiop.  Let. any  Series  -r^/^  be  d:  b:  ci  d  i  eif^ 
then  as  ^  ;/  ijjHeProduft  oi  ai  b  rby  5,  (tjie  Nutpjjqr  of  Teitais  Ids  i)  and*^  :  * 

tlut  '-ii  i^a:f',    1}>  a:  c  ii  ii;  and  ah  di  '^^3\n  n'ta'ifi^X'gt  aic,  and 

■^fc        •  ^  ^  ^  ,  •  » 

L  tXa  idt  that  is  ^  a\c  h  the  Prbdii^l:  of  a  if  by'—,  or  the  Qudtcof  if  :/ty  X. 
3  ....  5  -  a 

VYhcrcfijrey  as  Multiplying  by  a  FraSioh  is  *tttix*d  Operation  of  multiplying  and  di- 
viding by  an  Integer  t  £>  this  fiJafc  is  iblved*by' applying  thefi:jrmer  Cafes  *  of  multi- 
plying rand,  dividing  RiKi(i8  by_a*  whole  Numbef.  ^^Thus  tmiverfally.  taxpultrply  by 

L  (or  divi^de  by  ~)  ittultiply  by  iw,  and  thcn^SivJidc^thf^  I^gjijj^by.W^ijrioftfirft  di- 

T  t  vid« 
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▼ide  by  m^  ind  dien  multiply  by  /»,  (which  will  make  the  Work  eafier.)  For  'tis  plain, 
that  the  Ratio  a  :/,  divided  by  u  8!^^^  aib%  and  this  moltipUed  by  &,  gives  a :  c, 

the   —  of  4  :/.    Or,  multiply  a  :f  by  a,  and  call    the  Produft  4:1^  then  is 

4ift  i/: /f  tfaeitfere  betwixt/:  /  diere  bSL  4  Meant  in  the  lame  Ratio,  as  that 
^a:tf  making  in  all  thia  Series,  aibicxdieifigttiiikil    Nowhere 

#  3  tf  :  ^ :  j:  :  /  :  /  arc  -rr/  1  thelvfore  4  s  r  is  the  —  of  4 :  /,  that  is^  the  ^rfdouble 

of 4 ;/3  the  fame  as  the  Double  ^ aih^  which  is  the  ^  of  11 :/.    And  this Ihews 

the  Advantage  of  beginning  firft  with  the  l)iviIion. 

Fdt  a  particular  Examfk.    Suppofe  8:^7  multiplied  by  i^  (or divided  by  -1/  the 

5  ft 

Produfl  is  "4  :  9  3   as  in  this  Series   8  :  ix  :  x8  :  ay,   where   8  :  la  : :  a  :  3,    and 
8  1 18  t  :  4  :  p  5  and  as  a  :  3  is  i.  of  8  :  a?,  fb  4:9  is  -L  of  it :  But  had  we  fiift 

multiply 'd,  the  Queftion  would  have  appeared  in  this  Series,  1^4  :  9^:  144:  21^  r 
3a4  :  ^\i6 :  ^t9  $  wherein  d4 :  yap  :  s  8^  :  ^^\  the  Double  of  8  :  ay  5  and  6^  ;  144 

(or  4 :  p  9  fer  d4 :  144 1:4:9)  is  the   ^Partof it^  becaufe  <^4"i44  :  3a4:  Tapaie 

3 
•rr/.    To  conclude. 

The  Senfe  of  this  Cale  may  be  refblved  into  this  Problem,  viz,  ^ofini  the  Ratio 
iftJbe  Exti^emes  afa  Series  ^,  confining  a  givm  Number  rf^erms^  (viz.  i  more 
than  the  Numerator  of  a  given  Multijdier,  or  the  Denominator  of  a  Diviibr)  g$i  "sotofe 
Ratio  isfuctfi  that  anether  Series  may  be  found  in  the  fame  c&mmon  RatiOy  nvhofe 
Number  of  Terms  is  anether  Number  gbven^  (i)iz.  t  more  than  the  Denoknhiator  of 
the  given  Multi|>lier,  ot  Numerator  of  the  Divilbr)  and  wtfofe  Extremes  are  in  a 
given  RatiOf  (viz.  that  praipos\l  to  be  multiplied  or  divided.)  The  preceding  Series 
aild  Explication  (hew  mamfi^ly  that  this  is  th^  true  and  proper  Mcanit^  of  multi- 
plying or  dividii^  a  Ratio  by  a  FhiAion. 

Caje^.  To  divide  one  Ratio  by  another,  bodi  of  one  Species,.  /.  e.  having  two 
Ratios  of  one  Species  given,  to  find  how  oft  the  one  is  contained  in  the  other  j  or  to^ 
find  that  Number  by  v^ich  the  one  being  multiplied  (according  to  Cafe  r.  MultipK- 
cation  of  Ratios)  the  Produft  fhall  be  edual  to  the  other  given  Ratio  ^  and  if  the  Di- 
viibr is  not  an  Mquot  Part  of  ttie  Dividend,  we  are  to  nnd  the  grtateft  Number  of 
Time^  is  contaitied  in  it^  tmd  aUb  the  Ratio  that  remains  over. 

Ruh.  Sobftrafl  the  Divifbr  frdnei  the  Dividend  (by  8ubftra£lion  of  RatioO  and 
the  fame  Divifbr  from  the  Remainder,  and  the  fame  Ihvifbr  again  from  the  hlx  Re* 
ma&def,  and  fo  on  continually,  till  the  Remainder  be  a  Ratio  of  Equality  ;  and  thca 
; the  Number  of  SubftraSions  is  the  Number  iought ;  in  which  Cafe  the  Divifor  is  an 
aUqiM  Part  of  the  Dividend  rOr,  tin  Ae  Soeeieir  of  the  Ratio  in  the  Remainder  is 
dimrent  from  that  of  the  siven  Ratios  y  and  then  the  Number  of  Subftraftions  lefi 
1^  is  the  greateft  NuAib^r  ofTimes  the  t>vri£x  is  contained  in  the  Dividend  5  and  the 
laft  Remainder  but  one,  is  the  Ratio  that  is  contained  in  the  Dividend  more  than  fo 
many  Times  the  Div^r » 

Tnus,.  if  the  Series  aibte:  d:  e  k  -fr^,  thiitAt  is  dib  contained  in.^ : e  fbor 
Times:  For^  »  ^  tsdceafit>m>i  :e,  leaves^  :^$'dfid from  this  taking'^ :^(t>r#:0 
the  Remainder  isciei  and  fmm  this  take ^  16  (or  f  :  4^  the  Remainder  isdiCi 
knd  Qpom  this  take  a  ib  (or  die)  the  Reo^inder  is  i  s  1 1  ^d  the  NuoUtct  of  Sab- 

IbaftioM  being  4v  *!<»*»  the  Qdote.  .    <  .  ^ 

Again: 


Appeo«  AritbiMii^if  tittm.  ^  1 1 

Again :  Suppofe  ai  kia  d  ate -rrf^  hutdiez  diffiarent  Ratio  $  dien  (iippofiiig 
the  Series  to  increafe  fixnn  atoe  i  'tis  plain  that  d-i-^  muft  be  greater  thaa  cr-d  5  or 
^  nuft  be  left  thaa  a  thifd  Praperdonal  co  ^  4  i  3  Ar  if  k  were  groHer^  we  flioidd  bssfo 
another  Term  betwixt  d  and  e  in  the  preceding  Ratb.  Now  then,  a  :  b  fit>m  4  s  e^ 
leaves  ^  :  ^  of  the  fame  Species.  Agaiii^  a  i^xcacb .:  r}  ^itmi  b  t  e  leaves  c :  e  of  the 
£une  Species  3  ^  :  ^  (ori? :  ({)  fit»m  cte^  hmesdie  m  die  fame  Species.  LaSfy^ 
a :  b  fe>m  d :  tf  nukes  the  Remainder  db :  ^,  which  is  of  a  different  Species  5  rar 

a :  ^  and  d :  ^,  being  both  Ratios  4f  Ac  leftr  «o  the  gfeater  $  sad  £.  apioper  FraOi* 

b 

d  db  » 

on  lefler  than  —^  the  Quote  22.  is  an  improper  Fraftion.    If  the  Series  decreaie 

from  ifto  1?,  then  is  0  greater  dian-a  true  tliii^  ^^F^i^c^^l  to  r  :  J  5  fb  that  when  4 :  S' 
is  taken  from  J  :  ^,  die  Remainder  ^  is  a  f  mper  Fraftkm,   becaufe  -£   is    In    tliii 

Qi&  greater  than  —    Wherefim  die  Number  of  Subftr^dions^  Icfi  f|  vin.  3|ii<fa6L 
Quote  J  and  the  Remainder  of  die  Dinfion  is  die  Ratio  4  stf» 
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Containing  thcfe  ftjlowiflg  SUBJECT  S, 
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C  H  A  P.    L 

Cy  f^<?  Compofitim  and  Kefoknion  of  Numbers :  Or^  The  ^oBrm 
of  Trime  and  Compofite  Numbers  ;  with  that  of  the  Commenfv^ 
rahility  and  Jncommenfurability  of  Numbers, 


6.   I.  Containing  the  General  Principles  and  'theory^ 

DEFINITIONS. 

I.  X'^N  E  Number  is  faid  to  meafurey  or  be  a  Meafure  of  another,  when  it  is 
1  1  contained,  in  it  a  certain  Number  of  Times  precifely  5  fb  that  being  taken 
^^-r  out  of  it  as  oft  as  poffibJe,  there  ftiall  nothing  remain  over.  Thus,  4  roea- 
fcires  12  5  becaufe  it  is  contained  in  it  precifely  3  Times.  Obferve  alfo,  that  one 
Number  is  faid  to  meafure  another  by  that  Number  which  is  the  Quote  :  So  4  niei- 
fures  12  by  3  5  and  reciprocally,  3  meafures  12  by  4:  And  hence  any  Number  with 
the  Quote,  by  which  it  meafures  another,  may  be  called  the  reciprocal  Meafures  of 
that  Number. 

COROLLARIES, 
f .  Every  aliquot  Part  of  a  Number  meafures  it  5  and  4fVery  Number  which  meafurc» 
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II.  A  Number  is  called  the  Common  Msafure  of  two  or  more  Numbers,  when  it 
xhcalures  each  of  them  :  So  3  is  a  Common  Meafure  of  6^  9,  is.  And  if  it's  the  great- 
eft  Number  that  meafures  them,  it  is  called  their  Great  eft  Common  Meafure  5  as  Uni- 
ty is  their  leaft.  ^ 

III.  A  Number  is  called  a  ^rime  Number^  which  has  no  Meafure,  but  it  felf  and 
Unity  5  as  2,  3,  5y  7  ^  and  which  confequently  is  the  Produft  of  no  other  Numbers. 

IV.  A  Number  is  called  a  Comfofite  Number^  which  has  fomc  Meafure  befides  it 
fcM"  and  Unity  5  and  which  confequently  is  the  P«)dua  of  forae  two  other  Numbers: 
For  every  Meafure  has  its  Reciprocal,  and  their  Produft  is  the  Number  meafurcd  by 
them^  uom  the  Nature  of  Divifion.  Thus,  3  meafures  12  by  4,  and  3  Times 
4  )fi  12. 

V.  Two  or  more  Numbers  are  laid  to  hc.Commenfurabhy  when,  they  have  fbmc 
common  Meafure  befides  i.  Thus,  (f :  p  are  Commenfurable,  becau(e  3  meafures 
them  both  ^  and  5,  lo,  15,  becaufb  5  meafures  them  all. 

VI.  Two  or  more  Numbers  are  faid  to  be  Incommenfurabk^  when  they  have  no 
common  Meafure  befides.  i,  as  3,  45  or  4,  ;,  6,     Such  Numbers  are  alio  faid  to  be> 
^rime  to  one  another,  or  among  themfelves  5  though  none  of  them  be  really  fPrime 
in  it  (elf. 

CoROL.  Two  or  more  Prime  Numbers  are  iHcommenfurable^  becaufc  they  have  no . 
Common  Meafure  but  u  '  Aiid  hence  again  ^  if  feveral  Number*,  A,  B,  C,  ^t.  arc 
Commensurable,  no  two  of  them  can  be  Prime  Numbers  5  and  if  one  of  them  is  a 
Prime,  it  mull  be  the  common  Meafure  qf  the  Whole,  elie  they. have  no  Meafure,, 
fince  that  Prime  has  no  other  .Meafure  befides  i. 

ScHOL.-  Tho*  Unity  is  a  common  Meafure  of  all  Numbers,  yet  the  Notion  of  Compo- 
fition  AXkdComf^cn/urapility  is  limited. ib  as  to  exclude  1  mm  being  a  Meafure :  For. 
fioce  I  meafures  aU  Numbers,:  if  this  were  admittedy.thete  wduidbe  no  fuch  Diftinfli- 
QQs  as  Prime  and  Compofite^  CommenfuraUe  and  Inc<mmenfurable..~  If  we- tako^ 
Compofition  in  the  lar^^efi  Senfe,  tl^ien.  Unity  i&  th^  f>nly  Number  whi^h  wc  can  call* 
Simple  9  all  others  being  CoUcflions  or  Compofitions  of  Units  :  But  this  Confideration, 
is  too  general  and  finiple  to  be  of  any  Ufe^  in«difi:overing  the  Properties  of  Numbers ; 
and  therefore  the  Compofition  heic  treated  of,  is  that  particular  Kind  which  depends^*, 
upon  Multiplication,  takei>rinrtsxiiore  proper  and  ^jbcl  Senfe,  as  applied  to  the  Re-. 

Etition  of  jkumbers,  or,  multiplying  them:by  ^Kurpbel:  greater  than  Unity  9  becauic 
luty  .ap'ply*d  as  a  lylultipUcar,  .makes^no  Altjeration  offthe  Ivlumbertto  which  it  i», 

Oiferve  aJfb,  That  Integral  Numbers  only  make  the  Subjefl  of  this  Chapter  : 
For  if  Fraftioiis  were  admitted,  then  there  is  x\o  Number,  either  Integra!  or  Fraiilio- 
nal,  but  Tome  Fraiftion  will  meafure  it.     For  £xample  5   Let  A  be  any  whole  Nura*^ 

bca?5  takeanyFrafllon  wh^fe  Numerator  is  r,  as  Jb,  it  wiH  meafure  A  5  the   Quote 

bc-ing^A:  "Agani,  let  rL.be  apy  Fra^ion,  'tis  meafurable  by  this  Fraaion  ---  ,    the; 

Qgotc   being— ^—;=?i^a,    A^^f^xi.  ob/erve^  that  tl^e  Diftinflioa  of  Fractions  into  Sim- 

*  AB         *     '     *  * 

pJ^  and  CompOdndi  explaineH  in  Book  H.*  is  npthing  like  this  Diftinflion  of  Prime 

nnd  Compofite;^  even- though  *^ulripHtarion  is  Concerned  in  that  Compofition  ^   Tor 

fhat  is-  merely^ a- Diftiiiftion  oT  two  diflferfcnr  Forms  of  exprcffing  the  fame  Quantity ; 

.  '^^VHr  •-  ^,  ^^  ?o^.— »  ^Tftbtu  the  &i^O:Xhmg  differently  conceived  and  cxprcf* 

i^  ji  80  that  it  wb  take  the  JiJotio^.  bf  Compofition  in  Cipncral,  aathe'jEffefl:  of  Mul- 

'      ^•"*    '  '  tiplic»iion^ 


3^6  Of!Prme  andOmfofite  NM>ers,  BookV. 

tiplication,  then  ^  is  a  compound  frafllonal  Namber,  tho*  exprelled  ina  fimpJcFonn : 

And  in  this  Senfe  we  can  call  that  only  a  Simple  Fraf^ion  winch  is  not  the  Ptodafi  of 
two  real  Fraftions,  proper  or  improper  (excluding  fuch  improper  ones  wbofe  Valueisan 
Integer,  and  not  a  mix^d  Number)  and  fuch  only  are  all  Fraftions,  whole  Denomina- 
tors arc  Compoiite  Numbers.    Examples  il  is  a  Simple  FradioD,  both  ki  Finn  fttid 

in  its  Nature  ^  bec^ufe  no  two  FiaSions  produce  it,  or  it  is  not  the  Pra£lioQ  of  a  Frsftioni 
but  this  -L  h  Simok  in.tts  Form,  and  in  its  Nature  Q)mpound  a  for  it  is  Lofly 

and  — s=^  of  ^^  <»  ^  of -i  I  And  this  Simplicity  and  Compofition  is  what  belongs 

to  Fractions,  but  has  nothing  to  do  in  the  Subjed  of  this  Chapter* 

Vli.  A  Numbekr  is  cal&ediiveMy  which  is  Meafurablc  by^  or  is aMukipk  cf  2 ; as 

1^  4,  6,  ^0. 
VIII.  A  Number  is  called  Odd^  whifih  is  dot  >feaiisraUe  by,  or  is  aot  a  Multiple 

-ofaj  as  5,  5,7,  ^c. 

COROLLARIES. 
9.  An  odd  Number  divided  by  i^  leaves  t  tf  Remainder. 

2.  Take  the  natiH^l  Prognaflfion  i  .  2  .  3  .  4,  t^c.  and  beginning;  at  2,  take  every 
t>ther  Number^  i.  e.  take  one  and  leave  the  next  continually,  anaib  you  have  the 
^hole  Series  of  even  Numbers,  2  .  4  .  (^  .  8  .  10,  &c.  'for  the  Series,  i,  2,  ^,  &c. 
having  t  for  the  common  Differetice,  die  DiAbrence  of  any  Term,  and  the  nc^ 
but  one,  is  2  5  confeqnently  bei^imiiig  at  2,  and  taking  every  other  Term,  we  liave  a 
^ries  di^ring  by  2  ;   which  begisning  with  2,  is  therefore  the  Series  of  Multiples  of 

2,  #.  e.  ^f  «Q  ew»  Numbeit.  Hence  ^ain,  if  we  b^a  at  3,  and  take  every  otbet 
Term,  as  ;,  5,  7,  p,  &c.  we  have  the  Series  of  odd  Nuntbers  5  which  proceeds  alfo 
by  the  coititnon  Difference  of  2. 

3.  If  we  take  the  natural  Progr^on,  i .  2  •  ;,  ($€.  and  double  each  Term  of  it,  the 
^ries  of  Produfb  is  the  Sieries  of  eve»  Nnmbors  ;  becaufe  it  is  Ae  Series  of  Moln- 
ples  of  2.  And  taking  the  iame  natural  Pliogteffion,  if  we  take  the^ums  of  every 
two  adjacent  Terms,  thu&  t*^%  t  2+3  :  S+4>.  ^c.  thefe  make  the  Series  of  m 
Numbers  3:5:7,  {{fr.  for  the  firft,  i-f-23S3  is  the  fitft  odd  Number,  and  tbcS^ 
Ties  proceeds  by  the  conftant  Difference  of  2  5  becaufe  every  two  adjacent  Sunn 
have  one  Pakt  common,  and  the  other  Parts  are  eidier  two  adjacent  odd  Numbers,  or 
two  adjacent  even  Numbers  5  which  difibring  by  2,  therefore  the  Series  of  Sums  dmer 
by  2  5  and  becaule  the  firft  is  ;.  they  muft  make  the  Series  cfodd  Nombets. 

4.  I  added  to  any  even  Numoer  ol*  fubftrafled  from  it,  nakcs  the  Aim  or  Remain- 
der the  next  greater  or  le£ter  odd  Number  ^  and  i  added  to  or  fubftraAed  fiom  any 
odd  Nutnber,  makes  the  Sum  or  Difierence  the  next  greater  0r  lefl^  even  Number.  A* 
gain,  2  added  to  or  fubftra£led  from  anv  even  or  oda  Number,  givibs  the  next  greater 
or  lefler  Number  which  is  Mo  even  cf  odd. 

5.  All  even  Numbers  have  a»  4^  (f,  8,  or  o,  in  the  Fkee  df  Units  if  thdy  exceed 

8  3  for  they  proceed  from  the  continual  Addition  of  a  to  it  (elf.  and  to  every  fooceed- 

ing  Sum  5  but  the  firft  of  them  are  thefe  a^^^*  6  .^8  .  10,  ana  conf^ueittl|r  die  is^ 
Figures        «    •      «  -  .      »•    .     ,     **^         -^*  -.        .     .         *    «  %t     l_- 

above 

making  the  £rft  5  odd  Numbers  thefib,  3, 5.  7,  9, xz,)  whence  it's  plain,  thattbe 

fame  Figures  wiU  continuaQj^  citodtte  in  the  Vmt  0f  vmti» 

5.  M 
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5.  AH  €vm  NombeiB,  except  %^  are  Compofitd.  ]Biit  rf  odi  NuinBcn  fome  are 
^rime^  as  j^  5,  7,  and  fome  Comi^e^  ^  9t  <5»  '<•  J^^  ^^^  ^  ^^  Series  of 
eve»  and  oJ^J  Numbers  comprehend  all  Numbers,  it  follows^  that, 

6.  AH  Vrime  Numbers  are  odd,  except  the  T^rime  2. 

ScHOL.  An  odd  Number  may  meafure  an  even^  as  3  meafures  1 2 :  But  an  even  can- 
not mea&re  an  odd.  AUb  the  Pioduft  of  two  0W0  NumberSi  or  an  odd  and  ec;^^, 
is  alwayt  e«vfli  $  a9  the  Produfi  of  tivo  add  iModd  \  the  Reafons  of  which  you  will 
learn  afterwards.  And  upon  thefe  Thines  are  founded  the  (bHowing  Definitions  y 
wheie^  aft  Compofit^  Numbers  are  divimd  into  evenly  even^  oddly  even^  and  oddly 
odd.    Thus: 

IX.  An  even  Number  is  called  evenly  even^  which  an  ^^n  Number  meafures  by  an 
9ven  Number,  or  is  produced  by  two  even  Numbers,  as  i2==:2X^,  and  %i^^^/^6. 

3C  An  even  Number  is  called  odd^  even^  which  an  odd  Number  meafures  by  an. 
#im  ;  or  is  produced  hymoM  and  even^  as  ifinsjX^. 

XL  An  odd  Compofite  Number  is  called  oddly  odd  ^  becaufe  an  odd  Number  mea- 
fiifts  it  by  ain  oddy  »  i  $^^i>^3)  or  it  is  pradoced  by  2  odd  Numbers. 

Otferve^  Becaufe  no  even  Number  meafures  un  odd ;  therefere  odd  Compofites  urc: 
bat  of  one  fii^ular  Species^  viz.  oddly  odd  5  thciefore  to  call  an  odd  Number  Compo^ 
JUe^  implies  od^  €^;  but  of  mm  Numbers  tfieie  is  a  Variety :  AMb  beAdes  the  pr* 
ceding  two  fleneml  DiAindioas,  it*s  remarkable,  that  fenye  of  then  are  evenly  even- 
oiily»  L  e.  £ey  ans  not  eXb  oddly  even  ^  as  83B2X4,  which  no  odd  Numben  can^ 
WEUBO&ac.  Some  of  them  are  oddly  even  only,  /.  e.  which  are  not  the  Produft  of  two 
even  Numbers^  as   X4>^2K7.    Laftiy,  ibme  ave  both  evenly  and  oddly  even^   as, 

f  2»r2X^Sn:}X4. 

Again,  ^ferve^  That  thoi^  i  may  anfWer  to  the  general  Definition  of  an  odd' 
Number  j  yet  it's  eitcluded  in  all  diat  MIows  efpecially  in  what  relates  to  the  three 
laft  Definitions  ^  becaufe  thefe  Names  imply  Compofite  Numbers,  in  which  i  is  no 
Component  Pallor  in  a.  proper  Senfe.  It's  true  indeed,  that  if  we  apply  i  as  an  odd 
NomDcr,  in  fome  of  the  following  ^eorems  tbey  wifll  ftill  be  true  5  but  then  iris  to» 
no  Purpofct  becaufe  they  will  comcide  with  feme  other  Thing. 

XII.  A  Number  is  called  (Perfeflf  which  is  equal  to  the  Sum  of  ail  its  ali^uep- 
Parts  5  as  ^=3+2+^,  which  are  all  the  aliquot  Parts  of  (T. 

XIII.  A  Number  is  called  Jbundant^  the  Sum  of  whole  eUqnoi  Parts  exceeds  it  y 
as  12,  wbofe  aHanetVextn  are  i4*a+3-f-4-+-(^s=sii^, 

XIV.  A  Number  is  called  deficient  ^  the  Sum.^whofe  aliquot'^^arts  is  le(s  than^ 
it  3  as  8|^  wbofe  dliquot  Parts  are  i4^-4-4>>=7'  ^ 

A  X  10  MS, 

%Ji,  If  a  Number,  A,  meafures  each  of  the  (ev>eral  Numbers,^,  B,  C,'  D,  ^c.  it  wiB^^ 
meaiure  their  Sum.  Ajid  if  it  meafure  them.  all.  but  one,  it  cannot  meafure  the; 
Sum. 

zd.  The  Number  A,,  which  meafures  the  Sum  of  two  Numbers^  .B^^>  ^^  ^^  ^^^^ 
lures  one  of  thefe  Numbers,  it  will  meafure  the  other-  alfo  $  or,  if  it  meaftires  the 
Sum  of  fevetal  Numben,  and  alio  each  of  the  Parts  to  one,  it  muft  meafure  that  one 

CoROL..  The  Sum  of  two  Numbers  is  Commenfurable  witheach  of  them  ^  or  it  is 
Inconunenfurable  with  each  of  them. 5  and  cjinnot  be  G)mmenfurable  with  the  one,, 
and  Inconunenfurable  with  .the  other  :  And  the  Gommenfurabiliiy  or  Incoamien{ura- 
bilitv  of  the  Sum  with  each  of  them,  is  according  as  they  are  to  one  another  Girhmen- 
fuMLole  ot  Inconunenfurable ;  and  reverfely,  as  the  Sum  is  Gomn^cnfuiiable  or  not  to 
each,  of  them,  {bare,  they  Commenfurable  or  not  to  one  another.. 

3i..Ths 
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3^.  The  Number  A,  diat  tnea&tcsanodser,  B,  meafures  all  the  KombcwtlrftB 
mcafures,  i,  e.  all  the  Multiples  t>f  B  $  and  what  is  meafurcd  by  Ay  -is fo  by- all  tfat 
aliquot  V^xts  of  A. 

COROLLARIES. 

1.  No  evert  Number  can  mcafure  any  odd  Number^  for  then  2^  which  meafures 
all  even  Numbers,  would  meafiire  an  odd  Number,  contrary  to  the  Definition  of  an 
odd  Number. 

2.  If  a  Number,  A,  is  a  Multiplexor  aliquot  Part'of  another,  B^  .which  ief^  Multiple 
or  aliquot  Part  of  another  C,  which  is  fo  of  another,  D,  and  fo  on  5  then  is  each  lener 
of  thefe  Numbers,  a  Multiple  or  aliquot  Part  of  all  the  greater,  i.  e.  A  of  B,  C,  D, 
^c.  B  of  C,  D,  5i?c. 

3.  From  this  and  j4x.  2.  follows,  that  if  one  Number,  A,  meafures  each  of  two  other 
Numbers,  B,  C,  it  will  alfo  meafure  the  Remainder  after  B  is  taken  out  of  C,  ^  oft 
as  poffible.  i   .  . 

4.th.  Of  whatever  Payors  laay  Number  is  compbs'd  by  Multiplication,  it  is  refolva- 
ble  into  the  fame  by  Divifion.^.#.  e,  it  is  meafurable:  by  each  of  thefe  Faflors,  or  the 
Produflof  any  two  or  more  of  them  ^  and  the  Quote  is  always  the  Product  of  aQ  the 
reft  of  them:  Thus,  ifN=^*XrXi,  thcnN-r-tf=a:*^i,  MdH-r-a^^cd. 

ScHOL.  A  Number  may  be  diftributed  into  Parts,  £0  that  though  another  Number 
can  meafure  none  of  thefe  Ports  .5  yet  it  may  meafure  the  Whole -:  But  if  it  meafures 
the  Whole,  it^s  always  poffible  to  feparatc  it. into  Paits,  each  of  which  that  Number 
will  meafure.  Again,  if  a  Number  meafiires  hone  of  .die  Pairs,  or  not  all  oTtbeni) 
and  yet  meafures  the  Whole,  it  muft  meafure  the  Sum  of  all  the  Remainders  that 
'happen  upon  the  Divifion  of  the  (everat  Parts  ^  for  thefe  being  taken  away,  it  mea- 
fures  what  remains  ^  and  meafuring  the  whole,  therefore  it  meafiires  the  Sum  of  thefe 
Remainders,  which  is  the  other  Part  of  the  Whole. 

PROBLEM    L 

Of  all  the  odd  Numbers,  not  exceeding  a  given  one,  to  diftineuifh  which  of  them 
-are  Vrime^  and  which  Compofite  5  and  confequently  to  find  whemer  any  odd  Number 
is  'Prime  or  Compojite. 

Rule.  Begin  with  the  Number  3,  and  take  the  ProgrefBon  of  odd  Numbers 
3>  5>  7>  9i  ii>  £^^'  ^ill  you.  have  the  given  Number-:  Then  beginning  at  3,  tbefirft 
^rime  odd  Number,  fet  fbme  Mar]^,  as  a  Point  or  Dafh  over  the  third  Term  after  it, 
and  over  the  third  Term  after  this,  and  fb  on  till  you  have  not  3  Tdrms 'within  the 
given  Limit.  Then  begin  at  5,  and  number  5  Terms  after  it,  fetting  the  fame 
MarJL  over  the  5  th,  and  over  the  5th  after  this,  and  fb  on  continually  as  long  as  you 
have  5  Terms  3  do  the  fame  from  all  the  following  Terms  7,  9^  ^c.  till  you  come  to 
one  after  which  you  cannot  find  as  many  Terms  as  it  exprefles.  And  obferve  that 
where,  in  the  Courfe  of  the  Work,  you  find  a  Mark  already,  you  need  not  put  a  new 
one.  The  Numbers  thus  marked,  are  all  Compofites^  the  others  not  .nlxxtkcA,  being 
all  Crimes. 

Exam.  To  find  all  the  Crimes  from  3  to  79,  they  are  thefe  j  q,  5,  7,  ii,  13,  iJi 
ip,  i?,  api  3^37,4i»43>47>  53»  5P»<^i><^7>  7i>  73i  7P5  ^  you  fee  them  maited 
in  this  Scheme  : 

•         ,•  •  •»  ••  • 

5  .  5  .  7  .  9  .  II  •  ij  .  15  .  17  •  19  .  21  .  23  .  25  .  a7. .  ip  .  31  ,  33  .  55  .  37  .  39  -4^  • 

43*45  •47'-49  .  5^  •  53  •  55  •  57  •  5P  •  ^^  •(^-3'^5*<^7  •  ^P  •  7^ -73  •  75  •  77  •  7^ 
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Demon.  Siocc  ai^  odd  Number  cannot  be  meafuiied  bv  an  even  {Corolh  I.  Jx,  Hid.) 
therc&re  if  an  odd  Number  m  compofitc,  it  is  a  Multiple  of  fomc  leffer  odd  Number 
by  fomc  other  5  and  hence  'tis  plain,  that  if  we  can  aiftingui/h  all  the  odd  Number* 
within  the  Limits  of  the  Queftion,  which  are  the  Multiples  of  each  odd  Number  I^ 
every  other,  we  have  all  the  Compolites  within  the  Limits  of  the  Queftion.  Now  that 
thefe  are  truly  found  by  the  Rule,  I  thus  prove : 

The  common  Difference .  in  the  Series  of  odd  Numbers  is  2  $  therefore  a  Term  di- 
ftant  from  any  Term,  as  far  as  this  Term  exprefles  (1.  e*  the  third  Term  after  3  ^  or 
fifth  ^ftcf  5,  S^fO  }^  the  Multiple  of  that  former  Term  by  3  5  for  it  exceeds  that  for- 
mer t>y  as  many  Times  2,  as  its  Diftance  from  that  fqrmer,  /.  e.  by  the  Multiple  of  that 
S>rmcr  by  2,  or  of  2  by  that^  and  confequently  it  is  3  Times  that  former.  Going 
one  Period  further,  according  to  the  Rule,  the  next  Term  we  mark  exceeds  the 
Term  laft  niarkcd,by  the  fame  Difference  as  it  does  the  firft  Term,  i.e.  b^  2  Times  that 
Bxi  Term  (becauf?  oquidiftant  Terms  taken  out  of  an  Arithmetical  Progreffion,  are 
equidLfferent.)  But  the  laft  marked  is  equal  to  three  Tipies  the  firft,  and  that  now 
marked  exceeds  the  preceding  by  two  Times  the  firft,  and  therefore  it  is  equal  to 
i-^Xf  or  5.TipiC8  the  firft :  For  tne  fame  Reafon  the  next  marked  will  be  5+2,  or  > 
Times  the  firft  ^  and  fo  on  in  the  Progreffion  of  odd  Numbers,  i»  e.  the  feveral  Term^ 
markedly  numbering  firom  every  Term,  are  the  Multiples  of  this  Term  by  all  the 
Terms  of  the  odd  Series  from  3.  Wherefore  we  have  found  all  the  Multiples,  not  exceed- 
ing the  ILdmits  of  the  Queftion,  of  c;very  odd  Number  by  every  odd  Number,  /.  e*  all  the 
oda  cbmpofite  Nunxbers  required  5  and  confequently  what  are  not  marked  are  all  primes 
,.  .Scholiums. 

'Fbat  the  Rule  and  Demonitration  of  this  Problem  might  not  be  too  embarafled  and 
difficult,  I  have  left  fbme  Things  to  be  explained  here,  by  which  the  Work  is  made  eafieiv 

1/7.  Of  the  Series  of  Compofites  numbered  from  3,  mark  the  fecond,  which  is  15, 

witn  a  double  Point  or  Da/h  ^  then  from  that  one  begin  the  Numbering  by  the  next 

pdd  Number  5,  .and  mark  the  fecond  of  this  new  Series  with  a  double  Mark  5  then 

from  thi3  one  begin  the  Numbering  by  the  next  odd  Number  7,  and  fo  on  through  all 

tbe  reft.    Thefe  Terms  doubly  marked  will  all  follow  one  another  in  order,  and 

therefore  *tis  always  the  laft  double  Mark  at  which  we  begin  for  the  next  Step.    Thua 

you  fee  them  marxed  in  the  precedmg  Example. 

The  Reafon  is  this :  Take  any  Term  of  the  odd  Series,  its  Multiples  by  each  of  the 
preceding  Lefler  coincide  with  the  Multiples  of  each  of  thefe  by  this  one.    Examfk: 
The  Multiples  of  7  by  3  and  5  are  the  fame  as  the  Multiples  of  3  and  5  by  7  ^  whence 
it  is  plain,  that  if  all  the  Multiples  of  all  the  Terms  precedinc  any  given  one  are  mark- 
ed, then  we  have  fb  many  of  the- Multiples  of  this  one  already  manced,  as  do  not  ex- 
ceed its  Produfl  into  the  preceding  Term  ^  and  fb  we  need  only  to  begin  at  this  Pro- 
clufl  in  numbering  by  this  Term.     But  again,  it  is  plain,  that  the  Produce  of  any  .Term' 
into  the  preceding,  and  its  Produfl  into  the  following,  will  have  but  one  Compofite 
betwixt  tncm,  viz.  the  Produft  of  that  Term,  into  it  fclfj  therefore  the  Produft  of 
srny  Term  Mi  to  the  preceding  is  the  fecond  after  the  Produ^  of  that  preceding  into  its 
preceding}   ticnce,  Lajlly^  if  we  mark  all  the  Multiples  of  3,  the  arft  odd  Number, 
^nd  begin  numbering  by  5  at  the  fecond  Compofite  from  3,  we  fhall  have  all  the  Mul- 
uples  of  ^ }  and  beginning  the  NumberinE  by  7  at  the  fecond  of  thele  numbered  by  5, 
^•'Q  fhall  nave  all  the  Multiples  of  7  j  anafb  on. 

li.  We  may  yet  favc  a  good  deal  of  trouble  in  writing  down  the  Series  of  odd  Num* 

rs,  by  this  Method  :     "^ 

Suppofe  the  given  Limit  be  pp,  write  down  the  Numbers,?!,  3,  5,  7,  p  is  one  Lrine, 

:koning  each  of  them  as  fimple  Units  j  in  a  Column  on  the  left  Hand  of  the^,  Writtd 
1^^  Scries  o^  i.  2.  3.  4.  j.  6.  ).  8.  j),  reckoning  each  of  thefe  as  fo  many  to's^  theji 

'    -'   '  '  XJu  draw 
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draw liinet  ftmnting  them,  as  in  the  v>°cx'ct'$elKnc>'iheSw<:ei 
made  by  the  croffln*  of  thcfe  Lines,  taken  U)  the  cmnnacd  Order 
of  theoddMumbsrsmitn  tkefirftS[KU;cin  the  upper  Cotncr  on  the 
left,  a^ainft  o,  and  under  x,  and  tiluobered  to  the  Ri^t  througli 
that  Line,  and  ft  fiicccflivelytbrQU^  the  reft  of  dieLinct,  aiecBc 
Placet  in  which  all  the  odd  Numbers,  fet  down  one  after  UQi;hcr 
in  order  fiom  i  to  jiji,  would  ftand :  And  without  writing  them 
down,  their  Placo  arc  known  thiu  ^  take  the  ^^^rc  in  the 
Place  of  lo's  of  any  Number  in  the  Celutnn  gn  the  left  Hand, 
and  the  Figure  in  the  Place  of  CJnita  in  the  upper  Line  ;  tfien 
the  Sp^ce  where  the  Line  of  Spacoa  from  the  Figoic  «i  the  Pticc 
ofiQfl,  and  the  Column  of  Spacea  from  the  Figure  in  the  Phce 
of  Unirt,  do  meet,  is  the  Place  of  that  Number.  Whcrefcre  if 
we  bc^in  at  the  Space  under  ;  in  the  ihft  Line  of  Spaces,  ind 
number  the  Spaces  in  order  from  lliis  towards  die  right  Hiod 
through  every  Lioe,  and  ipark  the  Snices  ai  before  we  did  tbc 
Numbers  rsprcftntcd  bv  thefe  Spacc%  wc  OiaH  hare  the  Primea  and  Canipofitn  tbc 
fane  Way  diftinguifhed ;  with  this  phin  Adrantage  of  Eafe  in  the  Wort,  that  we 
have  n«jt  the  Trpuble  ot  writing  down  aH  the  odiTNumbers  fcpararcly.  There  ate 
wher  Advantages  of  this  MethocC  which  YOu'H  learn  afterwards. 

Anin,  If  the  Limit  be  9519,  carry  on  tncodd  Numbers  upon  the  nj^er  Line  to  y;  ^ 
•ad  iBc  Series  o.i.3.3.4.5,tf.7.8-.9ontbe  Left,  reprefcnts  lOo's. 

Bv  this  you'll  eafilj  perceiyc,  how  the  Table  may  be  made  W  any  Limit.  Afier- 
wards  (fee  'PrcU.  IlQ  you'U  flpd  a  Table  carried  to  5195,  with  other  Work  apon  it, 
to  Icrve  other  ulefiil  Purpolcs. 

5i*.  *hcB  you  begin  to.  number  by  anyTerm,  fee  firft  if  it  be  a  Prime  or  Ounpofite, 
which  the  Table  will-  fhew,  according  as  the  Place  of  jt  is  igarked  or  not  j  fix  all  the 
CotnpoGi-cs  wwhtn  the  Limits  affigned^  which  do  not  exceed  the  Produil  of  thii  Tern 
intu  tnc  jBYcedmg  fand  in  ftme  Cafts  fome  that  do  exceed  this  Produftj  arc  slready 
marked ;  and  thcrelbre  if  this  Term  is  Cnnpofite  it  is  already  marked  :  Then  if  the 
fupuofed  Term  is  a  Prime,  you  muft  go  on  r»y  the  Rule  5  but  if  it  is  Compofite,  all 
its  Multiples  arc  already  mafkcti,  becaufe  they  are  ajlo  Multiples  of  any  of  its  compo- 
nent Pans,  and  all  the  Jyjuhiples  of  thcfc  are  already  markcif ;  Only  it  wiH  be  nccef- 
fary  to  nutnbcr  out  the  firft  two  Periods,  that  the  fccond  Compofite  in  numberiog  by 
riiis  Term  may  be  doubly  marked,  in  order  to  know  where  to  Begin  for  the  next 
Term. 

4/*.  If  ic  be  propefed  to  find,  Whether  any  given  odd  Number  be  Prime  or  Compofite, 
it  will  not  be  always  neccflary  to  find  all  the  Primes  and  Compolites  within  tut  Li- 
mit ;  for  if  in  the  Courfc  of  the  Work  the  Mark  of  a  CompoTuc  foils  upon  the  given 
Number,  we  ha»e  the  Queftion  folved,  and  there  wc  may  flop.  And  if  you  have  al- 
ready a  Table  made,  there  you  have  the  Qucftion  folved  for  all  Numbers  not  eioccd- 
ing  the  Limits  of  the  Queftion.  AfterwaSfe  (fee  Coroll.  ^robl.  HI.)  youll  fee  aao- 
ther  Method' of  finding  whether  a  Number  be  Prime  or  Compofite,  without  carryii^  a 
Tabic  lb  fer  as  the  given  Number. 

5rA.The  kft  Remark  I  make  on  this  QHcftion  is,  That  all  Numbers  which  h»e  j  in 
die  Place  of  Units^  as  ij,  15,  ;j,  iSc.  are  Compoflte  Numbers  mcaflirable  by  j ;  f*'*^ 
that  5  in  the  Place  of  Units  be  taken  away,  what  remains  has  o  in  the  Place  of  Units, 
and  fois  a  Multiple  of  10,  and  conG^uently  a  Multiple  of  5  j  therefore  5  which  ncafurea 
both  the  Pans  does  alio  meafure  the  whole ;  fo  5  m^fures  14P  aijd  j^ihercfurc  it 
aie«furc8  145.  Amin,  a  Number  which  has'  any  Figure,  except  i,  in  aD  its  Pla«s, 
ktCampawc  a^wfluraMe  by  that  Figurej  fc  jjjasmxj.  j777=*:tiiiX7i  but"  " 


i$injsill  its  Placosi  the  19mnber  is  Prime  id ibifte  fjB&%  imiinfbmeCohipofitd^  fi^ci 
it  Prune) .  iii  is  Compofitei  &r  it  is  ^^S^JT* 

.     ^  PROBLEM  11. 

To  ^ndi^  if  (Wo  or  nme  fpven  ^amben  ace  ComkBenfiitable  or.  Iii€ommenfiinibfe  | 
«ad>W  ii^^irgMteft.ccnimon  Mccfti^ 

,  the  Rule  and  Roifon  of  thjs  Caie  we  have  already  ezt>laanM  l^ook  U.  Chigp.  VL\ 
^robl.  v.]  where  it  is  taught  how  to  reduce  a  Fradlion  to  its  loweft  Terms  Isf  firft 
fining,  ^e  ^?etf  tail  coniikioii  Meafure  to  its  Mumdratdr  arid  DenomiiiatoK  I  ihall  thdre* 
Ipre  rcier  v^  t\m  Pk^,  and  draw  fioiii  it  thefe  CoroUaries, 

:  COROIiLARIEp. 

ifi.  Whatever  Number  meafures  any  two  Nnxiibets  A,  B,  it  will  alio  meafiife  titei^ 

Seatcft  common  Meafure.  tf  you  look  back  to  the  Rule  aAd  Operation  referred  tO| 
is  Confequence  will  be  evident.  For  whatever  isfelifUres  the  given  Numbers,  #.  e. 
the  firft^Divi^nd  aad-Ditiior^meafifreaalfe  the  6*0:  Remainder  (C&rAlL  jlx.IlL}  koA 
Goflieaia^ndy  it  thedfxtrti.  the  fee(ted .  Ilivifiir  (wbich  is  tUc  firft  Remainder^  and  th^ 
lecond  Dividend  Cwhich  is  the  firft  Divifbr"!  and  fb  on  throuah  all  the  fucceeding  D&*^ 
TifiMand  Cttvidonds  to  the  kUTDrriAi^  wnioh  is  the  grdateft  common  Measfore. 

JExam.  The gifeateflreomotoii  Mealiue  of 84 and  iy6vBi%  $and  becaafe the  Nomberd 
^f  3»  4>  j5  del  meafure  hedk  84  aitid  15^,  therefore  they  meafiuv  la. 

2.4  Two  Mumbera^  vrhoTe  Dififereiice  is.  i^  aoe  R^kitive  Primes,  fqf  their  greateft  eona« 
men  M^aluse  h  j,  this  bein§  the  very  &:ft  Remainaer.  A^d  for  the  faftne  Reafon  any 
S^ies  of  Numfoecs  didBering  contiinudly  by  2,  areieiatiye  Primes^  fii^e  no  two  of 
diem,  wbofc  Difference  is  i,  can  have  any  otiier  cominon  A^fure- 

gr^  Twb'  odd  Nunib)l;ri  d^efih^'  b^  'i  ^e  Indbnimehfurable  i  for  die  firft  kemain^ 
der  is  2,  and  the  fecond  is  i.  Hence  alfo  any.  Series,  of  odd  Numbers  diflering  by  2  ai^ 
InWtftttifenfuraMe.    1 

4/^  If  two  Numbers,  A,  B,  are  Incommenliirable,  then  when  any  Multiple  of  the 
Icfier,  A;  as  nh^  is  taken  outf  of  tkegrecitef ,  %  ttie  Remainder  ir^nK  is  either  i^,  o^ 
a  Number  Incommenfurable  to  A :  F6r  if  any  Number  i^eafure  A«  it  will  meafure  nK^ 
and  if  it  alfb  meafure  h^»A  it  will  n^eiifinre  B  ^  and  fb^  B  would  b^Goo^enfiirable^ 
contrary  to  Suppoiition., 

Rule.  Find  the  greateft  ccfmnidh  Me^TuiU  tb  atiiy  tWd  of .  tHeM  ^  thidh  find  the 
{kmfx Ibr  the  Nufnbef  now  fbotifd,  ai)d  any  otiier  of  thb  givdn^  ^tithbcnV  ^nd  a(g^in^ 
for  the  laft  found,  and  an3ther  of  the  given  Numbers  3'  &A  fS  M,  iillptii'  haVc  gbne 
through  them  all,  and  the  laft  found  is  the  Number  fought. 
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Exam.  The  gre^ft  i6hjhi6n^  MeaTure  of  24,  40.  jx^.is  4,  found 

thus  j'  4«  ^a<dCcMWa!Ml'  mmne  tf  24  i  Wii  4,  M9  ihait  A  8 

and  5a  is  4,  .  ,  ••  '•  •  -'^  '  '' 

7»     /^     tS     Hif/    h       dfeMdW.  r*.  Siftce  ik  WelafiftW  X}  B.  akd  H  mc^furea 

xh'  n      o'  Uc     ''   *^''®'  ^^*^^  f^  iAimHsm,-^  C'CA.  III.}-  AgM,  b 
'  I    mcafures  n,  D,  and  «  n^eafurps  A',  Bj'O, .  therefore  0  mea- 

Av  B;<Ji  D }  'a«d  (S  It  pftit«igds 'fof  6v«ii  .»t  ffi  ^*»  ^hiUgi'lBi^A'tf  irfiHS  Gbc-  " 
<»ridaUa^cdtam«tt'fif(ilti^r6'*Utlte^i%ifKkiitfie!^^  :o:;u..  .3  5  ; 

for,   what meafiues  A,  B  taeafuresw,  and  what  meafure*  my'Lt&iS^^^^t'fJ^.'t. 

U  u  »  Cafi 
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C^fe  I.)  tliefefore  what  meafures  A,  B»  C,  medbres  »,  and'  confequenfly  it  is  not 
greater  than  »,  which  is  thcrcfiwe  the  grcateft  common  Meafure  of  A,  B,  C.  Again, 
what  mcafurcs  A,  B,  C  mcafurea  n  (by  the  laft  Step^  and  what  mcafurcs  »,  D  mcafurcs 
0  {Cor.  L  Cafe  I.)  therefore  what  meafurea  A,  B,  C,  D,  mcafurcs  o^  and  confcoucntly 
|0  iot  greater  than  o,  >vhich  therefim  Is  the  greateft  common  Meafure  cf  A,  B,  C,  D. 

The  fame  Rcafoning  is  manifeftly  good  from  one  Step  taattotber  for  ever  5  front 
which  we  have  plainly  gained  the  foHowmg  Truth,  viz. 

CoROLL.  ^th.  Whatever  meafures  any  Numbers  A,  B,  C,  C?r.  meafurcs  their  great- 
eft  common  Meafure  j  fo  that  all  their  other  common  Meafures  are  aUquot  Parts-of  the 
grcateft. 

SciiOL.  An  Integer  being  divided  by  a  mixt  Number  left  than  it  felf  may  quote  an 
Integer,  and  upon  that  Account  we  may  fay,  diat  the  mixt  Kumber  meaiures  the 
other  5  fo  that  a  mixt  Number  may  be  the  common  Meafure  of  two  or  more  Integers. 
For  ExamplCy  18  and  14  being  divided  by  if  or  f  quote  12,  itf".  But  from  the  pre- 
ceding Dcmonftrations  we  learn  thefe  Truths :  '      ' 

COROLLARIES;  v 

6th.  A  mixt  Number  can  never  be  the  greateft  'common  Meafiire  of  two  Integers  f 
for  it's  fliewn,  that  this  muft  be  an  Integer,  viz.  the  laft  Remainder  of  a  Divifion 
of  Inc^ers  :  Hence  aeain^ 

-jth.  No  mixt  Number  can  be  thd  greateft  common .  Meafure  vof  any  Number  of  lo- 
tegorSy.  for,  then  it  might  alfo  be  the  greateft  common  Meafure  of  two  Integers. 

Srh.  Two  Integers  which  have  not  another  common  Meafure  in  Integers  but  i,  have 
not  one  of  any  kind,  except,  perhaps,  an  aliquot  ^tsJB^fXi^  (viz.  iuch  as  has  i  for  its 
Numerator)  or  fbme  equivalent  one^  for  i  bemg  their  oreateft  Meafure,  no  other  Num-^ 
bcr  can  meafure  them>  except  it  be  n  proper  Frafiion  ^  but  no  other  than  an  alkjmf  f  <^- 

flijon  can  dojt:  Foi'fupjpofe  any  other^  as-^,  if  it  meafures  A,  B»  it  mcafurcs  alfo  their 


n 


greateft  Meafure  i^  which  is  impoflible  3  becaufe  the  Quote  of  i  by  _  is  -., whichfan- 

ft      a 


A 

not  be  equal  to  an  Integer. precifely,  for  then  .  would  be  equal  to  an  ali^tTtt- 

Sion,.  j.^.iiippafe  ?.»sr  ofe  1,  then  is    -=-,  contrary  to  Suppofition 

a  I  H      T 

S^tb.    Integers  that  have  a  mixt  common  Meafure,    have  alfo  an  Integral  one 

greater  than  i  j  for  their  greateft  muft  be  an  Integer,  and  it  muft  be  greater  than  i, 

becaufe  a  mixt  Number^  which  is  always  greater  than  i,  is  fuppofed  to  meafure  them. 

But  otferve^  Two  Numbers  may  have  an  integral  common  Meafure  greater  than  i, 

and  yet  nave  ip  mixt  common  Meafure* 

■ 
*  • 

Theorem  L; 
Svery  Piitne  Number,  A,  is  Incommenfurablc  with  every  Number,  B,  which  it  docy 
not  meafure.  * 

Demon.  If  A,B,  are  Commenfurable,  then  either  A  or  fomc  other 
Number  meafures  them  both  5  either,  of  which  is  contrary  to  the  Sup- 
pofition.  '         .  . 

CoROLx^.  Of  feveral,  Numbers  A^  B,  C.  ($c.  if  one  of  t^epi,  as  A,  is  a  Primj,.  **/ 
the  common  Meafure  of  the  who!?,  elfc  they  Hre  Inco'mnftcnfucablcr  And  ^^j^^ 
incase  the  whole,  itistl^eir  gEeateil  and  0%  commpn  MjCaf^fc^il^ecf^Hi^  it  fcif  has 
•t  oth^r  Mcjifure  but  !•  ,.  - 

••       '      i    i  T  H  E- 
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If  a  Mumbefy  A^meafures  one,  B,  of  two  Nombors,  B»  C,  that  are  Incommenfurable  $ 
it  is  Incommenfurabk  with  the  other,  C* 

Demon.  If  any  Number  meafttrea  both  A  and  C,  it  will  alio  mea- 
fure  B,  which  A.doth  meafure  (^^x.  3.)  therefore  B,  C  are  Commcn- 
furable,  contrary*  to- Suppofition. 
Obfitve^  The  Reverfe  will  not  always  hold  5  for  tho*  A  \%  Incommenfurable  with  C, . 
it  does  not  follow  that  it  wiU  meafiue  A  5  becaufe  it  may  be  Incommenfurable  to  both  > 
A  and  C  3  as  in  Cafe  A  be  =5. 

Theohem   III. 
Numbers  a^  by  c^  &c.  that  are  leaft  in  their  Ratios,  are  like  aliquot  Parts  of,  or  do  > 
e<juafly  meafure,  any  other  Numbers,  A,  B,  C,  ^c.  that  are  in  the  fame  Ratios  refpe- 
&x^tlyy  that  iSy  d  Meafiirct  A,  and  /»  meafures  B,  ^e.  eoually.    Alfo^  the  Number  < 
by  which  they  meafure  them  is  the  gieateft  common  Meafure  of  A,  B,  C,  i^c.    Re- 
verfely^  The  greateft  common  Meagre  of  certain  Numbers  A,  B,  C,  ^c.  meafures* 
diem  by  Numbers  ^,  ^,  r,.&c.  that  are  leaft  in  the  fame  Ratios. 


2)ividettdi, 6   .  s  ,  li  .z± 
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DemonJ  r^.  SinoC)  a  ib  i  i  A .:  B, .  and  b\c  x  x 
B  I  C,  &c.  i  then  alternately  ^ :  A  :  :  ^  ;  B;  alfo  b  : . 

a     b      c 
Now  if  we  fuppofe  that  thefe  equal  Quotes  are*- 
not  Integral  ^or  if  a  does  not  meafure  A,  €S?r. )  yet  ^ 
bccaufc.thcy  arc  equal,  therefore  the  integral  Part  is. 
the  fame,  and  ffa  alfo' b  the  Fraftion,     Let  the  Remainders  of  the.Divifions  ber,  5, 

r,  iSc,  then*  thefe  Fradfens^are, .  -.ps^st-,  5J?<r.    but  being  r  proper  Fmflions  the* 

Numerators  r^  x,  /,  I5c.  arc-Iefs  than  tbcir  Denominaators  ^,  b^  c^  ^c*  and  being  equaL 
Fra^ioi^  they  arc  rcfpcftivcly  in  the  fame  Ratios,  i.  e,  r  :  $  ;  :  a  :  by  and  s  i  t : :  b  ;  c^ 
hence  ^  by  r,  ^c^  are  not  leaft  in  their  Ratios,  contrary  to  Suppofition  j  and  therefore 
ay  by  Cy  ^c*  muft  meaUir^  A,  B,  C,  equally.  Again,  the  Quote  q  is-  the  greateft 
common  Meafure  of  A,  B,  C,  ^c'  for  whatever  it  be,  it  jncafiires  A\  Bj  C,  5?^1  by  the 
fame  Numbers  which  were  beifbre  the  Divifors,  viz.  ^,  by  Cy  &c.  (from  the  Nature  of 
DiviEon.)  But  if  A,  B,*C,  ^'c.  are  divided  by  any  Number,  the  Quotes  are  alfo  in  the 
fame  Rario  (from  the  Nature  of  Ratios.)  Alfo  the  greateft  common  Meafure  muft  give 
Icfler  Quotes  than  any  other  Meafure,  and  therefore  either  q  is  the  greateft  common 
iMeafurc,  or  ay  by  c  are  not  the  leaft  in  their  Ratios  :  But  ay  by  Cy  &c.  arc  leaft  in  their. 
Ratios,  therefore  q  is  the  greateft  common  Meafure. 

The  Reverfe  of^the  Theorem  is  manifcft  from  the  Nature  of  Divifion. 

ScHOL.  Thpug^  Numbers  a^py  Cy  J,  do  equally  meafure  otheos.  A,  B,  C,  D,  ^nd  ' 
{6  are  1  ike,  ^//^^c^/  Parts  of  them,  it  does  not  foDoW  that  they  are  leaft  in  their  Ratios  5  , 
for  in  order  to  this,  they  muft  meafure  them  by  their  greateft  common  Meafure. 

CPROLLARIRS. 

ifi.  Numbers  that  are  not  leaft  in  their  Ratios  are  Equimultiples  of  filch  as  are  fo,  . 
becaufc  thefe  are  like  aliquot  Parts  of  the  others. 

2d.  Here,  we  hare  another  Proof  ^at  a  Fra^Uiw  cgn  never  be  the  greateft-common 
Meafure  of  fevejal  Integers^  for  then  the  leaft  in  their  Ratios  would  not  meafure  other  : 
K  umbers  in- the  fame  Ratios^  as  they  muft  do  by  what  has  no#  been  Acwn. 
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)i.  We  learn  here  how  to  find  Numbers  that  are  leaft  in  the  iame  Ratios  with  other 

fivcn  Numbers,  viz.  by  finding  the  scateft  cofnaioii  Meafure  to  thefc  given  Nam- 
ers,  and  by  it  dinding  thein,  the  Quotes  aip  the  NmnbMS  iwght)  to  the  leaft  in 
the  fame  Ratios  with  9:15;  ii,  are  9  : 5  :  79  for  (nhc  grcatoft  cbouatm  Msafiuc  of 
the  bmct  is  )»  aind  the  Quotes  isurc  }.  $.  7. 

*  4 

T  H  E  O  tl  E  M    IV.      > 

Kumbets  « » ^,  ^,  d,  &c.  tb^  are  leaft  in  their  Ratios^  are  Ineomtienibrable ;  aod 
the  Reverfe^  IncoimaienfMrables  are  leaft  in  their  Ratios. 

j  Demon.  If  d^  by  Cy  d,  are  Commcnfurable^  tiled  bein^  divided  by 
Ay  by  Cy  iy  their  common  Meafurei  the  Quotes  will  be  in  the  fame  iUtios,  and  al- 
2,iy6y  ly         £0  lefllr  Numbers  3  tbereioso  l^  b^  C^  iy  are  not  the  leaft»  contrary  to 

Suppofitiom 

For  the  Rgver/ky  If  the  leaft  N«mberfr  in  tl^a  €m»t'  Ratios  wtfib  ^t.  h  ^*.  !^^  ^^ 
than  they,  then  will  tbefe  Numbers  equally  oveafur^  tbcm^  by  their  groateft  cohimon 
Meafure  (Tl^eo.  I  A.  But^i^  ^^  &c.  being  InCMMneoiUrabk,  have  no  commm  Meafure  > 
thciefecc  thciy  are  leaft  in  their  Ratios. 

COROll^ARtES. 

1,(1.  Singe  Kambois  beiitt  leaft  in  their  Ratios^  md  bciAg  titeoniineitfurablet  do  pecef- 
farily  follow  from  one  asother,  we  may  put  any  of  thefe  m  |ilace  of  the.  Other  in  any 
Propofitions  ^  particularly  in  the  precedmg  Theorem  3  to  that  if  Numbera  tf,  by  Cy  60s. 
are  Incoaunenfurable^  they  do  CQJ^ly  meafure  any  others  m  the  fiune  Ratios  A,  fi,  C, 
^C'  and  hence  all  the  Allowing  CoroUaries. 

ad.  If  Kiunbers  tf,  by  Cy  &c.  axe  Incommenfurable^  others  in  the  Hune  Rati^  A, 
B^  C,  ^c.  are  Commenfurable,  and  alfo  all  CompofitiS  ^hr  Ay  b^  c,  &c.  do  c^ally 
meafure  them,  and  the  common  Quote  does  reciprocally  meafure  each  of  them  3  whicki 
therefore  are  both  G)maDenluraUe,  and  att  CompafiffS.    Hence  again, 

jd*  If  four  Kun^hers  are  : :  /,  ii :  ^ : :  A :  B,  no  three  of  them  can  be  prime  Kum- 
bcr:^,  nor  confequently  the  whole  3  [or  thus,  to  three  prime  Numbers  a  fourth  t :  /can't 
}fe  a  whole  Number}  for  if  Ay  by,  are  Primes,  they  are  Incommenfurable,  and  %  A,  B, 
ve  both  Compofites.  Whence  again,  if  three  Mumbers  are  : :  /,  A,  fi,  C  (or  A: :  B : : 
B :  C)  none  oi  the  Extremes  with  the  middle  Term,  nor  confequently  all  three,  can  be 
Primes  [#.  e.  to  two  Primes,  A,  B,  a  third  : :  /  can't  be  an  hitegerj  for  it  A,  B,  arc  Primes, 
chej-efbre  B,  C,  are  Compofites,  €0  that  fi  is  both  Ptime  and  CompoiSte  3  which  is 
abfurd. 

In  another  Place  (fee  T'beo.  XXII.  Ccr.  IIL)  youH  fee  it  demonlbated,  thatbctwi^tt 
two  Primes  there  can't  be  a  geometrical  Mean,  either  in  whole  Numbers  or  Fra- 
ftions. 

Th  EOSLBM    V. 

If  any  Numbers  A,  B,  C,  ^c.  Incoramenfurabfe,  are  meafurcd  by  other  Numben 
Ay  By  Cy  ^c.  (/.  6.  A  by  ^  and  B  by  by  &^.)  thefc  kft  are  neither  io^  th<  fitnc  Ra- 
tios with  the  former,  nor  do  they  meafure  them  equally,  nor,  LapTy\  arc  they  Com* 
menfurable.  ^  .  \ 

Demon-  Ay  b^  Cy  can't  be  in  the  fame  Ratios  with  A,  B,  C,  ^c:  for  fince  they  mea- 
fure them,  it  would -follow,  that  they  meafure  them  eqws^y  3,  Becaufc  if  ^  ;  4  s  J  *•  B 

then  ~-s_  3  an  J  whatever  the-  cottMMti' Quorc^  kit  will  secsprocsUy  meafiite  A,  6, 

C,  which  con^cqvieiitly  ave,mt:  biaomniienfiirable.    Agj^in,  whatever  be  the  Kari^^ 

Ay  by  Cy  if  they  meafure  A,  B,  C,  equally,  the  Quote  wilt  reciprocally  meafure  AjB,C, 

which 
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which  therefore  are  not  Incomracnfurablc.  Laftly^  If  a^  b^  Cy  arc  Commenfurable, 
their  common  Meafure  muft  meafiiFe  A;  B,  C,  which  they  meafure  |  confequently  A^ 
By  C^  are  not*  Incgcnmenfurabte.  And  ikktte^  that  thi»  hft  Article  docs  aHb  pfove 
the  firft  5  for  if  ^,  h^  c^  and  A,  B,  C,  are  both  Incoprnxenfurable,  they  can't  be  in  the 
fittM  Ratios. 

Theorem  VI. 

If  a  Numbc]^,  A,  meafures  the  Produft  of  two  others,  B,  C,  and  is  Incommenfurac- 
ble  to  one  of  them,  it  will  noc  only  be  Commeitfurable  with  the  other,  but  alfo  mea- 
&wi«. 

Skmon.  Z^  A  meafufo  BC  by  D,  then  h  it  A  :B: :  C:]>$  but  if  A,  B,  are 
Incommenfurable  (or  leaft  in  their  Ratio)  therefore  A  meafures  C,  and  fi  meafures  0 
equally^  by  the  ldt» 

COROLLARIES. 

xj2»  If  a  NttnAev,  A^  meafures  the  Produft  of  two  Paftonr  B.  C,  (i.  e.  if  (cm  Num- 
htm  ttt-i  xj,  A  :^  &: :  C :  I>)  then  will  it  either  meafirre  one  of  thcn^  FaAors,  B  or  C^ 
or  be  Commtefurable  to  each  of  them  ^  for  if  it's  Incommenfuiabb  ro  anyone  of  them,., 
it  mcaliires  the  other.  But  if  A  is  a  prime  Number,,  and  meafures  BC  it  will  ne- 
ceflarily  meafure  B  or  C  $  for  if  it  do  not  meafure  B,  it  is  Ini^ommenfurable  to  it  (by 
^iTlfeor^  i)  aad  confequently  meafures  G,  by  this  Theorem. 

ftj.lf  a  Number,  A,  ie  Incommeiiftirable  to  eaclrof  tW6  Pa^tv  Band  C,  or  if  it's  Tn- 
commenfiiraUli  to  the  ene,  and  does  not'  meafore  the  other,,  it  dEtanot  iiifcafuitt  the 
Produfl  (#.  e.  A,  B>, C,  being  Integers,. and  A  :  B:  :  C: D;  then  A  being  Ineemmen- 
IsmU^e  to  both  B  and  C,  or  Ineommenfnrabte  to  the  one,  and  not  meafuring  the 
Misery  D  i»  t)ot  an  Integer  i)  for  if  it  meafore^  the  ^toixidt  (i.  e.  if  D  be  alTo  an  In* 
tttgsr)  and  is*  IncomntemUrabie  to^  one  of  the  Faftocs,^  it  meafures^  the  other,  and  Co  i^ 
hm  Incommenfiirable  to  it :  Both"  costiary  to  Sixppolition.    Hence  agiiin, 

^d.  If  A  is  Incommenfurable  to  B,  it  ciin'>t  tne^re  the  Square  of  S,  L  e..  a  third  : :  V 
to  two  Numbers  A,  B,  that  are  Incommenfurable,  can't  be  found  in  Integers. 

ScHOL.  As  A's  being  IncomraeniuraKle to  bofh'B  and  C  Js  a.  certain  Confequence oC 
fhoiT' being  aB  three  prime  Numbers,  fo  Cored'.  %S.  T^eo.  X^.  is  in  eflfeft*  comprehend- 
ed in  the  preceding- uorotf.  at^.  ...... 

Ag^in^  though  three  Numbers^  be  Incommenfhntble  fwhrcb  is  a  i^Softc^m  Tbina: 
from  oiie  «f  tta»  being,  fo  \^  eiidi^  of  the:  other  two)  yet?  u  may  be  inte^l  j^  aF«r  tihoie. 

Further,  in  the  various  Gi^ttmrffencet.of  A,  B>.C,  being  all  Cbrfipoffte  NVittibfers>  of 
mly  Gommenforable,  Ol>firue{i^)  Thar  thdogh  they  are  al!  Compofitcs,  yet  a  fourth 
in  Integers  may  be  inspofflbie,  feccaufe.  A^^  may  be  Incommenfara^&te  to  both  Band  C,., 
which  IS  coniiftent  with  their  beinj^  all  Compoiites,  as  in  thefe  4,  6^  9.    (^^0  Though^ 
they  are  all  Compofites,  and  alia  Cctemen&rable^  yet  a  ^tk  Integral-  may  be  jm** 
ponbte^  as- in  tbefo^  ^.  r  10: :  14,  to  which  z  ^h,  i<  rj  |.    But  ttt' i^derftand  Ae 
general  Reafon  of  this j  and  what  Circumfftanccs  of  their* Compofition  makes  it  fo^  dc- 
pendsvupofvfome  other  Principles' than  wehavcjct  heard^  and  which  you  will  ffnd.aC- 
atrwattls  (iht'StM:  III.  y>&^(?.. XXIII.  J  where  Ffliall'  fhcw  you  th6  gpncral  Charafter 
upon  which  dependij    the    4th's   being   fotegraV  or  not      Lajityy  obfervc,    That 
^b<?  th*ee  given  Ntmtbers  being  GotitoenfuraWe,  iPtfte^flrft  of  thciti,  A,  is  a  prime 
Kmnber^  then  is-  &  alwaw  aft  integer  j  for  in  this  G^fc  A  is  the  common  Meafure,^ 
andbecaiiGt  it  meafures  B  and^C  it  will  aifcMacafurc  BC  fi  that  D,  which,  is  the." 
Qmccj  isaitliittiger.v 

Taiuj*- 
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T  H  £  O  R  £  M     VII. 

The  leaft  Number  A,  which  mcafu$c<  aay  compofite  t^umber  B^  muft  be«  prime 
Number. 

Demon.  If  A  Is  a  Compofite,  then  its  component  Pacts  will  mca- 
fure  B  (j^x.  ^.)  and  coniequently  A  is  not  the  leaft  which  mea- 


A=j.     B=i5 


Demon.  Let  A,  B,  Q  S^c*  be  any  Number  of  Primes, 
whofe  continual  ProduA  is  P,  to  which  add  t  5  then  if  P-f-i 
is  a  Prime,  'tis  plainly  different  from  the  given  ones  ^  but  if 


(ures  B,  contrary  to  Suppofition. 

COROLLARIES. 

1/7.  Some  prime  Number  mcafures  every  G>mpofite  y  or,  cvenr  Compofite  is  mea* 
fured  by  (1.  e.  is  the  Multiple  of)  fome  Prime  5  for  therp  muit  ht  a  leaft  Meafoie, 
and  that  muft  be  prime. 

id.  Every  "Number  is  either  a  Prime,  or  may  be  meafured  by  fiime  Prime.  ^ 
3^.  Commenfurable  Numbers  have  {bme  prime  common  Meafure  ^  for  their  com- 
mon Meafure  is  either  a  Prime,  or  fome  Prime  mearnres  it,  which  therefore  will  mea- 
fure  thefe  Gotnpefites  :  And  hence  alfo,  iC  they  have  feveral  comm^  M^afutcs,  the 
leaft  of  them  is  a  prime  Number.  Rjsverfely^  Numbets  that  have  xio  prime  cpmmoii 
Meafure  are  IncommenfuraBle. 

Theorem  VIII. 
There  are  an  infinite 'Number  of  prime  Numbers  :  Or  thus,  no  Number  of  Prim(» 
-  can  be  aftigned,  but  another  may  be  Jound  di£ferent  fnom  aU  the  givea  ones. 

AxBxC,  ^c.   = 
P+i5« 

it  be  Compofite,  fome  Prime^  as  o,  meafures  it  {Corr.  i/.  "Theo*  Vll. j  and  this  is  s 
different  Number  from  any  of  the  given  Primes  3  for  if  it  be  the  fkme  with  any  of  thefe, 
then  it  wiQ  meafure  P  their  Produft  (j^x.  3.)  but  'tis  fuppofed  alio  to  meafure 
P4-i»  therefore  it  muft  meafure  i  {jlx.  i.J  which  is  abfurd. 

Theorem  IX. 
Tale  the  oreateft  Number  of  Fa£lors»  a^b^c^  &c.  of  which  any  Number,  N,  can 
be  compofed  (or  t6  whofe  Product  it  is  equals  they  will  be  all  prime  Numbers. 

Demon.  If  any  of  them  be  Compofite,  the  component  Parts  of  it 
are  alio  Components  of  the  given  Compofite  N  {Jlx.  3.)  and  fotbc 
propofed  Number  of  Faflors  is  not  the  greatcft  whofe  Fiodu^  makes 

^  ..'Suppofition.    Soiftf«s=iSXr^  then  isN=ii}<rXix^,  .. 

CoROLt.  Every  compofite  Number  is  equal  to  the  Produfl  of  a  certain  Number  of 
Primes,  viz.  the  greateft  Number  of  Favors  by  which  it  can  be  produced. 

The.  or  x  m  X* 

A  Number,  M,  which  is  the  Produ£lof  a  certain  Number  of  given  Primes,  J,  hdi^ 
8cc.  whether  they  are  all  diHerent  Numbers,  or  fome  of  them  oftner  than  once  invol- 
ved, can  be  meafured  only  by  one  of  thcfe  prime  PaQors,  or  the  Product  of  any  two, 
or  more  of  them  5  that  iiy  it  cannot  be  meafured  by  any  other  prime  Number,  nor  by 
any  Number  which  has  in  its  Compofition  any  other  Prime,  i.  e.  which  is  the  Multiple 
of  any  other  prime  Number  i  nor,  LMly^  by  any  Compofite,  which,  though  it  have 
in  its  Cotnpotition  no  Prime  aifferent  from  any  of  thefc  that  produce  M,  yetnas  any  of 
the  fame  Primes  oftner  involved,  i.  e.  is  the  Multiple  of  a  goeatet;  Power  ca*  any  of  thefe 
Primes  than  what  M  is  5  as,  if  M  has  in  it  only  the  Root  or  Square  of  4  /^nd  this  otbef 
has  in  it  the  Cube  of  a^ 


nx^xcs  N 
5x5x7=105 

N,  contrary  to 


Cfa^  i.        Of  frh^  04  C^tfJ^  NMet^.  ^j 

.    Exank  aHO(7)(ria4d2  ;.  which  Com^ofijtc  a^Ot,  cannot  be  aieaforcd  bf  5,  which 
is  a  d£Screnc  rrime  3  nor  by  15^  the  Multiple  of  5^  nor  by  9,  the  Square  of  )• 

p£MON«,  ifi*  That  M  is  tneafurable  by  any  one,  or  the  Produd):  of  any  Number  of 
its  own  Coin^nent  Primed^  is  plaiiv  hy  Aumn  4.     And, 

zi.  Thaf  It  can  be  me^red  bv  none  other^.  /.  f.  bv  none  of  th^fe  deftribed  ia  the 
^thdor.  wrhxc^  plainly  ^mprel^eiid'all  others,  if ;  thus  deoxdnftrated. 

^i^.)  It  cannot  be  mc^red  by  any  other  Prjnte,  as  ^ 

For  ;c  fs  Incomn^enfurable  to  a  axid  hy  becadre  bot)^  are  Primes,  diflcrent  from  M  5 
therefere  it.  cannot  meafiire  theiir  ProduS  7?^  (by  C^u  a.  T%e6r.  VI.)  and  fo  is  In* 
commen{uiabIe  to  it  {X^eor.  L)  and  being  alfo  Incommenfui^able  to  another  Prime  c^ 
it  cannot  ineafure  the  Produft  ahc  (Cor.  2.  .2%eor.  VL)  i^nd  hence  is  Incoitunen-^ 
furable  tp  it  CT'teor.  L)  and  being  alio  Incommrnfurable  to  another  Prime  dy  it  can- 
not hieauife  uie  Product,  abed.  And  To  the  Reafonuig  proceeds  for. ever.  <  * 
.  C^/thusalfi).  Let  d  be  any  Pxime.  different  fiom^,  or  the  Produ6l  of  any  Number 
of  Pnines  all  di^erent  from  x  ;  ;hen,  upon  Supposition  that  x  cannot  meafure  d^  I  fay 
xt  cannot  meafure  the  Produ^  of  one  Prime  qiore,  r.  e^  dm  {m  being  alfo  a  Prime 
dificrent  fron^  x  5)  for  if  x  mcirfure  dm^  l,ct  ^it  be  by  y,  then  is  x :  j  : :  fnjy.  But 
X  being  a  Prime,  which  does  lipt  meafure^,  then  are  x,  J,  In^rommenfurable  (jtheor.  L/ 
and.fe  X  manures  ^  [l^bm^  IV.  Cor.  i.)  which'  ii;  abfurd,  becaufe  »^  is  a  Prime, 
an^jdiSerent^om  x^  But  x  canned  xneauire^anqther  ,Prini^  ^  therefore,  by  what  i^ 
npw  ihewp^.it  canpot. meafure  thj^  Prodi^  of  ,two  othi^rsy  nor  cOnfeqilehtly  the  Bro^ 
duSt  0^  three  ethers,  and To;  on,  u  ^.  it  cannot  meaifuie  thb  ProdAft  of  any  Number 
of  others. 

(2^.)  It  cannot  be  meafiired  by  the  Multiple  of  another  Prime  5,  fer  then  that  Prime 
would  alfo  meafuse  it  (^.  ^.)  which  is  contrary  to  the  laft  Artiele.^ 

(^^.)  It  cannot  be  mcafured  by^any  NupibcrN,  which  tho*itba8  in  it  no  other  Prime, 
yet  has  any  one  of  the  (anxc  Primes  oftneT;  involved.    For  fuppoie  any  one  or  more* 
of  tnem  is  oftner  involved  in  N  than  in  lA-y  then  imti^Qe,  all  the  Pifime  Fa£h>ra  of 
.'  r  N,  that  are  alio  in  M,  to  be:  tkken  put  of  bothn, .  i  ^4  Jc*  both  of  tbem  be  di- 

N)  M     vided'  by  the  continual  Produft  of  all  thelc  dommon  Prime  Faftors,  and  <'^ 
A}  B    ^  the  Quotes  A,  B,  they  will  be  in  the  fei^C:Rath>,  or  N  :  M :  t  A :  H.  But  ho^v, 
.    *  of  thwe  Primes  that  were  not  fo  oft  in v<>lved  w  in  M,  w^hat  were  more 

oF  any  of  them  in  M  than  in  N,  and  what  ^ere  not  at  all  in  N,  will  remain  in  B  $ 
and  what  wc/e  niorc  \fk  Nthan  \^  M,  wiy,remai^  in  A  5  (by  >fx.  4v)'but  none  of 
tbefe  will  be  m  B^j  for  b^ecauf^  there  were  £i?wcr  of  th^^  in  Mrthtii  in  N,  thfereford' 
they  were  all  tafccn  out;  of  M  j  confeqiigntk  thttf-p ,  will  be  foiftcr  Prime  in  A;  which. 
is  not  in  B,  and  therefore  A  cannot  meafii^c;  B  ^  f(jr  l^en  tf^at  Prime< would  nieafure  B^ 
contrary  to  what  is  fhewn.  Theircforc  laftl'y,  N  cannot  meafure  M,  becaufe  N  :  M :  ; 
A  r  B«     And  if  A  ^annot  meafure  B,-  neither  can  N  moafute  M« 

CbROttAillES. 

xfi.  Of  two  Compofite  Numbers,  A,,B  j^  if  there  is* in  the  Compofition  of  the  one, 
any  Prime  which  is  not  in  the  other,  oi*  any  the  fame  Prime  oftner.  involved^  thefe 
ttiro  Ntimbetscatifto*^befcqralt  ^r 'in  theft  Cit'ctimftahw^^  thp  one  cannot  meafure 
the  other,  and  confequently  they  cartnot  be  ctauaf. 

%d.  M,  the  Produtt  of  acertain  Number  of  Primes,  ^,  ^,r,  J,  5?^.. cannot. be  caual  to 
(M'che  fame  Nilmber  with  j;N,  thePfodua  of  any  gteatet  Number  of  Fa6fors,-  whatever. 


fcrof  Priqics  3  ^  theiief^rQ^.  ation§  tbetri  dEieie  xdiiilgncaiflittUycbo  feli^  foikle AiM^^ 

*        X  X  different 
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dificrent  from  anv  of  thefe  in  M,  or  ibme  of  thcfe  oftner  involved  $  and  fo  N  cannot 
mcafure  M,  and  k>  not  be  equal  to  it :  (2.)  For  anodier  Choice  of  an  equal  Number  of 
Pa£lors,  they  are  either  all  Primes,  and  therefore  muft  have  ibme  different  Prime,  ort 
greater  Power  of  fome  Prime ;  and  fb  thev  cannot  be  equal  (by  the  fiift  Car.) ;  or  if 
any  of  them  be  Q>mpofite,  then  being  refblved  into  their  Primes,  there  will  be  a  peater 
Number  of  FaAors  2  and  €0  it  coincmes  with  the  firft  Cafe.  (3.)  For  the  laft  Cafe, 
'tis  alreadv  demonitrated  in  the  firft  5  where  it's  Ihewn,  that  a  greater  Number  of 
Prime  Faaors  cannot  produce  the  fame  Number  as  a  lefler  ^  the  Keverfe  of  which  is 
the  prefent  Cafe,  which  we  may  alio  prove  in  this  Manner,  viz.  A  Icffer  Number  of 
Primes  muft  either  have  fome  different  Prime,  or  a  greater  Power  {of  fome  of  the 
£ime  Primes ;  and  f^  cannot  meafure  M,  and  therefore  cannot  be  equal  to  it :  or,  the 
Fadors  of  N  are  a  Part  of  the  fame  Primes  that  compofe  M,  and  foN  will  be  only  a 
Part  of  M.    Hence  again  re verfely, 

$d.  The  fame  Number,  M,  cannot  be  refolved  into  a  difierent  Number  of  Prime 
Fa3or$.  For  Exam.  It  cannot  be  refolved  into  3,  and  alfo  into  4  Prime  Fafbn  i 
Nor  into  any  one  Number  of  Prime  Faftors,  with  a  Variety  of  Choice  :  But  every 
Compofite  has  a  precife  limited  Number  of  determined  Primes  ^  fo  that  neither  ioi 
the  pu-ticular  Primes,  nor  in  their  Number,  can  there  be  any  Variety. 

^Jb.  Two  uneaual  Compofite  Numbers  may  be  conapoled,  either  of  a  diflereot 
Number,  or  the  fame  Number  of  Primes :  But  in  both  Oifes  ^efe  Fa^rs  are  either 
aU  or  part  of  them  different  Primes,  or  fome  Prime  common  to  both,  is  oftner  in- 
volved in  the  one  than  in  the  other.  But  then  obferve^  That  the  lefler  Compofite  nuf 
have  either  the  lefler  or  greater  Number  of  Faflors  ^  for  that  depends  upon  the  Nam- 
bers  themfelves  5  thus,  42=2X^X7  ^  and  221=13X17. 

^th.  A  Number,  M,  which  is  the  Produft  of  any  two  or  more  Favors,  whatever 
they  be,  as  AxBxC,  ^c.  being  refolved  into  its  Primes,  thefo  can  be  no  other  thsn 
the  Primes  into  which  the  Fa£lors,  A,  B,  C,  (S'c.  can  be  refolved  5  for  elfo  the  fame 
Number  could  be  compofed  of  different  Primes,  contrary  to  Cor*^.  And  heoce  again, 
There  is  no  Prime  in  the  Compofition  of  any  Power,  but  thofo  which  compofe  the 
Root. 

6th ^  No  Numbers  can  meafore  any  Power  of  a  Prime  Number,  but  either  the 
Root  it  felf,  or  fome  other  of  its  Powers  5  for  every  other  Number  has  in  it  fome  other 
Prime. 

7rA.  Whatever  Prime  Number,  N,  meafiires  any  of  the  Powers  of  any  Number, 
A,  as  A*,  the  fiime  will  meafure  the  Root  A,  and  all  the  other  Powers  ^  for  fince 
N  meafores  A",  it  muft  be  one  of  its  Component  Primes,  /,  e.  one  of  the  Primes  Aat 
compofo  A,  by  Cor.  5.  therefix^  N  mcafures  A,  and  all  its  Multiples,,  or  all  its  other 
Powers.    Hence  again, 

%th.  If  any  Number,  N,  meafores  A*,  and  does  not  meafore  A,  it*s  a  Compofite 
Number  5  for  if  it  were  a  Prime,  it  would  meafure  A* 

T  H  fi  O  R  £  M«     XI. 

Of  all  the  Component  Primes  of  any  Number,  N,  only  one  (if  there.be  one)  can  ht 
a  Number  greater  than  the  Root  of  the  greateft  Integral  Square^^  contained  in  that 
Number. 

Demon,  ijl.  If  the  jgiven  Number,  N,  is  a  perfo^  Square,  then  it  haa^na  Pnme  la 
its  Compofition,  but  thofe  that  comnofo  the  Root.  {Cor.  5.  Thei^.  ic.) 

%d.  It  N  is  not  a  Square,  let  A  be  the  Root  ot  the  greateft  Integral  Square  con- 
greater  than  N  :  And  ifwc  take  two  Primes  greater*  each 

e  one  of  tfacm  at  leaft  equal  to  A+i>  if  Mt  greater  j  an^ 

the 
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ber  greater  than  this  one  $  conibqaently  their  Produdl  will  be  greater  than 


__  ,  _  ,      J.  greater  than  N  :  And  therefore  «iey  arc  not  Dotn  v/>mponenc  rrunci  oi 
N,  fince  they  produce  a  greater  Number. 

PROBLEM    m. 

^0  find  all  the  Ctmponent  Primes  of  any  Number. 

Rule  1^.  Find  all  the  Prime  Numbers,  not  exceeding  the  Root  of  the  greateft  la* 
tergral  Square,  contained  in  it.    Then^ 

A^.  Beginnii^  with  2,  if  the  given  Number  is  even  3  or  with  3,  if  it*s  an  odd 
Kamberi  try  ita  or  3  meafures  it,  and  do  the  fame  with  the  Quotes,  as  long  as  the 
iame  Prime  meafures  them  ^  but  when  it  does  not  meafure,  apply  the  next  greater 
Prime  in  the  &me  Manner  $  and  go  on  (b  till  you  have  tried  all  die  Primes,  not  ex- 
ceeding the  Root  mentioned,  or  tin  you  find  a  Quote  which  is  a  Prime  Number  $  then 
all  thcie  Primes,  which  were  Meafures  to  the  givenN  umber  and  to  the  fucceeding  Quotes^ 
together  with  that  Prime  Quote,  or  the  Iw  Quote,  to  which  there  was  no  Meafure 
among  the  Primes  found,  by  the  firft  Article  (which  is  alfo  a  Prime)  are  the  Compo* 
nent  Primes  of  the  given  Number. 

Exam.  I.  To  find  the  Primes  of  42  ^  die  Root  of  the  greateft  Square  contained 
in  it  is  (^  5  and  the  Primes  not  exceeding  this,  are, 

2,  3,    5.    And  tryine  42  by  thefe,  I  find  2  meafures  it  by  21  5   but  this  caimot  be 
"^7^^    meafured  oy  2,  therefore  I  try  3,  which  mealures  21  by  7,   which  is  a 

2)  21      Prime  Number  5  as  is  alio  known  according  to  the  Rule,  by  this,    that 
1     neither  3  nor  5  meafures  it  3  therefore  2,  3,  7,  are  the  Component  Primes 
of  42=2X3X7. 

Exam.  2.  To  find  the  Primes  of  ^879^3  the  Root  of  the  greateft 
Square  contained  In  it  is  2^2  5  and  the  Primes  not  exceeding  this,  are 
^»  ly  5i  7>  ^i»  i3»  ^^*  ^^^  ^ii^gt  1  find. 2  meafures  twice,  3  meafures 
3  Times  3  5  does  not  meafure  ^37,  the  laft  Qiiote,  by  3  3  therefore  I 
apply  7,  which  meafures  twice,  and  the  laft  Quote  is  13,  a  Prime 
Number  3  therefore  the  Component  Prime  Payors  of  ^879^,  are  a,  a^ 

3.  3»  3f  7i  7»  !?• 
D&MON.  As  there  is  no  Matter  in  what  Order  any  Numbers  are  ap» 

ply'd  by  continual  Divifion,  fince  the  laft  Quote  will  ftill  be  the  fame  t 

So  if  certain  Primes  apply'd  by  contiimal  Divlfion,  in  whatever  Oder,  do  meafure 

out  the  given  Numbers,  thqn  it's  plain,  from  the  Nature  of  Multiplication  and  Di* 

vifion,  that  the  continual  Produfl  of  thefe  Divifbrs^  will  again  produce  the  fame 

Number  :  And  if  certain  Prime  Fa£k>rs  produce  a  Number,  no  other  Variety  or  Choice 

whatever  of  Prime  FaSors,  can  produce  the  fame  Number^  by]  Cor.  3.  2%€or.  to. 

What  remains  then  to  be  fbewn  is  this  5  that  when  we  have  got  a  Quote,  which  nei* 

dier  the  Prime  laft  apply *d,.  nor  any  greater,  not  exceeding  the  Root  mentioned,  do 

flueafiue,  that  Ouote  is  a  Prime  :  The  Reafon  is  this ;  none  of  the  preceding  lefler 

Bmnes  can  mea&re  it  ^  br  each  of  thefe  are  fuppofed  to  be  taken  out  (^  the  aiven 

Number  as  oft  as  poffible  3  and  fince  non^  of  the  Primes,  not  exceeding  the  Root 

mentioned,  can  meafure  it,  none  of  thefe  exceeding  that  Root  can  meafure  it,  unlefs 

it  fi:If  be  one  of  thefe  Primes  3  for  if  another  could  do  it,  the  Quote  would  be  a 

Number  lefs  than  the  Root,  and  muft  be  either  a  Prime,  or  meafurable  by  a  Prime» 

which  reciprocally  would  meafure  it  5  confequently  none  greater  can  do  it,  unlef^  it 

iclf  be  one  of  theie  greater  Primes  3  and  therefore  it  muft  be  a  Prime  Number. 

Xx  a  Co&OL. 
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though  we  fiave  a  Tabje  parried  only  as  fiir  as  Ac  Root  dt  the 

taihea  in  it  5  for  iP  none  of- the  Primee  of' thi^  Table  meofliirefr  k^  then  k  is  a 

Prime. 

Scholiums* 

ifl.  If  a  Number  has  o's  in-lhc  firft  Pkcce  on  the  Right-hand,  cut  them  all  off, 
and  proceed  with  the  retaining  Fieur^s^  according  tj^  the  Rule  5^3nd  then  amone  the 
Primes  of  this  Noimber  reckon  ^  many  a's  and  96  mai^  5's  as  riie  }4umber  of  0^  cut 
oflf  5^  bccaufe  11^5=10  5  and  ajl  together  are  the  Primes  fought. 
'  Again,  if  an  odd  Number  end  with  5,  try  icwidi  5  before  5  5  becattfe  5  will  certain- 
ly mcafure  it,  though  5  will  not  always. 

id.  If  you' have  a  Tabje  of* Primes  and  CompoGtcs  extendift^  to  tljegifcn  Num- 
ber, or  to  the  hft'  Quote  afrcr  it  is  meafared  aa  oft  as  poffible,  by  2  and  j  5  ffor 
Which  fee  the  ,bft  Anticle)  then  feek  every  ^thcr  Quote  <'#hich  is  not  meafurable  bj 
a:  c^r  5)  in  the  TTablc  ;  bccaufe  this  ftiews  whetheryit's  a  Prime  or  Gompofite  :  So  that 
being  a  Prirne,  you  inow,  the¥fofk  is  ended  3  and  being  Gompofite,  proceed  accord- 
ing to  the  Rule. 

3^.  But  again  3  -we  wifl  often  have  the  Trouble  of  trving  Primes  that  do  not  raca- 
lure  ithe  given  Number,  or  fuceeeding  Quotfes,  hnd  whicn  would  be  lived,  if  wcjcncw 
the  lead  Prime  that  mcafures  any  of  thefe  :  Now.  this  we  may  know  by  help  of  the 
Tablr  of  Primes  and  Compofites  5  if  the  Spaced  are  fo  marked  as  to  f  hew  the  lead: 
Component  Prime  of  each  Con^pofite  ;  and  bow  this  may  be  eafiJy  dope  I  ftiall  hcfe 
cxT)^ain. '  Thus ": 

"  When  you  arc  to  number  Spaces  by  any  odd  Number^  fee  firft  whether  it's  a  Prime 
et  Gompofite  (by  the  Table  j)  if  its  Prinie,  write  it  in  the  Places  of  its  Conipofitcs, 
/.  e,  in  the  Spaces  where  Points  are  phced  by  the  former  Method,  unlefs  {ba^  Icflcr 
Prime  ftand  there  already  5  as  will  certainly  be,  if  the  Gompofite  belonging  to  that 
Place,  has  in  it  a  lefler  Fiiite^  ior  then  it^s  a.idulci^&or  that  leilec  Prune,  and'u 
tfaere&rei  already  marked  wkb  its  leaft  Piime.  ;  Obferve  alfb,  that  with  this  Prime  yoa 
let  'Tome  other  Mdrk,  as  a  Pbint'Or  Da(h,  iipod  the.  Place  of  the  fc^ond  Compo&ie,  in 
mimberiog  by  thi^  odd  Number,  ia  order  to  know:  where  to  begin  for  the  next. 

If  the  Number^  by  which  the  i^ces  arc  to  be  numbered,  is  Gomipofite,  all  its 
Multiples  are  already  markiid'5  only  70a  muft  number  oat*  the  firft^tofo  PeriodS)  that 
the  fecond  Gompofite,  in  numbering  by  this  Term,  may  be  particular]^  marked  (as  I 
h^ve  done  in  the  foilowiii^  Vable  by  a  Colon :)  in  order  to  xnow  how  to  begin  for  the 
next...    '   ^:  :■.■':>  '.■•'" 

The&IIowins  Table;  carried:  tar^pp,  is  madb  up  in  this  Manner  :  The  Uie  oE 
which,  iat  Andmg  the  Compment  Primes  of  any  Number,  is  thi9  ^    - 

If  the  Number  is  eve&s  tnsafure  it  by  2  as  oft  as  joffible  t  if  it  ends  with  o's  cot 
theny  o(F|  atld  reckon  as*  man^^'  z's  and  5*s  among  the  Primes  (ought  y  then,  mceed 
with  the  laft  Ouote  or  ccmaining  Number  (or  with  the  giti^en  Numb^^  if  irs  odd) 
thai  :  See  by  tKc  Table  if  it's  a  P^rime  or  Gompofite  $  if  P^ime,  die  Qtieftian  is 
ibl ved  ;  if  Compofitie,  you;  have  it«  leaft  Component  I%ime  5  by  which,  meafive  it, 
and  feek  the  Quote  in  the  Table  ^  meafure  this  t^  m  leaft  Gomponent  Prime^  and 
fiion  till  you  hfve  a  Qnote  which  is  a  Prime  3  *  and  that  QUote^  with  the  fsooediDg^ 
Diviibrs  are  the  Primeaibu^ht.' 
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Qbfearvi^  At  die  Nnmbefv  of  the  iirfl:  Cohimn  oti 
the'  Left  are  caaisd  to  99  5   fe  the  Numbers  on  the 
Hetd  of  tbe  Table  aw  to  be  peckoned  as  Hundreds : 
So  X  is  jGo  ^  a  is  200,  i£c.    And  for  any  odd  Num- 
ber abovo  9^^  ts^  the  Number  of  m  Hundreds  on 
llie  Head*    ami  what  in  it  is  leis  than  a  Hundred 
on  the  fiidiey   and  in  the  Angle  where  the  Lines 
from  each  sneet^  is. the  Place  of  that  Number:  So  that 
incampofing  of  the  Table,  the  Numbering  is  afong  the 
Cokimsi  from  Top.  to  Bottotki,  from  the  ia&  Oolamn 
under  o^  an^&miinOvdtfr,  tkroiigh'the  reft,  (which 
is  fo  far  different  from  akc  little  Table  beibre  given^ 
that  there  the  Seides  ef  odd  Numbers  was  iet  on  the 
Head,  and  fo  the  Numbering  was  along  the  Lines, 
from  left  to  right.)    If  we  would  make  a  larger  Ta- 
ble, fihaLcontmuatlie  Series  of  Numbers  on  the  Head, 
from  9  to  10,  It,  12,  ^Sc.  as  £ir  as  you  pleafe,  kee^ 
isig  the  fame  Column  on  tht  Left  3  dnd  reckdning 
thefe  Numben  on  the  Head  always  as  exprefling  ro 
many   Hundreds  5    and    continue    the    Numbering 
through  die  Columns  in  Otnler ;  and  fo  the  Table 
nofl^y  becazriied  to  any  Lengrii :  For  Exampte  5  If  the 
Seciesion  the  Head  is  carried  to  99,  it  id  9900  5  and 
&  )8he  gceatsft  Numfaa#  i$  999O'.    if  the  Series  on  the 
Head  is  carried  to  999^  it  is  ^9900  3  and  the  gfcatcft 
Number  is  19 9999.'  '  '  . 

Again,  i£  there  is  a  Line  over  any  Number,   ih 

any  Space,   it  /hews  that  toi>e'tbe  Sgtiare  Root,  > 

and  alio  the  leaft  Prime  of  the  Number  belonging  to 

L>  that  Spacer    If  there  are.tw^  ^Numbers  iti  any  Stmce^ 

Ac  geeanpc  is  tbe  Square  Rd6t ,  and  the  other  i^  the 

.Jodft  Kcimtii    ^  -  ^ 

etkftmie  alff^  That  if  a  NumB^-ijf  a  pferfeft 
Sqihorev  then  we  may  find'^its  Wmes,-  by  a  Table 
oaxried'tsoi  iartfaer  tbanrlo  the  fquare  Root,  or  the 
odd.  Number  next  below  it,  if  the  Number  is  even. 
.  ^or  iE  we  take  jdl^  the  ftitne  Favors  of  the  Root 
twice,  thefe  are  tJ^e^piiitD^  ^A&rs •^^.thft.^Mai^e. ; 

Another  Ufe  that  may   be   made  of  this   Table, 

i»,;  Thai  »%>y.t  iJ  .}^  cap  eafily   find,    whether    any 

Number,  odd  or  even,  is  a  perfeft  Square,  and  what 

-ia  the  g£date&iiiUgml^Squ»r&  contained,  in  it,  if  it  is 

not  3  thus, 

)    .i\  $u^^ofe  tfae  Nqmher. provioTod  i»  an  edd  Num- 
ber 5  feek  its  Place  in  the  Table,  and  if  it's  a  com^ 
•p^t^.iNiuttibeirtben'find  the  Pitted  ne^t  before;   tmd 
ali^  aff»K:it^    thafef'is  marked  with  a  Cblon  5   inxf 
tike  ^e.  Space  diflt  isin^the  Middle  betwixt  ^^^^ 
tw^  (fori  by  the  Conihuftion  of  th^  Table,  t)^  J^^^  ^ 
ber  of  ^cea  betwixd:  them  is  odd,  and  theg^  middlb 
:middle.,|lipacc.:)  If  thegivca-NuiiaA>er  isv         Space 
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Space,  it's  a  foaare  Number,  becaafe  the  Space  next  before  it  ma&ed  with  a  Colon  is  the 
Place  from. whence  we  begin  to  number  Spaces  by  fome  odd  Number,  which  is  die 
Place  of  the  Prodjiid  of  that  odd  Number  by  the  preceding  5  and  the  next  Space  mark- 
ed with  a  Colon  is  the  Place  of  its  Produfl,  by  the  following  5  and  therefore  the 
middle  Space  betwixt  them  is  its  Square,  or  Place  of  its  Product  by  it  felf.  So  that 
the  middle  Spaces  betwixt  every  two  marked  with  a  Colon,  are  the  Places  of  aU  the 
odd  iquare  Numbers.  Wherefbfe  if  the*  given  Number  is  not  in  one  of  thcfc  middle 
Spaces,  it  cannot  be  a  Square,  and  the  greateft  Square  contained  in  it  is  that  belong- 
ing to  the  xniddle  Space  next  it,  towards  the  Beginning  of  the  Table. 

if  the  given  Number  is  Prime,   it's  certainly  not  a  Square,    and  you  find  the 
greateft  Square  conuined  in  it  the  iame  way  as  before. 

Obferve^  If  you  would  find  the  Root  oi  any  Square  found  in  the  Table,  nambet 
how  many  Spaces  there  are  marked  with  a  Colon  from  the  Beginning  of  the  Table,  to 
that  one  next  preceding  the  Place  of  that  Square :  number  as  many  Terms  after  3  in 
the  Series  of  odd  Nurabeis^  the  laft  of  them  is  the  Root  fought  ^  fo  if  there  are  5 
pointed  Spaces,  the  Root  is  19,  the  5th  Term  after  3,  and  the  Root  of  itfp-  But  as 
in  making  the  Table,  thefe  Places  of  Squares  are  the  firft  comoofite  Spaces  m  number- 
ing by  the  feveral  odd  Numbers,  which  are  the  Root  of  thefe  Squares  5  if  we  not  only 
mark  thefe  Spaces  with  the  leaft  Prime,  but  alio  with  their  Root,  it  will  be  the  xmz 
(  convenient  for  this  purpofe  5  £0  that  if  any  Space  has  two  Numbers  in  it,  the  leflcr  b  its 

\  leaft  Prime,  and  the  other  the  iquare  Root  of  the  Numbers  belonging  to  that  Place. 

And  if  its  leaft  Prime  is  aUb  its  iquare  Root,  we  may  either  write  it  twice,  or  ufe  fome 
other  Mark  to  ihow  it,  as  a  Line  drawn  over  it,  as  I  have  done  in  this  Table  :  And 
thus  the  Places  of  all  odd  Squares,  and  alfi>  their  Root,  are  known  by  Infpe£lion  with- 
.    -out  any  Trouble. 

1^.  If  the  given  Number  is  even,  feek  in  the  Table  the  odd  Number  next  lefler; 
if  it*8  a  iquare  Number,  the  given  Number  can*c  be  a  Square,  becaufe  the  Diflerence  of 
two  inte|pral  Squares  can  never  be  i,  and  that  odd  Square  is  the  greateft  contained  in 
It  $  but  if  the  next  lefler  odd  Number  is  not  a  Square,  feek  by  the  Table  the  next 
odd  Square  5  take  its  Root,  and  add  i  to  the  doiible  of  it  5  if  the  Sum  is  equal  to 
ithe  Difference  betwixt  that  Square  and  the  given  even  Number,  then  is  this  a  iquare 
Number,  whofe  Root  is  the  even  Number  next  above  the  Root  of  that  odd  Square : 
Sut  if  that  Sum  is  either  jereater  or  lefler  than  that  Difference,  the  given  Number  is 
not  a  Square  ^  and  if  the  Sum  is  gieateft,  that  odd  Square  is  the  greateft  Square  con- 
tained in  the  given  Number  $  but  if  the  Sum  is  leaft,  add  it  to  the  odd  Square,  and 
the  Sum  is  the  g^reateft  Squaie  contained  in  the  given  Number.  The  Reaion  of  this 
is  obvious  fix)m  the  Nature  and  CompdStion  of  Squares  explained  in  Sock  III-  parucu- 

Jarly  this,  that  A+i*s=A*+*  A+i. 

PROBLEM  IV. 

Tt  find  all  the  different  Kumbers  that  tneafure  any  given  Number. 

Rule.  I''.  Bind  all  the  Component  prime  Fafbrs  of  the  given  Number  by  the  laft 
Problem  ^  then, 

a^.  Set  them  aQ  in  a  Line$  but  thoie  that  arc  oftner  than  once  involved,  iet  them 

down  but  once,  and  inltead  of  the  reft  of  them  iet  down  the  Series  of  their  fufcnot 

Powers,  till  you  have  a -Power  whofe  Index  is  the  Number  of  Times  that  that  one  is 

involved  in  the  given  Number  5  thefe  ait  fo  many  of  the  different  Mcafurcs  fought. 

And  though  it  is  m  BSeft  the  iame  Thing,  which  Prime  is  iirft  iet  down,  yet  one  Qr- 

-der  may  piove  more  convenient  than  anodier  for  the  following  Part  of  the  Work  \ 

there- 
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tberefere  ict  down  fiift  all  thoie  Primes,  which  are  but  once  involved,  and  then  thofe 
that  are  ofber,  with  their  fuperior  Powers  as  abore,  fetting  thofe  firft  that  are  leaft  in« 
w>lved$  then. 


3®.  Beginninff  from  the  left  Hand,  multiply  the  firft  Number  by  the  fecond,  and  fet 
the  Produfl  under  the  fecond  2  then  by  the  third  (of  tfaofis  fiift  fet  down)  multiply  all  the 
pceoedins  Numbers,  fettine  the  Produ£b  under  the  third  ^  and  ib  on,  by  every  fucceed* 
mg  one  (of  the  Numbers  firft  fet  down)  multiply  all  the  preceding  Numbers,  fetting 
the  Produft  under  their  Multiplier. 

But  obferve^  That  when  you  come  to  ufe  for  a  Multiplier  any  fuperior  Power  of 
any  of  the  Primes,  you  muit  not  by  it  multiply  any  of  the  lefler  Powers  of  the  fame 
Root,  nor  any  of  the  Numbers  ftanding  under  tnem :  only  multiply  all  the  other  Num-^ 
bets  preceding  thele,  i.  e.  all  the  fame  Number  wnich  were  multiplied  by  the  Root* 
And  to  get  dusfe  Products  moft  conveniently,  take  the  Root,  and  by  it  multiply  all 
the  Numbers  ftanding  under  it,  and  fet  theie  ProduAs  under  the  Squares  3  then  multi- 
ply all  the&  Produds  fet  under  the  Square,  by  the  iame  Root,  and  fet  the  Ptodu£ls 
under  the  Cube,  and  €0  on. 

£xam*  2X0  5  its  Component  nrime  Payors  are  2,  a,  5,  7  ;  fiir  2X3X5X7=210.  And^. 
US  fe  veral  Meafurea  are  thcfe  following,  difpofibd  and  found  according  to  the  Rule. . 


N 


6 


5 

r 

10 

14 

15 

21 

30 

4» 

J5 

70 

lOJ 

210 

Pirft'I  fet  down  2^.3,  5,.7i  then  I  multiply  2  by  3,  and  (et  tbe^^ 
Produft  6  under  3  3  next  I  multiply  2,  and  aUb  j,  <r,  by  5,  and- 
fet  the  Products  10,  15,  30  under  5:  then  I  multiply  all  the  pre*, 
ceding  Numbers  by  7,  and  fet  the  rrodufk  under  7  j  and  all  thcle^ 
Numbers  are.  the  Numbers  (ought. 


.■■ . 


JRcam.  2i».  ^5^2  5  its  Component  prime  Faftdrs  are  th'efe,  2,  2,  2,  ^;  3,  7,^  13,%, 
whofe  continual  Produd  is  ^552,  and  its  feveral  Meafures  are  thefe  following  $  founds 
thus. 

The  Primes  7i  13,  are  but^once  invoIved„^.^ 
and  €0  I  fet  themfim <iowtt ;  3  is  twice  invol- 
ved, and  I  fet  down  3, 95  then  2  b' thrice  in- 
volved,:  and  I  fot  down  2^  4, 8.    Then  I  begin 
and  multiply  7  by  13,  and  let  the  Produft  pC' 
under  13.    Next  I  multiply  all  the  preceding*; 
Numbers  by  3,  and  fot  the-  Produds  under  3  5 
then  I  multiply  by  p^allthe  Numbers  prece«> 
ding  the  Golumni  over  which  3,  the  Root  of  9,  ^ 
ftands,  and  which  I  do,  by  multiplying  all  the 
Numbers  ftanding  under  3  by  3-^  thenmuiti— • 
plying  all  the  preceding  Numbers  by  2,  I  fof 
the  Frodu£ls  under  2  ^   and  for  the  following^ 
Numbers  4)  8,  which  ave  Poweraof  2,  by  them*. 
I  mnltiply  aU  the  Numbers  preceding  that  Column  over^  which  4he  Root  ftands,  i.  e. 
all   thefe  which  were  multiplied  by  the  Root  3  and  this  I  do  by  multiplying  all  the^ 
Mutnbers  ftanding  under  2,  by  2,  and  letting  the  Produfis  under  4  5  then  by  tfaciame  a , 
Umokij^all  the  Numt^  nanding  under  4^  and  fet  the  Piodufi»  under  8» 
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:     3  :     5»  :     2:     4  :     8 

9' 

21 

*3 

»4 

28 

5tf 
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\  b  I     c  :  d 
ab  I  ac  i  ad 
be  :  bd 
(Ac  :   ci 
dbd 
aci 
bed 
abed 


Demom.  i°.  Suppbie  m^  difitrent  Frilnni  a^  h\Cylybtu 
their  Produfl  ab  c  d^  &c.  is ;tneafuraUe only  by  dicio  Pnmcii 
or  the  ProJii6ls  of  any  two  or  more  of  them  (Theor.  X.)  And 
to  ^d  all  tbeis .  Afeaiiirel»  w<  (ballr  &ft  fuppofe  oAljrone 
priqii  ^juai1|er,r  ^ '  tl^t  h«9  do  Mea&0e  but  it  £b1f  (fiaufidiAg 
4Iq»c.  ia  tbe^firAf  C^^ain)  but  ftippoft)  aoother  Brimev  ^y  mttt» 
tipUed  y^to  it,  tUf^n'th^  Produfib  tUf  hat  fer  Meaflir^  tfj,i,  »d 
^^  (which  make  the  firfl^^d  fecoiid  Column.)  Agun,  let 
another  Prime  be  involved,  it's  ev^nt  that  Produfl  ^  has 
for  Aleafures  all  the  Meafures  of  tbe  preceding  Vrodnft  ^, 
wich  all  tbe&,  in  wfaidk  i^e  n^w  Prime  can  be  concerned,  wbfcb  plainly  can  be  no 
other  than  c  it  felf  with  V^^rp^ufb,  info  all  the  Measures . of  J7^  (whidi  ace  aU  tiw 
Numbers  of  tlpdc  pfccieding  kwo O^unw. j  Join  amthcr  nrimed  ^  the  PsoduS  4^bci 
baa  for  Meafures ^1  tlie'^^e^uies  of  a^b  e,  tocetber  wm  aUthoTo  Pflmdufib in wLkb 
the  new  Prime  d  caA  be  concerned,  |.  fv  ^  i<  felf,  and  itftPnodttiSs,  by  all  iht  Mcafufts 
ofabc  (which  are  all  the  Numbers  ofthe  preceding  Columnt»)  and£b  it  goes  on  what* 
ever  Number  of  diSerei^  Primes  we  fi:q>pore  ^  which  is  all  aocordin^  » the  Rule. 

a^.  Ifanyof  the  different  Primes. ^iireoftnev.thaa  once  iavolved,^  tfjs  evidenr  that  all 
their  Powers,  to  that  one  whofe  Index  is  the  Number  of  Involutions  of  the  Root,  arc 
Meafures  of  the  given  Number.  Then  having  by  the  Root  multiplied- all  the  Surt- 
bers  ftanding  already  io  the  Columns  preceding  it,  we  have^  all  the  Meafures:  of  the 
given  Number  in  whifch  that  Root  is  but  once  hivolved^  and'  W  have  tboft  ia  which 
It's  twice  or  thrice  involved,  fot*  in  which  its  Sjq[aarc  or  Ciibe,  £jf^.  arc  fcverally  con- 
cerned, according  to  the  dificrcnt  Powers  of  it  involved  in  the  given  Number]  it's 
plain  we  muft  multiply  thcfe  fcvcral  Powers  into  all  the  Numbers  prejreding  the  Root 
(i,  e,  thofc  into  which  the  Root  was  multiplied)  but  having  done  this  we  muft  not  al- 
fo  maltiply  any  of  thofe  Powers  into  any  other  of  them,  nor  into  the  Numbers  ftand- 
ing  under  thefe  others,  becaufe  thofe  new  Products  would  either  coiitaTn  a  greater 
Power  ofthe  fame  Rootf  ths|n  tbe^iVeo  Number  coniaioo,  and  fe  could  not  meafore 
it  (by  T'heorem  If.,)  or  would  coincide  with. the  Pcoduds  of  fomc  of  the  hig^  Pow* 
ers,  by  the  Numbers  preceding  the  Root.  Thus,  in  the  preceding  Exam.  id.  if  uf 
multiply  all  the  NumWrs  ftanding  id  the  Column,  which  has  z  in  the  Top,  by  4,  this 
>5^ill  be  the  f^me.  as.  the  Cobipm.  whi^b  haft' 8  oi>  thp  Topi^  allwUch.  Numbers  un** 
doc  8  aji;e  the,Pro4ui9s  of  8>  by  all  i;hQ  NnHibrrs .  peeceding  the  Root  2,  becaufe  the 
l^unabers.  under. a  arp  the*  PrQd^6s  of  ^U  the.  preceding  Numbers  by  2,  which  Pro- 
diuftf  th^efore  inultiplied  aga^n  by  4,  ^'Hi  be:  equal  to  .the  ProduiEla  of  thefe  prece- 
ding by  8,  fince  4X2=8.  Again,  we.aqp  not  to  multiply  any  of  thefe  in  the  Columns 
under  2  or  4  by  8,  becaufir  the  Numbers  of  doue  one  of  thefe  Columns  have  2  involved 
in  them,  (being  the  Prodi^.of  all  the  preceding  Numbers  by  1)  and,  the  other  has 
^  involved  (bemg  the  ProdM^  of  the  fame  Number  by  4O  atui.confequentIy  if  thefe 
were  again  xnultiplied  .by  8>.tbey  would. have  a  ^soater  Powers  of  2,  than  the  given 
Number  has,  in  whi^li.8  i^  the  gr^c^mft  £oivKXl>f  2>  Bui  tb^iirto  find  the  Products 
of  all  the  Numbers  preceding  the  .Root  by  the  higfier  Poweis,  ii^'s.  ejvident  we  can  find 
them  by  multiplying  gradually  all  the  Numbers  uhder  each-  Power' by  the  Root:  For 
thefe  under  tbe  RJooc  are  the  Frodu3s  of  the  preceding  by  the  Root  5  therefi>fe  thefe 
Frodu3s  multiplied  agaix)  by  the  Root  are  the  Produ&  of  the  £uiie  preceding  Num- 
bers by  the  Square^  aDdfbpn.  

^  CoaDLii.  It  it's  remjired  to  find  all  the  aHquoi  Farts  of  anjoMMtaber*  find  all  the 
Meafures  of.u^  thoiAX^^Iu^gwtbfi.giiaen  Nuudifii)  it  idi^Mo^itly^.alkiM  i*^^ 

fought. 

Theo- 
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T  If  E  O  &  E  M    XII. 

If  one  Number,  A,  t)e  li^coramenfurable  to  each  of  two  or  mord  other  Numbers^ 
.B»  CL  D,  i$C.  *tis  aUb  IncohuneDfurable  to  their  Frodufl  B,  C,  D,  ^c.  and  re> 
veriely. 

Demon.  Since.  A  is  Incomtnenfluable  to  each  of  the  Numbers  B,  C,  D,  ^c>  therefore 
A  has  in  its  Compofitioh  no  Prime  common  with  any  in  the  Compofition  of  any  of  thele 
CCan  jdL  ^heor.Vlh)  and  confc<juently  none  that's  common  to  the  Product  of  any  two 
or  inore  of  thefe ;  becau&  the  Primes  of  thefe  Produfls  are  no  other  than  the  Primes  of 
their  fcv«al  Fadlors  (Car.  5.  T'heo.  X.)  The  Reverfe  is  plain  from  the  fame  Princi- 
ple ^  for  if  A  is  Incommenfiirable,  or  has  no  Prime  common  with  the  Produft  of  any 
two  <Mr  more  of  thefe  Numbers  B,  C,  D,  (STr.  then  it  has  no  Prime  common  with  any 
'Qfie  of  theli;i  for  if  it  had,  it  would  alfb  have  a  Prime  common  to  the  Produ£(,  finco 
the  Produ^  nas  no  other  Prime  than  what  belongs  to  the  Pallors. 

ScHOtr.  <Tho*  tl^s  be  the  dired  Demonftration,  yet  it  may.  be  proved  very  fimply 
after  EuclU^s  Way;  thus:  If  A  and  B  C  are  Commenfurablc,  then  what  meafures  A» 
one  of  two  Incommenfurables.  is  Incommenfurable  with  the  other,  B  {T'teo.  Ih)  and 
becauie  it  is  Incommenfurable  with  B,  yet  meafures  BC,  therefore  it  taeafures  C 
(T'beo.  Yl.)  and  becaufe  it  meafures  al(b  A,  hence  A,  C  are  not  Incommenfurable, 
contrary  to  Suppofition,  and  therefore  A  and  B  C  are  Incommenfurable.  For  the 
iame  Rea&n  A  and  BCD  (""sB  CxD^  are  Incommenforable ;  and  €0  on,  whatever 
Number  of  Fa6lors  you  fiippofe  to  each  of  which  A  is  Incommenfurable. 

For  the  Reverfe  ^  if  any  Number  meafures  A,  and  any  one  of  thefe  others,  it  wilt 
aUb  meafure  the  Produd:  of  them  all  (which  is  a  Multiple  of  that  one)  therefore  A 
b  not  Prime  with  B  C  D  ET,  ^c.  contrary  to  Supnofition. 

GoftOL.  If  any  Number,  A,  is  Incommenfutabie  to  another  B,  it-^  ib  alfo  to  all  the 
Poweisof  that  other,  as  B%  B^,  STr.  Hiefe  Powers  bemg  the  Produdb  of  Numbers 
to  each  of  which  A  is  Incommenfurable  3  for  they  are  all  die  fame  Number  B,  fince 
B^=Jte<B,  and  B*a=BxBxB,  and  fo  on; 

ScHOL.  In  forming  the  contrary  to  this  Theorem,  there  muft  be  fbme  Limitations, 

thutf, 

19.  If  A  is  Commenfurable  to  B,  and  C,  ^c.  its  fo  alfo  to  their  ProduA  fi  C,  ^c. 
fop  it  would  be  ft,  thoo^  it  were  only  Commenfurable  to  one  of  the  Fafhirs.  . 

2.^.  If  A  is  Commenfurable  to  B  C,  ^c.'-  'tis  lb  alio  to  one  at  leaft  of  the  Faftors 
(Qyr  elfe  it  were  Incommenfurable  to  the  Produd)  but  not  neceflarily  ft  with  them 
all  5  as  here,  4  is  Compofite  to  tf,  and  to  dX9s=:54,  but  not  to  p  3  ft  that  as  in  the  firlt 
Part,  the  contrary  i&  larger,  or  requires  fewer  Conditions  than  the  Theorem,  in  the 
ftcond  Part  it  extends  not  ft  far,  or  draws  not  ft  great  a  Conftquence. 

Theorem  XIII. 
If  any  Numbers,  A,  B,  C,S!;^.   are  Incommenfurable,  each  to  each  of  any  other 
Numbers,  M,  N,  O,  ^c.  dien  the  ProduA  of  any  two  or  more  of  the  firft  See  is  In- 
commenlunrble  to  the  Product  of  any  two  or  more  of  the  fecond  Set.     And  the  Re** 

vcrft.  •        ^ 

Demon.  This  fellows  either  from  the  fame  Principle  as  the  laft,  viz.  the  Numbers, 
A,  B,  C,  &c.  having  no  common  Prime  with  any  of^tbe  Numbers  M,  N,  O,  i$c.  none 
of  the  ProduAs  of  any  two  or  more  of  the  one,  has  any  common  Prime  with  any  one, 
CMT  the  Product  of  any  two  or  more  of  the  oth«r.  Or  we  may  deduce  it  from  tbe  laft, 
tbus^  A  is  Incommenfurable  with  M,  N,  O,  ^c.  by  Suppcntibn,  and  therefore  it's  fo 
with  MN,  NO,  MO,  or  MNO  (Tkeor.  XII.)  ,  But  the  fame  is  alfo  true  o£  B  and 
C  3  confequcntly  each  of  thefe  laft  Produfts  confidered  now  as  one  Number,  is  Incom-, 

T  y  menfurablc 
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nenfurable  to  the  Frodufb  of  any  two  or  more  of  the  fonner,  that  is,  with  AB,  AC, 
B  C,  or  A  B  C  The  fame  Keafomng^  U  ecjiially  good,  how  many  Numbeis  iocver  there 
be  in  each  Set. 

For  the  Rererfe,  viz.  That  if  all  the  Frodufts  of  each  tW(^,  or  more  Nbaibert,  tt^ 
ken  out  of  each  Set,  are  locommeo&rable  to  one  another,  fi>  ace  the  feveral  F^is  of 
the  one  Set  to  thofe  of  the  other :  Thi&  is  plain  from  hence,  that  if  we  fappefe  aqy 
two  of  thetH,  as  A  and  M,  to  be  CommenfuraUe^  theft  that  Number  which  meafures 
each  of  them,  will  meafure  any  Procluft  in  which  they  are  concerned,  andfotheie 
Products  will  be  Commenfurable,  contrary  to  Suppofition. 

G)ROL];.  if  two  Numbers,  A  and  B,  are  Incommenfurable,  any  Power  of  die  <AC, 
as  A",  is  Incommenfurable  to  any  Power  of  the  other,  as  B"  ot  B**  5  and'  the  Reiwrfo, 
if  A",  B"*,  are  Incommenfurable,,  fo  are  A,  B. 

JSxafM.  3  and  5  are  Incommenfurable,  and  €0  al'e  9^  and  zj  their  Squares 3.  alib  27, 

a5,  the  Cube  of  )  and  the  Squats  of  5  ;  wheecfiwe  if  any  Ftifiioii,  -^^^  it  iu  iti  leveil 


Am 

Terms,  any  of  itt  Powers  is  fb  alfo,  as  ^  5  and  the  Reverie, 
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If  any  Number,  A,  mindiirtts  another  B,  then  will  any  P3  wee  of  A,  asA%tte«ftitt 
the  like  Power  of  the  odior,  B**.  And  imerfely.  If  A^  meafure  B^,  fo  wSl  A  mt^UxoA 
B5  and  alio,  every  other  Powei!  of  A  wiQmomire  the  like  Power  of  B» 

Dbmon.  a  has  no  Prime  but  what's  in  B,  nor  any  oftner  involved,  dfe  itioauU  not 
meafure  it  5  but  the  prime  Fafiors  of  A  bdng  equauy  involved  in  A^,  a^thnte  of  B^uC 
in  B^,  it  follows,  that  as  there  ia  no  Prime  in  A^  but  what  is  B^,.  ft  there  is  «m  oft- 
net  involved,  and  confinjufntly  A'^  meafuffcs  B^  The  Elevetfii  isjdain  from  the  fmi 
Principles.  Or  we  may  make  the  whide  Demonftnition  as  fimply  tnus. 
n  Sn         x-  ^^  A  meafure  B  by  D,  that  is,  Br^A^^D^  A»  l» 

^TZr^A^ZT  i>.  *  A:B::i:D,  and  (by  Cor.  11  A.  5rtrs©.IUL  AMfclV. 
Ai—  ?  Sni—  ^5^  Q  Cbap.  IV.)  A»:B"  : :  i :  D«;  but  i  meafurcsD",  thert- 
A'— a7gfi^zitf      n         fcre  fo  does  A"  meafure  B-.    Foe  Ae  ftoverfc,  ILct »h- 

A"=D,  which  is  an  Integer  by  Suppofitionj  then  A*^ :  B'* :  r  s  r  D.  But  the  fiift  }  be* 
ing  Powers  of  the  Order  «^  therefbrc  (by  ?^.  XIL  Svtdi  IV.  CiMii  IV.)  Disa  Psnr. 
er  of  the  Order  n :  Suppofe  it)9=0D»,  fo  that  Aa,  B^ :  :  i :  X»^  whereicHe  (by  (S^*  ^« 
Theo.  III.  G&.  IV.)  A :  B^  t  c :  X.  But  i  meafiites  X,  and  conftquently  A  mcafiu« 
B  ,  and  hence  every  other  Power  of  A  wiU  meafure  the  like  Power  of  B. 

T  H  s  o  &  E  M    XV. 

If  any  Compofite  Number  mealiires  another  like  G)mpofite,  fb  will  the  feveral  Fa- 
fiors  of  theifirn;  meafure  the  correfpondent  Fa£tors  of  the  other. 

Thus,  if  A,  B  are  lUce  Gompdfites,  and  ^,  b  two  of  the  fimilar  Faftott^  dieii  if  A 
moifure  B,.  fo  will  a  mcafuie  1 3  and  Rgverfdjh  If  ^  meafure  b^  fo  will  A  tosA- 
lure  B. 

Dbmon.  Like  Compofites  are  in  the  Ratio  of  the  like  Powers  of  any  of  the  oorre- 
fpondent  Faftors,  that  is,  A :  B : :  ^» :  ^  (by  "tbeo.  V.  Scok  IV.  Chap.  IV.J  BiJ  by 
Suppofitioh  A  meafuies  B,  therefore  (fi^  meafuros  ^,  and  thefefiice  (by  ttie  hftj  ^ 
meafurcs  h% 

For  the  Reverfe,  If  a  meafures  b  then  does  A"  mea&re  B^  (by  the  laft)  but  sua 
tf* :  (" : ;  A :  B,  and  4*  meafures  i^,  therefore  A  medures  B. 

Thb- 
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if  fwo  Nmitbers»  A,  B,  ire  compoTed  of  m,  e^oal  Kumber  of  different  ^f imes,  they 
eaiifiot  be  like  Gompofitcs. 

Demon,  i^.  They  cannot  be  (b«  by  ftdcing  thefe  Primes  for  the 
A^^3^5Xi;,  fffcp  I  fimilar  FaAon,  bec^itfe  if  iour  Numbers  are  :  :  /  they  cannot  be 
B^siXyXir,  ($c.  I  aH  Primes  (Cor>  3d.  Theo.  V.)  cgwfcquentty  no  two  w  the  ptiine 

FaSors  of  tne  one  Compound  are  : :  f  with  any  two  of  the  oAer  ; 
therefore,  Lafih^  Thooj^h  thefe  Compounds  be  fimilar,  yet  the  Similarity  does  not 
depend  on  the  raftora  beins  taken  in  that  manner. 

a^.They  are  notSimilar  by  taking  any  Produfts  of  thefe  prime  FaAors  for  the  fimilar 
VtStCftt  5  ror  any  one,  or  the  Prodaft  of  any  two  or  more  of  the  Primes  of  the  one 
Compound,  is  Incommeniiirable  with  any  one.  or  the  Produd  of  any  two  or  more  of  the 
Prime?  cf  the  other  (^teo.  XUI.^  tberefere  let  us  take  any  two  of  fuch  Produfls  out 
of  the  Primes  of  each  Compound,  or  a  fin^e  Prime,  and  a  Produfl  out  of  each,  or 
two  Primes  out  of  the  oiie^  and  two  Produfts  out  of  the  other,  or,  Zafily^  a  ^Pcime 
ttfid  aProduft  out  of  the  one,  and  two  Primes  or  two  Produfts  out  of  the  otber5  yet 
thefe  caimot  be  : :  f,  becaufe  each  Couplet  of  the  compared  Terms  are  Incommenfura-- 
bte,  vdiich  is  incfimfiftient  with  Proportioni^ty  $  for  if  ^:  ^ : :  A :  B,  then  if  ii,  ^  are 
IncDtnmenfurable,  A,  B,  are  Comtmenfbrable  (by  Cor.  2d.  !tbeo.  IV.  J 

Zaftly^  Since  Numbers  can  be  but  one  particmar  Way  compc^d  ck*  prime  I^a^rs, 
atnd  no  ether  NmobeD^  can  meafure  ttem,  hiit  thefe  or  their  Frodufts  5  and  fince,  as 
we  b4ve  now  ften,  neither  thefe  nor  their  Produfk  can  make  fimilar  Pa£)on,  they 
can  have  none  fuch,  /.  e.  ibcj  cannot  be  Hke  Gompofites,  or  they  cannot  be  rofbked 
into  an  equal  Number  of  fimilar  FaSors. 

PROBLEM  V. 

To  find  the  leaft  common  MoltijJe  to  any  ghren  Numbers,  A,  B,  0,  D,  ($c.  which 
are  all  difiercnt 

If.  S.  For  brevity  we  fhaU  put  xk^  for  Multiple  j  coi  KiEr,  ibr  cemmOii  Multi- 
ple 5  and  / :  xfc,  fer  leaft  common  Midttple. 

Cafe  I.    F&r  t^m  Numbers,  A,  B. 
WLule  (1^.)  If  they  are  Iiitommenfurable^  ^  4*  7>  their  Pcoduft  ABsig  is  their 
/  :  Kile.    But,  (^^^  if  thev  are  CommetrfnraUe,  find  the  two  leafl  in  dieir  Ratio,  as 
a  1 1  f  by  Car.  v  Theer.  III.)  fd   that  thefe  are  :  i  /,  viz.  A :  B : :  ^ :  ^,   then  is 
AisfsoBf  the  Number  fiiught. 

I>EM0N.  i^.  If  A,  B  are  Incommenfurable,  then  is  AxB  their 
J&tffff.  /  :  ^h.    It  i»  a  C0  :  X/^  5   fnd  to  ihew  that  it  is  the  /  :  x/e,  let 

A  and  B  meafure  any  other  Number,  as  N,  and  let  the  (^tes 
beC,  D,  €h«s^  A  (N«C,  and  B)  N^D^  but  the  DividendN 
bebg  common,  the  Diviforv  and  Quotes  ave  recipcocaHy  :  :  /, 
tiaf  is^  A  :  B  :  :  D  :  C  f  and  A,^  B  bemg  Incommenfurable,  they 
meafiuie  B,  C  ^foaUy  ("Ilbeer.  U,)  Again,  N^^^A C  and  AB  : 
A  C  :  :  B :  C,  therefore  A  B  :  N  : :  B  :  C.  But  B  meafuces  C» 
the«efi»re  A  B  meafures  N,  which  is  therefore  greater  than  A  B, 
or  its  e^al ;  confequendy  any  other  Number  than  AB,  whicBt 


¥ 


AB 

N 


is  a  M  e  x/tf  to  A  and  B,  is  mater  than  AB,  therefi^re  this  is  the  / :  ycle. 

a*.  If  A,  B  are  Commeimrable,  and  a  1 1.  the  lesilk  in  the  Game  Ratio  widt  A  :  B, 
then  is  A^,  or  /fB|  tLco  t  xfc>  to  A,  65  for  A^  is  xi^  of  A,  and  aBafBy  aifo  Atf^sisBi 
Agai0|  I&y,  A^so^ ia theif  / ; x/9,  for  Im  tfaeai 4a(MA»f  my  other  Number*  ashii 

X  y  a  by 


4.  '^6  I     7:8 
A  :  B :   C":    D 
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by  C,  D)  fo  that  as  bdbre^  A  :  B :  :  D :  C  $  thenbecauie  A :  B : :  tf  :  ^,  therefiire  a : 
b  X  :D  iC  y  but  ^  :  ^  being  Inoommenfucable,  a  meafures  D,  and  b  meafurcs  C 
equally  5  alfo»  A^  :  A  C  : ;  ^:  C,  and  AC=N^  therefore  Ab :  N  :  t  ^  :  C  ;  and  fince 
b  mealiires  C,  fb  will  A  b  meafure  N,  which  is  therefore  either  the  fame  Number^  or 
greaiter  then  Ab^  hence  A  ^  is  the  / :  xh  fought. 

CoROE»L.  The  kaft  co  :  x/^  of  two  Numbers^  A,  B»,  meafurcs  all  their  other^ce^ :  rjes^ 
which  thereibre  are  the  Multiples  of  it  ^  for  it*s  proved  that  A  B»  ot  Ai,  meafurcs  any 
other  Number,,  N,  whicb  i^  fuppofcd  to  be  a  ^ :  Xie  to  A^  B. 

Cafi  11.    For  more  $han  tivo  Numbers^  as.A^By  C,  D,  i^c. 
Ruk..  Find  the  /  :  Xfe  to  aay  two  of  them  5  and  then  thei  :  x^  to  the  Number  laft 
found,  and  another  of  them  3  and  (b  on  till  you  go  through  them  all  j^  and  the  laft  &moi 
is  the  Nj^mber  fought. 

Dbmon.  Let  A,  B,  C,  D,  be  any  Numbers  3  and  the  / :  x/p 

of  A,  Bhem^  of  Mf,  C,  be  0  5  and  of  0,  D»  be  O.    I  fa;  iv  is 

the  / :  xfe  of  A,  B,^  C  3  and  Q,  that  of  A,  B,  C,  D  5  for, 

i^.  A,  fi  meafure  m^  and  m^  C  meafure  n,  th^srefiire  A,  B, 

_ .   w  -   *.  C  n>eafure  /r.    Again,  »,  D  meafure  O,  and  A,  B,  C,  meafaie 

m  :    n   :   o^      I    ^>  therefore  A,  B,  5,  D,  meafivc  O  5  and  fo  it  proceeds  (at  e?cr» 

■    I.  f .  each  Number  found  in  the  Courfe  of  the  Operation  it  a 
CfityJetQ  all  the  given  Numbers  fo  far.  ^ 

2"*^  They  are.  their  leaft  co :  x/^5  3  foe  what  i&  a  xi^  of  A,.B,  is  foof /rr»  and  what  is 
a^X/f  of.  pty  C,  is  fo  of «  (CorolLCafe  L)  therefore,  what  is  a  x/f  of  A^  B,  C,..is  fo  of  «, 
and  confequently  it  is  not  left  than  n  5  which  is  therefore  the  / :  Xk  of  A.  B,  C.  Again, 
what  is  a  xle  of  A,  fi,  C,  is  fo  cfa  (l>y  the  lafl  Step)  and  what  is  zxle  ol»^  D,  islo  of 

0  (Coroll.  Cafe  I.)  therefore  what  is  a  xfe  of  A,  B,  C,  D,  is  fo  of  O,  and  confequently 
is  not  lefs  than  O,  which  is  therefore  the  / :  Xle  of  A,  B,  C,  D.  The  fame  Reafooing 
i^., evidently  good  from  oiv:  St^p  to  another  for  ever  5  from,  which  we  hate  gained  ;^e 
following  Truth,  viz. 

.  Gen.  Co&oLL.  The^kafl  common  Multiple^  of  any  Numbers,,  A,  B,  C,  Cffc.  is  aa 
aU^uof  Part  bf  all  their  other  co  i  xles^  or  thefc  arc  Multiples  of  that. 

SCHOX^IUM. 

*  i-ft.  The-  meceding  general  Corollary  may  be  demofftrated  inilependently  of  ^any 
Cafe  of  this  Problem.  STi&w,  Take  any  Number,  N,  which  /,  the  /:  xfcof  A,  B»  C, 
i^c.  does  not  meafure,  I  fay  it  can  be  none  of  the '^  :  xles  of  A,  B,  C,  f$c.  for  fiucc  / 

does  not  meafure  N,  (the  Quote  of/)  N  is  a  mix'd  Number,  fuppofc,  A-f-i-«  Hence, 

/ 

by  the  Nature  of  Divifion,  Ne=AA)-^-  ^^w  A,  B,  Q  S^c.  do  each  bv  SupmCtion 
meafbre  /,  and  codequently  they  meafure  its  Multiple  A/;  but  /  is  the  leaft  Number 
they  meafure,  therefore  they  cannot  meafure  r,  waich.is  leis  than  /,  beiiig  tbcuJLe- 
mamder  of  a  Divifim  in.  which  i  is  the  Divifor.  Za^yf  What  meafuros  one  Part,  and 
not  the  other  Part^  r,  cannot  meafure  the  whole  Ah\-r^  which  being  equal  to  N,  con- 
fequently A,  B,  C,,  iSc.  cannot  each  of  them  meafure  N,  a  Number  which  tfaf^  / :  xle 

1  cfoes  not  meafure. 

%d.  Though  it  be  true  that  m  meafurcs  isr,  yet  we.  cannot  hence  conclude,  that  die 
/ :  xle  of  .certain  Numben  is  a  greater  Number  thaa  that  of  a  Part  of  thefe  Numbers, 
becaufe  they  may  happen.to  be  equal  ^  fo  m  may  be  equal  to  9,  jss  in  this  fixam^Jo* 
The  1 :  x/^  of  3,  4  is  la,  whicb-is  alfo  the  / :  Xle^xf  3, 49  <^^  'I'lus  however  is  certain, 
that  the  / 1  x/e  of  the  whok  giten  Numbers  can  ^never  be  lefs  than  that  of  a'  Part  ^ 
them  5 ,  for  i^'s  ihewn,  that  m  muft  oicaruns »  $  oc^  for  ibi&  obvkw  ReafoD^  tb^  the 
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J :  Xfe  of  the  Vlhole  is  a  ^^ :  x/0  to  any  Part  of  them,  and  can't  be  lefi  than  their  / :  xle^ 
which  would  Tie  abfiird. 

Afittin,  the*  Cafe  in  whidk  it  Hapoena  that  the  / :  xfo  of  the  Whole  is  equal  to  that 
of  a  Party  is  tYdsyViz,  when  one  oi  the  given  Numben  is  equal  to,  or  an  aliquot  Part 
of  die  leaft  co :  x/^  of  a  Part  ^  for  dien  it  s  manifeft  from  the  Manner  of  the  Operation, 
that  this  Equality  muft  happen,  as  you'll  fee  by  examining  theic  EKampks  : 

Given  Numbers        3.4.^    j    3.  4.  5.  it 

* 
^i.  If  Numbers  are  given,  to  find  their  l:Xh^  and  if  feveral  of  thcfc  Numbers  are  - 
the  fame,  or  equal,  as  A,  A,  B,  C,  It  s  plain  that  we  have  no  more  to  do,  but 
find  the  / :  Xfe  to  all  that  are  really  different  Numbers.  But  if  we  fliould  supply  the 
Rule  to  all  the  given  Numbers,  without  confideriog  that  ibme  of  them  are  the  ikme^ 
the  fame  Number  muft  neceilarily  anfwer  for  the  / ;  x/^^  the  Rcafon  of  which  will 
al£>  appear  fibm  the  Nature  of  the  Operation ;  as  here,  the  / :  xie  of  3,  4  is  xa  5  and 
if  to  the  given  Numbo's  you  join  ano^er  4^  the  / :  xh  is  not  thereby  changed,  bccaufe 
I  a  beu)^  a  X/ff  of  4,  their  Ratio  in  loweft  Terms  is  a  :  i  ^  fo  that  the  Number  found 
upon  joining  of  the  new  4,  muft  nece£&rily  be  the  fame  as  the  laft,  for  12 : 4..: : 
3  :  ly  and  according  to  the  Rule  laXi  is  ^e  Number  foi^ht,  which  is  the  laft  found  . 

4/ib.  This  Problem  is  to  the  fame  Purpofe  with  this,  viz^  To  find  the  leaft  Number 
tfa^  has  Parts  denolmnated  by  certain  ^iyen  Nuntib^rs  ^  for  a  Number  which  has  a 
Part  .of  the  Denomination  A,  B,  ^c.  muft  be  meafurable  by  A  and  by  B,  ^c.  and 
the  leaft  Number  which  has  fuch  Parts  muft  be  the  leaft.  Number  mealurable  by  (or  . 
the  leaft  common  Multiple  of  A^  B,.C^r«,.. 

Theorem    XVII. 
The  piime  Number  which  meaftires  the  / :  Y^k  of  certain  Ntoibers^  A,  B,  C,  D,  ISc^  . 
U  alio  BKaiureTome  cyie.of  thefe  Numbers.. 

Deison.  i^.  Take  two  Numbers,^  A^  B,  if  they  are  IncommenAirable,  then  is  AB 
their  / :  x/?  $  and  if  a  Prune  p  meafures  A  ^,  it.mcafuccf  A  or  K(jQorolL  i,  7'he$.  VL) 
If  A,  B  are  Gommenfurable,  let  ^,,^,  beJncQnunenfur^blc  (or.  leaft  in  the  fame 
Ratio)  then  is^  A^e^is^B,  the  /  >y.k  of  A,  B  ;  and  if  p  meafure  A^  and  a  B,  and  does 
not  meafure  A,  nor  B,.  it'muft  mcafure  both  ^  and  a  {CoroU^,i.,l'beor.  VI.)  which  . 
therefore  are  not  Inconuncnfuiabie^  conti;ary  ;to  Suppofition. 

2?.  If  there  are  more  then  twp  J^umbers,  asAvB,CD,  fun- 
poft  e^  the  / :  y^e  of  A :  B>  ai^  n  the  / :  x/«  ofm :  C  (/.  e.  of  A, 
B,  C.)  Again,  0  the  /  :  xfe  oim  D  (/.  e.  of  A,  B,  C,  D)  5  then 
.  if^-mcafiures  0,  it  muft  meafure  n^  or  D  (by  the  firft  Article)  if 
coniequently  it  meafures  either  1^  or  C^  if  not  C  then  /sr,  .and  con- 
fequehtly  it  meafuncs  jcicher  A.or  B$  fo  that  it  muft  neceftarily  meafure  one  of  .the 
Numbers  A»  Bs  Ct  or  D  ^  but  howmany  Numbets  foeycr.  there  be,  ^the.iameJK.eafoning 
will  cvideidy  bold.  thcQMgti  them  all... : 

T  H  KOR  EM     XV  ill.  \ 

Of  certain  Numben,  AvB,C,.D,  ^c.  if  each  pf  them  be.feparately  Incommenfurable  • 
ta  any  Number,  N,  fq  is  M  their  i :  xXf^ 

Demon.  :I£  any  Number  ineafures  N,  M^  then  foipc  prime  Number  meafures  them  -:. 
i^beor.  V\l.\CQr0U.  3^  which  therefore  ("by  the  laft)  meafures  fome  one  of  the  given 
Number^ }  CQxtfeque wy  eadi  9f .thefe  i»  not  Incommenfux^ble  to  N,  contrary  tp  Suppo- 
fitioD.  T  H  &  Q-  . 


A  .  B  .  C  .  D 
m  •  n  •  o 

not  D  thea  n^  and 


950  OJTrimemdComfofuNtmikeru         BookV. 

T  H  E  O  B.  B  M     XIX. 

Tfie  gmdteft  Gammon  Meafwe^  m^  atid  the  lesift  Commoo  Makbkt  M|  ^  two 
KumberSf  A,  B,  are  rcciiHi^^dly  ProporMntl  ivirk  diem  $  thus,  iw  :  A  1 1  fi :  M. 
'    Demoh.  Take  a  :  ^,  \t$^  in  the  Ratio  of  A,  B,  then  b  A^w#B^3«M  ^  ind 
A^=maf   ^oxfnb.  Hence  A^aB^nyi^saBMt  Butic'snunifeft  tbatflis^mris^iit^) 
that  is,  /^  :  A  :  :  fi  :  M. 

PROBLEM    VL 

Any  Number  of  Ratios  being  given,  to  continue  them  in  Integers,  in  any  Order, 
and  in  their  Icaft  Terms. 

Rule.  This  ^rshkm  may  be  feWed  two  different  Ways. 

Method  I.  Continue  them  by  Problem  L  S.  IV.  Cb.  IV.  and  diea,  reduce  die 
Numbers  found  to  their  leaft  Temw  <;by  CoHl*  3.  ^beor.  III.) 

.  Obferve^  If  the  given  Ratios  are  in  their  lowcft  Terms,  then  beii^  icontiwcd  ii 
this  Manner,  the  Numbers  found,  will,  in  fixoe  Ca(e9»  be  in  the  leaft  Terms,  bat 
^ot  in  every  Cafe,  asHiefe  Examples  A^w,  «vt^.  %  :  8,  and  4  e  7,  wbidi  aie  in  theif 
lowed  Terms,  being  conthmed,  make  this  Series  $  12:32:5^,  which  has  a  Coounm 
Meafure,  4,  which  reduces  it  to  this,  5  t  8 :  14.  Agaiyi,  Tiiefe,  a  c  3,  and4: 7t 
make  this  Series,-  8:12:  ar,  which  is  in  ks  ioweft  Terns.  But  if  the  given  Ratioi 
are  equ^l«  or  the  {ame  Ratio  to  be  continued,  then  this  Method  is  good.  But  I  flutt 
refer  tjie  Demonftration  tiB  after  the  Second  general  Method  iaestpiatoM. 

Methqi  2.  Th>e  gi^''^  Raiies  being  in  their  lowcft  Temis  (or  re- 
duced «o  fuch.)  Then  fappo&  only  tW4>  Ranos^  as  A :  B,  «id 
C  :  D  3  they  are  cenrinued  thus  5  Fkid  P,  this  i:Kfe  of  B : C, 
{^rob.  V.)  then  find  E  and  G,  by  diefe  Pniportioii«,«rfe.  B:  A : : 
F  :  £,  and  C  :  D  :  :  F  :  G  5  then  are  E  :  F  :  G  the  {lum- 
bers fought. 

Demon.  That  £ :  F :  G,  continue  the  given  Rati^  is  momftft  from  die  Coo- 
ftruSion :  For  A  :  fi  :  :  E  :  F,  and  C  :  D  : :  F  :  G.  And  thait  they  an  the  leaft 
Numbers  which  continue  the  jgiven  Ratios,  is  thus  proved  :  Suppofe  any  other 
Kumbers,  A\b  %  Cy  which  are  m  the  given  Ratios  5  I  fay,  thcfe  am  greater  Num- 
bers than  £ :  F  :  G  3  for,  A  :  B  : :  ^ :  b^y  but  A  :  B  are  leaft  in  their  Ratio ; 
therefore  B  meafures  b.  Again,  C  :  D :  :  ^  :  c  5  but  C  :  D  are  leaft  in  dieir 
Ratio  J  therefore  G  meafures  b  5  therefore  alfo,  F,  the  / :  xfe  of  S,  Cv  muft  mea- 
fure *  (by  G^n.  CoroU  ^rob.  Y.)  Again,  Since  F:>  2 :  £  :  «  :  tG  tc,  andP 
meaiures  h  ^  therefore  E  and  G,  do  equally  meafure  a  and  €  ^  confej^uently  a^  b^  c^ 
are  greater  than  £,  F,  G,  which  are  therefore  .the  leaft  that  cpndnue  ^he  gtveo 
Ratios. 

H.  Suppofe  3  given  Ratiis,  A  :  B,  C  ;  D,  E :  F.  Fwd 
as  before,  G  :  H  :  I,  the  3  leaft  Numibers  that  oratinue  the 
a  firft  Ratios  ^  then  find  M,  the  l.Xktol  i  E.  AndlsfllTi 
find  K,  I/,N,  by  thefe  Proportions,  IiMmHsLs^GcK, 
and  this  £ :  M  : :  F  :  N  5  then  are  iMh  thcNuiiriicit  i»3%^^ 
biz.  K.  :  L  :  M  :  N. 

Demon.  "Tis  pUin  they  continue  the  given  Ratios  5  and  they  are  the  leaft  that  do 
fo:  Forfiippofe any  other NurabeT»,  tbatidfi»  continue  theeiven  Racm^  aB4i  #:^:^* 
I  prove  that  they  muft  be  greater  than  K  :  L  :  M  :  N  ^  ttiiiSi  At  Bs :  a:b^  \fOt 
A  :  B  are  leaft  in  their  Ratio  5  therefere  B  naeafiires  b.  AgM,  CtDabtc^^ 
C  :  D  arc  leaft  in  their  Ratio  5  therefore  C  «eafiipea^»  Hence  again*  H,  the  / :  ^e  of 
B,  C,  meafures  ^  5  but aMb  Hi  liibic  j  Aerefiwe I  mcafmcs^.    Again*  £ :  F y 


A  :  B,  C  I  D 
£:F  :G 
a  :  b  t  c 


A  :  B,  C  :  D,  E  :  F 
G:H:i 

K:L:M:N 

a  I  b  I  c  :  d 
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Of.  Tfhne  mKt(Mptfite  fMhcfs. 
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A  :  B,  C  s  D,  E  :  P,  G  :  H 
1  :  K  :  L 
M<N:OtP 

,;  R. ;  S  I  T  »  U 


?■; 


ttSy  meiAumCp  bofeH  :  ^  :  tK:i9: :  I#s^  t  :  N  8  if  mi  bttcau&  M hieafures  r, 
dMrenre  K^Ly  N»r  dd  cOTaBv  meftfu^e  ^B^  ii  Hcnco  ^,  i^^r,  i,  are  greatcir  than 
K,  L,  M)  N,  which  are  therefore  the  leaft  that  continue  the  given  Ration 

III.  Suppofe  fear  Ratios,  A  :  B,  C  :  D,  E  :  F,  G  :  H  ^  continue  the  firft  two  by  the 
Kumbers,  I :  K  :  L   (K'bet&g  the  t:%li  of  B;  C>  and  cbntbae  ^e  firft  three  in  the 
Numbers  M  :  N :  O  :  P,  CO  being  the  /:  xfe  of  L  :  E)  then  find  T^,  the  /  ;Xte  of 
P :  G.    Jknd  laftly,  find  Q,  R»-S/U,  by  thcfc  Proportions,  viz,  P  :  T  : :  M :  Q :  s 
JN:R::OsS,  aUbG:T  :  :HrU^  tW  Q^  R,  S,  T,  U,  are  the  Numbers  fought. 

Dtf  MObf.  They  continue  the  given  Ratios  plainly  ^ 
and  that  they  are  the  leuft  Numbers  which  do  fo, 
I  prof e,  b^  fbewifig  diac  mf  othet  Numbers,  a^  b^ 
e^  d^  ei  whibh  continue  the  (aaie  Ratios,  are  greater 
than  thev  t  Thus,  A  :  B  :  iSv^^  and  C  :  D  :  : 
b  I  c  i  tliereibre  B  and  C  do  both  meafure  b  ^ 
and  confequenfly,  K,  the  /:  Kte  pfE,  C,  does  mea- 
iose  b  $  and  bKMife  K :  L  r :  ^  s  ^,  liettlfi^e  L  meafiires-  e*  Again,  itiWacii^ 
thcfdSire  S  mesifures  c  :  And  hence  ^aiiiv  O,  the  /  :  XA?  of  L,  £;  does  alfo  meafure 
c ^  aad  becaiife  OiViiz^e  ti^  and  G :  B  » <  i  :  tf^  thenefore  both  P and-G  meafure 
d  $  and  confequently  T,  the  /;  )<k  of  P;  G,  does  meafure  d  :  But  Mw  T  vd.x  (>  : 
tf::R:^::o:^:U:e3  and  becau&  T  meafures  J,  therefore  Q,  R,  S,  U,  do 
eaoally  meafure  ^,  b^  Ci  $:  "Etacc  a^  bf  ^:  i^0j  are  gteater  than  Qj  R,  S,  T,  U, 
wnich  therefere,  laftly,  are  the  leaft  that  continue  the  given  Ratios. 

As  I  think  die  PiogreA  of  this  Rule,  ahd'  itf  &cafon,  ad  Ujinkum^  will  be  clearly 
perceived  after  wbttVeoeplained,  I  IfaaU  eswpy  it  no  further  $  butiOttly  tAAe  this  gene* 
ral  Siemarkj  viz.  That  fer  every  fudceeding  Series,  or  every  new  Ratio  added,  wa  be^ 
gn  always  with  finding  the  / ;  x/^  of  the  Antecedent  of  tHe  new  Ratio;'  tod  fbe  lafl: 
Term  kit  the  preceding  Series  $  and  making  that  the  bft  but  ond  of  the  S^ies  A>ught» 
we  £nd  the  neft  by  Pionortionr  diuwn  fma»  thisr  and  tM'Teitns  offthfe  prec^^ing  Series^ 
tajsether  witfi  the  Ratio  added  ^  then  the  Terra  which  was  firft  founds  is  a  princi«- 
ps3  iUSWMKfor  demonfiraiaBg  mt  the  Numl^rs  feand  continue  the  given  Ratios  hi 
tlie  leaft  Terms. 

8  G  H  O  L  I  U  M  S.  .   I     ,         /  ,   .     ;      -      -t 

1/2.  Eitfier  ofthefe  two  Method  are  uniyerjal^  whether  the  given'j(l^ios. aire  di£R^* 
rent  or  the  (ame  3  and  are  indeed  the  oidy  Ivfethods  that  fplve  thif  ^Mem^  in  aU 
Cafes  X  but  in  that  Cafe  where  the  fame  Ratio  is  to  be  continued,  if  we  take  it  in 
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Extremes  of  the  Series  arc  like  Powers  of  the  Terms  of  the 
given  Ration  and  thcfc  being  Incommbnriirablc  ("or  in 
their  l<aft  Terms;  their  like  Powers  muft  )£>c  to  (Tfoeor. 
XIII.  Cor.)  But  the  Extremes  of  a  Series  licing  Incomr^ 
mcnfurable,  the  Whole  muft  brf  fo.      . 

Or,  The  Tmth  of  this  will  alfo*  afpe^f  from  tHe*  prcce- 
ditm  fecond-  MPboi- :  For  if  you  compaye  thii'  O^cr^ribn  ex-: 
aftly  with  the  preceding  Ruk^  you  will  find  it's  the  very 
fame  Work  which  would  be  made  by  that  Rule  j  only  ia 
this  particular  Cafe  it  is  eafier  Work,  bccaufc  of  its  being 
the  tame  Ratio,  and  in  its  leaft  Terms. 

Ob- 
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Obferve  dfo,  Tbsf  the  fatne  Series  it  ttade  by  the  Series  oTd^  Pdwen  of  the  «• 


plained  in  Sdixa.  toTbeor.  VilL    jff.fv.  Of.  IV.  -and  viuch  is  exptcSd  ia  t]m 
general  Form^ : 

T 

^  li.  In  S.  IV.  Cib.  iV.  Trot.  I.  Sebol.  id.  I  hate.obfcrved,  That  tho' t^c  take  all 
^  the  poflible  Expreflient  of  the  fame  Ratio,  and  coiitinue  a  Seties  by  each  of  them, 
yet  this  would  not  exhauft  all  the  Variety  of  Numbers,  in  which  a  Series  in  the  lame 
Ratio  might  appear ;  and  the  iiniverTal  Method  of  finding  all  thai;  Variety  was  referred 
to  another  Place  :  And  hei^  we  plainly  have  it :  Thus, 

Raife  a  Series  from  the  leaft  Terms  of  the/given  Ratio,  to  the  |>r6pored  Namberof 
Terms  J  then  fucceffively  milltiply  thia  Series  by  a,  L  4,  &c.  taking  Ae  Multiplicn 
in  the  Order  of  the  natm-a)  Scries,  ad  Infinitum  r^  and  you  fhail  hvrc  hereb]r.  the  Se- 
ries in  all  its  poffible  Variety  :  For  it  is  firft  in  its  loweft  Terms,  and  then  in  all  the 
Multiples  of  thefe  ^  which  nece£Gu-ily  eithauft  all  the  Variety :  Becamfe  a  Seriet  )^ 
either  in  its  leaft  Terms,  or  in  the  Multiples  of  theie  (y*h€ar,  I.)  Therefore,  if 
A  :  B  exprefs  the  leaft  Terms  of  any  Ration  all  thcip^^Iible-  Variety  may  be  bxpref* 
led  in  this  general  Form : 


,  •     •       •     .     «  » 


Where,  according  to  the  infinite  Variety  of  Numbeis,  in  the  Order  of  the  natural  Se- 
ries, that  X  may  repoefent,:  (b  will  the  Seriea  be  different :  So  x,  being  i,  the  Scries 
is  in  its  leaft  Terms  &  becaufe  i.  dpec  not  multiply  ^  but  in  all  other  Values  ofx,  the 
Series  is  Multiple  ofthc  leaift  Terms. 

ObftrvB  alio,  That  if  x  is  anv  Number,  which  is  a. Power  of  the  Order  n  (^4"^  ^: 
ing  the  Number  of  Terms  of  tM  Series)  thien  the  Series,  with  tbac  Value  of  «,  is 
what  would  arife  by  working,  according  to  the  Ride  in  Schol.  1.  with  iome  of  the 
greater  Terms  of  the  Ratio,  which  are  always  Equimultiples  of  the  leaft  Terms  $ 

^bmy  Let  x=r«,  then  is  A«x=A»r»=Arl'  (by  tbeor.  I.  S.  III.  Ch.V)  and 
B"x=B"r"=5n\  and  thefe  Extremes  are  plainly  ^ike  Powers  of  Ar  :  Br,  Equimul- 
tiples of  the  leaft  Terms  of  the  Ratio  A  :  B.  But  all  the  greater  Terms  of  this  Ra- 
tio are  univcrfally  exprcfled  by  Ar :  Br  5  and  ifce  Extremes  df  a  Series  rais'd  from 


the  Order  »,  then  wc  have  all  the  reft  of  the  Variety,  which  cannot  arife  from  work- 
ing according  to  the  preceding  Rule  5  becaufe  whatever  Terms  of  the  Ratio  wc  work 
with,  as  Ar  :  Br,  the  Extremes  will  be  AH"  :  Sfl",  fimilar  Powers  5  but  x  not  be- 
ing a  Power  of  the  Order  n^  A"x  :  B"x  cannot  be  fuch  Powers  {Cor.  4-  ^Ntwr.  11. 
3.  III.  Cb.  I.)  ^  „  ,    ,, 

Obferve^  laftly.  That  in  sbMultiple  Ratio,  or  whofe  leflcr  Extreme  is  i,  all  the  va- 
riety is  had  by  raifing  a  Series  from  all  the  different  Expreffions  of  the  Ratio  ;  which 
in  this  Cafe  only  ha)  ttie  fame  Efl&ft,  as  multiplying  the  leaft  Termiof  the  Scries. 


$.  a 


jChapCX         €f^nie  ^Ctmpo/he  Numbers.  35^ 

5.  H.  Relating  ail  fa  Ceometrical  Pfogrcffibns. 

Theorem   XX. 

If  a  Geometrical  Series  is  in  its  leaft  Terms  (i.  e.  aQ  the  Terms  Incommenfurable) 
the  Extremes  are  fuch  like  Powers  of  the  leaft  Terms  of  the  Ratio,  whofc  Index  is  the 
Number  of  Terms  left  i.  And  if  the  Series  is  not  in  its  leaft  Terms,  the  Extremes 
are  Eqnimahtfiles  of  thefe  jilte  Powers  of  the  leaft  Tesms  of  the  Ratio. 

Demon*  This  is  plain  from  the  Method  of  raifing  a  Series  in  its  leaft  Terms,  ex- 
nlaioed' in  the  preceding  Problem.  fSecScioL  i.)  For  if  a  Series  rais'd  from  die 
leaft  Tends  of  the  Ratio,  is  in  its  leaft  Terms,  and  the  Extremes  are  the  «— i  Pow- 
ers of  the  leaft  Terms  of  the  Ratio  $  alio,  fince  two  Series  iii  the  fame  Ratio  cannot 
fae  both  in  leaft  Terms,  and  confift  of  difierent  Numbers  f  therefore  the  firft  Thing 
proposed  is  maniieft.  Again,  if  the  Series  is  not  in  leaft  Terms,  it  confifts  of  Equi- 
multiples  of  the  leaft  Terms,  (£teSpM.  2.  preceding  Problem)  and  confequently  tbc 
Eztremef  are  E^uimuEtiples  of  the  4P^ii  rowers  ot  the  leaft  Terms  of  the  common 
Ratio. 

ScHOL.  As  every  Series,  not  in  its  leaft  Terms,  are  Eauimttltiples'of  the  leaft  $  fb,  ac« 
cording  as  the  common  Makiplier  is,  or  is  not,  a  Power  of  the  Order  ir,  the  Extremes  will 
be,  or  win  not  be,  fuch  Powers :  And  comparing  this  with  the  Extremes  of  the  Series, 
in  its  leaft  Teni^,^^  we  may  obfenre, ,  that  the  £xtrenes  of  e?ery  Series  have  one  of 
theie  three  Qualities.  . 

'  I**  '^^  ^^*^  Vimcn  of  tbeOrder  0  f  bat  not  alio  Equimultiples  of  other  Nam- 
ben,,  idiictt  ace  fiicb  Powers:  And  this  happens  only  when  the  Series  is  in  leaft- 
Terms. 

%^.  They  may  be  Powers  of  the  Order  ir,  and  alio  Equimultiples  of  fuch  Powers  y 
whidi  happens  ^y  when  the  leaft  Terms  of  the  Series  are  moltiplied  by  ibme  Power  - 
of  the  Order  m  5  or,  whenla  Seuesis  railed  fim^any  foch  Terms  of  the  Ratio  ai  are- 
not  the  leaft. 

9^.  They  are  Equimultiples  of  Powers  of  the  Order  )si  $  but  are  not  fuch  Powers 
tfaonfidvea :  Which  mqppens  when  the  leaft  Terms  of  the  Rario  (or  Series)  are  multi- 
plied by  Ibtne  Number  wbich  isnot a Powerof  the  Order #.  ^ 

COROLLARIES. 

1/7.  *If  four  Numbers  are  : :  /,  A  :  B  : :  C :  D  j  and  if  any  two  of  the  0>mjMtative' 
Terms,  as  A,  B,  or  A,  C,  are  Similar  Powers  of  any  Order  $  the  other  two,  C,  IX  or 
B,  D^'  are  either  Similar  Powers  of  the  fame  Order,  or  they  are  Equimultiples  of  fuch 
Powers  s  For  if  A,'B  aire  Powers  of  the  Order  n^  they  admit  /s— i  Mean^  ;  afld  €0  alfb 
do  C  :  D  5  coniequently,  by  this  Tbeoremt  they  are  either  Powers  of  the  Order  jsr, 
or  Equimultiples  of  fucn. 

a<l.  Two  Numbers,  A,  B,  that  are  like  ^Compofites  of  f$  FaAors,  are  either  both 
Powers  of  the  Ord^r  /y,  or  Equimultiples  qf  fuch  5  fer  being  like  Compofites  of  m; 
Fa^fam,  iheyadmit  of  )^— i  Means  $  1.  e.  they  are  the  Extremes  of  a  Geometrical  Se- ' 
riesofi^rf-iTermsj  (Tibeor.lX.  S.IV.  C/b.  IV.)  and  confcquchtly,  bythis^Tibw* 
re»fj  they  are  either,  &c,  • 

Theorem   XXL 

If  a  Geometrical  Series  is  in  its  leaft  Terms,  or  IncomiDteofurable,  fo  alio  ar^  the 
Extremes* 


I 


I 
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Demon.  The  Extremes  are  like  Powers  of  the  leaft  Terms  cf  the  Ratio :  but  die 
leaft Terms  are IwBommenfir$bk  Qtlmr. iV.)' su^ ^bott UbePo^tts sHe aUo  Ucm^ 
menfurabk  (Tiear.  XIII.  &ro//.) 

CoROLL.  IftheEactremesofaSerieaafeGiimMM;^  the  whole  Terms  are  fo  ^ 
fer  Che  Whole  being  iMcmm^furstU^  ibdib  ara  Ihe  Ektteitiaa. 

T  H  »  o  R  £  »  XXII. 

In  every  Geometrical  Series^  whefe  Ratio  is  not  Makij^v  the  wkole  Ttaai,  o>* 
clodisg  cither  of  the  Ssttvemea,  are  CcmmeMfurMt. 

D&MONt  By  the  Wotk  of  the  pfei;ip«li0g  ^nblemt  aa  it  is  ttimefimted  ia  AM.  i. 
all  the  Terms  of  the  Series  tto  Maltijplea  «f  the  leflTcr  Term  of  dK  Ratio,  except  tk 
sreater  £xtreme  $  and  aU  ai«  Malcipks  of  the  jreater  Tesm  of  die  R^tfto^  except  die 
IcScr  Extseme :  Wberefoic  in  all  Ca£ba»  thefe  Tcama  arc  Caimneiiihfabk  by  tlat 
Term  of  the  Ratio. 

COROLLARIES. 

jfi.  AQ  the  Terair  of  every  Gcomtttka]  Seriea,  ctactf  t  the  lefler  Ettremei  m  fine 
Caies,  are  Ccvnpofite  Numbers  :  For  if  the  Ratio  is  Multiple,  the  lefler  ExtreaiQ 
may  be  a  Prime,  and  then  aU  die  other  Temis  ato  Multtfles  cf  it  9  But  if  the  Ratio 
is  not  Multiple,  all  the  Terma  are  Compofiae  Nvmbers^  whkh  aKcstfasf  PDVOiot 
Multiplea  of  tho  Teinis  of  dto  Ratio.    Heooe  ag^, : 

2i.  No  Term  of  any  GeonetEScal  Serial^  CKtfepf  dtt  kAcBBoctroino^iaatibtf  v^Piuop 
Number.    And  hence  again,  .,  .  J  -    .    • 

9J.  Betwixt  tw>o  Prime  Nombeia  tbeie  camot  %e  la  GedRaftriod  Meaa  ia  a  vAde 
Numbet,  iior  coirfewntly  in  r  »ix*d  Mufllb^^  booiufo  the  Mean  ia  the  %UR]tooc 
of  the  Produd  of  the  Esctremes  5  which  not  having  an  Integral  Root,  has  none  stall 
(hyTiat.XJX.  S.m.  Cb.h)  And moie §tatMiy^  Wtwkt twft Primes <fcwgi 
no  Nttfkibeff  of  Gcometrioal  Maa»)  tx  Inteonl  Meins  fchcjr  oamat be,  hy  dai  thih 
rjair  r  and th^  e^bmet  be.Faafiiorad».fas.yoiBm  6c>^ 

TTn'^eaiBM.XXHL  "    ><■ 

If  a  Geometfkal  S^rias^  whufe  Ratio  is  dot  Afiddfki,  la  ia  iml^g£tl!ctm«  A* 
C(mfnenfurahle^  another  Intiqgral  Term  cnmot  te  ^ded^  eiditr  iuMidat%  or  4^ 
creating. 

Demon.  The  Series  being  iii  ila  leaftTdnHs^  if  v^e  filppole  another  Integral  Term 
added^  dxci>  in  this  increa£ed  Series,  ^tbe  .whole  Tenns^  exdoding*  this  -new  fiftreme 
added,  are  not  dommenforable  ^  wluch  is  contrary  to  nie  laft  1^9or^m4 

Xk  take  this  other  SDeji(mfiratiO»  :  Let  A.  B  and  L,  be  tlu:'firft^>  ^eebnd  a&d  hft 
Term  ofa  Scries^  in  its  leaft  Terms  ^  to  wUco  let  another  Teem,  r,  MadaeJ  1  then 
is  A  :  &  : :  L{  y.  But  A  :  L  are  Incmmenturabk x  becauie  the  Seribajfiom  AtoL 
is  to  (7%eor.  XXl.)  therefore  A  meafiues  B.  And  hence  ai^ain,  A  meafims  evary 
Term  of  the  Series  ^ .  die  Rario  being  in  this  C2a£e  Mukipk,  $.  e.  every  T^sm  btipg 
an  dtiquoP.  Part  ef  the  next  greater,  and  conie^uently  ofeverjirgreflleK  t  But;  'i  A 
mea&res  L»  then  A^  L  are  CommenTurablei  comrary  to  Suppolit]on« 
'  Co&oLi..  To  two  Numbers  Jncommenfurabk^  e  third  ia  Creomemca)  ^kapoitio^ 
cannot  be  an-  Integer.  ' 

Scholiums. 

1^.  The  Scnfe  of  this  Ttfeorem  is  the  iame  with  tliia,  vi9.  If  a  Series  is  in  its  Icaft 
Terms  (the  Ratio  not  Muldple)  the  laft  Term  cannot  be  to  any  Integral  Number  in 
the  fame  R^io,  as  ^ fitftTenvttathe  fecotid.  -     m^ 

2^.  Though  the  Extremes  of  &  Series  are  Commenfurable,  and  at  the  fame  Thne 
alfo  both  Compofite  Numbers  5  yet  it  will,  not  foQow  that  another  Integer  can  be  ad- 
dd3  to  ihe  Series  J  as  here,  ao  s  30  :  4; }  the  Extremes,  ao,  4;,  are  bodi  Compofite 

Numbers, 
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'KQm1>ers,  anct  CothmenAiraBIe  $  yet  'anoftict  Term  in  Xht  fxtac  R&tio  U  nor  (titegfal  | 
&r  it  k  47  f  • .  But  ^Troih  ore  imv  alio  deaxxtAntfeinddpoodfintly  of  aay  Paiticaki. 
BwnpkX  Thusy  In  etery  Seriea,  au  tbe  Terms,  except  the  Icfler  Extreme,  are  both 
Cminienfttribfe  and  C^mpofite  Nmobers  :  And  if  the  Series  is  in  it9  teaft  Terms', 
another  hjtegral  Term  cannot  be  added  5  but  if  we  ftikc  the  Tcmi  ne*t  the  lefler  E** 
tren^  aii4  tb^gronr^ft  i^tromegior  th^  SKttemes  of  ft  Series,  diey  are  both  p>»^ 
menfurable  and  Campofite  5  yet  another  Integpl  Term  cannot  be  added  above  tne 
.^raimt  Biarf  me  ^  becauia^  wMt  is  aAtedl  to  dns  8eriof>  k  alfi>  added  to  the  fttriea  of 
which  it  ia  a  Part,  and  to  which  another  Integml  Term  is  Ihewn  to  be  impoffiUe  ; 
becaofe  its  Extremes  are  Incommenlurable. 

9^  JU'tO'die^^pocid  Qumaar  of  ftSbiids^  wUeh  adotft^oTasiotbef  Imtjg^  Htm^ 
it  ii  to  be  deduced  from  Theor.  X.  7>atfy  Let  A^  B»  L^  be-tiiefitft,  £&ood»  and 
lift  Temisi  of  a.  GcsiMttiad  Ssiios  ^  if  anodnar  Tcm  added  aftor  L  it  Imtgird,  let  it 
be  caUed  M  ^  then  is  A  :  B  :  :  L  :  M  5  fo  that  A  meafures  BxL  ^  (fi^r  M;^BL^A»^ 
Con&quently  there  is  no  Prime  in  the  Compofition  of  A,  but  what  is  found  in  the 
Compofition  of  BL  (#.  e.  eitheiiil  Bbr  la}  nor  any  Pi^ime  oftner  involved  in  A;  than 
itii^nBLt  fcftrolbonJfeAcoiaUiiot  aMafiMiII^<by  a^tfn  X.>  and)  fr  M  w<lald 
not  be  Integer. 

Tbii».tlim  wo^im  i«ihoframdieQioditg6i»tof  thiee:Iit^^  tbotadttit  a 

femt  Inliiof  tioutly  wfaiifa  ia  dfe  en  hgegt^ 

.    ./  /      .    i  ^'   :•    ^    ;  'i'T^DO-BiE*    XXiV* 

Ifdiere  be  dnj^  taeXIheice  of  Mm  TetMs  iii  ^  Senf%  iKdMrdefite  k&rmcaibsai 
4iA  #MtfaV  ^faoe  mmfhSBbs  fliaU -Mdtfocfe  etetfy.  gitaicirs  And  if  theft  Be  ^j^  two 
ISdtlM^  wlererftlie'  lefler  ddto  mt^limlfbie  tiM.gttaitfrf  ibt»jioii^  ofthelifleif  Aail 
itfdafi»l»  an^  df  tine  gteatee;  *         .        . 

. fiftiiOKi  ijb: £ct iiy\8ecit8  Wthnstiefoeftnted^  Ni  Mtx  Axr*':  A^,  CTer.  If  ^^ 
Tennik^di^aikd  by  ai|y  Mftr,  theQaete  is'ieme^ffow*  ofr  ^'  thiols  meeifaft  9  a^ 
iftHe  Qoote'kao  hmfgbfi  <b^  ^  kan/bitdgerf;  beoaHfe  any  Power  being  IntegB#^ 
iteHootaftiftbefetoa  (^Amt.XIX.  SI  EIL  €hAiJ  A^^am^  if  r  i»  ato  Integer,  aB 
iarP^M^eBWtrlBieeere^  wtad;efeaeaceefyid9Gsr.TemvnaBEtf£^ 

a  J.  The  lecend  Part  is  obvious  fix>m  die  preceding ;  ibr  if  any  IdflerTemi  meafiuea 
wof  gfeete^:aIV^theikffiir^weaU  meaine  alFthe  gceeter,  <bntlary  to  St^ypofltion^ 

Co&OLii.  If  A,  the  lefler.EfadiMnid  of  a  Ber»s^  vkkSaxm  tbs  Ibcriild  Temi^  B^  it  !e 
tbe  greateft  common  Meafure  of  the  whole  Series  3  for  it  meafures  all  the  other  Terms, 
and  ja  its  own  greateft  Meafurej  > 

•  4  r        .         -  , 

''f  HEOR  EMT    XXV. 

KA,  tb»*leflefE0ctMm^f/a'$eriM^^^  j^rime  Number,  tbe^tlatio  oTlliat  Series  is 
IfultiplA  ^;  Wrf^uy  U&ck  Term  pifafima  ^^J}^  grafter.  ^ 

Sehon.  If/^/dqi^^no^nwailp  fi,  tlien  beiba>  Inline  Number, 

A^  B|^  are  Atif^^  i  .^4^^  co^feweetly  .thcre>caim     be  a  third  Integlfal  Tcrni 

^(:^C(r0//r  7/7^i?r.  iUUlL)  contrary  to  Suppontion  3  ana  if  A  measures  ^,  theneverjR 
icfler  Term  meafures  every  greater. 

C0E01.IM  If  the  le((er  Extreme  ^ySeiies  is  a  PrimorNumber,  that  Series  cannot  be 
ia  isa  leaftTerStt^  )^ec»]£:n^Q>|^l9r  EfUreiBe  mea^bi^  tbe  Wbole^ : 

.*••      ■"♦f'l''.-'^'  '  •• 

THEOEEltl     XXVl,  .1'  * 

IWhatever  Number  meafures  the  Extremes  of  a  Series,  will  meaiure  aQ  tlie  mi<^- 
die  Terms  5   or  thoi^  the  common  Meafure  of  the  Extremes  is  fo  to  the  whole 

Zs  a  D^^^^' 


\ 
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Demon.  Let  the  Series  be^  A  :  B  i  Q  ^c.  i  %  L>  and  fuppole  that  m  me^fuics  tbe 
Sxtrcnies  A,  L,  by  thefe  Quotes,  4,  /$  that  is,  — ss^^  and  -— ss/^  then  is  A:L;: 

f^it^  and  as  maiw  Means  as  fall  betwixt  A  :  L,  ib  many  fidl  betwixt  4 :/  in  the  £une 
Ratio.    JjCX  the  fecond  Series  be  a,  b^  Cy  f$c.  l^  then  is  A :  ii : ;  B :  ^  $  but  A?s:m^ 

therefore  B=smt.  hence  -^=>s^£  #.  ^.  «r  meafores  B  by  b.    In  the  fiune  manner  will 

m  • 

the  Reafbning  proceed  to  the  next  middle  Term  C;  for,  B  :  ^ : ;  C  ;  ^  $  but  B»%ik^, 
and  therefore  C^=^mCt  and  — =v;  and  fb  of  all  die  reft. 

*    CoROLL.  Hence  we  have  an  eaiy  Kale  for  finding  the  greateft  common  Meafuie  of 
any  Series,  viz.  hy  finding  that  ot  the  Extremes. 

ScHOL.  This  Theorem  is  tnie,  whether  the  Series  be  all  Integers  or  not|  and  wbe- 
ther  i!»  be  ib  or  not. 

T  H  X  o  a  m  M    XXVIL 
As  many  Geometrical  Means  as  fidl  betwixt  any  two  Numbers,  A4  L,  fb  many  there 
611  betwixt  each  of  them,  and  their  sreatefl  common  Meafure. 
DsMON.  t^  If  A,  L  are  the  leaft  in  meir  Ratib,  then  whate^erNumberof  Meamiifap- 

EDfed  to  fidl  betwixt  diem,  as  s^*-iy  thewholeSmes  is'leaftin  iisltJsttio,  and  A,Lsic 
owers  ot'  the  Order  is  (T bear.  XX.)  As  fuppofe  A==;^,  and  Ls=^}  now^,  ^ 
being  leafl  in  the  Ratio,  i  is  their  greateft  common  Meafure,  and  betwixt  i :  ^,  alib 
betmxt  I  :^  there  fall  0^1  Means  (Car.  III.  Vrakt.  IIL  ^9.  IV.  Cb.lU.) 

2^.  If  A,  L  are  Oommenfiirable,  let  m  be  dieir  greatefl  ccmnion  Meafiuc,  and  A-r 
wssB^  ]>HBi»D5  thenareB:Dleaftinthe  Radoof  A  iJj(Tibear.  III.)  and  be- 
ing in  the  fame  Ratio,  therefore  they  admit  as  many  Mcuib  (TbeaT.  VIL  JB^fclV. 
Cbap.  IV^)  But  by  the  hA  Article,  betwixt  i  and  B,  or  D,  there  &11  u  mm 
Mbms  as  betwixt  B:  D,  or  A  :  L,  as  fuppofe ' ar*—i.  ;  But'  again,  Sikc  A-«rsiBs]( 
therefore  iri  :  A : :  i  I'B,  and  betwikt  z  :  B,  chore  £iU  m^i  Means  9  oonfequendy  there 
fidl  as  many  betwixt  m :  A.  And  becaufe  Lrr-uieiD,  hence  iw :  L  s :  i :  D^  and  be- 
twixt I :  D  there  &11  «-«i  Means,  confeqiiently  as  many  betwixt  m :  £1,  that  is^  as  ma* 
ny  as  betwixt  A :  L. 

ScHOL.  By  the  fame  Reafbn  -diere  wiS  fidl  as.  many  Meams  betwixt  A  or  L,  and  asf 
ef  their  common  Mealures,  as  fidl  betwixt  A  s  li  tbemCelres.' 

T  H  E  o  a  E  M  XXVIII.  '  '' 

As  many  Means  as  &11  betwixt  any  two  Numbers,  A,  B,  fb  many  fidl  betwbct  each  of 
diem  and  their  leafl  common  Multiple  M.     ' 

D&MOH.  Let  »f  be  the  greatefl  common  Meafhre  of  A,  B5  then  (by  Tlbear.  ZIXJ 
igs :  A  : :  B :  M5  and  (by  near.  XXVIL)  there  611  as  many  Means  betwixt  iff :  A 
(or  99f :  B)  as  betwixt  A  :  B  5  alfo  (by  Thear.  VII.  Sack  I  v.  Cbap.  W.)  n  many 
betwixt  B :  M  or  A :  M  as  betwixt  a^  :  A  or  w :  B  :  that  Js.  as  many  at  betwixt 
A:B. 

T  H  X  O  &  E  M   XXIX. 

Of  a  Series  in  continued  Proportion,  take  die  Seriea  of  the  greateft  common  Mea- 
iares,  or  Icafl  common  Multiples,  to  every  two  adjacent  Terms }  thefe  are  alfb  in  one 

continued  Proportion.  *  •  '  .. 

«      .  .'1  .      .*»»•' 

DSM^ 
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IDuHON.  <".  Fortbegreatoft  comnioa MMTurw* -Let  / 

I    m     u  I    let  J  :  ^  be  the  leaft  Temu  of  the  cotnmon  Ratio  of  the 

a  i  b  I     firft  Series.     Kow,  I,  m,  n  do  cquaDy  mcafurc  A,  B,  C, 

via.  by  « {  and  they  aUo  mcafure  fi,  C,  D  equally  tty  ^  j 

(T^wr.  in.)  Md,  Reverfiiy,  a  meafurti  A,  B,  C  hy  t,m,i,  and  b  raeaturea  fi,  C,  D 

by/,  (ir,  «  J  hence  /,»»,-*  «rc  coatinued}y  iai  die  £une  Ratio  ai  A,  fi,.C}  diat  i>,  as 

a:h.       '      •  ;..-.,        -'     . 

xC.  For  the  leaft  commoii  Multiplet :  Let  it,  m,  «  be  die  J  :  xlei,  tfaeo  is  ^A£, 
)ir=B^  i*=0}  hence  /.w  :  :  A7:  Bfr .':  A:  B,  aod  M  .  •  ;  .■  B»  .■  Ci.-.- fi  :  Cj 
thetcfbre  /  ;  nr : ;  M :  v.         ' 

■    .-  li..'  ,■   ■  '    i    T-B-»«.asM  XXX. 

If  any  Numben,  -ff/,  aie  in  their  loweft  Terms,  as  A,  B,  C,  O,  and  L,  the  leaft  Terms 
tXwhm-Siafia  m  *  itbi,  wi)atfcterl!l»mbet't  ffr,,|iMa%«  any  Term  of  die  Series,  it's 
ConnTtenfiuable  with  aot  b, 

DmoH.  The  Seties  being  in  ita  loweft  Tenoa,  and  a  s  b  the  loweft  Terms  of  the 
common  RAtio,  then  the  Extrcnke*  are  Ab^*°  and  I^^^  ^  and  any  middle  Term  maf 
be  exwefied  f-n(.  ¥:  (See  Seh^U  I.  ^PreM.  VI.)  Now,  if m  is  Incotnmcn&rable  with 
«,  and  ^}  it^s  C)  i*i(h  any  Powerof  ii  add  ^  and  widbany  Produ£l  ofany  Powerofthb 
«De  l)y  ««7  Pa*er  ^  the  other,  (T^Mf.  XU.  CpniU^  whett&ra  k  caaaDt-meafurs  any 
Tenn  of  ;tbe  Sc^»  csntr^j.  to  SH|^iinh  ^ 

THEO»»Ji    XXXI. 

If  A:B:C:D,  Cffr.  are -H^,  and  in  their  loweft  Tennc,  each  of  them  is  Inconunen- 
fiinUe  with  the  Sum  of  all  the  Mft.  ,■  " 

DiltoM.  Ta&d  itn)-  one  of  thetn,  as,  B )  I  fiqr^B,  and; A-f-t£4'i>*i*  Incomnet^ofaUis } 
firi^tke^  are Comtnenfurabte  let  ff-meafiire  botfaj^'vndStttc  Jc.-^irihe.lowefl.Tenne 
efihtcnimiAi^RadOt  tHciv^  dnceM  mca%eaB,'it  ia  Onanidnfiinbleto^  or^  (Jn 
d>e  laft)}  firppoie  to  4  ;  and  tetw  incsfiire  iw,  and  a,  theigfere  a  njeafbrei  d,  B,  and 
A-f-C+b  (bccailTc  i*  meafuresnf,  and  M  mcaTurea  BaiidJ^4-<H-I>>  B°*  '>  tbe 
J^tecedent  of  the  loweft  Tenns  of  die  R«4o,  me^iirel  all  the  Antecedents  of  the  Se- 
ries, A,  B,  C,  He.  (diefe  being  aQ  Multiples  of  A,  as  ap^ars  fiom  the.  Work  of 
^nbl.'Vl.  as  it  is  in  StM.  ij?i)  And  fihce  n  tneafurei  m^-  by,  Snppefitiorii  tberc<bre 
it  alio  mqafHTca  e^ifi  of  thilc,,'  A,'  B,'C  jibiit  it  meafures  al^  A-f-<H-l).  thetefiiK 
iimcarurcsD  (Axiom^.)  cortftquemly itrntafarcieacbof thefc,'  AjBLXi-Dj-whicB 
tbeieftre  arc  not  leaft  m  the  Ratio,  contrary  toS         "  '  ■  I  .      i, 

Jf  inftead  of  rf,  we  tike  *,  the  Confequent  of  d  lonftration  wiH 

be  the  finie  ^  .&r  then  b  tncafures  aU  the  Confe^nc  nd  consequent' 

l^aoHpfipee^tiRm  allj}   apd  bea^pff  i^  Oicafure*  reitalfbmea- 

Utttt'A,  *{..*  it  mcaTurea'cach 'ojf.dad|e..A,B,<i.  Sunpofition-     \ 

Hpw mattyNumbpe* fQcyeryou £inx>fe, and whii  ab(k^  the  tie- 

monfliratien  will  nil!  be  toe  Gimer  mun  «  mpaTuriii  i^  and  ^'all  th^ 

CoB&qocnl^   .  .,       ,    _ 

.,.".  r.L...v,:  .■  .n  ,(rff»9ft«»«..xx3ai,  ,.,,;„:/ :■■-■ 

Of  a  Series  -fr/,  and  in  their  leaft  Temsj/  dky.  oat.fl£  UkdI  ja  Ineanmenfiuat)Ie  I9 

theSwttHJf-AoWtn^^SeriWJii  rf'ij"  i-l.     > :  ..l  ,<.  ;.'W,.:.  j  „  '    i-,ii.i:V,     a  ,  -  l    ' 

I  Pemoh, 


?54  OfTrimfmiiiQmfi^'tlimkri.  ;,     Blx*V. 

BxMOK'.  hay  oaetef  tfaen  »  isainimeoruinUa  -ttdle  Sum  of  all  tbe  reft  (by  the 
bfii)  audi  tha  ^tn  adtlcd  to  that  one  (whjUh  nakcs^dit  Si*n  of  ifie  WloleX  u  IkoiO' 
menfinrabk  to  say-ofithe  Pana  aidiicd  (C»-.  U^i  act.)  via<  ta  that  one. 

T»i.o*BH   XXXIIL 

Ua.:b:c:i:Ba:.  fc  :  A  '<+'.  and:  utiltfod  Tenna,  do.  «ti«Uy-tneftfwc  A':  B:C: 
"D,  ife.  K  :  L,.  by  »^f  alfo.tf  r :  5  aie  tlie  kafti  Tccouof  tfas  CUnith  .«nd  veidHt  of 
tbem  docs  mcafure  m,  thco  another  intesnl  Term  cannot  be  added  to  the  laft  Serict, 
A :  8-:  C  efc :  It :  L.  ,    .  '.-      ■         '      '  >       <r       ^    .[       ■ 

D£uoii.Since4..'^  .''f,  SficdampaTtitt  A..-B:C,£Sr.  by  »,.jtii«ncfbrc  tbe  laft  Sum 
ii  the  fame  mam  :  bm  :  cm,  &c.  lam  :  Im,  and  the  firft  Scries  ibe  fiune  M  r* :  r'''Xf, 
&c.  to  S'j  tbeo  r.lbcing  lncommen(unble,lbarer,^,orr:/jaod;.-r'ori:0.  (&r. 
7:^.Xni.]Agaui,fcM:;»:.7/0:^^^3^,  tte  Term  added;  which  is  not  Integral ; 

feriae-i-  behee  ^^^e^.  bbt^  f  Ia<  IhcomitiMrimbltf -tff  bcAb  j  ^Md^J^-tMaMire. 

k      r  k       r  -^  .i  ,:    .•   ,: 

quentljt  tDriij  ^^JCIL)  and^aKiit  data. notBiMfive  m,jj^Mfi^if>i)Qpi'ng^i)MfilpK 
fiat  i  i^%ar.  Vli  CW-.  ad.)  tbstia^  tbsTciw  addoshw-ovnUHfsnJU 

SrCooijL  fi^ths'&me  Mnthod  o61IlemoiiftAam.it  will;. »pa^  fE^ait i^«i«':n*»Nu«' 
ben^J.-^'oit  leafti  tOidKitr  HatMt'.aidi'do>aqwulltrJ««Mfev«ia^;|gv^>Ai  |li  byM> 
^^hjcbiDtahBRtfaM.*  juaflwca,  <h|em«tl^it4l^j^^^»  A  -^^jaJay^ffiblfewJpWiF"-}  .f* 

A— ^m  and  ^=hn,  and  tbe  third  -^^/  is  ^!^=:J^.  ''BtltirlMine'fna>ilimenritnbte 

_      am       a 
to  ^,  is  <b  to  ^%  and  it  does  not  fuba^utc  M^  cdbft^iMntly  doei  not  meaflue  ^V*. 

Thbokem   XXXtV.  .;  i      ■>    -' ■  .,:■ 

bM^tHreoTcmMf'tbe  Jikaivriteiarc.ttoatfalfdDf  twarlik«i'F«£iof«if  IfrdwiSuiw^ku 
Ciat  Xcmi^  ab«£xtreni(lii«rdtcgmpo&d  e£tbtse  Faifbitft.' 

pBWOB.. The {jtrtcmemtT'ev^ry  Serietkara  cUhcc-lilcePowi^  vbofeladarirtlie 
N(B»MRof'Terip»iitft  [.'«r;riii^f^.^uimihi{il«*tof  ^Whilike  fawzf  (^Jiepr.XX.) 
Utht^  ««;P()W«n&|t^  TnittvpCt^iS^Tl^eornniM  iT^nifeft,»  ^^i^  Pqwers^TB  cotnpK- 
bcn4««l'«ndfit^tjplC^)«eion:df^iV»Q9B^^tef<'tI<C-:0i!cy'aI^^  Hiw- 

CM,  .      .     ~.  .   .       ™  ..,„,.  ijf  be  refblred liito «''^ 

XiT,  1^  othtr^  cqiall^i  thefl 

it's  ;  " 

-  B  y  btf  ill  ISntt'Caftj,  af- 
ters in  which  aH  Ac  FiSm 
in  1  'arfc  likft  PbWew;  otiB 
^c<  ite'St[iiiUr'Gef«M6ti(A 
iir^  [(I  excA  Mxttcta*':  Am 

exc(  Terttt'tn'c'EjtWewcsrta 

Seri„, c ..  .  .  o    .  :alfoothcr*j  therefcM 

I  (hall  give  another  Demooftrationxijrtbe  T'iieorem,  unlimited  to  any  particular  kind  of 
Similiar  Compofition,  and  whfCR' c6M{trc)tcA(K  'JhbM  ^  :  And  afterwards  I  Jhall  ex- 

I^t  the  Extremes  of  a  Series  be  A,  N,  and  tbe  Term  neadt^  gcaileBB«r«)aiH^) 
be  M.  ,  Then,  I  fay. 

'    ;(!  ,  ijj.  It 


Chap.  1  Qf  Tnme  miVah^^  Numhe 

ijt.tt  <he  snWwr  Wtttrtf  in  ti^ry  <iife  ^h^H  t^  Numbei 
jlfetti^  whenche  HiifiA>cr'Qf  Tbrms  is  Xf4^Jt  $  Which  t  thus  pro 

i^.  If  from  A  10  N,  Anduding  btth,  thsre.sM#-f-i.T«mit»  tl 
dueling  one  of  them,  diere  are  0  Terms  ;  i(nd  by  Sappofition  t 
ef  ji  l^rnn  fiom  A co  M  t<  Stippofe  ts  M&n^  Terfns,  kaA  in  the 
SetfioB  X.  ^  . M  3  the  Excmttnes  ^f4hi9  new  Series,  ^,  by  Sup 
pofiioti^  .which  wc  mvf  veprefent   thu^f,  f>i^.  (Aixc.   ti&cc. 

F«3of8  as  /9r-i*    Difpofe  thefe  under  the  ^ther,  as  in  the  Man 

1^.  Sitcc  a^c. :  d&LQ.  are  Simii 
A  •  •  4 .  ."M  :¥r  r  21  ^  rt!^:^:  and Ih through  all ^I^a£ 
Mb&c  •  •  .  cilkc.  I        I    in  Ordet,  the  leift  Pa^or  of  the  on> 

other  ^  and  fb  oadufJly  on,tethe  great 
Series  bei^gin  the  leaft  Tern^^,  atidiii  tn^.&me  Ratio  ^itb  the 
A'«6  M,  everv'Tetlxi  in  that  Series  ^ill  teeafure  it«  CorreWid 
4sdA  Ihac  hj  thdr  greateft  tommon  MeaTure,  fuppbCe  m ;  Thej 

3^.  Ommre  the  fecond  Series  fi6tD  2^^2&U:.  to  as  many  of  the  i 
towards  AeXeft-hahiL  and'kihey  are  klfi>  leaft  in  the  fame  Ratio ' 
diefe  are  Pan  df  the  fame  SmeS  proceedtftg  froih  A  5  confeqjuent 

Series,  iA&c ^i&c.   meafures  its  Correfpondent,    in  this  \ 

lies,  equaDy,  %>Pofe  by  jh  5  thus,  ^ J&c.  meafures  N  by  isi  ^  h 
lb  that,  for  the  fim  ^nd  two  Ia£k  TethiS  of  the  giv^n  SeneS|  we  1 
«Mtf  fd  dieM,  whidi  ^'  ffaefb  ihndin^  under  them, Jn  tibe  am 
Imtffti     Then, 

'^ ,  4^  fifince  4*&c.  ^i&c. 

A  ^. . . . .  i . .  M       s     N         X'lix  Cbmppfites^  by  Suppoi 

i0X^il!6cc. .  • .  n^yxdSfc.'  iafkcB&x:.     \  •  IV  to  be  Ihewnthat  ?^x 

'.  '^     ^  •  .   i.    - .  -  .  '     ^^j  jg^  jj^  and'N  are  klfo  \ 

#liitli' Is  dbnp  ^fr,  The'^efi^S^lom'^X^&c;  ip  jiX(^38cc.  is  in  tl 
MW  lii  t  ^rihet^^aftT^iuM^,  t)t/6V  is^X^i&c.  i»X(;^Akc'.  arc  plain 
t^&otA  Taw  tdFthe  given;Series  bekg  cal^d  B,  its  equivalent  Ex 

l^droi,  is  \%ah&ii.  '$  but'm:f;i!fi^&c.  :  isrXifi&c  :i i9fx»^"&c.  /rx^i^'^ 
dcjc  9f  being  the  Kumbcr  of  Terms;  Ids  i.  'Ctiem  VI.  Ja»  P 

b^c^ufe  fn^^c^  t.  nxah^  0=^6)  1  tM  i  »\  thcreftire  ^Jxab"" 
iCor.  lu  Tt^orAli,.^^ty.a^.lY.)  wtierpfore  alio  Kwx^r^&c. 

He4ce  aeu4,.4/^i  ;^d&cw.r4  «f fr*  i  i»<^«  (lyW  being  the  Nt 
#MccwJ  but  by  Suppdfitiobi  aiCtt^ij'}^  lb  that^sc^  $  and 

in  tt»  r^'pt  tl^e.Fadofs  lof  «f^&e.  .fztjftc;  conifttt^d,  therefore  - 

•     f  -      .   i  I    .         •        ' 


■    u 


Heru*   is*^  .'  <;^  5 :  W^  :  »*••,   and  4  t  r :  :  J»  :  IS    (C(?r4  il.    I 
€».  IV.y  _^yfhtte6iH,  lattly,    w^i^c.  wJ&c.  that -is,   A,  N  ai 

dtcs  of»-^i  PskSton^  n  being  ^  Number  (xf  Terms  in  the  Strit 
Pare  df  the  I>entod[tration<    fiut| ....  1     . 

;tX*The  JPrppofitipn.  is  tt;ue  oft. «i j. three  Teiths^  A  Tft  1  C  in 
#;  ^«  A  and  Q,  are  like  Cbo^pofites  ^iwo  F^fiore  ^  uuhich  is  thus 


ij  < 


w 


|6q  Of  Trim  ml  Chmj^c  Kumh^.        JM^T^ 


A  :  B  !  C 

a  :  If 

C  id 
MCicbibi 


they  muft  emially  mcafure  A^  6/  fiippofe'  .by  cj^  and  B^  ^  iapfoCb  b(y. 

i$  that  if,  — ^=^c^  and  -r-sss^:  Alfi),  T^^^t   *"^   T^^9y  ^^' 

fore  ac^=^Aj  cb=^B^adf  aa^bd^^C  i  Wherefore,  gabe.ibi,  are 
in  the  fame  jKatio  con^oeoly,;  fince  they  afc^eqa^l  ta  A  :.  B.:.C  $  bat 

it*a  plain,  that   ac:  be  :  ia:b^  and  ic. :  bd  i  :  €  :  d.    HctiQi^'Ta.:  b\::C  :.  J,  dun  is, 

ac  and  W  are  like  Compoiites  of  two  f'aflora.  \  ^     .\     '  < 

id.  Therefore  the  Theorem  is  true  in  aU  Cafes  j  for  it  is  tr^e  in  Cafe  of  three  Terms, 

by  Article  lA  y  and  it  follows  from  the  ift  jirtkle^  that  u'a  tmetif  four  Terms  ;  and 

mm  this  again  it*s  true  of  five  Terms,  and  fo  onfor  ever. 

COROLtARIES.     , 

I/?.  If  the  Produd  of  two  t^umbers,  A,  B,  makes  a  Square  Nxunber,.  thefcNuni- 
bers  are  like  Compofites  of  two  V^Qott  ^  for  if  AB=x^,  tbe^  A  ;.«  r£  is  aconthuod 
Series,  whofe  Extremes,  A;  B,  are,  by  this  ^teorem^  like  Compoiites  of  two  Fadon.  - 

^d.  If  it  is  A  :  B  : :  C  ;  D,  and  if  A  :  B  are  like  Compofites  of  any  Kaniber  « 
Fadors,  C,  D  are  like  Compofites  of  the  lame  Number  of  Faftors  ^  becaufe  they  ad- 
mit  as  many  Means  as  A,  B,  or  are  the  Extremes  of  an  eciual  Series,  with  that  of  which 
A,  B  are  die  Extremes.  '^  '  ' 

*  '      .  '  *         ••  • 

SCH0I.;IUMS.  ,  >i     .  .  .•■.  i   .  . 

I/?.  The  Reafon  of  limiting  the  Sleries  to  a  Ratio,  whlc^  ^  xu>t  Mi^M^  }9f:<*^& 
if  the  Ratio  wet^  Multiple,  flie  lefler  Extreme  niay  6e"i»  or  a  primerKupbei^r  Alt 
as  [  is  allowed  to  be  a  Power  of  all  Orders,  and  coniequently  to  oe  a  Comjpofite  of  i, 
as  a  continual  faAor,  for  it  Is  iXiXi,  &c«  If  we  alfo  aUow  i  to  ^  a  Faqvvin  pther 
Cafes  5  then  the  Theorem  may  be  taken  without  ijie  Limiui(ion.-    . 

%d.  It  has  been  fhewn,  that^  the  E^trem^s  pf  every  Series  are  like  Powers,  or  the 
EquimultiplesofKke  Powers^  and  iH  fohie  Caf^«  tbatthpjr.Me  l^tlv  Thofe  (b^t 
are  like  Powers  only,  and  not  alfo  Equimultiples  of  like  Po\ii!«fa^  ^v^  ^  ^lO^^  ^^' 
pofition,  bv  equal  Fafiors  only.  Thole  that  are  hot  like  Powers,  have  a  3iiSi)ar  Com- 
pofition  only  by  FaAors  that  are  not  all  equal  $  and  which,  iii  fome  Cafes,  will  be'all 
different  $  in  others  not*  Lafily^  Thofe  that  are  bodi  lik6  Powers  and  Eduimultiples 
of  like  Powers,  have  a  Similaif  Compofition,  botii  by^  equal  Fadors^and  by  fuch  as 
are  not  all  equal.    I  fliall  explain  tfaefe  Thiiigs  a  little  more  parti^larly. 

(i^.)  Thofe  thai  are  like  Fowecs  only,  bate  'a  Simitar-  Compofition  only  by  equal 
Fadors :  The  Reafon  of  which,  is  thja^  Such  a  Series  is  neccffiurily  in  its  leaftTcnns  ^ 
for  if  it  is  not,  the  Extremes  are  either  ^Equimultiples  of  like  Poweis,  or  they  are 
SOy  and  aUb  like  Powers-^  and  dierefbre  not  like  Powers  only,  contrary  toSuppontioo. 

Now,'  if  a  Series  is  in  its  leaft  Terms,  the  Extremes  are  like  Powers  oftne  Icaft 
Terms  of  the  Ratio  5  the  Index  beio^i  the.  Shimber  of  Tertns  tefi  i  {Tlmr.  XX.} 
Thus  the  leaft  Terms  of  the  Ratio  bteing  a  :  b^  the  Extremes  are  4",  ^*  s  bat-tf :  b 
being  Inconimenfurable,  fo^  aire  4",^^  (CorcU.-  Theor.  Xllh}  to  that  there  is  w 
Prime  common  to  a^  and  ^"  :  for  which  Reafon  they  can  never  b^  ceiblved  into  any 
Number  of  Similar  Fadors  5  becaufe  thefe  Fa6lors  could  be  no  other  than  the  Primes 
that  corapofe  them,  or  Produdb  made  of  thefe  Primes,  which  cannot  be  Proportional : 
For  fupnofe  that  x,  ^,  are^iny  twoProdufb,  mode  of  the  Primes  of4*j  andj^,  v^  two 
made  oi  the  Primes  of  b^  ^  thefe  Produfls  are  Incpmmenfarable  each  to'  each,  /.  e. 
K  to  ^j  and  z  to  v^  becai^Q  ^he  Primes  of  ^i*;  ifreUll  different  finom  thofe  of  ^^ 
wherefore  x,  y,  s^  v,  are  no*  PropcMrtsoiial  f  '4br  if  they  ^rey  thttt  sc,  y^  being  bcom- 
menfiirable,  o,  v,  muft  be  Commenfurable,  contrary  to  what's  already  fhewo. 

Hence 
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tleMi  Kr^  lcti»i7  faov.  «o  find  vlictW.tb*  SKMmn  ^  a  Sjciics  are  fimibity  C991- 

wdie,  cky  enofll  VaAon  cailj^  iriiofe  Number  it  tbc  ^uinber  of  Torm^  Ufi  i^  vip. 

by  findimi'WMdier  tfaey  are  m  dieir  kaft  Termi. 

(tf  ^)  Thofe  tfait  ate  mot  like  Powcfi,  h»ve  a  SjimUr  Cottifiofiticii)  oidy  by  Fafton 
A«t  M  Mt  ill  eifind  :  This  is  dmoos. 

M.)  If^ba  Eadreaiei  aie  not  in  their  leaft  Tteffi»%  and  y«t  mrf  likp  Powcn  of  tfoe 

Mer  )y»  it'4.  iMmifeft  itom  the  two jmccding  Artjtclpt»  th^  t}icy  are  fifnilarJy  Cpjoi^ 
pofite  by  Faflors  all  equal  5  and  alio  by  fuch  as  are  not  equal. 

'Sttt  obicrr^  &r  thetwa  laft  Cafea^  tWi^is  npt.Qafy  m  ^  Ejcamplcs  tQ.detoRpiiiip 
Whether  ^lie  fjitremes  admit  of  a  fimilar  CompofiHon^  oy  F^ots  that  are  afl  dmerent^ 
or  ^  Factors  that  are  partly  different  and  partly  equal  5  w  whether  it  may  xtot  be  both 
Wa^.  Thd^  Things  only  I&idjeaident.  i«  That  for^  Series  of  three  Tecip%  m^iofe 
Extremes  are  not  Squares,  the  fimilar  Fa£lors  muft  be  all  different  5  becaufe  there  are 
tittt  tKfO  df  tiMm  5  itiie  JnventaDn  bF  jwhidb  FaficMPS  is  ^lafy  5  thus,  jf»  i^  being  the  Ua||fc 
Tentt^f  the  iUtio,  #f,  i\  .am the  Extremes  in  their  Iqaft  T«p»s  9  and.thece&m  m 
iktMfiMikipMrfMPHi,  4bc  fistfloufls^aQe  £qffinsukifJeiis  of  theie,  vi^.  a'^P(^m^se:ax^nn^ 
^Vnm^^tiffm.  Again,  x.  For  a  Series  of  fpivr  Terqii,  where  the  ^xUemes  ^uie 
m  Iddt  in  Aeir  /Ratto,  and  yet  ave  Cubes,  ihe&  Wci  fimilar  Fafiors^  either  a$ 
titfee  difiemm,  or  two  of  them  equal,  and  the  ether  diferent  from  the(e :  Xhe.Ke^ 
%Q<sf«^h|  aord^b^  InTeation  ofstbefe  FaAoss,  yon  wiUp^ly.underftaod,  t^us^  it  h^ 
been  (hewn,  that  fuch  a  Gife  happens.only  wjicn  the  &^ies^s  csifcd,  piter  t^ie  h/ipir 
ixrcSVroklem  I.  S.  IV.  C/r.  IV.  from  fuch  Terms  of  the  Ratio  which  are  not  the 
lesft.  Suppofe  then  the  leaft  Testns  Af  .IhelB^tiDi  \a:  bj  and  the  Terms  from  which 
4k  Aximf'i?  ftfifiri,  tD>beu»i^  ^m  (for  Aeytmi^  be}B<]^iWiuki{4^Af  t^  ^rorer) 
then  Sfe^tbc  ^ttttmes,  'am\i7»^  ;  tlm  is^  a^Ki^^  IfoLu^^  which..a(e  T^{olFd>le.ijii9 
itefc  Faftwte,  w».  oh^m^'^Bs-axantKajif'^  «Bd  i^^xi»*=«Bi^xfc»)0«i%  fiiniliarlto  theftiH 
meteor  thus,   d^'<n^^=^aK^a'Kam^^  and  b^x^m^=t^bxbm\  fimilar  with. the  fanmer. 

(4^^A  In  ^l  Cafes  where  the  Extf^nlds  ore  kke 'Powers,  yet  not  in  their  leaft  Termsi 
'sind  'tfie'l^mhber  xf  Terms  ntore  ^haoi  four,  they  fse  refiilirable  iauo  fimilar  .Fa- 
&bn  diat'are  tiot  ffl  e^iil,  thefe  two  Ways,  vi».  1,  Having  all  the  Fafiars.equaly 
except  one,'  "as  fhcwn  in  the  ^ft  Demonimtion  of  the  Tlbm^  :  Or,  a. ,  By  Fafibocs 
^cia  "sat  tiot  ^U-equdl  except  one,  yet  not  all  different.  This  laft  will  eafily  appeal, 
thus  J  The  Scttemes,  according  to  the  C%xuaiftances  ruppofed,  ace  to  be  e^ivdlcd 
^x»"and  b^fji^j  which  are  r^lvabie  in  tbid  Maan0r,9^.*^Xi^Bswx/Mi?KtfKja«r?x  ?Scc..and 
^B=^X^/;^^x^x^/»^x  &c.  taking  fo  many- Favors  in  this  Manner  till  a  and  ;^,  in  the 
<me^  and  b^  my  in  the  other,  are  as  oft  iitVofived,'as.the  Index  »  exprefles  ^  or  they  may 
bcv^tiotifly  relblyed,  as/Jb»5,  t'hft^^^a^ayiam^am^Scc.  Mdb'i^^ssch^^xbmxlm^Sfc. 

SchOl.  id.  'This  '^fhBorem  is  aiindof  Reterfc  to  Ttk90r.  IX.  ».  IV.  Qb.  IV. 

Theorem    XXXV. 
Ifbeiw^it  a^y  two  int^crs-thcre  falls  a  certain  <Number  of  Means,  they^muft  neceC- 
&ily  be  ^ilHtfgcKs. 

.   DtMON.  jLet-ttiefirft  Term  of  a  Series  be  A,  and 

j^  .  AM  ^  AM"^  ,  AM^  i„         .^  ,the  Ratio;in  its  leaft  Terms  be  N  ;  M  5  then  by 

'    N     '    N*    '    N*  '       '         ^hc  common  Rules,  the  Series  will  be  cxpreffc.d  as 

in  the  Margin.     Now  the  Extremes  being  Integers, 

by  Soppofition  ^  fuppofe  the  lift  x)f  them  to  be^^ — $  then,  does  N"  meafure  AM* 

(clfe  thatSfttriMbis  .'iibtitteger^  Aut  -it  csmwx  meafure  W*,  fince  *tis  V^coinmenfu- 
tsMeto>k^  iMMSfafe  Ni^fa'  tb  M.C¥>>hw.  XIU.  where&re  it  muft  mes^fure 

A  (T^ta^.^V?.']^ •confeqa^tly  ali  the.infedior  ]Wer»}of..Ii}iitt:(9^fur6  A  :,And  -^p> 

A  aa  *^y 
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they  al(b  meafure  all  thp  Multiples  of  A,  i.  e.  the  Denoauntfiors  of  aQ  the  middle 
Terms,  being  Powers  of  N,  inferior  to  N%  do  meafare  all  their  Numerators,  which 
are  Multiples  of  A.    Therefore,  laftly,  all  thefe  middle  Terms  are  InteMi. 

Co&OLL.  If  in  the  Progrefi  of  a  Series,  beginning  with  an  Integer,  uiere  comes  a 
Fraftional  Term,  fimple  or  mix'd,  there  can  never  after  that  be  any  more  Integers 
in  it  J  becaufe,  if  that  could  happen,  then  betwixt  two  Integral  Extremes  a  Fraoio- 
nal  middle  Term  might  happen,  contrary  to  what  has  been  demonftrated. 

5.  III.  Containing  a  Variety  of  Problems,  concerning  Geometrical 
Progreffions,  conjidered  with  Regard  io  their  Herms  being  Integral 
or  Fradional  \  wbofe  Solutions  depend  upon  the  preceding  DoBrine. 

TN  a  Geometrical  Series  there  may  be  a  Variety  of  Qianges  fiom  Integers  to  Fractions 
^  [proper  or  improper]  or  from  theie  to  thofe  3  all  which  depend  upon  the  Relation 
of  the  tirft  Term  of  the  Series  to  the  Ratio  3  and  of  thefe^  confideved  alio  by  theni- 
felves  :  as  whether  the  firft  Term  is  an  Integer  or  Fra£lion,  and  whether  the  Rado 
is  Multiple  or  not.  From  whence  arifes  a  new  Set  of  VroUems^  relating  to  thefe 
Series  i  which  have  been  referred  to  this  Place,  becaufe  the  Demonftrations  depend 
upon  the  O>mpofition  of  Numbers  by  their  Primes.  I  ihall  begin  with  explaioiflg 
all  the  various  Changes  that  can  be  in  a  Series. 

PROBLEM    VII. 

It  is  required  to  fhew  all  the  Variety  of  Changes  from  Integers  to  Fra£tioai,  and 
aiix^d  Numbers,  and  from  theie  to  thofe.  that  can  poffibly  be  m  any  Series  of  Geo- 
metrical Proportionals  5  and  to  give  Rules  £br  the  Invention  of  ScriGm  uiulcr  all  the 
poffible  Variety. 

Sol  OT  I  ON. 

This  Complex  Probkm  may  be  refolved  into  two  Parts,  as  we  confider  the  Serici 
to  increafe  or  decreaie  :  Yet  we  fhall  have  only  one  of  the  Parts  to  deoionftrate  j  be> 
caufe  the  Variety  of  the  one  is  comprehended  in  the  other.  I  /haQ  £rft  explain  the 
Variety  in  an  increafing  Series,  and  the  other  will  eafil y  be  feen  in  that ;  But  in  order 
to  this,  there  is  one  general  Propofition  relating  to  both  Kinds  5  which  being  of  Uft 
in  the  particular  Parta  of  the  Problem^  I  /hall  premife  as  a 
•  . 

Lemma. 

If  an  increafing  Series  begins  with  a  Proper  Fradiotv  ever  (b  fmsJl  t  if  it  "is  a  fiioite  or 
determinate  one,,  and  the  Ratio  alfo  determinate  i  then,  after  a  certain  Number  of  Terms 
continued  in  FraAions,  it  will  increafe  to  a  whole  or  mix'd  Number,  and  that  too, 
greater  than  any  aflignable  Number. 

Again,  Let  a  decreafing  Series  -begin  with  a  Number  ever  fb  great  5  if  it's  finite, 
and  the  Ratio  (b  alfb  ;  it  will  decreaie  to  a  proper  Fradion,  and  that  too,  left  than 
any  aflSgnable  one.  The  Reafon  of  all  which  is  evident  and  needs  no  DemonftratioD  5 
but  if  any  call  for  if,  they  will  find  it  afterwards  m  Tbeor.  h  and  II.  Cb.  UU 

We  proceed  to  the  Solution  of  the  Problem. 

Par  T  L  For  an  Increafing  Series^ 

Cafe  I.  If  the  firft  I'erm  efa  Series  is  an  Integer^  the  Varieties  are  tbefe  \ 
i^.  It  mzj  continue  in  Ititegers  5  which  neoeflarily  tollows  fiK>m  a  Multiple  lUtio :  For 
it's  plain,  that  the-  Produft  of  two  Integers  will  be  an  Integer.    That  tbe  Scries  can- 
not 
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Aot  coDfinoe  in  Integen^   if  the  Ratio  is  not  Maltiplc,   tfa 
Ihcw, 

a^.  It  may  change  into  a  mixM  Number  f  and  there  it  will 
qaircs  and  fellows  from  a  Ratio  not  Maltiplc  5  as  in  this  Exan 
30  f ,  &c.  the  Ratio  being  1:3. 

Demon.   The  lefler  Extre 

*  .  AM  ,  AM*  ^  AM^  ^  ^       I    ^»  ^^^  ^^^  Ratio,  in  its  leal 

'    N    '    N*    '    N^    *  I    Scries  is  cxpre£fed  as  in  the  N 

Now,  as  the  Denominator  j 
Term  in  a  determined  Ratio,  viz.  i  :  N  5  fo  it  will  become  n 
tain  Number  of  Terms,  greater  than  A  (by  the  preceding  I 
Term  wherein  that  happens  (and  coniequently  all  above)  will  b 

let  that  Term  be  ^L.    I  fay,  N"  does  not  meafurc  AM«  :  for 

N*  ^  ' 

farable  5  and  fo  ait:  N",  M»  (by  CoroU.  I'beor.  XIII.)  But  if 

will  aMb  meafure  A  5  (Theor.  VI.)  L  e.  a  greater  will  meafure  1 

furd  :  Therefore  N"  docs  not  meafure  AM"  ;  or  --5lL  is  a  mix 

•  '        N» 

iame  Reafon  all  the  Terms  above  are  mix*d. 

Bat  again,  Obferve^  that  there  may  be  a  mix'd  Number  bcfoi 

gccsLter  than  A  5   as  m  this  Exam.  6  ;  —  =p  : =13  \  :   ^ 

,  a  .  4   . 

led,  that  after  a  mix'd  Number,  which  comes  into  the  Series 
than  A»  there  may  come  an  Integer  ^  we  ought  to  demonftrate 
ter    a  mix'd  Number,  there  can  never  be  an  Integer  $  and  t 
ieen,  in  Cor.  !theor.  XXXV.    Where  you  alio  fee,  that  from 
be  fio  more  Changes  but  into  a  mix'd  Number. ' 

Or,  the  whole  Demonftration  may  be  made  more  fimply  ^  tbi 
chufe  a  Number,  N^  which  is  Incommenflirable  to  A  ^  and  be 
Power  of  N  can  meafure  the  Product  of  A  into  any  Power  of  & 
lacommenfurable  (^Tlbeor.  X.)  Hence  none  of  the  Term3  of  the 
be  Integers* 

Cafe  II.  I'kefirjt  Term  heing  a  mix'd  Number,  the  V. 

1^.  It  may  continue  in  mix' 


A      AM     AM*    AM^   ^^ 
B   •  B  B  B 


may 

which  is  neceflarily  efiEe£led,  ei 
Ratio,  I  :  M,  providcni  M  be 
commeniurable  with  B :   Or 


different  from  any  of  the  Primes  of  M,  or  any  the  fame  Primes, 
then,  by  what's  (aid  in  the  laft  Cafe,  B  can  never  meafure  any  of  tl 

a  Ratio  not  Multiple,  as  N  :  I 
its  Compofition  any  Prime  whic 
the  fame  Prime  oftner  involv* 
Prime  which  is  not  in  M  :  For 


A      AM     AlVr    AWP 

B"  •   BN   •  BN*  •  KS|3"*^^- 

cumftances,  none  of  the  Denotninators  can  ever  meafure  its  Nttm< 

Exam.  I.  3  1 :  10 1 :  31 1  :  p4  I  } .  the  Ratio  being  i :  3, 

8     40     200     1000 
Exam,  a*  T  *  7"  '  'TJT  •  TTT  5  *^  Ratio  being  4  :  j* 

A  aa  a  *" 


ft^«  It  may  pxfi  tem  a  H^'d  N«wber  int^  gp  ^Vh 
A     AM     AM^  I    and  (6  continue  for  ever  5  which  can  be  eCEcSed  only  \ff 

fi"  '  B —  '  "1^  •  **•    I    a  Mttlttplc  Ratio,  i :  M»  fiidi,  that  M  ba?e  io  its  Con^ 

lition  ait  the  Pnmes  cha(t  oompofe  B.  I  Ax41  foA  ^v^ 
that  fuch  a  Ratio  will  bring  the  Series  to  an  Integer  5.  whKh  ibs  ^^$  ^ndfni^  >  .M  li- 
ving all  the  Primes  that  are  in  B  5  if  they  are  alio  as  oft  involved ,  then  it's  plain,  that 

AM  k 

B  meafures  M  5  and  canToquently  ~ —  is  an  Integer     Again,   Hgwev^r  pfiofir  tk^ 

&ne  Primes  are  involved  in  B  than  in  M,  yet  lueing  more  and  more  involved  in  the 
liigher  Powers  of  M,  there  nitift  be  a  Po\wer  in  whini  they  are  all  oftner  imrolved  than 
in  B ;  and  hence  it^  plain,  that  there  wHl  at  hlk  he  aT^im  in  «he  Series  in  which  8 
fneafures  the  ¥ower  txf  M  in  the  Numerator,  therefere  that  Ttrm  nnift  be  im^itfl. 

Again^  after  an  Integer  ccuuesioto  theS^oc^^  it<naft.cpntinue  foxjCYp:  jui  uitege», 
becaufe  the  Ratio  is  Multiple.. 

In  the  next  Place,  1  Ihall  demonftivte,  that  no  odier  Con£tioos  wiQ  |^!ft)dw«  thb 
l^ariety  :v  And,  (i.)  A  Ratio  not  Multiple,  thoa^  it  casM  ^ripgxtbcrScctcplOin  la- 
te^er,  yet  it  could  not  continue  fb,  as  has  been  proved  in  Cafe  L  ^rt,  2.  (f^.)  If  M 
has  not  in  it  all  the  Primes  of  B,  it  cannot  meaifure  B  {^heor.lK.!)  and  hence  alfo  B 
will  never  mcafure  any  Power  of  M,  becattieiM''hs|8:i^^hcr  Pfimos  than ^, (Car. ;. 
fthtdT.  X.)  And  fifK:e  B  is  Infiemmenfiiffable  to  A,  tbere£qce  (by»Cpf:..2.  73t^.  VI.) 
i^  cannot  meafure  A  M",  that  is,  none  of  th^  Terms  can  ever  be  Integers. 

_  X  •^  It 

E%am.    5--  :  14-I. :  112—  :  ^75  :  tSc.  the  Ratio  1:7 

o.        12  t  .   , 

Obferve^  Examples  of  this  Variety  may  he  invented  more  fimply,  th^is^  t^.  Tikt 
any  Integer,  and  any  Multiple  Ratio,  whole  greater  Termisjktismaii.tfae  ^tmed  In- 
teger, and  yet  is  not  an  ahquot  Part  of  it  .5  by  this  youll  find  at  leaft  oqc  mixt  Term 
bi^ow  that  Integer  ^  from  ^^ich  asain  the  Series  wiH  proceed  iipwai^s  i^i  Hie  maj^ier 
propaTed*    But  the  other  Method  inews  the  fundamental  Reafdn  of  Ac  .Ga{c;fioiP  t^e 

mix' 

as  N  ;  M  5  fuch,  that  M  do  contain  in  its  Compofition  all  the  different  Primes  of£,  tn3  A 

all  tbofe  of  M,  .which  mull  alTo^be  -as  oft  at  kaft  invqlved  4Q  A  a»  in  N.  The  Reafon  of 

which  is  this  5  if  the  Ratio  were  Multiple,  then 
^  •  A^  .  AM^  ,  AM^  ^mg^  ,[.  gather  the  Series  yould  ncvpr  ^afi.intq  ap  Int^- 
X'  BN   '   BN*  '    BN^ '  I    gcr,  or  if  it  did,  it.w^^ld  contumc  to.ihyP^fe 

n.)  Again,  if  there  be  a«y  Prime  in  B,  -whiA 
aanot  in  Mj  or  in-N,  which  is  not  in  A,  it  is  manifeft  (frqjxiTmor.  X.)  that  none  of 
the  DiviC>rY.as  BN"  will  ever  meafure  the  Dividend,  AM".  AKb,  tjKe  Primes  of  N 
muit  not  only  be  all  involved  in  A,  byt  they  muHt  be  at  leaft  as  oft  involved  in  A  as 
in  Ha  for,  if  any  of  them,  is  ofiner  in  N,  it  wiU  be  nyich  more  ib  in.  (b^  highpr  Pow- 
©Bs^jofNj  and  hence  (hy  Theor^X.)  none  of  the  JDeponMnators  rm.CYcr^Qi^urcits 
tlfuQieratar,  L  e.  none  ot  the  Terms  wilLover  be  dn  Integer.  'Thefc  -ait  the  «cncnl 
Conditions :  But  yet  more  particularly,  if  any  of  the  Primes  of  M,arp  oftner  involved  in 
B^  then  conceive,  that  one  of  them  whofe  Index  in  B  exceeds  its  Index  in  N,  by  the 
flieateft  Difference  J  alfo  conceivc.dbe  leaft  Niiqiber,,whicK.in\^ltiplyins  the  Ind^of 
that  Prime  in  M  will  nvoduce  a  Number  not  lefs  than  its  index'in  j3  y  t£en  xtiuft  N  be 
foch^  that  taking  the  Prime,  whofe  Index  in  N  aod  Adi$:r.  lea^,  and  multiplying  i^ 
Index  in  N  by  the  fame  Miikif  Ear,.  thc^PiiDddft  fliall  9ot^  greater  .ihaaits  Iiidcx  m 

4U    The  JRcafim  of  whidi  is  alfo  plain,  fin:  othprwife,  before  we  'come  to  ^  Term  u 

whwh 


wlli*:lb?  PfiH^  ?f  M  co»l»ii}«  fM  sikf  ?xm99  of  P  as  oft  involved,  whic^  i^  peceflGity 
to  make  an  Integer,  the  like  Tower  of  N  in  the  Denominatot  will  contain'  'all  thS 
fxm^  pf  A  fis  oft^involved  5  find  therefore  in  all  thp  Tefms  above  they  will  be  oftner 
iavolved  in  N,  ^tndconfequently  the  Denominator  wi^  neve^  meaiure  the  Niimcrator,f.^. 
^te  witt  ne?er  )jMp  an  Integer  in  the  Series. 

Thefe  Conditions  ^e  p)aip  enough  to  /hew  the  Invention  of  fuch  a  Series  5  where- 
of take  this  £xample,  ^  :  _i^  :  7c  :  525  :  2-Jl1:  the  Ratio  being  2:155  and  that 

you  may  compare  it  with  the  preceding  Gon^ttona,  the  Comjppfition  qf  the  firi;  Term^ 

,       icprcfcnted  by  :^,is  this,lf=^^-i^,  and  the  Ratio,  J*  is'  U^J^. 
]  ^  ^  B*  '45        3X3X5  *  N        a         a 

fij^cfk  fure  all  .the  Cbai^f^  ^9^1  a.ip»;xt  Number,  becaafe  when  a  mixt  Number  fol- 
io^ I^eaers,  d^e^ties  ^  never' jpaA^  i^^aiH  jnjtio  Integers  5  as  "has  hdn  ilHewn  in 

I*  Cafi  III.    T^jbefirftTermheh^aproferFraSfioftf  the  Varieties  are  thefeS 

]  [i^.]  It  may  pafs  into  a  mixt  Number  ^  and  continue  £05  which  is  efioSed  by  a 

Slatb  Malti^  or  not  MWlliple,  qualified  as  in  Variety  h  €afi  II 5  for  •^  mxj  he  ei- 

Aa  a  proper  or  improper  Frai^ioii  ^  %^  .£incc  .p[j^  the  ^QuaUfications  refer*d  to  thci^ 
can  never  oe  an  Integer  in  the  Series,  an^  by  the  premi^  Xenui^a' it  muft  encreafb 
1  cither  to  a  whole  or  mistt -Niimber  5  tfaera9re  it'  wiK  pafs  into  a*  inixtJSTumber,  and 

there  continue.  :         '  ^ 

i  Exam.  I.  ±  :1:  ^»  ^r.  th^  RatiP  J  :  I-  . 

t  ij     13     13 

Bum.  li  ^  •  i^,  :  ii  :  ^,  ^€.  iUtiO:a  •  5.  .  . 
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fa^.1  It  may  pafi  Jbtp^.a  wnole>Ntm&^,  ^d  .th^e  cor^^iuej  which  requires  tj 
Multiple  Ratio,  qualified  ;is  ip  >r/ir,2,.  .^^  ^-  .wjiuTthis  ^flirther,  that  fuppofing 
>!■  dic«kaftPowet.affM  which  B4^^aj[ures,  the  ^rod^^  Powers  of 

M  multiplied  into  A,  muft  be  lefs  than  B'5  elie  it'^s  plain,  that  it  will'  pdfs^  firft  into  a 
mixt  Number. 

Examples  are  eafilyinuQteiiiJ>yJ^Og#:$^^,^oJB»  qrtoany  Multi|)le.9f  it  j  or 
taSdngtBKfJtatet^  :7|1^  iUfh,^hat,^  Is  greater  th^n  A  ^  for 

itproceeds  upwards  in  the  Manner  propofed,  .        .  '  '    . 

J&cam.   i  .--i  :  2  :5;  18,-^^.  . 
93 
r^-1  It  ^y  pm-^lrft  into  .a  mikt  ^^ntb^,  and  ihen  i^to  an  IntejKr,jmd>^ 
cwaikiit^i^y^itVi^Q^ct'  aMultipUs  Ratio  qdsMcd  as  in  Var»  2.  C^/ep^J'wxth'tim 
fiinhef/t^arfuppofittg^lCl  to  be^tfie  lejifti^eteer  tf JM  ^hi^h  J  /&«ifure8,,{me  of  tKe 
next  inferior  Powers  multiplied  by  A  fhaH  produce  a  Number  greater  than  B';  whicK 
iseafil^  invei^ted^  or  may  be  had  by  ta!kih^ii6y  Ei^mph  o{  Var.  2.  Cafe  II.  and  conti* 
filing  it*&wnw^uds5  fyr  it  muft  fift^^afsmtb  a  p^por  Ff  a^bn,  *fit)$c  there  cannot  be 
-anlmtbgerlx)thabbVe'and<6elow.amixi'Kttmberm  . 

Exam.  6jf  :ii^-^:  i^^:   ^~:^y^r.KsitiaJrt. 

2  12  o       50 

r^^.l  Jt  jaw  naft  firfl:  into  a  whole  Nlniberi  and  then  into  a  mixt,  and  Co  it  muft 
&mi{efl>yWiac^^^  U  btkOoA.'bj  ariUtid  Mt  JKnlti* 


5^6  Of  Trime  (otd  Cm^fite  Numbers,  Book  V. 

plc,  qualified  as  in  T.  j.  Cafe  II.  with  thi«  further,  that  fuppofing  —  the  Icaft  Pow- 

cr  of  -.,  which  multiplied  by  --  makes  an  Integer,  all  the  inferior  Powers  produce 
a  proper  Fraflion.    The  Invention  of  Examples  is  eafy,  by  afltiming  any  Integer  A» 

and  a  Ratio  not  Multiple,  N  :  M,  fuch,  that  NA  be  lefs  than  M  ^  for  then  ^  is  a 

M 

AM  AM       AKf* 

proper  Fraflion,  and  ^  ;  A ;  "^^  ;  ^,  fgc.  reprefents  the  Scries  required. 

12.  ti^ 

Exam,  —  .-J.  ;  —  ;  ^c.  Ratio  2  .-it. 

[5^.]  It  may  pa(s  firft  into  a  mixt  Number,  then  into  an  Integer,    and  laftly,  bto  a 
-mixt  Number ;  which  requires  a  Ratio  not  Multiple,  qualified  as  in  V,  3.  Cafe  \l 

with  this  fimher,  that  fuppofing  ^  the  leaft  Power  of  --,  which  multiplied  into 

A 

~  produces  an  Integer,  fbme  of  the  next  inferior  Powers  fhall  produce  a  mixt  Num- 
ber; Examples  of  which  arc  invented  by  taking  an  Example  of  ri  3.  CafelL  wbidi 
being  continued  downwards  muft  fall  into  a  proper  I^raftion,  but  never  into  a  whole 
Number,  becaufc  there  is  a  whole  Number  above  the  mixt. 

JExam.JJ±  :  If  ;  iil:  70:  jaj  ;  lill.  ^c.  Ratio  a  ;  15. 
675      45       90  a 


A. 


ART  IL  F^  a  decreafing  Series. 


The  Varieties  here  are  included  in  the  former,  and  therefore  I  need  only  to  oamft 
them,  thus, 

Cafe  I-    Tbe  firft  Term  being  an  Tnteg^er^  then 
i^.  It  may  pals  firlc  into  a  proper  Fraftion,  and  £0  contmue. 
2^.  It  may  pafi  firft  into  a  mixt  Number,  and  then  into  a  proper  Praftion. 

Cafe  IL    T^e  firft  Term  being  a  mixt  Number. 

i^*  It  may  pa(s  firft  into  a  proper  Fraflion  and  contitauc  to. 

2^.  It  may  pafs  firft  into  a  whole  Number,  and  then  into  a  proper  Fra3k>n.  ^ 

3^.  It  may  pals  firft  into  a  whole  Number,  then  into  a  mbct,  and  Iaftly»  into  a 
proper  Fra£hon.  - 

Ci^III.    The  firft  Term  a  proper  FraSiian. 

It  can  only  continue  in  FraSions. 

ScKOL.  In  the  following  Problems,  a  given  Ratio,  or  the  fimc  Ratio,  do  always 
comprehend  a  Ratio  with  its  reci{»ocal  5  either  of  which  i^  to  be  fuppofed,  as  we  take 
a  Series  to  encreafe  or  decreafe,  and  we  fiippofc  a  Ratio  always  in  its  leaft  Terms. 

,  PROBLEM  VIIL 
Any  whole  Number  being  given,  with  any  Ratio,  to  find  bow  many  Integral  Terms 
can  poffibly  be  joined  in  the  fame  continued  Series  with  A,  taking  it  either  encreafing 
or  decro^ng,  or  both  Ways,  in  that  given. Ratia 

.SPLVTIQN. 

Wc  mnft  cot£icf  this  Problem  in  jtwp  Part9»  according  as  the  given  ]K^(>  is  Mul- 
tiple, or  not.  Cafi 


Chap.  I.  OfTrime  andCompofite  Numht 

Ca/i  I.  The  given  Ratio  Multiple.    Then  it's  plain  that  the  S 

fing  ad  Infinitum  in  Integers  5  but  i$  limited  decreafing.     Thus 

Number  be  A,  and  the  Katio  M  :  i  ^  then  if  M  is  greater  than  i 

tesral  Term  added  5  if  M=A,  then  there  wiU  only  be  one  whicl 

islefs  than  A,  then  the  Number  of  Integral  Terms  that  can  be  2 

Index  of  the  higheft  Power  of  M  which  meafures  A  ^  and  if  M  doe^ 

can  no  Integer  be  added  5  all  which  is  manifeft  in  this  general  Ex 

AAA- 
A  ;—.:--  ;  -^^ ;  ($c.    But  this  Solation  requiring,  that  ever] 

be  aiSually  railed,  we  may  fblve  it  otherwiie  j  tbus,  refolve  A 
Primes  ^  and  if  there  is  any  Prime  in  M,  which  is  not  in  A,  o\ 
ofiner  involved,  then  M  does  not  meafure  A,  and  €0  there  will 
Term  after  A :  But  if  A  contains  all  the  Primea  of  M,  and 
as  oft  involvedi    take  that  Prime   whofe  Index  in  A    exec 
bj  the  lead  Difference^  alfo  feek  the  greateft  Number,  which  i 
ot  that  Prime  in  M,  makes  a  Number  not  greater  than  its  Index 
the  Number  fought.    The  Reafbn  of  which  is  obvious^  for  thei 
be  whole  Numbers,  till  fome  one  at  leaft  of  the  Primes  of  A  is  c 
Power  of  M,  which  is  the  Denominator^  and  it's  evident  that  tk 
that  Prime,  the  Index  of  whofe  Involution  in  M  comes  fhort  of  : 
leaft  Di£ference  ^  and  fince  any  Power  of  M,  as  M°,  is  the  ProduS 
all  the  Primes  of  M,  the  Truth  of  the  Rule  is  manifeft. 

JSxam.  Let  ^&  be  the  given  IJumber^  and  the  Ratio  4 :  ij  tl 
of  7a  and  4^ it  is  72=aXaX2X3X3,  and, 4=2X1.    Now  there  bein 
whpie  Index  is  2,  and  the  Index  of  the  fame  Prime  in  7^  being 
greateft  Number,,  which  multiplying  2,  the  Index  of  2  m  4,  pr 
greater  than  3,  the  Index  of  2  in  725  therefore  there  can  be  but  i 
a«  bere,  72. :  18  ;  4I: :  ^c. 

Cafe  II.  The  Ratio  not  Multiple.    It*s  plain  that  the  Numbei 
limited,  both  encreaiing  (by  ^art  I.  Cajel.  of  the  preceding 
fing  (by  the  preceding  Ze/^^i^i^  5^  and  to  find  the  Number,  tal 

andfu] 
AN^AN\AN.   .  ..AM  .AM\AM».^^^       I    ber  A, 

M^ SF  •  M   •  ^  •  TT  •  "N^  •  "Sr  •  ^^-      I    IcaftT 

Index 
of  V,  which  meafiires  A,  is  the  Number  fbughn    The  Reafon  o 

AM" 
pofe  the  laft  Integral  Term  to  be  -— ^ ,  lb  that  N"  meafures  A 

meafure  M",  they  being  Prime  to  one  another,  becaufe  N  and 
by  (tifibeor.VI.)^"  <lo^  meafure  A^but  it  is  alio  the  greateft  Povi 

for  if  a  greater  does,,  as  N^%  then  that  wilt  alio  meafure  AM"+* 

the  laft  Integral  Term^  contrary. to  Suppofition.  •  Zaftly^  Becav 
Powers  of  N  ihew  their  Diftance  after  A,  therefore  the  Rule  is  tr 
2^.  If  the  Series  is  to  be  taken  decreafins,  then  the  Index-  of  1 
M,  which  meafures  A,  is>tfae  Number  &ugbt^  finr  the  fame  Res 
in  the  preceding  Article. 

Obfirve^  That  this  Cafe  may  be  fdved  the  feme' Vf  ay  ar  Cafe 
Primes  of  A  with  thofeof  N  fir  the  encreafing  Series,  and  with  tl 
creating .' 


.  5^.  ff  it's  propoftd  to  find  tfie  ^cateft.  Number  of  Integra!  Terms  that  can  be  jiia- 
cd  in  the  fame  Scries  with  A  in  the  R^tio  N  :  M,  talteh  oorii  enct-eafinjj  and  rtecTCj^ 
fing  5  then  find  fcparatcly  how  many  can  be  added  encrcafing  in  the  R.atio  N ;  M,  an3 
how  many  decreanng  in  the  Ratio  M :  M  ^  the  Sum  is  plainly  the  Number  feught. 

Eycam.  Let  the  given  Number  be  71:^1x2X2X3X5,  and  the  Ratio  be  1 :  j :  then  is 
the  areateft  Number  of  Integral  Terhis  that  can  be  joined  MA  it,  5,  viz.  3  aoove  and 
1  below,  making  this  Series,  xr  A  :  ^i  :  48  :  72  :  ro8  i  i-ffi":  i$j  t  5^4.  ^  tor  8  the 
third  Po^er  of  %  i|  the  gceawft  Pow^rof  it  that  nD^ifuroB  72,  .afi|  ^  me.  fecond  Power 
of  5  is  its  greateft  Power  that  meafures  72., 

ScHOL.  We  may  make  the  preceding  Problctti  yet  inore  geftertl  «nd  tihHmit^i,  ^^ 
fuppofing  no  particular  given  Ratio  5  but  propofing  to  find  the  greateft  Number  (rflfl- 
tcgral  Terms  that  can  noflibly  be  joined  in  the  ftnie  Series  wit^i  ^  given  Integer  in  any 
Ratio  whatever  5  the  Anfwer  to  which  is  an  infinite  Ntirabet*,  be^aiife  v^ith  a  Mulri^pic 
Ratio  the  Scries  goes  on  txich^ngadihfiffituWf  5  b^t  if  we  bfce  thefeIiittritatioh»,«»«. 
!•.  A  Rktio  Multiple  and  a  ddcreifing  Seric's  5  tWen  though  tib  ftfrticular  Ritio  is  p- 
vcn,  the  Problem  may  be  folved.  TffUS  ^  refblve  the  gi'^eh  Numbfef,  A,  into  ifs 
Primes,  the  Index  of  that  6nc  which  h  oftnefl:  Jhvolved-  is  Ae  Nutliber  ftught,  txA 
that  Prime  it  felf  is  a  Ratio  which  will  make  the  Series.  Eixampk^  if  ^2^2X2X2X3 
X3  is  thcgiven Number,  then  y6u  can  join  In  the  fame  Series decreafing,  oiil'y tfirce 
Intcgfal  Tferme,  5  being  the  Iridek  of  2  ih  72,  'tad  the  bhly  Ratio  tk^  can  ^fifeft  this 

'i^  1:  r,  ^hich 'diikestbis  Series  72  :  ys^.^  18  :  "9^%^.  'XJ^^f^e  it^,-  Ttet  if  thcw 
are  more  than  one  of  the  Primes  of  A  fnVolvtd'  to  thd  hrktt  PcAi^r,  4HJth4fetfit  hi^licR 
of  any  (foricertcdifi  *,  tHeh  'a*f  ^ftftefe -PAmfes,  H^  ttiePWda^  itf  aft^  t^  ok^fliofc  of 
them,  maybe  ihadc  the  Ratio^  fo  if  2i'tf==2X!2X2X3X3X3  fe'^the^v^n  N^Ahcr/tte 
Ahiwer  is  alfo  3  5  and  the  Scries  niay  be  made  in  any  ot  ifhbfe  Ratids,  ItHi  in  Aefc 
only,  vini.  2:1.  or  5  :  It  tor  6'^  f,  mifcin^tKefcdifer^tot'Seiies  2r75'r  hy?,:y4^^7  • 
or  Its  I  72  :'9,\:  8.  O,  iidftl^y  116  :  %6  :  6  :-i.  Thu^'We'ltirft,  ribC^fiyhowto 
folve  the  Problem,  but  to  find  alfo  all  tb^  Variety  qf  Ratios  -ih'at  dah ' poiBMy  fBlrc  'n» 
The  Rcafdfiof  which  IS  6b^'i66s. 

A«aif!,  2^/We  IhaU  fuppd!^  flie^  'if^roblem  limited  fo  aRIatib  riot  ^MuftWfc,  withojit 
any  determined  or  given  orte;  then  is  the  Solution  made  flius,  ref&lvc  ^Alnto  its 
Primes,  and  take  thefe  two,  the  Sum  of  the  In(]exes  gf  whofe  Involution  in  A,  is  the 
greateft,  that  Sum  is  the  Kujnbcriouglit  3  jand  thefc  ^Primes  arc  tlie  Terms -of  a  Ra- 
tio, in  wliich  the  Series  itay  be  made  5  and  if  fcvcral  tf  thefe  Sdtns  vt^hich  arc  the 
greateft,  are  eoual  ambilg  themfclvcs,  then  the  Primes  to  which  they  corrcfpond,  or 
the  Pirbdufts  of  aYiy  two  or  mbte'if  thdto,  naake  sllf  the  flifltrdnt  Ratibs  in  which  the 

, Series  can  b^jpad^*^  ^^f^n.  IJ-et  the  givcjn  Number  .be  3034.3=2X2X^X2X3X3X3X7, 
then  is  tne  Number  fought  7,  the  Sum  of*  the  Indexes  of  a  and  i,  viz.  A^i^d  5, 
which  is  jireater  than  the  Sum  of  a£y  other  two  Indexes  5  sood'  therefbre  the  Ratio  is 

.  a  :  3f  which  in  this  Example  i^tbe  only.  oacxYax  can  make  a  Seribs  of  7  liCtegers'joincd 
to  3014  5  which  Series  is  this,  8o<J :  1344  ;  1016  :  5024  ;  453<^  :  ^804  :  1020^  ;  i^l^S' 
•  fo. .  If  it*s  propbfcd  only  'to -find  ^fhe  greateft  ^Ntfmber  of  Terdis  that  can  be 
wngd,  increa^g:,or,  <l<;.prca<higi  feparaftly  cdnfi^yc^i  tj^en.:^ate  !the  Index  of  the 
Prime,  which  is  oftfteft  i;^yolv€:d.  iA.Ai-  aftd,tba»t  is  the ,N«ipDC|"' fought  for  an  enaca- 
Jipg  ^ri^Si  t^aiPry^e,.  ftr..apy;(«bg|  as  .fiftJovolycd,  or^th^^rpd^a  of  any  two  or 
more  of  thefc, ^  being  jiie.Ai)t^ftd^t  pr.leffb'  Term;  of  the  Ra^io,  \ii^hich.can  produce 
the  Series,  to  which  we  may  take  any  other  greater  Number,  ^iihit^h  i^  Prime  to  it  lor 

..a  gonfequcnt.,  .jThen  fpi^.a  de<:re§fifig  Sw^,w)?,tmuft  cho^  t^^^  Index 

\^  the  greateft,  that  has  another  Numl>qr  Jefler. than  it  rcH,;  -ana.Pnmp  to  jt. .  So  in  the 
preceding  Example,  3024,  the  greateft  Number  encreaung  is  4,  the  Index  ot  a  :n 
3024  3  and  in  this  Cafe  there  is  ^an  infinite  Choice  of  Ratios,  becaufe  wc'fliay  talc 


any  Nuxn^r^gt^tcr,  siiid.Pxi^nc  to  i,  3%; a  G^nfcqueatj  but  for 

l&e  Number  ui  only  $,  thc).iidcx.oC..3  in  30104,  fin^there^  is  but  o 

which  win  proiTace  the  £ie^ies,  bef^fe  therq  is  but  one.  Numb< 

lefler  than  3,  and  Prime  to  it.    Take  this  other  Example^  91 

To  this  c;^n  be  joined  at  moft  3  Terms  encreafing,  the  Index  of 

die  Series  may  be  produced  by  any  Ratio,  who(e  Antecedent  is  7 

decreafing  there^can  at  moft  be^^^de^  sJwhicfa  alfo  can  be  efifeflec 

Antecedent  is  3  or  7,  or  215  which  makes  a  Kmited  Number  of  < 

caufc  there  i^a  limijted  Number  frf^  Terms  lefler  than  thefc:  Antec 

them,  which  are  thefe,  2, :  2,   7] :  '5,   7  :.  3,  7:2^  and  if  21  is  m 

tbe  Coniequents  arecthele,  a^jL  j,  7,  S,  10,  i  J»  13,  i4»  16^  19,  20. 

greateft  Number  of  integral  Terms  that  can  ftand  in  the  fame  S 

whereof. 3  will  b^  greater.  »xd.z  lefler,  in  the  Ratio  3:7,  wb 

that  will  make  the  oeries. 
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PROBtBM^/IX,       ,:    ' 

A  ^hole  Number  being  given,  to  find  a  Ratio  in  whicrh  it  is  po 
dumber  of  integral  Terms,  and  no  more,  in  the  (apie  Series  wi 

Numbef.  r  ■/.'.;      : 

SoLVT,  If  we  take  the  givep  Nisfnber  fb^'the  jgreater  Extreme  k 
Probh^  ^vc^  FP^H^  ^  ^^  Circumibnces  of  the  jgfveQ  Numbei 
ibme  Cafes  by.  a  A$ultjpl\sj .Ratio  only  5  in  othcrs'^y  a. Ratio  not  Mi 
by  b9th ;  ]^t  if  the' Ipuer  Extreme  is  given,  it  rpquirfs  a  Ratip.not 
^oed  alio/  if  we  confidcr  the  gtven  Nun^f^asohe  of  the  naiddle.l 

I**/  Let  us  take  the  given  Number,  A, 

jl  .^    -^   •  :^  '•  ftfi;  ;    I    trcme  of  a  Series^*  then  rpfblve  it  into  its 

M   *M*  .  i'     '      1;  Index  of  any  of  its  Frimea  is  precifely 

-    •  /'  >  i  7  r    liJumbcr  of  Tcrpis,.  that. Prime,  t>r  the 

or  more  fuch)  ^r^a^yAuqh  Produa  iuult^pued  again  mtg  ^ny  oi 

havca  g»catifr^Jnf(^,iJ».  A^  kij^tipfc  jUtip  w 

blem*    An4  jf  there.  ^^  ,^y.  Number  leis^th^.it,  and.^rime  to 

Conieqp^nrl  makes  a  I^atio  not  Multlnle,  which  alio  folves  the  Pr 

of  thie  Frimes  of  A  has  an  Index  exaaly  equal  to  the  given  Nun 

Problem  i§  in^Kxfl^blc*  ^^H^^S  ^^  giveijit  ]N umber  the  greater  Ext 

.Exan^*  Owtt  i5!^J^^P^.!^^.Nu^bi;r  of"  Terms  4»  then  the  R 
for  5<^7==3X3X3XJX7,  and  there  is  not  another  Ratio  that  will  anfwci 
3XJX7;  and. th?  Problem  is  piipoffiblc,/    '^:'. 

2,  ^.'th^aiYQn  Numbcr^licing  the  lefler  Extreme,  find  the  Ant< 
jbught  the  (ame  way,  as  in  the  preceding  Cafe  j  and  for  a  Confer 
greater,  and  Prim6  to  it :  So  5^7  being  the  lefler  Extreme,  and  th 
4,  the  Ratio  fought  muft  take  3  for  the  Antecedent,  and  any  N 
Prime  to  it,  for  the  Confcquent.        ,  t  ^  p 

. 3«; , tf  tbe  javeff  NamiJjcif  is  c^'n/iacrca  .as^ gnci rf^tl^^^^ 

Number  qfit^erxxis,, and- tB^^W^^^^  PLVtip^*" which  fl 

and  of  the  l^^nns  to  be  added,  ther<^  will  be  ^  many  grc^tdr  than 
as  the  Index  of  tne  lefler  oiie  of  thefe  two  Primes,  and  is  f^Y  <i 

the  JNumber  ot  Terms  greater  being  3,  an^  the  Jeflgr^  bj^fn^  a , 
tlicrc  is  no  oth^r  Variety  in  the  Solution.    But'iuppofe  3  5 28=2 >< 

B  b  b 


it^  Cf^ritne  mtjOmpi/ke  ffmi^em       look  V. 

Ae  Kullibef  of  t^rntt  5,  it  hrty  ht  Toly^d  by  thfe  Hatfo  >  :  3  Or  2  :  7,  WiA  j  Ttfrns 
greater  ftnd  2  krflfer  $  and  if  the  Number  of  Tefrtis  h  4,  ftefijk  4s  folvtd  by  tlws  Katw 
i  :  7  with  %  Terms  greater,  afnd  i  l^flfer,  or  WjCfch  this  R^io  ^  r«**«X$)  t  7  twth  i 
greater  and  n  Icflch  Oi^&rw*,  If  th^  Btim  tjf  nq.ifwo  of  the  Itttjcucs  h  C56iftly 
^ttal  to  the  given  NumVcr  of  TVttnrf,  thttt  the  gitth*  Number  camnbt  f^arttt  si  i  ftiddk 
Term  in  the  propofei  Cit^titt<ftantt:s.  '       • 

The  Rcifbn  •of  all  Ais  it  i^ain,  ef^fcfciHy-  JF  it  tic  cbittpited  Wkb  iJre  fttccfeg 

SfeHot.  if  th6  propofbd  Nqrtbrtr  rf  ilitegtid  ^fefriji  i^d,  T^iitjir,  tefitiaaR«io 
#ith  which  it's  imbofliMc  to  join  aajr  integral  Tcrto  rb  t  ^vjpn  Inttgd*,  wfe  ha^  tw 
Miore  tb  do,  but,  takp  any  fw6  Nwftibcrs  Which  tontaili  «  ftrimc  di8fe?ent*im  any  in, 
A,  ot  ^T\ij  the  fame  Prime  ofthet  irivolvtd,  ind  thiKfc  f hcfe  At;  Tcrtns  of  ytnir  Ratio  j 
fci-  then  irt  plain,  that  in  fudi  ^  Ratio  yon  can  joih  nointegrtd  TaJm,  cither  giyattt  or 
Icfler,  becaufe  none  of  thefe  Numbers  can  meafurc  A. 

Again,  if  the  Ratio  is  required  to  jbe  fyiA^ii^  tJ^9.Number  of  integral  Tcras  to  Ic 
added  is  infinite^  th.cn  take  any  M«*itiple  lw3^;  .  .  r 

PROftLEM   X. 

To  find  a  whole  Number,,  with  which  a  giveo  Number,  and  no  more,,  of  imegrat 
TetAis  cian  \ft  joitied  in  the  fitaic  Seriips  Jtt  i  given  Ratid. 

SoLxjr.  t«.  If  the  Ritto  is  M^Wple,  Wi^  Ptobltih  fey^inly  trtrpofflbfcj  tlttb  any 
Integer  an  infinite  Number  of  ihttgwl  Tettfi*  toay  be  added  itr  i^ny  Multirfe  Kitio, 
yet  if  we  Jimit  it  lb  ?5s  ro  eon^der  the  Nurhbcr  fought  i&  Ae greater  Exttewfe  of  a  Sc- 
ries, it  is  felvcd  thus  5  if  the  grbiVcr  Tehil  tT  Wic^ivcn  Ratio  bas  titiy  Of  in  PriineJ 
involved  to  an  fndex  ]frccifiHy  ecila!  te  flje  -^ven  N^thibct  of  Terms,  then  any  Num. 
bcr  which  is  a  Mtikiple  of  that  Fowfet  of  tbat.Pi'itoe,  is  the  Nunil^  fcijght  3  W  if 
none  of  its  FrjmeiB  is  tb  oft  invotvs^  thpil  is  th^.f^bletta  atfb  iinpoffible. 

1^.  If  the  Ratio,  i^  ^not  Muftiplfc,  riffc  xti  Tertnslo  Ae  Pbwer  whofe  Indca^  m  the  gi- 
ven Number  of  Terms  lel>  1  land  tjieft  ait  the.  EktrttAei  of  a  Krje^  te  Iftat  Ratio, 
having  thegiv^h  Nrnnber  rf  Tetms,  ind'to  which  \t  is  impofibfe  "^b  aW  lAttthct » 
Integers  C^^^-XXHI.)  Aid  thefe  PoWbs,  o^  ^ny  of  oie  ml**fc^T«Hmof  the 
Series,  whereof  they  iire  the  Extremes,  whiA  are  eafity  found  (vid,  VtcU.Wl.  5biW.I.) 


any  one  of  ttic  iLXtremes,  or  any  one  ot  toe  middle  lerms,  ^itseauiy  cone  oy  ww" 
fhewn."  '  •'      ■    ,    ^ 

Si^am,  The  Ratio  2  : 3,  apdNumber  of  Tcratt^^l  iAeJhie^A  Powterof  2 :  ?• 
W2>.  1X2X2X2X2=32^  and  3X3X2X3*3==ru3,  and  tfcefe  ate*  Extreitaes  of  the  Scries j 
the  middle  Terms  bemg  compofed  of  tlii^  ^wei^  of  theft. ,  according  tathiy  Ptttai  A* : 
A«:A»B*:  A»fi«:^AB*rB^ 

Scholiums. 

!•  Ifthe  piwoftd  Ntnttlier  rfTento  lA  0,  then  with  a-  MtdtS^fc  R»S^  fte  Problem 
is  impo^We,  ifthe  given  Ntainberi«  to  be  iteade  the  leffer  Extrcttrej  Iwt.if^c  make 
it  the  greater,  theo  we  majf  take  any  Notnbet  leiftr  thati  the  'Antoccaeht  Of  the  Ratio, 
or  grcatcri  provided  it  fed  not  att  the  dififcrent  Pritfes  of  the  given  Antfecedcflt,  or 
has  fome  ot  them  Icfs  involved. 

Attain,  wit^  a  Ratio  not  Multipki  ii^  have  no  moce  to  do  but  take  a^y  Namber 
which  has  not  ia  its  Compofitibo  ^  the  Primta  <)f  eitheif  cf  ^c  T^&ahs  of  the  Ratio, 
crfaiiaanyoflbof^aclidFmcmleikitiTolfe^;  :  .   . 

•  II. 

...  i 


€hkp.  1        Gf^mtke  mfd  Qmpa/Stt  ^M>6r, 


Integer,  with  which  can  be Join'd  only  a  certain  Number  of  intoflni 
then  the  Vidian  is  impc^bk,  beoaufe  in  %  Multip^fS,  K^tip  th^ 
Mumher  of  T^xvib  encseifii^  y  but  fisppafe  thcfc  general  Licnita 

i^.  That  the  Number  foufitit  be  the  greater  Ebctreme  of  a  Sc 

feund,  thus  3  of  tny  ^imei  Number  taice  that  Fbwcr  wiioft  Indc 

ter  of  Tdms  ^.  or  «sdeb  any  Makipfe  of  £ucb  a  Fow^  (rovu 

involved:  to  a;  higher  SbwcTf  m^  to  diatHumbpr^an  ht^  joined 

iittwal  Tcrtns  wcreafins^  in  any  Ratio  vdnfe 'Antecedent  that  P 

J^iUm.  Let  the  Kumter  of  Terms  be  $,  tben  8  is  the  Nun 
RariUa :  f.    Or8K5«4^,  and th^&atio  2.:  i  ^  biit  id  U  not  fuc 
tr  dbhiti  of  4^ Tcrms^  in  the  Raitioi a. ^  x.    JVgain,  a7^^)(s^3  ^ 
the  Problem,  and  the  Ratio  is  either  3  :  i,  or  3  :  2|  making  theft 

a^.^aptoifeiihe>  LimJuion  is  to*  ahy&ntiositt  M(ilti^lc  5  the 
PovM";af{  ^uiine  Pnioe/ iw4e(e  Index  ki 'tlie  given  JMumlm  of  T 
Mtanbdrfongbt  J.  the  fiad  firime  being  the  Antecedent  of  a  Ki 
HfcMo^  ieacmun^'  stny  greater  Nillnber  and  PHme:  toit  being  ] 
iUi^  if  iiieiM  if  ally  mmdieriefiffl^  but  gfetter  than  i,  tna 

•qumt  wvtt^  be  a  KntiOtwhitsli  iariH.iblVe.it  deoteafing.  Laftly^ 
Flimea^  iduid  InvAlvetthftm  e^ch^to.fiidi  a  PxMrtr,  'tbat?M0r8<lm  oft 
tb  >tti9'^it«ii  t4ufilbei^4rfl  Ter^,  Itfaen  iOiei  firodua  6f  itMo  P< 
wbicht^ieigjiyenNutnbeDofTern^s,  and  no  more,  can  be  added, 
greater,  and  part  le£C:r  ^  which  xnay  alib  be  diftributed  in  any  I 
rmrer  llidcxsci  tfae.lc0er  Pr^c  is  rs|ife4  ^t  tha,t  wiH^exjprcff  tbf:  Nun 
itfatn.tbed^^bndleirifiM^,  md  t}v^  h^CPt  of  ^  ptftcr  4a.t)ic  Nt^tp 
P«UB«»[being,th^ 'Tn^rdis  ^cJt  **0©  ti^t^ffj?er8.rik9  ftphlgm  j  ap' 
-veoiMumhcrictf  3Jewn»A1  tfc»  M^tpft.Jj^^^nJ^r  ofmt^fgi^-^^  ,5 
ljDi«d.^h;^lleN^mb^*)«e^  i  ,  /;    , 

JS«Mf.  <3iiw»Niimbeft^T?^Mns.5,.if|  1^ 
to'whiehican  he.  jmod  5  iitfej^al  T^^ipi^  apud  429  ^lor^^aiqcf^r^ 
mnlklHPre  3  for  its  Anfooedt)ntt  and  $iixy  NKo^b^r  g^e^^  ^nd  Pn 
qaentas4;  andde$r^a6M;iriCwiiaiUQJW'ffit  rf.T^^  b«  li^nJ! 
not  Multiple,  viz,  3  i-a,  .oecaufe  %  is  the  only  l^iicr  Number 
i68^r=^;X  jX  jSCixi)  can  hav6'j6iri4d  wift  it^ohly^j  iilteghUfTcrn 
whereof  2  will  be  greatpr.jmc\  3,J^^a[fr,,a^  l|crc,  32  :  i^g  vji  :  iq8 

IIL  If  it  be  prpj^xfed  to  iind  an  Inteeef,'  t6  ^icll  it  is  impoflibl 
in  the  Ame  Setiee,  k ^any <fo«tio;  W^Prcdolemcis^impaffibtB^.bt 
can  be  JQined  9t  rl^ft  anotl^^  Integer. 

•:^-^-'  ^'-^  ;  -^ .-  •.  .,Pit'ia:BJi,5:,l4:j»f. -fit  :  .  . 

cmpoffibrybejoinywtl^l^V^^  ^*  -  *  ^"^^   ^ 

If  there  is  no  fiarther  Limitation  of  this  Problem,  the  Anfwer  is 
fi>r  if  the  Fraflion  is  proper  it  admits  an  infinite  Numbed  of  "fia^ 
fing  in  the  fame  Series  in  any  Ritic^  whatever  ^  and  if  it*s  an  imp 
alio  an  infinite  Number  of  fraAional  Terms  can  be  joined  encread 
both  Ways  z  for  the  Series  being  continued  both  Ways^  there  i 
'^      .  B  b  b  a 


37*  OfTrime  and  C^mpofite  Nmnhej^       .BookV. 

above  and  another  below ;  (by  T^ear.  XXXV.)  therefore  fhe!iSerier.  wifl:  continue  in 
Fraftions  one  or  both  Ways.  .    •    •  '  ' 

But  as  the  Number  fought  may  be  limited  on^one  S\de  (thougHit  can't  on  bodi)  we 
fhall  enquire  upon  what  Side  it  is  limited^  and  to  what  Number  of  Terxm.    Thus, 

Cafeh  7*bt  gim»  Rah  MOriph^  ai  t:  ::M,  T^ifeM.K  . 
([i".^  The  Series  witl  cominiicj  for  ever  in-'Fiaftiona  ddcoeafings  K  the.  given 
FraSiDh  is  proper,  this  is  tounifeftf  and 'if  it'a  inipi»per,  yot  fed  tfe.  ia 
from  this  Consideration,  'viz.  That  if  ewer  tbei^  conies  an  Imegdr  inta  the  Series, 
from  that  reverfely  it  will  continue  upwards  to'E  mixt  Number  (from  whence  it  pro- 
ceeded do  wnwardi)  which  is  impoffiblc  in  a  Afeikiple 'Ratio,  becaufe  every  Term  i« 
the  Produ£l  of  two  Integers.    Tnereibre  there  can  m  Integer  csm»  into,  the  Scries. 

Bur,  .^    '    ..   .  .   .♦     !  :      -I  :'.    ,  ■,      .^  J 

(a®.)  Take  the  Series  encreafing  from  the  given  Fraflion,  and  thc^Number  of  fraSir 

onal  Terms  that  ca'n  bemadded,  wiH  in  !feme  Cafesbe  ftute,.  and  in 'fiHoe  infinite, 

'which  the  following  ^ule  will  dHco^r,  whether. the  gilvfl  FraAioii  i^^fopcrcw  im- 

proper  i  TJtwSy  refolvc  M  a^d  fi  both  into'  their  Primes  ^ 
A  AM  .  AM*  .  p^  \  and  if  tnerc  is  any  Prime  in  >B'whk:h  ;^  not  in  M»  then  the 
3"  ■  T  '  T^  *     ■ ''      I  'KHimber  of  T(Brm«  rc^iiiped  ia.infinifc  5  fat,  0  can  nc- 

'         .    »  ver  meafure  anycPoweriof  AI,  <and':boing  P^imei^oA,  it 

cannot  meafiire  any  of  the  Niimoratbrs  fiir.aj.j?&a?i'iVl.)  •  A^tQ,  if-aU  the  dificfcijt 
Primes  of  BaHe  found' in  M.Jand  as^cat  lei^  involved  rtfaefus:fi[  a9(#{A^^^r. Part  of  M, 

and. hence  ~  is  an  lategcr,  therefore  thcrc^cah  n6  fraflional'^drm  be  added.'  Z^J!- 

/f,  If  all  the  Primes  of  B  arc  in  M,  and  fbme  of  them  aMb  oftner  involvedin  B  man 
in  M,  then  take  all  of  thefc  whof^  Iridextei  in  B  apd  M'hate  the  fame  Difference,  ^^ 
that,  the  greateft  of  any  other  of  them  5  Snd-chUfibg'tibat  ^ne  of  th6fe>  t^dfe  Index  Is 
grt^aftcfr,  find  thte  gtcateft  Ntimbcr,  whicli' iiitiltiplying  its'Inddx  in  M^-wiBmakea 
Product  lefs  than  its  Index  in  B ;  that  Nun^ber  is  the  Numbet  fcftght  j'fbr4t%  Aelridcx  of 
the  grcatcflr  Powc/of  M  whiih  %:  doc^.not  meafure,  'fincc  S  me^fUtei  «Wfnei)f  the  Pow- 
ers of  M  till  you  come  tq  one  which  h^.  all  the  Primes  of  B;  at  leaft^as  oft  .involved  5 
but  any  Power  of  M  is  the  Prbdaft  of  the  lilce  Powers  of  all  its  Fafiotis  (as  follows  from 
I'heorA.  Sook  III.  Chap,  hj    HchcetbcTAithof  the-Rul^i^cleal?. 

£xaM.,  I.  f-».  or  li,  andi jhc^tio  ^.;.Ji  W^?c  cap  .neyct; J)c  any  jptqg^^. TcnD,^b«- 
^ufe*a'ffie'.Prii4es  ofi^ 


..'J  '.I 


Ea^umi  a*  ^^  or.  -ZL^^and.ilie  Ration, :'|g   < There-caivtc  no  fii^flional  Term  added, 
3  3  .-.!..  s    '      t  \ 

Becaufe  3  ia  an  aUquo$  Part  of  ^,  whereby  the  very  next  Term  wiirbe  afi' Integer. 

£xam.i.  -I  or  I^,  and  the  Kotia  ii^i  ^  ^^Bfe*  'i4;=aXaXaX3  and  ^=1X3  5  then 

die  Iftdex  of  i  m  ii  %  ?y'aija'in Vit'itrf atid  thf  gr*3tt<!ft-liniW|l^f;whisii4Bolt»^^ 
I  will  produce  a  Numbtr  left  than  a  is  4  s  thwcforc.thcrp  can  be.  bat  a.  fcfaiotai 

Terms  joined  with  the  given  one^  as  here,  ~  s  ^  :  *—  -  Jll^ss6^  :   And  here,  ^ 

.  ;    4^0^1700      itfiOCH  '^  '■'  '•     •    .-'"it  .'  i  •.';'»-■■; 'I;  r.'!  .-  : 

*♦.  *Ti  *4»  r        *'   •    .    « 

i.«  .m;  ."j  :';  ,.3  ;)'..>!3  .3(/,:7    x!i:';  ..:,>. '.i^.-.o  £au-d  2iii'j<i  oJj  'i^i      ?    ,«     '    - 


Chap.I.       OfTnnieandCm$ofikHmi^si 

'  *  Cafi  H.  3r5b^  giw/i  "Ratio  not  Muhipk^  as  N  :  M,  nvbicb  'we  fiall  a 

according  as  the  given  Fra£lion  is  proper  or  improper. 
Y^^O  If  the  given  FraAlon  iis  J)rbpcr,  it's  already  fhewn,  that  the  S 
unacior  ever  ia  FraAions  decreaiini?.  but.  will  not- in  all  Cafes  do  fo  < 

the  Number  ibught  may  be  found  thus  ^  i 
A  '.  AM  ,!  AM:*  ,.->  I  M,..into  their  PjrimeSy  and  if  there  is  ai 
IB  '  BN  '  BN*  *  I.    which  is  not  in  A,  oc  the  fame  Prime  c 

or  again,  any  Prime  in  B  vtrhich  is  not  in  ] 
ries  will  continue  for  ever  in  Fractions*^  becauie  the  Denominators  cai 
anjLoC^jhe  Numerators.  But  if  naoeof  thefe  Circumftances  happen,  i.  i 
Priiienn  B  which  is  not,  in  M^.  nor  in  N  which  is  not  in  A,  nor  anv  t 
oftner  involved  in  N  than  in  A,  then  if  all  the  Primes  of  B  are  a^  leait  q 

'In' Mi  the  very  firft  Tdrm  after--  is  an  Integer;    But  if  any' one  or  1 

S  ar9  not  ^oftihi^lved  in  M^  takeall  of  thofe  who&  Indexes  in  B  and  A 
Difierence,  and  that  too,  the  greateft  of  any  other  of  them,  and  chufe  t 
whofe  Index  iis^g^eateft  $  then  find  »,  the  greateft  Nuinber  which  mi 
des^  in  M,  produces  a  Number  Ipfi  t^an  its.  Index  in  B,  and  diat  is  the 
ber  of  fraftional  Terms  5  fuppoiing  there  can  be  an  Integer  ^  the  Reaf! 
ID  kiiow'if  thete^ ^an  be  an  mrc^er  do.thisrf  take  all  the  Primes  whof 
and  A>hav6  the  firae  Diffirrence,iaad  that,  the  leaflof-any  other,  then  chul 
hxXcx.  ia  greateft'^.  and  if  theProdu^  of  its  Index  in  N,  multiplied  by  n 

Numbernotexceedingitslndexin A,thenthe/r+iTcrmaifter^.  is  an 
is  the  Number  tCbught  5  but  W  it's  greater^  tbd  Series  will  continue  i 

B      55     5X11  N  I  2»     aXjl  .:  N.   4j     3Xj)X5 

will  continue  for  eve^  in  Fraflions. 

JS^-. ^ K^^^ ^7,^ and g=^^i21^ g^-l?.:  .Hcrethc.vct 
B     55       5X11-     •    N       li  3x7 

tcr4  iranlntcger,LV&.:  J?^x^iiW2iL^Jb  Xt?.^.?^.¥=io,    by  'tak 

iwm^  F^Sors,  outbf  ftkaE  N  liixier^rii  .ahdil^eapnsba^^^ 

X?  ^^      A 80 aXiXaX2X5  ^^,  MJI105 5X5X7      „ 

Exam,  3 .  :=r-=:-^ — ^=L^— -  — I i  and  —.= — Z^=2 — LSI,    Hera  t 

^•B    •  j57    •  3X3K5X^X7  •      N        i-^  '       2   ' 

feiAiend  l^rms  aiter -  4*) -. ^hich  t  ifeddius  5*  $  i&thtt^ Pxime ,iii B, .  1 

cdeds iti^ Ilidtfx  iiiM  bytl!«g^iteft7Diftlence^ ahdlMMd^ 
alfi>  3  is  th(^  greateft  Number  which  multiplyingi^  its  Index  in  M,  ms 
l^.thfbi  its  ladexFih  B,:whj^h/isr4.'  Ag^n,:;as^^S^»  but  op^  ^iin^ 
whofe  Index  iislonly  i,  this  multiplied  by  4  (=^-f-]p  produces  4,  a  h 
.ceding  4|  tte  IndeX;pf  2  ip  A  3,  therefore  ^is  the  Numjber  foughr.  ,fi\ 
A  to  be  4o==2XaX2i<5,  *dien  tccaufiJ'thfcTMttft^^,  excciBds'3,  the  I 
therefore jhe  Series  muft  continue  for  evglt  in  FraAiohs,  becaure  the  n 

*;«  the  fiHl  that' could  pbffibTy  &'afi^licgcr^  upofrthe  Coniiiieratii 
'  €f  Blcdmpar^w^d^  the&bc^ii)  1^  :  Bbi^tl^ni  tlttrbhindcAbdnbyllle  I 
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the  Primes  of  N,  compared  with  the  fame  in  A.    For  at  the  n-^  Term,  there  ii  a 
Prime  in.  N,  whofe  Irnkxiia  greater  tlmn- its  Index  ith  A  ^  and  c^&qovidfrGUuvt 
meafure  it,  nor  can  it  ever  after  f  becaufis  its  Index  in  N  is  ftill  iDc^caflng. 
(2^.)  If  riie  given  Frafiion  is  impropet'^  the  Number  of  ihi3ioDal  Terms  in  the  Se* 

ties  after  — ,  either  increafing  or  decreasing,  is  ftuDd  the  fime  Way  «» in  the  laft  A^ 


tirle.    And  obferve,  chat  if  the  Nmnber  is  IsmitDd  ineeeaSng,  then  it^  totaini;  infi. 
nite  decreafing  $  but  iFit*s  found  infinim,  icfcreafing^  itmajt  be  either  Igofe  at  infinite 
•  dc3:reaiing. 

Scholiums. 

tjt.  Ill  propafing  ft)  find  how  many  fraftioniil  Terms  ctin  be  joinU  to  a^gmAjFn* 
ftion,  we  havd  not  diflfinguifh'd  betwixt  pvoper  and  improper  Fntdtions  ^  oiit.)dntI 
Jhatt  here  confider.     And, 

^y.  It'splaio,  tbati^m  an;  ifflfroper  Fjsi&iQn,  all  thp  frafiionid  Terms,  increafii^ 
muft  be  improper  ^  but  decreafing,  they  may  be  partly  proper  and  partly  improper  ^  ai2 
if  theve  ftands  an  Integer  bebw  the.  girm  imp^opet  FiU(tio^  oU  the  uMjmsiUate 
Terms  are  improper  Fraftions. 

a®.  From  a  giTen  proper  FnnflQon,  all  the  frafiiohiil  Terms  deereafinigy  aic  ptiiper; 
but  incteafiog,  they  may  be  partly  proper,,  paody  iioproper  ^  end^  ia  &mc  Ca&s,  all 
improper. 

Hence  there  oile  but  two  CoTes  contening  tfae.diilin&iNand^er  of  proper  and.  im- 
^proper  FrafiiotiS)  whereia  a^  Rule  is  wonsed  :  The.'fidl  is  ta^deterBiuio  now  tniny  ini' 
pr(^r  Fra^<)ii6  can  be  joined,  di       "  **    .      --. 

lecond  is  to  find  how  many  prope; 
in  any  Ratio.    Now  if  the  Katio 
no.  Rule  but  tfiiialLy.  raifing  cbe^ii^  ;  bus  if  die  Rsinio  is  Multiple,  1^  csa  be 
fblvcd  otherwife  :  Thus,  ^^■ 

^eftion  I.  To -End  ]k>w  tn»iy  improper  Fsa^oyis  can  be  gdded^  deareafing  below 

a  given  one,  --,  in  a  given  MuMple  iUrtio,  t  :  Mb 

B 

Ruk.  Take  the  integral  Part  of  the  given.  Number  5  which.  Integer  call  q.  Then 
take  the  greateft  Power  of  M,  which  does  not  exceed' ^3  tfaelndcqc  (^  thit  Power  is 
the  Number  fought.  •  4        -  ^  ^  u 

I>fiiiiOK^  Theliidm&^nd,'expiefltothe:i)^^ 

AA  A  I  A'  " 

B"  •  BM  •  BMF  •  *^     I    Tcmi/ftom.gr^  aikl-if  ft^  krthegBealieft;Bower4>f  M,  wt 

A  ■ .  ' 

exceeding  f,   then  is  ^gj^  the  laft  impifoper  Pm&ion  :  For,.  iTany  of  the  Powers 

of  Mt  ih  tlieBivifin,  e«oeeds^»  it  muft  bet,  4t  leeft,  equal  to  ^11^5  esdnsfimis 


ftbtEeTore  ^B  k  te&  tifim  A,  atid'^iXBi  ^Mter  than  A^:  So  tfaat^ajii^^  *  ntamecer- 

iaiily  %  proper  Fmaiwii  and  ^g*  an  inalprc^ «  Therefore,  if  JfP  is  Ae  grc^tcft 
Fdwerof  M,  not  qgeedin^]  q^  dien  is  jn^  the  laft  impt<{per  Fraction  5.  ftr  a  great- 

.«r  Pbwer,  a&M^,  Ittbftik,  it'leofii  «]baljlftf-|M  f . andiiacfr  1^-^  js4i^  fsop^r 

X  Fra£lioD, 


Gha|x  !.  (^Tfimt  mdCemff/ke  Nttmhers.  575 

FrafliCin,  tWc&re  lb  u     JT^,  and  coirfc^eatly  ^|^  is  tlw  iaft  iKprapor  oae  ; 
aad  9  the  'Nrnnber  oTTenm  fou^. 

Sttam.  L.~J^S=^  i  and  M=sa,  whofc  third  Power,  8,   is  the  grcateft,  not  ««- 
KcSiak  s  i, &erc1»re  ^  is  the  ffeaa^  Kumbcr  '«f  impiopcr  BiaSiani  chat  cjm  ftooA 

iR  the  fimb  SefieiiMiow  ^.  »  Ac  Ratio  a  :  i,  «  here  ^  ,  1*  .  ^  .  ^  ,  -^ 
,  -J  T      14     a«     f«      III 

£luefiion  2.   To  find  how  many^pcr  Fraflions  «an  be  join'd,  increaling  in  sas 

fame  Series,  above  a  gtTcn  one,  |--,  in  a  given  Multiple  Ratio  1  s  M. 

Jttol;.  TAethe  reciprocal  improper  Fraflion,  ^ -7-,  and  find,  as  in  ithe  lafl  Q°<- 
ftion,  how  tnany  improper  Fractions  can  be  join'd  to  it,  dccreafing ;  and  ^ou  have  the  ' 
Kawitei  £m^t  t  for  if  -^f—  k  che-kft  in^rc^n  noi&ion,  thea  takmg  the  whole  . 

Sorie* ret^j«o«if)y,  ~ft~'^^  ^^  liA proper  FraSlipn  sAer  -^t  incresfing.. 

id..  We  may  confider  the  T^rc^feiff  unlimited  to  any  particular  given Ultio  j  only 
in  general,  fappofe  the  Ratio  is  Multiple  or  not  Multiple  ;  then, 


Prndufl  d  th»t  Prime,  multiplied  into  all  ^  other  frines  of  fi«  w  iiud«  the  Ctaafe' 

S.uent  ofa  Multiple  Ratio,  by  diatyoumay  find-anElsanpkoftheSones:  Tihc  &(»• 
on  of  the  Rule  is  evident-  But  again, 
a^.  If  tbe  Problem  is  limited  to  a  Ratio  not  Mnhiple,  the .  Scfioa  itMomfng  u  be- 
fore ;  tbcn'  take  the  Prime  of  S,  which  has  the  ^«atc^  jodex,  poovided  aUb  dut . 
there  be  a.Prime  in  A;  which  basu  equal  or,greu«r  lodes  )  the  ladcx «f chat fnme 
in  B,  Icfs  i,  is  the  Number  loiuht :  .m^  yon  May  £nd  an  ficampht  of  dse  Sette« 
by  a  Ratio  whofe  Antecedent  is  that  Prime  of  A,  flftst  its  C«nft^ent  die  Pfedu^  of 
an  the  Piimcs  of  B  z  jirovided  it  be  a^Number  grcatec  tbtnibe  Antecedent  ;  dfe, 
take  fame  Multiple  of  it  -gtettei  than  the  AiKeceAodt.  Hence,  if  the  Index  >of  itic 
Prin^  referred  JO  ia.fi>js  3,  there  can  be  no -Ubpre^rFnifiioajoiaed  with  tftngiicn -. 
Number. 

£k0»»^ftrMthtbai!Art!iete«.  A— *?1^  9^i£5^.    Here  a.  u  the  Prime 

ia  ]^  vhflft  Index,  ;,  is  the  great^  ^  and  riiereftie  1  w  the  Nuatber  feught,  in  the 
6r&  AfUi^  «ni  t  3  24  itt  iUtioagncineto  diicSolouon.' 

Ai^,.l^t^^  R«ii»  ia  fotipo&d  not  Mwtiple,  %  it  «K«  lh6  Number  Jtiughtj  be- 
caufok   Mtv^ing  ^  tbe'Ruhi,  tlun  ds-a  ^itue  in  A,   whole  Index  is  greater  than \. 
3  •    Atid  ii  ^fva  tftke  &r4  Ratis, .;  :  14^  it  wW  agree  to  the  Solution.  . 

Snt  Atppcfe   ~E=:iH.=si^^,^,i  if  tbeie  .cotoes  an  .Integer  into  the  Series,  (t 
.  /f  .     S  _     **         iXi^   '  " 

moft  be  the  veryfirft  Tenu  after  —  :  becaufe  there  is  na  tndcsc  either  in  AotB, 

■■    :      i  ■        3B 

greater  than  i  j  fer  no  Ratio  Multiple  can  anfwer  the  SuppoGtion  of  the  Sesics  coming 
at  laft  to.i)a.  Integer,  except  this,  t:  ziS  0w:^xt3.)  and  it's  plitin,  that  the  very  firft 

Tena  . 
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Term  added  will  be  105.  Again,  No  Ratio,  not  Multiple,  can  anfwer,  but  one  of 
theie  in  which  the  Antecedent  i$^  g.  or  j,  or  7,  or  5X5,  or  5X7.  or  5X7.  or  3X5X7. 
and  the  Confequcnt  2X15,  or  fbmc  Multiple  of  this  that  is  greater  dxan  the.  Ante- 
cedent :  In  all  which  Cafes  it's  manifefV,  that  the  firft  Term  added  will  be  an  In- 
teger. 

3^.  Suppofe  a  given  improper  Fraflioo,  and  that  a  Series  ought  to  proceed  fiom  it, 
decreafing,  in  a  Multi]>]e  Ratio  :  To  -find  the  greateft  Number  of  fftftiond  Terms, 
improper,  that  can  bejoin'd  :  From  a  Table  of  Powers  feek  the  .greateft  Power  (i.e. 
a  Power  of  the  greateft  Index)  which  is  a  Number  not  greater  tSan  q^  the.mtcgnd 

Part  of -3-  5  and  of  whole  Root  fhe  next  greater  Power  is  greater  than  a  i  the  Index 

of  the  former  Power  is  the  Number  fought  5  and  that  Root  is  the  Antecedent  of  a 
Multiple  Ratio,  which  will  make  a  Series,  having  the  Number,  of  £ra&qnal.Teans 

found,  after  —..  ' 

JExam.  2-=^=-^  t.    The  Number  fought  18  3  5  for  8,  the  third  Po^m  of  z, 

**       7  7 

IS  the  greateft  Power,   which  does  not  exceed  9  $  and  the  next  Bowtf:  of  wbo& 

Root  (viz.  16.)  does  exceed  9  :  And  by  the  Ratio,  z  :  i,  iwe  have  the  Scriei, 

Y  •  14  •  28  '  5<J*' 

.PROBLEM    XIL 

A  Fra^ion,     ^ ,  being  given  for  the  lefler  Extreme  of  a  Series,  to'find  a  Ratio,  in 

which  a  jgiven  Number,  >9,  of  fraflional  Terms,  and  no  mofe,  can  poffibly  be  in  the 
(ameSerics  above  the  given  one.  *  '   ,  »       ' 

Solution,  i**.  Suppofe  we  are  to  find  a  Multiple  Ratio  jthen  fihd'the  Prime  that's 
oftneft  involved  in  B  ;  if  its  Index  does  notrxjceed  ^,  then  the'  Problem  is  impofflble : 
Por  M,  the  Confequcnt  of  any  Ratio,  i  :  M,  which  Will  bring^hc'Scrie$ito  a  whole 
Number,  maft  contain  all  the  Primes  of  B  ;  therefore  it  contains  the  Root,  at  leafi^  of 
that  Prime  which  is  moft  involved  in  B  j  but  unlefi  the  Index  of  that  uivblution  be 
greater  than  iv,  M**  will  be  equal  to,*  or  greater  than  B  $  and  confoquently  the  nA 
Term  after  the  given  E^tremi?,  is  a  whole  Number-;  or,  perhaps,  there  mav  be  one 
before  this.  'Again,  thougli'the  Index  of  fome  of  the  Prmies  of  B  exceeds  «,  y^ 
the  Problem  may  be  impoffible  ;  for  to  make  it  poffible,  the  Index  of  fomc  oi 
tbefe  Primes  muft  be  fuch,  that  there  be  fome  inferior  Power,  whoie  Index,  multi- 
plied by  /I,  makes  a  Produft  left  than  its  Index  in  B  $  but  multiplied  by  0-^1  f  T02kes 
a  Number  not  lefs  than  that  Index ;  and  then  the  Produfl  of  that  interior  Power  of 
any  fuch  Prime  in  B,  multiplied  continually  into  fuch  Powers  of  all  the  other  Prices 
of  fi,  as  that  their  Indexes,  multiplied  b^  0+^9  niakes  a  Number  not  le&tban  their 
Indexes  in  B,  may  be  takea  for  the  Qonfoquent  of  the  Ratio  fought.    The  Rcafon 

'  of  aU  this  is  manife(f,  by  ebnfidefitig  that  an  In- 
A      AM     AM*     AM'     _      .     j    tdger  can   never  comie  imo  the  Smc^  till  the 

Power  of  M,  in  the  Numerator  contains  the  fe- 
veral  Primes  of  B,  involved,  at  kaft,  as  oft :  And 
»s  foon  as  that  happens,  we  have  a  whole  Number.  • 
£xam  t.  ^  jg_  2KaxsXj  ^  ^^^  ^^  -  -    ^^^  Problem  Is  imp<iffiblc  j  bccaufc 

there  is  no  Index  of  4  Prime  in  B.  which  .-exceeds  a;'  \  ,  .    ,  -.     .  i     . 


B       •    B     •    B 


&c. 
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j^atn,,%.  -=^ss  -^=5 ■  ?^r  .     »  and  0s=2  ;.  then  is  the  Problem 

B   545(^  3X3X3X2X2X2X2X2X2X2  ' 

pbffible  ^  becaufe  the  Index  of  2  in  B»  is  7  5  and  if  we  take  the  (econd  Power  of  x 

(viz.  4)  the  Index  of  this,  multiplied  by  3,  is  5  $  and  multiplied  by  3-f-i,  or  4, 

makes  »  ^  theivfofe  the  R^tio  fought  is  z  ;  1 2  4  and  the  Series  is  J2 !21 .  If22 . 

200       18     o  •         J4J(^ '  345<^  •  345^ 

43^00  ^^  5    400,,^  ^  ■     y^^j  ^^  Keafim  of  the  Rule  will  appear  in  this  Example. 
345^  .     345<^  .  "  ^ 

by  icttmg  it  down  in  this  Manner,  viz. 

15        25X3X2*      25X3'X2^      25X3^X2^      25X34x2^  _  , 

3*X2^*      3^X2^     •      3^X2'      •      3*Xa'      *      3'Xa'     —  aS^J^Ca- 

*  • 

Cafe  II.  Supf^oTe  a  Rafio  not  Muttipk^  ii5  N  :  M,  is  to  be  found. 
The  Problem  is  imble  only  when  there  is  fbme  Prime  in  B,  whole  Index  is  gfeat^' 
er  than  n^  in  the  Manner  deKribed  in  the  preceding  Cafe  3  and  when  at  the  fame 
Time  there  is  fome  Prime  in  A,  whofe  Index  is  neater  than  0,  fb  much  that  there  be 
ibmc  inferior  Power  of  it,  whofe  Index  multiplied  by  f>-f-i ,  fhall  produce  a  Number  not 
exceeding  its  Index  in  A.  Then  for  the  Confequent  of  the  Ratio,  take  fuch  a  Number 
as  was  din:fied  in  the  firft  Cafe  3  and  fer  the  Antecedent,  take  any  one,  or  the  Pro- 
duft  of  any  two  or  more  of  fuch  inferior  Powers  of  the  Primes  in  A,  whofe  Indexes 
are  as  above  defcribed.  And  obfervc,  that  if  the  Confequent,  found  by  the  Dire£tion 
of  the  fiift  Cafe,  is  a  Number  lefs  than  any  of  die  Antecedents,  found  by  the  Direfti- 
on  of  this  Rule,  then  multiply  it  by  feme  odier  Prime  Number,  which  is  not  in  B  $ 
fb  that  the  Produfl  be  greater  than  tne  Antecedent. 

The  Reafon  of  aQ  this  Rule  is  to  be  found  from  the  fame  Confideration  as  that  of 
tfaelaftCafe; 

JBxam.  ^lar-ills-I^il^,  and  nssii.    The  Pkoblem  is  poffible  3  becaufe  the 
B        5tf       7X2X2X2 

Index  of  2  in  B,  is  3,  and  2X1=2  (i  being  the  Index  of  the  firft  Power  of  2)  and 

2+x,  or  3X1=33.    Then  ajD^,  the  Index  of  3  in  A  is  3,  and  3X1^=3  (i  being  the 

Index  of  the  firft  Power  of  3)  and  fer  die  Ratio  feught^  we  have  3  :  14  (=2X7) 

as  in  tlus  Scries,   i^l ..  i!^  ,.  »fj^£,  ^244£«,^5  j  which  we  may  alfowptefcnt 

$6        Itfo         504         1512  , 

in  the  following  Manner  3  whereby  the  Reafen  of  the  Rule  will  clearly  appear, 

5X3^     5X3^X2X7     5X3^X2^x7*     5X3^X2^x73  _      ^ 
7X2'  •    7X2^X3    '     7X2^X3*     •    7X2^X35     ~5^7  • 

ScHOtilVMiS. 

1/7.  If  it's  propofed  to  find  a  Ratio,  in  which  no  FtaAional  Term  can  be  added  3 
take  any  Number,  which  is  a  Multiple  of  B,  for  the  Confequent,  and  any  aliquot  Part 
of  A,  or  A  it  felf,  fer  the  Antecedent.     The  Reafen  is  plain. 

Or,  if  it's  propofed  that  all  the  Terms  be  Fractional  ad  Infinitum  3  we  have  no 

znoie  todo,  but  take  -^rt  fuch,  that  N  contain  feme  Prime  which  is  not  in  A,  or  the 

N 

fame  Prime  oftner  involved  3  or  take  M,  fuch^  that  it  contain  not  all  the  di^cre^t 
Primes  of  B. 

Ccc  «fc  Th« 
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tJ.  The  greatcft  limited  Number  of  Fra3ioii»l  Terms  that  cm  poffiMy  be  joined  in 
the  lame  Series  with  a  Fraftion,  molt  neceffiuily  tie  aft  oq  on^  Side  ^  .and  not  partly 
above  and  partly  below  f  becaufi:  FraAioos  cannot  lie  bctwi»t  Intqicn  in  the  bm 
Series  :  And  a«  the  sreaf^ft  Number  mav  lie  oiA/ct  above  or  belaw^  in  difiercnt  Ci. 
fe9  ^  the  Keafon  whyl  have  limited  the  Problem  to  an  increafins  Series,  is  plainly  be- 
wa&  I  know  of  no  determinafe  Rule  thak  will  reach  «o  all  Cam  fer  a  deercafii^  Sc- 
ries :  The  Rca(bn  of  which  feems  to  be  this,  That  it  does  not  depend  orfy  upon  the 
CooCUkratictt  of  like  or  itnlilcc  Pfcidaes,  and  dieir  difletebt  hivolutioiM,  but-  alfo  upon 
their  particular  Quantities  and  Proportions  ^  yet  we  have  thefe  two  Pardculars  to 
obfcrve :  .  ^ 

(i^.)  That  as  from  a  proper  Fradion  a  Series  decreafes  in  proper  Fra^ons,  for  ever, 
in  whatever  Ratio :  So, 

(i,)  The  given  FraSioa  being  impBoper,  if  the  Ratio  is  required  to  be  MuItijJc, 
the  Problem  is  impoffible  3  the  Reafbn  of  which  has  been  explained  in  VrobL  aI. 
Cafe  1.  ^  But  if  it's  only  teqiiirri  to  find  fucb  a  Muk^k  JKatics  in  whioh  a  given  Num- 
ber of  improper  Frafftions,  wd  90  9)QR»,  can  be  joinod  toi  ^  |^vm  imfmpcst  FrsSion, 

^»  ^ecrcafing  5,  this  wp  can  flnil,  tlms^  Take  q^  the  integral  Rwt  of  the  gitcn  mix*(l 

Number,  and  feek  a  vvioie  Ntttnbor,  M,  dtffiiienc  firokn  any  of  the  Pfbnesof  A  ^  mJ 
fucb  aUo^  that  it^s  m  Power  (^  being  Ati  ff^fcti  Number  of  Terms}  be  the  gm^  of 
its  Pbwers,  which  does  not  exceed  f*  5  ana  thit  Ptime  is  the  Anveeedent  of  a  Ratio, 

which  {blvcs  the  Queftioa:  For  it  has  beea  ihewn^  tb^t  _|^  is  tkc  h&  improper 

Fradion  ;  and  that  it  is  not  an  Integer,  alio  that  none  of  tjke  addod  Terms  ate  fo  is 
plain  3  becaufc  M  is  a  Prime  diScrent  from  any  of  thele  in  A. 

PROBLEM    XHL 

To  find  a  Fraftion  with  which,  may  be  joined  in  the  fame  Series,  increaiing,  agircit 
Number,  apd  no  inocc  fra^Uooal  Temm,  in.^ given  Radtio. 

So  Xitr  Ti  OH* 

Cafe  I.  Sufpcfr  a  Riti§^  Makifk^  1  :  M».  af$d  tbegfvi»  Number  affirms,  a. 

Reiblve  M  ioeo  all  its  Primes  ^  mA  fiir.iiie  Desomiai- 
A  AM  AM*  .  «^  I  tor  fought^  take  any  Number,  B,  compofed  of  fomc  or 
ET  '  T"  *  "3^*  f    *8  of  the  faoie  Primes,  aod  no  oAer  than  arc  in  M: 

But  let  ibfne  ope  of  tbem»^  at  leaft,  be  ofaner  involved  in 
B  than  in  M  3  fb  much,  that  taking  all  of  thefe,  whofe  Indexes  in  B  and  M  have  the 
fame  Difference,  and  that  too^  the  greateft  of  any  other  of  ^hem  3  and  chufiog  any  one 
of  thefe,  whoijb  Index  is  the  greatcft  $  Ae  Produd  of  its  Index  in  M,  multiplied  by 
0,  fhall  be  lefi  than  its  Index  in  B  5  rat  multiplied  by  /H^r,  it  (hall  not  be  k(s. 

Then  fcr  a  Numerator,  take  A,  any  Number  whatever  Prime  to  B  5  and  you  have 
Ae  FraSion  fought  j  which  is  p^per  or  improper,  as  A  is  left  or  ^^eater  than  B. 

£icam.  M=-72.  and»==4.  The  R-imes  ot  M  are  2X2X2X3X3  :  The  Index  of 
3  in  72  is  2  5  which  multiplied  by  4  gives  8  j  and  multiplied  by  4.+C,  or  5,  gives 
10  :  Therefore  I  take  a  Number,^  for  B,  which  has  3  involved  in  it  to  the  9th  Power  ^ 
becaufe  9  is^greater  than  8»  but  not  greater  than  10 :  Such  a  Number  is  the  9th  P^wtf 
of  3  it  fclf,  f;£o.  19^83  J  which  we  may  al&  nvoltiply  bv.any  othci>,of  the  Primes  of 
M„  as  a,  or  any  fucb  rower  of  any  of  thefe  Primes,  wnofe  Index  is  either  not  left 
than  its  Index  in.M,  or  which  does  not  want  of  it  the  DiAbrence  betwixt  the  Indcxss 
of  the  firft  aflumed  Primes  in  B  and  M.     The  reft  of  die  Work  is  obvious; 

Op 
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Cafe  IL  Suppofe  the  Ratio  not  MuMfie^  45  N  i  M. 

Vini  the  DaKiiiiiiiit)or»  B|  tho  ftine  Way  ad  before^  frdm  die  Primos  of  M :  Then 
flk  a  Mumetator^  tdce  A^  any  Muinber  compo&d  of  lA  tike  Piitnes  of  N  (and  any 
odnr  yott  pltafe,  pcovidoi  they  ale  none  of  tWe  <lf  B) .  but  let  them  be  fo  much  ofc- 
ner .  nrvdved,  that  ttktnB  ^11  of  tfaeib  ^bofe  Indocet  in  N  and  A  have  the  fame  Dif- 
fefcace,  and  that,  the  le^'of  any  other  of  thenb  $  and  chuflng  that  one  of  them  wbofe 
Index  is  grtaleft,  the  Pxoduft  m  its  Index  in  N  by  n-^i^  £all  not  exceed  its  ladOK 
in  A.  .'     ' 

The  Invention  of  the  Nnnbeii  fought,  in  thefe  Cafes,  has  no  Difficulty  5  and  the 
Reaftm  is  contained  in  what  has  been  explained  in  the  preceding  Problems,  efbecially 
'PriM.  XL  And  'tis  to  be  obferved  too,  that  this  Problem  is  always  pol&bie,  ».  e. 
with  uy  Ralio, .  iin^  imy  Number  of  Terms.  / 

tft.  Suppofe  the  Number  required  oucht  to  be  fuch,  that  the  very  firft  Term  after 
it  ia  a  VPMe  Numbei-  4  then  for  a  Miutiple  Ratb,  i  x  M,  take  tor  B  any  aUquot 
Part  of  M,  or  M  it  felf  ^  and  for  A,  any  Number  prime  to  B.  Again,  for  a  Ratio 
not  Millie,  aaN:M,  take  B,  as  before  |  ted  for  A  take  K^  or  any  Multiple  of  it^ 

to  that  --.  be  not  a  whole  Number. 
B 

If  the  Number  of  Terms  to  be  added  ih  iniSnite,  take  B»  foch,  that  it  have  fome 

Prime,  which  is  not  in  M. 

2i{.  If  no  particular  Ratio  is  given,  i.  e.  If  h*«  rcouired  to  find  fuch  a  Fraflioni 

that  a  given  Number  is  the  greateft  Number  of  t^tactiond  Terms  that  can  noffibly 

be  jdincd  with  it  in  the  faihe  Series  increftfing,  in  any  Ratio  whatever  5  then  the  Pro- 

blctn  is  imp^H>le :  Fbr  no  fuch  FraAion  can  be  found  3  beicanfe  with  every  Multiple 

^atio,  an  infinite  Numbeir  of  FraAional  Terms  can  be  jobi'd  in  the  fame  Series  with 

any  Fra£lion  j  and  it  may  be  to  fooj  xx^iffa  matty  Ration  not  Multiple :  But  if  we  fu^ 

poie  the  Series  limited  to  this  Condllri^n,  that  it  ihall  not  continue  for  ever  in  Fra£h- 

ons  ^   tneti, 

(1^.)  Suppoft  a  Multiple  Ratio :  Take  fhf*  B,  My  Numbet*  whereof  that  Prime 

^Bvlnch  IS  omieft  involted  fhall  have  n^i  \ot  its  Index  5  and  for  A,  take  any  Number 

Prinre  to  B ;  And  to  find  an  ^icam^d  of^be  Series,  take  for  M,  (the  Confequent  of  the 

Ratio)  the  Produ6l  of  the  Roots  oFaB  the  Primed  in  B,-  or  that  ProduA  multiplied  by 

ttiy  other  Prime. 

{%^.^  SdppdTe  a  Rltio  tot  Mtiltlble  3  take  9,  as  befof^  $   and  for  A,  let  it  be  a 

Number  pnme  to  B,  and  (bch  thirt  all  its  Primes  be  Invcflved  to  the  n^i  Power :  Then 

the  Invention  of  a  Ratio^  anfweting  the  PrdUem^  is  this  $  Take  the  Confequent  M, 

as  before  3  and  for  the  Antecedent  N,  take  air^  of  the  Pi'imes  of  A^  or  the  Produfl 

of  any  two  or  more  of  them,  nrqvided  it  be  le&  than  the  Confequent. 

^i.  ^hat  has  been  faid  in  Scht^h  %i,  of  Hie  laft  Problem,  may  be  repeated  here, 

for  the '  Reifon  w!iy  ^k  Trol^m  il  limited  to  ah  increafing  Series  t  Yet  concern* 

ing  decreafing^ttes,  <ve  liave  to  add  tliefe  PslHaeirk^j  ^irfs^. 

.   (r®.)  Sut^ft  the  given  Ratio  is  Mti)ti|>le ;  fhen  for  a  d6creafirig  Series  the  Problem 


5s  imnoffibfc :  For  mt  Nuihber  df  Fjiafliohal  I'ef  n»  will  be  infinite  after  any  FraSion. 

C2  .)  Suppofe  we  ought  to  find  a  mix'd  Number,  with  Which  may  be  joined  a  givci. 

dumber,   »,   of  mix'd  Terms,  aijid  no  more,  decreafing  in  a  given  Multiple  Ratio, 

Al :  r  5  it  may  be  found,  this  5'  T^e  tilt  h  Pdwdr  Ot  M,  and  then  any  N^timbcr,  q^ 

-"^t  exceeding  M\    Lafily^  Take  any  mix'd  Ni^bcr,  ^1  whofe  integral  Part  is  ^  ^ 


Ccc  a  but 
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but  take  Care  alfb  that  A  be  fuch  that  there  be  fome  Prime  in  M,  which  is  not  in  A, 

or  the  fame  Prime  oftner  involved. 

C)^.)  If  the  mix'd  Number  in  the  laft  Article  is  required  to  be  invented  in  iti  kaft 

Terms  ^  take  for  B  any  Number  at  Pleafure,  which  is  not  a  Multiple  €f%(Le.  any  odd 

Number)  and  for  A,  multiply  B  by  the  »  Power  of  2  5  to  the  ProduA  add  i  [ormore 

generally  add  any  Number,  whereby  the  Sum  may  be  Prime  to  B  ^  and  at  the  firne 

'Time  a  Number  IcAer  than  the  Produd  of  B  by  the  n-^i  Power  of  2]  and  make 

this  Sum  the  Numerator :   And  if  2  is  made  the  Ratio,  ^tis  evident  thoe  will  be  n 

mix'd  Terms  and  no  more.    Again,  widi  a  greater  Ratio  than  2,  it's  certain  there 

will  be  fewer  mix'd  Temos  t  for  the  Denominator  wiU  (boner  exceed  the  Numerator : 

A 
Hence  'tis  plain  that  —  is  fuch  a  mix*d  Number  as  was  required.    Or  fee  the  Rea- 

fon  of  it,  fbus  5   The  Number  found,  according  to  this  Rule,  is  thus  exprefled, 
— ^-^—  5   to  which  n  Number  of  Terms  being  joined  in  the  Ratio,  a  :  r,  the  M  of 

them  is  _— JX.,  which  is  an  improper  Fraftion  $   and  the  very  next  Term  wooU 

be  a  proper  one,  vim.  --^.^1_  5  where  2"+*  is  manifeiHy  greater  ^an  a'+i. 

$.  IV.  Of  Numbers  odd  imd  even. 

Theorems    I,  II,  III,  IV. 
T  N  j4dditio»  of  Numbers  thefe  Things  are  true  5 

**-     ift.  The  Sum  of  two  or  more  even  Numbers,  is  an  even  Number  ^  for  2  meafares 
each  of  the  Parts,  therefore  it  meafures. the  Whole  (^Jx.  i.)  Exam.  4-[-^+8=i8. 

zd.  The  Sum  of  two  odd  Numbers  is  an  even  Number  ^  for  i  taken  fiom  each  of 
them>  leaves  an  even  Number,  but  i-(-i  =  2  :  So  that  the  Sum  is,  die  Sam  of  two  even 
Numbers  and  2  added.     Exam.  5+7  =  i2=4-f'd-|-2. 

3  J.  The  Sum  of  an  even  and  an  odd  Number,  is  an  odd  Number  $  for  2  cannot 
meafore  both  the  Parts,  fince  it  cannot  mcafure  an  odd  Number  ^(Con  z.  jfx. ;.)  tbere- 
forQ  it  cannot  mcafure  the  Whole  {Ax.  i.)  Or  thus,  i  taken  uom  the  odd  Number, 
leaves  an  even  5  fo  that  the  Sum  is  the  Sum  of  2  even  Numbers,  (ivhich  is  an  even] 
and  T,  which  niakes  an  odd  Number  (by  Cor.  4.   2)efin.  8.) 

^b.  If  more  than  2  Numbers  are  added,  which  are  all  odd  Namben,  or  partly 
even  partly  odd  5  the  Sum  i^  even  or  odd,  according  as  the  Number  of  odd  Parts  u^ 
even  or  odd  $   which  follows  eafily  fiom  the  former  Articles. 

Exam.  54-5+7  =  151  and  34-54-13 +  ip  =40.    Alfo, 
34r4+<^  =  i3»  and  34-5+  4=5ia- 

Theorems    V,  VI,  VII- 
In  Sutfir0£li0»  thefo  Truths  are  evident,  being  the  Reverfe  of  the  former^  Ws*^ 
f^rb.  The  Diflfcrcnce  of  2  even  Numbers,  is  an  even  Number  :  So  8—4=4. 
6fb.  The  Difference  of  2  odd  Numbers,  is  an  even  Number  :  So  9— -5=^.. 
jtb.  The  Di£Eerence  of  an  even  and  an  odd  Number,   is  an  odd  Number :  So 
14— 553^,,  and  i9*^8=j:n. 

Theorems    VIII,  IX. 
In  MiMpthathft  thefo  Truths  are  evident  fiom  the  firft  Thecnm  5    becaufo  Mol- 
tiplicatira  is  only  a  repeated  Additioiu 
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8/ir.  The  ProduS  of  two  even  NiimiMm,  or  of  one  odd  and  eren  Number,  is  an 
even  Nomber  5  for  it's  only  the  Repetition  of  an  even  Number,  or  a  Sum  of  even 
'NimiberB :  So  4x8=3929  ana  tfX7=42. 

9tb.  Two  odd  Numbers  produce  an  odd  Number  ^  for  it's  the  Sum  of  an  odd  Num- 
ber of  odd  Parts  :  So  )X7  =  2i. 

OnotL.  The  Powers  of  an  even  Number  are  all  even ;  and  of  an  odd  Number  art 
all  odd.  Alio  the  Produfl  of  more -than  2  odd  or  even  Numbers,  is  odd  or  even  5 
and  die  Produft  of  feveral  Fa6lors  partly  odd,  partly  even,  is  even. 

Theorems    X,  XI,  XIL 
In  iDivifioftf  thefe  Truths  follow  from  the  laft  $  becaule  this  is  the  Reverie  of  that, 
lo^ib.  An  even  Number  meaiures  an  even  Number  by  ah  even,  or  an  odd,  in  difife- 

rent  Cafes  :  So  1 2-^-43= j,  and  i2-r-($^=2  ;  the  Reverie  of  which  is,  that  the  Mear 

iiire  of  an  even  Number  may  be  odd  or  even. 

Tttb.  An  odd  Number  meaiures  an  even,  only  by  an  even  :  So  24-f-;=8« 
iifb.  An  odd  Number  meafures  an  odd,  only  by  an  odd  :  So  35-r-7=s5. 

COROLLARIES. 

ift.  The  Roots  of  odd  or  even  Numbers  are  all  odd  or  even. 

ftj.  The  Number  which  an  odd  Number  meafures,  may  be  either  odd  or  even  $ 
which  is  plain  from  the  iecond  and  third  Articles  :  But  the  Number  which  an  even 
Number  meafures,  muft  be  even  ^  elie  the  Produ£l  of  two  even  Numbers,  or  of  an 
even  and  odd  (viz.  the  Quote  and  Diviibr)  would  be  odd,  contrary  to  Ti?eor,  8  ^ 
which  laft  Part  we  may  aHb  expreis  thus,  viz.  An  even  Number  cannot  raeaiure 
an  odd  :  Or  alio  thus.  There  is  no  even  Number  in  the  Compofition  of  an  odd  5  and 
£oy  lailly.  An  odd  Number  only  can  meafure  an  odd« 

Theorem   XIII. 
There  is  no  Number  whatever  (excluding  i)  that  wiU  meaiure  aH  odd  Numbers, 
becauie  an  infinite  Number  of  thoie  are  prime  Numbers.3  but  all  even  Numbers  have 
a  ccmunon  Meafure,  viz*   2,  from  the  Definition. 

Theorem    XIV. 
Two  odd  Numbers,  that  differ  by  2  (/•  e.  every  two  adjacent  Terms  in  the  Series 
of  odd  Numbers)  are  Incommenfurable  :  for  dividing  them  by  the  Rule  for  finding . 
their  greateft  common  Meafure,  the  firft  Remainder  is  2"^   ana  the  next  will  be  1 1 
which  is  the  greateft  common  Meafure 

.T  H  E  O  ft:  E  M     XV. 

If  an  odd  Number  meafures  an  even,  it  will  alia  meafure  the  Half  of  the  even 

dumber..    Exam.  3  meaiures  both  12  and  <r. 

Demon.  If  A,   an  odd  Number,   meafures  B,  an  even^  let  the 

A)  B  (C    I    Quote  be  C,  it  is  an  even  Number  (I'heor.  XI.)  which  will  back  again 

3    12    4    I    meaiure  B  by  A  i  but  B.aod  C,  being  both  even,    are  meafurable  by 

C     B  "  C 

^*    Alio  C  :  B  : :  — .  .  — •    Now  fince  C  meafiires  B  by  A^  thereibre  —  meafiires 

2*2  2 

B  B         C  • 

--  by  A  3  and  back  agab,  A  meafures  ---.by  — :  Otherwiie  thus,,  ^y  even  Num- 

^  22.' 

Ks^er  may  be  exprefled  2N  3  and  if  A  meafures  2N  by  C  $  then  is  AC=2N,  and 
A  :  N  :  :  2  :  ^.  But  2  meuuret  C,  which  is  an  even  Number  5  therefore  A  mes^ 
*»res  N,  the  Half  of  2N. 

Theo* 
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If  an  odd  Number,  A,  be  Iiiconunenfurablc  witb  my  Kundier,  B  f  it  ^  be  ib 
alfo  with  the  Doable  of  B,  or  2B. 

Demon.  If  A  and  iB  are  Commenfurable,  ftmofe  m  thdr  ooouBn 

B  Meafure  ^  it  muft  be  an  odd  Numbo*,  booatite'  it  meafiuvt  «n  odd 

fjf    A  .  d        Number  (fcr  no^even  tin  oiaifiire  sa  odd,  {2^«  a.  37uot.  XII.)  let 

iB  the  Quote  be  J,  it  it  alfo  an  odd  Number  (Slwfr.  XIL)     A^in,  %i 

is  an  even  Number  ^  and  becaufe  m^  an  odd  Number,  me^uies  it, 

therefore  it  meafures  its  HaU^  B  (Tbe&r.  XV.)  confequcntly.  A,  B,  are  not  Incom- 

menfurable,  contrary  to  Suppofition. 

CoaoLL.  For  the  fame  Reafbn^  A  will  be  Inoovmcnfarablemth  any  Prodofiof  B, 
muhij^ied  into  fome  odd  Niunber. 

Thbohbm  XVIL 

*A11  even  Ktimbers  are  eiSier  fome  Power  of  2,  or  fbmc  of  t^oTe  mid%lied]ato 
fome  odd  Number. 

Demon.  All  the  Powers  of  2  are  even  Numbers  (Cor*  after  TJteor.  IX,) 
2}  A  but  an  even  Number,  which  is  not  any  Power  of  1,  is  the  Pledafi  of  ihd 
23  B  a  Power  bv  ibme  odd  Number :  Suppofe  any  even  Numbcti  A,  divide  it 
2)  C  by  2,  and  let  the  Quote  be  B  $  divide  this  again  by  2,  and  let  tbe  Qnie 
2)  D  be  C  5  and  fo  on,  as  in  the  Margin :  As  lone  as  2  meafvwes  ^  fiieoeraiog 
£  ^  Quotes,  thelaftQuote  willbeeither  I9  or  ftime  odd  Nutnber  $  tat^lom 
as  any  of  thofe  Quotes  is  an  even  Numl)er,  it*8  again  mes^rabk  by  2  5  and 
fb  that  is  net  the  laft  Quote.  If  it*s  r,  then  A  is  fbme  Power  of  2  $  for  it's  the  Pto- 
du3  of  all  thefe  Diviiors  5  and  if  it's  not  i,  it  muft  therefore  be  (brnt  odd  Number; 
confequently  A  is  compofed  of  thofe  Faflors,  viz.  that  odd  Number  which  is  the 
laft  Quote,  and  2  as  oft  involved  as  the  Number  of  Divifions,  #.  e.  fuch  a  Power  of  2, 
whofelndex  is  the  Number  of  Divifions  :  Thus,  if  B  is  an  odd  Number,  then  is 
A=2B  :  if  C  is  an  odd  Number,  A=2X2XC,  and  fb  on. 

Or,  the  whole  Demonfbation  may  be  made  thus  ^  No  even  Number  is  a  Priae 
but  2  ^  and  all  other  Primes  are  odd,  by  Definitions  ^  therefore,  let  any  even  Num- 
ber, A,  be  reduced  to  its  component  Primte,  fbme  one,  or  more  of  th<ke,  moil  be 
2  5  elfe  it  cannot  be  an  eren  Number :  Then  6itfaer  there  is  no  other  Prime  atnongft 
thefe  but  the  Number  2  5  fb  that  A  isa  Power  of  2  5  or  if  there  are  alfb  odier  Priio68> 
they  muft  be  odd  Numbers  5  and  if  there  are  more  than  one  fuch,  their  Produd  is 
an  odd  Number  (STJbwr.  IX)  Confequently  A  is  the  Produft  of  fbm^  Po^ver  of  », 
by  fome  odd  Number. 

Theorem    XVIII. 

All  even  Numbers,  above  2,  have  fbme  one  of  thefe  Quafities,  visi.  they  arc  either, 

I/?.  Evenly  even  only,  /.  e.  They  are  not  alfb  oddly  even  ^  and  fuch  are  all  *c 
fuperior  Powers  of  2,  and  none  other. 

2  j.  Oddly  even  Only,  i.  e.  They  are  not  alio  evenly  even  5  and  ftich  are  all  the 
Doubles  c^  every  odd  Number^  or  the  Produds  by  2,  and  none  other.  . 

^rf.  Both  evenly  even,  and  oddly  even  j  and  fudi  are  Ac  Produds  of  any  odd 
Number,  bv  any  rower  of  2  (above  2)  and  none  other. 

Demok.  It's  evident  that  all  even  Numbers,  above  2,  muft  have  fbme  one  of  the 
three  Qualities  mentioned  i  ahnd  that  the  £inife  Nuoiber  can  faaive  but  Me  of  them. 
What  k  to  be  ^ttnonftr4«ed,  is  therefore  thia  $  That  the  feveral  (SafTcs  of  Nombcri 
defcrib'd,  have  the  Qualities  aflignod  to  them  5  and  that  none  other  have  thefe  ^- 
iitics.  i^'  The 
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t^.  The  ftpcsDDf  pQfvers  of  a  are  evenljr  even  ^  thia  is  manifcft :  Then  again, 
ifaoy  «Be  oot  oddly  even  ^  for  i  being  a  Prime,  no  Number  can  meafure  any  of  its 
Powevs*  but  fome  other  of  ks  Powers  (Cor.  6.  Tbeer.  X.  Cb.  i.)  which  are  all  even 
Numben  $  thercfere  no  odd  Number  can  meafure  them,  #.  e.  thev  are  not  oddly  even. 

%^%  The  Mul^ple  of  any  odd  Number  A  by  i,  or  2  A,  is  odly  even  by  the  Defi- 
nttifio  $  biift  it's  not  evenly  even  ^  for  if  we  iuppofe  it  is,  let  z  A=BC  (two  even 
I9«niiwrs)  then  %  :  fi  : :  C  :  A,  but  z  meafures  the  even  Number,  B  ^  and  thercr 
(ofe  S^  muft  the  even  Number,  C,  meafiire  the  odd  Number,  A  3  which  is  impofH* 
bk  (Tiear.  XIL  Car.  2.) 

^^.  Any  fujperior  Power  of  2,  multiplied  into  an  odd  Number,  produces  a  Num- 
ber which  is  both  evenly  even  and  oddly  even  :  It  is  oddly  even  by  the  Definition  3 
but  it*ft  alio  evenly  even  3  for  let  the  odd  Number  concerned  in  if,  be  called  0,  and 
dleinppoied  Power  of  2  be  m  3  then  is  m  equal  to  the  next  Power  below,  multiplied 
hy  %  :  Call  diat  mix'd  Power,  f,  fo  is  zfsxfff^  confequently  oy^m^^zxp^o  y  but  ^^is  .. 
an.  even  Number  (vis%>,  the  Multiple  oTan  even  Number,  f)  therefore  zxpo  (~mo) 
»€vefilyeveD* 

4^.  Tbete  can  be  no  even  Number  of  any  of  the  Qoalities  mentioned,  but  thefe 
^efcribecl  3  tut  it's  Ihewn,  that  none  of  the   (everal  Clafies  can  be  of  any  other  of . 
tfaefe  Qualities;,   but  that  alBgnod  to  it  3  and  thefe  three  Ciafles  comprehend  all  even 
Mumbcny  by  (T^esr.  XVIL)    Since  they  are  either  Powers  of  2,  or  fbme  of  thofe  - 
maltiplied  by  fdme  odd  Number  3  the  fim  Clafs  comprehends  s^U  the  fuperior  Pow- 
en  ot  2  f  tbe  fecond  comprehends  2  and  its  Products  by  all  odd  Numbers  3  the  third  '* 
Qpmpcshends  the  Produdof  sdl  the  fuperior  Powers  of  2  by  all  odd  Numbers. 

Frons  the  Natnire  and  Manner  of  producing  the  Species  oTeven  Numbers,  here  ex^. 
pinned,  the  fiAowing  Confisquences  wiQ  e^fily  appear. 


COROLLARIES. 

jjt.  Every  Number,,  which  is  evenly  even,  has  an  even  Half,  or  is  meaCurablc  hy 
4  3  fer  it^s  either  fbme  fuperior  Power  of  2,  as  4  .  8  .  i(^ .  &c.  each  of  which  is  me»- 
fet^ble  by  4  3  or  it's  the  Multiple  of  fach  a  Power  by  fome  odd  Number. 

%jd.  The  Produft  of  two  Numbers,  evenly  even  only,  is  evenly  even  only  3  being  - 
ilie  P^uft  of  two  Powers  of  2  z  which  is  ano  fome  Power  of  2  from  the  Nature  ot 

P6we«. 

^d.  A  Numbercvenly  even  only,  multiplied  by  any  Number  oddly  even  only,  or  both' 
oddly  and  evehfy  even,  produc^  a  Number  which  is  both  oddly  and  evenly  even^ 
hecaufe  there  is  m  the  G>mpofition  of  the  Product  fbme  odd  Number,  sind  alfo  fbma.: 
higher  Power  of  2. 

4/ib.  A  Number  oddly  even  only,  multiplied  by  any  even  Number  whatever,  j)ro*- 
duces  a  Number  both  oddly  and  evenlv  even  3  but  multiplied  by  an  odd  NumW, 
produces  a  Number  oddly  even  only  3  tne  Reatbn  of  both  which  is  manifeft* 

5^/7.  A  Number  both  oddly  and  evenly  even,. multiplied  by  any  Number.. whatever,., 
produces  a  Number  both  oddly  and  evenly  even. 

6fb,  An  evenly  even  only,  can  be  mealured  by  none  but  another  fuch,  or  the  Root 
2  5  becaufe  it  is  the  Power  of  a  Prime  Number  (zj  which  can  be  nsesiAued  by  none. 
but  fiymc  of  the  inferior  Powers  of  that  Prime  z  wherefore  aa  evenly  even  only^   b&r 
log  meafured  by  another  fuch,  quotes  another  uicht  or  2. 

jtb.  A  Number  both  oddly  ^d  evenly  even^  may  be.  meafured  by  any « Kind  of>; 
Number  whatever. 

grib.  A  Number  oddly  even  only,  can  be  meafur^  by  no  Number,,  but  ;i  or  foma^ 
odd  Nttmber :  Whence  again, 

9tb^  The^.: 
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^th.  The  Number  which  is  meafured  by  an  evenly  even  only,  is  either  evenlv  e?en 
only,  or  both  oddly  and  evenly  even  ^  and  the  Number  which  one  both  oddly  and 
evenly  even*  or  one  oddly  even  only,  meafiireSy  is  alfi)  both  oddly  and  evenly  even. 

lotb.  If  you  take  the  Series  of  even  Number^,  2. 4.  d.  8. 10.  12. 14  C^r.  and  ban- 
ning at  5,  take  every  other  Term,  /.  e.  paffing  one  take  the  next,  viz.  6.  10. 14  &r. 
you  have  the  Series  of  Numbers  odd]y  even  only,  becaufe  the  Series  of  even  Nombeis 
are  the  Doubles  of  the  feveral  Terms  pf  the  natural  Prosreffion  lyi*  3  iSc.  whereof 
every  other  Term,  beginning  at  3,  make  the  Series  of  pdd  Numbers,  and  the  Doabb 
of  tho{e  is  the  Series  oF  Numbers  oddly  even  only  5  (b  that  6  being  aXj,  every  other 
Term  after  this  makes  the  Series  oddly  even  only. 


ij  3.     J.       7-      ?•     ii|£?^. 

21  6.  10.     14.     18.     zx^^c. 


4 
8 

16 


12.  20.  28.  ^6.  44»  ^c. 
24.  40.  ^.  72.  88,  ^c. 
48.  80.  112.  144.  ij6f($C. 
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Take  the  Scries  of  odd  Numbers  fiom  i,  then 
the  Series  of  their  Doubles,  then  the  Doublei  of 
this  Series,  and  fo  on  ^  as  the  fifft  Line  it  die 
Proereifion  of  odd  Numbers,  fo  the  fecond  line 
is  the  Series  of  Numbers  oddly  even  only,  and 
the  firft  Column  on  the  left  Hand  (excluding  1.2) 
is  the  Series  of  Numbers  evenly  even  only ;  The 
other  Columns  below  the  fecond  Line  containmg 


the  Numbers  that  are  both  oddly  and  evenly  even. 

The  Truth  of  all  this  is  evident  from  the  Definitions  of  thefe  Kind  of  Number^  aod 
the  Conftru£lion  of  this  Table  ^  upon  which  this  alio  is  remarkable,  vh.  '^^^^^ 
Line  (taken  from  left  to  right)  is  an  Arithmetical  Pro^ieflion,  whofe  common  Di^- 
rence  is  double  the  firft  Term  ^  the  Reaibn  of  which  wUl  be  plain  fiom  thefe  Conu- 
derations,  viz.  i^.  Becaufe  it  is  €0  in  the  firft  Line  or  Series  of  odd  Numbers.  3,^*  By 
the  Conttruftion  of  the  Table  the  firft  Term  of  every  Line  is  double  the  firft  Term  ot 
the  preceding.  5^.  The  Produfl  of  any  Arithmetical  Piogreflion  is  an  Aridiwcacal 
Pn^rcffion,  whole  Difference  is  the  Produft  of  the  former  Difference  by  the  common 
Multiplier.  ^  Again,  each  Column  from  top  to  bottom  is  a  Geometrical  Progrd&on  in 
the  Ratio  of  i  :  2,  as  is  plain  from  the  ConftruAion.  So  that  the  whole  Syftem  of  Num- 
bers that  are  both  oddly  and  evenly  even,  proceed  either  from  the  feveral  Nombeis 
which  (excluding  2)  are  oddly  even  only,  by  multiplying  each  of  thefe  continually  hy 
2,  making  fb  many  Geometrical  Progremons  3  or  fiom  the  Numbers  evenly  ^^^^' 
by  adding  to  thefe  continually  their  Doubles,  making  fo  many  Arithmetical  Progrel- 
fiohs. 

Theorem    XX. 

The  Sum  of  Numbers  that  are  aB  oddly  even  only,  may  be  oddly  even  only,  « 
evenly  even  only,  oir  both  j  T^Jbus^  if  the  Numoer  ofTerms  added  is  odd,  the  Sum  is  oddly 
even  only  5  but  if  it's  even,  the  Sum  is  evenly  even  only,  or  both  oddly  and  evenly  even, 

Exam.  <^+io-}-i4=3o,  oddly  even  only, 
<^-|-io  =  I  ^,  evenly  even  only, 
tf-j-io-|-i4+ 18=48,  both  oddly  and  evenly  even. 

Demon.  Let  a^  *,  r,  rf,  &c.  be  any  odd  Numbers,  then  are  2^,  2*,  ac,  2  J,  to- 

Numbers  oddly  even  only  t  and  their  Sum  a^,  +2H-a^>  +  *^  &c.5=2X,  a  \b  |-^+^ 

'  &c.  is  oddly  even  only,  it  tne  Number  of  Terms  added  is  oad  ^  for  an  odd  Number  of 

odd  Numbers  makes  together  an  odd  Number,  and  an  odd  Number  doubled  makes 

a  Number  oddly  even  only.    Again,  if  the  Number  of  Terms  added  is  even,  then 

their  Sum  is  even,  and  may  be  reprefented  by  2  A,  and  therefore  its  double  is  4A,  or 

aX2A,  wbich«  it's  plaiui  cannot  be  a  Number  oddly  even  only  3  and  therefore  muft  be 

cither 


f 

;-.* 


eitim  cyeofy  ^cn  imly,  or  'boitb  ^ocUlly  evca  and  evcol^f  ovexu  That  in  iome  QU<9»  it 
wHl  be  the  one  way,  in  {ph^e  the  otbert  the  Drecediog  Examples  ihew  1  and  you'll 
leani.afiorwarda  hpw  to  iwpnt  Exiimples  of  eadi^  Kind. 

ITh  eorem  'XKI. 

The  Sum  of  any  Nwnber  of  Nximben  that  are  aU  xvenly  ereti  only,  is  both  oddly 
and  evenly  even.     Exam^  4-f*8+id-;f-32;=5:5o5=zX3cp=:<JXio. 

DftMOM.  The  given  Numoiers  may  be ,  reprefei^ed  thus,  2",  2'*+%  i»H"«a.«>+t.  an4 
ifl  die  firft  Place,  tecaufe  z'^'—x^x^^  thcrciore  2»+2"^ '^2»4'^°X2''=2°X2^4'^-  Bat 
a'-f'i  it  odd*  Aerefbfe  ft''X4''-4--f  is  oddly  and  evenly  even.  This  Sum  we  may  iiow 
tepreCestf  by  %'^M  (^  bcii^  the  odd  Number  b=2'+i)  then  is  2"'X^2"+'=w2»x*^+iJ^» 
which  for  the  iame  Reafbn  as  before  is  both  odd}y  and  evenly  even.  Call  this  Sum 
Ogata  i"X(?,  and  die  next  iSoni  is  2"x^£»+ns:^n}^iMr0j  wliidiis  both  oddly  and  4ven* 

ly  cvex\.i  and  fb  on- .  ' 

s 

T  fir  E  o  |L  E  M   XXJI. 
Tlie  811m  of  any  Number  of  Tetms,  all  both  oddly  and  evenly  even,  is  either  even- 
ly even  only,  or  both  oddly  and  e^nly  eyen  ^  and  i^articulany,  if  the  Number  of 
Terms  is  2,  the  Sum  is  both  pddly  and  evenly  even.     : 

Demon.  The  Smn  cannot  be  dddly  even  only,  becaufe  each  d[  the  Terms  has  an 
even  haj^  or  is  m^upible  by .4.1  -whence, the  Sam  is  allb  mc^fiurable  by  4,  and  con* 
feqaently  it  is  eiriief  evenly  even  bhly,  tir  both  oddly  and  evenly  even  (ot  whidi  you'll 
find  Ssuunples  and  Rides  how  to  invent  tiiem  afterwards).  Again,  if  there  are  but 
a  Tdrzhs,  the  Bum  is  both  oddly  and  e^ehljr  even:  For  every  Number,  both  oddlv  and 
evenly  even,  i&  the  Produft  qf  an  odd  Number,,  by  fome  (imerior  Power  of  2  ^  Wneie- 
fepc  let  a^  p  reprefcnt;  two  odd  Numbers,  and  2%  1^^  two  Powers  of  2,  then  will  2"X^, 

but  their  Sum  is 
and  o-^z^a  is 

evenly  even,  be- 
ing the  Pr^du^i  of  afi  odd  l^jambqr  by  ^a  fapQt^.  F^^wor  of  a/ 

* 
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The  Sum  of  any  Number  of  Tfnm  all.  evenly  'Oven  only,  and  anv  Number  alt 
both  oddly  and  eyenly  even  j^  ^itlier  evcply  cYf?p  only,  or  both  oddly  jwd  eyenW  even  5 
and  |>afticularly,  on<^  Number  civenly  even  only^  bein^  added  to  another' both  oddly 
and  evenly  cVcn,  the  Sum  is  botli  oddly  and  evenly  even. 

Demon.  The  Sum  canpo^bp, 'pddly  even  only,  De<:aure;e^  Part  is  laeafurable  by 
4,  thereibre  it  is  cither  evenly  even  only.  Or  bom  oddly  and  evenly  even.  Again,  if 
there  is  but  one  of  each,  the,  Sum  is  bo^i  oddlv  and  evenly  even  5  for  the  2  fuppofed 
Numbers  may  beexpr^ffc^l  thus,  i";  and  z^^^vghbfk  t^vi  is  f=s^"+a'**-^Xg=s2"X  i-j-^'Xg^ 

but  a'  is  even,  and  0  is  q4cL  .thferefpjpe.2%>  Is  evpj,  and  thffcfcfe  i+a^')^^  is  odd^,  W 
hence  ^"X  i4-2^x^  U  both  oddJy  ahd  evenly  even  5  or  the  2  Niimbers  may  be  reptefen- 

ted  thus,  a^'  ^"^Xe?;  ^i^hoft  Sum  i*  2"^^^^2"Xa=g2'^)^z^"N  j  bat  a^'+o,  is  odd|^  and 
a"  cven^  hepco;  a"X^^J2  ^*  ^^^  ^^^y  ^  evenly  ^em  . 

Theorem    XXIV. 
Any  Number  of  Terms  oddly  ?evqu  sp)y,.  witl^  i^y  Number  evenly  even  only,  or 
both  oddiya^d  «?f;ay  fl¥e§Hj  «i*«-a^Sij*,:^qR:%4w^<»  ^9^^%  or  Wfc  tnWly.and 
evenly  even  3  pstocularly^  x^.  Any  odd  Number  (amoof^wlvkik  f^dSM  i^.^  T^roMH 

Ddd  all 
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all  of  them  oddly  even  only,  added  to  one  or  *aiiT  Number,  all  evenly  even  only,  or 
both  oddly  and  evenly  even,  makes  the  Sum  oddly  oven  only. 

2^.  Any  even  Number  of  Terms  all  oddly  even  only,  addeJtD  one  or  any  Number 
of  Terms  all  evenly  even  only,  or  both  oddly  and  evenly  even,  make  a  Sum  both  odd- 
ly and  evenly  even. 

Demon.  For  Article  firft,  which  muft  be  fubdivided  thus, 

(i^.j  Suppofe  one  Number,  oddly  even  only,  added  to  one  either  eveidy  even  only, 
t»r  both  oddtv  and  evenly  even,  their  Sum  is  oddlv  even'  only;  fer  let  o  be  any  odd 
Number,  ana  e  even,  then  iXa  reprefents  any  Numoer  oddly  even  only  ;  and  if  e  ist 
Power  of  2,  then  lY^e  reprefents  any  Number  evenly  even  only;  elfe  ax^  ita  Number 

both  oddly  and  evenly  even  3  but  it*s  plain,  that  2X0-^2X6=2X04^,  and  oA^  is  odd, 
bcncc  sXt)^-2X^  is  oddly  even  only. 

(2^)  Suppofc  more  generally  any  odd  Number  (including. i)  of  Terms  all  oddly 
even  only,  added  to  any  Number,  evenly  even  only,  or  both  oddly  and  evenly  even, 
the  total  Sum  is  oddly  even  only  i  for  the  Sum  of  the  Numbers  oddly  even  on^jr  is  odd* 
]y  even  only  {77:>eor.  XX.}  anddbe  Sum  of  the&  that  are  evenly  even  only  is  both 
ciddly  and  evenly  even  {T'beor.  XXI.^  which  two  Sums  make  the  total  Sam  oddly 
even  onlv  (by  what's  laft  dcmonftratedO  But  if  the  other  Part  confifts  of  Numbers 
both  oddly  and  evenly  even,  then  their  Sum  is  either  evenly  even  only,  or  both  oddh 
and  evenly  even  {Tifeor.  XXII.)  eidier  of  which  added  to  the  fisnier,  which  ii  odd- 
ly even  only,  the  Total  is  oddly  even  only  (fiafi  L) 

For  Article  iecond,  the  Sum  of  an  even  Number  of  Terms  all  oddly  even,  ii  either 
evenlv  even  only,  or  both  oddly  and  eveidy  even  (7'becr.  XX.)  then  the  Sum  of  any 
Numoer  of  Terms,  all  evenly  even  only,  is  both  oddly  and  evenly  even  (TbeorXKl) 
Alfo  the  Sum  of  any  Number  of  Terms  both  oddly  and  evenly  even,  is  either  evenly 
even  only,  or  both  oddly  and  evenly  even  (7'heor*  XXII.)  wherefiu-e  it's  plain, 
that  what  we  have  to  confider  in  this  Xrtii^lc;  is  this,  viz.  What  kind  of  a  Sum  it  that 
of  2  Numbers,  both  of  them  evenly  even  only,  or  both  of  them  oddly  and  alfo  evenly 
even  3  or  the  one  evenly  even  only,  and  the  other  both  oddly  and  evenly  even  (fer  of 
the(e  Kinds  are  the  Sums  of  the  two  Clafles  of  Numbers  addedJ  in  sdl  which  three  Ca- 
fes the  Sum  is  both  odcHy  and  evenly  even,  by  Tbecr.  XXI,  XXII^  and  XXIII,  the 
laft  part  of  which  (hews  the  Truth  qC  the  laft  Cafe. 

T  H  fi  0  It  E  M  xx\r. 

If  there  are  three  Numbers  in  Arithmetical  Progrefllon,  vtrhereof  the  midHle  Term 
is  evenly  even  only,  and  one  of  the  Extremes  oddly  even  only,  the.  other  Extreme  1$ 
al(b  odnly  even  only. 

Demon.  Let  the  three  Terms  be  aXo,  a",  N,  the  firft  bciijg  oddly  c^^  only 
(for  0  is  an  odd  Number)  ai)d  the  fccond  being  evenly  eveo  onl^,  or  Ibme  Power  of », 
then  is  2Xo+N=2X2?=a"+«  5  but  fince  a"+'  is.  even,  ft  muft  2Xt^f-N5  and  bccaufe 
alfo  aXtf  h  even,  ft  is  the  Remainder  N.  Let  it  be  fUppofed  that  N=atf,  then  ji 
2»+»a=2X(h^2fl5==2X(hPJ7but  ^  is  an  odd  Number,,  fcr  effe  Orjra  wiU^  be. odd  (vizh 
the  Sum  of  an  odd  Number,  and  even  Number)  and  then  axi^^.is  oddly  even  on- 
ly, i.  e.  2"+'  (^=2Xo-|-<i)  is  oddly  even  only,  which  is.impoffible,  for  x*^'  is  a  Power 
of  2,  or  evenlv  even  only  3  wherefore  i  miiit  be  odd,  and'conft^uently  N  {^^^)  ^ 
oddly  even  only. 

PROBLEM    L  ^       . 

To  find  a  pfopofed  even  Number  tif  N^mben,  vAich  are  alB  oAUy  even^only,  and 

wlioic  Sum  is  evenly  even  only»  •  , 
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JRuk  z.  If  d&e  propb(bd  Number  is  2,  tdo:  any  Number  oddly  evenody  (aa  A  in 

£xam.  itt.)    Alio  any  Number  evenly  even  only  and  which  is  grcat- 


£Mam.  I. 
A^    B,    C, 
14,  itf,  i8, 


er  than  the  fitfmer  Number  (as  B)  then.taJce  a  third  in  Arithmetical 
Progeffion  to  A,  B,  as,  C  y  and  A,  C,  are  the  Numbers  fought. 

Dbmon.  By  lieor.  XXV,  C  is  oddly  even  only  y  then  A+0= 
aB,  which  is  a  Number  evenly  even  only,  viz.  fome  Power  of  a^ 
becaufe  B  is  fiich. 

a".  If  the  Number  Wu^^  tsdce  a  Numbers  oddly  eVeu  only,  as  A,  B,  Example  ieccMid  ; 

,  alJToany  Power  of  2,  as  C»  which  is  a  greater  Number 

.  £^s».  Zf  ^       I    than  B5  then  tdce  D  :  £,  as  much  greater  than  Ct  as  B 

A. :  *  B  :    G  :    D  :    ^    \    A  are  lefler  ^  and  A,  B,  D,  E,  are  the  Numbers  fought. 

6  %  xo  :  16  :  x%  :  %6    \        Demon.  D,  E,  are  oddly  even  only,  by  l%eor.  lOCV. 

and  B+D=2C,  alfo  A-fEp=2C,  therefore  A+B+D+ 
£=^4(3,.  which  is  a  Power  of  2, .  becaufe  both  4  and  C  are  lb. 

3^.  Let  the  pcopofed  Nump^r  be  any  even  Number,  above  4  ^  find  firft  four  of  the 
I^umbers  fbug|bt,  as  in  the  laft  CajR^  ^  then  "take  the  next  Power  of  2  above  C,  as  G^ 
and  below  it  take  a  Number,^  [as  F,  oddly  even  only,  ajfid  which  is  different  from  any 
of  the  preceding,  and^  another  as,  far  above  it  as  H  5  then  take  in  the  next  Power  of  2, 
as  K,  and  take  below  it' a  Number  oddly  even  only,  zxA  another  as  far  above  5  and  & 
09,  tin  you  have  as  many  Numbers  as  are  required.    . 


A  :   B 

:     C  :  D  :    £  1   P     O 

H     1    K    L 

6  I  10 

:     22  :  2d  ;  30     : 

J4  '.-6%     :    6€ 

16                              32 

■    tf4 

Demon.  For  fhe  firift  4  we  have  the  Demonftration  already:  Then  for  the  next  2'$ 
F4-H=2Gs  But  zC==G,  therefore  4C  (s= A+B+D4-E j  is  =2G,  confcquently 
A-t-^D+^+^+^^^4^9  which  is  a  Power  of  a.  The  Reafon  goes  on  the  fame 
Way  to  the  next  Two,  ahd  to  fc*  even 

ScHOL.  If  the  propofod  Numbbr  is  it  lelf  fbme  Power  of  2,  we  may  woric  thus  $ 
take  any  Number  of  Terms  aQ  *  oddly  even  only,  which  is  equal  to  the  Half  of  tho 
Number  propofed,  then  take  a  Power  of  2  greater  than  the  ereateft  of  them,  and  as 
many  Terms  above  it,  at  the  fame  Diftance  as  the  former  naif  are  below  it  3  thus, 
to  find  8  Terms,  I  firlt  take  4,  as  A,  B,  C,  D»  then  a'Pdwer  of  2,  as  £,  greater  than 

A,    B,    C,f  rl>;    E,    r^    O,.  H,     I 

d  •  10  '  14  •  18  •  32  •  4tf  •  JO  •  J4  •  58J 

D  $  and  laftl^,  F,  6,  H,  I,  as  much  areater  than  E,  as  D^G,  B,  A>  are  kfler.  The 
&ea£bn  is  plam>  fo  here  £  multiplied  by  the  Number  ptopofed  is  the  Sum  of  the  other 
Numbers  round  3  but  £»  and  the  Number  propofed,  beti^  both  Powers  d;  2^  fb  is  the 
PnoduA  or  Sum- 

PR0  3I^EM    11. 

.Tar4o4  «A  even  l4tMnt>ar  of  Terms  o4dly  even  only,  .^viigfe  Sotat  is  both  oddly  and 
evenly  even.  .     \     ;     .      . 

Rule  i^.  If  the  given  even  Number  is  j^reater  then  2,  then  take-as  many  Terms  a^ 
half  the  Number .  propofed  out  of  the  Senes  of  Powers  of  2,  beainniM  at  any  Power 
^bave  43  then  take  a  Number  oddly  even'  only  below  eaeh  of  thefe,  and  aoothet  as  fkr 
above  it  $  a^.yatt;havi»die;Nasiil)ers  fought.     .    .  .   : 

D  d  d  a  JBxamt 
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JEtMSRT.  T6tbA  t  (Ueh  NtittMr*)  tiitfast  A^  0|  B^^  Gift 


A    .    C    ^    0  »    .   6  I 

1  E  1£  _ 

JF-f  6+I==iX  t-^lS^}  but  B.  B.  U,  bring  *i^e»rfy  even  only,  their  Sum  B+E 
4rH  is  U>tk  od<lly  and  ev^ty  6\£h .  fby  ^Ti^^^.  ^Xt.;^  ai^d  lb  aHb  i*  iXB^E^H 
(€«r-  $•  2%e0r.XVItI.Xahd  how  tiiiny  T^hKibevn*  yttu  thus  fibd,  the  Keafim'irpliin- 
Jy  1^  £unei  aUb  the  K«afbn  why  ydii  ffiUA  begin  Slbove  4.  is;  becaofe^tfaeBC  irnora 
NumDer  oddly  even  only  below  4* 

a**.  If  the  given  NumW  Is  2,  t^  ^y  Iffaffiber  oddSy  tveir dtifv,  ^  A;  Aent 
N umber  igreatsr,  aa  fi»  ^^hifih  ihef^itSy  eVen  pftly  ^'  jlnd  a.t&imbef  oddly^even  only,  C, 
as  f^r  above  B  as  A 19  bolow  it  3  th^h  loflly.  tate  D,.  the  ]Nitmbd^  oaHf  etren  <mly, 
whick  is  the  next  above  C'^  and  A,  tX  ife  the  )9iUtibers  filaghh 

/)emo^.  A+C^iB,  iffo  C+4r^D,  Acrrfbm  A-fD«A 
+C4-4— iB+4j  lu^lbhcjtt,  thatBt^iC,  and  then- tB+fs 
4x+4==4Xx+i  $  l>Qt  X  IS  an  even  dumber  (dnte  B  is  at  teaft  4) 

jtfieitfi>r4  K+<  is  ^4  .V<^  tjieeefiye  4Xf^  is  both  oddly  and 
^venly.ejw.  .  :.   .  _ 


JSsahiple. 
A  .  B    C      D 

6  .  •  •  10  •  I4- 
8 


PROBLEM  IIL 

To  find  ap^opoftd  Ntaibbr  tf  Tetnt  •wlach.  :iro  both  oddly  «id  evenly  ev^o,  and 
Whdfe  Soot  is  evenly  cvett  o^.  •      •   -  ^ 

jftt^/p  t^.  Kthe  {Mpoied  mimbev  ia ^feA»  take  as  many  NuaIm»oddly  even  oaly, 
and  whofe  Sum  is  evenly  even  only,  by  Vrobk  I|«  multiply  ciph  of  them  by  Ibme 
Niimbct*  evenly  even  only^  and  yfou  lui>e  th|e  Kumbos^  (ba^^ 

£ftyr;#.Tofind4fttcliN[u#b«ra5.^aw  ,^ 

A      B     C     D  ' 

Oddly  evctt  only  iorf*£4r|-ft84*»aaBa  6^  the  iTtlv  Power  of  a. ;  *  * 
Multiplier  4 

40+Jd-pt^+»8=s»K  *c  8ih  Power  rf  a.  *. 
E     ft    Q     H  •  ^  •  - 

Demons  Numbetis  oddly ^btta  bidy,  ai  A,  B»  C,  D»  btiqg  multipUftd  by  fome 

]?owcr  df  a,  produce  Numbers  tboth  oddly  -and  evenly  eve^n  5  but  AH>JH^4&4^I>=sfane 

Power  ofas  therefore  4xA4*+61^  isalfo  fome  Power  of  a/  Alfe  4Xa4-B+C+B 
s=E-f4?+6+H,  which  is  therefore  fbme  Power  of  2,  or  a  Number  evenly  cvco 

a^.  If  the  propofcd  Number  is  odd,  tike  the  neit  Idler  Nuimber  which  is  even,  and 
find  as  hiany  Terms  Tbofh  oddly  aliid  evenly  tvcn,  arid  Whofe  Suttr  is  ^vaity  mvm  oily 
(by  Cafe  I.)  to  this  Sum  add  the  Number  evenly  even  only,  which  u  the  nmt greater^ 
and  this  fail  Sum  is  the  remaining  Term  f(^ht. 

Bxam.  To*flnd  3  Niiinbers  j  find*  12  aYild  w,  Numbers  botii  od^y*  and  t^fttHy  <vco, 

whofe  Suiix  is  32,  evenly  *evtt  onJy  j  to  AtS  i  add ^4,  tbp  ftcxt  gtttMr  evedfy  even, 

the  Sum  $6  is  the  remaining  Number  fought  5  ftr  ri^a/OT'ytf^t^^^  *•  7*  Power 

of  a*  • « 

'    '  ^  i  Demon* 
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lDtu6in.  Let'*  A,^  B»  C/D|  tfr«  be  <nj  Humben  b^tb  *od^  Ind  evenft^^CYea,  and 

whofi:  Sum.  S  i&  evenly  even  ooly,  thea  the  liext  p-eater  Numboc  evenly  even  oaly  is 
aS.  Alfo  theit  Sum  S+aS=3Se=;4.S — Sy  to  ^ich  acW  the  preceding  Numbers 
fixitti^  t«27«  Aj^B4-OK>  (S^>  or  theit  Sum  which  is  S,  the  total  Sua  '»  4S~S+Ss3 
4.8^  which  ia  eveiily  eve&  oaly,  beeauih  4  ^^  S  are  foi^ 

PROBLEM  IT. 

To«fiticLaib^iimker  of  Tc;cma«  aU.oC  item  both  oddly  ttid  eTiealy  even,  and  whole 
Sum  is  both  oddly  and  evenly  even.  ' 

Rule  I®.  If  the  Number  of  Terms  is  even,  take  (by  TrcM.  II.)  as  niany  Terms 
^as  the  Number  propofed)  which  are  ^  oddly  even  only,  and  whofe  Sum  is  both  odd- 
ly and  e^raly  even  ^  multiply  tbemi  b^  ai  or.  by  any  Muiftber  evenly  even  only,  and 
jmL  have  the  Numbqci  £)ught* 


Exant.  firft,  to  find  4  Numbeis.. 

Oddly  even  only,     ^4-10+14+18=48 

IAdd|dier.  a 

ia+ao+a8+5tf=< 


thmh^mfe^^t  both  ed^  and  evenly  even* 


PB:i«t)M.  The  Frodv^ls  »'e  Kumi> 
hen.  btaA  oddly  h^  evenly  evea 
(7i&f«r.XVIU<  Cb;^.4.)  and;the  Sum  of 
the  Numbers  muTtiplied  beine  both 
oddly  biKl  ovenly  ev^  if»  Pfodud:  hyi 
the  fiwe  Multiplier  is  both  oddly  and 
evenly  even  (Cor.  5.  STJbe^r.  XVIII.) 


siod  iaratC)  equal  to  the  Suni^of  the  Numbers  fbrmeily  produced. 

a^.  ICdieNiimbec  of  Tcnnt  is  odd,  take  as  many^  oddly *even  only,  their  Sum  is  al- 
ways <odd]y.e:vea  only  3  miltijdy  them  by  2,  or  ibme  Number  evenly  even  only,  you 
kave  the  Numbas  fougiift. 

JHuou.  Any  odd  Nomber  of  Terms,  A»  B, 
€,  SSc.  all  oddly  even  only,  haw  a-  Sum  S 
oddly  even  only  (Tfoeor.  aX.)  and  thefc,  or 
their  Sum  being  multiplied  by  2,  or  any  Power 

of  it,  produce  Wumbers  both  oddly  ana  evenly 

Numbettlbught  ia+tc+2^BB^         eiwcn.  (Cor>  5,  TJbeof.XVUU)  Alio  the  Sum,  of 
All  both  oddly  and  evenly  even.       \    Acfe  Produ^  i»  the  Produfl  of  the  Sum  of 

the  ibcmer,  vie*  A+B+C,  ^c.   by  th?  Tama 
Power  of  2,  which. we  have  alseady  faid  i$  both  oddljr  and  evenly  even.  .. 


^EKOmpk  Cecond. 

A4^B+  C=  S 
Oddly  even  only  6+10+14=30 
Multiplier  2 


P  R  O  B  L  E  M    V.      10. 

To  find  any  Number  of  Terms,  all  both  oddly  and  evenly  even,  with  any  Numbcjr 
of^Tcrms  evenly  even  only,  whofe  Sum^ll  together  \s  evenly  even  only. 

Rule-  Find  the  Number  of  Terms  propoied  both  oddly  and  evenly  even,  and 
wh€>ft  Sum  is  evraly  ensn  only  (fay  fPn^i/.  UL)  TaJce  thait  S^mas-  the  I^it  of  the 
Terms  fou^  evenly,  even  only  ^  aiid  take  the.  reft  of  thent  inaimpdiately  adjacent  ,tQ 
that,  and  greater,  jn  the  Order  of  the  Series  of  Numbers  evenly  even.  only. 

Exam.  To  find  dJMumherS)  whereof  .3  are  both  oddly  and  epcxdy  even,  and  j  of 
them  evenly  eveo  cnriy ;  and  whofe  Sum  is  levenly  even  oidy. 

iBoth  oddly  and  eii£nlye!^en»..  12+  20+ .9rfas=j2r8  C=2^) 
Numbers  evenly  even  only,     128+25(^+512  .  . 

Sum=i  024=2*° 

Dfet^floift.  By  tfai.  Ruk  of  Gepmemcal  Pregreflion^  theSui^>«^a  Pnogrefiton,  whofe 
Ratio  is  2  (/.  e.  thciaifxtckf^y  Ni^np(b^r  of  anmte^diately  adjacent  Pqwers  of  t)  i^' equal 
to  the  Difierence  betwixt  double  of  the  greateft  Extreme,  (which  is  equal  to  the  next 

greater 
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greater  Tenh  in  the  Prc^effion^  and  the  kfler  Esctreme  (fbr  the  Sum  of  aoy  Gcomc- 
trical  Progreffion  is  thus  expreflcd  uZZf,  but  r  being  2  the  Sam  is  2^— ^)tfaeref<»ct{that 

lefler  Extreme  be  added  to  the  Sum,  this  Sam  is  equal  to  the  next  ereater  Tenn  in 
the  Progreffion  5  for  il — a-^as^zh  Now  let  any  Number,  of  Terms  ooth  oddlj  and 
evenly  even,  and  whofe  Sum  is  evenly  even  only,  be  A+B-f-C+D+Sf^:.  ^Mj  and 
let  as  many  Terms  evenly  even  only,  be  M,  N,  O,  P,  ^c.  the  Sum  of  thefe  laft  is,  a?— 
M,  to  which  if  we  add  the  Sum  of  the  preceding  Numbcts,  which  is  M,  the'  Total  is 
2P,   the  next  greater  Number  evenly  even  only. 

PROBLEM    VI. 
To  find  Numbers,  as  in  the  laft,  whofe  Sum  is  both  oddly  and  evenlv  even. 
Ruk.  Find  the  propofed  Number '  of  Terms,  both  oddly  and  evemy  even,  whole 
Sum  is  both  oddly  and  evenly  even  (by  Vrobh  IV.)  then  take  as  many  Terms  evenly 
even  only,  any  where  out  of  the  Series  ofthe  Powers  of  1. 
Exam.  To  find  3  Terms  of  each  Kind. 

A     B         C       S     I         Demon.   Let  any  •  Number 


Both  oddly  and  evenly  even  la+ao  4-  a8=  60 
Evenly  even  only  <^4'T'i aS-f-* 56=448 

M     N       O       R 

Sum  both  oddly  and  evenly  j  508=2X254^=4X127 


of  Terms  both  oddly  and  even- 
ly even,  uid  who&  Sam  is  twth 
oddly  and  evenly  even,  be  A, 
B,  C,  ^c.  and  their  Sum  S; 
then  take  the  nopo&d  Number 
of  Tenns,  all  Fowers  of  2,  any 
where  oat  of  that  Series,  and  call  them  M,  N,  O,  ^c.  and  their  Sam  R  5  this  Sum 
is  both  -oddly  and  evenly  even  {Theor.  XXI.)  and  the  total  Sum  is  therefore  S-f  R, 
both  Parts  of  which  being  both  oddly  and  evenly  even,  their  Sutn  is  £0  alio  Qoy  Jieor, 
XXII.) 

T  H  £  O  K  S  M     XXVI. 

^twixt  two  Numbers,  both  even,  or  both  odd  f  whereof  one  of  them  may  be  i) 
there  is  at  leaft  one  Arithmetical  Mean  in  Integers. 

JDeihon.  The  Sum  of  two  even,  or  two  odd  Numbers,  is  an  even  Number,  and 
confequently  is  meafurable  by  2,  but  the  half  Sum  of  the  Extremes  is  the  Axitfame- 
ticalMean^  therefore 

Exam.  Betwixt  4  and  6^  there  is  one  Mean^  5  3'  and  betwixt  5  and  7  there  is  one 
Mean,  <r. 

Theorem  XXVII. 

Betwixt  an  even 'Number,  and  an  odd  (which  may  be  i)  there  are  at  leaft  2  Arith- 
metical Means  in  Integers,  or  there  are  none  at  aU5  nor  can  there  poffiblybeany 
odd  Number  of  Means. 

Demon.  The  Sum  of  an  even  and  odd  Number  is  odd,  there&re  they  do  not  ad- 
mit of  one  Arithmetical  Mean,  becauie  the  Sum  being  odd  is  not  mealurablc  by  2, 
confequently  there  muft  be  2  Means  at  leaft  if  there  are  any.  Hence  again, 
there  cannot  be  an  t>dd  Number  of  Means  5  for  then  there  would  be  one  odd  Mean, 
contrary  to  what's  kft  fhewn. 

Theorem  XXVIIL 
If  a  Geometrical  Progreffion  is  in  its  loweft  Terms^  they  are  cither  nH  odd  Num- 
bers,'or  all  even,  except  one  ofthe  Extremes,  which  muft  be  odd* « 

Demon, 
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DsMON«  Let  A .'  B  be  the  lowcft  Term  of  the  Ratio  of  any  Geometrical  Progreffi- 
on  5  then  will  the  Series  be  thus  reprdbited,  A» :  BA»-* :  B*A'*-* :  B'A"-* :  8cc. 
ABoi-'tB^  (VhU.  VI.  ScM.  I.  Cb.l.)  Now  A  and  B  are  either  both  odd,  or 
one  odd  and  the  other  even  j  for  if  they  are  both  even  they  are  not  in  the  loweft 
Terms  &.  But  all  the  Powers  otodd  Numbers  are  odd ,  and  of  eyen  Numbers  are  even  $ 
and  die  Produd  of  an  odd  Number  by  an  odd,  is  odd,  and  of  an  even  by  an  odd, 
is  even  s  Vfhence  the  Theorem  is  mamfeft. 

Theorem    XXIX. 

If  an  even  Number  Is  a  Square,  it  has  an  even  Half,  or  Ls  meafurable  by  4. ;  but  if 
an  odd  Number  is  a  Square,  then  being  divided  by  4,  it  leaves  a  Remainder  of  i  ^ 
or  I  taken  from  an  odd  Square,  leaves  a  Multiple  of  4* 

Demon,  i^.  Any  evenlloot  may  be  expreued  %n  j  and  its  Square  will  be  4^%    . 
vifi*  a  Multifile  of  4  $  which  Ihews  the  firit  Part.    Again, 

a^.  Any  odd  Root  may  be  exprefled  ih-^i^  and  its  Square  will  be  4ff^-^4«-j«f  | . 
viz*  4x»*"f-^"f-i  3  which  is  plainly  a  Multiple  of  4^  and  i  remaining  over* . 

COROLLARIES.^ 
xjt.  The  Sum  of  any  Number  of  even  Squares  is  meafurable  by  4  (or  has  an  even^^ 

Half.) 

%i.  The  Sum  of  2  or  3  odd  Squares,  divided  by  4,  leaves  a  Remainder  of 
2  or  )•  Univerfally^  if  the  Number  of  odd  Squares  added,  is  a  Multiple  of  4  (as 
4.8.  i%.j6.%q  &c.)  tha  Sum  is  meafurable  by  4  ;  otherwife  there  will  always 
be.  a  Remainder  J  particularly  if  that  Number  is  the  Sum  of  a  Multiple  of  4^  and  1, 
CfT  a^  orj  5  the  Kemaxoder  will  be  accordingly,  i^l  or  a,  or  3. 

3^,  Tne  Sum  of  ap  even  and  odd  Square,  divided  by  4,  leaves  a  Remainder  of  r  ; 
sma  univer fatly y  if  any  Number  of  even  Squares  is  added  to  any  Number  of  oci4 

Suarcs,  the  Remainder  will  be  the  fame  that  would  happen  witn  the  Sum  of  the 
d  Squares  $  becaufe  the  Sum  of  the  even  Squares  leaves  no  Remainder,. 
4/i7.  The  Sum  of  any  two  integral  Squares,  being  divided  by  4,  cannot  leave  a  Re^ 
ipainder  of  3  $  for  if  they  are  both  even,  the  Remainder  is  <>  3  fince  each  of  thefe 
Squares  is  meafurable  by  4,  by  this  Theorem  3  and  confequently  their  Sum  is  fo.  If 
the  one  is  even,  and  the  other  odd,  the  Sum  will  leave  a  Remainder  of  .1  .(jCoroUj^.} 
Zsafily^  If  both  are  odd,  the  Rem^der  wijl.bp  %  (foKolL  z^) 

T  H  £  OR  E  M.  XXX« 

The  Terms  of  an  Arithmetical  Progreffion  arc  either^tll  even  or  all  odd  5  or  they 
are  alternately  even  and  odd  ;  /.  ^.  .the  ill,  3d,  jth,  ($c.  Terms  ar^  all  even  or od(i$ 
and  the  2d,  4tb,  ^th,  ^c.  all  odd  or  even.     AJfo  the  Sum  of  the  ^hole  is  odd  or 
even,  according  as  the  Number  of  odd  Terms  is  odd  or  even  5  but  if  all  the.  Terms 
are  even  the  Sum  is  even. 

Demon.  This  depends  all  upon  the  lefler  Extreme^.and^he  Difference  compared 
with  theorem  I.    Thus, 

x^.  If  the  lefler  Extreme  and  Difference  arebodi  even,  i(>  muftlhe  whole  Series 
be  ;  becaufe  even  Numbers  are  flill  added.to,  even..  So,  if /the.  lefler  Extreme  is  ^, 
and  the  Difference  4,  the  Series  is  z  .  6.*.  10 .  14,  &c.. 

^^.  If  the  xft  Term  is  odd,  and  the  Difference  even,  all  the  Terms  arc  odd.3 
becaufe  they  are  eac)i  the  Sum  of^  even  andodd  Number.  So  the  ift  Term  being 
3,  and  the  Difference  4,  the  Series  is  3.  7  .  11 .  15,  &c. 

3?.  If  the  ift  Term  is  even  and  the  Difference  odd^  or  if  bbdi  are  odd",  the  Terms 
are  alternately  odd  and  even  }  becaufe  an  odd  and  even  makes  the  Sum  odd  $  and 
t3Bn>«odds  make  an  even.  4^.  That. 
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4^.  Thit  tbfs  $ttm of  i^evScmp^  wiUIm:  oM  or  «vei,  accordHng'^the  Mombcr  of 
odd  Terms  is  odd  or  cvcd,  is  iKb  eviitent  Ahhh  tke  £unf  Priiuai^ ;  for  the  8am  of 
every  two  odd  Numbers  i^  e^pa  :'  So  thtt  if  rhe  Numkei:  itf"  odd  Terms  is  4rai,  the 
Sum  of  them,  and  confequcmly  of  tbs  whole  Sorics^  is  eiren  $  but  if  it's  odd,  tk 
Sum  isodd^  which  4dde4  to  thp  cF^fi  SttflHioftbc  even  Tenn»«  mkos  tho  total  Sum 
odd.    If  all  are  eveiii  tb^  Su^  is  xiltiviltffty  «y^a. 

Th  eokem   XKXi. 

Take  the  odd  Series,  1.5  .  5. 7  .  9  .  &c.  The  Sum  of  any.  even  Number  of  Terms 
of  this  Series,  taken  in  the  continued  Order  of  the  Series,  and  beginning  at  any  Term, 
is  a  Nuiuber  both  oddly  and- evenly  even  (V.  e.  it  has  an  even  Half  5  br  is  meafurable 
hy  ^)    For  JSk4Ix^.5+7'»i  2^^3X4,  and  J+7+9+1 1=^3  2»=SX4.. 

Demon,  i^.  The  Sum  of  any  two  adjacent  Terms  is  meaftiiable  by  4$  Ibr  it  is 
a^pal  to  die  DottMe  ol"  that  Term  of  the  natural  Series  which  lies  betwixt  them,  and 
is  the  Arithmetical  Mean  ^  bur  that  Mean  is  an  even  Number^  and  double  of  an 
tveo.  Njamber  is  -evidMirly  meafu«aUe  by  4 ;  or  is  an  even  Number  with  an  even  Half. 

z^. '  Since  this  is  <r«e  of  aay  two  adjaoent  Terms,  it  muft  be  true  of  any  even  Nam- 
ber  of  adjacent  Terms ;  becaufe  thefe  being  diftributed  into  2's  and  2*s,  the  Sum  of 
each  a  is  meafurable  by  4  5  cooCeq«eiitly  die  Sum  of  the  Whole  is  meafurable  by  4* 

Theorem  XXXIT. 
If  out  of  the  odd  Series,  i  •  3  •  $  •  7  ;  9  :  &c.  be  takea  in  the  continued  Older  oftbe 
Series,  any  oddNpmber  of  Terms,  beginning  at  any  Tormi  the  Sum  of  them  is  an  odd 
Number;  whole  Place,  in  the  fame  Scries,  bgs  this  conftant  and  regular  Coonedion 
with  the  Number  of  Terms,  and  the  Place  of  the  Jeflcr  Extftme  of  thQ  T^ms  added,  m. 
that,  if  you  take  the  Produft  of  that  Number  of  Terms,  by  the  Place  of  the  Icflfcr  Ex- 
treme ;  then  again,  T^  the  Half  of  the  Square  of  the  Number  of  Terms  le&  i ;  add 
this  Half  ^uare  to  the  Ibrmer  Pfoduft  3  the  Sum  i^  the  Fl^^  of  the  Sum  of  the  terms 
added. 

Thus,  if  there  are  j  Terms  added,  and  the  Place  of  the  leaft  be  ir,  the  Place 
of  the  Sum  is  3»+2.  If  there  are  5  Terms  added^  it  is  %n-\-%  \  and  fo  on,  ai  ia  this 
Table. 

'   Demon,  x^;  That  ^e  Sum  is  an  odd  Number  is  already 
3^4-i    (=2X1  )        peeved  in  Tbeorm  !•  „jv 

1/1+8    (=2X4  )  2^  That  th?  Place  of  the  Sum  is  according  to  the  Tfep- 

7/1-  -18  (CS2X9  )      •  rem^  is  deduced  from  the  Rules  concerning  Arithhietical  Pro- 
9/;4*?*  (=2Xi(^)         greilions^  Thus, 

i$C'  Call  the  Place  of  the  leffcr  Extreme  of  the  Series  added, 

n  5  then  that  Term  it  felf  is  2ai— i  [from  the  Nature  of  the 

Series  5  for  it  is  i+»— ^iXz=i+2»— a=^2«^-^i.}  Let  the  Numberof  Terms  added  be 

a  :  the  gre^eft  £]^m^  a^edamft  be  wf-^i+aX^^f^i^H"'*^"^  ffo'  2«h^i  isthc 
le£&r  Extreme,   2   the  common  Difference,    and  a  the  Number .  of  Tetms]  then 

the  3ma  of  fhc  Ixtremea  is  af-wi+a#+a^i— -5a=4«+2rf*-*4  5  and  the  total  Sum  is 

4J!i+24-^4)i:-j-=r:^4«rf-iW'-fa4^.    Mav9  this  iiciog  «  Tew  ijf  the  odd  Series,  i .  5 . 5 .  &c* 

fiinpofc  its  Place  to  be  N  s  then,  th  jit  Term  of  the  odd  Series,  whofc  Place  is  N,  is  it  felf 
aN-— I  (as  above  ftiewn  for  die  Place  ir^  lb  th^  aN^^issa^/r^-^w**^ /  Add  i  to 

both,  and  ^heq  divide  by  »,  jff<i  it »  Ng^jf f^Tf^f f ±I^ii#+  ^^""^^+1.     to 

4^*es?/-^a4i+i,  nd  die  Half  of  1^  is  ^^^""^^^  j  wh<ipcc  the  %i^  is  tyiiaA- 
ly  denonftrated.  Acaob 
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ScHoi«#  The  half  Squares  of  die  Number  of  Terms  leis  i,  are  the  ProduAs  of  the 
Series  of  Square  Numbers^  1.4.9  &c.  multi];>lie(i  by  2,  as  I  have  marked  them  in 
the  Table  ^  and  that  it  will  go  on  fo  fbt  ever,  will  bejplain,  thus  ^  Let  a  be  any  odd 
I<Iumber,  the  next  greater  odd  Number  is  tf-f-i  :  Take  i  from  each  of  them,  th^ 
Remainders  arc  45—1,  a-^i  5  whofe  Squares  are  a^ — ^^+i>  ^*+2^+i  5  whofc  Halfs 

arc  -f!±Zi£±i,    ,^^+^^+'  :  But  if  the  fiift  of  thefc  is  the  Double  of  any  fquarc 

I  a  z 

Number,    the  .other  muft  be  doable  of  the  ^ext  greater  Square  3    for  fupgofb 

■ :i==iX^*,  then  is  ^^— 24f+i=4Xj*=a^*j  hence  a — 1=2^.     Add  2  to 

each,  and  it  is  ^+1=2^+2  =  2X^+^5  therefore  <i+i*,  pr  ^*+2^+i=4X^i% 
and :: r=2XM-i  . 

§.  V.  0/*  Number 5y  Perfeft,  Abundant,  and  Deficient. 

Theorem     XXXlV. 
TF   the  Geometrical  Progreflion,  1:2:4:8,  &c«  is  carried  on  till  the  Sum  be  % 
^    prime  Number  ^  and  that  Sum  be  multiplied  by  the  laft  Term  of  the  Series,  the 


Pioduft  fhall  be  a />f r/^S  Number  3  thus,  i+iP=3,  a  Prime,  and  3X2=^,  aperfeft 
Kumbcr.  Again,  1+2+4^=7  and  7X4.==28,  a^pcrfcfl:  Number  5  for  its  aliquot  Parts 
are  i+2+4+7+i4==28. 

IDemqn.  Let  i+2+4+8+SSfd:.  +2''===$,  a  prime  Number  5  then  is  8x2"*  apcrfeft 
Number :  For,  ...  •       ^  ' 

i^.  If  from  S  we  raife  a  Scries  in  the  Ratio  1:2,  having  as  many  Terms  as  the 
preceding  ^  the  laft  Term  of  it  will  be  SX2",  as  is  evident  from  the  Method  of  railing 
the  Series.     • 

.2^.  It*s  evidient  from  the  Compofition  of  thef^  Num- 
I,  2>  4,  8,  &c.  2",  I  bers,  that  all  the  Terms  of  both  thefe  Series,  from  i 
S,  iS,  4S,  8S,  &c.  2"xS  and  S,  are  aliquot  Parts  of  SX2"  5  for  the  firft  Scries  af- 
ter i,  are  all  Powers  of  the  fame  Kooti  aj  vi^hich  there- 
fore meafure  2",  and  confequently  2"xS  3  and  the  fecoi^d  Series  being  only  the  Mul- 
tiples of  the  firft  by  S,  therefore  each  of  them  alfb  meafures  2"XS. 

5.^.  By  ^robtAV.  S.  IV.  Cb.  III.  The  l^um  of  all  the  Terms  of  a  Geometrical 
Progreffion,  excluding  the  greateft  E^c^reme,  is  the  Quote  of  the  Difference  of  the 
Extremes,  divided,  by;  the  Katio  Icfs' i.j  but  the' Ratio  here  being  z,  therefore 
S-f  2  S+4  S+8  S+&c.==2"xS— S,  and*.  1+2+4+8  &c,+2«==S  5  alfo  a"xS— S 
+S=2"xS5  therefore  1+2+4+8  &c.+2''+S+2  S+4  S+8  S  &c.==:2«xS. 

4^.  It  being  proved  that  2''xS  is  the  Sum  of  all  ti*e  other  Numbers  in  thefe  two 
Series,  and  that  each  of  thefe  are  aliquot  Parts  of  it ;  it  remains  to  fhew  that  no  other 
Kumber  can  be  ^aliquot  Part  of  it.  Thus^  Every  other  Number  muft  neceflarily 
have  in  its  Compiofition  fome  other  Prime  than  2  or  S,  ,  or  fome  higher  Power  of  one 
or  both  of  thefc  than  is  in  2°xS  j  biit  by  T'hor.  X.  lio  fuch  Number  can  meafure 
i^xS,  or  can  be  an  ^//7»o^  Part  of  ;it^;  ;  .    /.  •      '  .     > 

ScHOL.  In  this  T'bcorem  there  is  a  certain  Way  of  £iKling  as  many  perfect  Numbers, 
as  the  Kumber  of  Cafes  in  wl^ch  the;  Sjiii^  pf  Rae  Seirics,  1.2.4.8  &c.  cai)  be  a 
prime  Nqmber  f~  in  which  offjkrve^  that  there  is  no  more  to  do,  but  from  every  Term 
of  the  Series,  as  it  gofs.pn,  to  take  i-  3  the  Difference  is  the  Sum  of  all  the  preceding 
Terms  x,  and  ifit's  aPrimCy  then  being^  multipljed  into  the  prec(;ding  Term^  it  gives  a 
perfe£l  Number.  '  That  there  are  ibme  perfcfl  Num^rs  found  this  Way^  is  p^tfiln^ 

£  e  e  f^ 


or 
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fer  foch  ft  Nutober  is  ^«f-f-z(a=3)Xi  5  aMb  tS=gi+i+4C=^7)^^>  Mii4^^ 

i+i+4+8+f?  C=30  ^'^  i  and  8128=  i+2+4-f*4-id-|-32+^4(=r^7)X<f4- 
And  33550335  =  i4-2+4+8+i^+3i+^4+ia84^5d+5^^+^^-44"*^48-f409^ 
(=8191)  X409(f.  Bcfides  thefe  there  arc  bat  a  few  more  found.  Dr.  Harris  fays 
there  are  but  ten  pcrfeft  Numbers  betwixt  i  and  i,ooo,o©o,ooo,ooo,  but  docs  not  ex- 
prefs  thetn.  And  T'acqueP  oblerves,  that  the  Reaibn  why  more  are  not  &und,  is, 
That  in  the  Progreffion,  1.2.4.  &c.  the  Intervals  of  the  Numbers,  whkh  Icffcned 
by  an  Unit,  become  Primes,  are  very  great  j  and  when  the  Numbers  are  great,  the 
finding  whether  they  are  Primes  or  not  is  a  vaft  Labour.  There  is  one  Thing 
more  1  would  obfervc  here,  that  it  has  not  yet  been  demonftrated,  a3  £ir  as  I  know, 
that  there  can  be  no  perfect  Numbers  but  what  may  be  fiiund  by  this  T'heorem:^  i.  t 
that  every  perfcdl  Number  is  the  Ptoduft  of  two  Numbers^  whereof  otic  is  a  Prime, 
and  the  Sum  of  a  certain  Number  of  Terms  of  the  Series,  1.2.4.  &<^*  ^^  oi\i^^ 
the  laft  of  thefe  Terms.  Again,  it  wants  alfb  to  be  demonftrated,  that  the  Number 
ofperfe<9:  Number^  is  infinite. 

Theorem   XXXV. 
Every  Prime  Number  is  a  deficient  Number. 
I>EMON^  A  Prime  has  no  aliquot  Part  bat  i  5  which  is  lefi  than  any  prime  Number. 

Theorem    XXXVI. 

Every  Power  of  2  is  a  deficient  Number. 

Demon  No  Number  can  meafure  or  be  an  aliquot  Part  of  any  Power  of  2,  but  i, 
or  the  inferior  Powers  of  2  (CoroH:  6.  7*teor.  X.)  But  any  Power  of  2,  is  more  by  r 
than  the  Sum  of  all  the  inferior  Powers  and  i  (by  the  Rule  ibrfumming  the  Geometri- 
cal Progrcilion,  r  .  2  .  4 .  &c*)  and  therefore  is  a  deficient  Number. 

Theorem    XXXVII. 
Every  Number  is  abundant ^  which  is  meafured  by  aperfcA  or  an  abundant  Num- 
ber :  Or  thu9,  A  per&A  or  abttn^nt  Number  can  meafure  no  Number  but  an  Abun- 
diant. 

Demon.  Let.  ^,  a  Number  perfc€fc  or  abundant,  meafure  11^  and 
let  /f ,  *,  &c.  r^  DC  the  liquet  Parts  ofp  ;  and  take  r,  j,  &c.  »,  m  1^ 
fame  Ratios  to  9,  as  ^,  by  &c.  i  are  to  ^  ^  they  will  all  be  Integers  ^ 
for  fince  pi  a  t  tm  r^  Aen  pimiair^  but  p  mcafures  /r,  there- 
fore a  mcaAirea  r>  which  coniequently  muft  be  Integer  ^  and  fo  of  the 
I  rcfl.  No^  bccaufe  pm  11  a  if  t  x  b  isi  &c.  :  :  i  :  «,  thcrefcrc 
P  i  n  '-  '  ^*|nJ  &c.-[-|  :  r-f-i  &c.+i^  .J  but  a-^b  &c.+i,  is  either  equal 
to,  or  greater  than  p^  as  this  is  a  perfcfl  or  abundant  Number :  And  henoe,  r-^s 
&c.-f*ii  (which  are  all  aliquot  Parts  of  n^  becaafe  a-j^b  &c.  arc  £b  ofp)  is  equal  t(^  or 
jjreater  than  »  5  if  greater,  the  Tlbecrem  is  demonftnted  5  if  equal,  then  r,  which 
u  an  aliquot  Part  of  ^,  dififcrent  from  any  of  thefe,  r,  i,  &c.  u^  being  added  to  tfacm, 
makes  me  Sum  greater  th^  n  5  which  is  thcx^fbre  abuodant. 

COROLLARIES^ 

i/h  A  perfect  or  d^cient  Number  can  be  meafured.  only  by  a  Deficient  5  becaufe 
-what  is  meafured  by  ^  Perfcft  or  Abundant  is  Abundant. 

ai.  An- abundant  Number  may  be  meafared  by  any  Number  ^  fer  the  Ma!ti|rfe  of 
imy  abundant  er  perfeA  Number  is  an  abundant- Number  9  and  what  is  meafuied  by 
%.  per£bft  Nmnber  is  meafured  by  all  the  oHqudt  Parts  of  k,  which  a9;e  all  deficient 
'WmbctB  (by  the  ift  €oroU.)    Hence  again :  ' 

5^.  A 


p 

n 

a 

r 

b 

5 

?cc. 

&c. 

I 

u 
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ji.  A  deficient  Number  meafures  any  kind  of  Number. 

ScHOL.  As  in  Thecrem  XXXIV.  we  have  a  Rule  for  finding  perfe£l  Numbers,  & 
fiom  this  7'tearem  we  have  a  Ruk  for  Anding  abundant  Numbers  ^  for  fuch  are  dl 
the  Multiples  of  any  perfed:  Number.  And  from  CoroU.  i.  we  have  a  Rule  for  find- 
ing deficient'  Numoers  ^  all  the  aliqmt  Parts  (except  i)  of  any  perfeA  Number  be- 
ing fuch. 

Exam.  I.   6  is  perfefl,  and  i8  is  its  Multiple,  whoie  aliquot  Parts  are  i+x^** 

Exam.  a.    a8  is  Perfef^,  and  14  its  Half,  whofe  aliquot  Farts  are  i-|"2-f"7=io« 

Theorem     XXXVIIL 
If  any  Number,  A,  multiplying  a  Prime,  A  produces  a  peifefi  Number,  N  ^ 
the  fame  A  multiplying  another  Number  M,  which  is  lefi  than/),  and  which  does  hot 
jneafure  A,  produces  an  abundant  Number,  O. 

Exam.  4X73=^2$,  a  perfefl  Number,  and  4x^^=3^24,  an  abundant  Number,  wkofe 
aliquot  Parts  are  i+2'T3+4+<^+8-f-i2  =3^. 

Demon.  Let  ^,  ^,  &c.  i,  be  all  the  aUfuot  Parts  of  A ;  dien 
NO        I    becaufe  N=AX€^,    4,  ^,  &c.  will  medtire  N  ^    and  becaufe 
A       f   .     M         I   /  is  a  Prime,  N  has  no  other  Meafiire  except  A^  a^  ^,  &c,  u 
a        r    \m     X        and  the  ProduCh  of  thcfc  by  f  (as  you  fee  in  ^rokl.  IV.  J.  I.J 
B        s        n    ^  But  it's  alfo  i>]ain,   that  N  oeins  divided  by  4,  *,  &c.  the^ 

ficc     8cc.     &c.  ,         Quotes  are  alfo  aliquot  Parts  of  N,  and  thcrefwe  muft  be  the 
I  '     '       '  fame  Numbers  as  the  ProdtiAsof^  by  a^  b^  &c.  though  not  an- 

iWeriag  in  tibc  fame  Order,  i.  e.  if  _ss:r,  this  is  not  the  lame  as  ^^  ^  but  as  they 

a 

muft  neceflarily  be  the  &me  Numbers,  however  the  Correfpondence  be,  let  us  fup- 
pofe  — =)•,  -7-=^5,  &c.  .  Then  again,  finac'  Oo^M^  flierefote  />,  ^,  Sec.  which  mea- 

fiirc  A,  do  alfb  meafure  O ;  let  _=«?,    -—3=^,  &c.  wherefore  N  :  O  : :  p  :  M ;  i 

a  If 

r  :  in  ; :  5 :  jy,  &c.    and  compoundly,  N  :  O  :  s^+H^^t  ^*  *  M+gg+^»  &c.    But 

A^-a-^b  Sec.  +x+/+^'-R^-  — N  J  ^^  ^M  A-f-/ir4-^  &c:-f*i   is  the  Remainder, 

aftei;  j>^pr^i  &c,  is  taken  out  ofN  5  let  x  be  the  Remainder  after  M+^+^  &c.  ista- 

kcn  out  of  0( which  muft  be  greater  than  that  Sum,  fince  N  is  greater  than^^4^^H^^*) 
then  is  N  :  O: :  A+/i-f^,  &c.  -f-i  s  >^  ?  but  M  being  lefs  than  ^,  O  is  fefs  than  N  j 
and  confequently  x  is  Icfs  than  A+ig+^  &c.  +1  ^  aub  M-fi»^+^&c. -j-x===0  j  there- 
fore 55rf-/i+;f ,  &C.  +Ar|-ii+**  &c.  ^i .  (each  of  which  meafures  O)  is  greater  than 
O.  And  fince,  laftjy,  M  does  not  meafure  A,  therefore  M,  w,  /f,  &c.  A,  a^  *,  &c.  i, 
are  all  different  aUqnOt  Parts  of  O,  which  is  tbereforiS  Abundant. 

' '  ■  ' 

Theorpe^m    XXXIX/ 

If  a  Number,  A,  multiplied  into  another,  B,  produces  [cither  a  t>erie£l  or  abundant ' 
Nut)!iber  5  then  if  A  is  multiplied  into  any  Multiple  of  fi,  the  ProduA  is  Abundant. 

E»am.  tX^BB^,  a  perfeft  Noi^ber,  aX5?=io,  and  }Xio=:30,  an  abundant  Number, 
whofe  aliquot  Parts  arc  i+2+J+5+<^+io+i5=^4** 

UtiU^;  £jet  M  hdi  a  Mukiplc  ctf  B  5  than  is  B  :  M : .-  AB  :  AM.  And  bccaufo ; 
JB  meafuees  M,  So  ddes  AB  mi^ofure  AM  ^  but  AB  .is,  bv  Supppfition,  ^^ffe£l  or! 
>f^/yiMtf/i^4  tfaelrdfafe.(by.f1be0r.  XXXVIIO  AM^ 

Eeei  CHAP. 
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Of  Figurate  HtmAers. 

'  '  .  ■  %  . 

$  I.  Definitions. 

!•  T^T  UMBERS  arc  caUed  Figurate  from  Geometrical  Figures,  which  they  arc 
1^1.  capable  of  reprefentii?^  in  a  certain  lyLanner^  by  a.pacticular  pifpofition  of 
-^  ^  their  Units  (as  fhall  be  prefcntly  explained  j)  whicti  is  a  .Part  d  the  anti^ 
cnt  Pythagorean  Speculations  about  Numbers  and  Geometrical  Figures  j  ,from  the 
Compari(bn  of  whicn  they  found  fuch  fakeneflcs  and  G)rrerpondencies4.  whence  they 
pretended  to  difcover  many  Myfterics  and  Secrets  of  Nature.  Our'Budncfs  here  is  to 
confider  thefe  Numbers  as  a  Sttbie£l  purely  Arithmetical^  and  upon  the  Principles  of 
Numbers  only  to  explain  their  Conne£lions  and  Properties  \  y^et  it  bein^  nece^ary  to 
have  Names  fW  Things,  and  fimple  Names  being  raore  convenient  than  long  Defcrip- 
tians',5  aod  the  Geometrical  Names  (defcribed  below)  being  ftill  in  u(e,  we  fhall  re- 
tain them,  and  explain  the  Reafbp  and  Meai^ing  of  them,,  for  their  fake  Who  have  Ac- 
quaintance enough  with.  Geometry  to  underilan4  it,  pr  Imagination  to  cdnceive  it  bv 
the  following  Explications  ^.  for  others,  they  muft  take  tbem  as  piere  Names,  by  which 
thefe  Numbers  are  defigned  and  diftinguifhed. 

II.  Take  any  Arithmetical  Progreffion,  beginning,  with  i,'  Und  whofe  common 
Difference  is  any  integral  Numjber  9  then  take  the  Sums  of  thefe  Series  contiDually 
from  the  beginning  5  and  again,'  the  Sums  of  thefe  Sums,  and  fo  on  iot  ever.  Tlicfe 
feveralSeries  ofSvim^  are  called  in  jgeaetalvfigurate  Numbers,  but  more^  particularly, 
the  firll:  Sums  are  called  plain  Figurates,  and  alfo  Polygons  5  the  (econd  Sums  are 
called  fol id  Figurates,,  and  aKb  Pyramids  ^  the.  thirds  Sums  are  called- (econd  Pyra? 
midals,  and  fb  on.     But  again, 

in.  Polygons  are  diftinguifhed  thus,  If  the  common  Difference  in  the  Series -^/, 
whence  they  proceed,  or  woofe  Sums  they  are,  is  i.  as  i  .  2;  3  .  iSo.  the  Sums  i .  ^. 
d .  iSc.  are  called  Triangles,  If  the  Difference  is  z,  as  i .  3  .  5  .  ^c.  the  Suras  i . 
4.9.  ^c.  are  called  §l^adrangle^  and  particularly  Squares.  It  the  Difference  is  5, 
as  I*.  4..  7 .  i$c.  the  Sums  i  .  5  .  12  .  Sjftr.  arc  called  ^inquangle^  or  <Pentagons^  and 
fb  on  ^  the  Name  of  the  Polygon  exprefling  a  Figure  oT  a  Number  of  Aiiigles,  which  is 
2  more  than  the  common  DifiSrcncc  of  the  Series  -H.     In  the  fame  Manner, 

IV.  Pyramids,  and  all  the  following  Surns^  are  diftinguifhed  by  the  Polygon 
whence  they  proceed ;  and  thus  we  have  Triangular  Pyramids,  Squats  Pyramid*,  Of* 
alio  Triangular  and  S(juare,  fecond  Pyramidals,  third  Pytttmidals,  and  fo  on. 

V.  Since  the  Pyramidals  do  all  procejsd  from  Polygons,  they  may  alfb  be  called  Po- 
lygonal Nuinbcrsj  and  the  whole  OMerofSums  be  more  conveniently  diftinguilhcd, 
by  calling  them  Polygonals  of  the  firft,  fecohrl,  &e.  Order  :  Thus,,  &c  -firft  Sums  or 
PolygonSy  afe  Polygonals  of  the  firft  Order  5  the  fecond  Sums,  or  Pyt^mids,  arc  PfJy- 
gbnals  of  the  fecond  Order.  And  again,  for  the  feveral  Orders  proceeding,  from  dift- 
rent  Scries -r-/,  they  are  to  be  diftinguifhed  by  the  Name  of  the  Polygon,  which  is 
particularly  applied  to  the  firft  Order,  and  fo  on.  Thus  all  the  Order  of  Sams  procccdii^ 
fix)m  the  Series  1.2.  j .  ($c.  are  Triangulars  oPthe firft^or  fecond^  i$c.  Order.  Thefe 
from  the  Series  1.3.5.  iSc.  are  Polygonals  of  the  fqtiare  Kind,  and  ib  on.    Olferve 

Mftaiff*  That  inftead  of  thefe  Names  Triangular,  S^c*  it  will  be  fometimes  more  con- 
"^  venicnt 
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Tenient  to  diftin|gai(h  them  I^.£rft  Species, .  fiscond  Species,  }$€.  and  then  the  Arith- 
mencal  Denominations  cf  firft^  £econd,  Sffr.  bding  theJtune  NonAbers  as  the  common 
Difierences  of  the  Seties  -r-/,  thefe  are  clearly  marked  by  this  Denomination  3  and 
dins  as  all  the  di£Eerent  Series  of  &ims  come  under  the  general  Naine  of  Polygonal 
Mmnbcrs,  fo  the&  from  difiGmnt  Series  -^/  are  diftinguifhed  by  different  ^Sjp^^iV^,  and 
f he^ifierent  Series  of  Suma  preceding  from  the  lame  Series  -rr-l  are  diftinguithed  by 
dimrent  Orders.  Bat  m  the  kit  Place  obi^rve,  that  we  flxall  fometimes  ule  the  fim- 
ple  Name  roTygon^  or  alfe  particularly.  Triangle,,  Square,  ;5£?^.  ,whcn  we  fpeak  of 
the  firft  Sixms^  <x  firft  Qrder  of  ^lygonaU.^  alfo  the  ample  Name  pyramid  for  the. 
lecond  Sums,  or  Sums  of  Pofygons* 

I  Ihall  now  reprefent  all  thefe  Series  in  diftinft  Tables,  according  to  their  Specicf 
and  Orders  3  and  then  explain  the  Reaibn  of  the  particular  Names. 


'^able  of  Polygonal  Nuinbers. 


Series  ^t 


^olygonSy  or 
(Polygonaisj  ifi  Order. 


^yramids^ 
^ofyg.zdOrder. 


tJ  ^yramidaU 
Vofyg.  ji  Order. 


!•    2.     3.     4 


I..  4^10.20 

b  I.,  5. 14.  36 


1.    5.15.    35 
I.    6*  20.    50 


Triangles,  i.  3.   6.10 
'-  3-    5-    7  g  Squares,      i.  4.   9.15         g  i.  5.14.36         g  i.   4^.20.    50 

I.  4-    y.iogc-^^  I  Pentagons,  i.  5- ".*^^^.  c?  ^•*  ^- ^8.40^  J  i.    1.15.    ^5^^^ 
I.  5.    p.rj         ^Hexagons,  i.  tf.15.28^    ^  i*  7.22.50^.     :  i.   8.30*    80 
!•  6.11,16         ^Heptagons,  I.  7.18.34  «<  i.  S.z6.6o        'S*  i.    9.35.    95 

!•  7.13. 19  Odtogons,    I.  8.21.40  .  I.  9.30.70  I.X0.40.  no 


err. 


sr^r. 


or. 


•  1 


(Sc. 


....     '  .  ftfieReafmoftJb^N^Tiie^  ,.     i.      i   ' 
i  A  Number  i9  called; a lPpi^jg)c7i)^,  from  ^cReprefeniaticmpfra  plain  Figure  having, 
maoy  Apgjes^  ,.^d  fiach'  too  as  is  Regu)ar«  or  has  equal;  Af^glef,  and  eaual  Sides. 
Thus  Triangles  reprefent  Equiangular  Triangles^  Squares^  cquid  anglca^^i^^»- 
^fes.9  and  fo  on.  '  \VhkhJK.eps!^ematipp  you.fee  iath^.&Uowm^ 
i^of  all.Spc^ieS)  bcicauf?.  ^Tc^^.^Thing.  is  w  Unit  of  its  K^nd.: 


'I' 


J 


B ergons ^  ,  . 


t:    r^? 


<.i 


^ria^gks. 


«  -  i . 


1  4  •    • 


.7 


^w 


•     •      .      . 


rr: 


Squares.. 


'U 


3: 


..         ■        * 

.    .    6^ 


10 


ii'ii 


TenPA^ns. 


u 


4,  . 


•  v» 


■is 


->/', 


»-       • 


'  •■  -r*  I 


•  1 4 

•  * 


.r, 


■  t  • 

■  A 


•^  12 


JtexagQMs, 


tf, 


• 


••• 


JrS 


Such  is  the  DHpoiitipp  of  Ac  lJni<9-of  thefe'lfupiBeis,  fioni  whence  they  are  called 
Sfr*4/ti:fest,§i^i, tad, C^iW'i^  )^c  -Rcprcftntation  sq  <4  as  it  is  here  begun,  both  as  t» 
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the  Cbntlnu^tioh  of  thefe  here  reprdciiced»  and  all  the  b^r  Stiecibs.  Bat  ^  I  raeddk 
j\o  fotther  i;^ith  thefe  Speculations)  fb  I  Aialliay  nrymore  ibr  tne  Demonftcanonofit; 
only  this  one  Thing  I  muft  here  obfcire,  That  the  Sanm  of  the  Scries  i .  5 . 5  8?^. 
viz.  1 .  4  •  5>  &c.  are  not  only  fquare  Numbers,  kit  they  act^  the  Series  of  Sauarei 
of  the  natural  Progreffion,  1.2.;  ^c.  80  fo  as  the  9^nes  is  here  canded  yoa^^ 
Truth  of  the  Oblerration  3  and  tftat  it  muft  continue-  fb,  fer  ever  mty  ^0  cafily  wr- 
ceived  from  the  Confideration  of  the  Nurabei«i  and-dbe  'Maniiei^  oi  diip^ag  wir 
Units.  But  I  /haQ  not  leave  the  DemoniVration  of  it  merely  upon  this  5  in  another 
Place  I  ftall  propefe  and  demortftrate  it  diftinftly  by  ii  fcif  5  and  titt  then,  conlidcr 
thcfc  Numbers  only  as  the.  Sums  of  the  Series  1.3.5  fffc. 


triangular. 


IFyramids. 


Square. 


\'* 


•  *> 


10, 


« 


20 


•    • 


•  *   •    • 


By  conceiving  the  Planes  of  each  of  the  Polygons  which  compofc  a  Pyramid  to  be  pla- 
ced paraflel  over  one  another^  and  difpofed,  with  ticfecft  to  the  Situation  of  their  An- 
gles and  Dyiance*,  fb  that  therefpedive  An^s  'of^each  Polygdn  be  in  a  right  Line  with 
one  another,  afjd'with  the  vertical  Point  or  tjhit'5  this  does  in  a  Matkicr  reprefcnt  a 
^yramii^  and  hence  the  Name. 

The  Other  Oirdcts  of  Pytamidals  have  no  fufch  Reprefentation,  and  aie  mcfrc  Com- 
binatiofis  of  the  precedine,  called  Pytamidals  only  for  a  Diftin£lion  &otn  the  Pyn- 
mids  whence  they  proceed. 

VI,  The  Place  of  any  Term  in  any  Series  of  T^olygonals^  which  is  the  Number  of 
Places  from  the  beginning  to  that  Term,  is  called  the  Root  or  Side  of  that  Polygonal  j 
becaufe  in  the  Pdygon,  reprefcntcd  it  is  the  Number  of  Points  or  UiUts  that  makes  the 
Side  of  the  Figure  5  fb  10  is  the  4th  Term  of  the  Triangles,  and  20  the  4th  Term  of 
the  Triangular  Pyramids  5  wherefore  4  is  called  their  Root  or  Side-j  or  we  may  as  well 
call  it  the'Place  of  any  Term. 

VIL  Polygonals  that  fland  in  the  feme  Places  of  their  rcfpeftive  Series,  arc  caHed 
Collaterals  (#.^,  having  the  fame  Side.) 

VIII.  The  Produft  of  ^  any  two  Numbers  is  called  alfo  a  ©lain  Figurate  Number  5 
and  is  particularly  a  Quadrangle,  becaufe  id  can  reprefcnt  fucn  a  Figure  j  and  the  two 

•   *  Faaors  are  called  the  Sides  ef  the  Figure,  as^n^the  anncx'd 

Es^amples.  And  ibferve,  that  tboueh  Squarq^  are  Quadran- 
gles,, yet  bedaufp  e^ery  Quadraffele  is  not  a  Square,  there- 
fore they  may  bje  diflmguiihed  oy  applying  the  general 
Name  Quadrangle  to  all  the  Species  excepting  ^uares. 
;=S2X4  I  But  the  DiflEcrcnce.will.be  better  marked  by  diftinguifhing 
•      t  ^ctk''lrA^tl^aHg$^A''S4i^aris.  -  Yct^  <Af(^,  that 

• '  '  tfie S iiAd'Obfbi^ isifiiire ' paWculitly-^Red  to th« kind 

whercia 


6=5=1X3 
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wherdHi  ^t^jti^  4«iGbr  by  i,  i^kk  we, the  o^y  OUoftgs  wb  con&iet  iwrc^  becftufe 
of  dieir  CoNaMlEUon  ^itb  the  Figtuastes  ^bavc  dcioribed  5  the  whole  Series  of  which 
Oblongs  is  made  out  by  taking  the  mivatd  defies  x  •  2 . 9,  &V.  and  multiplying  each 
Tenn  into  the  next^.as  bem»    -*    - 

»         •  * 

I   ,.    a    ^    3    ..    4    •  .  5 :  .   .tf    £^ir. 
Obloogs  a  .  •     ^    «  la.    .     so      30        C57r. 

IX.  The  Phxluft  of  any  3  Slumbers' ia  called  aUb  a  fblid  F^urate  Namber,  and 
rarticttlarly  a  Prifm  4  and  yet  more  particukriy  it*6  a  Quadrangular  Prifm  5  (or  the 
FrodMufi  K^  twQ  Numbers  is. a  Quadrangle,  and  the  ProdiKl  of  this  by  the  remaining 
Factor  makes  a  Pri&i  ^  becaufeby  taking  any  Quadrangle  (or  other  plain  Figure)  a 
certain  Number  of  Times,  and  conceiving  them  ail  pUwed  paiallel  to  one  another  at 
c^ual  Difbfioes,  and  (bfituated,  that  their  idfc&syjc  Angles  are  in  a  right  Line^  they 
do  jn  a  manner  represent  what  ih  Geometry  is  called  sl  Prifm.  But  again,  in  this  Do- 
£lrine  of  Figuratcs,  if  we  take  the  Product  of  any  of  the  above  delcribcd  Polygons 
multiplied  by  its  Side,  that  is  called  a  Prifm  (though  (bme  of  them  are  not  compofed 
of  9  Factors  ^  and  fuch  as  ave  fb,  yet  aine  not  conftdered  in  that  Manner.) 

Thefe  Pnfms  arc  alfo  diftinguifticd  by  the  Polygon  whence  they  proceed.     Again,, 
taking  the  Sums  of  thefe  Series  of  Pri&is,  and  theSumsof  thofe  Sums,  and  fb  on,  we 
have  new  Sei^ies,  which  may: be  called  in  gener^  ^rifmatkk  Numbers ^  to  be  diftin- 

Siflied  the  fame  Way  as  4^olygo»als^  by  0i0crent  Orders  and  Species^  as  in  the  fbl- 
iving  Tables. 

Again,  ^riftns  being  multiplied  by  their  Sides,  produce  a  new  Kind  of  T^rifma- 
ticks  5  and  thefe  again  niuhiplbcd  by  their  Sides,  fMX>dnce  another  Kind,  and  fo  on  ; 
all  which  we  may  diftin^uifh  by  the  Names  of  different  Degrees,  calling  the  Produ£ls 
of  Polygons  by  their  Sidqs,  Trifmaticks  o£  the  fir(l  X>egi}ee  &  the  Produfls  of  theie 
again  by  their  Sides,  fPriJmaticks  of  the  fecotul  Seg^c,  and  ib  on.  Obfcrve  alfo, 
irhzt  thefe  feveral  Degmei  ^f  Prifmaticksare  jthe  Pj^odufis  of  thekr  Polygons  by  fuch 
a  Power  of  their  Shies  as  .exprefles  that  Degree  y  for  »  bebg  any  Polygon,  and  »  its 
Side,  the  Prifmaticks  of  the  feveral  Degrees^  proceeding  from  this  Polygon  are  ^xn. 
ay^n^n^'=^ay^nn,  axnny^n^^ay^nnn.  &c.  Again,  the  Sums  rf  Prifmaticks  of  any  Degree 
make  alfb  different  Orders  of  Prifmaticlw  "of  that  Degree.  Lafth^  By  the^fimple 
Name  of  Pfifmi  always  undprftand:  the  fiift  JQegree^.or  Produfl  otPolygons  l>y  their- 
Sid^.  .  •  .     .     ,  . 

.     1;   'f  ^rifms^  ot^ 

^^olyg$Hi*  ^fJ/mancks  of  the        1  ^riftmtick^^ 

uriang.i.i.  6.10  iji  li^ree'znd  rft  Order.  S     jfi  2)egree,  id  OrdeK 

Square  1.4-  p.itf.Q*^      STriaf^.      1.  s.  18,  40  i.  7.  ^^.  ^^ 

^enfo^i.^.jz.zz       '     Cubes,         i.  8.  27.  64  ^^  i.  9.  5(^.100  c^, 

JUexa.    i.d.rj.jiS     •       SPwsrr.  i.io.  56^,  88  ^^'  ivJ^r.  47.155     • 

S^.  -  v^W.  I,I3.    45.112 


ivJ^r.  47.135 
1. 13.  9.Z.204 


4i  !Degree,  ifi  Order,  id  ^Degree,  id  Order. 

Tniattg.      ia'2..<4.i4^o  .  1.13.  ^7.227 

Mh^im&^sui6.  U,i^6  ^^-  1.17.  98.354  „^ 

9^e»t,      .    I.«>.i:<j8,a:5^  ^^;  .•          1.21.129.481  ^^* 

Hex.           1.24.135.448  1.25.150.^08 
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ScHOL.  -We  have  ohferved  already;  Tbat  thtf  ]h>lyg(M  of  tfaa  fecdfid^^betfies  ait 
the  Series  of  Squares  of  the  Progreffion  i .  %  .%  f^c.  Cwhidi  ihdl  bedenonnrated  af- 
terwards.) And  now  from  this  and  the  Conftmftion  of  Prifinaticks,  it  foQows,  that  thefe 
of  the  fecond  Species,  and  i  ft  Order  of  all  the  Degrees  fucc^rely,  are  the  fcvcral  Scries 
of  the  fuperior  Powers  of  the  fame  Proereffion  1.2.3,  G?^.  Thus,  thofc  of  the  firft  Dc- 

free  are  Cubes  or  third  Powers ;  and  upiverfally,  -thofe  of  ^e  n  Degree  are  n-^-z 
^owers.  Therefore  the  whole  Doflrine  of  Powers  and  Roots  may  be  confidcredasa 
Part  of  this  of  Figurate  Numbers  j  but  as  the  calling  them  Figurates  proceeds  from  a 
G>nfideration  which  is  not  properly  Arithmetical  5  To  the  Order  ana  Conneftion  of 
Things  in  Arithmetickjrcquircd  chat  this  Part  concerning  Powers  and  Roots,  which  is 
the  moft  ufeful  and  necedary,  ihould  be  particularly  handled  in  another  Place,  as  it 
is  in  Soak  III.  and  fcveral  Properties  of  thefe  and  other  Cconpofite  Numbers  (which 
;are  ail  Figurates)  you  havo  in  Chap.  I.  of  this  Book.^     .  :  > 

We  proceed  now  to  explain  the  Pitpcnoes  of  fbchPigurates  asha^ve  not  been  yet 
handled,  and  ibme  remaining  J^opectids  of  thofe  tbati  have  been  in  part-confidcied 
already, 

« 

^  2.  0/*Polygonal  Numbers. 

T  H  i4)R  EM    I.   " 

"pVery  Number  is  a  Polygonal  of  every  Species,  and*iW)  of  every  Order  whofe  D^ 
•^  nominations  are  lefs  than  it  by  2,  or  by  any  greater  N umbef. 

Exam,  5  is  a  Polygonal  of  the  Third,  and  of  all  the  preceding  Species  and 
Orders.  .' 

Djimon.  The  firft  Term  in  every  Species  and  Order  being  1 5  the  fbcond  Tcrins  in 
the  fcveral  Orders  of  the  fameSpecics,  and  of  thefame  Order  in  all  the  difltrcnt  Spe- 
cies, are,  by  the  Conftru6tion,  in  Arithmetical  Progreffion,  "with  the  common  Dine- 
,rencc  i.  Again,  the  fecond  Term  of  the  firft  Species  in  every  Order  is  more  by : 
than  the  Denominiation  of  that  Order^  and  is  the  leaft  Number,' except  i,  of  all  the 
other  Polygonals  oi  that  Order  5  comparing  thefo  Things^-the  Truth  propofcd  it  xna- 
nifeft. 

Lr  B  M  M  A. 

Let  any  Number  of  dificrent  Series,  a.  **  c  d:  &c.  e.  /.  g*  K  &c.  aa  in  the  Margin, 
be  fuch,  that  each  collateral  Column,  as  i,  ib,  m.  q.  &c.  is  an  Arithmetical  Progref- 
fion.  Alfo,  let  A  .  B .  C  .  D  55?^.  be  the  Sums  of  the  ^former,  thus,  ^A.  /J-H==B, 
and  fo  on.  Then  are  the  Collaterals  of  this  laft  Table  -alfo  -r-/,  and  their  common  Dif- 
ference is  the  Sum  of  the  Differences  of  all  the  collateral  Columns  of  the  firft  Table 
backwards,  fipm  that  which  is  in  the  fame  Place  with  any  given  Column  of  the  fecond. 
Thus,  let  €^a=^x.  f-^b=y.  g — r==Zy  and  *— i=z;,  whofe  Sum  call  S  j  then  isD. 
H .  M .  Q^in  thci  common  Difference  S,  or  H~D=S  (==«-Hy+»+v) 

Si=^—a^f--b\'g—C'\-kf--d  5  alfo  /-f *+H-»=^' 
+/4-g+*+S,  and  fo  of  the  other  Series  5  then 

bccaule  D=tf+H-^+*^  H=H-/+g+*-  ^"^ 
+*+ /-f w.  Qf*/^+H"H^»  therefore  'tis  evi- 
dent that  H=D-fS.  M=H+S.  (>=M+S,  wd 

fo  on :   The  Reafen  is  the  fame,  how  large  foever  the  Tables  arc,  and  which  focTcr 

Column  we  chufe. 


Thfc»- 


a  .  b  *  c  .  d 
e  .f.g.  h 
i  .k .7  .m 

n .o.f  .  q 


A  .  B  .  C  .  D 
E  .  F  .  G.  H 
I    .  K  .  L.  M 

N  .  O.  P  .  CL 
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The  Ootlater&ls  of  the  lettral  Series  -=-/  (whofe  Sums  make  Polygons)  are  alfo  -f-/, 
tvliole  common  I^flference  is  the  preceding  Term  of  Ae  firft  Line  5  fo  4 .  7  .  to .  15 
hare  the  common  Difference  %. 

Aeain,  the  CeUaterals  of  the  fereral  Species  of  any  Order  of  Pdygonals,  are  -^  i^ 
whole  Difierence  is  the  preceding  Term  of  the  firft  Line  or  Triangular  Species  5  fo  ift 
the  feft  Order,  10  .  16  .  %t  .  28.  difier  hy  6. 

Demon,  i*'.  For  the  Collaterals  of  the  Series  -h/,  the  firft  and  Icaft  Term  of  each 
Scries  is  1 5  and  calling  the  Di£(erence  in  any  Series  i,  the  a^^  Term  is  i+^—ixi 
^y  the  Rules  of  Progrdfions  -^-Z.)  But  in  the  fcvcral  Series  the  DiflEbrenccs  are  gra- 
dually I .  a  .  3  ^c.  wherefore  in  the  fjq^^on  i-f-/»— ixi,  d  being  fucccfltvcly  i  . 
^  *  \J£E'  ^^  follows  that  the  GiHatemls  exprefled  univerfally  i-^n^^iyid,  are  theft 
I  \mi  I  s  X"+-;!H^iX2  :  i4-» — 1X3  ^c.  which  is  a  Series  in  the  Difference  «>— r, 
whkk  is  the  Term  of  the  Am  Series  precedkift  0^  the  Plaice  of  the  Collaterals. 

a^.  For  the  Collaterals  of  the  feveral  Ordets  of  Pcdygooals,  the  Theorem  follows 
plattdy  from  the  preceding  Lemma:  For  the  Polygonals  of  the  ift  Order  proceed  from 
the  Scries  "^i,  whde  Collaterals  are  -^/,  therefore,  by  tlK  Lennna,  theie  laft  are  al- 
Jb  «^^  aAd  tfeir  Difierences  are  the  Sums  of  the  Differences  in  the  cortefponding,  and 
all  tjbio  jNcceding  Cokimns  of  the  other :  AHb  fheie  other  Diflerences  being  the  pre- 
ceding Tenn  ofme  firft  Line,  their  Sum  is  thii'  preceding  T«rm  of'the  firft  ov  Tnan* 
ffdbr  ^vcies  of  the  firft  Order  of  Polygonals^  or  of  the  fiibple  Polyj^ons.  For  the 
fime  HieafiMiy  the  Thing  propofed  is  tnie  in  the  fecoAd,  and  ail  the  foflowing  Orders 
of  PblygonahL 

CoitoL.  A  Pblygonal  Number  of  anv  Order  and  Species  is  equal  to  the  Sum  of  the 
CoHatesal  PolygiMnal  of  airp  pt^e>cedfing  Species  of  the  fame  Order,  and  the  Prodoft  of 
tlse  I^ftance  6f  tfaefe  tw«  Species  (#.  e.  mt  Momb^r  of  the  Species,  lefs  ii  ffom  the  one 
Species  to  the  others)  multiplied  by  the  preceding  Polygonal  of  the  firft  Species* 
Tnis  is  manifeft,  becaufe  it  is  nothingbut  the  Rule  fi>r  exprefiing  the  greateft  Term  of 
a  Series  -r-/,  by  means  of  the  lefltr  Term^  the  Number  of  Terms,  and  the  cpmmon 
Difiference.  Thus,  for  Examnote,  in  the  firft  0^der.  18  is  in  the  4th  Place  of  the 
4tli  Species,  and  iSso  the  Sum  of  i5  (the  4th  Term  of  the  ad  Species)  --f^ia 
^tke  PioJkiA  of  6,  the  preceding  TriM^lar,  and  a,  the  Diftance  of  the  4th  and 
ad  Species.) 

General  ScnoiroM. 
In  order  to  find  the  Sum  of  asiy^  Sliries  of  P^lygonato,  or  any  Term  of  any  Series  of 
Polygonals,  it  is  plain  that  we  <vaAt  only  a  Hule  for  finding  any  Sum,  or  Term  of  any 
Series  of  the  ift  or  Triangular  Species ;  bocMift  tiiereby  #e  can  find  any  Term  of  the  Col- 
lacerals  of  flbe^  Order  ^ven,  by  Gdroll  pr^^ding.    J^ain  9hf  ^ 


o-  - ,  'J  r p     — -> Jkfer^^  That  any  Polygonal 

ef  the  fiti^OMer  being  the  Sonar  of  an  Aritltiir^ai  Pn^^enion,  tre  know  how  to  find 
any  of  f b^fe  W  the  Rates  of  ProsrfeffioAS,  and  what  we  want  is  a  Rule  ifyt  thd  other 
Ortters^  burfflere  vi  one  general  Rule  whidh  comprehends  them  all  5  in  order  to  the 
Ifit^ttftigstioflr  off  whicb,  and  fo'iDake  iv  the  more  fimple  andeafy,  we  niuft  confider 
the  natural  Progitfiiof^  i  .1  .>.C^r.  {iMt^  which  the  Triainguiafs  proceed)  as  the 
Sma^  of  a  Series  of  Ufiit»  i .  f  .  1? .  1 .  ^c.  fitf  the  Suhisr  of  theie  continually  fit>m  the 
begiMing.4iis^  1.2*  9  . 4<  ^c\ 

Let  us  then  begin  wi«h  tUd  SeridSMgf  Uni»»i  and  fake  the  Series  of  their  Sumfi^  and 
tte  SUffi'  of  thoTe  SftiM,  Md  &  on  5  aiid  tHu«^  we'  Ihall  ba'^v  ^<!^^  the  moft  fltiiple  Ori- 
ginal, fto  whole  Orders  0/  Pblygonafc  of  the  Triangular  Kiiid  5  and  though)  pi^^erly 

Fff  fpeak- 


»»• 


4x>i 
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fpeoking,  the  Sums  of  the  Series  1.2.3.  ^c.  are  the  firft  Order  of  Triangulars,  yet 
it  is  convenient  that  we  diftinguilh  alL  tne  Series  of  the  following  Table  by  di£fotnt 
Orders,  calling  the  Seriea  i, .  i .  i .  (STr.  the  fiift  Order,  and'  1.2.3.  ^^*  ^  fecood^ 
for  they  may  be  alfo  calUd  Trismgular  Numbers,  becaofe  what  are  more  properly:  ^ 

Sroceed  from  them.  It  is  true  indeed,  that  by  this  Means  the  numbering  of  the  Or: 
ers  is  dificrcnt  from  the  Method  already t  laid  dawn,  but  that  will  caufe  no  Difficuityi 
becaufe  this  Way  of  numbering  the  Tri^ngulars^  ifli  ided  only  wilh  .relation  to  the  Rule 
we  are  now  inveftigating,  and  has  this  conftant  Connexion  with  th^  other^. that  the 
Number,  of  the  Order  in  this  Method  is  always  2  more  than  that  in  the  other. Method  $ 
and  befides,  by  adding  two.  Words  we  can  fave  all  Ambiguity  5  dius,  when  ve  fpeak 
of  any  Order  of  Triangulars,  for  Example,  the  fourth  Order,  wy  the  foqrth  Order  fioni 
Units,  and  then  all  is  clear  &  and  if  that  is  not  added,  you  are  tQ  undcHhind  theOrdcc 
numbered  irom  the  Series  or  Triangles  (or  Sums  of  the  Series  1.2.3.  ^^0  ^  ^  ^ 
the  other  Species  the  Orders  are^conftantly  number'd  from  their  Polygons. 

From  the  ConftniSi 
7'abk  of^riM^ular  Numbers  . 
fffima  Senes  ofXTnits. 


4 


5 
5 


3 
4 
5 

7- 


3 
10 

28 


4 
10. 

20 

35 

5<^ 

84 


J 

.  70 

I2d 

210 


I  :       I  : 

6  \       7  : 

.  21  :     28  : 

^6.1     84  « 

\%^.,\  2ip  : 

252  :  452  : 
4tfa.:  924  : 


I  : 

8  : 

ISO  : 
330  I 

171^: 


45 

45^5 

1*87 
3003 


on  of  this  Table  I  maks 
this  ufeful  Oif$rvatm. 
Every  Teem  of  every 
Order  i»  equal  to  tiie 
Sum  of.  the.  CoI}atenl 
Term  of  the  pftceding 
Order,  and  die  preceding 
Term  of  the  £une  Orders 
Thus,  3  5 .  (the  jth  Term 
of  the  4th  Order)  ip=i^ 


(the  Collateral  or  5th 
Term  of  the  preceding  or^d  Order)  4^0  (the  preceding  or  4th  Term  of  the  fiune  ^tb 
Order.)  Th^  univofal  Truth  of  which  Oblervatioii  is  mmifelt  fix>m  d^  C(mftm-> 
dion. 

T'H  a  o  &  «  M ;  IH;' 

The  Series  ofJKumhersof  -any^Order  of  the  Triangulars,  deduced  frdm  a  Series  of 

Units,  isthe  fame  Scries  as  the  Series  of  CoQatsprals,  the  Number  of  whole  Place  from 

the  beginning  is  equal  to  the  Number  of  the  Order  of  the  other..:  Thua.  the  CoDstenIs 

in  the  6tK  Place  are  the  fame  as  the  Triangula  of  the  tf th  Order,  vim.  i .  <f .  au 

Demon*  The  Truth  of  this  Theovenb  awears  in  the  preceding  Table,  fo  fo  as  it 
i»  carried  j  and  the  Conftrudion  of  theTaole  attentive^  confider*d  will  make  the 
Univeriality  of.it  plain.    But  to  remove  all  Difficulty,  I  ftuiU  jDraye  it  thus, . 

i^.  Every  Term  of  anv  Collateral  Colunm  is  equal  to  the  oun\  of  all  the  Terms  of 
the  wecedins  Column,  mm  the  fame  Order  upwards.  So  in.  the  .CoQafcisils  of  the 
4th  Place,  the  Term  .35=^1  f*4*io-4~^+3H''>  tne  preceding  Column.  And  the  Um- 
veriality  oCthis  ismaniteftfiom  the  Oblervationmade  above  upon..the  Cooftru^lionaftbe 
Table  $  fiv  the  .ift  Term  in  evqry  C^umn  is  the  fame,  viz.  %  f  then  the.  ad  Term  is 
the  Sum  of.  the  firit  Term  of  th^  fame  Column,  and  the  2d  Temv^f  the  posoediog^ 
Column  (by  tbatX)bierv,ation)^  #.  9.  the  Scmi  of  the  jA  and  ad  Terms  of  tiieprece- 
ding.Column  $  the  34  Term  ts  .the  Sum  of  .the  preceding,  or  ^d-Teim  of  Ae  fame 
Column  (viz.  the  Sum  of  the  lit  and  2d  Terms  of  the  preceding  Cphom)  and  the 
correiponding-or  3d  Terai  of  tho  ptecediM  Column «  a^d  fb  on, 

a^«^  From  what,  is  laft  Ihewn.it  is  mani^ft,  that  the  feveral  Cctfateial  Cokonas  are 

alfb  the  Sums  of  JMumbers  takeja  continn^ly  {ram  n  Series pfUnits,  whic^  is  theiil  Co- 

lunoj 
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kmiA  s  and  thence  it  appears  plainlv,  that  the  perpendicular  Columns  at  any  Diftance 
firom  me  I  ft  Column  of  Units,  mun  be  ad  infinitum  the  fame  as  the  tranfyerfe  Lines 
or  Series  of  Numbers,  at  equal  Diftance  fiom  the  Series  of  Units,  which  is  the  firft 
Xiine. 

Co&oi^L.  The  Term  in  any  Place  of  any  Order  of  Trianeulars  ^in  the  preceding 
Table}  is  equal  to  that  Term  whofe  Place  is  the  Nuniber  of  the  Order  of  the  former^ 
and  of  fuch  an  Order  whole  Number  is  the  Place  of  the  other.  Thus,  the  3d  Term 
dftbe  5  th  Order  is  equal  to  the  5th  Term  of  the  3d  Order  ;  and  univerfally,  the  s  Teem 
of  the  b  Order,  is  the  fame  as  the  ^  Term  of  the  a  Order. 

PROBLEM    I. 
To  find  the  Triai^^ular  Number  in  any  giyen  Place,  of  any  given  Order  (fiom 
Units.^ 

Rm.  Let  the  Order  be  called  4,  and  the  Place  b  (or  contrarily  the  Order  b  and 

the  Place  a)  then  take  /yar^  14'^  a,  and  carry  on  this  Series  i  x.  x  ._^x         &c, 

1x3 

to  -— .  f  the  continual  Produft  of  all  thefe  Faftors  is  the  Number  ibugbt. 

Exam.  To  find  the  5th  (=s^)  Term  of  the  7th  (=^)  Order  $  then  is  a^b^x 

(s=s/i)  5=74.5—2=10  5  and  the  Number  Iboght  isixI?x2-X-lxJLx£.xXffls 

X       a       3      4      5      ^ 
aio. 

DftMON.  i^.  The  firft  Thing  in  order  to  the  Demonftration  of  this  Rule,  is  to  ob- 
ienre.  That  it  is  the  very  fame  Thiiag  in  efieft  as  the  Rule  for  finding  the  Coefficient 
of  the  a  Term  of  a  Binomial  Power  /or  Power  of  a  Binomial  Root)  whole  Index  is  n 

or  }^Pb—%^  for  which  fee  Sock  III.  Chap.  II.  So  that*  what  remains  to  be  prov'd  ia 
this  Ubrrefpondence  of  Coefficients  and  TnangularB,  o/a».  that  the  b  Triangular  (or 
Triangular  in  the  b  Place)  of  the  i  Order,  is  the  fame  as  the  d  Coefficient  (or  Coe& 
fictent  d[  the  i  Term)  of  &e  tr^a  |  b  a  Power  of  %  Binomial  Root.  And  to  fhew 
this  let  us, 

i'^:  Compare  the  Table  of  Coefficients  iSoak  III.  Cbap.  II.)  with  this  Table  of 
Triansulars,  and  it*s  roanifeft  they  are  the  very  iame  Numben,  only  difpofed  in  ano- 
ther Manner.  For  it  is  plain,  they  are  the  iame  Numbers  taken  in  their  perpendicu- 
lar Columns,  as  being  produced  the  fame  Way  from  the  Column  of  Units  by  continual 
Addition,  i.  e.  what  are .  there  called  fimilar  Coefficients  are  the  fame  Numbers  as 
what  are  here  ca9'd  Collaterals,  beii^  taken  at  equal  Diftance  fit>m  the  Beginning  or 
Column  of  Units :  The  Difference  being  this,  that  in  die  Table  of  Triangulars  the 
firft  Terms  of  every  perpendicular  Column  ftand  in  one  Line,  and  (b  do  the  »d  Tenm^ 
and  fb  on  $  but  in  the  Table  of  Coefficients  the  firft  Term  of  the  2d  Column  ftands  in 
a  Line  with  the  ad  of  the  firft  Column,  and  ib  on  5  whence  it's  plain,  that  Coeffi- 
cients in  different  Places,  and  different  Powers,  are  the  fame  Numbers  under  a  difife- 
sent  Name,  with  Triansulais  in  different  Places  and  diffin^nt  Orders  ^  and  fer  their 
mutud  Conc&ondence let  us  confider  what  is  fliewn,  Sook  III.  Cbap.  II. .  viz. 

3^  TJbe  a  Coefficient  of  the  n  Power  is  equal  to  the  n^^ar^^i  Coefficient  of  the  fame 
Power»  reckoning  from  either  Extreme  ^  alio  that  the  n — a^^z  Coefficient  of  the  m 
Power  is  the  fame  as  the  n^^a^x  Term  of  the  fimilar  Coefficients  in  the  a  Place  of  dif- 
ferent Powers,  I.  e.  (by  what  is  before  fhewn)  the  Triangular  in  the  a  Place  of  the 
n-^a^z  Order  (for  the  different  Places  in  the  Column  of  fimilar  Coefficients  anfwer 
to  the  dififerent  Orders  of  Triangulars ;  and  different^  Places  of  the  Coefficients  of  the 
fame  Powers  anfwer  to  different  Places  in  the  fame  Order  of  Triangulars.)    Now  fiipu 

Fffa  poTc 
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foOs  Mr^a^x;=if^  then  k  tfi=^-\-b^% ;  wbcicfoce  th^  if  Coefficient^  axWl  Ae  ^  Coeffi- 
cient of  the  /»  Power  ate  the  mai^.  m&  the  B  Coefficient  of  the  tf  Power  k  the  i 
Term  of  the  fimilar  Coefficients  in  the  4  Place  of  different  Poweis^  e^cal  to  the  4 
Triangular  of  the  b  Order :  But  the  a^  or  alio  the  h  Coeffi^cient  of  the  n  Power  b 

I  J(iix^!r:l,&cfo2Zf±^  wUcb  mvft  tiMrcfcp^  be  Che  ^  TrianMfaf  0f 

A  Older  Cor  b  Trianguhr  of  the  ik  OMer>  aft  k  ii^  a^cofdii^  10  ihe  Kvd^,,  which  is 
thcrcfiw  good. 

Another  Rule  forfohing  the  preceding  Problem. 

For  the  Cdcc  of  a  pajdcolae  IJft  of  it,  I  gfM  you  Imii^  aoc^^ 
Problem  5  which  is  this, 

£/ct  a.  oi^eft  the  gtreoLOndeKof  Triangfilaaa^  aidi/i  ^  Vhce  of  thrTerm.fiwght^ 
tboathe  ^oauaual  PtoduSi  of  thoferfaawi,  &  x4L  M.S±JLxr2i:^^'  eSf..  to^fliifH  b 
the  Number  fought. 

Exam.  To  find  the,  5th  Term  of  the  ytb  Order  t  it  is,  ^10=1  X  i-  x  £.  x  2.  K-  x 

i:X^^. 

5       <^  . 

Demon.  In  the  Demonitration  ofthe  former  Rule  it  is  ftiewn,  that  the  b  Term  of 

the  a  Order,  is  the  ir  GKffidfintr  vR  the Msma^\\k  ■  ePowcr'^  audi  if  iiiftead of  ^  wept 

«,  then  the  n  Termi  of  tfaer^^Order  tsithft: «  Goeffiycnt  of  the  if  |  jift    »a  Powct  5  wkch 

by  the  Rul»  of  Coefficients  is,  i  xg±!^x£te::!Z:-!x^~^'^,  CJTc.  t^— , 

which  is  the  fime  as  the  preceding^  Rttte*  (or  Trhmgalfm  ^l.  e.  for  tlM  ^^Tcmiof  die  if 
Qxder  l)  but  thi«  Serics.ia  thet  ume-  lA  efle^as.  th^.  other  Series  i  xZ-  x IX^  ^^. 

^JllTZ^  ^  {far  it  ia  maniidb  thattte  Bennimbaftnn  ar&  the  lame,  and  tbft  NtunenUors 

alfo,  only  in  a  reverfc  Order  C^'d'uch  make$  no  change  in  the  ProduS  0  ibr  botb  the 
&rie«'have  the  fame  Number  of  Terms,  aa  the  Series  ^fXienaminators' docs  ckarly 
ihew  ^  and  foe  the  Numeratocs^  the  fiift  and  laft  of  them  arc  the  fame  Numbers  in 
hioth^  only  the  firft  in  the  ono  isr  the  laAin  the  other ^  and  £iKe.  their  Progref&on  is 
by  a  continual  Difierencciof  r,  it  follows  plainly,  that  they  muft  be  the  fame  Num- 
bers Q%\y  ia  arevcxfe  Order  5  confcqucntiy  this  Rule  is  good,  fince  it  is  the  fame  (on* 
ly  in  ik  different  Form)  with  the  fooncry  which  is  demonftrated  to  be  good. 

But  obfecve.  That  this-  laft  Rule  may  alio  be  demonftrated  independently  of  tbe 
other,  from  the  immediate  Confideration  of  the  Triangular  Numbers,  without  zsf 
Compajrifon  of  them  with  Coefficients,    ^hus^  ^     . 

The  »  Term  of  the  a  Ojrdcris  the  ^  Term  of  the-  ».  Order  (^Cdr.  T^eof.Ul)  ani 
therefore  it  is  the  fame  Thing  to  which  of  thefe  we  apply  the  Rule  ^  but  for  tbe  pre- 
sent DepEiooftratioo  we  muA  take  it,^  the  a  Term  of  tbe  n  Order  y  and  then,  I  fay>  j^ 
the  Rule  is  good  in  .one  Cafe,  or  for  one  Order  of  Triaogulars,  as  the  »  Older,  it 
will  therefore  be  .good  in  the  next  Cafe,  or  the  n-j^i  Oxder^  and  confequently  ic  is 
fpoA  in  aU  fuperior  Cafes  1  and  to  prove  thif.  firft  confidec  the  ainnex'd!  Series,  where- 
lA,  becaufe  i  does  not  multiply,  therefbrp  Laave  omitted  it  i^  every  Term  as  ufclcfs, 
«Kcept>io.the&fliTefm,.whichia-it.{elf  i«  . 


aridtbc'p*edcdta^^(-fto  rf  'TK^^ai^^crm^of  the  Series  for  the  Or- 

der 15^-1  in^  bc-cxpreffled  J^  x  JILvSff.  t;o-^i^  iiicliiiiiv^5    atid   the  preoeding 

Tcfittii*  tha:dbm'^:tln^:^:^^C.^  alfe  the' Collateral  Tdrni  of 

thcScriclfci't^itX>deI^•;^is'dl''X*+l^^^^  NoW  tlit    SUin  .of 
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Triangulaw  of  the  Order  ii,  according  I  ^J^  ^  £.x  Sil  ^  i  )clilx  ilti-  5^^.  j 

to  the  Rule»  j'Tia^ia  3 

it^^K^^  hang  i^  im  ^  mcttmt>  tSc. 

Order)  >'        iat  %        3 

Trkagttkrs  of  th#Order /»+i  accord-  T  ^n±t^^  2±!x2±i .  f±i)od:ix  2±i.  CTc. 
ing  to  the  £rme  Rule.  ^       i  i        a  i        a  3 

Now  'tis  plain,  that  the  Terma  ef  Ae  kft  Series  ik^  the  Tritngulara  of  the  Order. 
fT+r,  according  to  the  Itilfe  5  and  tliat  they  arc  truly  the  Numbers  fought,  uoon 
Suppofition  that  thofc  of  the  former  Series  am  tho  Triangulars  of  the  Order  »,  I  thus 
tbcw.  By  thd:  Ofefemtkin  made  tlprtt  the  Conrtruftion  of  the  Table  of  Triangulars, 
every  Term  of  any  Order  i^  theSum  of  the  Collsteral  Term  of  the  preceding,  and  the 
prece^ng  TVrrti  of  the  giveti  Order  ^  im  comparing  the  aa  and  9d  S'cri'es  (i,  e,  the 
Series  for  the  Order  »,  tod  that  for  the  Order  n+i)  it*8  pfen  that  the  lait  is  comr 

pesU  accofdifig;  to  durt  Propcvrf  novtr  mtotiofi^d  ^  fifM-  i^ea^,  the  &ft  Terms  f  i  +  — 

=5afil(/.  /.  the,  34[Tcrm  of  the  Older  )P+r  w^\  to  the  id  Tcim  of  <hc  Order  5, 
r  

and  rft Tefffi  of  theOrdcr^+i  5)  ?!±!  x  i^+?±l  (=^'  x  1.+ 1  ^3=!!±Ix^. 
Agam,  dixtbxiH-thx^^  (±=H:ix2i2xJ!L^J7\=?±?  x!±?)C 

'^  I  a         3         I  a  I,        *3  ^  *  * 

^iri,  ami  fe'oii.^*  fer  it's  tftaitffe^,  thafFaccofdii^  as  thtffe  two  &ries  prbteed,  they 

3  -  ,  •  ' '  '  . 

muft  always  have  the  fame  Connexion,  viz.  that  any  Term  of  the  laft  is  the  Sum  of 

the  Collateiol  Term  of  the  former,  and  the  preceding  Term  of  the  fame  laft  Series. 

^here^e  if  the  former  is  the  Series  of  Trian||iiiars»«'t4ie  Order  »-,  the  bft  muft  bp 

thai:  of  the  Oijder  fl+i.  .  ,  ^ 

But  the  Rule  h  t^ue  wl^ed^applj^d   bo  the  nrft  Order  or  Series  of  Units  ^  for  - 
here  zp=ij,ai(rd  licfice,it',6  plaia  .that  the  Numerator,  and  Denominator,  in  every 
FaHorare  equil^'and  therefore  they  afc  <adk  cquiit"*tfo  r^  jtcnce'^verj^T^fitiyiof  uhe 

Series  is  i^  ,  . .       ^  '      '  v    V  '     ' 

Xajily,  The  Rule  being  good  for  the  nrft  Order,  it  muft  therefore,  by  what  was 
firft  proved,  be  good  for  the  lecond  Order,  and  fo  fo^  the  third,  and  all  the  following 
for  ever. 
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1±l%'±i. iSc.  and *±L x2±i  fScxl.  b  ss ?±f  x?±i{?f. xi+» ssthx 

?±ier(r.  ?±?.  the  Thing  to  be  proved. 

ScHOL.  As  thi*  ad  Rule  ha«  been  demonftrated  independently^  the  Rule  for  Co- 
cfiGcicnts  5  fo  the  Rule  of  Coeflbcienti  may  be  alfo  demonftrated,  by  Means  of  this 
Rule,  for  Triangulan,  with  the  Conefpondence  betwixt  the  two,  as  above  explain^. 

Thus,  the  n  Teim  of  the  a  Order  of  Triangulars,  being  i  x  ^  x  ^  £?c.K!li?rf . 

I         a  rf— I 

let  us  only  invert  the  Order  of  the  Numeraton,  which  does  not  alter  the  Value  of  the 

TotalProduft,  anditis  iX^!±f-Lx!!±^r^;ZL&c.xJf~.     Again,   Take* 

=/f4itf— 2,  imd  the  Series  is  i  x!^x  E^Tl  SSc  x^i:f+i '  wUch  is  the  Rule  fcf 

the  a  Coefficient  of  the'  m  Power,  as  it  ought  to  be  j  fince  it  is  Ihewn  that  the  ^Tcrm 
of  the  a  Qrfcr  of  Triarfgahrs,  br  the  a  Coefficient  of  the  n^a-^i  Power,  i.  e.  of  the 
i^Power. 

Hence  we  have  dfo  a  new  Rule  for  Coefficients,  whidi  is  diis  j  Let  /i,  or  rf,  be 
the  Place  of  the  Coefficient,  and  ^;^— 2,  the  Index  of  the    Power  j  then  is 

xx^x  ^Xl  8f^.'xi!rtfZ2,  die  Coefficient  5  for  this  is  the  a  Term  of  the  n  Order 
I        2  tf*"-i 


tf — ' 

of  Triangulars  i  which  is  equal  to  the  n  Coefficient  of  the  <«+«— 2  Power,  as  already 
Ihevm.  Alfo  the  n  Coefficient  of  the  a^fh-i  Power,  is  equal  to  the  a  Coefficient  of 
the  tf4-/r— ^  Power  J  for  if  you  call  a+»—i=b,  then  the  n  Coeffioent  of  the  *  Pow- 
er is  aUb  the  b—nr\-i  Coefficient  of  the  *  Power  (as  has  been  Ihcwn)  that  is,  the 
tf-j-«— 2 — «+*  (==^)  Coefficient  of  the  a-^-n — 2  Power. 

in  the  laft  Place  we  fhall  fct  before  us,  m  one  View,  thefc  two  Rules,  as  they  re- 
late both  to  CodGcients  and  Triangulars. 

.U.ik  aUb  lhe\Coefficient  of  the  tf  (= 

I         a  3  ^— I  j^  Triangular  of  the  *  Order,  or  b  Tron- 

V  ^^uhnrof  the  a  Order. 

fi     «X¥    .iX*  ^  1  ^    ^,>-L      O  or  ^  Coefficient  of  the  h  (ssH^*^*) 

=,xioc2±£x2±i«cc.x£±f=iZla33    Power. 

'        *  5  ^•"^  /Mora  Triangular  of  the  sorf^  Order. 

PROBLEM    II. 

'To  find  the  Polygonal  Kumber  in  any  Place,  of  any  Order,  and  of  any  Species. 

Rule.  Find,  by  the  laft  Problem,  the  Polygonal  of  the  given,  and  alio  of  the 
jpreceding  Place,  of  the  given  Order  of  the  firft  or  triangular  Species.  Take  the  Nun- 
^r  of  the  given  Species,  left  i  ;  by  which  multiply  the  Polygonal  found  of  the  pre- 
ceding Place  5  to  tne  Frodufl  add  the  Polygonal  found  of  the  given  Place  5  the  Sum  is 
the  Number  fought.  But  here  ^ferve^  That  in  every  Species,  esecept  the  firft,  the 
Orders  are  numbered  from  the  Polygons,  or  Sums  of  the  Arithmetical  Series,  whence 
they  proceed  :  Whereas  in  the  firft  ^)ecies  they  are  namber*d  fix>m  the  Series  of 
Units  J  To  that  their  Number  is  always  more  by  2  than  that  of  the  other  Orders,  at 
4he  fame  Diftance  from  the  Polygons.  Wherefore  in  finding  the  preceding  Polygo- 
.  nal  of  the  firft  Species,  tod  of  the  given  Order,  from  Polygons,  add  2  to  the  Number 
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of  the  giyeo  Ordtt^  ftfid  find  the  Polygonal  fix  that  Order,  according  to  the  pre- 
ceding Rules,  which  wxH  give  a  Polygonal  at  the. fame  Diftaoce  fiom  the  firft  and 
fimple  Polygons  as  the  given  Order  is* 

Mxatn.  To  find  the  4th  Term  of  the  jd  Order  of  the  5th  Species  ^  I  find  the  ;d  and 
4^1  Terms  of  the  5th  Order  of  the  ift  Species,  which  are  15,  35  ^  then  the  Number 
ofthe  given  Species  is  5,  and  i<iijf=^o  $  10  which  add  35,  the  Sum  is  95,  the  4th 
Term  of  thcjd  Order  ofthe  ^th  Species.    (48?^  the  Tabk.) 

DsMOM.  The  Rea&n  of  this  Rule  is  manifcft  irom  CoroU-  to  Tbeor.  II.  and  needs* 
DO  farther  Explication. 

« 

S  c  .H  o  L  X  IT  M,   relOfing  to  Problem  I  ^ani  IL 
Ftom  thefe  general  Rules^  of  VrobL  I,  and.  11..  we  may  eafily  dedace  particular 
Rules  ibr  p^cular  Series :  I  ihall  apply  them  to  two  Caies,  by  which  all  others  will 
be  eafily  underftood. 

lo.  To  find  the  Sum  ofthe  Series  of  Triangles  to  any  Number  {n)  of  Terms,  /.  e,  . 
to  find  the  n  Term  oCthp  Series  of  Triangular  Pyramids  or  Polyfenals  ofthe  ift  Sjpe* 
cies,  and  4th  Oi^der  fit^m.the  Scries  of  Units  (wnich  is  the  ad  Order  fiom  ^  the  am- 
ple Polyg^ns*)^  The  Rule  is. 

To  twice  the  Side  or  Place  of  the  Term  (ought,  add  its  Cube,  and  thrice  its  Square  $ 

th^  6i^  Part  ofthe  Sum  is  the  Term  ibught,  viz.  ^Ljt^lJL^  5  for  by  the  general  Rule 
o{<ProhkJn  l:  this  Term. fought  i&  i %!L x  g±!L x 2+;:=x  ^''t^^*+!£,  . 

12        i  6 

2^.  To  find  the  Sum  of  Polygons  ofthe  2d  Species,  or  Squares,  to  any  Number  o£ 
Terms,  #.  e.  to  find  any  Term  ofthe  Series  of  (quare  Pyramids,  or  Pblyffonals  ofthe  2d 
Species  and  4th  Ordor  from  the  Seri^  of  Units  (which  is^the  2d  Order  fiom  the  fimple 
Polygons.)    The  Ruk  i»  this  : 

•To  the  Number  of  Terms  added,  or  Place  of  the  Ttfrm  fought,  add  thrice 
its  Square,  and  alio  double  its  Cube  5  the  dth  Part  of  the.  Sum  is  the  Number 
fought.      Thus,    if  the  given-  Number  of  Terms  is.  n^   the.  Number  fought  is 

i£±i?l+l  :  The.  IfmpgathM  of  #hich  is  this.5  the  «  Term  of  the  4th  Order.oC 
Ttiangulars  (fitmjL  the  Seric*  of.Uditt)  u  sB2!±5*!ii2 .  (by-  the  lafty- and  the 

« 

preceding,  or  n-^t  Term  is  ix2Z2x^x  ?±£c=?!z:?:  but,  hy  Cofi^.ltbitmM. 
the  /^Term  ofthe  2d  Species  is  the  Sum  of  the  n  and  n-^i  Termsoftheift  orTriangu?- 
lor  Species 5  $.  e.  < — -~-^ — + — 7-^=5 ~ — ^.  . 

o  .  o  ,  0  .^ 
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Tslke  ^e  .Series  of  fimple  Poiygpns  of  amr  Species,  gfter  the  >xft,-  f  0  any  Nttitol>6r  of 
Terms  $  and  take  the  Series  ofTriangulanot  any^Oider  after  the  ift  (numbering  the  Or- 
ders of  thefe.firom  die  Series  of  Units^  to  the  fame  Number  of  Termv  $  place  the&  re- 
vcriely  under  the;other,  and  multiply  thecorre^ondii^  Terms  (as  they-are. plac'd} 
of.  the  one  into  thofe  of  the  other  5  the  Sam  of  the  Produds  is  equal  to-a  Term  ftahd- 
isig  *in  jhe  Place  ezprefs'd  by  the  giren  Numben  of  Terms,  of  the  Oitkr  esoNrcfs'd 
by.  I  morsithao  the  given  Order  of  Tna^pilars,  »and  of  the  given  Species  of  Poly--' 
gG«ial4«.. 


4oS 
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6  .  If  .  i9 

15  .     5  •     I 
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JBci^^  The  ^xangulait  tt>  th^  4^  Term  of  the  ift 
Order,  are  r  .  ^  .  15  .  28  5  ^c  Ttkng^aw  of  the  5A 
Order  (from  Unitt)  arei.^.f5.35z  which  placed 
qnder  the  other,  and  multiplied  g€  in  the  Margin,  pro- 
duces 2a8 )  «rb4ch  is  the  4th  Sexangular  of  the  ^th  G^- 
der  from  the  fimj^e  Hexagon  (which  is  here  the  rft  Or- 
der) for  this  is  I  .ii$.  15.285  the  ad  Order  is  1. 7.22.505 

the  5d  Order  is  i .  8  .  3c  .  80  j  the  4th  Order  is  i .  9  ;  ^p  •  119  5  the  5th  Orfcr  b 

1 .  10 .  49  .  16S  5  the  dth  Order  is  i .  11  .  5o .  228. 

Demon.  The  Reafon  of  this  is  plain  from  the  following  Table  5  wherein,  if  i .  ^ . 

b .  c  .  d  .  &c.  reprelent  the  Polygons  of  any  Species,  theie?eral  Orders  of  Sums  pto- 

^ceding  i^rom  tbefe,  are  evidently  as  in  this  TaUe. 


I 

b 
c 
d 
&c. 


1+4; 

x^a^rb 
&c. 


2'4-^ 

3-^2^"+^ 
4-4-3^- ^2^*4^^ 

5-j-4^-j-5^f-2^-|-J 

&e. 


And  it  is  plain  al(b,  that  the  Terms  or  Sums  in  each  Order  are  according  to  the 
theorem  5  becanfe  in  the  2d  Order  they  are  the  Sun^s  of  the  Series  of  the  fim  Oder, 
multiplied  by  a  Series  of  Units  (which  is  the  ift  Order  in  Triangulars)  t^en  the  Multi- 
pliers  in  all  that  follow,  are  manifeftly  the  Sunos  of  the  preceding  ccmtiiMmDy,  from 
th.e  Series  of  Units* 

CoRQLi;..  Hence  yc  learn  a  new  pra£lice  $>r  fin4ing  th^  Polygon^  io  any  Place,  oi 
any  Order  and  Species  after  the  ift,  viz.  by  having  the  Series  of  ^e  iftOrdeiofaDy 
Species  (a^ec  the  ift)  and  the  Series  of  the  Triang^Iai^  of  the  Ord^  z  tefs  than  the 
oth^r  :  But  this  npt  tieing  &  eafy  a  Pra^liop  as  that  in  the  precedii^  ^r^lm^  I  h^^ 
chofen  to  exprefs  the  Rule  in  the  Mawer  of  a  l['h$Qremi  regarding  it  coil]^  in  general, 
as  a  Cofineclion  difcovered  betwixt  the  Triangulars  and  the  other  Species  of  Poly- 
gonals. 

Theorem    V. 

Jf  we  take  ih^  ProgeeflioD,  i  •  2  •  } .  4  &c.  and  the  Seriea  of  Triangles,  which  are 
the  Sums  of  the  former,  i .  3  .  <^  .  ip .  15  &c.  then  take  the  Series  of  Ratios  of  the 
fever4  Te^ms  of  the  li);  Series^  cooqiparing  qacb  Term  to  the  fdlbwkig^  in  a  continued 
Order,  as,  i  :  2,  2  :  3,  3  :  4,  &c.  Alfo  take  the  Series  of  Ratios  of  the  2d  Scries, 
beginning  at  the  2d  Term,  and  proceeding  diftoncimiedly  ;.  thus^  3  :  d ,  10 :  15,  &C' 
Thefe  two  Series  of  Ratios  are  the  fame  5  thu^,  i :  %  :  :  3  :  <^,  2  :  3  ; :  10:  15,  2im1 
fb  on. 

Demon.  I  have  in  the  Margin  placed  the  2  Sc- 
ries, aocoeding  to  the  propofed  Correibondence  of 
their  Rarios.^  and  fefiur  as  it  is  earned,  the  Truth 
of  the  T^becrem  is  plain.  But  to  fliew  the  Reafon 
of  it^  and  that  it  niuft  be  fi>  for  ever  ^  in  the  ficft.  Place  obfirvey  that  the  Antecedents 
in  the  feveral  ^.atios  oi  th^  ift  Series  (1.2.3.  ftc. )  exprefi  the  Places  of  thefc 
Terms  ^oni  the  Bflg^noiagr  y  and  thei&veial  AntDcedi»(B  of  the  Ratios  tdcen^io  the 
2d  Series,  ftand  ii^  tbo  ffiv^rat  eitea  Bleces  of  the  Series,  <\  e.  ia  the  ad,  4^^  ^^» 
^c.  Places  }  but:  tb^  Sprii:s  of  ^ron  Nju^ben,  2  .  4 .  i(  &&  ate  tiie  Itaibtcsof  the 
refpeflive  Terms  of  thie  natural  Progreffioh,  1:2:3:  &c.  which  being  all  Antece- 
dents of  the  Ratios  taken  in  the  iff  Series,  it  follows,  that  the  Antecedents  of  the 

federal 


'1:2,     2:3,     3  :    49    &c« 
3  :  dy.  10  :  1-5,  %l  I  ag,  ficc« 
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fev^  H^oir  ii^  Ae  id  Series  are  in  fiieh  Places  of  that  Bentn  as  are  e3tpi%£fed  by 
double  the  Atitecedetrt  oftfae  cdrttQwoJefrt  Ratio  (nutliberM  (hmt  the-  Be^imttDg  of 
the  Series  of  Ratios)  in  the  ift  Series  5  tbus^  }  •  4  is  the  3d  Ratio  of  the  ift  Series  5 
and  the  3d  Ratio  ot  the  id  Series,  n  ti  x  z^^  whofe  Antecedent,  21,  ftands  in  the 
^h  (^2X3)  Place  of*  the  Series,  ^iitm  to  Ihew  that  thef^  coitefpoildent  katio^  are 
eduaf,  take  any  hiro  Terms  adjacetit  in  the*  tft  Series  $  they  tttay  be  estpreiled  n :  jT-f-t, 
which  mAt  toe  ^th  Ratio  m  the  Order  of  Ratios,  as  ^dj  are  taken  out  <k  the  tfl: 
Series  v  And  by  what  is  laft  /hewn,  the  Antecedent  of  the  ^th  Ratio  of  the  id  Series, 
accbwlifig  to  the  Manner  ot  takihfe  fhcfn  thene,  ftands  io  the  ±n  Place  of  that  Series  5 
and  cotile^ue^tly  it  is  the  Stim  6f  the  ift  Series  to  the  z;yth  l^erm  5  which,  by  the 

.; ^«        2J!> 

RtflAe  of  PcOtfwffioikai  19  zit^i'A^^^^n^t^ilm^tMr^i   <n^  ^^  Ckmfeqaent  or 

2 

nc3ct  gfcater  Tferm  in  the  Series  of  Sums  fnuft  Be  'this  Sum>  with  the  Jbllowing  Term 
cfthe  ift  Series,  which  is  a»+i  5  £0  tbeConfequent  is  xn*"\-n  +  2»-|-i  =  2»*+3«+i. 
Then  lafi^^  n  :  «+r  :  :  m^+f^  j  »»*H-3^-ri  5  bccaufe  the  Produft  of  Extremes 
and  Jd«ui»are  equalf  w©.  ft»'-f-3;»*+i!r. 

T  iriE  0  n  t  M  VL 
Take  the  natural  Series,  i,  2,  3,  &c.  alfo  the  Series  of  its  Sum,  or  Series  of  Tri- 
angles, 1 .  3  .  d  .  &c.  the  Seiies  of  Ratids  prOceediilg  fiom  the  Comparifbn  of  every 
Term  of  the][ift  Series  to  the  2d  from  it,  or  next  but  jme,  as  i  :  3,  2  : 4,  3  :  5,  &c. 
are  the  fame  as  thtfb,  f^ieh  ]^eed  frofn  the  CdiO^fii&n  of  eveiy  Term  of  the  2d 
Series  to  the  next,  as  i\:  3,'  3 1  (^,  61  1^  &c. 

Demon.  Let  n  be  any  Term  of  the  ift  Series,   and 
fi^i  the  2d  above  it  5  theh  is  the  n  Term  of  the  2d 


8erife  ^d:2^,  and  the  hMt  Tdftn  abOf;i  it,  of  tbe  ^H+i 


•tdrm,  i^^-r^^H^  .  but  it's  plain,  that  /^ :  *-f  2  : : 

2  ^    ■        _^^ 

»x>?f]r  r  JH^xi^fT  J  or  as  ?^55  ,  ^^tH^ 


J  •  2  .  3 ..    4  •     5  •    ^• 
I  .  3  .  ^  •  io  .  t  J  .  2t, 

1:3*  a;4»  3''   5»  4*   ^• 
i:  J,  3;^,  <^»io,  10:15. 

Ac  Thing  to  be  jrovfed. 

T  H  S  O  Bi  £  M     VlL 

TM^  ai^  three  adjacent  Triangles^  and  betwixt  the  lefler  and  the  middle  one^ 
^acf!  tjae  Number  next  ieAcrCviz.  by  i)  than  that  middle  one  5  and  thefe  lour  are 
Goometri94'y  Proportional :  Thus  for  Example^  ^  •  la.  15,  ^  three  adjacent  l^ri* 
aoglesj  and  ^ :  p  i  :  10 :  15-  ^  ...  ^ 

Demon.   Take  three  Triangles   ftanding  in  the  H — r,  />,   andjs+i.  Places  5 

they  arc  .£^1^1  i  lEi^  j  *Eii2±i  j  ftom  the  middle  one  3?J11  take  r. 

^  %         a         ,  a       a 

the  Remaind*  «  W^^^^.  ,  and  ^'^^^  :  SiA^Ti:  ,Hltx«  ,»+2iX.«tf , 

'      '  *.  'a  2  2  2 

as  win  appear  from  the  equal  Produ^  6f  jtxtr^mes  and  Means  ^  and  to  do  this  more 
0afily,  becaufe  the  Denominators.  areaB  opal^  we  may  caft  them  a&  out  ^  and  then 
ttffo  obifervei  ti«  n-^ixn  :  *Hhi?^^HHj  '  ^  '  *^*  '  vrtiettfcrc  ^e  need  only  try  the 
$5'roportl6ttallty  of  thcfe,  n^ft—x  t  ^+tx»-n^:  t  ;y  ?  ^+i,  /.  e.  nn-^n  :  ^^z^-f-;*— i 
:  £  »  :  /i4-2,  in  which  «« — /r  X  »^ = /n/j+zi— 2  X  j^  5  therefore  the  4  are  s  -•/,  '-  ^• 
the  Namocrs  propbfcd  are  : :  /.  ^      ' 

G  g  g  CoKOLIi^ 
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CoROLL.  The  Prodtt£l  of  any  two  Trian|^e8|  betwixt,  which  there,  lies  but  one 
other  Triangle,  is  an  Oblong,  whofe  greater  Side  is  that  interjacent  Triangle. 

^  Lemma* 

Take  the  natural  Pfwreffion,  z,  a  3,  &c.  and  after  the  ift  Term  i,  take  die  Sum 
of  every  twofuccei&ve  Tenns,  thus^  i,  a+3,  4+5i  <^+7  &c  you  have  hereby  a  Sc- 
ries of  Numbers,  -r-/  with  the  common  Difierence,  4.  Thus  the  preceding  Series 
is  I  .  5.  p  •  19  .  &c. 

Demon.  The  Reaion  is  plain  from  this,  That  every  Term  in  the  natural  Series, 
1.2*3.  ^^'  exceeding  the  preceding,  by  i,  betwixt  any  Term  and  the  oext 
but  I  (Or  the  ad  after  itj  the  Difference  is  a  5  confcquently  the  Difference  of  the 
Sum  of  any  two  adjacent  Terms,  and  die  Sum  of  the  next  two  adjacent  Terms,  mxA 
be  4  9  therefore  the  Series  of  thefe  Sums  are  in  a  conftant  Difference  of  4  5  which  isaifo 
the  Difference  of  i,  and  the  ift  Sum  1+3 • 

Theorem  VIII. 
Every  Hexagon  is  alfo  a  Triangle  5  and  particularly,  all  the  Triangles  in  odd  Pb- 
COS,  as  the  ift,   3d,  5th,  &c.  maxe  die  complete  Series  of  Hexagons :  As  here, 

i»2\3.    4.    5.    € .    7*    8.    9 


■^pi 


Triangles  i .  3  •  ^  •  10  •  15  .  ai  •  28  •  35  .  45  ^ 
Hexagons  1    16:      ij      :     a8      :      45 


ilMM* 


I     .     5       .       9      .      13      .     17 

Demon.  Hexagons  ate  die  Sums  of  a  Series  -f-/,  whofe  firft  Term  is  i,  and  the 
common  Difference  4  (as  i  •  5  •  ^  &c.>  and  the  Triangles  are  the  Sums  of  the  natu- 
ral Scries  (1.2.3.  &c.)  but  taking  thiis  laft  Series  in  the  Manner  mentioned  in  the 
preceding  Lefnrna^  vi».  i  :  2:4-3  : 4+5  r&c  we  have  a  Series  beginning  with  i, 
and  pmceedine  with  the  Difference  4  5  conlequently  the  Suras  of  this  Series  are  Hex- 
agons 'j  but  irs  plain,  that  they  are  alio  Sums  ot  the  natural  Progreffion  taken  to 
every  odd  Number  of  Terms  $  for  they  are  i,  1+2+3,  i+2+3+4+5,  &c  ^ 
confequently  they  are  all  the  Triangles  in  odd  Places. 

Othcrwifc  thus  5  If  you  number  the  odd  Places  of  anv  Scries  by  themfelvcs,  and 
compare  the  Number  in  any  odd  Place,  with  the  Place  ofthat  Term,  as  it's  nombcr'd 
with  all  the  Terms  of  the  Series  i  then  if  to  the  Number  of  the  Place,  in  which  any 
odd  Term  ftands  in  the  whole  Series,  be  added  i,  the  Half  of  the  Sum  expreflcs 
what  Place  it  ftands  in  among  the  odd  Teems  number'd  by  themfelves  5  ttms^  The 

9th  Term,  in  the  Whole,  is  the  jth  ^=?i£  \  Term  of  the  odd  Places  numbered  by 

themfelves  5  the  Realbn  of  which  is  obvious.  Again,  Any  odd  Number  may  be  ex- 
prefled  a)H"i>  and  if  the  Sum  of  the  natural  Series  is  taken  to  the  211+1  Term,  it  is 

^+1 X ^l'^^-  _4^>>+<^g-f2 = mn-^^n+i,  which  is  a  Triangle.    Then  to  thckft 

Term  (or  Number  of  Terms)  added  in  this  Sum,  vis)^  to  2i»+i,  add  i  f  the  Sum  u 
2x1+2,  whofe  Half  is  >y+i  5  which,  by  what's  ihewn,is  the  Place  of  the  Number  a4+F> 
among  the  odd  Places  of  the  natural  Series,  number'd  by  themfelves  ^  wherefore,  £od 
the  9+1  Hexagon,  and  it  is  znn*\%n'\-i^  which  is  the  Triangle  already  found  in  the 
^fi^i   Place :   For  Hexagons  proceed  fiom  a  Series  -^/,  whofe  Difference  is  4^ 

where- 
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whcfdore  the  «-f-t  Term  of  that  Soies  k  i+^ff  $  and  hence  the  Sum  of  the  Serlei  to 

die  •+!  Tenn  is  "^y^^ *+^ =^*+^*+*^ TT*+iff+r 

a  a  , 

T  H  B  O  R  B  M     IX. 

If  the  Sums  of  the  odd  Series,  i  .  3  .  5  .  7  &c.  are  taken  continually  from  the 
Beginnings  they  are  the  Squares  of  the  natural  Progreffion,  1.2.3.4.  &c.  Or  thus  ^ 
Eyerv  Square  Number  is  the  Sum  of  the  Terms  ot  the  odd  Series  taken  from  i,  to  a 
Number  of  Terms  equal  to  the  Root  of  that  Square. 

Odd  Series  ■■  1.3.5.    7  .    p  .  11  .  13  .  15  •  &c. 

Their  Sums .  i  •  4  •  9  .  id  •  25  •  3(^  .  49  .  (^4  •  &c. 

Square  Rms  rf  the  Sums  1  .  %  .  ^  .    4.    5.    6  .    7.    8.&c. 

Dbmon.  The  Truth  of  this  Propofition  you  fee  (b  far  as  die  Series  are  carried  ; 
and  that  it  will  be  lb  for  ever  we  have  afready  demonfttated,  in  Cor.  4.  ^ roW.  V. 
Cb.  II,  &c.  where  it  is  (hewn,  that  the  Sum  ot  the  odd  Series^  i  .  3  .  5  .  &c  is  the 
Square  of  the  Number  of  Terms. 

Sut  there  is  another  more  namral  Demonftration  of  this  Truth,  deduced  from  the 
Confideration  of  fqoare  Numbers,  and  their  Compofition.    Thus  ; 

i^.  Take  the  natural  Prc^reffion,  i  •  2  .  3  .  &c  and  the  odd  Series,  i  .  ^  •  5  •Sec. 
the  feveral  Terms  of  the  natural  Series,  1.2.3.  ^*  exprefs  die  Number  of 
Terms  from  i  to  any  Term  of  die  odd  Series,  or  to  any  Term  of  the  Series  of  their 
Sums  5  but  from  the  Nature  of  Piogreffions,  and  particularly  of  this  odd  Skries,  any 
Term  of  it  is  equal  to  die  Sum  of  i  (the  lefler  Extceme  1  and  2  C^he  common  Difie- 
fence^  multiplied  by  the  precediog  Term  of  the  natural  Prog^ffion  (which  is  the 
Komoer  of  Terms  Ids  i.) 

2^.  The  Difierence  of  any  two  (quare  Numbers,  whofe  Roots  diflfer  by  i  (and  fuch 
uxc  every  two  adjacent  Terms  in  the  Series;  i  •  2  •  3  •  ficc.)  is  equal  to  the  Sum  of  r« 

smd  doable  the  lefler  Root  3  thus,  ^i*= ^ *+2ii+i '  j  fbthat^,  and^i%  diflerby 
2Mr\-i.    Hence, 

j'^.  I(  the  Sum  of  the  odd  Series,  carried  to  any  Number  of  Terms,  is  the  Square 
of  the  Number  of  Terma  («.  ^  of  the  correfpondent  Term  of  the  natural  Progr^on, 
I  •  a  .  ^  .  &c.)  £0  will  it  be  if  carried  to  one  Term  more  3  becaufe  that  next  odd 
Tcim  is  equal  to  the  Sum  of  i,  and  double  the  precedii^  Root  (or  Term  of  the 
Series,.  I  *  a  •  3  •  ^c.)  which  is  alfo  the  Difference  of  two  Squares,  whofe  Roots  dif- 
fer by  1  ^  as  it  is  in  the  ore&nt  Cafe.  But  we  fee  the  Truth  propofed  as  far  as  we 
have  carried  the  Series  ^  therefore  it  muft  go  on  fo  for  ever. 

COROLLARIES.  . 

jjt.  The  Difference  of  any  two  integral  Squares  is  equal  to  fome  onct  or  the  Sum 
of  u>me  two  or  more  Terms  of  the  odd  Series  :  More  particularly,  it  is  equal  to  the 
Sum  of  all  the  Terms  of  ^hc  odd  Series  comprehended  betwixt  that  Term  (inclufive) 
whole  Place  in  the  Series  is  the  Root  of  the  greater  Square,  and  that  Term  (exclu- 
five)  whofe  Place  is  the*  Root  of  the  lefler  Square,  /.  e.  aH  the  Terms  front  that  one 
(inclufive)  which  ftands  over  the  greater  Siquare,  and  that  one  (exclufive^  which 
ftands  over  the  lefler*  ^  if  if  teprefonts  ;die'  Place  of  any  Term  in 'the  odd  Series,- 
and  m  the  Place  of  any  lefler  Term  3  then  are  0,  m — i,  the  Roots  of  two  Squares, 
which  differ  by  the  Sum  of  all  the  Terms  comprehended  betwixt  thefe  Extremes,  in- 
cluding bodi.    3ium.  49-^9^-Hp+'i+*3-    Hencet 

Ggg  a  a  J. 
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oi.  ft  cannot  be  die  Btfticne^  af  aiiy  ftw^  Sfwros  I  lN((m^  it  ii  pot  ai^  Tpn^ 
nor  the  Sum  of  any  Terms  of  the  odd  ocrief^  the  two  Icaft  being  i-f-3^4. 

3  J.  If  the  DiCFerence  of  two  Sottarea  is  oqaal  «o  the  Sum  of  aU  uieTcnmt  of  tVe  odd 
Series,  from  i  to  any  aifigned  Term ;  the  greater  of  thefe  Squares  cannot  be  that 
correfiwnding  to  the  affigned  Teroi»  #•  f «  U  'C^90t  have  for  its  Root  the  Place  of 
(oJr  Number  of  Terons  mm  the  Beginning  to)  t^at  Tem  f  hc(;mC^  i>o  Mier  Sqoire 
can  differ  iiom  that  greater  one^.  oy  the  oom  of  aU  the  od4  Series,  fiiooi  i  Jto  that 
greater.    Hence  again, 

4rb,  I  cannot  be  the  Difference  ef  two- SfiiaKOS,  «^4  4  because  x-f*;  caospt  bs 
the  Difference  of  two  Squares,  whereof  the  greater  corre(ponds  to  ;  $  nor  is  4  any 
Term  of  the  odd  Series,  or  the  Sum  of  any  two  or  more  Tfirms.  ot  the  odd  Series, 
other  thai)  i-j*^.    . 

^fo.  Every  odd  Number  above  i,  and  the  Sam  ^f  wy  Noml^cv  ^f  Terms  ^jaceot 
in  the  odd  Series,  whereof  the  Icfler  is  greater  than  i,  is  the  Difference  of  feme  two 
Squares,  wboic  kootc  are  finiad  aa  in  ^  iicft  Or^rjf; 

ddi,  tf  we  cake  ^  MtHf»l  Secirs^  i .  ^ .  ^ ,  &c 

to  any  Nomter  of  Tenm,  aiid  mhW  it  f^  tUSe^ 

ries  of  odd  NumbcM,    <  •  )  *  5  t<&^  in  a  cpvcrfe 

Ti4-T8-LiT4^ir>4-Tc4.  is=        CWcrj  then  nUiliinly  ««cb  Tww  of  thc^wicio 

j^  4+  9+1  (J+zsi-S^—        Pwdufts.  i  equ4  *o  4c  «¥m  <)f  the  S^w^  ot  att 
^  '  thefe  Ton«s t>f Ihe fif ri0$4  r^a^g  ,(Scci. 

ScHoi..  That  neither  i .  a,  Dr  4,  can  bejche  DidcrOfico<^  ai^  twp  $<^Mce^  nsy 

Be  crfly  ffccwn  otherwife  5  thus,  n*  and^-f*'*  (■Bqn*4**+»)  4*^  *>?  i«-fH,wfcMh, 
it*s  plain,  can  neither  be  i  .  2,  nor  4  ^  and  the  leaA  at  can  be^  as  $^  a»i».  whea  ^^^i* 
if  tve  take  two  Roots  diffemgnofe  than  r,  as, /»,  s|4^  dieir  Sipitfca  dtfb  bjr 
znd-^dd  4  which,  it's  maniCeir,  exceeds  43  for  JJ  is  herp,  •  at  loaft,-.  4  ^  ^  \m% 
greater  than  i.   . 

A  psMtiqubo:  Ufe  and  Applicalioh  oP  Iflno-of  iheCb  ConilJIaiiM  yonHi  fiod  afters* 
wards. 

T  H  E  O  li  £  M     X. 

Take  the  Series  of  Triangles,  i .  3  .  tT .  10  .  See.  Then  take  the  8iK»  of  every  two 
adjacent  Terras  continuedly,  thtis,  i-f-j,  3-J-^,&c/  The  9<tmsaf^  the  &ris«  of 
Squaresof  the i^itural  PrcgreflSon attet  i  5  as'intbc Marrin." 

Dempij.  ^h'  -fM^^  fii^  *e  ^, 


I?  •.  2  •   3  •  4  •  5  •   ^ 

ir   -   9  •    7  •    5  •    3  •    I 


I: «  2  •  3  «    4 ..    5 ..    <^  iJat^  Series 
I  .  3  .  (^  .  10  .  15  .  21  friaagie 
I  .  4  .  9  .  icT  .  25  .  3d  5^»^res 


compared  with  (Tor;  r,   JT^e^n  B.    F« 

the  Sums  of  tlie  Series,    1  ,.•  3,5  .&c. 

are   the  Squall  4of  the  «aitiim  Seiies, 

1.^.3.  &c.  by  the  laft,  and  by  Cor.  i. 

XJbeer,  U.  the  Sum  of  every  two  adjacent  Trianeks  is  t&e  Term  of  the  Quadrangles 

(or  Squares)  collateral  with  the  ^atcr  of  thefe  Trian^ci. 

But  I  fhatl  alfo  demonftrate  this  iTbeonm  otherwife  x  thoB^  Trianglea  anetfaeSums 

of  the  natural  Series,  1.2.3.  ^'  ^^^  Sums  of  winch,  to  »,  and  m-^i  Temis,  are 

^+1,  and  ^?+?^+^  ,  which  ttrotheiefcae  the  two  julja^pgitTTianglea  in  the  g  and 

a  2 

1^1  Vhccs  5  but  their  Sum  is  f2db!2±!tt;^iHj.ai!>45«: 


-^    .........  . 

Thko- 


« 

Some  Triansles  are  alfo  Squares  :  And  if  bocbsijig  wAx  tiie  Vf umbers,  z  :  ^ 
y»u  nakc  asraer  Covplec  tm  of  riietn,  thus,  Take  ^  £um  of  tbafc  two  fer 
wie  Tern  (we.  2-^)=^)  liiec  to  th^  Sum  add  tbe  lefler  Tci^rto  of  ilije  fame 
Conriet  iviz.  a.)  mA  make  Ihis  £am  C 54^2^=77)  liie  other  Tenm  s  Theo  out  of  this 
laft  Couplet,  5:7,  make  another  Couplet  in  the  fame  Manner  as  bdbre  ^  which  will 
be  la  :  if  {loia^  f4'>=^'^9  ^^d-  I2^5«^i70  And  go  on  in  this  Manner  for  c^er. 
Again,  Take  the  Squares  of  both  Terms  of  each  of  thefe  Couplets  ^  tiie  Produ^  of 
the  Squares  of  the  t^wo  Teems  of  every  Coiydet,  ace  all  Numbers  which  are  both 
Squares  ai)d  Triangles :  As  in  the  fidlo^iog  Scheme  ;  where  %6  is  a  Squaic,  wboiib 
&Mt  is  ^  5  and  u  is  a  Tciangle,  the  Sum  of  ^  ift  8  Tierms  oS  t\^  ogtuial  Seriitfu 


oA-rv 

rvA.T*«^ 

a     :     3, 

S     :       7. 

4    ;    9> 

9-S     '    AS, 

iH        • 

i>aj 

■     12     :       17,     &Ct 

..  Jiswn.  .1^.  The  i^tttt^QS  h^rfs  prpdwp4  W^:^V¥¥^^  7  ^*^»^9  t]^ey  ^rp  *he  Pxo- 
4uAi«f:tiwiiSqums  (Tifei^,  J?.  lU,  <^.  }.), 

1  *^.-  TJjif  y  0«e  :al&  Tf ian^iM,  <»r  |i^  Smpa^ f  jb^  fla,tun4  Series  tp  ^  cflrtw  *tJp!?)bc^ 
rf.T«iiifl4  »^hiArI.|»\r^tby/tjwfe 

(i.)  If  any  two  Numbers,  ^,  ^,  arc  fucb,  fjiat  ^iF^wfej^,  ,or  zOirr'i^  ^ea  is  4^ 
ri^^.£illlirf^n*«lftarrii8ws»S,  6«»i  :i  »tQ^^,  io  A^  (JJ^fip  ^fi^^a^i  -^  pr  fronj  J. to 
^,  if  *=2i— I ':  f<$r.if,te=;g<H^I,  Aqo  ve;*a,  an4  K  two^wqnt  Tera^s  in  the  na- 
tiM»l 0QrAes4  aflftdrtbe ^m  ofithe  S^if^ ^  Mt  '^.4k. ^  btqfaM&  ^2^4"^  Ac;  ^^^^  ^ 
Exwcmes^iwd  Ais  ihfi' H«tf»of  i*^»:tb^  l!Ju9ib««' ^i^  Terpv  s  Again,  l(  b^^a—x^ 
t|iefi.al&  are  J",  a4,  .MOi^fljierot  TjQims  >  the  iiaiim^l  Scriics^  and  tl^e  Siw  fo  ^  ^9 
a^  5  for  2i^  is  the  Sum  of i^  £0c|ren9^«l,  ^h^ft  fl^ff  4,  m^l^ipJiied  i^p  fhe  N^[|a- 
Wr  ^f  Ttfiwi,  ^«  gjiw  the  iSilm  s  !S^(faat:  i^i9f^:ft^beiOM^li¥^a  if,  that  the  Squares^pf  eaph 
Couplet  (as  4  :  p/or  25 :  49)  are^  fuch  Numbers  2a  a^b  are  here  {i]pp^(p4  i^P  W^ 
vfctfh«im^def»iit,tf)tts  r 

•  C*;)  Jf  aiq^  tmi  .liaribeis*  i«,  .*,  iwfcich  ;^w  «iPrffQPt*aivy<of  ifte  Qauplpfcs  flf  tfic 
itft.fciir)'Are;  fcdi,  dthat  arf^rftf  il=^*>5  .lh«n  J^t  4yh^  9%%^  Jeeprefqnt  th?  ncj^: 
Couplet  J  a^d  hereiij-will  be  2^^— ;r  ^=bb  :  Or,  if  it  was  laa — i  =^^  in  the  former, 
it  wiB  be  ii^+'i  a=*&  in  this:  Wbichi  thus  demonftfate  :  TheTcrms  of  oneCoup- 
Ict  being  called  a^  b  ^  the  Terms  of  the  next,  made  out  of  the  fenper  according  to 

the  Propofition,  are  tf+^,  and  la'^b  5  and  I  fay,  that  ixa^b^ — 1>  or  2  X  ^-[-^^  -^i 
i^  gg=  ?^^^5  uiccQpdittg  a»/2iM-ffi«  or  a^kl— >Sr  fs??^  ip  thp  i^m^x  Couplpt:  Per 
2X^4^* — i^=iaar]-^b-\-ibb'-Xr=^6aa']^^b-\-i  (by  fubftituting  iaa-{-i  for  ^^) 
ai&  ^^^''-^J^ar^r^+bb  =  <^^"t-4^^+^^  Cl)y.  thejwe  Subftitution.|  Hpa<;e  it 
is  .plain,  that  2X^/^  — i  =  2^+**.  Again,  2X<«4-^'^+i^3^^+4^H-2^^+« 
Saa^i^ab'^i    (by   fubfkitutittg  luftfr— x    for  bb)    and    a<g+i>*  =p=  ^a^-^^ab^bb 

6a/t'^4ai^^i  (by  the  fame  Subftitution)  whence  2X^4^*4^^  '^  2^1+^  :    ' 
(j;-)  The  xft  Couplet,  2,  3,  isftich,  that  putting-  a=s^  and  9=?=;*,  then  is  a^^/«-)-r« 
bb  r  And  tfiercfbre  in/th?  next  it  is  zda-^i'^^^bb  5  and  ib  on ^ alternately,  Jby  what's 

fticwn-inthefa!ft«tefy.  ^' -"  .'.-:. >j      ;:     ■ 

Laftly^  From  all  thefe  Prcmifes  it  follows.  That  the  ProduS  of  the  Squares, of 

each  Couplet  is  a  Triangle  3  for  by  the  firft  Step  it  is  Ihewn,  That  if  za-^iy  or  a^— i 

ia 
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is  =^y  then  \Bah%  Triangle.  Or,  which  is  the  fame  Thing,  fubflitate  aa^  bb^  ibr 
/I,  b  $  and  fince  it  is  every  where  laa^if  or  xa^^^tssbb  (by  the-id  and  jd  Step)  there- 
fore aaxbb  is  a  Triangle  (by  the  ift  Step.) 

ScHOL.  As  the  Truth  contained  in  this  Theorem  is  a  plain  and  diieS  Solation  of 
this  Problem »  viz.  To  find  a  Square  Number^  wbicb  is  alfo  the  Sum  of  a  certm 
Number  of  "Terms  of  the  natural  Series  1.2.  3  .  8cc.  80  we  have  here  alfo  leaned 
the  Solutions  of  the  foilowing  Problems. 

CoROLL.  I.  (fProbkm)  To  find  a  Number^of  Terms,  to  whidi  if  the  natural  Series  is 
carried,  the  Sum  is  a  Square  Number. 

Rule.  Take  any  of  the  Couplets  of  Squares  of  the  preceding  Scheme,  as  4  :  %  or 
25  :  49*  Double  the  lefler  Square,  and  if  this  Double  is  lefi  tbn  the  other  Square,  it  is 
the  Number  fought  5  but  if  it*s  greater,  then  the  other  Square  is  the  Number 
fought.  Thus,  8  (=2X4)  is  fuch  a  Number  as  is  required,  becaufe  8  is  leis  than  p : 
Agam,  49  is  fuch  a  Number,  becauie  50  (=:2X25)  is  oreatcr  than  49  5  and  ib  on  throudi 
all  thefe  Qiuplets,  double  of  the  lefler  Square,  and  tne  greater  Square,  are  alternately 
Solutions  of  this  Ptoblem. 

The  Rea(bn  of  this  Rule  is  plainly  contained  in  the  Demonftration  of  the  preceding 
Theorem  ^  for  it's  Ihewn  that  the  Produft  of  any  of  diefe  Couplets  of  Squares,  as 
^^x^%  is  a  Triangle,  or  the  Sum  of  a  certain  Number  of  Terms  of  the  natural 
Series.;  which  was  deduced  from  the  Suppofition  that  ^^ssaX^^+i*  or  ax^f— i; 
whereby  it*s  plain,  that  b'^  and  %a^  differ  by  i,  and  confequently  ftand  next  together 
in  the  natural  Series,  %a^  being  lefi  than  t^  m  die  firft  O^,  but  j^ieater  in  the  other  $ 
whence  the  Sum  of  the  Series  to  la*'  Terms  in  the  one  Cafe,  and  to  ^  Tenns  in  the 
other,  is,  bythe  Rules  of  Proereifion,  tf^x^\ 

CoROLL.  2.  CProbl.)  To  find  two  Squares  (or  two  Numbers  whoie  Squares  are) 
fuch,  that  the  greater  Square,  and  the  double  olf  the  lefler,  di£fer  by  i'. 

Rule.  The  Solurion  and  Realbn  of  this  Problem  is  plainly  contained  in  the  Theo- 
rem 5  for  the  ieveral  Couplets  of  Squares  (or  their  Roots^  whole  Produfb  are  both 
Squares  and  Triangles,  &lve  this  Problem,  becaufe  it^  mewn,  that  a^xl^  is  a  Tri- 
angle, for  this  very  Rea(bn,  that  2/Ttf+r,  or  %aa — i  is  =#. 

*  CoROLL.  3.  i^robl.)  To  find  a  Number,  which  added  to  its  Square,  die  half  Sam 
is  alfo  a  Sauare. 

Rule.  Any  Number  which  fplves  the  Problem  in  Cor.  i.  fblvet  this  alfi>  $  (or  there 
it  is  (hewn,  that  if  ^^xP  is  a  Triangle,  it's  the  Sum  of  zi^  Terms  of  the  natural  Se- 
ries, fuppofing  **=2X^*4"'  5  ^^  ^^^  Sum  of  **  Terms,  if  iH=s2/i*— i  5  but  the  Sum 

c}f  the  natural  Series  carried  to  any  Number,  as  n  Terms,  is  ^^^*,  which  in  the  pre- 
fent  Cafe  is  alfo  a  Square. 

$  3.  (3f  Prifmatick  Numbers  (fee  the  Tables  after  the  9th  Defin.  $  i.) 

Theorem    XII. 

TH  E  Collaterals  in  any  Placc^  of  any  the  fame  Degree  and  Order  of  Prifmaticks, 
are  in  Arithmetical  Progrcffion. 
Demon.  1^.  It's  fo  in  the  Collaterals  of  eyery  Degree  of  the  1  ft  Order,  becauie 
they  are,  by  the  Conftrn^ion,  Produfls  of  the  Collaterals  of  the  fame  Place  of  the  ill 
Ghraer  of  Polygonals,  multiplied  by  fuch  a  Power  of  the  Side  or  Place  whole  Index  is 
the  pegree  oithe  Prx&naticKs.  But  the  Collateral  Polygpns  are  in  Arithmetical  Pro- 
greifion  3  and  any  fuch  Frogreffion  being  equally  multiplied,  the  Produfis  ate  alfo 
^/. 

a^  Since 


it  u  {b  in  aU  the  Orders  of  Siinu  ^occediug  from  each  of  chefe  Dcgreei. 

T  H  E  o  &  E  H  XIII. 

JliePrifinauckiaany  Placeoftbe  ift,  or  Triangular  Speoea,  and  tft  Order  of  anjr 

Degree,  is  equal  to  the  half  Sum  of  thefc  two  Powers  of  the  given  Side  or  Place,  whofe 

In<£xc<  are  toe  given  Degree  -\-i,  and  -{-2  ;  thus  in  the  8tn  Place  of  the  3d  Degree, 

it  is  the  f.  Sum  (»  the  4th  and  5th  Powers  of  8. 


I 

3 

«  . 

10 

ift 

I 

ff 

18  . 

40 

>d 

I 

la 

U  ■ 

160 

^ 

I 

M- 

Iti  . 

640 

4X1. 

I 

48 

4iftf 

a5tfo 

10     Iriangki 
'   I  'Prifinstfcks 


Demon.  Let  n  be  the  Side  or  Place 
of  any  Triangle,   and  the  Triangle  il 

fclf  is  2;ii?  }  alfo  by  the  Omftruai^ 

a 
on  of  the  Ptifinaticks,  that  in  the  n 
Place  of  the  ift  Degree,  and  ift  Order 


8  g^ld^xg-^*'"^*'.    In  the  ff  Place,. 
a  a 

ad  Degree  and  ifl  Order,  it  is  ^"t^lxjjs^^t^  .  and  fo  on.    Umverfally,.  in  ihe  » 

Place  of  the  ift  Order  and  M  Degree  it  a  t rt?^.    Of  which  cake  Examples  in~ 

the  anncx'd  Schaae. 

Theoeem  XIV. 

Take  the  Series  of  Prifmaticks  of  the  ift  Order  of  any  Species^,  and  any  D^rec^  t/>' 
any  Number  efTerms  ;  allpr  take  the  Scries  of  Triangulars  of  any  Order  [numbering. 
from  the  Series  of  Units]  to  the  fame  Number  of  Terms ;  place  this  Series  under  tho 
(^er,  in  a  revcrfc  Order,  and  multiply  the  correfponding  Terms  t<^i;ther,  the  Sum 
of  the  Produfb  is  the  Pri&natick  of  the  given  Species  and  Deercc,  which  Ituids  in  the 
Flatt  expreded  by  the  given  Number  of  Terms,  and  of  the  Order  eitprefled  by  % 
niOTC  than  the  given  Order  of  Triangulars }  or  it  is  the  Sum  ofthe  Series  of  ftifinaricfcs 
of  the  given  Species,  Degree  and  Numlier  of  Terms,  and  of  the  fame  Order  as  that-  - 
<rf"  the  Triangulars. 

Enttmpk.  The  Prifmatickf  of  the  ift  Oder,  2d  Di^ree,  iff' 
f   :   i-a   :  54  Spccicsi  to  3  Terms,  are  1,12,  54  ;  the  Triangulars  of  the 

tf   t     3  ^     1  3  a  Order  f from  Units,  which  is  the  OiAcr  of  fimple  Triangles) 

.  ■  are  1  ,  3  .  tf  }  and  thefc  multiplied  reverftly  into  the  other^ 

(f.^_3{[-{-  54^9$  produce  gtf,  the  3d^Tcrm  of  ^  Prifmaticks  of  the  tftSpcciesy.. 

ad  Degree  and  4th  Order,  as  you'll  find  by  carrying  on  the 
Sums;  for  thefe  of  the  ift  Order  being  i .  ra.  54^  of  the  ad  Order  they  are  t  :  13  r 
tfyjofthcjd,   1.14.81;  and  of  the  4th,    1.1^.96. 

Demon.  The  Kcafbn  of^this  is  the  lame,  as  what  has  been  explained  in  Scboliuat 
to  Trol>f.  I.  for  finding  the  Polygwial  in  any  Place  of  a^  Species,  and  any  Order  after 
the  ift  $.  as  you'll  cafily  perceive  by  fuppt^ng  the  ExpreHions  there  aflUmed,  vizj. 
.  i.  C.  »,  &c.  to  reprcfcnt  the  S""'       "*"   '•      ■  •      i-  • 


1.  .a-&'C.a,  occ.  to  repreicnt  tnc  Series  of  Prifinaticks  of  the  ift  Order  of  any  Spe- 
cies and  De^eej  for  fince  the  different  Orders  are  the  continual  Sums  of  theprece- 
ding  in  Prumaticks,  the  fame  way  as  in.  Polygonals,  the  Conelu£on.  muft  be  the- 
fame  too* 
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The  Difference  in  any  Column  of  G>Qateral  Prifmaticks  of  tbe  ift  Order,  and  of 
any  Degree,  is  equal  to  the  Prodoft  of  thcf  precdrfent  Triangle  by  fuch  a  Power  of  the 
Side  of  tlie  given  CoQatefals,  wfaofe  Index  w  the  giten  Dagr^d  of  the  Prifmaticks.  Or 
alfo,  it  k  emia!  to  the  half  Diflference  of  theft  t«^o  Papers  of  the  Number  cxprcffinj 
the  given  Place,  whoft  Indexes  are  the  grren  Degree  more  i  artrf  thoit  2, 

Exam.  The  common  Difference  in  the  Cbflateral  Prifmaf ick*  in  the  ?th  Place,  ift 
Order  stnd  4th  Degree,  is  edual  either,  i*^.  To  the  Produft  of  the  7th  Triangle  mul- 
tiplied by  the  4th  Power  of  8.  Or,  i».  To  the  half  Difference  of  the  5th  and  tfth 
Powers  of  the  N  umber  8. 

Demon.  1°.  The  Difference  in  any  Coliton  of  Cottatenfl  Pol^ns;  k  the  prece- 
dent Triatigle  {Tt^vr.  If.)  and  tb«  correipeiiding  Ooltateril  PrflhiaticH  of  the  ift 
Ordef,  and  of  any  D^lnre,  nfe  the  Pradufw  of  tbefe  Odikfbral  fdhgokf,  bf  faeh  a 
Power  of  the  Side  ot  Place>  whoft  Index  is  the  Dejgtce  df  ftie  PrifiSatisks  (by  the 
Conftnlftion  of  Prifmaticks.)  Hence  the  Difference  m  thefe  laft  Collaterals  ©uft  be 
the  Produft  of  the  Difference  in  the  fehrmer  (vii9.  of  the  precedont  Triangle  J  by  the 
faifieMuMcr.  r  ,  .     .  -e,  /    7 

2^.  For  the  ad  Part,  fince  by  the  ijtb  Tlbearemy  tbe  Prifmatick  in  the  j»Placeof 
the  I  ft  Species  and  ift  Order  of  the  m  Degree  is-^T-   *!!. ,  and  that  in  the  n  Place 


,  J. 


of  the  ad  Species  is  /»"'+*,  fubftrafting  the  former  from  this,  the  Difference  is  n'^ 

a  a  a 

ComoLL.  The  t^riTmatick  in  any  Place  of  tbe  ift  Speciesi  «nd  ift  OtSer^  of  aay  Dr- 
gree^  is  an  Arithmetical  Mcaa  betwixt  theft  ki  tbe  Tame  Plate  of  the  ad  Species  iri 
ift  Order,  of  the  &mo  and  the  preceding  Degrees  ^  for  as  tb«t  in  die  gitcn  Segire  ii 
»*+*,  fo  that  in  tbe  preceding^  or  »»— i  Degice,  is  »*-»+*aasi*+S  Md  the  kiff  D* 
ference  of  thefe  is  tbe  Difiertace  betwikt  any  one  tf ^  dldn  afid  didif  Aiictetti^ 
Mean. 

Theorbm    XVL 

Take  any  Term  of  the  Triar^ira  of  any  Order  [tnimbdred  from  the  fimple  Tri- 
angles I  •  3  .  d .  t^c.}  and  the  Qollateral  Terms  of  the  fame  Ordci^  of  ther  tft^  ^Tri- 
angolar  Species^  of  aa  Aatiy  Degreeaaayoa  pleafti  from  the  fft  fitcceffively  of  Prifma- 
ticks ^  pbce  thefc^  orderly  in  a  Series  ^  and  uitdor  them  fet  the  Series  of  the  Coe&iencs 
f>elonging  to  that  Power  of  a  Biribiiiial  Rdot,  whoft  Indeit  ta  the  laft  Dcffte  taken  of 
the  Prifmaticks  &  multiply  tbe  correfpoifding  Terms  of  theft  t^o  Series  together  5  the 
Sum  of  the  Produd^  IS  tbe  common  Difference  in  the  Coltimn  of  Collatenii  Prifin^ 
ticks  of  the  next  higher  Place  of  the  fame  Order,  afid  laft  Degree  taken  in  the  Pitf- 
martcks. 

Exam.  The  TriangHhtf  In  tbe  ^d  Pldcc  and  id  Order  ia  Id  (4^9.  t+3+^)  AHe 
the  Prifmaticks  ii>  the  3d  Place,  ad  Order,  ifl  Species^  aftd  of  tftef-  ift,  id,  ^md^dDe- 

Sees,  ate  25,  ^7,  187. .  Agaiit^  tbd  Coefficiefitsof 
e  id  Ponder,  are  t .  3  .  ^  .  i  $  vMeh  mukiplieci 
into  the  former  piodiice  47^9  fho  commoii  Difitrenoe 
in  the  Collateral  Prifmaticks  of  the  4th  Plaee,  li 
Order  and  3d  Degree  5  as  youH  prove  by  can:>ine 
on  the  Tables  of  Prdmaticks  to  the  3d  Degree  and  :d 
Orden 

DemoN' 


10  •  a;  •    ^7  .  187 
1.3.       3  .       I 


lo-h  75 +^i  + '87=473 


N* 


'i^fft^' 


:Jiami»i  %?Ktl»  i«iiQip».JD>fliN;^fie4r4iivtf)iy.lQqtH^  i^  M  tbe  « .Plato of 
CoUatetal  Pnfinaticks,  tft  Degc^^  iai»4.  ift  Q^er,'' m  eqt|al  lo.the  iWn^r^f-  the  sce- 
ceding  Triangle  multiplied  by  (a)  the  Side  of  the  Collateral  Prifmaticks  (by  Iffo^. 
XV.}  But  that  precedent  l^i^de;  itiultipliad:by)i^i  produces  the  precedent,  or 
#— i!Fr^}na!dck,,5jft5pe6ie«firtftl)|^:««i  }ft;.a«re«  j-alfo  tfthat  precedent  Tri- 
«ig)e,,i(^';i%;Ml4^toirt,P|oduft,^..«^^  «»..^e,.n«(Kd«i9fc  Pri|ia|tick  ift  %- 

in  tbeie  CdQaterar  Prumatickt.        .'    ,     .  >  ,  -        ,      - 

i°:  Xet  VieTridigl^ln  thli'  ir  Pfitte'lAi  ^aB^^«i  anH  the  fevbnl  PMfiiiaticks  in  the 


•^T^c^rcTis'  s±ii^-?»^ff.  ' Agaiii,"  thi 


Agai 
a>-+-M  "    3M-W    f  4^         '  I    grcc  k  thcprtkiuaofthc  laft  Ditfercric^  by 


[^  -  ^icm  jMfifti  if  lot)  I  -Mifbjon^^  as  you  fee  ordered  ip  th?  anne^'J 

^   .  .•     ,^     " TT^ — ^     -r.'      '  n  I  jSchcnle  i!flic  Kuiui«r!  of  continuing  wiikli^ 

ift         ^H'     '      3*  ^     ^^  4*h'-  T     'fficwirpfibly  tfieT^tti  oOheTKeowm- 

in  the  feveial  Difierences,  ar€  evidently  the 
Coe&iqtlsi^^  BfF^fft  ^NHs^eicdiJ^^  P^Oi^ksj  Ifd  ih 

the  ift,  'ii,  ^,  arc  liiulilpiied  ^  i,  i^TEc  CSoefficients  tt  the'koot  or  ift  ftwcr  A}fz 

cients  of  the  3d  Flower  5  and  lb  it*8  plain  they  muft  go  on  for;  ever,  by  the  Order, of 
ConftroftjoDj  ** — '• — -i-^.-.   «•!  iiUttj ..  ;..«.. 

i\  That^tlM  ikne'TU^  nuftiiieiinifeiii  the  :ad.and  }aB..'the  fafiovringiOrdei^  of 
iA;  Stgkie'  olPBnifi»a&^  ia  esidimt  •Saop^Aii  CQ!nAn]£faoii(  of thefe'Difdcrsi^  viz,^.  Jhun 
thortMnxi^iili^iSuwofrdkfi^i^racbi^  tke  Btfferinte  m 

the  CoDaterals  of  any  Order  is  the  iSum  of  the  Di^&rences  inaftthaCflfiaitoil  Ck>(al9«i 
rf  the  preceding  Oraer  from  the  conr^fponding  one  bac^kwards. 


Jic»Cc>  llMift«lt4^tt)neti^^]!1^e  Qe^  of  Tjiangulaw  mentioned  injhat  Theorem, 
and  in  the  Manner  mere  explamed  ^  the  Si 


Order,  take  the  Scries  of  Dimtiic^iA  the  «v%^€dlamiirdf  kh^\1l^t)¥S6rd(avif 

n  crf'Triangulars  mentioned  in  that  Theoreoi, 
Sum  of  the  PnflKiasis  th*  Difference  flWght>: 
The  SLea&D  of  which,  is  tike  fame,  as'  t|iat  fo^  fin|ing  ^b^^Prifiriatictof  that  Degtee,  Or- 
der and  Place  ^  beoiafe  ^h^rDifl^rence  in  any  Column  Utlie  Sum  of  aU^'the'lKHb^ncds 
of.the  Qblttmos  of  thq  prc^ediiia  Gkdct  from  tHe  correftondilig  Pkce  backwjthlsy-'  ani 
tlie)^£fi»t  &^\b^fld^^  Cmme^i^abff  D^ndence  as  file  PlSmadck  NuIIiber9«Ietl]^: 
fdi^  J fo that  the  lame  DemonftratlQiLOiay: be  apply'd  to  thiaQife,  only  the  firft  Difie- 

llhb         ?  ^.1  and 


«ad dMhe «^ i^, #,  fte.  lepwfeat-Ad  flmitalPiiiiitiiiidi »<*» yttedfefcOnitr^aDd 
Acs  (be  ]>CBNdbatKO  i»m- be  inidl  n/4i>a«i  th«iut/ 

T.  The  Diffcfence  m  «ny  Gbknin  ef  Cbliil^nd  frAsm  (o^'F^iifaiai^  ift  l)^SRe, 
9ftONler>  fethe  Pwirfqftef  ittSiite  i«ir  A^rpteJeafeg'TA^       i^'tftil^  SMofisng 

jr,  and  Ae^ft'ctcdirtg  Triangle  ^,  Arf  pyeebfitijf  ftifci  kj^-iric^,'  sui^  tfe^tctw 

ia  tbp  CoUatertlPfiixD^Qrtbc  0.PlaceLia|b¥tbMTlK0irQ].4i4^^ 
Whence  ag^^    . 

^  a.  If  t9  the  Triangakr  Fniin  inamr  PIi^^l>e J^d^tbePfeanOiif  tKefi^)  i^^ 
t^/«.  the  preceding  Tmng|e^,  tEe  Sioe  of  dte  g^vcn  Pcifiiiv,an4  t|ici>iftfftCflLoraay  (x 
i^.CoA^raUt.theSiKu&iatheC^  t 


,1!  «»:OB.B  M  :^m 


B*  to  anyTiianflibrjPirnakVe  a^<fcd  dou^fr  of  its  GDBatena'THKMlcKtlii:  Sum  u 
•quarto  3  HmestBc  CpfliterjO' Triantafar  py*ataia. '   "  •'     i 

£iittm.  The  4.tk  Trungjilar  Prifin  i*-4»  4  fhe  4th  Triaiwle  u  10,  whofe  Double  is 
aoi  then. 4£>4ia<D=<ossj^ao.  and  2.9  U.tn^  4th  Tn^i^a£|r  Pyramid.  T^fcc  o4« 
£xaau4«»-eat  of  tlMamex'd  Table.       ■    •    '.  '    ,  '  , 

i^  -■■•.',,•:  •-.•^DEiioii:  T|»e  .Tw^Te  ^x  )*«!■"*  PI««5' 

1^  -.J  f  1^  ^^  jjAj;.;' .^o««i;tUio»^^Tc«»«^ 

9rifitts-:     t  .  *  ,  18  . '4CT.'75' T  tiiial    Pnigf^n^)    and    the  c«iefp<»l«if 
IriT*  k  SSSlkZ,  to  which  tddT'dMbift  the  Trisngle,  «Ab.  v«-^i,  die  Sam  » 


1  ft 


Which  i.ey.ar^'^^'^^H-^*-'      • 

Cofiitfttu  Hoiic^  we:haiige  mtpAitxUt  ftufe  fiuD(f iduig  jtlK.8ttiii;«f  ^W  Ssiie^ofT^- 
fldribv  ^  6<  90V  Teteiof<tinri9«Bi.iif:nS^^  ^JwiiikK  i^it^»^7iM^ 

The  OK  KM  XVtll. 
If  lur  angr  TriaoguHr  Pj^Ca  be  addc^  iur  correi^Qiiding  TjJMgK^die  Sam  is  e^ai 
tir  the  Siua  oF  the,  Coli^ral  ^riztmalM  I^qwilid. ,  aod  i$Qiure.  l^yrami  J. , 
^., J5c^.  40»  the  4tK.TriaM,i^1W^ 
J^.50«?^<Hr40kthc4tb$gi#c?,a^^  .         -i       i    ,,» 


.^^•li:-    o.-r-fP.    I:  I.I-     •  -^    71:     f.  •      .   ^-     •  * 


-!?45*'^ 


Pyramid 

U  ihe  Number  longht. 


both  by 'j. 

ir  Rule  lot  findingthe  Sum  of  theSnie* 
guaje  Pyramid  (or  Polycoiul  of  the  id 
pus^  find  the  correTpanJiiig  Triangalaf 
n  the.Coro//.  of  ]lft  Ti^mv)  and  lub- 
T>iaqgle  uid  iti  Jtnlm  j  die  Oifierence 


ScnottcM.  ' 


Ax  the  paaeaht  Rules  contuncd  ia  he  CottiBstries  to  this  znd  the  |»«cediog 
7^Ww»,  fcr  findins  die  Sum  oT  Trianf  in  ind  Square*,  depend  itnpiediatcly  upon 
tfaele  Theorema,  lb  tney  fappoTe  the  Tru  ii  of  Ibme  odier  Rules  lor  qnding  the  fame 
Nomben  ^  whkh  Rules  are  ufcd  in  the  I>  mooflntioa  of  the(e  Thcorcfns ;  tnd  there* 
fcwe  to  have  tbcle  Roles  demonftrated  independently  of  other  Rules'lbr  the  lame  Pro  ■ 
blemi,  diefe  Theorems  muft  be^dowottftisted  another  way  ;  but  wh;it'I  dcliga  here  is 
i)oJ».8Mtfa«v..33w  lonwwllwj^ndept  Vtifcre  ftfcre  »  np  fuch  Thing  as  a  acopral 
lt.dIe^i^t^OitHert  ai^pecies^  Pot^gcilal  Vtkrf>bB^  ii^  W  c^y  di^HTtwo 
wriculir  Role*  (or  Triai^^  and  Sqoues,  and  thcfe  they  dedote  'fiom  -me  fame  tV9 
Theorew,.  which_|liej  dofoonftrate  (mn  the  OxKonplation  of  t^e  Schetnea  j^r  Figure* 
into  whii^  t^  Islivnlb^  ue  di^^i  •■  tK^I^Teb^en  klready  explaiii^  in  the 

cut  ilielc  Demonfttattow.  f>  .  .  >  .   ^  .   . 


JTM^M^i 


^Ttttgtt-  ■ 


'i^fttn' 


\' 


I: 


*«  Wt  nvt  TOwjnJ"  ,tlic  lc«  Hand, 
do  p&uidyiiukc  the  C^aterd  Triaij- 
'      ^niaida.;  Md  4he  t 


'ni(i  on  the  ririit,  with  the  two  uppec 


iTBJmgfct,.,,, 
«Kh  equal  to  the  feimerj  M'the  « 

the  Tame  Xines  oTFaiats  arc  only  d2^ 
poftdkuodKrFmm. 


4^0 


OfFt^SmNiM^I 


JBook 


xvyi. 


r    t 


3ria»£h 


t  • 


iPriJhi 


I  "  •  t  * 


J ' 


V  •  .' 


'•  « 


,i 


i: 


J« 


'*''  ..II    •  I 

•  111     I 

••     .1-  )     • 


.  Ip  d^e  ift  Part  of  du8:  SEhcm^  jou 
hlTC  the  Triaiigle  (f ,  abd  its  Pnfm  i8 ; 
the  lower  Triangle  of  which,  with  the 
Tbirita  ctn'  fioin  the  left  Hand  of  the 
t^o  upper,  make  the  CoBatenl  Pyn* 
mi4i  and  die  renudnii^  Poxnti,  vith 
tl^^  Triangk  added,  nSki  the  CoDa- 
teral' Square  Pyraini^  at  the  zd  Fart  of 
the  Scheme  lhewi« 


'.  f- 


'  •  -'   ."  1  > 


1  •.'. 


.J  t 


*     4-        >,    .   , 


/^  Tax  Oil  EM   XIX.; 

TTbe  Series  of  Trisv^ar  PiiCmf  ;»i  wc  iai^e  ak  &e  Seiie^'bf  Pi6titaumihM'  Pyramids, 
asintheapaexUSchcmis*  .,;.       ^        ..     i.»-,,      .    .   ■..  .  i^  i  ...  .. 


>  j: 


&ries 


4-1 


Triangles  \       i  .  j  .  '^\  i6       Pentagons 
Trijms  i  1  ^  .  i8  .  40       IPyramids 


>    4 


X  <i  ^<r  .  z8  4  40 


'Demok.  That  thoH:  fwo  Series  ^ill.  oc^tiiiiie  to  be  the  £une  for  eyer,  I  Am  fhewi 

Tl^Triangulac  PriQv  m  ^^^nMt¥^  4')^^+^    AgaiiH' We  Peiltag;>hd  P;^d  in  the 

>  Place,  is  the  fSum  oftlie  1^  Triahgd^  Pyramid,,  and  the  Produft  of  the  0^1  Trian- 
gular Pyra^iid  tnuhiplied  by  2,' the  D^fbujce  of  the  Pentagon  from  the  Tri^^^  {Corj. 

ftbeorAl.)    But  the  »  Tdan^lar  PJya^iid  is  1  xi!.x^x^s=s^M-?<^  +*i  and 
the >^t  Triingtite  PftiiMikt^fST2\c  JLx!!:^^  .whfch  malti{«ed  ky 


— "'-fa' 

2 


I 


Thio|lsm  XX,  '       \ 

Take  the  Series  of  Triangles  $  then  ttte  SeUtfs  'of  their  Sqoansa^  land  b^iooi^ 
with  I,  take  the  Series  d[  the  Diflerencetf  betwi::^^  eath  Ternt  anl  tlve  next  of  thcK 
Squares^  they  are  the  Series  of  Cubes  of  the«tural  Progreffion,>  asiyoaieein  the 


aonex'd  Scheme* 

Natural  ^rogelfion    x  .  a  •    3  .     4    ; 
Tria^les  i.j.    6.  10^ 

Tbe$r  Squares  x  .  9  .  3<f  •  roo^ 

5  Tieir  SHfferences       i  •  S .  17  •  ^4 
C  'wUa  are  ike  Cubes  efibe  ifi  Series^ 


Dkmon.  The  Soimfof  the  iftSe- 
ties  taken  to  »— x,  an<^  u  Tcrni,  vc 

!^ttid— l?j  and' the  Squares  of 

thi^aic!!!::^^ 

whofe 


Chip.  n. 


OfF^dtefhui^erss 


4Jl' 


431 


,  n^  may  be  any  tWo  adjacent 


v&ofe  Diffidence  is^  plainlyZ^  ^=^nK    Kow^  fince 

4' ' 

Temoft  of  the  natural  Piogfeffiony  the  univerfal  Truth  of  what  is  propofcd  is  demon- 
ibiftcd* 

■ 

COROLLARIES. 

t.  As  every  Cube  Number  i»  die-Di£fefence  of  ibme  two  Squares,  {pi^svhgtic  Roots 
axe  the  Sum  of  a  Number  of  Terms  ef  the  natural  Series,  equal  to  the  Root  of  the  gi- 
Ten  Cube,  and  the  next  lefler  Sum)  lb  Were  it  required  to  find  two  Squares,  whufe 
Difiercnce  Aiall  be  fbme  Cube  Number,  which  is  neither  known  nor  afiumed,  we 
have  here  a  plain  Rule  ibr  it  5  and  obferve,  that  I  fuppofe  the  Difi^rence  neither 
known  nor  amimed,  to  make  this  Problem  di£Eerent*  from  another,  which  you'll  find 
afterwards,  wherein  two  Squares  are  fbund,  vAixXc  -Difl^reijc^  is  any  given  fJuknber.  \ 

1.  The  Sum  of  die  Cubes  of  the  hatoraj  Series  i  . :» .  3  ,  ^c.  to  anjr  Number  of 
Terms,  is  equal  to  the  Square  of  the  Sum  of  the  fimie  Series  taken  ^  the  ^ame  Num- 
hex  of  Tenus.  Or  thus,  take  the  Cubes  of  i^e  natural  Series  continually  $x)m  the  bc- 
gtiminff,  the  Sums  are  all  {qoare  Numbess,  whole*  Roots  are.  the  Sums  of  the  fame  na- 
tural Series  taken  ib  £ur  • 

ScHOL.  As  the  laft  Corollary  follows  glamly  fit)m  the  Theorem,  fb  if  that  Corollary 
is  demonffaated  another  way,  the  Theorem  wiO  as  clearly  follow  from  it  $  and  as  to  the 
Demonfbation  of  the  Corollary  independently  0^  this  Theorem,  I  have  fbund  one,  which, 
tlioygh  not  i)>  fimple  as  the  preccdtn^Dexiionftration  of  the  Theorem,  yet  is  curious 
cnouflh,  and  therefore  worth  the  explamiog[  here. 

The  ThiM.then  to  be  demonftrated  xs  this,  «;/«.  that  i'-l"a*+3*+4S  €?^.'= 

iH-a+3+4>  6^<^-  . 

.ijt.  Frooi  the  Nature  of  Multiplication  it*s  plain,  that  the  Square  of  any  Multino- 
mial Root  (i;  4t  ftJLbot  confifbu^r  cff  many  Partsj^is  equal  to  the  Sum  of  the  Squares  of 
each  Part  of  the  R^ot,  9fnd  twide  t|ie  Produfl;  of  every  Pair  of  Members  of  the  Root  $ 

^s  in  the  annexed  Scheme,  whbrein  a-^l^c^^-d^  S^a. 
being^fquared^  the  Square  is  the  Sum  of  all  the  Squares 
and  Produfis  fet  under  it  $  and  by  the  Order  in  which 
they  are  dlfpofed,  you  fee  the  Square  is  compofed^of  as 
many  Members  as  the'  Root,  ^each  of  which  is.  equal  to 
the  Square  of  one  Member  of  the  Root,  -and-the  mim^of 
the  double  Pn>du3s  of  that  ^aall  the  ^req&din^?  Mem- 
bers (on  the  left  Hand)  which  evidently  comprehends 
;         .  thc.dqubleProdu6lso£evcry  Pair  of  Members  of  the  Ropjr. 

id.  If  the  Parts  of  the  Multinomial  Root  are  the  feyeral  Terms  of  tlie  natural  Series 
X  •  2  •  3  •  (ffr.  then  fuppofe  the  Square  of.it  is  taken  in  the. Manner  of  the  preceding 
Scheme,  I  fliy  that  each  Member  of  it  (#  e>  the  Sum  of  the  Square  of  each  Term  of 


the  Root,  and  the  double  ProduAs  of  that  Term  into  all  the  preceding  Terms)  is 


'a 
a 


+*  + 
+*  + 


d\&c. 

d,SK. 


laf^  -j-  li^-f-  icd 

%dd 


1'.-^ 


Xrfa+  sih  4j 

4-i-i24-i4 

6^16 

^8 

i4.84-a7-f-<^4 


&C. 

&c.. 


multiply  any  Term  of  the  Root  into  each  preceding  Term 
firverally,  tbeSUmof  the  Produ6ls  is  equal  to  th«  ProdUa 
of  that  Term  into  the  Sum  of  all  the  preceding  Terms  5  ^nd 
becaufe  we  liiuft  double  aH  thelc  Produfts,  thertfore  nfc 
mufl  take  double  the  Sum  of  the  preceding  Terms,  and 
multiply  it  into  the  ©ven  Term.  Then,  (2*!*.)  This  Pro- 
du£l  IS  equal  to  the  Square  of  the  given  Term  multiplied 

'^  into 


¥^^  Of  FigmMe  hhmbir^*  i  .ffook  Y, 

40^0  tho  jQCZt  preceding  Term^  by  <be  Utiles,  of  ABOgrefSooi  ^  for  Etimfk^ 

if  Xzx  i-f<i+j+4+5  =35  5X(JX5  5  becaufe  i+a+j-hi+j  =55^— Lj  and  this  mul* 

plied  by  3»  produces  1^X5.    Univerfally^  Call  the  Term  next  preceding  any.  epn 
one,  /,  that  given  one  muft  be  v^i  3  whirh  wk  alfr  ^c  ^um  of  die  Extremes  of  that 

fieciifeB,  whereof  7  is  tfae^rcaieft  £Ktffemc«  4.  ^«  f  f  tbcf  $coes  xobc-^itini^ocd^  ^utihii 

_  •  .    .  '    '  ^ 

&\xak  is  j-f./x^  (/  beiqg  here  the  Kumber  of  Tectns)  smd  the'  Dooible  of  tiiis  i 


^-^l^lf  whidk  dukiplied  into  the  given  Term,    1+/,  pcoiJaces  i-^t^h  But; 
fj®.)  ifM  xaani&ft  that  fi-^rxl  (the  Sum  of  twice  the  Pioduft  of  i+-7,  the  gtycn 

Term,  tntorfliflaic  yreccdiiig  Tcwnt)  ad4cd  toi+/*  C4^  %^mT  .^^ ^^^i^wn.lTfnoj 
tnakc*  r^X/  +  i-;f-/*«t+;'Xr^*«i4-A  tlK  .     . 

^3.  Since  the  ^xxare  of  libe  Mtidtinemial,  iH^*^9-)h^  &a'as«efiili»aUe  smo  as 
many  MeoAciv  as  ttie  Hoot,  eadi  elf  ivhidi  si  povediD  he^equKl  toibe  Cube  dTs  dif- 
ferent Member  of  ibe  Koot  3  thcrcfece  ihat  Sqmse  is  tf^od  sothc  ftsisa  ^ef  thp  Oikci 

jof  Acfevcxal  Me»bers  of  the  ILoot^  L  e.  i»+a»+3'&c  =  t^Z^hc. 

•  .     •     •        ...       .  ' 

V     ■  ■  Thuouew  XM.'  :*• 

Take  theories  of  tqoare  Pyramids  (L  e.  the  Sums  •f  the  nitoral  Series  <ilfiSqittres) 
«EiuItiply  each  of  them  oy  ^  $  and  from  the  Series  tf  ProdnAs,  take  liie  Series  of  dK 
Sums  ot  the  2  Series  ofTriangles  and  Squares,  as  tn  the  Margin  3  the  Serais  of  the  Dific- 

reixffsis  the  Secies  of  Cubes  of  die  .natural  Progjreffion.  _  

Sfwre^ 

IS  .  a  '•    }  » *  4  «      5  llfOMral  Skfies 

2  •  9  •    '4  .  §B  .    15  TrioMgks 
«  •  4  .    p  .  ts  •    15  Squares    . 
1  •  5  •  14  .  30  •    55  ^«^^  ^yramUs 

3  .  1$  .  4ft  •  90  .  i^j  Tmr  ^roiuS-hy  % 


ibia  u  '*^>fi:?  (by  ?««. 

n,  Schol.^  which  multiplied  by 


Triangle  is  ?(f!±l,  and^fi^ooie 
is  m  :    Then  0*+2di= 

SCiH  $  which  tricea  fiaom  the  fbcmer,  leayes  plainly  J:^ssip^K     Aad  hccuk  • 

'%  a 

may  be  any  Teim,  ikcxt6ae  Ac  Tbeorem  k  tmc. 

Take  the  Ssrtes  of  Heptai^lar  Pyramids^  mi\  to  Aem  add  the  tenet  of  THtffo- 
]ar  Pyramids  in  this  Manner,  viz.  Tiie  ift  dfthe  Triaiypdaia  to  die  ad  of  the  other  j 
Ihe  ad  Triangular  to  the  4th  of  flie  other  3  and  fb  on  &  s.  e.  univeruulyy  the  n  Hep- 
^an^lar  Pvramid  added  to  the  m^x  Triangular.  Au  th^e  Sums  tn  Ctfbei  3  sad 
jprctodng  the  firft  two  Heptangi!ilar  Pynuoid^  i  •  8  X^wh^  akc  CsbeaJ  ymlMMlic 
^holc  Series  of  Cub(3» 


OmM 


3  •    ♦•■     f 

«  .t<3.     IS 


,  t  .  W   .   iS  ,      IT 


^fr^PytmUt    t  .k  .  xi  .  icy .  u^ 
Cithti  t. .  9  .  37  .  tf«  .  i») 


m«ti«^.'^^°'t'*,    and   Ifce   •— I    . 

Tom  i>  tl  c^reW.  II.  ,  &«.) 

im^  4k  Di&UKc  of  the  HfptaB}* 

Jnio  thft  Triangle,  is  jp  ^  tber^nwa 

(by  ^rtW.  U.^    tbe    *  Hcptangular 

f    fymnM  i«'^»'+'*+*r.'x4= 


X!t?r?!t!r2x2s=±2£fc*  ,'  uwkHkaMtlH  »i;qp«l«idaf  P,«liia,.w»i 


»''+i»'- 


\,    tl»Caaiir~>E<>. 


T  HBO  ft  Elf  xxm. 

Take  thvfieriteof  Oflni^lv  P>ftibifla,  and  fiani  t&cm  fiilftraft  Ufc  Seriea  of  Tri- 
angles; tfaiu^-The  jlft.Tffifnfile  froartlicxd'Ofiangdlar Pyramid,. and  fi>  on,  /,  e. 
noiverially, .  the  « — u  Txiaagtc  fiom  the  «  Pyramid  ;  the  Seriea  ot  Dificaencea  is'  thfe 
Series  of  Cabea  after  I.  :     .1  . 

DxuoH.    The  n  Triangular    Pyramid  ia 

tt^ij!!,  anil  fie  »^Tiii»giilac..Pjfi^ 


Off^.  'P^rmtii  i  .  9.  .  ao  ..  TO, 


pidjs,J!^^,t  TlieR^  >h».»  oaatijdtr 
atWl  i;.  8'.  »j  .  «4.  I   Fyiamii  i^  (hy 


mai  ttEtUsMi^ 

tfao  laftlSutlM  irKd 

pref^it  Sdwnacr;  Acrdnn/cacb  iFdr 
ding  Nutfliber  ef^  Tonna:. : :  :HefHei  4)^ 

»Lup. 
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^2^  Of  FtgurcAe  Numhtri.  Book  Vj 


0,^.6  .  tx^ .  18 

1  ".  7  •  19  •  37 
I  •  8  •  27  .  d4 


J. , .        . .  Froia  this  laft,  again^  it  will  eafily  appear,  That  if  we  take 

the  Series,  o  .  d  .  xa  •  &c.  a|ul  taking  the  Sum  of  it,  'Mi  i  to 
each  Sum  $  and  then  of  this  Series  c^^  Su;ns  take  the -Series  of 
Sums ;  thefe  are  the  Cubes  of  the  natural  Progreffion :  fet 
by  taking  the  Sunfis  of  the  Series,  o  iH  ii%t  ^6  i  Sit*  met  i 
is  added  to  each  (/.  e.  thb  Sums  of  i .  7.  i^  .•  &c.  j  it's  p^^n  .the  Sums  at  eyeryStep^ 
will  be  more  than  the  Sums  taken  wirhoi^  theff  tJnij^s'CfU;^..  t^an  fhe  guoiB^if  theSe* 
ries,  o .  (f .  18  1  &c.)'by  as  miafiy  Units  as  |}ie  Sliiniber  of  Terms  a4dMM^  ^^  ^^ 
will  be  the  fame  as  if  taking  the  SiUns  of  this  Scrie9>  Q.«  i^^.  z.8^  ^«  we  add  to  the  Se- 
ries of  -the  Sums  the  natural  Scries,  x  .  a  .  3^  3  as  in  the  preceding  Scheme. 

J,  T  H  K  O  R  *  M  '  XXIV.  -.  •.   ...     ,'- 

Take  the  Serierof  odd  Numberi,  i  v-j  •  5  .  8cc.  and  out  of  this  make  anotficr  Sc- 
ries 3  thus,  Take  the  ift  Term  3  then  the  Sum  of,  the  next,  2  Tctj;a$  $  ^sun,  the 
Sum  4)^'riie  |iext'5^  T^nps;  after  the^lfft  5  ind  fi>-on,  tadcin^-ih  at  eyety  Sep,;  one 
Term  more  $  €0  that  the  Number  of  Terms  taken  ^t  .every  otep,  are  the  natural  Se- 
ries, 1.2.3.  ^*  '^^^  Series  thus  compofcd,  *is  the  Smes  <yt  Cubes  of  the  natmal 
Series  5  each  Sum  being  the  Cube  of  the  Number  of  Terms  added  together. 


•Rms 


I  •'  M      <  J  /     •  >  «• 


Demon  By  T'heor.  XX.  Con  2/  the  Sum  of  the  Series  of  Cabes,  is  the  Square 
of  tire  Sum  or  the  natural  Series' taken  io  the  fame  Number  of  Tehns  :  Bujnibe  Suae 
of  the  odd  Series  are  the  Squarefof  the  fevcxal  Number  of  Terms  fummb'd  (Tlfrfor  .IX.) 
And  in^' this  <Sch«nie  theire  areisdws^s'as  many  o^d  Temis  from  the  Beginning,  ss  c&e 
Sum  of  all  the  Roots  ^  therefore  the  Sum  of  all'thefirodd  Numbers  bein^  the  Square 
of  the  Sum  of  aH  tSie  Cube  Roots,  iii  «he  Sum  of  all  the  Cubes.  Agam,  That  the 
Sum  of  the  (everal  Terms,  diftinguilhed  in  the  Series^f  odd  NuiphsBn,  are  theparti- 
cttlar  Cubes  of  the  Number, of  thefe.  Terms,  isevident^  becauie  i  is  the  Cube  of/, 
and  i-f'SH'S*  ^^  S\im  of  the  Cubes'  of  i  and  2,  by  what^i  firft  fhewn  3  therefore 
37^-5  is-tbe  Cube  ©f  »v  *  Then  fince  i4n37|-5rH7+9+w  'is  th^^Sikm  ofifhe ,  Cubes  of 
i^  a,  3,  therefore  7  -^p-f  ?  ^*  ^^  Cube  of  j.     And  fb  on.  - 

Another  Demon.  This  Theorem  may  alio  be  demonftrated  indepeodeotly  ^ 
^heor.  XX.  by  the  Confideration  of  the  odd  Series.    Thus, 
,   i^.  If  the  Root  of  any  Cv^  is  an  odd  Number,  f  it»  Squarfc  is  alio  an  odd  Number; 
and  is  therefore  a  Term  of  tjbe  o44..Seri^  :<  Then  taking,  as  many  adjacent  Terms  d 


eau^Il V  diftant  froth  the  mic^dle  on^  s^  double  tjiat. middle  one,  atid  coniequently  the 
whole 'Sum  is  equal  to  as  many  Times  the  middfe  Teftnas  the  Number  of  Terms  ex- 
prefites  5  biit  that  middle  Term  is^  the  Sqiure  $  an^  the  3^Amber  of  Terms  the  Root^ 
therefore  the  Whole  is  the  Frodud  of  thf.  S^uar^  by  the  Root,  i:9.  die  Cube. 

t^.  If  thtd'Rpbt  is  an  pycn^NumfKr,^  thiqn  we  wat Atidnihe  oHd Series  n*o  ^t- 
cent  Tems  5  Uid  Otoe  e>^^^  the  ^gi:^c^i)y.  i^iMkd.the^iither  wanting  1  of  k  5  cm- 

^_^i_j.-^_   i._j._^-  .^^-^_  Jtpot;,WptflcB,:whfanajf  3i^e  tvnt  ww 

Sim^f:€b<  YKbok  is  clie.Oate|  for  the 

Sua 


Root,  /.  «.  u  die  Cube. 

3**.:  R.«pre{entiiw  the  two  preceding  Cafes  in  the  annexM  Scheme  fwh;rein  a  be- 
ii^  any  odd  Number  or  Root,  ^c  ift  Series  repretcnu  a  Number  of  adjacent  odd 
Numbcn,  wbofeSum  ia  0'  }  and  a  being  an  even  Nnmber,  the  2d  Series  is  a  Num- 
ber whofc  Sum  is  a>  -j  qndcrftandinfl  tbcTe  Scries  to  contain  as  many  Terms  as  th6 
Root  has  Units,  whereof  i^  b  the  middle  one  in  ths  ift.and  a' — r,  «*-4-i,  thetwomid- 
dle  ones  in  the  ad  Cafe.]     Hence  it  will  be  evident,  that  the  tcaft  and  grcateft  Terms 

in  the  particular  Se- 
&c.  a*—*  :  a*— 4  !  tf* — a  ;  (j'  !  «'+a  1  «*+4  =  «*+<  i  Stc.  I  rics  of  adjacent  odd 
etc.  4* — j  !  d' — 3  :  a* — I  1  *'-f-i  :  «'+J  !  <»*+J  i  &c.  )    Numbers  ,       whofe 

Sum  is  the  Cube  of 
tbe  Number  of  Terms,  are  thus  cxprefled,  vis>.  The  leaft  «*-:f^i — Hy  and  the  grettcft 
<»^-f-if — I  :  For  the  Root  being  odd,,  the  Number  of  Terms  is  odd;  and  there  are 

M  many  Terms  on  each  Hand  of  thb  Middle,  «*,  w  Half  the  Root  — i  or^H  9 
and  the  coimnon  Difictence  being  a,  the  Number  fubftraAed  from,  or  added  n>  0*  ia  ' 
the  Extremes,  is  equal-to  a,  taken  as  oft  as  ^Hf  exprefles  ;  But  £n£x  2  :s  ,f— i  ^ 

therefore  the  Extremes  are  a* — a — i,  and  a'-fii — i,  which  are  "a* — ^H-i,  and 
(J*-!-*— 1.  Again,  If  d  is  an  even  Number,  the  two  tniddlc  Terms  being  dlhiys 
t^—iy  a*+i,  and  the  Number  of  Terms  below  a* — r,  and  above  (i*+i,  being  half 
of  0--1,  or.  ^^  }  it  ibUowt,  that  the  Extreme*  are  a^-ri,  wanting  the  Product  of  a. 

by    ^n^,  which  I^<i>du3  is  «— a  j  md  «H^i,  with  the  &ae  Number  added  to 

itj.  which  .  Extremes  irc-Aerefiae  *'—i—^-^ssd*—i—*+^  =  <*'"■*+■*»  ""1 
**+i+a — a  =<Btf*-}-tf~i,^ 

4.".  Take  any  two 'Roots  diftrinc  by  i,  as  «,  and  »4*i  ^  the  greateft  fixtreme  of 
the  Series  of  odd  Numbers,  whofe  Sum  is  the  Cube  of  d,  is,  by  the  laft,  tf*-f^l — i. 
A  nd  the  leaft  Extreme  of  the  Scries,  whofe  Sum  is  the  Cube  ofa^,  is  (by  fubftitutii^ 
tf-f^i  inftead  of  tf,  in  this  Expreflton,  a' — a+i)  =^^* — fl-|-i4-i  =  a*-\-iar^i—^ 
=fl*-|-j(-f-(.  ■  Compare  this  with  the -former,  w3.d*-}-:«—^r,  it's  plain  their  Diftcrence 
is  a,  (■  e.  the  greateft  Term .  of  thefe  adjacenr  odd  Numbers  whofe  Sum  is  d^,  and 
the  lead  of  thcfe  whofe  Samisij-f-i',  dificr'byi}  a«d'£b  they  are  two  adjacent  odd 
Numbers ;  confcqucntiv  the  Series  for  the  one  Cube  begins  at  ^eTerm  next  after  that 
one  with  which  the  other  ends  j  and  thereibre  the  Series  irf*  Cubes  are  found  in  the 
Maimer  prefcitbcd  in  the  Theorem. 

Schol.  As  this  'tbamm  is  demonftrated  by  Means  of  'H^eor.  £X.  fi>  that  is  de- 
monftrablebyWansof  this,  and  7?wr.  IX. 

''"'",'   Theorem     XXV.'  ,  ■-         . 

Tate  the  Series  of  Pentag|rti«l  Pyrathids,  and.mhhii^  e*:h  of  them  by  3  j  then 
take  tbi;  Set^gf  .Sqntfes„and;oifiltiply  each  ofthetnby >-:  Subftraa  Ae  laft  Series  of 
Products  fropi  the  farmer  }  the  Difierences  are  tlie  Series  of  Pentagonal  Frifins. 


4a6 


Of^^^<ae  Nmt^drs, 


ISookTi 


Series  -r-/  r 

^Pentagons  i 

Veffr.Tyramds  i 

^roduBs  by  I  3 

Squares  i 

TroJuQs  if  2  z 

^enf,  ^Trijms  ..  x 


4  •    7  r  'W> 

5  .  12  •     21 
<(  .  18  •     40 

z8  »  54  •  lao 
4 

10  .  34  .    88 


»  54  •  laov 


Demo^i,  P^ts^fM  pMceed  from  the 
Series;  i  .  4  ^  7  «  ^c.  wlnofc  common 
DiiFercncc  is  5  ^  cf  whkh  therefore  the 
jyijb  Term  is  i'>|>iyi  "i  K  5  ss  jji*— 1 5.  and 
tke  Sum  of  the  fixtftines   is  %9^u 

Lsfily^  Tlje  Sfim  of  )i  Terras  is  3*—!  x 
— ^  ^   V  ■  .  ■»  which  is  the  #  ?cnt:>gon  ^ 


The 


and  diif  AiUeipIied  by  is,  produces  i^-Hl ,  the  0  Pentagonal  Prifm.     Again, 
•th  Tris^gular  Pyramid  is   ^'+^»^+^»  ^  and  the  ;j— i    Triaagular  Pywmid  is 


a^--4i 


5  Ac  Diftance  of  die  Triangle  and  Pentagon  i^  t^  and  I 


iih^n 


PetMgonai  Pyratbsd  is  1:.  1 


6 


yx=: 


■:s 


5  a  2 

;»*,    th^  Remainder  is  V^^,  the  n  Pentagonal  PriOn, 


f  t 


G^neraf  8c'rfd«  tuKi: 


fame  Species  and  Degree,  and  to  the  iamc  Number  of  Terms,  as  that  who/e  Sum  is 
fi>ugh^  (  ^4br  the  S^mf^t^thetP^oiaMtidM  of  the  ad  &»des,.:ift  Qnferyof  anyDogrec, 
f.  f.  for  the  Sums  of  Powers  of  the  natural  Progreffion,  from  tbeCoties  diidapwsrds,  we 
ctfPy  by  .Means  of  the  f)9eceiiin^  T'hfioPf  qx  fblygmals^  isnridft^flre  pameular  Ca- 
mm  iof  evei7  dttferont  Povncr  ^  whefehy  the  Sum  may  bo  &mM^  harh^  ooly  rlic 
Kumb^  of  Terms.    ...  ,     - 

In  qrd^r  to  which  ^bferve^  ^  %at  as  tlje^nventign  of  theft  Canons y  for  any  Degree, 
depends  v»pQ»  the  C^nq^  f9Lthq.pjreeeid[ing  Degrees^  fp,  though  Scjuares  arc  Pely- 

Kxvs,  ajnd  not  Prifmatjcb*',  y^t  it  yiJl  he  fai^ceflw  to  ta|ce  the  Scares  within  the  fo'- 
iving  Problem ^  that  we  mi^y  more  eafilyi  by  thelwo  firft  and  moft  finiplc  Powers, 
undemapd  the  Method' oFltfrcifijgatiQniroraW  ' 

Again,  obferve^  That  we  have  already  explained  the  particular  Canons  for  the 


Sums  of  Squares  and  Cubes  ^  that  for  Squares,  being 


6 


,    «   y«i  foe  in 


the  2d   Article  of  the  SchoUum  after    ^r(?^fez2^.II.  ^'^nti^    that  fop  Cubes,  being 
n^r^nn    ^^^  ,     Theorem  XX.  Coroll.  a.  the  Sum  of  the  Cubes  rf  the  naturil 

]prQ^ciSon,.  tft  tl^  irth'T^'Wi  »  Jfe^  Sa¥aj|4>/of:  ihe.%ip)rf,rti*  \qq^^  bufctfiis  Sum 
is  Lii,  ^ofo  S^ate  1$  ?d:if^£.     But  the  Mcthtod  of  mVdK^ting  Roles  for 

the  higher  Powers  being  different  from  the  Method^  by  which  thefo  Rules  for  Squares 
and  Cubes  have  already  been  invented,  and  depending  alfo  upon  a  new  Method,  by 

which  the  fame  two  kules  may  be  inveftigated ;  Therefore  we  muft  explain  this 

.  -  other 


)V  ;  .' 


OkfervR  ip  1*ia  Uft  Pkc«,  That  thcrff  ar^  feycral  M«bods  of  finding  &«fii  Canom, 
ib  M  to  make  the  Invention  of  the  Rule  for  any  Degree,  depend  upon  the  Rules  fcr 
th*  p«ccddi»g  l>tffeoa  »  hw  I  <ongri«  ray  ftlf  «•  th«  wbith  is  moft  natural  in  thi> 
Place,  viz.  whid».  d»pcnd«  npful  the  uHLtaKal.Iiulc  foif  the  f«veral  Otdcts  of  Poly^i- 
na)s  of  the  Triangular  Kind.  Tou'tt  nn^  atutlvr  coiniiis  Method  in  Rtaayne's  AI- 
gobo.  ■.■-■» 

PR  OBI- KM    III.  . 

How  to  iitvefiigate  Ruks  fat,  finding  the  Sums  of  the  Series  of  Powers  of  any  De- 
gree (^  tlic  «atual  PtQgieffifiO^  .1  ^  a  .  ;  ,  £ic.  tikTiiig  di9'  Nsmlwr  of  Teitnt  only 
given. 

'      '   -S^O  t  W  T  I  ON. 

ij?i  Pbr  the  Sum  of  the  'ajuwei,  i++^9-f-Sic,  to  Ac  /rth  Term.  The  fftk 
7rungalar  of  the  $4  Ondsr  (mniL.  Ui^t*.)  (. «.  tfae  Sum  of -th^,  TrMiygJffi,  to  the 
mh  Term,  t«  i X 1 X dllf  =  ?!il  (by  the  2d  Rule  for  'Prokf.l.  wkh  the 
CwoM  to  ^l!wv*»»  i?K  .Or, -fee  (ht  a:*iJ*ft«*  after  that  lUk.)  Again,  Take  », 
fi<!«ffiK«tji  ,cqyaj..  tO;'4  ,  2  .  i.-iSw.    fod    appljing  dus   Canon,    we  ^i^tc,  CT?, 

i.*Xi.,'  i:Xl»  Sfic.  wUcl(  exp«:&  the  Serietof  Trungudan.  i£  the  3d  Ord«r,  t« 

«[}>  ^^Eifwpftr  qf  PI;tcea  gjp^a^  vhu;h  Niunhei  beiogi  catted  n,  the  Sum  of  this 
Sffo/vi-.i^  tfec,  /fi^  f  qaflguljio  cf  *e,  41)1  jOcd^  j  but  the  »  Triangular  of  the 
4tfc(^d*!r-i»i   b^'thefa**  :gen««*  ftale,    i  x£x.*fex?±iaa^!±i£d^ 

iyhkhiBthen;Rir(jeq)i4»^-^2;^+i^-i— +  carried  to»  TeniU3  andthia 

is  i«f  of  ^'•'h'i'^.**+*.'t'.^*:^^9  ^'  ="iiaf  i-H^-fr*g<c.  +i6f  i+t+jScc. 

xwcntiy  '''H"^J^f^?^w.-^oFt■^^a^>^*  <co.s4.^±a.^   and  fubftraaing  ^d:5 
fixUD  botH  Side*,  ,thc  Remainders  are  eqwA,  vh-  *  of  H^£+i'  ^-  =  *^^**'^'^* 
^.^4'>'+»'''+8«-tf«--tf«^4i»'-fg»-+^»    ,„j  multiplying  the  firft  and 

*  ,_.-■,  1^  -jA:'^ ,.  ..',**.        .  ,      ., 

laft  Exptcffion^' tbtE  %' a,  tlTc  Produas  are  i-f  I'+J*  6a:.  =  ft^+"»*+4»_ 

14 

^'^f»»!H^  $'«kl4i(th»Rtt4*«tet^&iiB-ofi-|b*  SqoaM*.  .«i9.-i4^^-(i^  &;.    ; 

aJ.  For  the  Sum  of  the  Cubes,  or  I'+a'-f-j'^f^c.  to  thewtfaTerm.  The  »tb  Trian- 
gular of  the  4th  Order  (from  Un|(«W.^.  the  Sujtn.of  tbcTrianguIars  of  the  3d  Order  to 

r-     !  lii  4  t» 


j^i%  Of  figurate  NumBers^.  Bosk  V. 

?  "T?  ?  "T^X}^  ^^^  ^^  ^y  Number  of  Terms  3  which    Nmnber  being  called  0, 

the  Snm  of  tbia  Series  is  tbe  mh  Tiianguhr  of  the  5th  Oder  |  which,  by  die  general 

Rule,  is  equal  to  i  X  i  x  !!±ix  !!±?  x  <^  — ^«H-^^*+» »>*-4^»    ^^^  ^j.^  g,^^ 

1234  24. 

Series  (equal  to  this)  is  the  Sum  of  thefc  3  Parts,  viz.  f  of  1+2^+^^  &c,  + 1  of 

i+i*+3*  &c.  (=^*H-3^'+^^  i,y  ihe  laft)  +*  of  i+Hli  &c.  (=-^  )  ^ 
Uking  the^laft  two  Parts  fiom  both,   we  have  ^V"^*^+"^+^?  ~  |  or  {  of 

^»'+3>^+^_  ^  or  f  of  !!!l±g  ==  f  of  1+1^+3^  &c.  And  rcducbg  the  firft  Part 

to  the  moft  fimple  Expreffion,  by  the  common  Rules  of  Fiaft^ons'  5  and  then  multi- 

pTying  both  Parts  by  ^,  there  will  come  out  i-j.i«-|-}»  &c.  ss^fSttiiLlEl  5    the 

4 
Rule  for  Cubes. 

Now  for  all  fuperior  Powers,  the  InveftigatioQ  of  Rules,  by  idic  iame  Method,  will 
be  plain  and  obvious  to  fuch  as  underftand  the  firft  two  Cafes,  how  tbey  depend  upoD 
one  another,  and  upon  the  General  Canon  fer  Triangular  Nctebers  t  Pot  we  gradtt- 
ally  expreis,  by  that  Canon,  the  ftth  Triangular  of  the  Order  fftom  Units)  expref- 
fta  by  I  more  than  the  Index  of  the  Power  (as  above,  we  tocdc  the  }  J  Order  ix 
Squares^  and  the  4th  Order  fer  Cubesj)  and  takins  ir,  gradually  equal  to  i»  2, 3,  &c. 
we  expreis  the  (everal  Terms  of  the  Triangulars  of  that  Order,  according  ^  tbtt  (> 
non,  to  any  Number  of  Terms,  2s  n  ^  ana  the  Sum  of  aQ  thefe  Terms  wiH  t(&Uti> 
to  as  many  other  Series  CconoeAed.  by  Addition,  and  in  ^me  Caies,  ibme  oCthem 
lubAraflcd)  as  there  are  Members  in  the  Nunserator  of  the  General  Canon,  and 
whereof  one  of  them  will  be  ibme  Multiple  or  aUquotVon  of  the  Sum  of  the  Scries 
of  Pqwcfs  Ibught,  to  n  Terms  ^  and  the  other  Parts  are  ibme  Multiple  or  aliqw^  P^ 
of  tbe  Sums  of  a^  many  Terms  of  fbme  of  tbe  inferior  Powers,  (of  the  {ame  nstara 
Progreffion»  1.2.3.  &c.)  which  we  muft  expteft  by  the  Rules  aheady  invwttdfir 
theie  inferior  Powers  ;  then  we  confider  that  the  fium  of  this  Series,  tnos  eaqxtflcd, 
is  the  ;ith  Term  of  the  next  Order  of  Triangulate  ^  and  this  we  expreis  by  tne  iame 
General  Rule  as  before  we  did  the  iptkTerm*  of  the  preceding.  Order  :  And  thcD 
comparing  thefe  two  difierent  Exprcffions  of  the  fame  Number,  we  find,  after  a  dae 
ReduAion,  the  moft  fimple  Expreffion  fer  the  Sum  of  the.  Powers  fbughSt . 

I  fhaU  here  give  you  the  Canon  fi>r  Biquadfates,  aof  leave  the  Ihveftigstion  and 
Proof  of  it  to  your  Exerciie. 

$.IIL  QjfObloDgs,  mdfom rmmining curkiuFroft^i^i^i  concemns 

Squares. 

Thxorxm  xxvr.  . 

IF  we  take  the  Series  of  wen  Humbers,,  2 «  a  .  6  .  &c.  and  then  tfie  Series  of  tbeii 
^  Sams,  a .  tf » la  •  &;c«  thdc  arc  the  Series  mOttongs. 
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I 


Demon.  The  ift  eren  Momber  ii  aUb  tbe  ift  Obbi^,  a. 
And  dut  all  the  other  Suma  are  the  other  Oblongs,  u  thu« 
plun.  By  the  Nature  of  -r-/  Progrefliwig,  the  Sum  of  tb< 
even  Kumben  to  «  Tcmu  is  /(»-f-»=»^iX«,  which  la 
therefinc  an  Oblong ;  and  taking  n,  gradually  greater  by  i* 
it*s  phtn  tb«t  0^xs  becomes  gradually  the  next  Oblong. 

T  H  a  o  R  E  M    XXVII. 
Dooble  the  {ereral  Terms  of  the  Series  of  Ttianries  (i.  e.  of  the  Sums  (rf'the  natu- 
ral Serin  i  ,  a  .  3  .  £<Fc.)  and  ^e  Produfh  are  the  Series  of  Oblongi, 

Demon.  Take  any  1  adwcent  Notnben  h,  »4*[  I 
1   .  X  .     ^  .    A  '  I    in  the  natural  Secies }  their  Produa  is  an  Oblong,  and 

X.J.  tf  .  10  Trhfigks  I  ^^  ^  ^^^  double  the  Sum  or_the  natural  Scries,  to  « 
*  .  tf  .  II  .  ^oObhng?  I  Terms  jftr  that  Sum  is  "^^i  coofeqaenUy  taking 
«,  gradually  i  more,  we  hare  (be  whole  Seriea  of  Oblongs. 

Theorem    XXVIII. 
The  Arkhmetical  Means  betwixt  (or  half  Sums  of)  every  two  adjacent  Oblonn, 
make  the  Series  of  natural  Squares  after  i,  the  Root  of  each  Square  beins  the  letter 
Side  of  the  greater  Oblong,  and  the  greater  Side  of  the  leflerj  and  is  alio  me  cottutMR 
DiArence  betwixt  the  Square  and  each  t/dufe  Oblongs. 

Demon.  Take  3  Terms  in  tbe  natand 

I  .  %  .  %    .  ^    .  ^    .  S  \    Series » — i.  n.  n-\-i.  the  two  adjacent  Ob- 

OH.        %  .  6  .  1%  .  20  .  30   tSc.      j    longs  prodaced  from  theft,  aie  s— [X«=s 

r  ,  4  .  9  .    itf  .  aj  I    y_»,  and  »x»+i=#*4-«,  and  their  Sum 

is  iV,  wh6ic  half  is  s*,  the  Arithmetical 

Mean.     Now  n  being  the  middle  Term  of  3,  allumed  in  the  nttnnd  Seiica,  which  in 

the  fi'rft  3,  (w'ai.  1  .  a  .  3)  is  a,  whofc  Square  is  4  :  and  every  fucceffive  Term  of  the 

nataral  &riea  being  the  middle  Term  of  the  next  mreet  from,  which  the  two  next  ad:  - 

jacent  Oblongs  proceed  ;  hence  the  univcrial  Truth  of  the  Theorem  is  clear. 

corollaries: 

T.  The  Sum  and  Difference  of  any  Square  and  its  Root,  are  thfe  -a  Obkmgs-  next 
greater  andlcHer  than  that  Square. 

1.  Take  the  Scries  of  Oblongs,  and  of  Squares  from  4  j  the  DiScirences  of  the  cor- 
rcTponding  Tcnns  of  thcfc  Series  are  the  natural  Progreffi«n  of  Numbers,  from  a  }  thus,  , 
4. — %=^i_,  5— tfs=3.   itf — 12=4-  andfoon-. 

♦       '■ 
Theorem    XXIX. 

The  Scries  of  Oblongs  '^&  the  Scries  of  Geometrical  Means  betwixt  every  two  adja- 
cent Squares,  (fee  the  preceding  Scheme^  The  common  Ratio  of  that  Mean,  and 
tbcfe  E^atemes,  being  that  of  tbe  Roots  of^thefe  Squares,  which  are  the  Side*  of  the 
€)blong 

Demon.  Betwixt  aay  two  Squares  AA,  and  BB,  tbe  G«ometricaF  Mean  is  AB  (6r 
AA :  AB :  :  AB  r  BB,  the  Ratio  being  A  :  B)  wbere&re  if  tbe  Roots  A,  B.  differ  by 
I,  the  Geometrical  Mean  AB  is  an  OSloi^ }  and  thus  cOnfcquently  wc  hare  the  whole 
Seriea  of  CXdongs. 
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CoROtL.  Take  the  Series  of  Obltogs  a&d  of  ike  Squares  ;  compare  the  ift  Square, 
I,  to  rhe  ift  Obleng  2  \  and  the  2d  to  the  ad,  and  ft  on.  The  R«atiqs  vc  the  cqati* 
nucd  Ratios  of  the  natural  Progrcinony  v/».  x  :  2^  a  :  3,   3:4-  ^c. 

T  H  £  O  BL  Z  11    XXX.      . .  , 

Take  the  Series  of  Squares  and  of  Qbion|p^  ^ .  out  5:^  thefc  malfe  ^^r  ^erie^^  .thu& ) 
Take  the  i  ft  Square  i,  then  to  this  Square  add  the  ill  Oblong,  theft  to  the  iftOb- 
.  long  add  the  id  Square,  a^ft  (b.on«  ad4i|lg  oacl|  Square  to  the  next  Oblong, 
and  each  Oblong  to  the  next  Square  \.  \  faj  th^  SHtns  aie  (U  Series  of  Triangles,  each 
Sum  being  a  Triai^Ie,  which  is  the  Sum  of  fi^h  a  Number  of  Terms  of  tl^  oaruj:al 
Seciesi,  as  \»  e^u«l  eo  the  Sum  of  the  Places  ^  tbr  Square  and  Oblong  added,  ip  their 
r^fpedlive  ^txv^v  Thus,  i^  is  tbo  4^h  SqMgrc>  and  ^2  the  3d  Oblong,  and  their  Sum 
is  jt^-f-i^^i^  ^  7tl»TnsfiglQ.  .    ;  . 

",.     .    .  » Demon.  It  is  rfaii\  thaj  the 

Krf^  Smei  if  .  »-  .  5:4..  5  I'  Places  of  the  two  Terms  added 
^Iceir  Squares  1.4'.  ^  ^  i(^  .  25  .  in  their  fevcral  Series,  ate  alter- 
Oblongs  2     .    6     .     12      .20  ■  nately  equal,  and  then  differing 

Triangles  i .  3  .  ^ .  10  . 1 5 .  ax  •  ^8 .  jt^  .  4;  by  i,   the  Place  of  the  Square 

^  being  the  grcateft  Nunjber  j  for 
the  ift  ^uard  is  added  to  the  ift  Oblong,  then  the  ift  OWong  to  the  2d  Square,  and 
fo  on  J  therefore  the  Thing  to  be  proved  is,  univerfally  that  the  n  Square  +  nOh- 

long,  is  the  Sum  of  m  Terms  of  the  natural  Series  5  and  that  th^  h  ObJong  +  s+^ 
SquafCi  is  the  Sum  of  2/1+f  Terms  of  the  natural  Series ;  SVhich  is  Ihewn  thus  j  ie 

n  Oblong  is  /iK«*|-x^=m+^>  to  which  add  ««,  the  Sum  is  mn-^n  5 .  and  the  Sum  of 

the  m  Terms  of  the  natural  Scries  is  a;f-|-ix^^!=n2«+ix«=s=2/f/r^»' which  is  the firft 

-  2  

Thing.  Agaki,  the  n  Oblong  being  nn-^n^  and  the/i4-x  Square  being  nn+in+h 
their  Sum  is  2M+3?+^  5  ^^  ^  ^^^  of  a»4- 1  Terms  of  the  natural  Series  is  aTfix 

i^jtlsa^^^jftXH  f  iW2Ji*+3#+i  5  which  is  the  fecond  Thing. 

2 

Or  the  Demonftration  may  be  made  thus;  each  Square  is  the  Sum  of  as  many 
Terms  of  the  odd  Series,  as  the  Hoot  expre0es  (Tieor.lX.)  and  the  Oblong  in  the 
fiext  loweir  Place  is  the  Sum  pf  all  the  intenncdiate  even  Numbecs  ^  ^Ifo  thic  Oblong 


r 

Odi  iS$ri^    I    .    3  .     J  .        7    •      9 

Eveti  .        .     a    .  4     •  ^        f    8 

Sqnar^s      .  i  ^<*  .4  .9  ,  >  16     • 

Oblongs             a    .  d     ■  12  .20 

itria^ks     x«3  .y,io.i5 .21  ■.  %in%6.^i 


■^  ~  I  ■ '   ' '  I        ii 


T  H  <  o  a  B  M     XKXL    '   V  .  ^ 

Take  Ae  Sum  of  every  two  adjacent  ObloMs,  and  add  it  to  A^  jDonklr  rf  the 
Arithmetical  Mean  (or  Interjacent  Square^  thele  Sums  make  the  Series  of  Squares  d 
the  eve^  Numbers  after  1.  ThUs,  a+tf4.8=x(?,  the  .Square  of  4  5  *«»  ^+"+'^ 
=35,  the  Square  of  ^.  D^mon. 


Simn% 

.4.5    .  irf 

Ohkng% 

2  .  tf  .  la    . 

Sqattrei 

16.16.     (T* 

Rmi 

4  .  tf  .    8 
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Demon.  ,  Thf!  Sum  of  every  two  adjacent  Ob- 
lonn  being  double  tlie  Artthmeiical  Mean,  or  in- 
terjacent Square,  which  call  »» ;  therefore  double 
thtt  iSquKre  added  to  that  Sum',  is  4  Times  tbat 
Square  or  4N/(  ;  but  4  aOd  h»  being  both  Squires, 
their  ProduA  4»0  is  iil(b  a  Square,  whofe  Root  is 
»«,  an  even  Number.}  atfo  the  firft  Value.of «  beiM  a,  in  that  Cafe  i«  i6=4  j  and 
tbc  lowing  Values  of  «  being  gradually  i  more  (bccaufe  the  Roots  of  the  Squares 
added  arc  i .  i .  3,  £f7c.)  thercrore  is  is  at  every  Step  a  more  than  in  the  preceding  j 
and  fo  they  raake  the  even  Series,  4  .  tf .  8,  iSc, 

Theorem    XXXII. 
Take  the  Sum  of  every  two  adjacent  Squares,  and  twice  the  intorjacent  Oblong" 
{or  Geometrical  Mean)  the  Sums  midce  the  Series  of  the  iSquares  of  all  odd  Numb^rs^ 
after  i  j  thus  1+4-1-4^?.  the  Squire  of  3  ;  alfo,  44-9+ii=i5i  -^e  Square  of  5. 

I>KMON-   3j«   »,■*-+-!,   be  '  two  adjacent 
Squares    i  •  .4     •  9     .  itf     .  t5  Nunbcra  in  the  natural  Scric%.  their  Squares 

Obtongs       £  .    6.   li.    ao  are  «»,  m -}^2fl+[,  and  the  Sum  of  tbejfe  two 

Squares       9  .  2<;  .  41)  .    8r  k  %nn-\-i.n-i-i -^  '8?'">  the  interjacent  ObloM.- 

Roou  3    •     5  -      7  •  [     9  being  the  Geonietrical,  Mean,  ia  t)ie  Produn   . 

...-;.,  '    of  die  Roots  «x«-^i=?v>«4^;(,^th«  Double  of 

which  is  ajK/i-j-av,  which  added  to  zes^  ^ff-t-i,-  theSun^U4ji»4'-}^~f~'  }-  ^i^d  this  is  ■ 
tbc  Square  oT^i-f-i,  an  odd  Number,  becau(c  as  ic  even  j  but  ajv-f^i  being  in  the 
ifl  Step  3,  and  »  encrcafing  gradually  by  t,  there^re  m  cncreafes  gradually  by  2, 
and  ft  alio  rauft  as-f-r  j  confcquCntly  the  fcveral  Values  of,  a»-|-i  arc  the  Terms  of 
the  odd  Scries,  3,  s,  7,  iSc.  . 

THEOREM'XKXlm  V 

To  the  Produdof  ererytwo  adjacent  Oblotigs  add  t)i« 'tnMijacent  Sqaare,  'the. 
Sutos  make  the  Secies  of  3ia**<drate8,  da  4th  Pbwecs,'  of  the' txltunil  Series  after  i  ; 
dtw,  sX<f-f-4i3;:i4$,  the  4tfa  Power  of  4  5  alfo  ffXtc-f  y»sgr,  the  4th  Power  of  3.      ' 

I>EMOK..» — It  «,  »+i,  eicprefi  any 
Squares  i  .  4  .  p  .  .  ttf  .  15 1  13  adjacent  Whmbefs  irt  the  natural  Se- 
ebktist  »  .  <S  .  ift  .  «0'  ■_^o  \  ries,and»x»— i=«j9— ».airo«Xj^ 
Bi»*«.  atf    ..Bi    .  %^6-  ..1^000     ■   I    -^ah-j-J!,  two  adj:rccnt  Oblongs,  and 

Awfi  *     ;  ■  *     •  ■  4     .,'        •■        !    their  Produa  is  B*—»S  to  which  add-, 

.    ■  '         ■   '  '  ■^'  «B,theSutfiis»'ibutin  the/ft'Cafc* 

ic^^s,  and  it  ^crea&s  graduallyin  alHht  fcUbwing  Steps  by  t  }  whence  rhc  Truth  , 
propofed  is  clear..  , 

Theorem  XXXTV.       / 

The  Pftiduft  of  two  adjacent  Oblongs  is  an  Oblong,  whole  greater  Side  Is  the 
Square  of  the.lcfler  Sidcof  xbe  Rreaicr.CjDloiifi.niultipIicd,  (ot  of  the  areater.Sidc  of 
thVleflrcrOhlongO      -        ;,  .  ..,        . 

r)RfcjON..«^t,\g,  M-f-i  being  ;  aidjacent  llCumbacs,  then  are  »— **««=*!»—'»>  and 
«xi-f-j=;«fl+jr,  two  adjiceiit  Oblongs  y  and  their  Piodilft  is  »•— «'«=fl'*-rx»»,  which 
is  ap  Oblong-  wb^e  sraatcr  ^e  is  ■««,  the  Ajuwrc  df  *,  .the  Icflcr  Side  oi  ^  greater, 
and  greater  Side  of  tn^  leflcr  Oblung. 

Or  thus,  Let  a,  b,  c,  be  3  Nuiiifaeis  diflbftilg  by  t,  then  arc  a^,  be,  two  adjacent  - 
OUflaBS,. iM  tiiair  Produ^,  ia-"«*xiF<tt=*c)<«»;,  b«t  from  the  Ntetnm  ^ Aritfaneiical 
PrQ^fiSiaasj^wliMi  thfi<K»?WW,X)4S(m>flC  a  t,  'thcB  HiicE^i>">-i;  &r4,^,'C-dny  be 

.K        --  ■  repa- 


• 
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repreiented  thus,  a^ar\-i^  ^H-a.  thcni5/rx#+»=^*+i^-*>»d  ^"f"i  =;/+i4+r,whcDCC 
tf  ^4-*4=stf*+a^-f-i— i ,  that  is,  a^^^^b^^i^  therefore  aCKbb  is  an  Oblong. 

PROBLEM   IV. 

One  Oblong  given,  to  find  another  fuch,  that  the  two  admit  of  one  Geometrical 
Mean,  i.  e.  luch  that  their  Produfl  is  a  iquare  Number. 

Rule.  Multiply  the  given  Number  by  4,  and  its  Square  by  j6  (the  Square  of  4) 
the  Sum  of  thefe  Produos  is  the  Number  fought.  Thus,  the  given  Oblong  beings, 
that  fought  is  id;»*+4»-  

Demon.  id/i*-|"4*  **  =4J»X4j»-4-i,  which  is  plainly  Oblong  5  and  to  (hew  that  n^ 
xd/i*^"**  admit  one  Geometrical  Mean  5  o?>hat  >ffXid^'*|-4*  (=i5ii*+4ii*)  is  a 
fquare  Number;  let  us  fuppofe  H=^ab^  and  «=*-|-i ^  then  is  4*=  4ab=iaxtb'j 
but  fince  ^1=^1,  then  is  tf-rie=i,  therefore  za — 2b=i  j  and  an  Arithmetic^Mean 

betwixt  la  and  ib  is  tf+^ ;  (b  that  la — a-\^b=i  (j^a-^b.)    Then  alio  is  ^1-4-^';= 

laXzb^^i^s^ab^i  (by  taking  a^+*==^+^>  *nd  a-\^i=zib)whcTeSorc  44^xa+fr*  is  an 

Oblong.  Alfi>  4^^X44r^X^4^^  is  a  Square,  who(e  Root  is  4/i^Xtf-Hs  ^  that^4ff^x^-f /^'ii 

the  Number  fought,  when  4ab  is  the  Number  given :  But  4ab=/^^  and  a'\-b^^=^j^b^i 

=5=4^-4-1,  therefore  4^X4^*=40X4ii-|-.i==:i(^/9^4"4^* 

ScHOL.  As  to  the  Invention  of  this  Rule,  it  may^be  traced  in  this  Manner :  The  Sides 
of  agiven  Oblong  being  ^ ,  bj  then,  i  ^.  To  find  a  Number  which  multiplied  into  d  wi!I 
produce  a  Square  $  it  is  obvious  that  if  we  multiply  ab  into  any  iquare  Number,  as  ;i/7, 
the  P^oduA  abnif^  is  a  Number  which  multiplied  into  ab  produces  a  Square,  vk. 

ab  X}i^^=^bn.  But  then,  2^.  .The  Queftion  is,  whether  ab^nn  be  alfo  an  Oblong  \ 
which  depends  upon  the  Choice  of  >»/i  $  as  to  which,  it  is  plain  in  the  firft  Place,  tlut 
ab^  nn^  cannot  be  Sides  of  an  Oblong  ^  for,  by  the  Nature  of  Oblongs,  and  their 
Connection  with  Squares,  the  next  Square  to  ii^  is  ab-^b^  or  ab-^^  (Vid.  "thwrm 
XXyill.  Ccr*  V)  either  of  which  has  a  greater  Di&ience  fiom  ab  than  1 5  wiere- 
lore  Mnn  Vi  the  greater  Side  of  an  Oblong,  the  other  muft  be  greater  than  ah:  Alfo, 
in  order  that  the  Vtodi}oJBt  of  that  Oblong  by  ab  may  be  a  Square,  the  other  Side  of  the 
Oblong  fought  muft  bethe  ProduA  of^r^  by  fome  iquare  ^lumber,  which  if  we  fup- 
pofe to  be  xx,  then  the  two  Sides  of  the  Oolong  are  abxics=axxbxi  and  fitf.  But  ^*'. 
The  Queftion  ftill  remains,  What  Numbers  we  fhaO  chufe  for  x  and  «,  fo  as  ^xix,  and 
ff/r,  be  Sides  of  an  Oblong  ?  In  order  to  which  it  may  readily  occur,  that  if  s  Kum- 
bers  are  -r-/,  differing  by  i  5  then  the  Produd  of  the  Extremes,  and  Square  of  the 
Mean  differ  by  i^  Tas  in  the  Demonfbation  o(7%eorXXXlV.  we  fee  ac=bb^i]  ^ 
to  are  Sides  oT  an  Oblong  ^  wherefore  it  follows,  that  in  the  preient  Cafe,  aXf  n, 
^x,  muft  be  -r-/  differing  by  i  $  and  confoquently  x  muft  be  2,  becaufe  ^f— Jbsi,  and 


hence  la — &  jc^a  $  fo  that  betwixt  za,  %b  there  is  one  Arithmetical  Mean  in  Intceers, 
W9.  a4^,  the  common  Difference  being  t  5  wherefore  it*s  plain,  that  0  mult  be 
an  Arithmetical  Mean  betwixt  la  and  1^,  1.  e.  0s=^-f^. 
From  this  Inveftigation  the  Rule  may  be  exnreflcd  in  this  Manner,  vi&.  Take  the 

^ven  Oblong,  visi.  ab^  and  multiply  it  by  a-^  (^^^).  ^^  ^^°^  ^  ^^  ^^^^  ^^'^^^ 
as  the  Arithmetical  Mean  betwixt  the  Doubles  of  the  Sides,  viz.  itf,  ib^  the  Square 

of  the  Produft  is  the  Oblong  fought,  abn^*  But  obferve,  that  this  Rule  requires  that 
the  Sides  of  the  given  Oblong  be  known,  whoxas  the  femer  Rule  requires  only  the 
Oblong  it  felf. 

PROBLEM  V. 
To£nd;  louaie  Numbeia  in  Arithmetical  Piogreflion,  i.e.  that  the  middle  one 
exceed  the  leaft  as  muck  a§  the  greateft  exceeds  the  middle  )'  Aus,  we  are  to  fiad  A 
b\  r*,  fuch  that  ^^b'^**^  c\  R^' 
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Rule.  Take  any  two  Square  Numbers,  which  call  c^^  d^y  a 
a^  be  greater  than  J*  5  then  u  the  Diflferencc^  viz.  %c^—i^ 
ftught  I  to  the  Sum  of  the  fame  Numbers^  wo.  i^+i*,  \ 
2,(?''\'ii\*%ic^  is  the  next  greater  Root  iboeht*  Again^  to  thi 
and  the  Sum  2^-f-iJ*f'4^^  ^  the  greateft  of  the  Roots  fought. 

Etnam,  Take  c=i,  and  i^=^i^  then  b  (r*=4  and  iP=i :  Aj 
the  lefler  Root.  To  the  Sum  of  8*4-*! =9  add  %d€=^\^  the 
Root.  L^filjy  To  this  Root  i ;  add  zdc^sz/^  the  Sutn  1 7  is  the 
7X7^8=49,  iiXi^^eit69^  and  17x17=289  J  and  289— itf9=i< 

•  *  ^ 

2)em<mfirat$m  and  Invejii^ation  $f  this  R 

If  you  take  the  3  Numbers  %(?• — JP"  5  2r-|^*4-2rf^  5  2^*-f 

Squares  by  the  common  Operations  $  then  it  will  oe  finind  to 

gndEon  •  but  the  Truth  of  this  we  fliaQ  fee  by  the  fottowing  1 

Suppofe  the  x  Roots  (ought  rcpre&nted  thus,  viz.  a^  a-^b-, 


dent,  viz.  b^ia  :  c^ia-\^zb  11  c  i  b^  but  the  2d  Term  is  g 


aXi* — c.  the  Quotes  are  equal,  viz.  ^g=-^rv  ^^    ,     which 

^-  *  ft*— ^t / 

fought.  But  now  to  make  this  a  poffible  Solution,  it's  raanife 
greater  dian  b'^^  and  if  we  chufe  *  and'^,  to  as  they  have  this  ( 
greater  than  r,  it's  certain  from  what  is  Ihewn,  that  we  have 
viz,  '0^  a-^b;  a^^r*M^'  What  remains  then  is  to  ihew,  how 
Ciotidkiotis,  'in  order  so- which  fuppole  ^cs^-f-J,  then  i»  b^^=^ 
'aftd  xb<r=^i^'^cd  $  hence  ^+2iv— itesc*-f'2^*+^^^^'^* — ^ 

bccaufe  b — £=^,  therefore  ib — xc^=zdy  fb  that45=s      y  ^ 

i/:*  muft  be  greater  than  3*  5  and  to  ichnfe  V,  d  fo,  has  in  it  no 
it's  eafily  done,  whether  we  take  c  greater  or  leflet  than  i  ^  w 
'^c^'d  according  to  iho  Conditions  mentiop^,  we  hayo  all 

^^'^^, ,  then  becaufc  *=c+rf,  therefore  a-^bsscL^z^-^c+u 

zd .  2a        . 

!f!+£ii^.   In  the  laA  Place,  fince  tl^c.  Squares  of  xht( 

Roots,  are  in  Arithmetical  Progreffion,  fb  muft  the  Squares  of 
caufe  the  Denominators  are  the  fame  5  but  ^hfi£b'  Nudi^rators  i 
as  in  the  Rule,  which  is  therefore  demonftrgted.    ^ 

ScHOL.  If  in  all.  Cafes  we  p:iak«  4==r,  then  the^  Roots  ar< 

'ac''+4^+i  J  jhat  is,  affume  any  Number  i:,' and  frohi  doubl 
Remainder  is.  the  leflcr  Root  fought  ,j  to  double  its  Square  ad 

'  i,  the  Surar  ik  the  TlexrRoarfoei^t  ^  then  todoublcfits  Squai 
and  I  (f .  e.  to  the  preceding  Root  found  add  double  the  aUun 
the  greateft  of  the  Roots  fought^ 

..,..!  Kkk 
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#  » 

The  Difierence  of  two  Integral  S^ufu-ct  m  ekher  fime  ed4  KooriKr  'gfcater  than  i ;. 
or,  it  is  an  even  Number  greater  than  4^  gnd  alio  a  JMttkiple  of  4. 

Demon,  (i^.)  IF  it's  an  odd  Number  k  muft  be  |;ieatef  thin  z  5  tbU  ii  /hewn  in 
Car.  ^  7'heor.  IX.  (2^.)  If  it's  an  even  Number  it  muft  t^  greater  tfaan  4«  asis 
ftiewn  in  Cor.  2d  and  4rh.  T'bear,  IX.  Bmaaain,  it  muft  b^  a  Multiply  of  4,  which 
is  demonftrated  thus»  by  Orell*  i.  Tbwr.  VKe  The  Difisrence  pf  any  tvp  lotegnl 
Souares  is  either  £ume  one,  or  the  Supaof  fome  two  i^  m^r^  Tetna  sicijacc&t  in  the 
odd  Series,  whereof  the  lefler  is  greater  than  i .  If  it*s  one  of  thefe  Terms,  or  the 
Sum  of  an  odd  Number  of  them,  then  it  is  an  odd  Number  ;  and  if  it  is  the  Sum  of 
an  even  Number  ef  Terms,  then  k  is  an  even  Number  ^  and  1  fay  A  theie  are  Maid- 
pics  of  4.  For  any  two  adjacent  Terms  ift  ^at  Series,  whereof  tde  leflcr  is  above  i, 
may  be  reprcfcnted  thus,,  i/x-f-r,  udiii-f-;,  whole  Sum  is'  4<7+4?s«^tix4*i  5  whidi 
Ihcws  the  Truth  propofcd,  if  the  Sqtiares  differ  by  the  Sum  erf  any  two  adjacent 
Terms  above  i.  If  the  Diflerence  if  the  5om  of  any  other,  even  Number  of  Terms, 
then  the  Sum  of  every  Pair  of  them  at  eqnal|  Diftance  trom  the  nxiddle  Pair,  is  equal  to 
the  Sum  of  the  middlb  Pair,  becaufe  they  are  in  Aridimetical  I^ogreflSon^  but  the 
Sum  of  the  middle  Pair  being  adjacent  Tcrmi>,  is  a  Multiple  rf  4,  confe^icntJyfois 
the  Sum  of  each  of  the  other  Pairs,  And  faenpe,  Lafly^  The  total  Sum  of  all  the 
INirs  muft  he  a  Multiple  of  4,  fince  each  of^he  I^vts,  u  e.  eadi  df  the  Pain  is  fo. 

PAOBIiEM    VI.  . 

Having  any  Tntegral  Numbdc,  t^  Aid  two  Integral  Squares,,  whofe  Difference  is 
eqpal  to  that  given  Number. 

Bjuk.  The  givea  Number  )ieing^aii  odd tliuBher  gasalier  ^mq  r»  iv  an  qvm  Number 
greater  than  4^  and  meafmrable  bv  4  («i  fofuired  in  die  preaedlDg  Lemmi)  tike  m 
swo  difierent  Intesers^  wbofe  Pi^auS  is  Mual  to  dhe  snren  Niimary  u  i,  any  two  of 
its  reciprocal  M^ures  [and  mind,  that  if  tfie  given  Nimiaer  is  odd,  we  iid|i»H  nf  i  fof 
a  Meaiui«,  whofc  i«cipiiOG«]  Mpafitre  is  the  ^pi'vn .  Ntuphor  k  feUT^^ut  if  the  gi^^ 
Number  is  even,  the  xeciptacal  Meafures  muft  be  both  even]  then  the  half  Sum  ud 
half  Diflference  of  thefe  two  Numbers,  are  the  Roots  of  two  Squares,  whofc  Dift^ 
rcncc'  is  the  given  Number  4  and  thus  by  takii^  eyexy  Pair  of  teckirQcal  Meifur^  w 
the  given  Number,  you'll  find  aU  the  poffible  Solutions  of  the  Problem. 

Jtxam.  I.  Given  i^sciXiyaBsjXj  y  4iheie  are  two  iSolutions,  ^»*  iJHiaac],  »4 

X 

!!+!=«  5  or  1115=3=1  J  and  iiis=::4.    For  jXi^/^9,  8x8=d4,  and  ^4— ««5> 

alfb,  4X4a=i5  and  i^— *i«=i5, 

£xam.  2.  Given  105=1X105=3X35=5X21=7X15,  which  make  4  Solutioitfi  w. 

!22li=:;r52,  and  I^!±I=53>  or  21"=!  «id,  and  22±2«i5,,  or  iL^b^i,  and 
2  a  a  *  a  .       %. 

ii+i^i,,  or  ii=:7=4,  Wi  U±lz 


II. 


Exam.  3*  Given  20=2X105  whence  we  have  this  one  Sd^itioQ  ^^^  ^  4^  ^ 

'  '  •  a 

— ^«=tf$  no  other  Pur  of  tfae  rccipio^  JInifaiics  «£  ao  hwn  ^  '^ 
'fvumbers* 


It 


\ 


1^. 


'v 

y 


^ 
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Exam.  4.  Givcn^  112^=2X5^,  =4X28, =8x145  wlience  wc 
9/2^.  ^7  and  2^9  fjiit  12  and  i^,  or  ^  aol  ii. 

lyEMONSTHATfOK^ 

t.  Let  the  {^en  Number  be  called  D,  and  any  of  it»  re< 

that  ii,  I>=M»£  thca  ai?e  2l^»  fj-2,  two  &oott»    wbofe  S 

a  a 

>p3ataly  ai^ 

a.  Again,  it  la  evident  Aat  ua^  n-^  afie<  ibppofiid  to  bp  quali 

be  boA  Integers:* For  D  beii^  an  ocMNiiaaber, i& iis  Meafisres, 

beiBa  andib  Or^M^Or^n^  are  both  even  (aaeqpbttn^  in  CbX.  $^.)  c« 

» 

are  both  Ivxewpn  j  if  D  is  even,  a^  n^  muft  both  be  even,  for 
the  other  oda/  the  Sum  and  DifiEerence  are  both.odd^  and  fc 
half  5  but  a%  n^  being  both  even,  the  9om  and  DifiR;rence  are 
4acnt)y  their  Half  itf  an  Int^er, 

3.  TbuA  it  ia  denumftrdte?  that  ailfthe  NombeM'^iri  by  t] 
tions  of  the  Problem  $  but  .obfer?e^  that  it  does  n^.  frqpi  hence 
1^  no  Qthqe  Solutiohft  thanlc^efe,*  i.e.  if  t^s^sf'"^  (two  Infce 
Id  be  demonftirated,  that  x,  yy  muft  be  one  of  them  the  half  S 
half  Difference  of  fbme  two  Integerr,  a^  0^  Skh  fiiat' OffiB^ 
which  I  ^tts  demonflrate* 

I^  ^  be  thf  greater  ftooe  fought  the  otbei^  jr>  msty^  bfe 

Square  IS  X*— zx«4"/i*  5  hince  x*— x— ;>  ==2X>r^;**^pA  4*^^  dl 
ftM«-^/^^^,  ^hklr-ml^bbto  boo«aft^%  :>9^  are  fuii 

mcaiores  D.    Suppofe'  their  th*^  5aBa»  (IB  tftit  Db«^iI»}  then 

Root,  accerdfej^totheRide;^        ;  1  . 

'8?eHf'eMs  1  rn- 1;-    • 
,  In  the  preceding  Demonf&altion  you  have^  alft  the  Imfejiigi 
that  Method  whkh  ii.caHfeJ'  tixa^jXiMl  by  fHp^fng-  x,  an< 
(ought.    And  we  have  aHb  aBcmdnftftf^em-efthc  Rule^  -aa a  S 

tsi)c^n¥Ke  i»iiiw(<4yA  wiitH^utr  vc^e A  to.lQtegpoij^&ii  wbc 
Ffaftionaly  any  two  Numbers^  a^  n^  fuch  that  affssjy^  make  — 

tion  5  and  all  the  ^offible  Solutions  are  got  m  t'his  Method,  b( 
laqpiicfeiltiaA  the  poffiU^  Kfiots. 

But  there  are  other  Methods  whereby  thi^  Rule'  miishf  be  d 
we  cal^  S^pth^c^l,  whereini«|efpro9oe4f  from^  fofOQ  ^own  1 
alfd  worth  knbwrtxgi'l^fhaBex^a^  -^  ^-^  ^.  ^  ^    . 

Kkkt 


■ 
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iJ?rd^ J  Method  rf  Inveftigating,  the  freceiing  Riilc, 
Tbi3  Rule  niight  be  owing  to  the  Conhderation  ot  the  Squares  of  a  Binomial  and 
Refidual  Root.  Thus,  having  obferved  that  the  Square  of  a-^-n  is  aa-^-ian-^nn^  and 
the  Square  of  ii — nss^a-- ^an-^nm  ^  alfq,  that  the  pifi^rente  of  thefe  two  Squares  i$ 
4^an  ^  it  was  obvious  to  conclude,  that  if  the  Difference  o{  two  Squares  was  a  Mi^tiple 
of  4,  it  may  be  cxprcfled  b^  4^,  and  b  be  exprcflfcd  nXw,  (^,  n  being  arty  two  Numbers, 
whofe  Produft  is  =b,)  Again,  it  might  eafily  oceur,  that  though  the  Dinerence  of  every 
two  Squares  is  not  a  Multiple  of  4,-  yet  the  Difference  of  any  two  Sqoaieft  mxj  be  rcpie- 

ftnted  by  the  Produfl  of  two  Numbers,  as  an  5  and  then,  confidering  that  1^~= 

4 
MH  ;  which  being  the  4th  Part  of  the  preceding  Difference  4^0  0^=4^)  therefere  it 

muft  be  the  Difference  of  the  4th  Pan^  of  the  preceding  Squaires,  <vs.;ofifltifd:^ 

.  4 

and  ^^—^^^-rnn^  ^^^^^  Roots  are  f±?,  fTfj  whence  an  univcrfal  Rule  Isdif- 

4  a  .2 

covered  for  finding  two  Squares,  who(e  Difference  is  any  given  Numbcr^roTided 
alwa}^  that  ^, /y,  be  different  Numbers,  fpr  otberwife  a — n  is  nothing.  "What  other 
Conditions  are  neceflary,  upon  Suppofitioii  that  D  is.  Integer ^^.  are  aHb  obviouSi 
viz.  that  g^nhc  both  Integers,  and  Jboch  pdd,  or  both  even^ 

T'biri  Metboi  of  Inveftigating  the  preceding  pMe, 

The  laft  Method  feems  to  be  rather  by  Chance,  thin  that  one.  is  naturaHy  direfled 
to  the  Confiderati<Mi  of  Binomial  and  Refidual  Squares^  a^  4vfif  A, Principle  that  ihould 
lead  to  the  Solution  of  the  Problem. 

But  after  the  Invention  of7*hear.  IX.  we  bavca  moce  eaiy  nad  natural  Principle  af&rd- 
<^d  us  for  the  Solution  of  the  Problem,  as  limited  to^Intcgers  5  which,  Aougti  tedious, 
yet  is  very  curious  and  not  difficult^  thus. 

By  CoroH.  i.  T'heor.  IX.  Th^  Disffereaec  of .  my  tv^o  In|«^I  $qc^^ 
one,  or  the  Sum  of  fome  1  or  more  Terms  of  the  odd  Scnea^  1.3.5:  C9V.  and  the 
Roots  of  thefe  Squares  are  Ae  Ind«cs«of  the  Placcf»  of  the. greater  Term,  and  of  that 
next  below  the  lefler  of  thefe  Terms,  whofe  Sum  is  equal  to  the  given  Number,  h  is 
hence  evident,  that  we*  have  no-  more  to  do,  but  from  the  ,given  -Number,  and  the 
known  Properties  of  an  Arithmetical  Progreflion,  tofeek  an  Exprefff  on  in  known Wombcrs 
for  thefe  Roots  ^  and  att  the  Variety  oTthem  that  have  the  uine  Di£Cicnoe  ^  and  diis< 
we  muft  diftribute  into  2  Cafes. 

Cafe  L  The  given  Number  beins  an  odd  Number  .greater  than  i.  In  this  Cafe  the  Pro- 
blem has  at  leaft  one  Solution  ^  ^  D  being  a  Term  of  the  odd  Series,^  whofe  Pl^ 
call )»,  then  is  .I>tbe  Di&r^ncc  of  two  Squares,  whofe  Roots,  are  m  and  ly— 1 3  ^ 
theic  being  expre£fed  accondipg  to  the  Rules  of  Anthmetical  Progrei&ons,  arcii=^ 

and  /J— i=felf  5  fitfif  the  greater  Eattremeofan  AridiBietioal  Series  is /» 

*  ft  .    .  .. 


the  lefler  a^  and' the  common  Diflference  d,  then  is  the.  Number  of  Tcrmsjr=2— 7 
But  in  the  prcfcnt  Cafe  *=D»  assi,  and  i=i  j.  hence  '/!<=»  5r"dt±  «s  5±.' ,  ani 
=.?±i^ ,  =5r£  J  and  thefe  Roots  JTJ,  5^?,  «re  maiu&ftly  two  Exa* 


%  2 

plea  of  the  jneceding  Rule»  becauie  z)(D=sD. 
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^gaia.  To  findlf  there  can  be  any  other  Solutiotw,  and  vAtt  Aey  are  :  Confider, 
That  if  there  is  aocKher  Solution,  then,  by  CorolJ.  i.  T'beor.  IX.  the  given  odd 
2<umber,  D,  muflbc  e^ual  to  the  Sumof  (bme  odd  Number  ofTcrms  greater  than  i, 
Aanding  next  together  in  the  odd  Series,  and  whereof  alfo  the  leaft  Term  cannot 
be  1  :  And  in  this  Cafe  the  Place  of  (or  the  Number  of  Terms  from  r,  to)  the 
arcatell  of  thefc  Terms,  and  the  Place  next  below  the  Icffer  of  th^fc  Terms,  are  two 
^oots,  whofc  Squares  have  the  given  Difference  (which  is  the  Sum  of  atl  thefe  Terms.) 
Wherefore  it's  plain,  That  as  many  dif&rent  odd  Numbers  of  Terms  as  there  arc,  whofe 
Sums  ire 'each  equal  to  D  (of  which  the  leaft  i»grcatcr  than  i)  ft  niany,  and  no 
XDore,  Solutions  has  the  Problem  :  And  to  difcover  thefe,  conJider  agai^.  That  from 
the  Nature  of  Arithmetical  Progreflions,  when  the  Kumhcr  of  Terms  is  odd,  it's  an 
aU<jkot  Part  of  the  Sum  j  for  the  Sum  being  D,  and  Number  of  Terms  »,  the  middle 
Term  is  — }  which  being,  by  SuppoCtion,  an  Integer,  »  mull  meafure,  or  be  an 

aliquot  Part  of  D  j  whereby  it's  evident,  that  as  there  can  be  no  Solution  of  the  Pro- 
blem tnit  one  for  every  odo  Number  of  Terms  of  the  odd  Series,  whole  Sum  is  ss  D* 
and  whereof  the  leaft  Term  is  ereatcr  than  i ;  fo,  bccaufe  that  Number  of  Terms  is 
alio  an  gUquot  Part,  of  D,  it  (bl^ws,  that  there  cannot  be  more  Solutions  than  there 
are  diSereqt  Meafures  ofD.  fiut  yet  again,  I  lay  that  all  the  Solutions  amount  only 
to  one  ftr  every  Pair  of  Reciprocal  Meafuros  (and  not  one  for  every  Meafure :)  And  to 
demonftratc  this,  and  alfo  find  the  general  £x[n^on  for  them  all,  agreeable  to  the 
Rule,  we  proceed  thus  ^  D  being  the  Sum  of  an  odd  Number,  d,  of  Terms  of  the  odd 

Series,  —    is  the  middle  Term :    and  then  having  — ,    the  middle  Term,    and 

z,  the  common  Difference,  we  may  find  the  Extremes  thus  ;  Suppole  the  middle 

Term,  ~.,  ro  be  a  leffer  Extreme,   with  reipe£l  to  the  greater  Extieme  fought 

(^ which  in  general  call  /)  and  a  greater,  with  refped  to  the  l^ler  Extreme  Ibuzht 
(whidi  call  A  j)  then,  fince  the  Number  of  Terms,  fjum  A  to /,  is0,   the  Number 

of  Terms  left  i,   from  A  to  —,  and  from  —  to  /,  is  !Illi  j   and   hence,  by  the 

common  Rules,  we  find  /=?^ +  ix!In5=5.+»— i  .    and  At=?L— sxlZ£ 

It  3.        n  a  1 

3sE— s+i  jthcnthe  Places  of  thefc  Terms  in.the  odd  Series,  arc  ^il,  the  Plactof ^  y 
which  is  alfo  the  Root  of  the  greater  Square  fought  j  and  ^XJ,  the^  Pkce  of  A^ 
,  the  leffcr  Root  ibught  ^  no^  putting  inftead ' 


are  2+^,  and  5=^;  fot  ^fi=5^+»=5±^  i  '  which    divided    by  a, 
Aft  %n  a  »  • 

Quote»  2te.  i  and.A— 1=^— fl=£i:!ii  which  divided  by  2,  Quotes  5:1^. 
Again,  S^ace  »  BKafures  V,  fuppofe. — =a,  then  in  D=m  ;  and  putting  aa  .fac. 

1>. 
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P,  the  Roots  are  ^!!!X^,  ^!I2!!^  %  which  by  equal  Divi£on  of  Nameratorand  \kn 

nontt04t%  by  «» ate  £lil2>  ^TZZ  ^  which  E^qporefliftti  comprcheod  alft  the  ifi  SqIii» 

a  2 

tion  ^  wheiein  ly  being  saei,  I>  is^«tf  s  And  hfiMQ  ^^»  f^^I?^  sure  ss<.p-p-^  --t^i 

a,  a       ^  &         X 

the  Rules  given  for  that  Cafe  j  fb  thi^  D  being  =^tf,  auy  two  reciprocal  Mcafuresof 

Py  all  the  poffible  Kooti  which  ipWe  the  Problem,   «re  exprefle^  in  gpneta!)  by 

^mf^y  ^dr?,  according  to  the  preceding  Rule  :  Then,   becaule  n  mutt  be  le&than  i^ 

a  a 

to  make  a — n  po0lh|e  ^  therefore  of  tiw>  reciprocal  Meafures  of  D,  there  can  he  a 
Solution  only  fer  the  lefler  of  theni,  taken  as  a  Number  of  Terms,  whofc  Sum  ii 
=:D.     And  thus  is  the  whole  faiveftigatioa  and  Demonftration  finiffaed,  when  B  is  an 

odd  Number* 

QUi  IL  The  i^ven  Kumbei:,  D,  bein|;  an  e^esi  Number  Cgre^ejp  than  4»  ^ 
Mnealural^lQ -by  4)  tben  the  Problem  has»  ^t  leaft,  one  Solution^  fqr  by  Suppofition, 

_  18  an  wen  Number  5  therefore  -— -f*it  — — i,are  two  odd  Numbers  ^  which difier** 

-*  •  a.  a 

^g  by.  a,  fliows  that  they  ihmd  ocact  nqgi^ther  in  the  odd  Series  3  and  their  Sum  being 

=;=;  to  D,  therefore  the  Maces  of--+r,  and  of  Ae  Term  nextbclow  — —  i,  arc  two 

%  a. 

RoQtSy  vikofc  Si||imcs  dififer  by  D.  Now  thefe  Places  are  found  by  the  common  Rules 
to  be    -i^,  and  ttZ!*,    Again^  SinceD  isaMultipIeof4,  Jet  itbe=4(;^2X;J} 

then  P+f.«4te=^±*.  (s=i+.i)  and  ^:L^;^^i^±rL  (=;J-i) 
44a  4  4  .  a 

which  fhews  us  plainly  that  this  is  an  Example  of  the  preceding. Rule. 

Again,  To  find  if  there  aic  any  other  Solutioos^  and  what  they  sure.    Coafider, 

Th^  if  there  is  anQther  Solution,  then  Q  muft  be  the  Sam  of  a^^even  Number  of 

Terms  greater  than  a,  ftaipding  next  together  in  the  odd  Series,  and  whereof  the  kaft 

is  not  i^  (by  Cor.  u  2Tb.  IX.)  and  in  this  Cafe  the  Placcjs  of  the  greateft  of  thefe  Tcnns, 

and  of  that  next  before  the  leaft,  are  2  Roots,  wbofe.  Squares  differ  by  I>,  the  &« 

of  all  theft  Terms  $  wherefore  it's  plain,  that  as  many  different  Numbers  of  Tcinis 

as  there  are,  whofe  Sums  ave  each  z=D,  and  of  which  the  leaft  Term  is  gMaeer  tbaa 

I,  fo  many,  and  no  more,  Solutions  has  the  Problem  :  And  to  difcover  thcfc,  con- 

ftdcr,  agaifty  That  fyom  the  N;>tt|re  of  a  Progrpifioi^  of  odd  NumbefSiL  if  the  Number 

of  Terms  is  even,   it's  an  aliquot  Part  or  Mcafure  of  the  Sum  j-  for  D  being 

th^   Snm,    tk  the  Number    of  Term^,    and    the   Extrem^^  A,    L,    then  is  D 

=A4./xil.    Hence  A+^=D-^-=~.  and  A+l=?.j  but  A,  /,arcbodi 
a  :  a        ».  2  » 

odd,  and  To  their  Sum  is  evcn^.f.^.  -4^,  is  an  Integer  5  conjipquently  fo.  i^  -, 

or  n  mcafures  D  :  Hence,  if  thene  is  any  Number  of  Terms  of  ijh^  odd  Serlei^  whofc 
Sum  is  s=D,  xk{^l  NuQiher  meafures  I>  j  whereby  it*s  evident  there  c^  h^  no  Solu- 
tion of  the  Problem,  but  one,  for  cvcfy  even  Number  of  Terms,  whole  Si|m  isB,  «» 
whereof  the  leaft  Term  is  greater  than  i  s  an^  bccaufe  that  Number  of  Terms  muft 
meafure  D,  it  fbflows,  that^there  cannotc  be  more  S^t»^ona  than  tbciex  are  even  Mcfl^ 
fures  of  D  :  But  yet  again,  I  {ay,  that  there  c^ot  be  more  Solutions  than  the  Num- 
ber of  reciprocal  Meawrcs  of  D,  or  one  for  each  Pair,  which  are  both  even  Nwnben ; 
*  And 


Ctiapb  II.  0/  "Bgurate  NumSers,  419 

And  to  demonftrate  thia,  tnd  find  the  general  ExprelGon  for  them  all^greeable  to 
lite  Rule,  we  proceed  thus  j  D  being  mc  Sum  of  an  even  Namber,  9,  ofTemu  of  the 

aMSeriet,wIw{ecomR]QnDilKTeRceua,t]tenH— J,— +1,  exnvfi  the  two  n^dle 

Terau }  for  the  Sum  ot  the  two  middle  Terms  ia  equal  to  the  Sum  of  the  Extremea, 

A4-4    which   15  equal    to  ^-~i  becaufiA+Zx-  =D,  and  hence  A-f-;s:s 


Tmth,  liiat  the  h^Uf  Spm,  mere  m  lefi  the  half  Difierence  of  two  Numben,  ii  equd 
todiegFesucrorIe0icToftbem  J  wherefore-^: —  beiDgtbeSumof  lite  mid^«  Tenmv.-* 
is  the  half  Sum  {  alio  t  being  their  DiCEercncC]  i  is  the .  half  'Di&aeeacc  j  tberefbre 


to  be  a  gfealer  Extreme* 
with  refpe£l  to  A  ;  thes  the  Number  of  Temic,  from  A  to  /> .  being  «,  that  fiom  A" 

.to  H-— 1,  and  fr9Bi  -~-4-i  to 7,  will  be  -  ;  from  which  take  i,  the  Remaader- 

■ft  »  a 

i>  2^ — i^^iT^j  and  from  the  common  Ktdef,./  i(  ss_-4-iJ.jx^!!^2s=H4-*— i; 
»  -a  ■*!*.' 

ptfi>,  Aaa^-^f^^  xg~^  =P  -fi^^.     New  tbeie  being   the  £uae  ^ipvffiMM, 

aaifer  f  and  A,  in  the  ift  Cafe|  all 'the  reft'*of  the  laTefi^atioB  ia  the  iame  as 

there  ;  whereby  the  t«0  K^Pta  fovght  vfc  fH^,  ^ifl?  ^  a4i)$b  (onpn^^cvd  ?}£> 

the    ift  SoIotiM,    wheivia  jansi»    Ds^aaiuJiea  j  whence   aifisv,     and    ^^^r— ; 

a 

5±=i=iif-i  i  aUbfe«^il«fci+i,  wbicharetheRiileaofthatfiiit«ohttio(i: 

a  a  a  , 

So  that  DbciggJBfi«>  (anytwojeciptocal  McaAuea  of  D)  all  ifae  Sdbuiootqf  jdie 
Problem  are  unirerfally  exprcfled  by  tZ^,  lltf ,  upon  Condition  alfe  that  a,  />, 

be  both  even  Numbers  }fercUe  the  Roots  cannot  be  Iirtegcra:  Tb^Muft  alio  be  diffe- 
rent Numbera ;  elfe  a—rt  =0  ■  Whence,  in  the  1^  flwf  it  is  ckar  that  all  the 
Solutions  amount  only  to  one  fflr  every  Pair  of  the  reciprocal  Meafiirea  of  D,  which 
ue  bodi  even  Idumbcra. 

9  C  H  0  L  I  O  H      II. 

In  the  pteceding  P10UQ19,  An  given  Difier«nc«  Lbqing  calUd  I>t  wiPi  in  ie&ic  Solu- 
tioDi,  \gt  tela  than  . IqAar'd,  and  in  Ibme  greater  j  and  indeed,  in  Ibme.Valuea  of  D^ 

tlMtcsviU  be  w  .S«litf i<)a  ip.wiuflk  fisiMiiw  k$^|n,^jqMii«dt-A«^.m 

Cafta 
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Cafetf  there -^n  be  no  Solution,  wherein  D  is  greater  than  H—1  {buar^d.  tn  other  Cafes 

yott^will  find  Solutions  of  both  Kinds.     But  I  Aiall  alio  explain  thefe  Things  more 
particularly. 

ijf^  If  D  is  an  even  Number,  then  (c.)  If  it's  left  than  24,  it  muft  be  8,  ii,  id,  or 
fto  ^  for  na  other  even  Number  lefi  than  24,  is  a  Multiple  of  4  :  And  in  all  rhefe  there 
is  but  one  Solution,  viz.  Where  2  is  one  of  the  reciprocal  Meafures  ^  becaufe  noother 
Pair  of  reciprocal  MedTures  of  any  of  thefe  Numbers,  are  both  even  Numbers  5  and 

the  leflcr  Roots  in  thefe  feveral  Examples  arc  il2:,  ^ZH,   5zl,   i^Zi  (viz. 

2222 

when  8^=4X2,  12=^X2,  i((^8X2,  20=10X2,  are  the  Values  of  IM  and  theSqaaresof 

thefe  are  all  Icfs  than  D,  or  24  5  for  they  are,  i,  4,  9,  16.    (2.)  If  D  is  24,  or  ereatcr, 

then  in  fome  Values  of  it  there  will  be  but  one  Solution  5  and  in  that,  D  (==^x«) 


will  be  left  than  — -  fquared :  And  fuch  are  all  thefe  Values  of  D,  whofe  4th 

/    2 

Palt  is  an  odd  Number  ;  for  iiice  D  mufl  be  a  Multiple  of  4,  let  it  be  ==4^  $  if  its 
4th  Party  J,  is  an  odd  Number,  it  follows,  that  it  can  have  no  Pair  of  even  Num- 
bers for  its  reciprocal  Meafures,  but  2  and  2d  1  fo  that  there  is  but  this  one  Solution: 

And  here  the  Roots  arc  i — — ,   IfLtl,  which, are  equal  to  d—- 1,  and  J+i  3  whofe 

22 

^uarcs  are  both  greater  than  D.    That  d — i  is  greater  than  D  =4^,  is  thus  prored ; 

rf— i^=Jti — 2i-|-i  3  add  id  both  to  this  Square  and  to  4^  5  the  Sums  arc  dd-j-u 

and  6d  ^  divide  both  by  J,  and  the  Quotes  are  d-^-^^  and  6  :  But  44  being  equal 
to  24,  or  greater,  it  follows,  that  D  muft  be  «=d,  or  greater  ;   and  confcqueotly 

d-foL  is  greater  than  6  $  and  hence  ddr^i  is  greater  than  6)^  5  alfb  ii— iJ-f  ^ 

d  «._«. 

greater  than  tfxi— 2^=54^  5  that  is,   <i— i*  greater  than  D=4J. 

.  In  all  other  Values  of  D  (sreater  than  24,  and  alfo  an  even  Number)  there  tviO 
be,  at  leaft,  two  Solutions  5  for  we  fuppofe  now,  that  the  4th  Part  of  D  is  an  even 
Number  ^  and  therefore  D  may  be  renrefented^  4X2^=2=  2X4^,  w^ich  make  two  Solu- 
tions 5  and  according  as  i  is  varioufiy  compounded,  fo  will  there  be  a  Varietyot 
i^hct  Solutions  ^  in  fome  of  which  D  will  be  lefs,  and  in  fome  greater,  than  the  leflcr 
of  the  two  Squares. 

2^.  Jf  Dison  odd  Number,  then  ^1.)  If  it's  a  prime  Number,  there  is  bur  one 

Solution,  and  the  Roots  fought  are  ?IIIi,  and  ?i£.    And  here,  if  D  is  3  °f  J> 

22 

it  is  greater  than  the  lefier  Square  5  for  this,  in  thefe  Cafes,  is  z,  or  4.    But  if  D  is 
greater  than  5,   then  it*t  ailway* .left  than  the  lefier  Square  Ibaght,  via. Squue. 

For  i>^*=D*— i  D+i.  antl '—  Square,  =s5!z±2±Ii  compare  this  with 

a  4 

D,  itos,  multiply  both  by  4,  and  the  Produfis  are  D*~2  D+i,  4D  5  add  jD  to 

toth,*  the  Stfis'^are  DH-'>  ^i>  5  ii'ndc  both  thefe  by  D,  •  the  QP^teraxc  D+^i 

6i 
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tf  J  hat  D  is  &ppo&d  to  be  an  odd  Number  greater  than  5, 
^cQoieqiieiitly  D4^  ^  greatjcr  than  ^ :  And  liencc  going  baci 

<faaa  tfl>5   alfo  D^4*i*~*^I^>  greater  than  6l>-2D:s=4D  ^ 

than  D,  or  D  lefi  than fquar'd.  (2.)  If  D  is  an  odd  compo 

2 

4e  ftvcral  Solutions^^accooding  ti>  the  Variety  of  the  Cooa^ppfition 
will  be  atieaft,  two  Solutions,  whc  rcof  the  Roots  of  one  will  t 

dieir  Squares  being  greater  than  D  5  becaufe  D  is  greater  thar 

"^'9  J«  Another.  Thing^  to  be  obTeWed  here,  %  That  bavins  i 
Meafliros'of  Dj  if :  you  .begin  wiA  that  Pair^  which,  confiits 
^Sleafures  of  B/  #.  &.  that  Pair  which  have  the  greateft  Differ* 
.P^  which  have  the  leaft  Difference  5  an^  fi).  proceed  in  Or 

Solution  makes iquared,  lefi  or  greater  than  D,  go  on  1 

jDoaking  fll^^iawd^  a>ntrarily  greater  or  lef»  th^  JD5  and  afte 
..  2  • 

<«f lii^ iame Haiidf  The' Re^ifirnds  plain  ^  foif^kt'the  reiciprocal 

,  f<^ited  as  in  the  Mjircin^  whefei 

a\.  b   .  c   .  &c.  A  the  greateft  Meaiure  ofD,  t 


4  B  .  C  .  &c. 


is^g^ter  than  B-rr^, ,  which-  is 

T^^r^  if  JZi  .fqjiared  is  gn 

2 


S«hfe'wt)dcidU'tiH-we  firtdi^bftitibri;  Wherein  ^^-r^^  fqtis 

£airiof<iedpixical  Mcafures.df  Eb)  iajofi  'tban.Di^  j)U;d»tfo] 
:Caafe  :the  l5iffei^n<^  of  the^t^o  reciprocal  Mea&res  grows  £1 
if  A-^/J  is  left'  than  JB-^^v  B^. '  (A  f  /  if  i?  is  the  greateft  Aleo 

ats  ^eciprdiftl  «Mcafufi)  thpn  if  ^Zlf^fqawed  :ii^Jc6  tl 


2 

ftjftff^  fio4,-:^!SoI^?wn>  in.which  ?^  fwared.is^  tl 

"fefatooyiJccdufe  tbcDiflfe'r^nccJs'irtti^are..  ^  •  -    »:..?_ 

•       •  •     «  r  »  •  » 

PROBLEM    Vrt. 

the  greater' 18  cqutf  to  the  Sun*oft6e  t«^o  MUfer.'  '    "   '  '  • 

^v  ift^^    ,Afflwe  afly  fqu^e.J^uii^^  greater  than  ^  ^ 

nfeciprocaTMca&rfis,  as-^^j.^  j  then.  arp^i^,lji2,i-. the  1 
which  -HUth  N*  folve  the  Problem. 

.    ^iPaf^^  J^Jlry^^^^9Jf=^i^9  ^^]^c  A  Squares  fought  are  5 
''^  ^JsJkr^.  ^yif^ei»uSe^?4^)?f^^  'fiig^sW^uar^i^ 

^'^-^  [LIl] 


KUr 
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Demon.  The  umtrerfal  Reafbn  of  this  is  contained  in  the  Detnonfttation  of  the  re- 
ceding Problem ;  for  the  Difference  of  two  Squares  may  be  any  odd  Number  jgreater  £ui 
I,  or  any  even  Number  greater  than  4,  and  meaforable  by  4,  (by  the  preceding  Lemma) 
therefore  it  may  be  any  Square  Number  greater  than'4  9  becaufe  any  fuch  Square  ii 
either  an  odd  Number  greater  than  i,  or  it  is  an  even  Number  mewirable  by  4  (ai 
all  even  Squares  are,  by  ^beor*  XXIX.  $  4.  Chap,  i.) 

Scholiums. 
I.  By  this  Rule,  the  Square  afiamed  is  always  one  of  tbeitwa  leflcr,  becaufe  it  is  the 
Difference  of  the  other  two  3  and  if  the  Problem  be  limited  to  this  Condition,  viz.  That 
of  the  three  Squares,  the  afTumed  (or  given)  one  be  the  leaft,  or  alio  the  middle  one 
of  the  three,  then  it  may  be  done  thus : 

(i^.)  To  make  the  aflumed  Square  the  leaft  of; the  Tbree.^  if  you  affiime  N\ 

an  odd  Square,  then  as  it  muft  be  greater  than  r,  (b  the  other  2  Roots  will  be  ..llf, 

2 

N*— r  '  •  "     • 

and ,  which  will  be  greater  than  N  3  as  is  (hewn  in  the  fecond  Article  of 

a 
&hoh  2d.  to  the  preceding  Problem  5  where  it's  ihewn,  that  if  D  (an  odd  Number) 

\  is  greater  than  5,  then  ^—1  fijuared  is  greater  than  D,  #.  e.  ia  the  prefent  Caie»  — ^ 

a       ,  ^  a 

iquar*d  is  greater  than  N^  5  for  here  N^  is  at  leaft  9.  Again,  if  yoii  aflame  N^  an  even 
Number,  as  it  muft  be  a  Multiple  of  4,  in  order  to  be  the  JDifFerence  of  a  Squares,  foit 
muft  be  the  Multiple  of  it  by  fome  Square  Number,  for  elfe  the  Piodua  of  it  br  a 
Square  4  could  not  produce  a  Square  Number  (by  CoroH.  2.  ^beor.  U.  S0ck  ill 

Chap.  10  Suppofe  now,  that  N*=4Xii^s=a2X24S*,  then  arc  ifJZf  (s^^yt^— i)  andifi^ 
*  **  2*2 

(ssa^-^i)  tv^  Roots,  which  fblye  the  Ptoblem^  in  all  Cafes  wherefa  N^  is  greater  thio 
j6^  as  appears  by  the  firft  Article  of  4&i&0/.  2.  to  the  nrecedins  Problem^  (kActc 
it's  fhewn,  that  when  D  (or  in  this  CJafc  N^)  is  greater^ttm  24  (aa  it  moft  be  if  it'i 

a  Square  Number  greater  than  i<^)  then  it  is  lefi  than  d — 1%  the  lefler  of  the  Sqtum 
Ibught  (which  is  in  this  QaJk  ^~i  {quar*d,)    But  if  N^=i(^,  this  will  not  fiJvc  the 

Problem,  becaofe  then  4X^*  (=*N*)  ^sitf,  and  confequently  il"==4>  and  tf*r-i=Ji  Jcfi 
than  4=N. 

(2**.)  To  make  the  aflumed  Square  Number  the  middle  one  of  the  Three  j  tbcnfiwl 
an  its  reciprocal  Meafurcs,  and  take  that  Pair  which  have,  the  leaft  Diflerence,  iQp- 

^c  them  to  be  y,  j^  $  then  if  ^^^  is  'lefs  than  N,  the  Problem  is  poffil*' 
and    ^^I.    ^t    arc  two  RooU  which  folv6  it  5    but  if  ^^IZS!  is  greater  than 

2  2  n  ' 

N,  the  Problem  is  impoiHbles  for  the  Difference  of  all  the  ^^^^ 
of   reciprocal    Meafurcs  being,    by    Suppofltion,    greater   than    x— j*,    thcrctorc 

^y  win  be  lefs  than  the  half  of  the  Difference  of  thcfc  others  5  fo  that  S^  ^ 


greater  than  N,  and  the  half  Difference  rfall  the  others  being  greater  than  --» ^ 

muft  ftill  be  greater  than  N,  and  conTeqaciitly  il*  ia  the  kaft,  and  iwt  Ac  mH^  ^ 
the  three  Squares,  H.  If   J 


gral  Squares}  the  Limitation  la  IHQ  more  dSficalt ;  uid  the'prcccding  Kule  is  of  no 
ulc  here  ;  nor  do  I  indeed  know  any  Rule  better  or  ealier  than  taking  all  the  Num- 
Iters  lets  than  N,  and  adding  together  the  Squares  of  every  one  of  them,  whereby  yobtt 
find  every  Pair  of  Squarei  lefa  than  N*,  whole  Sum  'u  equal  to  N*. 

Bat  in  Ibme  Cafes  the  Impoffibilttv  ci  this  Problem  may  be  difcovered  without  the 
ApplicatLo.1  of  this  tedious  Rule  ;  thus,  divide  the  given  Square  by  4 ;  and  if  the 
K.emainder  is  3,  the  Problem  is  impo63iblc  ;  the  Reafon  of  which  you  have  in  Cor.  ^ 
^Hwr.XXiX.  $  4.  Ci?ap.  I.  Yet  obfervc,  that  thouah  the  Remainder  is  not  3,  or  rf 
:  there  is  no  Remainder,  as  in  all  even  Squares,  u  does  not  &Qow  dMt  therewre  the 
^vcn  Square  is  divifible  into  two  Sqaares. 

Theorem  XXXV. 
-  If  }  Numbers  are  fuch  that  the  Square  of  the  ereater  is  equal  Co  the  Sum  of  the 
Squares  of  the  other  two,  the  lame  will  be  true  alio  of  any  the  like  Multiple*,  or  aU- 
quet  Parts  of  thefeKumbers. 

Mtam.  %,  4,  5,  are  fuch  Numbers  as  ptopoled  }  and  fi>  are  their  Doobles,  6, 8,  id, 
aiod  their  Triplea,  jt,  12, 15  j  asyoull-findtiyOucHlation. 

Demon.  JLet  A^B,  C,  'be  fiich  that  C^A*-f-B*,  then  aw  sA,  «B,  »C.  fnch  aUb, 
viz.  «C?=>»A'+hB*,  fcr  »&::=»'xC,  sB'ssw'xB',  »A*=w*xA*i  but  OesOLH-B*. 
dmefiwe  their  Equimultiples  are  alfb  equal,  W9.  »*C?=«'A4-'»'B*-  Thft  fime  is  true 
•f  like  aliquot  Parts,  whidi  is  but  the  Rev«&  of  the  fermer,  fince  0  A,  sB,  ffC,  mxf 
.  ttyi^eat  any  3  Numbers  whidiluTe  «  like  aliquot  Put  denominated  1^  ». 

COROLLARIES. 
I.  If  it  is  propofed  to  find  ;  -Integral  NuidbeFS,  fiidi  that  ihe  Square  of  idie 
greater  be  equal  to  the  Sum  of  the  other  two  Squares,  and  fuch  too,  that  the  Roots  be 
m  certain  Ratio's  to  one  another,  then  reduce  tbefe  Ratios  to  a  common  Antecedent, 
i,  e,  find  3  Numbers,  which  taken  in  a  Series,  are  gradually  to  one  another  in  the 
oropoTed  Ratios  (by  Vrobh  I.  Seek  IV.  Chop.  IV.)  and  if  thefc  3  Numbers  an- 
Iwer  the  Problem,  you  have  done,  otherwife  tne  Problem  is  impoQibic  ;  for  if  there 
are  any  other  3  Numben  in  thefe  Ratios  that  can  fblve  the  Problem,  they  are  either  the 
leaft  Terms  of  thefe  Ratios,  or  like  Multiples  of  them  ;  if  the  le^  Terms,  then  the 
lUce  Mulnples  will  alfb  JbWe  the  Problem :  If  you  lay  tney  are  Ibme  like  A^Itiples  of 
the  Icaft  Terms,  then  alfo  ^he  lealt  Terms,  wluch  are  like  aliquot  Parts  of  them,  will 
fblve  it  3  but  the  i  Numbers  firft  found  moll  aUb  be  either  the  leaft  Terms  of  the  £uiie 
tM6ot,ui  Jike  Multiples-  of -them  *  and  there&re  if  they  fiilve  not  the  Pmbletn,  It 
camwt  be  Iblved,  because  if  any  Terms  of  thele  Ratios  fblve  it,  M  Terms  nuiit 
fidve  it. 

z.  Having  any  j  Numben^  inch  that  the  Square  of  the  greater  ^^  -equal  to  Ae 
Som  of  the  Squares  of  the  other  two,  we  eao  find  an  infinite  Number  of  other  Bz- 
amplcB  of  Ac  ume  kind,  by  tafciog  ai^  like  Multipla  «f  the  Ijnmben  gives. 
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if  die  Root  of  any  Square  Mambor  is  equal  to.  the  Sum  of  two  Sqvate  Numbeis, 
that  Square  is  alio  equal  to  the  Sum  of  two  Square  Numbea»  whde  Roots  ate,  the 
l)ifftrence  of  .the  two  Squares  whofe  Sum  the  nrft  &oot  is,  and  doMc  the  Ptodafi 
of  their  Roots. 

•-'    Escmt.   4-f-^i5,    and   t^xi^^^^^i^sissi^^x^^    two  Squares,  whoC:  Roots  ut 
•12  (=*2X2Xj)  and  5  (=p — ^4.) 

Demok.  Take  any  two  Squares,  n',  ^^,  their  Sum  is  a^-4^%  and  the  Square  of 
tllis  Sum  is  tf4-|«2ii»**44r^=4f<-,2tfV4^M-4a***  ;  alfo  tf4u^4*i&*4^  is  a  Square, 
whofe  Root  is  a* — l^  5  and  ^a^b*  is  a  Square,  whofe  Root  is  ^at. 

CoROLL.  Hence  we  learn,  how  to  find  a  Square  Number,  which  is  eoual  to  the 

'  ^m  of  t^o  .Squares  ^  or,  another  Rule  for  finding  3  Square  Numbers,  iuoi  that  the 
greater  is  oqu'al  to  the  Sum  of  the  two  lefler.  But  obferve^  that  though  we  can  here- 
by find  an  infinite  Number  of  Anfwers  to  this  Problem,  yet  all  the  pofllble  Solutioos 
of  the  Problem  cannot  be  found  in  this  Method  5   becaufe  all  the  EacamplesoFthis 

.'Riflq^re  of  a  particular  Kind,  vfzt  \^re  the  Root  ^  the  'greateft  Square  is  it  fcif 
the  Sum  of  two  Squares  ^  whereat  ther^  is  an  infinite  Number  of  oth^  JBxatqples  not 
of  this  Kind^  thus,  9,  12,  15,  are  fuch  Roots^  and  yet  15  is  not  the  Siim  of  two 

.  Squares  :  But  all  the  poiSfcle  BKamjdes  of  this  ^rt^Uem  avf  tp:be  fmnd  bv  ^roih  VII. 
aM^fhereffre  all  the  Examples  tound  by  this  Rule  fnuft  coincide  with  lome-of  tkle 
found  by  that  univerfal  Rjule^  which  Coiacidence  you  may  fee  tHus  :  Let  the  aflbmed 

'  Root  of  a  Square  be  a^^,'its  b'quare'is  44*J*=2<i*XaJ%  and*by  the  Rule  of  SPrt^W.MI. 

?:^!z2l'=fa,,?^i*;  ^l±fii^««/s*4**%  «-  two  iReots  .which,  fiike-  tlia  fsaWcnj 

2  2 

and  of  which  <«'4"^*,  the  gftateft  rf  Ac:^  IR^gd^,  ,is  it  felf  the  Sum  of  two  Squares, 
the  Roots  <Qf  th&  e4er  ^0  bdlM  .the  Si&reqce  of ,  tfaefis  two^uare^,  vis^-ar^^ 
'  kmd  dduhle  Ae  ProduiSl  of  their  Roo^  ffffz.'2Mt  $  agreeable  to  the  prefcnt  Theorem^ 
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CHAP.    in. 

Of  Infinite  Series. 

DEFINITION. 

AN  Infinite  Series  is  a  Series  confifiing  of  ah  Infinite  Number  of  Terms^  i.  e.  t6 
the  end  of  which  'tis  impoilible  ever  to  come ;  lb  chat  let  the  Series  be  carried  on 
to  any  af&gnable  lengdi,  or  number  of  Terms,  it  can  be  carried  yet  farther, 
mthout  End  or  Limitation.  ^ 

Scholium.    A  Number  adually  Infiiute  {ue.  aU  whole  Units  can  bea£hiallya& 
Cgn  ^9  and  yet  is  without  limits)  b  a  plain  Contradi6lion  to  all  our  Ideas  about  Numbers  ; 
for  whatever  Number  we  can  aduaOy  conceive,  or  have  any  proper  Idea  of,  is  always  de- 
terminate and  finite ;  lb  that  a  greater  after  it  may  be  affign'd,  and  a  greater  after  this,  and 
fo  on,  without  a  Poifibility  of  ever  coming  to  an  end  of  the  Addition  or  Encrcafe  of 
NombetB  affignable  :  Which  IheadiaufiibOity,  or  ecKOels  Progreflion  in  the  nature  of  Num-* 
ber^  is  all  that  we  can  diflina^  underfland  by  the  Infinity  of  Nuaiber :  And  therefore^ 
to  lay  diat  the  Number  of  any  Things  is  Infinite,  is  not  laying  that  we  comprehend' 
their  Nkunber,  but  indeed  the  contrary  \  the  <MiIy  Thing  poficive  in  this  Propolltion 
being  this,  viz^  That  the  Number  of  thele  Things  is  greater  than  any  Number  which 
we  can  afiually  conceive  and  affign.    But  then,  iwiedier  in  Tilings  that  do  reaDy  exift 
k  can  tmfy  be  laid,  that  their  Number  is  greater  than  any  afiignabkNumbei ;  or,  which 
is  the  lame  thing.  That  in  the  Numeration  of  their  Units  one  after  another  'tis  impoi^ 
iiUe  ever  to  come  to  an  &k1|  diis,  I  lay,  is  a  X^uefiion  about  which  there  are  diflferenc^ 
C^)inions,  with  which  we  have  nobufinefsin  this  piace;  for  all  that  we  are  concem'd 
Cd  know  here  is  this  certain  Truth,  That  after  one  detenninate  Number,  we  can  con- ' 
edve  a  greater,  and  after  this  a  greater,  and  io  on  widiout  end.    And  therefore,  whe- 
ther die  Number  of  any  Tbingi  mat  do  or  can  really  exift  all  at  once,  can  be  fodi  that* 
it  exoeeds  any  determinable  Number,  or  not,  dus  is  true.  That  of  Tilings  v^hidi  exift, 
or  are  pcoduced  liiccefiiveiy  one  after  another,  the  Number  may  be  made  greater  than* 
any  affignable  one ;  becaufe  tho'  die  Niwber  of  Things  thus  produced  that  dfoes  afiuaO/ 
exift  at  any  time  is  Finite y  yet  it  may  be  encreas'd  wi£out  end.    And  this  is  the  diftin£l 
and  true  Notion  of  the  Infinity  qfd  Series ;  i.  e.  of  the  Number  of  its  Terms,  as  it  is 
cxprefi'd  in  the  Definition. 

From  hence  again  'tis  plain.  That  we  cannot  apply  to  an  Infinite  Series  the  common 
Nodon  of  a  Sum,  viz.  a  Colleaion  of  feveral  pirdcular  Numbers  that  are  join'd  and 
added  together  one  after  another,  for  this  luppofts  that  thefe  PMioilars  ate  all  knowa 
and  determia'd  $  whereas  the  Temb  of  an  Infinite  Series  omnot  be  all  fq^arately  affign  d^ 
there  being  no  end  in  the  numeration  of  its  parts,  and  theiefore  it  can  have  no  Sum  in 
this  Senfe.  But  aoain,  conlider  diat  the  Idea  of  an  Infinite  Series  confifls  of  two  Paits, 
viz,  the  Idea  of  iom^hing  politive  and  determin'd,  in  fo  Bu:  as  we  conceive  the  Series 
to  be  aaually  carried  on;  and  die  Idea  of  an  ineiiiaaftible  Remainder  fiiU  behind,  or  on 
cndlefi  Addition  of  Terms  diat  can  be.  made  to  it  one  after  anodier ;  which  is  as  di^ent 
from  the  Idea  of  a  Finite  Series  zs  two  Thinj^-^ah  be :  Hence  we  may  qpnceive  it  as  a 
Whole  ofiitsi)wn  jQntf,  Wihich  therefore  may  belaid  to  have  a  total  Value  whether  diat 
be  determinable,  or  not.  Now  in  feme  Infinite  Series  diis  Value  is  finite  or  limited  ; 
i«f »  a  Nunbg^ft  a%#]e,t>eyoi|(l  .vv^cb  the  Sum  of  no  aflignable  Number  of  Terms  oe 
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the  Series  can  ever  reach,  nor  indeed  ever  be  equal  to  it,  yet  majr  approach  to  it  in  fuch 
a  manner  as  to  want  Icfs  than  any 'affignabte  Difierenoe  ;  «nd  this  we  may  call  die  Value 
or  Sum  of  the  Series ;  net  as  being  a  Number  found  by  fte  Common  Method  of  Addu 
>ion,  but  as  being  fuch  a  Limitation  of  the  Value  of  the  Series,  taken  in  all  its  Infinite 
Capacity,  that  if  it  were  poffiblc  to  add  ibem  all  one  after  another,  the  Sum  would 
be  equal  to  this  Number. 

Again  :  In  other  Scries  the  Value  has  no  Limitation ;  and  wc  may  exprefi  this  by  fay-, 
ing,  The  Sum  of  the  Stries  is  TrtftnHehf  GreaP;  wMch*  indeed  fignifies  no  more  dun  that 
k  has  no  determinate  and  affignable  Value ;  and,  that  the  Series  may  be  earned  fuch  a< 
length  as  its  Sum,  lb  far,  Ihall  be  greater  than  any  given  Number.  Ip  Ihoct,  in  the  firft 
Caft  wc  afBrm  there  is  a  Sum,  yet  not  a  Sum  taken  in  the  common  fenfc ;  in  d»  oAcr 
C^  we  phinly  deny  a  Determinate  Sum  in  any  fenfc.  What  land  of  Series  have  Ft* 
nite  or  Infinite  Sums  in  thefe  ieitfes,  you'll  learn  in  what  fc^ows. 

THEOREM    L 

Ki  an  Infinite  Series  of  Numbers^  encreafiiig  by  an  equal  D^rcncc  or  Ratio  [u  i.  an 
Arithraetiod  or  Geometrical  encrealing  Pfogreflion  ]  fiona  given  Noajber^  a  Temi  may 
fee  found  greater  than  any  affignable  Number* 

Demon,  i"**  If  it*s  an  Arithmetics^  ProgreflictfL, let  Ae  Diflance  ofaey  Teimffoai 
the  firil  be  call'd  ft ;  the  firft,  A  ;  and  the  common  DiiTerenoe  if  ^  then  any  Terai  after 
^e  UtR  is  A-^-nd:.  And)  that  this  may  be  found  greater  thaii  ai^  affign'dNumber  £,  ii 
thus  prov'd :  Suppofe  £  -j-d  =  7,  then  h£=rd_j.  But  wHati^  q  i^  Gai»  it  is  Fi» 
nite.  we  can  take  a  greater  Finite  Number ;  and  therefore  we  may  &npoie  or  take  n  ffti- 
tct  than  J,  fo  that  n  dmlH  be  greater  tfaanf  il  or  B ;  and  ^-^«  if  greater  iltanA+qd; 
but  /}d-=.  B^  therefore  A^nd  is  greater  than  A^^  jB,  and  confequendy  yet  frcatet 
than  jS, 

2^«  If  it's  a  Geometrical  Progrei&6n,t]ie^ffefe&dea  of  i|sT«nttmd»  alio  a^^ 
trical  Progre0ion  encreafing  (  neo.  1 8^  Gh«  3,  B«  4.)  But  the  thing  popoe'd  being  true,  ia 
cafe  the  I^fferences  in  a  Series  are  equal,  (as  in  an  AriciimetiadI?endliQB).ic  maft  o<» 
celbrily  be  fo,  and  after  a  fhialler  number  of  Terms  too^  when  the TNtfercnoes  docootiu 
n^ially  encreafe  (as  in  a  Geometrical  Progreffiion)«  Or  we  may  p»ove  dus  indepe^d^y 
c^che  other,  thus :  Let  the  €rA  Term  of  a  Geometrical  Ptogi^Boa  be  Aj  the  Ratio  r, 
and  the  Diflance  of  any  Term  from  the  ift  be  n^  then  isthit  Tenn  Arh'  But  we  may  cake 
^greater  than  any  affi^ndNumber;  and  it's plaift chat ^r»  wiU  faeyetiaiaoh  ge^atatiua. 
toat.  Number. 

G  OROLL  AR  Y. 

IF  the  Series  encreafe  by  Differences  that  continuaSy  encreafe,  or  by  Ratio's  AsEtcoiu 
dnually  encreafe,  comparing  eacb,  Termto  tha  preceeding,  ic*a  mani&ftthat^dieTame  tfaifig 
iQuft  be  tni^,  is  if  the  Di^icoces  or  Rauo'ft  continued  cijuaU 

THEOREM  n. 

In  a  Series.  decreifing7«  ivfimimk,  ia  at^ven  Ratio,,  we  can  fiiid'a  Term  lefi  thsui 
any  affigntA>k  FraQion. 

Demon*    The  fiiEft  Tcmi  faring  f,  afld..^e  Rauo  r^  a  whob  or  w^vCi,  Number,  die 

Series ii  /:  -- :  --*•  &c«    Wherein  tfai(  DinominMors ^oniiauaUy  tncfcafe  iai-.tbe  Ratio 

X  rr.    Suppofe  then  dxe  a^jnd  Frafllon  h  i-  -tritent  :*  :Virt%  Aea  fe-^ar^, 

*  Bai 
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Bqc  wc  caa fod  a  ^owet  of  r,  as  r«,  girtater  thaaany  al&gnaUe  NTumber  «  (by  the  lafl). 
'Heucc  —is  left  than --or  r 

C  O  R  O  L  L. 

IFche-Tcrms  decve3ife>  lb  as  die  Ratio's  of  eadx  Term  to  the  preceding  do  alib  cdntmua^ 
'1j  decreafe,  then  the  lame  thuig  i^  alfo  true  as  when  they  continue  equal. 

Scholium*     Some  may  poffibly  think  thcfe  two  Theorems  might  have  pafi'd  for 

it  2  "  " 


fignablc  Number.  And  for  a  decreafing  Series,  tho*  its  Terms  continually  decreafe,  yet 
dt  may  b^  fo,  that  no  Term  can  ev«r  be  a£lually  found  fo  Uttle  as  a  cerj^ain  affigimhlc 
Number:  And  here,  todiftlnguilh  thelc  different  Kinds  of  encreafing  and  deaeafing 
'Sleries,  vre  may  odl  ihch  a9  Qngreaf«  or  decreafe  above  ojr  b^iow  any  aiug^ble  Number 
A  Series  encrealing  or  decreafing V»)!«/fe'/y^  aiid  fuch  as  encreafe  or  decreafe  contiitualJy, 
-jet  fo  al  nevfsr  to  reaich.  a  cers^iii  a&gii^le  Number,,  we  miiy  call  thepi  I'/fi'riU  Scrie^ 
'encreafing  or  decreafing  UmiUdly ;  and  when  we  fay  in  general  an  If^fiftiU  St^ries^ 
ittojpaylbe  taHeniqdii&rc^y,  {or  either  kind. 

THEOREM    m. 

The  Sumof  an /'r^i^i/^.iS^fV^oFNuaibets  all  equaly.or  encreafing c^  w|iaN 

leTerDififerenoes  or  Ratio's,  is  in&ittely  gre^t ;  r.  ^.  fucli  a  Series  has  no  determinate  Suia^ 
iiut  grows  ib  as  to  exceed  any  affignahle  Number. 

Demon,  i^*  If  the  Terms  are  all  equal,  uA:  A:  A,  &c.  then  the  Sum  of  any 
Pinitc  Number  of  them  is  the  Produft  of  A  by  that  Number,  as  -^  «  ;  but  the  greater  »  ia^ 
i|te  greater  i»Aff;  and  we  can  take  9  greater.thao  any  aflignable  Number,  therefore  A  s 
tviU  be  yet  greaiter  than  that  aflignable  Number* 

99«  Supp^  the  Seriea  encceaib  continually,  (whether  k  do  fo  irffimUly  or  UmteJlyh 
then  its  Sum  muft  be^inSnirely  great^  becaufe .  ii  woidd  be  (b  if  the  Terms  coiuinued  afi 
^cqual,  and  therefore  will  mhec  be  fo  if  thqr  enpreafe.  But  if  we  fuppole  the  Series  >ear 
<rcafes  infinitely,  either  by  equal  Ratio's  or  Dificrences,  or  by  encreafing  Differences  ot 
Hado's  of  each  Term  to  the  proceeding ;  dien  the  Reafon  of  the  Sum's  being  Infinite 
nvill  appear  from  the  firft  Theorem  $  for  in  fuch  Series  a  Term  can  be  found  greater  than 
«ny  affignaUe  Niifl4>er,  aad  mudt  moiQe  t&eeefore  the  Sum  of  that  i&dall  the  pceceeding. 

THEOREM    IV. 

•  ...... 

The  Sum  of  an  Jr^MiteStftiesi^  Numbeis  decreafing  in  the  fame  Ratio  b  a  Ptnita 
Number  I  equal  to  the  Quote  anfing  from  the  Divifion  of  the  Produ£l  of  the  Ratio  an4 
€rft  T^rm,  b](  the  Ratio  lefi  Unity  j^  that  is;  the  Sum  of  no  affignable  Number  of  Tcrma 
ef  the  Series  can  €ver  be  «qual  to.^hat  Quote  ;  and  yet  no  Number  k6  than  ir,  is  equ^Et 
to  the  y^lpe  of  th^  Series,  or  to  what  we  can  adualTy  determine  in  it;  fo  diat  we  can 
carry  the  Serks  fi)  fiur,  Am  tke  Sum  fiidt  want  of  dus  Quote  lefs  than  any  affignable  EXfiR> 
jcence. 

I>s  MO  K.    To  whatever  al5gn*d  Number  of  Termt  the  Seiies  is  cairiedL  te  is 
Ib&r  Finke  ^  aid  if  dM  giealeft  TTeim  is.  /,  the  leaft  Ay  andRaHo r,  tlien>^e&ifli 

r/       A 

isgg;i  (Pr^h.^  Qp.3,  ^4-)    Now,  ia  a  decreafing  •SeneafitMft f,  the  vkm 

Senas  we  aanaDy  nife,  tbe  M  of  tbeoL  J,  becomes  the  leSa.  and  die  kfliec  A  be 
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rl-^Ais  the  greater^  and  ib  alio  i3  — -- —  (for  the  greater  the  Dividend  imh  the 


iame  DiTifbr,  the  greater  is  the  Quote)  :  But  rl  —  A  being  ftiil  lefs  than  r  f,  therefore 
^^     is  ftill  lefi  than  ^:^  i.  ^..  the  Sum  (f  any  affignabk  Number  of  Terms  of  the 

rl 
Series  is  (till  lefsdian  the  Quote  mentioned,  whiefa  is «id  this  the  Fiifi  Part  of 

the  Theorem. 

Again :  The  Series  maf  be  aauaUy  conciisied  ib  far,  tbtt  ^^-p^  ihaflwaotof— ^ 

leis  than  ^ny  aiSgnable  Diflerence ;  for,  as  the  Series  ^oes  on^  A  becomes  leis  and  kis  in  a 
certain  Ratio,  and  fo  the  Series  may  be  a£lually  continu'd  tul  A  becomes  leis  than  any 

affignaUe  Number  Cr^or.n.)    Now   ll ^~^=p^  (by  the  common  Rules) 

and  «*-—  isleisthan^;  theiefore let  any  Number  aiBgn'd be  caQ*d i\r,  we caacarry die 
Series  fo  far  till  the  lail  Term  A  be  kIs  than  Ni  And  becaulc       ""'  ■  wants  of  ^ 


r  —  I  r—  I 

the  Difier.  -^  which  is  leis  than  A^  which  is  alio  kfs  than  A^,  therefore  the  fecond 

T  I 

Part  of  the  Theorem  is  alfo  true,  and  ——^  is  the  true  Value  of  the  Series. 

rl 
Scholium,     i.  The  Senic  in  which  ^-—  is  call*d  T^^  SSv/o  af  thfi  Serksy  hu 

been  fufficiently  exphin'd;  to  which  however  I  have  this  to  add,  That  whatever  Confe-i 

r  I 
quences  follow  from  the  Suppoficion  of --3^  being  the  true  and  adequate  Value  of  the 

Series  taken  in  all  its  Infinite  Capacity,  as  if  the  whole  were  aftually  detemio'd  and  added 

together,  can  never  be  the  OccaOon  of  any  alfi^aUe  Error  in  anv  Operation  or  Demon- 

Itration  where  it  is  u^  in  that  fenie  ,*  beoiufe  if  vou  iay  it  exceeds  that  adequate  Valae, 

yet  it's  demonihaied,  that  this  Excels  mufl  be  kis  than  any  aflignable  Diflference,  wUch  h 

in  tSket  no  DiSerence,  and  fo  riie  conicquenc  Error  wiQ  be  in  efieft  no  Error :  For  ifan; 

rl  * 

Error  can  happen  from being  greater  than  it  ought  to  be  to  reprefcait  the  comiiktc 

rl 
y^iot  oT  fht  Infinite  Seriesj  that  Error  depends  upon  the  Exoefi  of ——  overthatcoo^ 

plete  Value;  but  this  Exceis  being  unaffignabk,  that  coofequent  Error  muil  be  £>  too ; 
becaufe  iUll  the  leis  the  Exceis  is,  tne  kis  wiB  the  Error  be  that  depends  upon  it.      And 

fer  this  Rcifon  we  may  juiUy  enough  look  upon  -— «  as  expreffing  die  adequate  Vabe 

of  the  Infinite  Series.  But  we  are  further  iatisfisd  of  the  ReafonaUeoeis  of  this,  bj 
finding  in  Faa,  that  a  Finite  Quantity  does  afituaDy  convert  into  an  Infinite  Snietf 
%vhich   we   have   already    feea  in  the  Caie  of  Infinite.  Decimals*      For  Example ^ 

^sss^666^@c.  which  is  pbtinly  a  Geometrical  Sedies  fiom  i4  ia  the  Continual  Ratio  of 
10  :  I ;  for  it  is  ^^-^^-r-m  &c. 

And  Keverfely ;  ]f  we  take  this  Series,  and  find  its  Sum  by  the  preceedix^IlioaraDiic 
comes  to  the  fame  f  ;  fix/s74>r»  X0|  tlmefoic  r /s^  ss  ^  •  uAtr^impi 
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2.  The  fiune  Vzntty .of  Prohlems  rojiy  be  piadc  upon  Infinite  decreasing  Progrcffions, 
as  before  upon  Fiiute  Ptogreifions  $  but  whh  dm  confiderable  Difference,  that  in  the  h^ 
finites  the  Number  of  Terms,  and  leaft  Term,  depend  £>  upon  one  another,  that  when 
die  one  is  known^  fo  is  the  odier ;  for  the  Number  of  Terms  is  always  Infinite  (or  grea<- 
tef  than  any  aflignable  Number)  and  the  lefler  Extream  is  o ;  [for  there  is  nor  a  idler 
'  £xtream,  it  beii^  inextutuftible  on  the  decreafing  fide.  1  And  hence  aQ  thele  Piobiems 
of  Finite  Seriesy  wherein  A  and  n  are  both  given,  wilfbe  unlimited,  or  capable  of  an 
infinire  number  of  Anlwers  in  the  IfgfiniUs.  And  in  theie,  where  only  A,  or ;?,  is  A* 
jcn,  and  the  otfier  fought ;  then,  tccaufe  that  other  is  thereby  alfo  known  in  Infinite Sy 
there  feowm  but  one  onbiown  Number  to  find.  But  m  fliatt  a  little  more  particularly 
oonlider  diem* 

In^/Vo»7.4,  0«^,  JJ.A.  there  ate  eiven  ^, L  r,  to  fipd 5,« :  But  now  if  ^  =  ©^  then 
is  H  Infinite ;  or  if  we  call  the  Series  Infinite,  then  A  and  n  are  both  known ;  and  be- 
caufe  A  =1.^  there  remain  only  /,  r,  by  which  to  find  5;  as  below. 

In  ProlU  5.  there  are  given  -^,  7, « to  find  5,  r ;  but  -^  being  0,  and  n  infinite,  there  re- 
mains only  /  to  find  5,  r,  which  makes  the  Problem  undetermined :   For  whatever  /  is 
we  may  affume  any  Number  greater  than  1  for.  r,  and  then  by  r,  /,  find  5,    as  be^ 
low. 

In  Prohh  y.  are  given  r,  n  with  -rf  or  7,  to  find  5  with  /  or  Ar  Now  if  r,«^  ^  are 

SVen^   alfoif^::;^  0,  wehaveoidyrtofind5and/^   and  we  affume / at  pleafure,  and 
en  find  5.  ' 

Again  ;  If  r,»,7  are  given  to  find  5,  A^  then  if  »  is  infinite,  we  have  only  5  to  find 
jfcy  r,  /.  . 

In  ProHem  6m9xe  g^ven  Ay  Z,  S  to  find  r,»;  and  if  ^  :=  a,  these  remains  only  iLS  ta 
findr,*^asbefew.  --j«>m 

In  ProhUm  8.  5,  r,  n  are  given  to  find  ^,£ ;  and,  if » is  infinite,.^s  a>  and. we  have 
S,r  to  findZ;  as  below, 

hkProhlem9.  wehaver,  5.  with^or  Z,  tofind»  widi  LotA:  Nowifr  S  A  are 
given,  and  ^  =  e,  we  find  L  by  r,  S:  Again  given  r,  S,  Z  to  find  A',  n.  If  you'alfo  fay 
that  the  Series  is  Infinite,  then  Acre  is  nothing  unknown,  unlcfi  it  be  to  examine  whether 
all  thefePata  ar^,copfiflcilt ;  and  this  we  can  do  by  tal^r^£,5,  and  by  them  finding  ^, 
which  being  found  »qual  to  d,  the  Series  t6  which  the  Data  r,  S^  L  bdon©  is  truly  Lifi- 
nite,  othermfe  'tis  Finite. 

Wherefore  upon  the  Subtea  of  Infimte,  Decreafing,  Geometricar  Progrcffions,  all  the 
Variety  of  deterianin'd  ProbJems  depends  upon  tfaefi  three  thin^,  vi^.  the  greateft  Term  / 
thcRatior,  and  the  Sum  5;  by  any  two  of  which  the  remaining  one  may  be  found  • 
To  which  I  ftaHJ^n  feme  other  Problems,  wherein S_Jt  is  confider'daa  a  oflinft  thiiM 
1^  it  idf,  i.  f .  witfiout  coofidering  S  and  Z  ieparatdy.  ^ 

PROBLEM L 

D  B  M  o  If .    This  we  have  feen  danonftnt«()  in  Tbtv^int^ 
Ecu   /=6;r=:5j  thenu5=|2|ss^=!p,  the  Series  beijig^r  2:  ?{Jf_?&q, 

exprefithe 


moK  fimj^y  ^  is  done;  bat  if  it  it  a  m£ii  Number,  ot  ]ffipiot>er  Fraflion,  then 

'^^■S^'-fP^'^^^'lfei^^      ^  M?«"»  ^  ^  the  Numerator  of  the  katio, 
and  divide' the  Priddabvlh^T)ffibrfin£^o£«luM.irn«i»f  A.  0.1^  -tr..    fr-^ 
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Ratio  is  ~  then  S  =-^-r  . tbcRealba  cF  which  is  cx>nuin'd  in  the  p^r  Rule  \ fei  if 

7  '  If  /f  —  ^ 

f  r=  -^^thcn r /  =  V- andV— I  =-j Xms — t~     Henca  «gdn, 

-ll,  =  V— ^^  =  --r     And  by  taking  any  Intcgct  r  fiaaionaBy  thus, -1  this 

Rule  does  comprehend  the  other  Cafe  aUb,  • 

dlfirv^y  From  this  lafl.  cxpceflioa  of  the  B-uIe  vtirq  aljC^  kam,  that  the  Sum  maj:  t^ 

found  hy  thefirfl  and  feeondTermythos :   The-fteond  TermlHNuig  Bi  tbe^iU^  Is  ^ 

and  S=^  7 — B  ^baiisy  the  Sum  is  a  stf : :  /  to  the  I^ffereoce  oTthe  fifA  and  'ftcond 

/•» 

Term,  and  the  firft  Tetm  \  for  becaufe  ^  —  >      u  rficrrfore  Z^  JS ;  i  .%•  £  t^^ 


CC)  R  O  LL  A  R  IS  & 

u  If  the  Ratio  is  a  Whdie  Number,  the  Sumisiochanimpcoper  FnugionoPthefirfi 
Tcrm^  whoicNumeracor  is  the  Rado,  and  its  Df npoiiiiBlcir  tbe  Rafto  lefi  Unity ;  fix 

.— —  =;:-—  of  /:  Paxticularly,  if  die  Ratio  is  2,  <hc,  S^m  is  ^/.    Ifr  =  2,  thca 

5  =  y  ofZ.  If  r  =  4,  then  S  ^  i  of/;  and  fo  on.  Whence  you  fee,  that  with  00 
other  lotegral'Rado  but  2  wiB  the  Sum  be  Multiple  oif  ^  &ip  no  Nlmibec  bat  i  an  be 
.contain'd  predfely  a  certain  number  of  times  without  a  Remainder,  in  a  Nomber  which 
exceeds  it  only  by  i  ;  fbr  tn  all  fuch  Cafes  the  Quote  is  i,  and  there  is  a  Remainder  cf  i| 
«hus,  A'^  I  -r  i<  =  I,  and  i  remains.        Hence  again^ 

2.  If  the  firft  Teem  is  a  Fraflton,  and  the  Ratio  «qual  to  die  Denopiuiator  of  it,  then 
as  the  Sum  equal  to  (uchan  aliqwft  part  of  the  Numerator,  wbofe  Denoiniiutor  is.  r  —  t 

Thus,  if  the  firft  Term  is  ~  and  the  Ratior,  Aen  is  S  =^7-^  ^^^*  Wheitfcre,  hfr 

ly,  if  the  firft  Term  is-^  and^  =  r—  I,thcnis5a5i. 

^.  If  the  Ratio  is  a  mix'd  NunAer  <or  its  Equivalent  improper  Ftaaion)  tbf  Simis 
fucn  an  improper  F^<^n  of /,  whofe  Niimeiator  is  that  of  the  Ration  aiyl  OeooBimtor 

the  Difference  of  tbe'Nometatoif  and  Denominator  of  the  Ratio ;  thus,  if  ir = -f  ibea  is 
5  =  -  ^iof^>  foritis^-A  by  what's  (hewn  in  the   preceeding  Sckolium.     But 

J— J  =  J--— J  cfiL  Henceagtfn, 

4*  If  tl^  Numerator  of  a  mix'd  Ratio  ia  MU|^pIeof.4j|e  I^flfaMhot  b^hipl  At  No^ 

merator  and  Denominator,  (or  i£  the  firft  Term  is  Multiple  of  its  "Exceb  over  die  ftfioad 
Term)  theSumisMultip^tif  diefiidl^enn.       ■^' 

AjAOhfervfy  thut  this  can  happen  in  iioQfe^bat  whpntheNqmeratDi^aQdDenomtn^' 
cor  (^the  ioweft  Terms  of  the  Ratio  difo  only  by  i,  <  as'  indeed  every  Ratio  is  in  its 
loweA  Terms  when  the NuiMrat^  and Dtnoimnacor  dilfo (s^^  1)  k  whidi  OSf^^ii^ 
anauifeft  that  the  Sum  ia^qual  i<yt}KrPie(^^ 

tator  of  djc  Riifioj,  thus  V  l;ct^  !Uti&l)e'-^ 

ahcad^ 
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exceed  the  Dlinomkiator  by  more  than  1 5  as,  fuppoie  it  ^f  ,    then  is  Sr=  —   of  / 

^— »  n  * 

(  Carol  ^.)    Now,  if  die  Sum  is  Multiple  cF  7,    thea  is  ~  an  Integer. 

Let  1=  *,  tbcn  tfs=L>  »,  Confeqoentlf  th^  Ratfo  is  jj^Itj  =^T:~i    ^^^^  *«  "» ' 

it^losMBATexfav^  (ecfiuft  the  HipienitDr  add.BtaOimnsteoffdiiKnr  ^  Arul  this  Ihews. 

08,  that  as  any  mu'dRatio  may  be  exprefi'd  j-^  fo,  if  the   Sum  is  Mdkiplc  of  tfaS 

ErftTern^,  the  loweft  Terms  of  the  Ratio  is  a  Fraaion  whofe  Numerator  and  Dcnoraiua-^ 
tor  differ  only  by  ivj  ind  tiicrcFore  nd  othar  Itiftd  of  mix'd.Ratio's  can  have  this  EKa 
lioce  evei;  Ratio  having  this  ESed  is  of  that  kind  whofe  ioweft  Tenx^  differ  by  x.         ' 

PRO  B  L  E  M    n. 

HawM 5^tod i^ to  find /,      Rjitti.    i      ^X*-— i 

r 

Simon,    ^thelaft,  'J  = -—  therefore  r/=:5x^rzri,  and  /a^*'~** 

Exa.    8  =  9,^=2:1.  then  is  /— SJir  —  ^ 
Sc  H  o  1  i  V  m/  ff^e  Hatio  is  4  '  Aen  «•  *  =  &)Li^  fcr  S  =  /-^i  bfA^t 
14ft J  fo  that 5 X  <r=l.=  «, 7,   and  thereforeiss AJi-l^'  .  • 

C  O  R  O  L  L  A  itl.ES..    i  r .  .:  .,  - 

j4  iFr  IS  'an  Eitcgfcr,  7  i>  fach  a  propCT^^taaion'  Qr  die  SuA  ytfofeNihnmtor  fa  f— ij. 
ttdk»{>«noi]tifliat»r  isr;  lius,  ?==:IIliof  9;  lor  £^S^lI^:;&^^^  ^^^         . 


'^  If  tHe  Raido  is  a  mik*^  t^uml)er,  at  v-  then  is  L  luch  a  Frafiion  (£Sy  wb 

fitor  is  ii  ^  ^,  and  its  Denominator  ^  jttus,  7  z*^—-  ofS:   JPcwifcr  iZJl^y  (by , 

4  -  4 


whoft  Nimie- 

Iks 

Oifervei  7  is'an  aliquot  Part  of  S  only  wlieh  the  R^tlb  i»  2  ;  Or  In  eale  of  a  mix'd^^ 
RAi^  «lMh  «lie:iMir(ft  T«Ha»af v^diftr odfrhy^  i,  :  ^  keiog.  the^  B«wde  <  of  .^hat  is . 


*  •        *    •    »         '  , 


PROBLEM  m;.  " ' 

»  •  •  .  .  .  • 

•  •  -  ,- r  -  , 

HsiviqgStod/to  find^,    RviJs.    ries— ;^  . 

D*  VPN,, ,  ^j^ptpn-.h  ^>f=rl-,Tr*^<?^^^ 'f^^'y^^-  '*  •  ?£i' « ••  •  ''f ''■"'^ 

%.    •  •  •.         • 
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And«gaindtnfi»ely,«— ;:,::f -.r=7f=  i)  jr.    Henccf-=    J; 

Exa.    y  =  y, /  — 6,  andr=      ^,=2, 

y  — 6       ^ 

P  R  O  B  L  E  M    IV- 

Ha?ing7andrCofiixlx  --/, without £mtmg firft ^,  (as 01^ be dooe bf Pf^^^ 
Rule.    ^— ;=b^^ 

^  /  ^^ 

D£MON.    5=- '    hcnccj  X*— »  =  ''',  and5:/::r:f— I,    and 

Tmmm  X 

S'^lilizr  -r — 1  (=1)  :r—  I,     Wbeiefore  S—Iz=: 

r — I 

/=6,r  =  3,and5*^/  =  |=3 


2 


.   ^  — »_*  /  -    «      .    «-> 


ScHOL.    IfchcRauoTjt  thcnis5-/  =  ?-~2^^==-2^ 


COROLLARIES. 

»  .  .  - 

1.  If  the  Ratio  is  2,  then  /-r-/  =  /;   butinall  other  Cafes  ^-.  ?  is  either  mater 
Qtlcflcr  than  /.    Reverfely,  if  r  is  leflipr  thaa  2,  or  if  r—  i  is   kfer  than  i,    then  is 

1  JL.  ^ZTi  (j£iz  /*-  IJ   greater* than  /.      Again;  if  r  b  greater  than  2,  r  — >  i  is  greater 
than  IJ  and  hence /V*'  — I  (  =  *—'>>  iskfithan  /. 

2.  If  the  Ratio  is  a  whole  Number  greater  than  2,  x —/ is  Cicfa  an  aliquot  Part  of  1^  u 

r-^i  denominates;  i.e.  S— /=-r27r  ®f '• 

Jtut  Okfer»e  aliby  that  j  ^ /  can  never  be  analicpiot  Part.of /,  except  whenr  u  a  vbde 
Number  greater  than  2:  It  niuft  be  greater  than  2,  cUe^-^/isnot  Idithan/;  aswe£t« 
in  the  IzA'CoroIlary.    Again  ;  it  mufl  be  an  Integer :  For  fuppofe  it  a  laix'd  NQiid)a,  as 

2  4-^  =;^^^^-^^(which  ma^  repitfent  ai9  Numb^ 

Theni8r-i  =  12^-1 1=-2^^    Sothat,-i  =  /-i.  r=r=5/-r'^ 

ss  -^  of  7.    But  if — ^  is  an  aliquot  Part,  then  ia  0  an  aliquot  Part  dE  m^-a;Oi» 

iBeafures  «  +  ^f  and  becaufe  m  meafiires  n  and  n-^a^  dierefore  alio  it  mtafuiesj;  fo 

that-  is  an  Inc^erf  and2-f--f  {the  Ratio  wfalcdi  makes  #  «» J  analiqnet  Paitof /] 

is  an  Intq^  contrary  to  Suppofition :  Wherefore  no  mx'd  Ratio  can  make  iSoiesio 
which  i  «»  /  is  an  auquot  part  of  i. 

3.  If  the  Ratio  is  a  mix'd  Nuoiber  «t-  whether  greater  or  kfo  than  2f  1  —  /is  fudia 
Fraaion  of  /  as r  ^^^P^^^  >«^  5— /sss  -.^ — ^  of/ ;  for,  by  the  preceediiig  S^M 


whacifl 


dion,  and  ib 
Sumcf  a  Series 
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wherem  the/loweft  TeriAS  of  the  fijatio  diflfer  by  i.    For  fuppofe  tbat  is  -— -    then  is 

4*  Henqe  again  vfe  learn  another  Fule  for  finding  ^  by  /  and  r;    vix.   firft  finding 
#  —  /  r=  -— -  and  tlien  adding  /  to  it>  dioi,  S  =  --^  +  /  (which  added  by  die  ccmmon 

Rules,  comes  to  the  former  Rule  S  =r ^ 

r  — I  / 

ScHOLlvM*     This  Troblem  may  be  exprefi'd  alfo  in  this  manner,  viz.  of  any 

Quantity  /,  let  a  ceruin  Fiaaioni  as  —  be  taken ;  then  the  fame  FraSion  df  this  Fra. 

\  on,  continually  taking  the  (aoie  Frafiion  cf  the  proceeding ;  Then  will  the 
ies  of  Quantities  equal  rcfpefiirely  fo  thefe  feveral  Fraflioiis  of  /,  be  equal  t6 

T^oili  for  the  Scries  ofdieFraaionsis -of /:  — of— of/,to.  or  thus,— :^ 
^  ace.  which  b  a  Geometrical  Series  decreafing  in  the  Ratio  4-  whofe  Sum  is  therefore 
by  the  preceeding Rule,    ■■     ^<£  Lcx^Lj^ 

hi 

In  what  Cafes  j--j  is  eqmd  to  /,  or  greater  or  kffer,  alfo  when  it  is  Multiple/  or  in 
ali(]i2ot  Part  of  /,  has  been  aktady  explainU 

PROBLEM     V. 

Having  x  andr  to  find  i  —  /  (without  finding  firfi  /,  as  we  may  do  by  Proilem  2.) 
Rule.     $-^1=  — 

r 
DfiMOK.'    By  iVoW.  5d,  r  =  — ^,    Hence  rx  r^=a^,and  *  ^i  :=-4 

Mfuu    i  =  ^,  rss:^,  and  i~/=- =3 
ScHOliVM.'    IftreexprefitheRattothut, -.-  theni-./=:i-j>T'=  —  . 

COROLLARIES. 

X.  If  r  is  an  Integer,  i  ^/  is  an  aliquot  Part  of  i,  w:(.  -  of  j ;  but  in  all  other 
Cafts  i  •—  i  u  fiich  a  proper Fafiion  of  s  as  the  Reciprocal  of  the  Ratio  exprelles.  So 
the Ratb being y  dienj  — /  =  jf-J.  y-?=^of^j  Bx  'tis  —'by  the  Scbol. 

'  ^  (  . 

2.  Heooe  we  have  another  Xnle  fi)t  finditig  /  by  x  and  r  j  vi^.'  Find  i  —  /=  — 

anddienfubfira&~  fxomi.  fi>r  «««ri/=s/2  Wherefore  /=  «  —  —  wbidi fubftiaA- 

•dyby  dieCoMiMi  iM^X|Coaiei€otlie  &ne  cxpccflfen  as  before^  irtx»  "^"^ 

M  m  n  pro: 


Hjo 


of  Infinite  $mei. 


r. 


I  y  .  n:r: 


•  ; 


t      • 


tM* 


.   I 


PR  O'B^LHJM    VT.    •' 

Having  r,j_  /tofiod*,  7,     Rule.  .  i  =  r  X  F^f.     Then'  take't-lftoiB 
*,  the  Remainder  is  / ;  or  find  /  independently- of  s,  -thus,  /==*^-J!  X  '— -»• 
DemoK.      BytbeM*— /=—    Hence  «  =;  r-X  7^^:  AgMii,byi>«J.i» 

/  1 

#— /= KcnceJ=s^t%r—U  - 

"^   Scholium.     If  the  Ratio  is  ^  then  is  i  «  ^— j-^  •    Aud ,  bccau^^ 

^     ,  I  ■ 

^  i^  I  =  —r—    ^^"^  ?  —    '      7  ■>  ■"    ' 

COROL.  If  the  Ratio  is  an  Integer,  then  is  s  a  Multiple  of  *-  /;  but  the  Ratio  \m% 
amixdNumber4-iisamix-dMultipkof:f-/,    exprcE*d  by  the  Ratio  J  ffr^I  «, 

,^^_  ofi-/;  and/  =  ^T^  ofi-7.  .  -     .         ^ 

A/forthe  difierentafes  in  wWcW/isequal  tou^/y  fc»  jmialiqa<^.P»rt «  Muhipk 
the^ofrfeero^^^^^^^^^^  /..<,^.4  where I^&..ya  in., v^tafoi::.-/  ^equalto/,  or. 
a  Multipk,  or  aliquot  Part  thcrcot 


-.     I    1 


f  •        * 


Solutions.' 


r,s 


h' 


l,r     s-^l 


t,r 


t 


*-/ 


s  — 


J -.'/==, 


,-•/= 


s 


J 


a       e,  1- 


r—M 


•     1 


1     •        •     •• 


*—  7= 


S  a^  fMi;  rrr  of 


iV* 


<       «> 


•'•    .    '    •^ 


, ,  / ;/ V  i'cvAw:  %M'^}^ 


*  *  » 


Chaf^of  0/ -  Infi^ittr  S^ks^\ ;  4 )  i. 


.^.  ^.,  ^.v     ....  ..^..   ..  .w^,^  .,,    ,  .  I. ..    ,  -. ,.      .    ..    h9  Term  of  it  can  ever  be, 

;  ;Aifo  9  S^rf>^/ii^5  (!ACfe3jft;c^)tiiiija9y^^  j-^^t;  To  tliat  no  T^^n  of  it,  can  cvcrie  fo  fmall  a& 
ax^^t^i»,alCsnablj5;»Nvinbcr,      \    . 


luch  ail  cncreaSSj^i  Scries  as  was'  proposed  j  fbr  the  Sifmof  the  ^creafing  Scries  /+  ^  Stc' 
i^lim^  ^i^tKfiT^^rA^^^^  ^f  its  S6mi"caa  evcr'aauai- 


ly  reach  to 


a^    Take  a  dccrcafing  Series  /:—&€•  and  fuppofe  it  fuch  that  all  the  Series  want- 


&c«  it  is  fuch  a  decrealing  Series  as  was  propos*d ;  for  the  Sum  of  the  Series 


r  —  I,  . ,        r  ^  j^    ^™ 

Sam  of  the  Infinite  Series  of  Numbers  fublba£led. 


'  '    •    "^     L 


Again ;  we  may  take  any  Numbei  A  gr^er  than  the  Sum  of  any  decre&fing  Series 
I ;  i-^.  and  fubftraaii^  this  out  (f^,  make  this  Series^:^  —2:  A — 7f-^--  SbL  it 

fvia^befoch  a^deorei&igSim^i'Wwairpr^pofa  1^  ^f^.^f  1^^  ^'^  '^'^^^  <^.^« 

deciealine  Series  /:  *-  JScc  niakes  a  more  tegular  Series. 

2«  Thefe  Infinite  Series  encveaung  or  decreaiiilg  liinitealy/  are'n6Y,  aild  caraiot  be,  Iif 
a  confiant  Ratio  ;  for  then  they  couU  not  be  limited,  by  Theor.  i  &  2.  And  far  Je&  da 
tiie  Ratio's  of  eadiTerm  to  the  preceeding  encreale;  for  then  they  would  fo  mljch  <bot|et 
tiian  with  an  equal  Rado  outreach  any  propos'd  Uinitation :  Wherefore  'tis  (Jain,  ihae 
«f  a%^i  ra0^^£og  &c  ever,  bqt  Unkedlry  ^  Series  of  its  Ratio'S|  comparing  each 

|4  m  m  2    '    '  ^  T^"«l 
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Term  to  the  precccding,  is  a  Serjei  of  Nttmbeif  whicH  do-,  comimany  dcoeale :  and  oft 

Scries  decreaiiiig  for  ever,  but  lioiitedly  ;  the  Series  of  its  Ratio's,  ccoipariiigadi  Tetm 
to  the  preceeding,  is  a  Series  (^Numbers  which  do  contiaoaOy  eticreafe.  But  oiferve 
again^  that  tho'  of  a  Sm^i  whofe  Terms  eocreaie  continually*  bar  limitedly,  the  Ratio's 
ef  each  Term  to  the  preceeding  do  contimially  decreafe,  yet  tne  Rcverfe  wiU  not  hold ; 
fbat  isj  tho  a  Series  of  encreamig  Numbeis  is  fuch  that  the  Ratio's  of  each  Teim  to  the 
preceeding  continually  dccteale,  yet  it  dees  not  follow  that  the  S'mt'j  encrcafis  imdtt  a 
Limitation ;  which  one  Example  demoaftrates  z  For  if  we  fake  any  Encieafing  Arithme- 
tical Progreflion,  as  i,  2, 3)  4)  &c.  its  Ratb's,  comparing  each  Term  to  the  preceeding^ 
aze^  •  |.  .  JL  @r.  wfaicli  do  continuaBy  decreafe^  andmlldoib  inal]fi]chCms(aslua 
been  ihewn  Cor.  Tbi^or,  iTy^h.  5,  B.  4.)  yet  we  can  find  a  Term  in  the  Sifr/Vi  greater  dian 
any  affignable  Number.  The  like  is  alio  true  as  to  a  decreafing  Series,  vie  That  diey 
may  decreafe  by  encrealing  Ratio's  of  each  Term  to  the  preceeding,  and  yet  be  imliimted 
in  their  decreafe ;  of  which  we  have  Examples,  by  taking  the  reciprocal  Rations  of  ai^ 
Ariihfneiicd  Series^  and  making  a  Series  decreafii^  aecoi^g  to  thefe  Ratio's ;  as  in  this 
Example^  I  :  t  :  T  *  T  *  Tj  ^^*  where  the  Ritio's  of  eacbTcnn  todie  pccceedins 
arc  1 :  2,  2  :  3,  3  :  4. 

COROL.  A  S^ies  may  decreafe  continual^,  and  yet  bavr.  a  Sum  tnfiait^yjCreat :  For 
If  it  decreafes  Limitedly,  then  its  Sum  wiQ  be  always  {pcatcr  tluui  as  many  Terms  emol 
endito  the lioutiii^ Kumber^  fince  none  of  the  Terms  can  everbefi)  littku  wc 
Number.  • 

THEOREM    VL 

< 

Take  any  Geometrical  FrogrefSon  encrealing  fiom  x,  which  may  be  umrerfaliy  fcpr^ 
fetited,  thus,  I :  r  :  r»  :  ft !  aec  then 

1^*  Take  the  Sums  of  this&rsVi  oonitinuaUy  from  the  bennning*.  thus,  t :  r  -f  ^• 
X  4.  r-hr*:&c,  and  divide  eadi  of  diefe  Sums  by  the  laftTerm  added  in  ead,  dius} 

%•}  ^^  I  'r^^  "^  ^*  fte»  and  this  is  a  Srrifi:  cneiea&sg  limitcd^i  fbainoTcnncm 

2?*  Infiead  of  the  Sums,  fuUbaa  from  ea<fiTerm.of  the4i>  /  (fbat  is  ^  from  each 
Power  of  r  )  an  the  preceeding  Terms,  aadmake  this  Series  x  :    -^ — /      "^^  ' 

'*"•'*  "'''^—"  4c    TBaSmr/decreafii«liiA«dlf,inwJacb  110 Term  can  €?« 


r  —  I. 


i^*   Take  the  Series  of  Ac  Redprocais  of  the-ftft  Series,^  tix.  tdbc?  r :  -prj: 
^     ^    -^  :  &c.  'lis  a  $eriei  decrcafing  limitedly,  ia  which  no  Term  can  ever  reach  to 


<    « 


Cbap.  f,     .  Of  Infinite  Serttf;  45:  j 

4*'  Take  the  Sdaes  of  the  RcdpcQcak  <^  the  ftoood  Scrio,  tn,  ta&e  r  :      ^   ■  ; 

-^ 1 •  ftc  'cis'a  Series  cncreafing  iiautedfy,  in nMdi  no  Term  can  etcr  icach  to 

r  -^  t 

.    DiMON.  1^*    Forthefifft Stetcsy  i  : : ;r«^~  •  *P  '^  "^  ^^^'  ^^ 

die  films  of  this  decreafing  Series,  i :-  :  -L  fta   added  by  die  Common  Ruks,  thus^ 
+  ^«^^and  2-il+i-.  L±^.+ll:  But  thefum  of  this  Series  i  .-^  ri 


X 

G^r.  is    ■^■—     Therefore, 
r  —  If 

2«*    ForthefecondSerits,  x:i^:C:iI^' •ac.il  i^ 


z.  X 


fea  of  taking  every  Term  afcer  the  firfi  of  this  Series,  i  «i.;-i^  fte.  out  of  the  firft,  and 
out  of  the  (bcceeding  Remainders :  for  t^  '  =  ^-^  and  Llli— -  ~  ?=:  ^'""^^^ 

IDC.  and  the  Sam  of  the  Series  i.:JL  •  J-  :  ftc.  is  -^^  which  riieiefbre  can  ntvct 
fceaH  taken  away  from  x  \  whence  it's  pkiny  diatnoTermof  thts&r/V/  dUiemfihdirs 

can  ever  reach  fo  low  a&  i —  =?  ^-^^    And  Ohfifrve^  that  we  have  in  this  Cotl- 

duiioQ  a  pkin  Demonflration  that   the  Numerators  in  each  Term  cf  the  Series* 

J  •  — ;^  • j: 8r .  are  pofitive  Numbers,  i.  e.  that  any  Power  of  r  (  a  whole  or 

Aii/d  Number)  ia  greater  than  the  Sum  of  all  the  preceedtng  Tcrms^  + 1 ;  for  die 
&miof  the  whole  Series,  -i;  —.©r.  "t^T:*  ^W^hisM  than  i,  jaad  therefore  each 

Term  of  die  Series  i  !— ~&c.  is  a  real  poficivc  Nttmber ;  which  it  cannot  bo,  nnlcfi 

the  Numerator  18  a  pofidve  Number,  i.e.  unlefsr*  is.  grearer  than  al  the  preceeditw 
litxm.  But  diis  T^fWib  may  be.  alfo  dcmonasaitcd  from  the  JR  uJcs  of  a  Geof^ccrical  Prct 
greflionx  .r .  r>,&c.** 

3^-   For  ;die  thir4  Series,  i:  ^^:  ^  4-^4 r>  *^  *^  decreafea  linitcdly,  fr  as 
never  to  Veach  to  — p-  j  becaoft  if  it  did  reach  that  Number,  thai  'tii  evident  that  the 

^iwical  &iiel  I  ^i-fe>^■'.  f  .^j-^.  f .  iUBft  ceach  to  the-redprwaJNomber-—-, 
which  it  can  never 'do  by  Article  the  Firft.  '""  *' 

:  >l*-  'ForthefottthSvies,.  ii-^;--_ri_&^^  fcecanfe 'tis  the feciEyocah)f  the: 

ftcond,  which  can  nem  decreafe  to  ^^ ,  theiefoie  this  encreafes  &,  ai  it 

•**^iSi  *  ^?:^,**w>4-<««^«li»»w««ad.decreaft-totz:f-  wifeich  k  ihewtit  w-  be 
«B»p<jflWe  in  Article  fecond.  -cr^l^  Scho- 


can  never 


r=      'J  and  _-— —  f  —  ___  j  5  whereby  us  plaiii  the  firft  is 


:      X    *  •'-  -'  ' '  -  -'  - -^en'ofrtrM'S; 

:    'i.  .If  'wc  •comril'e-'tM  ttvp  ;5tiJfco?aA}gn Stories,,    i :  -^J^  &ca!)(Jir  '-^^ 

f-?t-.  tl^cii  cacli  Term  of  the  ficft  (afccr  i)  is  lefler  thaii  the  Corrcfponding  Term  of  the 

feconJ  •   tliiis  is  Icflcr.thaii,— ^ ;  aiid  fo  on.    To  Demonjiraie  tvhich  univcr&lly, 

ler -jiiy  NAiibcrl^  Be  Dcnoraia^tor  xX  z  FraftiDn^riiiaL  k^r.B/^  -Numttator^  cljus, 

Tv? — '  i  -^^  wiAte  ^  Nuijierator,  and  A  —  JB  the  D^npmiiiator,  thus,  -^ I  then  is 

-^f-^  ^  A  .  *  ' 

--^"^^Icfi  tJun  ■         ^  :  for  if  \vc  rcdtice  thcfa  to  t  common  DenonrinJiror,  they  arc 

lefs  than  the  fccond,  becaufe  A^  —  B*  ijj^lefs  thvin  ^» ;   But  A  may  reprefeht  any  Power 
of '^  'asVfi^,' ilid-SWi68uM«)f  airthe  precee^ittg  .T€«»»  ofi  the  ^rfe*,  (ivhiohiSam  i^al- 

ways  left^tiupi*}^  fo  ,-t^^t^  "^  ,   aiay  reprefcijt  any  Term  of  the  Series  i  :  i-i*  ;&:. 

A^  r 

^^^^rzTc  ^"y  Term  C5f  the  Scries  t :    .   :    :  &c.  which  finiflies  the  Demonftration, 

Hence  the  Value  of  the  firft  Series  is  lefe  than  that  of  the  other,  (i.  ^.the  Value  of  any 
afl[igmble^Nii»aW<ff  T^]^  of  chc  <)fliB.c(»npar-&  to  as^niahy/cf  «he0thfejr^;:     ,.;-  j, »».   .:, 

•   2d.  •  Gompire  tfaeWo-flSecreaffAg  Sexics  iir.  — gr?  *^  *^  x*  *  -rrphri^^  i  m^  <^^ 

I 

Term  oftne  firft  (after  tlie i>  is  greaterthaa  the  Corrclpondiiig  6Fflife  dthcr,  rlij.'  "'^—j; 
greater  than— -^c.  becaufe  the  Reciprocal  of  that  is  Icffer  than,  of  this  ;  fV  r.  .—31- 

k6 thai  --Ar-  ^fbm thq  liiiture. of  Ftfiaiom).  Or ^ve^y  deowifliate  this  th»  jgtte  W^y 

'A  A.       B 

as  the'  former  ;  for  ji^ is grcatet  than  ?— «j^>  becaide being teducedtb  bn^^Deaomi-i 

tiator,  they  arc   .     "f  \  ^  =  ~-b  and^'  "^f;!^  ±=1^:   Mencc  the  Value 

dr  the  fir  ft  K  greater  tJiaii  dial  of  the  other. 

"  jd;  If  we  take  the  Ratios  of  thefe  feycralSi^nVi,  comparing  duih  Term  to  the  ptccecd-. 

*flg>  ^hcy  make  thefe  regi^r  Series :  • 

, TTTr  •  '"TZ7rrY"&c:  for  theSenes,  i : s te 


I&c 


r*— f       -...  r*— r*— f  ^     -      ,    o    t_      ,  _  ^  .      .  -.y*. 


4nI 
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Where  you  fee  the  tjiird  and  fourth  are  Reciprocals  of  t&c  firff  and  fecond,  becaufe  the 
tfqrkjrof  ndiieh  ibcy  ^cc4fes.JUtios,  are  fo. 

.,..  THEOREM   VII. 

Let  there  be  two  Infinite  Series  of  Numbers  rf  / ;  And  let  their  correfponding  Terms- 
be  multiplied  together,  /.  e.  the  firft  Terra  of  the  one  by  the  firft  of  the  other,  and  L  on ; 
The.  produifts  make  ^  Li finite.  Series^  -h-  1  whofe  Sum  is  in  fomc  cafes  lufinite^  in^  others- 

Finite,     Thus,' 

!*»•.  If.  each  Series  confiftsof  Terras  equal  among  therafelves,  or  the  one  having  e^ 
qual 'Terras,  and  the  other'enaeafingj  or,  Mly,  both  cncrcafing,  the  Sum  of  the  Pro- 
dud  is  X  Infinite.  «    .      .  ,  ,  ,       ,      .^ 

2^'  ii  both  Series  decreafe,  or  if  the  one  Series  has  equal  terms,  and  the  other  De^ 
*creaf^  the  fura  of  the  produfts  is  Finite  j  notwithftanding  the  Sum  of  the  Series  of  ,e^ 

quar  Terms  Is  Infinite.    *  '  *•  ,     n    i 

3^'  If  rhe  oi-ie  encreafes    and  the  other  dccreafcs, .  the  Sum  of  the  Produfls  is  iir 

ibma  cafe's  Infiintc,  and  iii  Tome  Finite,  notwithftjanding  the  Sum  of  the  cncreafiiig  oiiq 

Ije. always  Infinite :  particularly,  if  the  Ratio  of  the  encreafing  Series  is  equal  to  or  leffer 

than  the  Reciprocal  Ratio  of  the  decreafing  one,  the  fum  of  the  produfls  is  Lifinitc  5  bu^ 

if  it's  greater,  the  Sum  is  Finite.  • 

Demon.     By  Theorem  ^.Ch*  4,  jB  4..  The  Series  of  Produds  is  tr/  in  the  RaJ 

tio  compounded  of  thofe  of  the  Series  Multiplied.    So  the  Ratio  of  the  one  Series  is 

A        '       " ' '  '         L  AL 

•■A:.B   , C-  D..&i.7     J,andoftheotheritis^,xvhofepro<iuais.-j^the 

L  :  Ad  :  N'  :  0  :  &cY  Ratio  of  the  Series  of  Produfts  ;  Aud  becaufe  that  Series* 
\^,  c/tyf  r\T  '7^^  o  V  cither  confifts  of  equal  terms,  or  xt  encreafes  or  decreafca 
jil.:Mm:LN:D0:8cz.y^     .^^  ^  conftant  Ratio,  therefore  it  will  accordingly  have ci^ 

•  '  '  ther  a  Finite  or  Infinite  Sum  :  So  that  what  remains  to 

ht  ihcwii  is  ad^  ,the  Conrefpondence  of  the  fe\'eral  Cafes^  in  which  it  encreafes  or  de<^ 
creafes  or  is  equal,  to  the  Theorem;  which  will  eafily  appear  thus,  i^"  If  both  the 
Series  cncreafe,  .or  both  confift  of  equal  Terms,'  or  the  one^equal,..^d.the  other  en- 
icreafing^  it's  evident  the  Sum  of  any  one  of  them  is  Infinite  (by  Theorem  5.^  and 

"much  more  is  the  Series  of  their  Products  fo.    Or  thus,  the  two  Ratio's -tj  >;}^  are  either 

t>cth  proper  Fra£Hons,  or  the  one  fo,  and  the  other  qqual  to  r,  or  both-  equal  to  i  : 

Al^ 
Whcreifore  :CTjr  is  either  a  proper  FraSion,  fo  that  the  Series  of  Produils  eaicrcafes  vx 

'that  confiant  Ratio,  and  the  Sum  is -Infinite  (Theorem  3.^ ;  or  it  is  eqnal  to  1,  aiidfo 

the  Produfts  are  equal,  and  here  alfo  the  Sum  is  Infinite,  (Theorem  3  J 

A 
.     2^*  If  bpth  the  Series  decreafe,  cr  one  decrcafes,  azid  the  other  equal  j  then --ani' 

^M  ^*  inipoDper  Fiafiions^  and  hwce  yjn  ip  -an  improper . Fraflion :    Ther|fbrej  the: 

Sei-ie^s  of  iRroduas  ;decreafes  in  tliat  conflant  Ratio,  arid ib  the  Sura  H  Finite  (Theorem  ^.)^ 
5^'  If  the  one  Series  encreafes,  and  the  other  dccreafes ;  We  fhiaU  fupppfe  diat  A I 

•Jj :  £*:  encreafes,.  £>. that  ^ is  a  prfi{)er.  Fsadiga ;  and.  that  X. : M:  N:  8cc.  decreafe^^ 

*  Jtj 

tfi>  that  "70^^  im^per  Fi^aion :  NawtheJR<atio  of  dhexompobadSede&idtflS  {jfij/,^;- 


W       *'* 
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**  ^M '  '*^**' '  ^'^*  "  *  I*°F*'  Fraflion  when  ~  is  kfs  than  ^  ,  but  is  aa  iniiopa 
Fraaion  when  ~  is  equal  to,  cr  grester  thsn-^  ;  for  theft  FtaaiJW  tedaced  10  oneDfr 
n-un.)itor,  are  ^  (~  ^)  and  ^  ^-/^  \  Wherefore, as  AL is  eqwl  to, greatu 
orlnlec  than  Ai  B,  confe  luer.tly  ^^  ( the  Ratio  of  the  Compound  Seriei)  is  riilw 
==  I  j  it'/iZ:  =  5A/  (  f.^.  if  ^-=  -j^)  aiid  ill  this  Cafe  the  Compound  Scries  oonfifti 
of  c.]iial  Teriuii,  and  fo  the  Sum  is  iiifinLCC :  Or  ^rvn  is  a  proper  Fra£lioi]y   iF  ^  I  i$  kfi 

ihui  B  M  {i.  e.  if  --  is  Icfs  than  —  )  and  then  the  Scries  ciKreafes,  £>  chat  the  Sum  is 

A  T 
iierc  alfj  Infijwtc ;  Or,  laftly,  —^  is  an  improper  Fraaion,if  ul£  is  greater  than^giJ/, 

(  i.  e*  -^  greater  than  p.  )   aiid  fo  die  ZerUs  decreaTes^  and  die  Sum  is  oonfcquenclf 

T.  If  we  fupp">re  each  Term  of  the  one  Sarhs  is  mulriply'd  into  each  Tenn  of  the 
other,  the  Sum  of  the  Produdh  xvill  be  Infinite  in  all  Cafes,  except  when  tb^  two  Striti 
d.)  both  deaeafe:  ^cv  the  Sum  of  all  ttiefe  Produ£ts  is  the  Froduds  of  the  Suras  of  the  twi 
&rj>j  ;  and  it  but  any  one  of  them  is  Encrcafing,  or  Equal,  its'  Sum  is  Infinite ;  Which 
therefore  mulriply'd  ijito  the  other  Sura,  vi)M^x  Finite  oi  Infinite^  moft  make  an  Inft* 
nite  Product :  but  boch  die  Serit^s  decccaling,  their  Sums  are  Fviitc^  aiid  confequeuti; 
their  l^roduft  is  Finite. 

2.  1  !io*  we  have  only  fuppos'd  Series  encreafing  or  decreafing  in  one  conftmC 
Ratio^  yec  we  may  confider  other  Kinds  of  Series:  As,  firfiy  we  may  (uppofe  any  Kind 
of  Series  whofe  Terms  continually  EiKrcafe,  whether  in  one  conilant  Ratio,  cr  net ;  and 
any  fuch  Series  being  put  inftead  of  onie  which  fs  4f  A  iu  the  iirft  Article  of  the  Tbeerm^ 
die  Conciufion  will  be  the  lame,  as  is  mod  evident,  tbo*  the  Com^wtdSerL's  mil  not  be 
w/.  Again,  in  the  fecond  Article  of  the  Tbeorem^wc  may  fuppofe  z  Series  decreafing 
limlcedly,  inflead  of  one  in  -rr  / ;  and  if  nvo  luch  be  multiply 'd  together,  or  one  fuch  wrth 
a  Senes  of  equal  Terms,  iht  Compound  Series  will  certaMiIy  have  an  Infinite  Sum;  becaufe 
each  Term  of  this  fuppos'd  Series  being  greater  than  the  Limiting  Number,  muA  have  a 
greater  FJ&&  than  a  Series  of  equal  Terms  equal  to  that  Number ;  but  (lich  a  iimtrcd 
Series  muldply'd  into  a  Series  decreafing  in  one  Rano,  will  have  a  Finire  Sum,  becaofedie 
Series  decreafing  limitedly  will  have  a  lefler  Effed  than  a  Series  of  equal  Terms  equal  to 
6ie  fitft  Term  of  this  Series,  which  would  make  a  Finite  Sum  in  the  Series  of  Piodufls. 
Aga|o,  fuppofe  two  Series  deaeafing  in  Ratio  s  that  do  alio  decreafe,  (comparing  eadiTerm 
to  the  proceeding)  the  Sum  of  the  Produfis  is  Finite ;  which  it  is  alio  if  one  of  the  Series 
i  s  fuch,  aod  die  other  equal  or  decreafing  limitedly.  In  the  third  Article  of  the  Tbeoftm 
\€X  US  CippofiL  firft,  a  Series  encreafing  fo,  that  the  Reciprocal  Ratios  do  comianally  en* 
creafe,  ^and  fo  the  Ratio's  themfelves  decreafe)  and  another  decreafing  by  aCooftantRa" 
tio;  then,  U*die  firft  Ratio  of  die  Encreafinft  Series  is  e<]ual  to,  or  lefs  than  the  Redprocd 
of  the  decrea&ig  one,  die  Sum  of  the  Produfis  is  certainly  lignite;  for  they  will  make 
%  SedescaoDeafing^MwhoCbiecq^fQcd Ratio si^a^  cachRadoof 

"  .       diat 


C!ia!{)^  ^!  0/  Infinite  Serksl^  457? 

thai^'S^'^:^ifegtadiii0y:J^^  of  the.  other  :  Butrho\ 

thcfirft  Ratio  qf  flic^encreafing  Series  is  crcatcr  than  the  reciprocal  Hatio  oFthc  de- 
<ireaStigthtj  it  WiB  not  betime  tM  riht  Ml  ofi&e  Ptodoas  is  Finite^  unkis  all  thefot-; 
-bwiiig, Ratios  of  th^^nqreafing  Series  be  alfo. greater.  h%2\xiyfect>ndlj^  fuppofe  a  Series 
eiicre^gin  a Con^ant  Ratio,  andanother  decreanng,  fo  that  the^  reciprocal  Ratios  do 
occreafe,  (aifd  fo  the  Ratio's  themfelvcs  cncrcafe)  then  if  the  Ratio  qf  the  encrcafing  Se- 
ries is-greaier  than  the  ftcci'ptocal  of  the  firlt  Rktib  of  the  decrcifing  one,  it  wtB  be  gre^ 
ta;  than  aU  the. fMlowing  ones ^  ^.confequendy  the  Series  of  Prg^ufb  ,mll  decreal^in 
Ratios  whofe  Reciprbc&  dfecrealfe,  ^d  fo  the  Sam  tnl)  be  Bmte.  hxA  if  the  RaHo  of 
cbe  £ncreafing  Series  be  equal  to  the  firfl  Reciprocal  Aatio  of  the  other,  then  it  will  be 

S rearer  than  all  tht  followihfl;  bna' (which  decrtafe)  i  aivd  h^re  a|^n  die  Sam  of  the^ro* 
Dds  win  be  Finite.  But  ttio'  the  Ratio  of  the  Lncreafing  Series  be  lefs  than  the  firil 
'  ledprocal  |tatiaof  the  other^  the  fiim  of  Prodii&s  is  not  In&iite«  unle6  it  be  alfo  lefi  than 
each  of  the  reft  of  the  reciprocal  Rados  of  the  other  Senes ;  for  it  may  become  equal 
to  fome  one  of  them,  or  greater,  and  then  the  Sum  of  the  Produd  will  ht  Fimte. 
Thirdly y  If  the  one.  Series  encreafes  by  Ra^os  that  ^  decreafe  (or  whofe  Reciprocals  to- 
oreale)  and  die/  ether  by  Radb^whol^  Reciprocals  decrealb,  theh  if  ea^  Ratib  of  die  firft 
Series  is  total  to,  or  Ids  dian,  diie  reciprocal  Ratio  of  the  Correfpondent  ^Terms  of  the 
iecond  Sene?,  the  fum  of  the  Produ6bK  is  Infinite  f  but  if  greater^  the  Sum  b  Finite, 
Ftmrtbhy  If  die  one  Series  Encreafes  in  whatever  manner,  and  the  other  decreafes  ifam-^ 
.  tcdlf,  the  Sum  bf  the  Produds  tviU  be  Irtfiute ;  becaufe  this  dtetreliiin^  Series  is  greaterthao 
a  Smes  of  equal  Teiuis,  equal  to  the  limidng  Number. 

THEOREM    Vm. 

If  fixxn  aiqr  quantity  A  we  tadte  itway  ariy  proper  Fiiaioii  of  it^  - ^-t-l ^  dicn^lf  what 

remains  take  kway  rhc  fime  Fraaioti,  and  fo  on  <^Ni&iciady  I'Ae  StQH  faf  the  fy^ftit^Se^ 
Ties  of  Pairts  taken  will  be  equal  to  die  whole  Ay  and.  die  Sum  of  the  Infinite  Series  of 

Ae  Parts  left  at  evory  Subftraflion  is  equal  to     "%^^^« 


-i  Left, 
it    - 


'    J 


De  ^p  v.     "1^ Socitt  eF  the  ^  ^aiii$  aadJi/if  ate  miskaC^  UteSt.  catpcft'd 
above  J  for  the  firft  Part  taken  being  ~  of  ^  <-^.^what  len^unsia  t^  of  ^ 

^Parti  Which'  make,  j  of  t:^  ^Jif  (L  12l^^^1<«f i«aert,klS  pteri^th^ 

^^Ptettof?^^S4  wKchi. i^ij^,  miai^fiti  idHi&S^'^'titrf 

"SamiA  u  ^  t=^  Fnto  of  die  preqeedug ,  aod  ereiy  Tetm  of  tfeft^S^ttrilfai  ti? 

Nun  die 
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thc-y  Parts  of  the  preceding  Terra  of  the^  Sd^ics  left',  craJfothe  l-I^Jf  {^n  of  the 
preceding  Terfn.  of  Ac  lame  Setia.  Abto  ibek  ivfro  Sesles  proceed,  each  deaieaduiem  a 
cov^zxm  Rauo^  which  is  the  fame  in  both,  viz.    '^     ;   for  every  Term  being  --—  oF 

the  preceeding,  the  Ratio  of  that  preceeding  to  the  foUoiving  is  the  reciprocal  r— —  and 
applying  the  Rufcof/'r»W.i,theSum  bfthc^eriwW^nisv/;  thus,^x  ^:^=7~ 


'  I 


And  this  divided  by, —  ^  U<^  r  -^^^   quotes  A.    Again  ^  the  S^m  of  the  Scries  Itft  is 
■  **  -  ofiirf;  for  tZ^!6Jl  V  I  ■  ■  M  ss=  /<,  whfch  iividcd  by  , — ^  — i  —  *JL  oives 


i. ' 


ObfifrTHe  alTo,  that  th«  Series,  of  Parts  lefcbeiug^demonnxatcd  ta  be  ad  J/ffinife  Dei 


areajivg  SeritSy  the  other  may  be  deduced  fiom  it,  thus  :.  Sijicc'  the  Series  oT  Parts  lefc 
may  be  carried.on  tiJl  there  tie  a.  Term  lefs  tbaa^  ai]Sgii|Lble  Quantity,  Jience  it.  plainly. 
&llow$,  that  the  Sum  of  the  Parts  taken  away  Ihall  want  Icfs  of  the  wlioie  4  than  aDy 
4i&gvahkDi&C«|Ke  j^  wiiicii  i^  ,aU  that's  meaiit  by/ayi^,  That  Uiaii  Sum  as  equaf  to  A^ 

Scholiums. 

1;®*    If    the  Cotrefpondent    Terras  of  thele  two    Series    of   the  Parts   taieii 
and  left  are  nuikiplyti  togethei^  the  Sfna  of  the  Cgmpoual  Series   is^Finiie^  z\i 

equal  to   f-^^^  ^f  >^'  I  9v!hich  iiNaafily  pfov'd  from  the  common  Kules,,  thus :  The  coni> 

21'  -^  A' .  ,   »     "     ,    »  i  •  -    .       '      ,  '        .  - ,  , 

mon  Ratio  of  botKthc  Series  is  w    ■»   )  there5)rc  the  Ratio  of  the  Compound  Scries  15 

-  ^ ;  but  thci  firft  Term  of  the  one  Scries  iis  r  o^A  and  of  the  other 

j£  i^  ■  r"  .^  d£An  Hence  the  firft-  T«m  of  tlie  CoHipottnd  Series ,  h  tjie  Produfl  rf* 
tbefc,  vt.v^Jr*'.  »*^'»..°?/ri«--T.-^'*>'*  Andr-«cord^i§  to  £roi/.  i,  we  muft 
tmOtiply  thb  by  the  Ratio  g._^'^^^"^;  *«  i^rodi*a  Is  '^.'l^^^i^^T oF^' ;    which. 

SoilL«f  <be  PipdMftiik  FMiite,  tajt  it  iTpsaicalariy  MutLto  -^  of  \^;  ^  F*  d» 


t-a 
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3*^  Hence  we  have  thefe  l^rC)))ortioi«,  tr  Ratios  (^  thfe  total  Va)aes  of   theft 
tcrml  Series  viz.  (i^*)  the  Sam-  of  tlie  parts  taken  is  to  the  Sum  of  the  remainders  viss^^ 


1        .•     4      * 


A :  -^  of  Ay  ^a:  t — n.    (2^)  the  Sum  of  the  Series  takerr,  to  the  Sum  of  the 

ProduSs  of  the  correfpondcnt  Terms  of  the  two  viz.  A :     1^2.'^  pf -^^  as  i :     l^^ 

tX  A:   Or  2  *  —  tf :  T^  X '^i    f  ?^* )  'The  Sum  of:  the  Sfecics  taken,  is  to  the 
Sum  of  the  Kodoas  of  ^1  theTiAriBls  of  the  coe  Series^  multiplied  into  all  the  Terms 

of  t;be  other,.  »/>,  A:   ■  "^^   '  of  'A\  4S  i :  \i  of  A^  or  a :  ft  —  «  X  -^- 

r^**)  The  Sum  of  the  Series  6f  Parts  left,  is  to  die  Sum  of  the  fioft  Produfts,  w;(, 

Lzl£  of^;  4^:z^  of  >^  as  ^—2^  4-ZlJ!of  ^.    (  5^- )  The  Sum  of  the  Parts 

k&,  is  tothcSumof  tbcfedohdPioAiasi  pig*i  -^^  of  A:  JTt  oi  A}  ^  11  A 
(6^0Thet«toSdmsof  fVodaasiwx.   i  J' ^  of  A*  :  ^-^^  of  A%  as*;  2*  — «. 

'  T  H  E  O  R  E  M    IX. 

.  In  the  .Arithmetical  Progreflion  i,  2,  3,'  4,.  ©r.    The  Sum  is  to  the  ProduS  of  the 
lift  Terra  by  the  Number  of  Terms,  /.  e.  to  the  Square  of  the  laft  Term  j  in  a  Ratio 
always  greater  thai)  that  of  1 ,  2.    Hut  approaching  infinitely  near  to  it. 

Mf9       t       mm 

Db  M  o  N.     Tlie  Sum  of  the  Arithmetical  Progreflion  b  — -i—  Pr^hL  5.  Ciaf.  2. 
£•  4<)    And  the  Square  of  the  laft  Term  n  is  »',  dierefore  the  Sum  is  to  that  Square  as 

.^  ......  2«  m^  m        2^ 

And  as  the  Number  of  Tcrn»,  or  laft  Term  ;»«ncrcaies,  fodoes  —  decreafein- 

2  9  2  ^ 

"  T 

finitely,  therefore  the  Ratio  approaches  infinitely  near  to  — 

.   (H^er%e  if  the  Arithmetical  Series  begins  with'o,  thus,  0,  i,  2,  5,  then  the  Sum  is  to  the 
PfodiA  of  the  laft  Term  by  the  Number  oi^TermSy  exaaiy  ia.erety  Step,  as  i  to  2,  foe 

the  Sum  is  in  this  Cafe,  ^\^    fiut  the.  laft  Tcwb  Mn  —  i,'  and  its  Produa  by  the' 


^. 


«•_« 


Number  of  Terms  »  is  «*  —  «,  therefore  the  Sum  is  to  the  Produft  as  --i— — -.  .*  n^^ni  t 

2 

^' -r- a  :  2  «»  — •  2  » : :  I  :  1. 

'1  •  THEOREM    X. 

Tdkp  the  natural  Progreflion  beginning  with:0>  dius^.o,  i,  2,  3,  @r. '  And  take^the* 
Series <if  any  die. like  powers  of  the  former  Series;    As  the  Squares,  o,  i,  4,  9,  8c.  Or 
Cubes,  0,  K  8,  27,  &c.  '  Then  again  take  the  fum  of  the  Series  of  Powers  to  any 
Number  of  Terms,  and  alfo  mnhiply  the  laft  of  the .  Tenns  fummed  by  the  Number 
of  Teri9^  ^irepkornqg^flways^  foic  the  firft  Term.)    The  Ratio  of  that  Sum  to  that  Pro-* 

du&  is  more  than  ■  ■ ,  -  (»  bcLig  the  lodcx  of  the  Powers)  1.  e.  in  the  Series  of  Squares 


'466 
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ie  19  more  rluui  f  j  ill  the  Cub«  n^e  fh^^T  >  9(^  ^  on:  Bm^  4ie  Spi^  going 
on  m  rffflfiifumj  we  mvf  tahe^  ia  AigiW  4fici  9^rf  XffjK^smdio^t.eo^iiitqti^Sw^; 
and  thA  more,  we  Uk«,  the  R^atio  qf  the  Sum  C9  ^  ProduS  mentioned  gouvi  lefi 

4iu(l  kfs  ,•  yet  fo  as  it  can  never  aaually  be  equal  to     _f      but  approaches  infinitely 

near  to  it,  cr  within  Is!^  than  any  afl^tiable  difference. 

D E  M  o  K.     The  truth  of  this  Theortm. has  hith^f 0^  that  |  k|«w  of,  beei)  dqDOii<: 

firated  only  by  an  indojlion }  or  itemog  tbiit.  it  if  Que  ift  9q[a;ir^  Cubv^.  »4  a  fe^v 

more  whene  an  it£laa}  exaininatton  of  it  has  been  nude  f  and  l^en  its  concluded  diar 

fince  it  holds  true  in  every  Cslie  ivheri;  it'  Kals  been  adualljr  triedf,  and  no  reafon  ap. 

pearing  agaii>(l  das  being  an  iJakveibl  Ri^  ok  Law  in  the  nature  c^  Nupibers^ 

tbere&e  if  13  tn^e  in  a)l  oth^r  Cafes,    tc  nuift  be\  acknowledged  thai  where  wt  lini 

the  fame  general  Law  obferved  in  a  Variety  of  Cafes  of  diJIercntl^otreny  t&en  at  Tk2> 

fure,  as  in  the  (econd^  thir0,  &us^  ti|e  eighth,  the  thirteenth^  the  twentieth,  and  many 

tnore  taken  up  and  fiown  among  the  iiiSntte  Variatyof  :PkmBen;:  \m  hsan  great  Rea« 

ion  to  believe  tha^  its  \  genital  Law  ||i  all  Cales,  tho'  we  don't  fee  a  direft  and. 

poHtive  Reafon  or Dendonfttation  for  it;  yet  it's  as  gettaia  ebaitthta  is-bMt  aaivnper- 

fed  Proof,  or  a  probability  of  its  being  true,    jlgiivy  as  to  the  Demonftrations given. 

of  the  panicular  Caies  whence  tbe  gtneral  Theoteqx  ia  deduced,  they  arc  alfo  of  the 

fame  nature,  i,  i.  they  are  taken  only  frOm  fbeii^  the  thing  mopoled,  to  be  true  in  as 

flf^iy  Oi&^  3^b%yf  been  a£ipalk  tried,  j,  e,  the  Series  of  any  Power  being.  rui:pme4  to  2 

X^ois^  Qr  :jy  Qt  4  itsfouod  to  be  al^vays  true^  that  the  Ratio  of  the  5^m  to  ^PtoduU. 


Bientioned  is  more  than 


«p  +  i 


but  flilt  dimifliihtng  as  th^  numbev  of  Tetm.bqcmei 


greater ;  and  (Kmintflmg  aUo  in  fiich  a.  certain,  conAant  Tenor^  a^  ihews.  that  if  it 
proceed  lb,  it  w^  appfoacb.  linfinittfy  near  ■  ■  j^  -.  Now  af^er  having  premiied  this,  cdj> 
earning  th^  Metbod^  iji9t  hat  hkbecto.  fids&a  for  tl^  DefnofificaUQis  oT  tlus  Thei^icm^ 


I  fhaU  iliew  how  it  appears  in  a.  few  particular  Oafes,  and  bow  it  may  by  the  bjfsx. 
M<^hod  be  inveiUgai^  iu  any  odiet  G^fo  «  pl^kTuse, 


^lt)unftxcal  Se^n^i.    o    ..     1.2 
Squares.    0    •      i^    ..   4 

$Qm.  of  two  Terms,    c 


3 

9 


4f  &c. 
16.  &c. 
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Produds. 
Sttia.ofti)K»T«riiM. 

Pioduds. 
Sfiai  of  finn  Terms. 

Pnxiu£U> 
Sqif  .(£  five.  Tcrou; 

Faodtiat. 


a 

X, 


5 


4  1.2 


4    X    P 


J«5 
80" 
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And  i^fttaSeriesof^fMffi. 
By  taking  the  Sums,  and 
the  Ptodua  of  the  UIT«m 
fummed,   miikiplkd  by  the 

JNiimbcf  of  Terms ;  AcSm 

tio  is  in  all  Cafes  equal  to  | 

+•  a  certain  aliquotFxafli* 
oii>  which  goes  on  dDerea% 
by  a  conflanc  addition  of  6 
(die  Denominator  of  the  firft 
of  thcfe  Fra^ons)  to  the 
DoQominatov  of  the  preced* 
iiigf  which  PttfltOBSybctaufe 


5  Xi6" 

^  Law  is  tQ  be  conAantly  obfarved^  do  thereftire  dedrfiaft  iaftiii^'^  fy  tiqit  tbe  Rsi^ 
tio  of  the  Sum  to  the  ProduA  approaches'  infinit^fy  n^r  to  -^by  die  infinite  decrea&{ 

3'-    .    ' 

<tC  Ac  Frafiion  whch is fiiU aftually  joined  with  —in  every  flep.  ^ 

i  En. 


CMM-  of  hfmuSerkf.                         ^t 

Exa.  fot  Cubes. 

Aikb^PMlgreflE^  q^.j*.  a;.    5.    4&C  .  '^'K^^ ^J^*^^^    Th€  Sums  and  Pro.' 

Cobcn  6.1-  ,  8  .  27  .  64&c>  w     •    !?  ^^" *^^  compar'd,  as  in  the 

.    ^^^     ^ ^= Margui,  the  Ratio  is  continually  ^  +  an 

SumofaTcims.  Pjt3-    i    -I+J  ^UquotFraaion,  which  goes  on ^decrca- 

xu^      2^1 1 7        A  ""S  oy  a  conftam  addition  of  4  (theDc- 

VtM.  A           ^-       4.        -»  nominator  of  th#  firft  rf"  theft  Fra<ftions> 

..^^.^  I  4-  8        o        I   t     I  ^  **  Denominator  of  the  preceding  ; 

,    .       "^^T^  V^'^^-h^'i  ^'^^  Law   being  conttantly  obferv^^d 

Prod.  ^  X  »      24       4       8  that  Fraflioii  joWd  to  i  becomes  infi' 

'  T-^^.  o  ji.11       f>/^      T        t  «i*«fy  1W«;  '•^-  the  ftatio becomes in^ 

4 Terms,  P^^tiZ  —  }^^-L+JL  Soicelfncatr to x 

\      Prod.  4X27      108      4       12             '             ^* 


y  Terms.  j6Hhtf4^_  y<)0_,i        1 
Prod.  5  X  64      520      4*7 


^        6 
&c '     &c 


SCROIrlVMS'. 

t  If  we  examine  the  fiiperior  Powers^  theiame  GeneralTrach  will  be  found  in  them  $; 
but  the  Fiaaions  adhering  io  Ae  ^jtl  ^'Atiol  dif^nUb  in  ^  fitme  matuier  as  they  hare* 

been  oblerv'd  to  do  in  the  Squares  and  Cubes  j  1.  e.  hj  aconfiant  addition  of  the  Denomi-- 
jiator  of  the  firft  of  dicfe  FrafUons  to  the  pccedin^  Denominator  :  Yet  this  I  have 
fiund,  as  &r  as  I  have  examin'd  them^  that  thefc  FraSions  decreafe  (b,  rhat  thneir  Ratios 
to  one  another,  comparing  each  to  the  preceding,  do  alfo  conftantly  decreafe  j  ivluch 
makes  thci  Fraflions  themfelvc*  decreafe  fo  much  quicker  tl)an  if  they  decreased  in  onecon- 
fent  Ratio  ;  Or  if  they  decreas'dby  Encreafing  Ratios^^rs  thefe  in  the  Squares  andCwl»i 
do  J  which  you  11  caffly  obferve  do  fo  decreafe,  thatth^ir  Ratios  are  the  Series  of  the  Reci*.- 


X         I 


ptoeail  Ratt09  oF  the  mturaL  Progceffion    1:2:3:4.      For  ^  :  — :  :  2 :  i,  and 

—  •  r«2  :?:2,  aifci  :   ;^  r  :4  :  3.  andfoalfcind»Cube8, -^:  L  ; :  2  :  i,  and 
Xi      18      ^  iS       24     ^    ^  48  ' 

^  :  -L:  :  5 :  a,  and  J^  :  — . :  :  4:  3.    Andit's  obfenraUe  here  too,  that  dio  firft  of 

thefe  Fra^tons,  id  the  Sjjror/i  being  4.^.  and  in  ^.CuhesrJL^  they  decreafe  faflcr  in  thoft  • 
thair4fKhefe ;  t.  e,  st  the  fame  diilance  from  the  beginning  the  Ratio  is  nearer  equal  to 
X  in  the  Sqttarfs,  than  it  is  to  i.  in  the  C^es»    l)ut,  in  the  4th  and  5th  Powers,  and  others 
which  I  have  afhialiy  examin'd,  they  decreafe  fiiftcr,.becaaib  of  their  decteafing  Ratios. . 

Anther  Wry  tffr&f^Jhg  fbe  Theorem; 

n.  Some  Authors  ( particularly  St^mius)  have  propo6*d  this  Theorem  in  another^ 
View,  thus :  They  make  the  Arithmetical  ProerelEon  begin  with  x,  and  allert  the-  fame 
Tfttdx  concerniag  the  Ratios  of  the  Sums  and  ProduSs,  v/z.  that  it  approaches  Infinitely 

near  to  --r^  :  But  aoy.i  have  met  with  give  us  no  other  kiad'^f  Demonflratioa  than^ 

vitai  bia  been  given  ^aboie,  /.^.  hj  InduSlUnj  or<argpty{ix>m  a  fiw  Particulars :  And 
biscaufe  their  Mok^  of  inveQi{^atic^;tfa«ie.  pvctioyar  Cafes  is  femei^diat  diSecehr  from^ 
the  precedlpgi^  t  ibalii  here  evjpjtoa  iu 

'  '     x^Porr 


4^»  Of  Infinite  Series*  BookV. 

!••  For  Squares.  in  the  Sfura  tdce  the  fiA 

I  .  2  .  ;  .    4.  flbc  '  3  Tcrais^  and  at  Cf eqr  foccccding 

I  •  4  .  ^  •  10  .  &c.  Stcptwfcc  as  many,  and  the  Ra- 

c'J ,0    .   « tio of  theiSjw»  tQ  the /V«&c7  is 

«.       -r  ^.      ,?•  '  Produa^.  ,    .    ,     .  found  alwys  greater  than  i  :  7. 

For^Tcrms.     14    =    27       ::    1+4+^.3    But  fo  as  to  decreafe,  and  become 

For  6  Terms,    pi     :  216       :  :     i  +-  t+  yV  •  3     infinitely  near  to  itj  bcaufcthc 

twoFra£ilons  that  a^ere  to  i 

( in  the  kffer  Tertn  of  the  Ratio)  are  found  to  dccrcale  in  a  Conlfant  Ratio,  which  is 

^in  the  firft  Fradion, and  i  in  the fecond  Fraaion. 

Whence  Sf«rwy  concludes  the  Argument  in  this  manner,  viz.  Since  of  the  two  Fraai- 
ons  adliering  to  i  at  every  Step,  the  firft  is  always  ^  of  that  in  the  preceding  Step, 
and  the  fecond  is  ^  ^  that  in  the  preceding  Step  j .  theueforc  thefe  two  Fraffions 
are  in  every  Seep  the  Efiefl  of  fubftrafling  feora  j,  ^  ^^  vAddi  belongs  to  the  firft  Step, 
this  Series,  ^  -f  ^  J-  :  ^  4.  -^ ,  making  3  the  Numerator  of  the  fecond  Part,  be. 
xraure  ..^  -b=  ^,  and  ^^  —  ^».  =  ^i.,  and  fo  of  the  reft :  But  this  Series  confifting 
of  two  Series,  take  their  Sums  ieparately,  they  ^e  I.  »)-  ^  J(.  ^  •  j^^.  =  r  '  ^^ 
.^1  +  -rrr*^-  ^  tt  *  ^J^roM.i.  that  Series  being  fuppos'd  to  be  Infinite  ;  whence, 
in  the  laft  (Jafc,  or  when  the  Series  of  Squares  is  infinite,  the  Fraifions  adhering  to  i  are 
evani(h'd,  bccaufi?  they  are  bc^me  4.-^^«i«-4— .^ao. 

As  to  the  laft  part  of  this  Demonftration.  I  ohfenfe^  that  it  is  fupecfluous  ;  for  the 
Argument  ought  to  be  conceded  immediately  from  this^  That  the  Fra£) ions  adhering  to  i 
decreafe  in  one  COnfiant  Ratio :  For,  in  this  Cafe,  if  we  fuppofe  the  Series  ifrfifitte^ 
thefe  Fraflions  muft  decrcalc  to  nothing,  this  being  the  very  Suppofition  upon  which  the 
Rule  is  foujidcd,  by  which  we  fijid  the  Sum  of  an  Infinite  decreasing  Series :  And  this 
Rule  being  ufcd  in  the  Argument  to  prove  that  thefe  Frafiions  do  at  iaft  evamfli,  it's  ma- 
nifeil  that  the  Thing  to  be  concluded  is  already  fupposU 

1   .  2  .     3  .    4  :  &c.  the  firft  4  Terms,  andthen  8 

I  ,  8  ,  27  .  64.  :  &c.  Terras', and/o x)ii dottbling the 

■  Number ;  and  licreby  *tis  mmi 

Sums,  I  Produas.  that  the  Ratio  of  the  Sum  to 

For  4Tenn9.     loo    :     2^,6      :  :     i  +  1  +  ^V  -4  theProduft  is  alwa^-s  greater 

For  8  Terms.  1296    :  4096.     :  :    I  +  v  "^  tt-  4    ^'**"  ^  •  4*'  ^^^  a^roaching 

Infinitely  near  to  it,  becaule 
the  two  FraAions  adhering  to  i  <  in  the  lefTer  Term  of  the  Ratio)  do  decreafe  in  a  con- 
fiant  Ratio,  v/{.  r  in  the  firft,  and  i  in  the  fecond  Fradion. 

Sturmy  concludes  the  Argument  here  the  fame  Way  as  in  the  Cafe  of  Squares^  to 
whicli  the  fame  Obfervation  already^  nude  is^  alfo  {Applicable*     *       ^ 

So  far  then  you  fee  an  Agreemeiit  in  this  Form' of  the  Theorem^  and.  the  prcceeding 
viz.  that  in  the  Squares  the  Ratio  of  the  Sum  and  Produfit  decrcafcs  feller,  becaufe. 
-^  is  lefs  than  ^^  and  the  Ratios  of  thefe  decreafiag  Fra£lions  equal  inboth ;  juft  as  in 
the  preceding  Form  the  Ratio  alfo  decreas'd  &fter  in  the  Squares  than  Cuhes^  and  b;  die 
fame  Ratios. 

III.  But  again  ;  Tho'  I  haye  found  no  better  W^y  of  den^onftrating  the  Tbevfem  ( in 
either  of  the  two  Views  of  it  exptirfd  )  as  to  its  univerfsrt  fexttnflon  to  all  the  difewrt 
Powers,  yet  as  to  the  Demonfhration  of  the  firft  two  particular  Offcs  (irfaich  arethe  mod 

ufcful^  viz.  Squares  and  Cuhes^  i  being  the  firft  Term;  I  ihall  hire*  flicw  you  a  new  uiJ 

-    -  •  cafe 


GKap.  J.  Of  Infinite  Smesi,  4^j 

^fic  Dcmonftration,  deduced  iirtfAy  ^  j>rmi  from  die  Canons  g^vea  inO.2,  for  tlic 
ftimming  the  Squares  and.  Cut^es  of  the  Aritlimctical  Progrcffion* 

m4  DireB  Dcmonftration  of  the  fr^ceiing  Tlieorem  y^r  Squares  and 

CubcSy  fuffofing  the  Series  to  begin  with  i* 

f  1^)^  Fbr  Squares.      The  Sm  of  the  Squarej  of  an  Arfdmietical  ProgreflSoa 

».  2I  3.  4,  fuppofiflgthcNtniAer  of  Terms  to  be«,  ii  '  ^  ^^(/Vo»,3^C&,2> 

mid  in  the  Arithmetical  ProgrciSon  the  lafl  Term  is  always  the  Number  of  Terms,  there- 
fbie  the  lafl  Term  of  tlw  Series  of  Squares  is  ;sr* ;  which  multiply  d  by  the  Number  of 
Terms  ;r,   the  Produd  is  «s :    Wliere&re  the  Ratio  (£  the  Sum  to  the  pjadu^L  is 

S2l±iiid-2.:»3::2»»+5»»-|-«:  6a^  : -r.2^-^  3«>  It6«*  (Ijydivtdiiigr 
o 

each  >Member  by  »)  but  .1, =ss  ^T-r^  +  t^,   +  T^y  =^  •+•  -*• 

-1-  2^,  /for^—  =  -  and  ^~  =  :^    !•    Agsdjij  it*s  obvious  that  the  greater « is, 

the  lefi  will  thefe  Fraaions  --—  -t—  be;  and  that  they  wittdecreafe  fo,  as  to  become  in- 

fihitly  Uttlc,  -  -  -     .  ^ 

yrodiua,th( 

^ttheFra^ 

Jy  finall,  the  Ratio  arproaches'infinitcly  near  to-|., 

(2**)  ToxCuhs.      The  Sum.  of  the  Cuhesot  the  Arithmetical   ProgrelTidn   ii 

?>+^^iLgi  (JPrahL^^  Ci:  2:)^and  the  Produd  of  the  kft  Teim  « J,  by  the  Num- 
4 

bof  of  Tenn?,  «  is  «♦ :  So  that  the  Ratloof  Ae  Sum  to  the  Produff  W^.2^Lt^ 

/   :  4 

A^  :. ;  «4  I-  2««  +  a?  :  An^' : :  «M-  2»  +  i  :  4«%      And  ?m  "^  ^"^"^  ' 2l 

'*'i^  +  :4^-^  -^  -'^•2i;+-   4^^-.  -4"^ >^(pii(f .the:gi^eater dt^^^^ 

^ JL(  and:^  be  •  tinerelbfe^  tt»>' ttieRatfo^oPdleSbmto  th€  Ptodda is always^r^a^- 

ter  than  -^-Xbcing  for  twoTerms^  -y  +.  ly  +  tV)  ^^^  *^  Fraaions  'adhetix^  to  the^JL 

4lecrcaling iri&utcly^  the  Ratio  approaches  iiifinitcly  near  to-y.  " 

-  •  ... 

.  r  I     »  ^  •  .  •         •      •       »        •  .     - '       J  #  . 

-  ■'     •  I. 

Take  the  Series  of  the  Scares  of  the  naiiural  ProgrelHon  t\  2;  jv^k:.  vf;(«  j*  4.  p.  t6.^« . 
flwtciqpir  any  Term  of  this  Serially  the  ^lumbecrof  Turns  !fiomE#.<>ltbm  ^te  Prodaa  fufc-« 
flraa  the  fum  of  all  the  preceeding  ]ejQEeriij7»4f^x  (which  Sum  will  always  be  a  IdTer  Nura* 
bet.4han;  that  P4?odiid)ithe  Racb.of;^.S>^«a^  ^  ^  Prddoai9>iaways  grebteritham 
2 :  3.    But*  approaching  iniSnitely  near  xoix^  the  farther  the^Seiies  is  carfied^  or  the  grea.. 


<     i 


1:1:  •    / 


^'       '"'"" €»/^h*. 


464  '^f  infinite  Seriei:  BodcV: 

Ohfervey  Since  tBc  Nombcrof  Terms  from  i  to  any  Tcrin  in  the  Serns  of  Squmi » 
the  Root  of  that  Square :  therefore  die  Produ6l  of  the  Square  by  tlie  Number  of  Terras 
is  the  Gi fc  of  the  lame  Root ;  and  therefore  the  Theorem  may  be  prapos"d  thus ;  The 
Ratio  of  the  Difference  betwixt  the  Cute  of  any  Litegral  Nkimber  and  die  Stan  of  the 
Squares  of  all  Numbers  left  than  that,  to  tbatr»^^,  is  greater  thao  2  i  3,  but  approach- 
ing infinitely  near  to  it,  as  we  chule  that  Cube  greater  and  greater. 
,  £xa.  I.    The  C**^  of  6  is  ^i6,  ai)d  th^  Squares,^  1.  2.  5-  4^  5. ^ arc  i.  4-:  5?^  16.2I, 

whofe  Suto-M  55,  then  is  216  -p.  55  =  iSu  AikI  iJ  c:,  1  4-^j  as  y«aTl  fiod  bi 

taking  -out  of  5^^ 

2.  The  Cube  of  7  is  343,  and  the  Squares  of  i.  2. 3.  4.  5.  6.  are  i.  4. 9«  i6.  25.  ^6^ 


vhoft  Sum  U  91 ;  tbea  343  ^  91  =9: 252*  and  2^  5::  i-^  *^ ,  and  diis  Fnf&oa 

343       3   "^  1029^ 

-22.  .4^  k&  than  -:At5  •.  ,  .     '  1     , 

i02p  040*  * 


JBMON.  1®*  Let  any  Number  be  reprefiyited  by  »  -f  i,  iti  Cube  wiH  be 
«'  -H  »^  +  5«+  I ;  and  if  we  tgke  aU  the  Numbers  lelfer  than  «  +  1,  diey  toake  the 
Arithmeticsu  Progreffion  i.  2.  3,  ^.  whole  laft  Term  (and  number  of  Terms)  is « ;  aiid 

ihe  Sum  Of  their  Square  is '5    '     "»  which  is  mahifcffly  a  leflSer  Number  than  the 

€ube  (X  7^^  i,or  ai  -f  3«»  4"  9^  +  '• 

*  2««  Take  the  Diflfercnce  proposed,  viz.  «'  +  3«^  +  3^  -{-  i  —  ^^^    ^  1^'  ^  " 

=  ■     ^ —5 3 2 

=  it  ,  1^  ■^.  ,^    f    M^  Now  ooopaie  dua  DifiS?rencc  to  «'+T>, 

or,  »J  -J-  3»»  +  3«  -f-  I,  the  Rado  i^  plaiidy  4»J  -J-  i^^i  ^  ij^^-d: 
6«t  +  r8«»^i8«+6,  or,  f^,  Xi^n'ZiUXl'  which  is  greater  dun  iby 

this  Fraaion  \^^,j^.^^  ^^^n  ^  1%  '  ^r^^""** ^^^^^  fuhftraaing^  outof  it,  bj 
the  common  Rules.  Now  fincfc  in  t^aj  Stej?  iJbe Rado  of  dieDiRrcncc  to  tkcQae  wiD 
be  the  toe  ^njtiXpDfA'd^  "mtUtk  it.  will  sAffaysbe  gmter  dian  ^ ;  bdt  if  the  Fraaioo 

i8«iy5^-T54«4-i»^  adJ«ii«tott,growsinfinitdyUtde,orIefidM 

able  Fraaion,   then  the  Ratio,  approaches  infinitdy  near  to  ^.    What  remains  dicn 

to  be  demonfoated,  is  ooiy  tUs  Infinite  decreafe  of  die  Fraaion  adhering  to  die-wliidi 

♦  ■    •»  *■        '  .  '     '  '  *?i    • 

it  tbiis  49^ :  Wet*  t^^Dieriog  Fnattui  r|^  ,  itt  infiakC'dearetfe  ii  a%ibeiiB,{ai 
it  is  equal  to  ^--^>  I9  dbiding  Nm 


duallytakenequaltoi.  2.  ^  4,8^.  and  dierefoce  —isgraduaBT -ii/i  i5-.i,&. 

oMiuteiB J  decrees  u^^    or  ib  as  to  beooqw  kfi  dm  8x7  a£^gt»Ue  Foaioa. 

Agaifl; 


chap.  ;^  •  Of  Infinite  Series:  4^5 

• 

Again;  o  ^\^l^  "^  ^.  q  » a FtaaionaefiAan  -^  or  -i- ,  asl»  eafily fc^n 
hf  the  Comparifon  ^  wherefore  if  -*-  does  decreafe  infinitely  as  n  eacreafe3y   the  otlier 

which  is  lefs  than  —  muft  alfo  decreaie  infinitely* 

COROLL.  The  Sam  of  the  Sauares  of  the  Series  1.2.  2*&c.  carried  to  any  Num- 
ber of  Terms,  is  to  the  Difference  betwixt  the  Cube  of  the  Number  of  Terms,  or  laft 
Term,  and  the  Sum  )Df  all  the  Squares ^  except  the  laft,  in  a  Ratio  approadiing  infioicelj 
near  to  i  :  2.  but  flill  greater  :•  For  the  Ratio  of  the  Sum  of  die  Squares  to  the  iCubc  of 

Utit  Number  of  Terms  approaches  infinitely  near  to  — »  but  flill  greater  (by  Theorem  p.  ) 
And  by  the  prdfent  Tbearem  the  Ratio  of  the  Difference  mention  d,  to  that  Cube,  ap- 
proaches infinitely  near  to  -^;  therefore  the  Ratio  of  the  Sum  of  the  Squares  to  the  D]S£t* 


rence  approaches  infinitely  near  to  — 
Sc 

differenti 

Number,  ,  ^         ^  ^ 

t.'3.  5/^r.  the  Sum  oT ttelSettes'carricd  dotirn  to  0  {xa  which  'twilt  iwaj7  end )  isnjo 
the  Produa  of  that  Squcare  (which  is  the  greatcft  Term)  by  the  Number  of  Terms,  in  a 

•  '  2 

ilatio  always  greater  than  —  ,  but  approatehing  infhutdy  near  to  it,  as  we  take  that  Sqaare 

greater. 

I  fhall'firfl  (hew  the  Coincidence  of  this  and  the  preceding  Propofition,  and  then  giv« 
,  -you  Sturmiufi  demonflration. 

For  the  firft,  take  xhcjodi  Sedes  i.  3.  5,8r,  thp^Sumof  it  to  any  ^mber  of  Teim^s 
MhtS^sre  of  the  Number  of  Terms :  or  ihc  Series  of  its  Sums  taken  always  from  the  Ibc- 

ginning,,  makes  the  Series  of  fquare  Num- 
i.?.5-    7.    P  •  ^^.    odd  Numbers.    -^^^^^^ 

i.l.9.i6.2^.&c.  fquare  Numbers.  w?lS^' ll  fe  rlJ  ^"^  ^"^ 
s  Z  ^  A  <«*••-  Roots  ^^^^^  Number  we  take  fucceffivdy  as  ma- 
?  .  2  .  9  •    4  .    5  .  Wc.  .  .  .    Koots.    ..  ft,Tcfmst)f  the  Series  of  oddNumhers 

'    .  f      r-    ,  :  r  .-    ....       ,     •    M^iXMn  I,  as  the  Root  of  that  S^Hore.  ex- 

oefles,  :wheh  the  laA  ^ij>fiaaion  is  inadc^  tbe'e  remains  nothing  ^  and  that  Smare^  with 
the  ieveral  Remainders,  is  the  Series  proposed.  Thus,  beginning  with  9,  it  ispj  8,  5  ; 
teginniog  with  25,  it  is  2^,  24^  21,  j6, 9 1  Umferf^lly,  if  it  begin  with  »'  it  is;  «&  • 
«*  —  I ;  »»—  I  — 3  ;«•*-!  —3  —  s  >  &^*  which  again  is  the  fame  as  «Jj  «»—  i ; 
n» — 4;  ^s^^p;  @r.  the  Series  being  carried  to  as  many  Terms  as  the  Root  ^  expreiSe^  * 
And  the  Sqfiare.  fiib/lraAed  &om  «^  in  the  ^M  Term,  bdbg  that  next  leffer  than 
«*.  beeaufe  'tu  the  §um  of' a  Numl)et  of  Terins  of  the  ^d  Series  Feis  hf  i  than  n. 
W  hence  the  Coincidence  of  the  two  Propositions  is  evident ;  fot  the  NtUnb^  of  Terms 


4^^  Of  Infinite  Decimals.  BookV. 

2^'  ThcDciii(mfladondut5ii«r««r)rgj^^ 
the  iame  manner  as  in  the  preceding  I  bt^rems^  thus :  If  there  are  three  Tenns,  p,  8, 5, 

whofe  Sum  is  22,  then  is  22  :  27f=3Xp)  : :  2  +  -I  :  3,  which  is  a  greater  Ratio 

than  that  of  2  :  5.    Again  5  |  being  =i  —  ^ ,  he  expreffes  it  thtis,  2  +  f --jg:  3. 

If  there  are  fix  Terms,  36  j  35  :  32  :  27  :  20  :  11  j  their  Sum  is  i6r  ;  and,  161 :  216 

(=6X3^):  24-^  :  ?J  Or,as,2+  i_  ~  :  5.    So  he  goes  on  evnualic 

more  Cafes,  taking  at  every  Step  double  the  nufribcr  of  Tfefms  of  the  kft  Step ;  and  finds 
that  the  Fra£lioii  adhering  to  2  proceeds  in  a  continued  Geoomrical  Progrellion  dccrea- 

fing,  thus,  i  — £y,^  — ^^>|  — ^^  the  fiifi  part  decreafing  ia the  R«k)  of 

2  to  I,  and  the  other  in  the  Ratio  of  4  to  i ;  whence  he  coiKludes  the  Argument  in  the 
fame  maiuicr  as  in  Theorem  X  j  to  which  is  applicable  tlie  lame  Obfcrvation  I  made 
upon  that.  • 

Otferve:  As  to  tliis  laft  Method  of  propofine  the  Theorem^  That  it  is  accommodated  to 
a  particular  Uft  which  Sturmj  makes  of  it  intjeometry  :  The  Reafon  I  chofe  the  other 
Way  being,  That  ix}  dus  Shape  I  found  the  direfi  Demoiiflnltionrl  have  ^iveaof  it* 


C  H  A  P.     IV; 

0/  Infinite  Decimals. 

.....  . 

WH  A  T  a  Decimal  FraStton  is,  and  Its  JJotatiort ;  alfo  what  a  Circfdatmgdeo. 
ff/2/is,  with  the  whole  Operations  about  tkfertninate  DerimafSy  has  lOl  been  al- 
ready tiaught :  BuL  that  the  whofe  Dodrine  of  hfinite  Decinuds  may  be  found 
hete  together,  fome  of  tiieftBejEhitions  nmft  be  xepcated. 

b  is  F  INITIO  NS.       ! 

^..A  pedrr^arFnidioamai^j&e  calTa  Fifiifeot  paerminaf^  when  it  has  certain  and 
determinate  Miinxbefs  Tor  its 'Numerator  knd'{)ehdtaDtxnator  ;  i.  r.  when  theNufiieracor 

^  Denominator  have  ea(&  a  ceMki' limited  Nttoibec  of  Figures.  a$«  •i^'^ 
•64.6  rr  ^ — 

1      XOQO* 

IL'  A-D^cirnai  Fraakv)  imie  ^MJ^nH^  or  'ti^efmm»^e  5^hen  'the  m^iex  cf 
^hocs  uM^UrmiiMey  and  jtociic^lg.  without  ^JEl^^ 

^iininato^are .coneelvU to  ie. rhemftlve^  jinfinii;ely.great,  J$o  in  this'iSir^*  *3^7  !^'  ^^^ 
£9pb&  that  thet^  cnght  to  be  Jmcye  and  qn'ore  Figuiies,  hi  tnphitum^  annex  d  to'  the  rigbc 
hand  of  thole  here  fet  down,  thereby  encreafing  Doth  Numerator  and  Denominator  iiifi* 
surely,  or  i^dthout  end^  we  do  hereby  fenn  the  Idea  of  an  Infinite  and  thdeteiminate  Dea* 

BUd* 

lil.  Infitiite  Decimals  are  of  ^  kinds^  which  we  may  diflinguiih  by  die  GeoenlDer 
ii^nifiacicm 9f Cm^iv  aad /8r^ai>^  '    ""' 
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A  tifimn  bfimte  Decimal  is  fuch  whoie  Niuncmoc  xuns  into  Xkifinity  by  a  continual 
repetition  of  one  or  moKC  Figures  ;^  as  in  tfaeie  Esomples,  44,&c.  .03^,  &c  455,  &c. 
.  wherein  the  ikme  Figares,  4,  3, 5  is conftantly  repeated:  Alio  .  y^6^^6y Sec  where 356 
is  repeated  ;  and  •  072:^646^  9ec.  where  64  are  conflantly  repeated.  Such  Decimals  are  aub 
parcicularlj  call'd  Repeating  or  Circulati^  Decimals^  from  this  continual  repetition  or 
drcoladon  of  the  fime  Figures  in  die  Numerator.  Obferve  alfo,  that  the  F^uie  or  Fi- 
]gures  repeated  may  very  conireniendy  and  properly  be  caQ'd  the  Refetemt. 

IncerUuu  Decimals  w:c  fiich  nviiofe  Numiecator  goes  on  for  ever  without  a  confiant  cir« 
culaciofl  of  Figpres. 

Scholium  sJ 

-  ift.  The  efleiidal  IXSoence  betwixt  dieTe  two  kinds,  of  ^)!«iV^  Decimals  is  this;  that  the 
Cerfaim  have  a  determinate,  finite,  and  certain  Value ;  /;  e»  that  there  is  a  certain  deter. 
minate  Vulgar  Fradion,  wluch  exprefles  the  true  and  compleat  Value  of  that  Infinite  De* 
dmal  0^  (hall  be  cjem^iftrated)  meteas  the  Ascertain  have  no  fuch  finite  and  aflignable 
yalue  :  And  thb  b  the  reafon  of  thefe  Names. 

Now  'tis  omng  cotlus  Certain  finite  Value  of  a  Circulating  Decimal  that  they  occur 

*  in  Vrz&iqt ;  for  they  are  no  other  thing  than  the  Refult  or  ESf£tx>{  reducing  Ibme  Vulgar 

.  Prafiion  to  a  Decimal :  Or  if  they  are  brought  into  a  Queftion  by  meer  Suppofition,  yet 

they  are  reducible  to  a  Vi^ur  finite  FnBxon ;  as  all  Vulgar  Fradions  are  reducible  into  a 

Decimal^eidier  Finiteor  Qcoolating  Tas  will  be  explain'd  afterwards).    It  is  thbProper- 

:  tjr  alio  which  makes  thefe  Dedmals,  uib'  tiiey  cannot  be  limited  in  that  Decimal  form, 

capable  d£  fuch  management  in  Prafiice,  as  that  no  Error  can  happen  fiom  the  impoffibi- 

Jitj  of  finiihing  and  dmrminin^  it  in  form. 

2/«  Aato  the  IncertMm  Deamak,o^ymy^,  that  tho'  they  have  no  determinate  value,  yet 

their  value  is  not  Infinite ;  for  notvitbfbindiog  it  encreafes  without  end,  yet  (as  Ihall  be 

fliewn)  they  are  lb  limited  in  general,  as  that  tho'  the  whole  Infinity  could  be  afiually  ex* 

'  faaufled,  yet  the  value  of  the  Pradion  cannot  exceed  fome  finite  aftenabte  Fra£Uon^  as  on 

-  tlje  other  hand  it  cannot  come  ihoct  of  fome  fiicb  FraSion ;  wherefore  we  may  jdUy  %, 
they  have  a  fimte,  tho'  not  an  ai&nable  value ;  for  if  their  value  were  afli^ble,  they 
tvould  circulate  contrary  to  Snppontion.    But  then  alio  obferve,  that  becauie  their  value  is 

.  not  aifi^piabk,  there  u  no  poflibifity  of  fupplying  their  Defers  pexfe£Uy,  £>  that  we  muft 
be  c(»itent  to  do  it  nearly,  or  by  way  of  Approximation. 

Afg^cbferiiei  diat  tho*  no  IxQertain  Deci*4al  can  ever  arile  from  any  finite  affign  d 
Frafiion,  yet  they  are  not  all  fo  imaginary,  but  that  they  do  in  fome  manner,  and  in  fome 
Cafes,  necei&rily  occur  in  Pra&ice  oiAritbmetick ;  as  in  the  £xtra6lion  of  Surd 
Roots.  ' 

Alio,  fometimes  wherewem^ht  have  a  Circulating  Decimal,  it  maybe  convenient  to 

.  take  it  imperfefi^  .24  when  in  the  rcduSion  of  a  Vulgar  Fradion  to  a  Decimal,  the  Divi- 
iion  has  gone  far  on  without  coming  to  a  Circulation ;  then  we  may  chufe  to  taike  it  with  a 
c(»]venient  number  of  Places,  and  collider  it  as  Incertain* 
The  left  Remark  I  make  here  is,  That  fome  Decimals  are  Incertain  as  to  their  value, 

.  l^caufe  they  do^t circulate j  yet,  in  another  reQ^efi,  they  maybe  j&id  to  be  Certain  \  for 

■  wemay  conceive  siNumctator  cbnffl^g of  c«tt  fuccecding  one  another 

;  in  a  certain  orcJetfor  ever,  yet  To  as  there  be  no  Circulation.    Exa.  ,34  J44  34^.4,  J^^. 

.-  fuEPP&ig  ^t  after  3  you  have  4  repeated  once  more  than  in  the  preceding  Step ;  or  this* 
i34  345  3456^  8r.  beginning  flill  at  3,  and  after  it  taking  the  natural  feries,  in  order  to 
one  place  more  in  every  ftep.  But  now,  tho'  fuch  Decimals  fliould  in  any  Cafe  occur 
^which  yet  fcem  to  be  meerly  imaginary)  this  Certainty  of  the  Figures  of  the  Numerator 

'  iioes*  not  make  the  Value  certain  ^  and  fo  we  know  no  better  how  to  manage  them  than  if 

O  0  0  2  there 
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t-!ierc  ^rc  no  •  fticli  Certainty.  /Ig^in ;  As  to  thcfe  liicertalii  Decimals  ^Wifch  cxprcfs 
'Surd  Root*,-  tho'  they  arc  not  always  ot  chis  kind,  (and  1  don't  knoiv  if  any  cf  ihcm  was 
ever  found  to  be  fo,  orif  t!iey  ckn  be)  yet  they  have  a  Certainty  of  another  kind,  which 
is,  that  the  Progrefs  of  ihc  Fraftion  depends  upon  a  certain  Law  or  Rule,  whereby  die 
Extra6^ion  is  pcrforni'd  (as  has  been  cxphin^J  in  its  place) ;  AikI,  becaufe  of  this,  they 
'are  not  purely  imaginary  and  ftjppofiritious,  yet,  as  to  the  Fradicc,  they  liavc  no  morcAc 
curacy  than  the  reft,  ejtcept  in  the  Cafe  of  railing  them  to  the  Reciprocal  Power  cxpre&d 
by  the  Denominator  of  the  Root^whep  'tis  known  of  what  Number  tli^exprefs  the  Root, 
and  in  fonie  Comparifbns  of  them  among  themlelves ;  but  then  thcfe  Compaiifons.  aie 
managed  not  by  means  of  the  Decimal  Expreflicns,  but  of  tlic.  Powers  therafclves  widi 
their  Surd  or  Radical  Indexes ;  as  e^tpiaio'din  Bo9k  Wl 

IV.  Ctrcuhtirrg  Decimah  (or  Circulalesy  as  they  may  be  conveniently  calVd)  aie  di- 
ftinguift'd  into  Pure  and  M'lxd^  \^*  Pure^  when  there  are  no  figmficani  FigMre^ii>thc 
Numerator,,  but  what  belong  to  the  Rtpeteud ;  i.  e.  when  there  arc  no  Figure,  oc 
none  but  o\  betwixt  the  Poinr  and  the  Repecend  ,*  as,  •34.H  &^>  •0044  Sr? 
.  046  046  8f ,    .  003  03  8r.  . ,    •         ' 

2^  Mixdj  when  there  are  figniicant  Figures  betwixt  riae  Point  and  the-  Repetcnd; 
as,  .3448c,  .^04848  8f,  .0467272  8r.  Which  I  call  ilZ/Vrfbecaufc. they  confiftef 
two  parts,  a  Finite  and  a  Circulate*  So  the  firft  Exn.  is  plainly  the  Suni  of  tlielc, 
.3  H-  .044  8r,  riicfccondis  .30  ^-  .064848  @r,  the  thihlis  .0^  4- 0007272  8f. 

And  here  alfo  Ohfetve^  that  as  Decimals  are  more  geoeKaliy.  diftinguifla'd.  into  Smt/^iV 
and  Missd^  fo,  when  we  ]iame  Ji  laiVi^  Decimal,'  it  fignifiea  «a  Decimal  with  an  Int^er ; 
but  a  iffiV^ Circulaoe  more  firidb.fiegards.only  the  Deciinal  part : .  Yet,  to  a\roid  coomaay 
Diflin(aions,  when  a  whole  Numbet  is  joinUiwith  a  QFculate,  whether  fute  or  mxi^ 
we  may  call  it  a  miiid  Circulate  5  as  this,;  46  *2^  &c.  or  .thi$^  238*.oo44  ©r.  And  as  any 
Integer  may  be  reduced  to  a  FraSional  Expremon  wich:a-Deciaial  Denominator,  fo  the 
finite  part  of  all  mix'd  Circulates  may  be  exprefs'd  fradlionallyi,  by  taking  for  Numera&oc  all 
the  Figures  as  they  fiand,  from  the  higheft  place  of  the  Integral  patt  tq  the.Rq)ereod,  asd 
for  tlieNumeiator,  i  with  as  many  o  s  as  there  are  Places  becwixt  tbe  Point  and  tiieRc^ 

tcnd,thus,46.032  328r.  =  ^4-  .0328^.  alfo,  374. 2358 58.^r;i:^3H!3^.00588r. 

which  in  the  propcpDecimalforfli  are.  374 .23 -f. 0058  ©r.  tbrtho',274.2^  has,  in  this 
fbim,  the  Integral  and  Fra£^ional.Part*  dittinguilli'd,  yet  they  expre&decimaHy  an  Improper 
Fraaion,  when  all  the  Figures,  negleSiiig  the  Poiot,  are  made.NuihenitDr ;  as.  fans  im 
€xplain*d  in  its  place. 

V.  CireuUtes  whofe  Rcpctends  coniift  of  die  (ame  number  oF  Figures,  and  bcgiii'  aMb 
at  the  fame  place  after  the  Point,  may  be  call*-d  Uke  otSimlar  Circulates^  -whecfaer  they 
beboth/»«rt'  ctmixdyOt  otiefure,  and  the  other  mi^'d:  So  thefe.»  BxtSfml^,  ►?38^' 
2i}d  .77  ®r.  and  theft,  2.3456  5$  Qa.  .00424s  8r. 

i^  If  the  Repetcnd  be  twice  written  down  with' an  @r.  after  it^thb  will  dearly  Jhew  that 
there  is  a  repetition,  and  what  the  Repetend  is :  But  this  we  may  do  more  convciuently^ 
h^  fetting  a  Point  over  the  firft  and  laft  Figure  of  the  Repetend  once  written  down : 

Thusinfleadof  .0338^.  write  .03;  And  foe  •4376  376  8r.  write  .»4376^  and  £>  of 

others,^ 


/CKup.4«  .'    Of  Infinite  i)ccimals.  ^6^ 

-7^-  JSccauie  of  the  .different  Views  in  which,  z  Circulate  aiay  \>c  tajvcji,  'twill  be 
canveniciic  to  call  the  Repetcnd  which  is  abfolutely  rhefirft  in  any  Circubte,  Tb^  Given 
Rtfeiend\  fo  here  .5434  8r.  34  is  the  Given  Repctend;    But- as  thcfame  Fra£liCn 

may  beconfidei'dinaiwtiicr  view,  vi\,  as  a  mix'd  Circulate  equal  to  ^5  -f-  .043  (as 
you'll  fu)d  prefently  explain'dj  i:^  the  Rcpetendit  Has  in  this  view  may  be  calFd  tor  di. 
ftija£l£on  the  AVw)  EtptUnd :  AUb  the  Fiuire  Part  preceding  the  Given  Repetcnd  is  tiic 
Given  Finite  Pant,  and  that  preceding  the  New  Repetcnd  is  tlie  New  Finite  Part. 


5A  The  Circulation  of  a. Decimal  may  tegin  in  the  Integral  Part ;  as,  j,  5  or  4. 2*9,  01 
24-*057  ,•  Now  if  there  are  no  Figprcs.But  what  belong  to  the  Rfepetend;  it's  in  that  refpccl 


or 

:j4-*057  ,•  Now  It  there  are  no  Figprcs.but  what  belong  to  tne  Kfepetend;  It's  in  that  retpcct 
TLfure  Ciroulktc  :  But  as  we  have  limited  that  Name  to  the  Fiaaionfel  Part  by  it  fclf^  wc 
Ihall  leave  this  other  kind  of  Circulate  to  the  Oafs  of  mix*d  Circulates,  as  a  partiajjir 
Species  of  it  j  fp  that  we  muft  reckon  the  firft  Period  of  the  Repecend,  as  it  belongs  to  the 
Fraftional  part,  to  be  that  which  begins  firft  after  the  Point,  thus,  4I  23  =  4-23425  J 
ot  radier  4*234.;  {a^Tbeor.  3. 

THEOREM    r. 

Any  Finite  pecirtial  may  be  confider'd  as  Infinite,-  by  annc^xing  0*5.  whhout  end  on  the 
ri^ht  hand  of  the  Nlimcrator,  making  0' the  Rej^tfcnd;  thus  j.  34  :=  .3400,  ^.-^or 

D^do  9.  :  The  Numerator  aiKiJ3<)noimQator  oF  (be  Given  Pfaaioa  beii^  equally 
mukiply'd  by  the  o's  join'd  in  infinitum j  the  value  of  tlie  Fradipn  is  flill  the  fame, 

'F^^  E  .0  R"  E.  M"  2. 

«    •  •  -      . 

Any  Pure  GrcuJnte  may  be  confider'd  as  MiUd^  and  k^ep  ftifl  the  fime  Repetcnd ;  Jby 
taking  the  given  Rcpetend  once  or  oftner  written  down  for  a  Finite  Part;  and'con- 
lidering  the  fame  Repetend    as  cii<5utoiKg  aftq:;  that   for .  the  Lifinite .  Part  ^    thus, 

P£^M  p  ^v.  ^The  Reaiw  i^  obvious,  Juice  as  yi  as  an  Infinite  FraaWn'is^bntinued, 
.    fo  fat  tije.  Value  iifcuteancl.detcraujiate;.ai;id  tlie  remaining  partis  ftill  infinite,  tho'of 
a4e&  valne  thai)  dbe  given  Infinite,  becaufe  of  wbat^s  determined  "and  taken  away. 

....    :T.  H;EQ  REM    5. 

If  any  Circulate  has  a  Repetend  of  more  than  one  Figure,  it  may  be  transfbnn'd  into 
-  miocb^r  Octdatehavis^kSepetmd.aifth^^Tame  number  of  Figures,  andalfothe  fame 
Figdres,  bin:  ikamoher  order;  n^.  iby  begmuAg  a  new  Repetend  fcosi  any  Figure  after 
the  firft  cf  the  given  Repetend  j  and  that  taken  either  in  the  firft  or  fecond,  or  any  other 
Period  of  the  given  Repetend;  Jeavtrig.ali  the  Figures  on  the  left  of  this  new  Repetend 
'  -to  the  Finite  part  j  whereby  if  the?  giveh  Circulate  was  purify  it  will  in  forae  cafes  become 
tniH'd  I  or  ifir  ^mwiwid:,  tbepiaite  part  becomes  always  greater,  and-the  Infinite  leis  • 

'   thus,    .34  •=  i34?;^:  .5^4 34/  ^4^??^^  Hl^t?  ==  ^*V^%^1%(>y  ^^oc^^r?  .00420  = 

D  E  M  6  K/  .-  Itt'thc  firft  £xasip)ey.  liace  '34  is  fuppos'd  to  be  repeated  for  ever,  if, .  :j  is  . 

'  trireii  away,  ttere  mfisft'T^aiain  ^04  3  ;  or^  ^^34  ^  takeo.  away,  thexe  remains  '.034 ; 
Si/fce  3  fticceeds  a,  and  4  fiic<^ed^>^  fcb  ever,  i  The  fame  Reafon  is  obvious  in  every 
Gafe.j  which  you  U  alfo  find  afterwards  further  confirm'd*. 


'  •  ••     • 
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COROLL.  Any  Circulate  may  be  trans&nn'd  into  another,  uriiofe  Repeeend  begins 
at  aiiy  dillance  afcer  the  given  Finite  Fart* 

SCHOL.  If  the  Repetend  of  a  fure  CircuUfe  has  o's  in  the  firft  phces,  on  the  left  hand ; 
then,  whether  it  begins  inimcdiatcly  after  the  Point,  or  have  o's  betwixt  it  and  the  Point, 
it's  manifeft  that  the  changing  of  the  Repetend,  in  the  manner  here  explain'd^wiU  not  make 
it  a  Mixd  Circulate^  if  the  netv  Repetend  begins  at  the  firft  fignificanc  Figure,  or  at  any 
of  thefe  o*s,  in  the  firft  Period  of  die  given  Repetend  \  but  if  it  begin  at  any  Figure  after 
the  firft  fignificant  Figure  of  the  firft  Period^  or  at  any  Figure  in  any  of  the  other  Periods, 

it  will  be  a  Mix'd  CircmUu ;  thus,  .0(^6  ss:  .00460  (a  Fure  -Cireulati)  =  .004600 

(^  Pure  Circulate)  =  .0046004  QkMix^d  Circulate). 

In  any  other  kind  of  pure  Circulates  a  new  Repetend  will  certainly  make  it  a  Mixd 
Circulate. 

T  H  E  O  R  E  M    4, 

Asif  Circulate  nuKy  be  tiaosfonnTd  into  another  having  a  gitater  Repetend,  i.  e.  ooe 
having  more  Places ;  by  taking  the  g^ven  Repetend,  or  any  of  equal  number  of  Places 
into  which  it  is  tiunsform'd  by  the  laft,  as  oft  as  we  pleafe,  and  confideiing  all  that  as  1 

New  Repetend,   dius,   .4=e:«44  =  .444;    Hh  .042   =r  •0424.2;  And  .oj&f 

=  .0364264  =  .6564  3&1.J6 

The  Reafonofthisis  obvious. 
Oiferve ;  When  we  fpeak  of  the  Repetend  Of  a  Gradate  mtfaout  difdnSm,  ifs  al- 
ways to  be  underftood  of  the  leaft  Repetend. 

THEOREM    5. 

Any  two  or  more  Orcuktea  may  be  made  Sannlar,  by  making  all  the  Repetends  hgln 
where  that  one  of  them  begins  which  ftandsfartheft  Rom  the  Point  (bv  the  Method  a- 
plain'd  in  TA^or.  3,  and  Coroll)  And,  to  make  them  end  together.  Jet  cadi  cS  diem 
have  as  many  Places  as  the  number  of  Units  exprefi'd  by  the  lestft  common  Middle  of  the 
feveral  Numbers  of  Places  in  all  the  ^ven  Repetends  (  and,  to  find  that  leaA  cotmon 
Mulqple,  fee  ProU  5,  Cb.  i,  j5. 5.)  So,  in  both  the  annexed  Examples,  diat  kaiicoin- 
mon  Multiple  is  6. 

Demon*  The  Reafon  of  that  FM  concern- 

Ex.i*  •  436   =  .  43636363    •  ing  the  Beginmag  of  the  nenr  Rrpetitods is  plaiii 

rv.i    ^    /^>.-;^«i  itomr*rar.3.    And  as  to  their  ending  together, 

.047    =3  .04777777  k's  plain,  that  if  they  arc  aU  repeated  folft  as  that 

•  29*34*1=:  .29^41941    <  the  number  t£  Places  taken  ^n  cadi'iateoiDmon 

'  MuHple  of  4lie  ieverd  Qumbtta  of  Places  in  each 

Ex.2.      •4267:=     .426777777  «i^^i^*>d7pcn,.»  that -piaybe.aJl  taken 

•.                     .         .  f<wr  a  new  Repetend,  (by  Tbet^^  4O  fc  it  willmaw 

4  ^93^  =  4  •  932323232  them  all  end  together,  and  be  confequenrif  Simihr. 

26 .328  =:  26.  328328328      And,  way,  the^ Reaibn  why  we:take  A^  leaft 
,  >         ^  ■  '^i      I    ,,      common Mudttpie,  is  to  IvMra  the  SxpieffioQ ^ 

1  fhoctimdmat4i^p9dit>]e« 

J    *      ...  '     .    ■  ' 

THEO 


chap.  4^  Of  Infinite  l>ednutU.  47 1 

T  H  E  O  R  EM    6. 
Every  Circulate  has  a  finite  affi^nable  Value,  thus : 
Part  ift.    If  it*«  a  Pure  Circulate,  it's  equal  to  a  Vulgar  Fradion  whofc  Numerator  is 
the  Repetend,  and  its  Denominator  a  Number  expie£i'd  by  as  maiiy  p's  as  there  are  PI  ices 
in  the  Repecend,  with  as  ma^iy  o  s  ou  the  right  band  as  there  are  o's  benvixt  the  Point  and 
Repetend. 

E.a.  (I)  .3  =  \     (->d)   .04  =  ^    (3J)  -4^  =^p  (4*)  -00572  =  Jp.^. 

(5th)   .^P=||^or^^ 

Univerially*  Let  It  expreG  die  Repetend^  and  a  the  number  of  o's  betwixt  the  Point 

and  Repetend,  the  Sum  is  — 5-  or     A  (10*  exprcffing  tliat  power  of  10  whofe 

Index  is  4.^ 

P^irt  ad-  If  U*S2L  Mi x^d  Circulate j  find  the  Sum  of  the  CircuIating'Part,  and  add  it 
to  the  Finite  Part :  which  total  Sum  being  exprcfsUall  togcfhcr  as  a  fimple  Fraction,  will 
Iftive  for  Denomtmltor  that  of  the  Finice  Valoe  of  die  Cirailating  Pan ;  and  for  Numera* 
tot  the  Sem  of  tbeie  tivo  Numbers,  vi:^.  the  Repeteiid,  and  the  rrodi^d  of  the  Numerator 
of  the  Finite  Part  (exprefs'd  fraSionallj)  by  the  fame  Dejiominator,  without  tlic  0%  if  any 
belong  to  it ;  i.e.  by  a  Number  of  p's  as  many  as  there  are  Places  in  the  Repetend. 

DniF/rMy.    Let  ^  be  Ac  Numerator  of  the  Finite  Part,  and  1 0^  i ts  Denominator,  the 

KwiOifftfvej  That  as  Ac  multiplying  by  pSr.  is  a  very  eafy  Operation,  [See  Cafe&y 
§  2d, Cb.  5, S  I.]  fo  the MuUiplication,and  Addition  of  jj  to  the  Produa,niay  be  dojic  all 
at  once  very  eafily,.  thus :  SubtraS  the  firft  right,  hand  Figure  of  the  Numerator  A  from  the 
fir  A  of  the  Repetend  R ;  andfo  on  in  Order  thus ;  In  the  preceding  Exa.  i,  die  Opera- 
tion »  6  from  J  I  quiQOt  take»  hoc  from  13,  and  7  remains;  th^n  5  from  6,  and  i  re- 
mains  5  laflly,  o  trom  4,  and  ^  remains  5  and  the  rcfulc  is  417  =  46  ^  p  -f-  3.  In  Ex.  2d 
it  i$'7.~p:?=7.  -12— 6w6i  10— ^c=5.  6— 2  =5.  ^-^o  =  4.  die  re- 
fult  :being'  455^7  =-460  X  P9  +  27.  In  Exa.  :jd  it  is  11  -.  7  =  4.  6—3  =  5. 
4^3=:::l.  17  — 'S-rsp.  3— I'trr'-r.  8i3'r*-D=.83. xhetclukbei|jg 8^19134  === 
=  8327  X  999  ■+■  461.'  1ft  jEx^ww.  4th  it  is  "6  ~ 3  s=  3. -  34  ^  o  =  34.  making 
343  =  3  X  99  +  ^6.  But  )iad  this  laft,  Epmplc  been  p.  4*5,  it*  were  16  —  9  =^  7- 
04  —  .|  iT=93>  ^^'^^"g  9i7  —  PX  99  •+■  4^'  Th^e^Exatoples  fufficiently  illuftrate  the 
rradice.  *  IAAj  tokdeif  c]dtrer/'dotheRf4S«Mi^]ei:a»large^  ifitttimttlrif)l}[»ngrby^&r. 
kyih«.M«ihod  ^th^lSe  fiff^^ 

P<f  M  O  N.  For  the  Firft  Part,  Evcrv  PureCirculateisy  frorfi'  t^e  nahirtf'bfiDe- 
timal  Frafiiofi,  a  ^eries^^dfeafil^l^iAaiCM^w^^  ianie,  viz. 
the  given  Repetend,  and  their  Denominators,  are  a  Geometrical  Series  encreafing  in  the 
conftant  Ratio  exprefs'd  by  i,  with  as  many  d's  as  (f.  e.  tvhoie  Ratio  i£a  Power  of  10,  ha- 
viogior  iGs  )tndepc),the  number  of  places  in  the  Repetend  (taking  here  the  Ratio  as  the 

<J«rt*e.of  t^  greatetTTei^  fefo;  ,tiiv^r.ria%.<^  J^o  ±.^f  ikb 

I 
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^  t:^^^ — r*  f^^''    ^'^c  Ratio  of  the   Denominators  being  i  :  lo^?    Again; 

« 

.0404  Kr.=  --+  -J 2i—  gf.  or  —  H-  '--^^: —  J?r.    ButFraaionsharineacom- 

^   ^  103    ^^    lOODO  100  10003  ^ 

men  Nirmerator  are  in  the  Ratio  of  their  Denominators  reciprocaHyi  wherefore  the 
feveral  Terms  or  Finite  Decimals,  oi"  which  a  Circulate  is  compos  *d,  make  an  Infiaitcde. 
creafing.  Geonietrical  Series,  ivhofe  common  Ratio  is  the  Ratio  of  their  Denominators, 
Avliich  iTiay  be  cxpreFs'cl  univerfally  lo^,  fuf  pofii>g  as  many  o's  as  the  Repetend«has  Fi- 
gures, or  m  to  he  equal  to  the  number  of  Places  in  the  Repetend.  Again:  Let  R  repre* 
fcnt  the  Repetend  or  common  Numerator  of  this  Series  of  Fra«aic5ns,  and  io*thcDcno- 

R 

ihinator  of  the  firft  Frailion,  whi<ih  dierefore  is  -—  j  then,  by  the  Rules  of  Infinite  Se- 

zo** 

'fics,  theSum  is  -^^ — f-  10m  X  io«  —  i  [for  /  being  the  grcatcft/X^*,  and  r  the  Ratio, 

—«..._  up  »     ♦  - 

<hcSum  isr/ -v-r— 1].    Now  in  the  Diivi  Jend  - — -  %  lo*,   the  Multiplier  10*  bang 

the  Ratio,  it*s  manifeftit  cannot  have  more  Placet  than  lO*,  the  Denominatpc  C)fihc 
gteareft  Fjctreme  ;  'but  it  may  have  fewer,  or  the  iame  Number.    If  it  have  the  fame, 

R 

i.  e.  if  »  :=  OT,  rhen  is  —  X    lo*  (or  io«)  =/P ;  but  if  «  is  greater  than  w,  'tis  evident 

tlidt  1 0"  muA  have  as  many  mose  c's  as  the  number  of  o*s  from  the  Poijit  to  the  Repetend. 

TherefoK  in  tlus  ^Cafe  the  Produft  — ^  4-  ic*"  may  be  fimply  cxprcfi'd  -— —  (  «— » cx- 

10*  10?— j« 

prefling  the  number  of  o*s  from  the  Point  to  the  Repetend}.    And  if  we  fake  ^  i=  «  —  w^ 

Mr 

it  is  — .    Then  for  the  Divifor  lo""— i ,  it's  plainly  =  9  Qc.  taking  as  many  fs  as  there 

10^  '        '    . 

area's  in  io«  (for  10  —  i  =95  ipo  —  i  =  PP,  and  fo.  on).    Fron)  all  which  it  is 

clear,  that  the  Sum  is  univcr&lly  -^  if  there  is  no  0  betwijtt  xhc  Point  and  Repetend,- 

but  if  there  is,  then  the  Nombcr  of  them  being  =  a^  the  Sum  is  -^     ^^- 
For  the  2d  Part;  Let  A  exprefi  the  Numerator  of  die  Finite  ftort,  tod  w  its  Dcno- 

mmator,  wWch  Part  is  therefore— ^ then  the Cir?ukting  Part  bd^^    _^_,  the 

Sumis  —  +  *— ,tviuchbfducrcduaioni3  ^^JL^'^t^  =b  -r^ 

2>gm«  10*  ^  P&C.XI04'  \      .  ,   9&C.  7^  to9         p&cxio^ 

/taking  iB=s^  X  p  &c.  + /f.)  .       '         ^ 

COROLLARIES, 
i.   If  the  Repetend  ,of  any  Ciiculate  is  9,  the   Value   ox  Sum  of  that  Se- 
ries ia  aa  Uxiit  of  die  Place  ijext  thftt  Repetend  on  Ac  left  htaci,  foi  ^p  d=  1,  .09^*1 
.009=  .01,  andfeon.    TbeReafon  ia plain  from  tbc  Theorem i  fo't.p^^^h 


2*  If  a  Mixd  Circulate  ia  fuch  that  it  ha^  no  other  Figures  than  what  belong  to  the 
Hepetcnd,  which  .therefore  bc^  in  sfomc  Uegral  Pkoe,  it's,  turned  imo*  VulgK 
FiadiOD  by  maldi^  the  Denominator  as  many  Places  ot  9's  as  the  Repecehd  has  Placa  j 

and  the  l^umcnit^r  it  tfattRepccegdw^tli  ast^ny  ?:?  on  Aeiigltt  as  Agrc  aw  logg 
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Place,  in  the givctt CUcukte :  So,  \.\  =^^;  54.34  =   ^  3+34==  Htt^' 


Point  is  fet  forward  where  it  was  at  firft,  that  removing  it  forward  is  in  eflfea  multipljing 

it  by  I  with  as  many  o's  as  the  number  of  Places  on  the  Left  of  the  Point  in  the  given 

Pofition  •  {o  that  as  many  o's  muft  be  fct  on  the  Right  hand  of  tlie  Repetend,  to  make  the 

Numerator  of  the  Fieitc  Fraftion  fought- 


iinator) 
into  a  P«r^  Circulate,  whofe  Repetend  is  the  Numerator,  with  as  many  o's  on  the  left  as 
the  difierence  of  the  number  of  Phces  in  the  Numerator,  and  p*s  in  the  Denominator ; 
betwixt  wMA  Rej^nd  and  the  Point  there  muft  -be  fet  as  many  o's  as  fland  after  the  p's 
in  the  Denominator ;  fo  that  if  the  Denominator  is  9  &c  without  o's,  the  Repetend  be- 
gins immediately  after  the  Point* 

^(^•)    1^  =  -34  5    (2.)  ^  =^.626',    (3.)  ^  s  .03,-i; 
(  4^)    — lZ —  :=:.ooo6s67 ;    A.)  -2 —  ;—  _2_  ^^^    002- 

The  Truth  of  this  Corollary  appears  from  its  being  plainly  the  Revcrfe  of  die  Theorem  5 
for  fuch  Circulates  being  form  d,  as  here  direaed,  their  Finite  Value  wiD,  by  the  Tbt^o- 
revjy  neceffarily  become  the  fuppos'd  FraSion. 

4f*.  Suppofe  a  Vulgar  Fraflion  as  in  the  laft,  but  let  its  Numerator  have  more  Pla- 
ces than  the  p's  in  the  Denominator  ;  that  Fraftion  will  be  a  ^/xV  Circulate :  More  par- 
ticularly if  the  Figures  which  the  Numerator  has  more  (on  the  right  hand)  than  the  number 
of  p's  in  the  Denominator,  be  any  of  them  afignificant  Figure,  or  odier  than  0,  the  Circulate 
ftiuftbe  fought  by  aSual  Divifion:  But  if  thefe  Figures  be  all  o's,  tlie  Circulate  has  no 
Other  Figures  but  what  belong  to  the  Repetend,  which  begins  in  fome  Integral  place  : 
And,  to  find  diis  Qrculate,  foppofc  thefe  o's  laft  mentioned  to  be  taken  away,  then  it  be- 
comes an  Example  of  CorolL  3  5  by  which  find  its  Circulate,  and  multiply  this  by  i  with 
as  many  o's  as  were  taken  away,  i.  e.  remove  the  Point  as  many  places  to  the  right  hand, 

Mxa.  (I.)    ^  =   ^4     (  for  ^  =  .  z\  j  and  this  multiply'd  by  10  is  3. 4 

^^'        ppp"  =24-0    (W'  p^ .==  '240)  wvich  multiply'd  by  loo; 
;      ■    •    .     gives  ^4.0)    (j.)  2^  :;=  2^i.i 

S  C  H  O  L  I  U  MS. 

(I.)  If^beNwitoatot Of » Volgar Fraaio^  confiftofthefeme  Figures  comnlotlv  re: 
peattd  Ae  Denomuiator  hwiMas  man^  fa  a*  the  Figures  i„  tlTe  Nmnerator, '  thac 
Fr«ai0A  u-the  faae  as  rf  ithadlnt  onePenod  of  the  Figures  repeated,  for  its  Numera. 
tor,  and  as  many  9  s  for  its  Denonunator,  (with  the  o's  bdonging  to  the  given  Dcnominar 

tor,  if  there  ^ere  any)  thus;M^  =|.*;forbyCbr.,.H|4=:.i44=:  2^  =,  2i 
Orthnsj  24  ;  j>p  :  :  2400  :  ppcjoj   therefore  24  :  pp  :  :  2424  :  9999,   fiom^Jhe 
Property  of  Proportionals.    Hence  ||  =  H^4     a,«i||1,  =  g..    xhisispkia 
ficm  die  other. 

P  P  P  >Aniete^ 
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.    Wherefore,  if  feich  a  FraSioo  occorsi  reduce  k  &ft  4a  th«  Cafe  of  Qt^  ^  and  by  Aat 
fioJ  the  Circulate  fpiight.  ^  •    . 

(2d,)  If  a  Vulgar  Fraflion  has  a  Repeating  Nuraeratcr,  the  Repetend  having  as  mauy 
Places  as  the  pViii  the  Dencininator ;  or  with  fomc  as  afber  fo  many  f laces  m  all  tlie 
Periods  of  the  Repetend  ;  or  in  them  all  but  the  laft  on  the  riglit ;  that  Fraflion  is  Etjual 
to  the  Sum  of  two  or  mere  others^,  each  of  which  will  turii  to  a  Circulate  by  the  Ilufci  cf 
CorolL  3d  and  4th,  wliofe  Sum  is  therefore  the  Circulaec  l!oughc    Thus, 

ili2  ^  120?  _j^  ^  =       ••  ^  ^ -'^^    <e.4.  2,)^5£i52  ^  1^?222+!H^ 

ppo  P90    V       99  J        990 


99  99       "     99 

25  21 .25,  +  i.5  •  (30  ^^~'  =  P^  1.=  lirj  "^  9"^  -  4  -5 ,  +  .045 
5th.  From  this  Theorem  we  alfo  learn,  ilaat  no  Surd  Root  can  poffibly  he  a  f  inrfrffr  \ 
for  Surds  have  no  6nite  ailignable  Value,  as  has  beenckmonfksMiei  i«>it9][iaoe,  btztGrco* 
htes  have  :  Wherefore  m  Surds  %^  ne^oliarily  bifiiii-t^  Dediniiiat:<tf' lihe  ii^nvT^ 
Kind.  •        ,  ;  .        c  -   .: 

T  H  E  O  R  E  M    7. 

Every  Vulgar  (  finite)^  Fiadion  is  reducible  either  to  a  Determinate  Decimal,  or  to  a 
Circulate. 

Demon,  ii  the.  reJuftion.  of  a  Vulgar  ta  a  Deciipal  Fra^oiL  after  »  DecttDal 
I^Tint  in  tire  Quote,  we  fet  as  many  o's,  lefi  oy  i,,  as  are  n^ceffary  to- moke  tfie  NttmeracDj 
equal* at  Icaft  to  the  Denominator;  and  then  the  divifioH  begins,  Dy  which  the  Numcrawc 
cf  tlie  Decimal  is  found  j.  the  Operation  being  continued  by  fettii^o*s  to  the  R-emakider» 
&cceffiveli%  and  at  every  Step  finding  a  new  Figure  in  the  Quote:  But  noiiv  in  DiviCoj, 
how  great  foevcr  tlie  Dividend  be,  or  however  raarw  Fktures  the  Quote  centaius^tlie  Re- 
mainder rauft  ahways  be  kls  than  the  Divifor  :  Tncrexore  we  can  never  make  fo  many:, 
Steps  in  this'Divifion  as  the  Divifor  exprelTes,  till  eidier  fve  find  o  remaining,  or  £W(jRc- 
mafaiders  the  fame:  Fox  orh6rt!vife  it  would  follow,  that  there  areas  nUny  Numbers  Icfi 
than  the  Divifor  as  the  Divifor  it  felf  expreffes;  which  is  uanifelHy  afe&rdk  Nowinihe 
reduftionof  aVulgar  Pra^ion,  if  the  Divi&ii  comes*  to  0  JR.emaiii5ejr^  the  Pedmalis 
plainly  detcnnin*d  :  But  if  t^o  Remainders  in  the  Work  are  found  equal^  then 'tis  certaia 
there  muft  be  a  Circulation ;  for  the  Work  will  go  on  for  ever,  as  it  has  done  bcfbre  bc- 
twijct  thefe  two  equal  RemaitiderSy.  becaufe  the  Fi^ne  to  l^e  prefix'd:  il%  the^nett  Step  is  c> 
which  was  a{fo  prtfix'd  to  that  preceding'  and  ttoil  be  to  all  the  fuccecding. 

ScWdtLlUMS.* 

I.  If  it  happens  that  there,  is  a  Rjen^acifida?  eqndribtfie  Gt^eft-Ntithfetator;  then  it's 
plain  that  all  the  Figures  already  fet  in  the  Quote  will  continually  circulate,  and  fo  be  the 
Repetend^  having  the  fame  number  of  Places  ats  that  Repetend  would  have,  whidi  would 
be  found  %  carry ing .  on  th.e\DjFvi£9|i  tiU  < wo^  Reinajfidto/  ace  found  eqaal';  ior  icV  piain 
rhatthis  would  happen  after  you  have  oaade  a&'iDaoyjnc^^Stc^siii  theWotkavthenQoh 
ber  of 0*6  which aakfi  thet^umemcote ^qiial to thg£>m6aifriatdr^  as  dK  aahead^^'' 
flqlhews.  .         •  .  .       :   .     .  .'    ^  ■  .  -  r    ; 


•         1 


•    %  • 
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^    • . .       /  •  .          Again  ^  If  a  Jlcmainder  oofiurs  equal  to  thcNwnc- 

—  ~. 047615?  (rr  . 04761PO4J    rator  %vith  any  o's  on  the  right,  then  alfo  you  ftave 

^^         ^        .  ateeady  the^Ilepctend,  which  is  all  the  Figures  fee  in 

Uperaaon.  ^j^^  Qwtc  aficr  the  Point,  exdudlng,  as  maiiy  o's  ncstc 

21)  100  ( .04761PC4  (he  Point  as  are  in  number  equal  to  thcfe  o's  on  the 

Si^  right  of  this  Remainder.    The  Realbn  is  mamfeft, 
160 

^47  2d-  If  an  Improper  Fraction  is  ^iven,  it  will  alfo 

1^0  rcfolvc  into  an  Improper  Decinaly  either  Determinate 

126     .  or  Circulate;  the  fia£Uonal  part  being  the  Refobtion 

I                *"     Jj^  of  the  fraaional  part  of  the  given  Improper  Fraftioiji, 

^  and  the  integral  part  tlie  fame  in  both.  * 

l^  CO  ROLL.    The  Repetend  in  any  Circulaje 

— ^  can  never  have  more  Places^Figures  than  the  Num- 

^^  b9f€xpfeS'd  by.  the  Denominator,  iefs  by  i,  of-that 

,  ?4  Vulgar  Fra^aion  in  its  leaft  Tcsms,  which  is  equal  in 

16  value  to  the  Circulate ;    /.  ^.  which,   being  reduce^, 

win  turn  into   it :  But  it  may  have  fewer,   as  oae 


f-  • 


'lExample  ibews,  tlius;  -^  as;  .  538461  $  And  this  is  limited  to  a  Vulgar  Fra^on  in  fts 

.leaft  Terras,  becaufe  it's  plain  that  the  £use  Fra£lion,  in  whatever  Terms,  being  the  lame 
or  equivalent  Quote,  muft  reduce  into  the  very  lame  Decimal,  and  confequcntly  if  it  s  a 
.Circ^te,  the  Repetend  muft  be  limited  by  the  Denominator  of  that  Fraftion  in  its  ifelft 
Terms.  *   : 

THEOREMS; 

Part  I.  If  the  Denominator  of  a  Vulgar  Fraflion,  in  its  loweft  Terms,  has  in  its  com- 
po&ion  no  Primes  but  2  or  <,  that  Fra^on  will  reduce  into  a  Determinate  Decimal, 
-whofe  Denominator  is  i  witn  as  many  o's  as  are  cxprefs'd  by  the  Index  of  the  higheft 
'i^ower  of  2  ot  5  (wMdievinr  of  them  has  the  higheft)  in  the  comp6&idn  of  the  s^mnDe^ 
tiominator. 

Efca*    -i  =s  .075,  whofc  Denominator  is  1000 ;  and  40=*:  2  X  2  X  2  X  5  >  fo  th^t 

aO 

'^  has  the  higheft  PoWer  in  the  cowipofition  of  40,  its  Index  being  3,  the  nuiaber  of  o's 
in  1000.  •  • 

Demon*  Let  the  Vulgar  Fnaflion  be  -- ,  then  becaufe  D  has  in  it.no^  Prime  but 
s  a;iid  5,  it  ms^rbetbus  teprefented  ^  Z)  :s  a»  x  5»  (ff,igv  beiflg  either  equal  ^or.diflSe|!ent) 
fo  diat  tbe  .FraiOion  is  ■>■' i^.  ■ .    Now  fiippofej  atioonSng  to  the  Rak  o£  cedjudng  a  Vul. 

giair  to:  aPedtmalt  th^t  N  is  moltiply'd  ;by  ibme  Decimfd  Denom^iiatpiV:  oit  ^pwer  of  ip^ 
thus,  NyLicf^  J  if  this  Index  r  is  Iefs  *  tftkg" »  cte  i»,  theti  2*  X  ^w  cannot  meafiiire 
i\rx  lO^^  (tb^ttr.  to,  Ch.  I.)  ;  But  iff  ii  cqpfti!  to  fe  or  '^,  whiflicver  cf *  tHem  is  abe 
gtieatcr,  Then  2«  5*  muft  meafure  Ny^  lo'^  j  for  lor  ==  2^  X  I*"  >   tvhertfofc  ror  it  the 

Denominator  of  a  Decimal  equal  to  Tj,  j  :    . 

Pj?^  2  Pan 


I 
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Part  IL    If  the  Denominator  D  of  a  Vulgar  Fraflion  — ,  in  its  Icaft  Terms,  is  aoj 

other  Prime,  or  has  in  its  compofitioii  any  other  Prime  than  2  or  5,  Ctho'  it  has  thttk  alfo) 
rh^c  Fraftion  muft  refol^e  inte  a  Circulate,  And,  the  number  of  o*s  neceflity  to  fiiuhthc 
Reduflion,  and  difcovcr  the  firft  Period  of  the  Kepetend^  is  cqud  to  th«  number  of  Pfeccs 
in  the  Denominator  of  the  finite  Value  of  tliat  Circulate,  taken  in  the  Expaffion  of 
Th^^or.  6. 

Eia.    -  :=.66  8f.  or.6*;  ~  =:  .384615 

Demon.  The  Denominator  has  in  ir  no  Prime  which  is  in  the  compofition  cf 
the  Numerator  (bccauft  the  Fraftion  is  in  lowcft  Terms)  and  it  has  fome  Prime  other 
than  2  or  <;,  which  is  therefore  in  no  Power  oPio,  therefore  it  cannot  meafurc  the  Prc- 
oua  of  that  Numerator  by  any  Power  of  10  [  Tbeer.  10,  Cb.  i.]  and  fo  cannot  m^e  a 
Determinate  Decimal,  confequently  moft  turn  Lito  a  Circulate  iTbeor.  7.] 

iVgain ;  ^    =  .r-fe-:or  -v>  \,  ■    ■  hjTbeor.  6,  Fart  2d  :  in  whicli  p8r.  hath  as 

many  Places  as  the  Repetend  of  the  Circulate,  and  10*  as  many  as  (ut.  a  is  equal  to) 
the  number  of  Places  betwixt  the  Point  and  Repetend  :  Wherefore  'tis  plun  thit  the 
Places  of  this  Denominator  piSc.  X  10^  are  precifely  as  many  as  the  o*s  ufed  in  order  to 
finilh  the  firil  Repetend ;  fiecaufe  for  every  fuch  0  there  is  .foiiie  Figure  placed  in  the  Quote 
after  the  Point. 

5  c  H  o  I,.  If  a  Fraflion  is  not  in  its  leaft  Terms,  and  the  Denominator  hare  in  it 
Primes  neither  20015;  yetif  the  fame  Primes,  in  the  fame  or  a  greater  Power,  be  alfo 
in  the  Numerator  ;  Tiien,  becaufe  thefe  Primes  are  out  of  the  Uenominatcr  when  the 
Fraction  b  reduced  to  leaft  Terms,  the  Fradion  becomes  a  finite  DcciniaL  Alio  if  any 
Prime  in  the  Denominator,  nQt  2  uor  5,  is  not,  or  is  Li  a  lower  degree,  in  the  Nume- 
rator,  that  Fra<^ion  becomes  a  Circulate  3  becaufe,  being  in  lowefi  Teuns,  fuch  Pdmcs 
ace  all  out  of  the  Numerator. 

LEMMA. 

Let  D  be  any  Number  in  wliofc  oompofition  thece  is  neither  2  nor  5  ;  T  iay,  there  b 
Ibtne  Number  eiprefs'd  by  ps,  as,  p,  pg,  999jfSc.  which  is  a  Multiple  of  Z);  i«^.  take 
the  leafl  Number  of  p*s,  which,  wiitteii  one  after  another,  makes  a  Number  not  le/s  than 
D  (which  will  necefifeirily  confift  of  as  many  Places  of  p's  as  there  are  Places  in  Z));  divide 
that  by  Z),  and  to  the  reoiaiiKier  prefix  p,  and  then  again  divide ;  go  lb  on,  to  every  rc- 
raahider  prefixing  9.  and  dividing  by  Z),  there  will  at  kft  be  no  remainder;  £3  diac  ihep 
v&dj  written  one  afcei:  another,  is.a  Multiple  of  Z)* 

Exa.    3  X  7  =  2T,  and  999999  -J-  2r  :==  476i> 

X  ■   • 

DfiMOi^.    -^isa  Frafiion  in  it»  leaft  Terms  \  and  Z)  having  neither  2  nor  5^  in 

its  compofition,  this  Fraflion  muft  reduce  to  %  Circniate  [  Tbetfr.  8.]  whofe  finite  valuer 

iccx>tding  to  Tbeor.  6,  is  ~-  or     ^^^  ^  ^-  wherefore  thalc arc : :  /,  i : iB: :  ZJ:  9&^' 

or  9  @r«  X 10^  >  I'^  ^  mealuies  B,  therefore  D  muft  mtafure  9  Qs.  91  p  &.  X  ^0^-^  ^^^^ 
cbe  firft  Cafe,  die  thing  ^ropo&'d  is  prov'd ;  if  it's  the  other,  then,  becaufe  lo'  has  no 
Primes  but  2, 5,  D,  which  has  neither  2  nor  5,  is  Prime  to  10^,  and  coiifequently  itmml 
meafurc  p  8r.    [  Tbeor.  6,  Cb^  v\ 

COROL- 


chap  j.  ^/  Infinite  Serks:  477 

COR  OLLARIES. 

ifi.  If  wc  tak«  a  Number  of  p's  written  fucccffively  one  after  another,  and  whofe  Num- 
ber is  a  Multiple  of  the  lead  Number  of  that  kind  which  D  meafures,  D  wUl  alfo  meafure 
that  airumcd  Number. 

Era.    If  D  meafure  99,  it  will  alfo  meafure  pppp  or  999P9P* 

id.  If  a  Number  D  has  neither  2  nor  5  in  its  compofition,  then  there  is  fome  Number 
exprcfi'd  by  a  Number  of  5's  written  fucceflively  one  afier  another,  as,  3,  15^,  33:5,  gr. 
and  alfo  a  Number  exprels  a  by  i*s,  as,  i,  11,  in,  0c.  which  is  a  Multiple  of/);  For 
cicher  I)  I^as  iti  it-s  compo&ion  fome  Power  of  2,  or  not :  If  it  has  net,  then  take 
P9  &C.  zr:  p  X  II  ^*  21  Mukiplc  of  Z)  ;  and  becau(e  Z),  9,  are  Prime  to  one  another, 
but  i)  meafures  99  &c.  =r  p  /.  11  Sec.  confequemly  D  meafures  11  5»:.  And  heiKe  agauv 
it  muft  meafure  33&C.  =  3  X  ii&c.  Again;  IfZ>  has  any  Power  of;,  let/)  :=  ^"X'J; 
And  if  we  take  3«+^  X^>  wis  meafures  fome  Number  9p<&c*s=;  3*  %  11  Sec.  And  di. 
▼iding  thenv  equally  by  3",  it  follows  that  3"  X^  meafures  ii.ACc  and  therefore  alio  ic 
muft  meafure  3  X  "  ^^  ^=^  33 ^<^» 

T  H  E  O  R  E  M    p. 

If  a  proper  FraSioa  in  it^leaft  Terms  has  a:  Denominator  which  is  not  me^ifurable-  by  2 

nor  5,  it  will  reduce  into  a  Pure  Circulate  whole  Rcpetend  begins  immediately  after  the 

Point,  and  has  as  many  Places  as  the  leaft  Number  of  p's,  which  written  one  after  another 

is-  a  Multiple  cf  the  Denominator  ;  which  is  alfo  the  number  of  o's  neceffary  to  be  ufej,  iiy 

.  ocder  to  find  or  bring  out  the  firiH  Period  of  the  Repecend« 

£vj,   —  -sr .  23809^  5  and  9P9P99  is  the  Icaft  Number  of  p's  which  is,  a  Multigle: 

of  21. 

AT  -, 

D  B  MO  N.     jr  being  the  given  Vulgar  Fraflion,  B  meafures  Ihrae  Number  pp  &c^ 

(^^rLcm.)  And,  fuppofing  pp &c.  the  Icaft  Numberof  this  kind  that  D  meafures,.  take: 
thefe  :  :  /,    D  :  ppJcc  :  :  N  i  H' ;  then  llnce  D  meafures  pp.&c.  N  muft  meafure^, 
therefore  k  is  an  Integer ;  for  elfe  iV'X  ?  (  ?  teine  an  Integer,  the  Qbote  o£  H^J^Jj 
•would  be  a  Mix^d  Number,  i.  e,  the  Produft  of  two  Integers,  a  M\xd  Number^  which  is. 

impoffiWe^    Again.;  h\  N.\  ppScc. :  i?,.and  jj.  =  ^r^    But  by  Carol.  3,  TfJ^'or.  b^ 

■   >     is  equal  to  a  Fure  Circulate  whofe  Repetcnd.  begins  immedlitely  after  the  Point,, 

aiid  is  R  with  as  many  o's  on  the  left  as  the  difference  of  the  number  of  Places  in  H  andi 
^P^Cj  fo  that  it  has  as  many  Places  as  this  99  &c.  whciKe  the  number  of  o*s  neceffary  in, 
the  redu^ion  to  finilb  the  iitft  Period  of  the  Repecend  is  plainly  equal  to  that  number  of  p  s. 
Nor  can  this  Repetend  poffibly  contain  in  it  a  Icffcr  Rcpetend  beeinning  immediately  aRer- 
the  FoLtf ;  for  fuppofing  thatleHer  Repetend  to  be  j4;  and  theUcnomiiiacoi:  p&cchen.ls. 

15  ^^ oa&cJ  ^^  *"^  {SeeSfioAi,  Thtar.6.)  and  A^,Z)  being. incommen{urjJiie,i): 

.meafures  pftc,  which  having  fewer  9's  than  the  other  P9&c.  this  other  is  not  the  le?ft 

•  which  JD  meafures,  contrary  to  Suppotition:  Wherefore  pp&c.  the  leaft  number-  cf  p's 

that  is.  a  M^lwde  of  D,  is  the  number  of  Places  in  the  leaft  Repetend  of  a  Pzire  Cif  culare. 

•^  whi(^  ^  reibWes;  M4iich  is  alfo  the  leaft  ilumber  of  o's  neccflary  in-  the  redu^ion  to> 

ilmlh  Ibe  *&&  Period  of  the  Repeiend;, 
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S  c  HO  £.*  If  ail  Improper  Vulgar  Fraaion  is  given,  t^kc  out  the  Literal  Parr,  and 
the  Theorem  applies  to  the  remaining  Fraction:  Ordiar  Improper  Vulgar  becomes  an  Im- 
rropcr  Decithftl  or  Mixt  Cticnlace,  wliofe  Fraaioiwi  Part,lak^Ckby  urfeit  is  a  Pipre  Circu 
iirc:  So  that  every  Vulgar  Frafli.^n  (proper  or  improper)  ^vhofc  Dcnaaiinator  is»v 
nieafurable  by  2  nor  s*  becomes  a  Circulate  whofe  Repetend  begins  iomiediately  after 
*oint. 


tljc 


T  M  E  O  R  E  M    10. 

AT 

If  the  Denominator  of  a  Vulgar  Fraflion  -g,  in  its  loweft  Term?,  has  in  its  compDfitl)n 

any  Powers  of  2  or  5  with  other  Primes^  tak€  out  all  thefe  lowers  cf  2  asid  5,  and  take 
rlie  Refulc  or  Produd  of  all  the  remaining  Primes,  i.e.  dindc  i>  by  2  and  ^  as  oft  as  paP 
.  iible  wichoar  a  Remainder,  and  mark  the  laft  Quote  ;  the  given  Fra£llon  will  reduce  to  a 
Circulate,  Pure  or  Mixt^  whofe  Repetend  has.  as  many  Places  as  die  ieaA  nund^er  of  p's, 
wliich  is  a  Multiple  of  that  laft  Quote;  and  it  begins  after  fo  many  Decimal  Places  as  arc 
cxprefe'd  by  the  Index  of  the  higheft  Power  of  2  or  5,  whiclievcr  cf  them  has  the  higlieft 
Power  Livolv'd  in  Z). 

Exa.    ^  =  .03095258  •  and  420  =2  2  X  2  X  5  K  3  X  7  >  out- of  whidi  aU  tlie 

.  2's  and  5's  being  taken,  there  remains  3  x  yae  21,  and  the  leafl  number  of  jfs,  whicbis 
;  a  Multiple  of  tliisjifipppppp 

D  £  M  o  N.     TT  refolves  into  a  Circulate,  becaufe  T>  has  in  it  ionic  other  Prime  than 

2  or  5,  [  Tbettr.  8.]  but  again  Z)  being  fiippos'd  to  have  in  it  Ibmc  Power  of  2  or  5,  or  of 

both,  may  be  reprefented  thus  ;  Z)  =  -^  x  2",  or  ^  x  5«,  or  ^  X  ^"  X  5"   [  which  laft 

may  reprefent  all  the  Cafes  \  for  if  the  Index  noxm  is  ^,  that  Fa£^or  is  expung'd  ]  fo  that 

N  Jf 

A  is  3.  Number  which  has  in  it  no  power  of  2  or  S  ;  Then  is  -k-  =r  -; = 

*  '^  •''  Z)-4x2»x5w 

—  ^  X  '■■M.,,    .  but  —^ —  being  a  Fraaion  whofe  Denominator  has  tio  l^rfme  het  2 

-or  5,  it  is  (by  Thfor.  8.)  reiolvablc  into  a  Determinate  Decimal  whofe  Denominator  is 
10''  (r  being  ==  «  or  «r,  which  Ibcvcr  of  them  is  the  greater)  and  may  therefore  be  a- 

l>rers'd  thus,  ~  :  Hence  ^  =  ^  x  — r  =  ^  -r  lo'-  Again  j  ^  mayBc 
^  '   lOr  D  A  10  A      *  ^       '     A 

an  Improper  Fraaion,  but  cannot  be  an  Integer  j  for,if  itis,  then— 3 — ^  '^^(^75) 
is  neceflaiily  an  Integer,  or  a  determinate  Dccimaij  either  of  which  is  impofiible>  becauie 
^  is  fuppos'd  to  be  fach  that  it  refolves  into  a  Circidate :  Wherefore  A  bcmg  a  Number 


JV 


not  meafurable  either  by  2  or  5,  — — ,  if  lt*s  a  proper  Ftaflion,  refolves  into  a  Pare  Gr- 

culate,  whofe  Repetend  begins  immediately  after  the  Point  (ty  Thuor.  9  ).  And  if  it's 
an  improper  Fraaion,  it  reiolves  into  %Mix^  Circultte,  whofe  Fliiice  Purt  is  an  InteK^^ 
and  the  other  Part  a  Pure  Circulate  $  and  therefore  the  complete  Quote  is  a  Mixt  Circubte 
whofe  Repetend  begins  immediately  after  the  Point.    Now  this  Decimal  Qoote  beiic 

divided  by  lor  (as  3^  *r  xo>^  direas)  its  phon  the  Figures  of  it  twiQ  QtX  be  chang'd;  oo- 

'ly  the  Decimal  Poinr  will  be  zemovd  as  many  places  ^0  the  k&  hand  fffldweafttl^ 

'  "  ~  itt 
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ill  r;  the  Effcft  of  tvliich  is  pfehily  this;  ttet  whelneas  the  Rcpcterid  began  inmiediarcly " 
:^ftcr  the  Point,  it  begins  iiow  after  fb  many  places  as  r  cxprdTes ;  Avhich  i$  the  thing  to  bi 

Ikewii.    Ohfrrve  alfo^  that  as  *-^  makes  a  F»iv  or  Mixt  Cira^late,  fo  does  — ;    tbe  rta- 

fon  of  which  vs  maniteft  ^  for  \xi  the  firft  Ofe  the  Point  is*  reaaov'd  by  fitting  00)5  o's  cii 
the  left  hand  of  the  Repetend  \  and  in  the  other  Cafe  the  Integral  part  fupplys  all  or  fonic 
of  thofe  places  of  o!s  before  the  Repetend^  and  confequently  makes  a  Mixt  Circulate. 


Problem    i. 

T^  add  Circulates. 

R^U  t  E.'  Mile  them  ^MEimilar,  (hj  Tbeor.  5^  then  take  the  Sura^  of  the  Repe- 
tend^ upon  afcparate.P^per^  and* divide  it  by  a  Number  confiding  all  of  9*5,  as  many  as 
the  number  of  Places  in  the  Rcpeteiid ;  the  reniainder  of  the  divifion  is  the  Repetetid  of 
tte  S«M%  taW&t  undiev  the f  i«i£es4Ki^^|.  wkh  0*9  cii  the  kfc  liand  if  iit  h^r  mc  jb  mnr^ 
Places  as  the  R^tfends :  The  Quote  is  to  be  carried  to  the  next  Column,  and  the  reft  of. 
tbe  AddiliOfi  dooe  1^  tfaccommnn  Ruks, 


.427 


■^  «■« 


.3.04 

r  • 
.248 


J^.2.tcduccd»    Ex.  5. 


« >• 


*  • 


<ijfc.iiiwn 


^•0444 
6.  4566 

25*5738 

.  2484 


^7  •  HS 
8 .  621 

.  24 

.  8 


Ex>  4. 
267 .  :5456 


■  • 


33  -.8 


6y2 


Ex.  4.  redliced. 

3P .  888888 
. *  672727 

307.907216 


Bx.^. 
.47836 

.8725 

•  • 


rf^M*i***a 


t»«hrta* 


£V.  3.  f  edwrcd. 

67  •  345454545 
9  .  621621621- 

•  242424242 

.  888888888 

76 .  os?936p298^ 

£v.  5.  reduced. 

.  4783600000b 
.  872572S7257 

1 .  74487i966'«;t 


Exfltuzatlon  ^fibs  Exampks. 

IniEv/7.  1,  theRepetendsare  all  upon  one  Figure  in  the  fame  place,  and  tlieiT  Sam 
is  24,  which  contains  tAVO  p's,  and  6  remainihj? ;  and  fo  6  is  fet  in  that  Surn  as  the  Repe- 
tend, and  2  carried  tathcbext  Column,  in  Ex.  2d  rflduccd  to  Siraflaf  Orculates  whofc 
Repetendshavc^ two  Figures,  the  Sum  of  thefe  Repetends  is  23^,  which  divided  by  957, 
the  Quote  is  2,  and  3'4  remains,  fo  that '^4  is  the  Repetend  of  the  Suni,  and  2  is  carried 
to  the  next  Cclomn.  In  Ex.  3d  reduced  to  Similars,  dieSura  of  the  Repetends  is  2389296, 
"which  divided  by  999999,  the  Quorcis  2,  and  389298  remains,  which  is  the  Repetend 
of  the  Sum,  and  2  <*rried  to  the  next  Column.  In  Ex.  .4th  &  5th  there  is  a  finite  Deci- 
mal, wliich  is  alio  reduced  to  the  form-<jf  a  Circttoe  by  6  s  annexed  to  it,  which,  ^hfervCy 

are  fet  down  only  for  Form  lake,  fince  they  do  not  alter  the  Som.    And-iii  fudi  Examples 
•     ^^  ^  -       -  - -  .  .  ^j^^ 
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the  Similar  Rcpetends  will  always  b^in  after  tbe  laft  Figure  of  cbaC  Finite  Dedmal  which 
lias  tbe  greateft  number  of  Decimal  Places. 

Obferve  alfo,  That  if  the  Repetcnd  of  the  Sum  confifts  of  the  fime  Figure  repeated,  the 
true  Repetend  is  but  tiiat  one  Figure ;  as  in  the  foDorving  Example^  the  Sum,  accocdiiig 

CO  tlie  preceding  Ruk,  comes  out «  822^  which  is  the  fame  thing  as  .  82 

•  • 
Example.        '340 

•  47V 

.822=. 82 

D  E  M  ON.  1^  Theorem  6^  the  Finite  Value  of  a  Pure  Circulate  is  a  FraSion  whofc 
Numerator  is  the  Repetend,  and  its  Denominator  a  Number  of  as  many  Places  of  p's, 
with  as  many  o's  on  the  right  as  there  are  o's  betwixt  the  Point  and  Repetend.  Now  kt 
the  Similar  Repecends  of  fevcral  Circulates  be  added,  their  Sum  is  a  Numcratof  to  the 
common  Denominator,  and  this  Fraction  is  the  Value  of  the  Sum  of  tbefe  Cucukces.  Call 

the  Numerator,  or  Sum  of  the  Repetends,  5,  and  the  Sum  fought  b  ■  ^  -^^-^^  = 

^  99d^  ^^  10^ '  ^^  ^^^  *®  ^"°*  ^^"^ht  is  the  Fraflion  rr^  rcfer'd'tOMtfnit 
of  the  VaJue  of  the  Place  next  the  Repetend  on  the  left  hand :  Confequcntly  as  oft  as  the 
Denominator  99  Sec  is  contaia'd  in  the  Numerator  j,  that  FraSion  is  equal  to  fo  many 
Units  of  the  Value  of  that  next  place ;  and  the  Remainder  is  die  Numerator  of  a  FraSion 
liaving  the  fame  common  Denominator  99  &c  and  to  be  refer *d  to  an  Unit  of  the  fiunc 
Phcc  or  Value  :  Wherefore  'tis  evident  that  the  remainder  of  die  Divifion  (ois  -rPP^^) 
being  placed  as  a  Repetend  in  the  fame  places  as  the  Repetend  added  (  fupjdying  what  Fla- 
res it  wants  with  o's  on  the  left  hand)  and  the  Quote  being  carried  to  the  next  place,  the 
refl  of  the  places  added  in  common  form,  we  have  the  true  Sum  fought  in  aU  Cafes,  wh^ 
tber  of  Pure  or  Mix'd  Circulates. 

Problem    2. 
To  fuhtraB  Circulates. 

Rule.  Make  th^  Subtrahend  and  Si:ibtraaor  Similar  Circulates^  and  fubtraS  as 
they  were  Finite  Decimals  :  Then,if  the  Repetend  of  the  Subtrafior  is  a  leffer  Number 
than  that  of  the  Subtrahend,  the  Figures  in  the  remainder  that  ftandtmdcr  the  given  Re- 
Intends  (i.  e.  that  are  dieir  Difference)  is  the  Repetend  of  the  pjfierence  fought  j  But 
if  the  Repetend  of  the  Subtraflor  is  greatefl,  fiibtratt  i  &om  the  Repetend  of  the  remain- 
der, and  the  Figures  that  (land,  after  this  i  is  fiibtraaed,  under  the  given  Repetends,  make 
the  Repetend  of  the  diffeaenoe. 


Exa,  I. 

Ex.  2. 

£x.  3. 

Ex.^ 

8 .  467 ' 

24 .  384 

.427  • 

4 -=37 

•735 

p.  072 

.034 

•17 

1 

7 .  732    . 

15.912 

.  39X 

4-20 

5V.5. 
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£m«  5' 


£S».  $.  iE«.  7.  £«.  8. 


3  .  53^  ♦  74* 


5 ,8564  V  4*37 


£•  414 


.418  -0383  • 3737 


•  « 


j.i«  .324  5.8181  .opoo 

1.12'  0'3'8i  ^ 

•      !■  ■ 

4 

Thefe  EximPUs  ar6  to  eafily  com]?ared  with  the  Rule^   I  fliaO  not  iniift  lipoA 

It. 

D  B  M  O  y»  If  two  pure  Circulates  are  Siaular,  and  if  the  leffei  is  to  be  fub^ 
traded  fcqm  the  greater,  die  Reafon  of  the  Rule  is  manifeft.  But  in  inixt  Circulates 
the  Repet^  of  the  Subtxador  nuy  be  greater  than  that  of  the  Subtrahend  \  and  in  this 
Cafe  to  follow  common  Rules,  we  IhouTd  add  the  common  Denominator  of  the  Fi- 
nite Value  of  the  Circulating  Parts,  ^with  relatioq  to  an  Unit  of  the  place  next  the 
Repetend,  the  common  Denominator  is  pp,  @r.  coniiAing  c£  as  many  p  s  as  the  places 
of  the  Repetend  (as  has  been  already  explained  ;  )  Bat  by  SubtraQing  in  the  common 
way,  'tis  plain  we  do  add  lo,  8r.  the  o's  being  as  many  as  the  Places  ot  the  Repetend ; 
now  it's  evident,  ,that  if  inftcad  of  pp,  Qc.  we  add  loo,  Qc.  (this  having  as  many  o  s 
as  the  other  has  p*s)  we  have  added  i  too  much  5  and  therefore  i  is  to  be  taken  from 
the  remainder  according  to  the  Rule  \  the  reA  is  obvious.    So  in  Ex.  3.  the  Repetend 

having  two  Places,  the  Finite  Values  of  the  Circulate  Parts  arc  —  of  .  i  and  21 

of  .  I ;  but  34  cannot  be  taken  from  27,  therefore  I  Subtraa  in  common  Form,  whereby 
I  do  add  xoo  to  the  Repetend  27,  which  makes  the  remainder  93 :  But  becaufe  I  Ihould 
only  have  added  pp,  I  take  one  from  the  remainder  and  it  is  p2 ;  then  becaufe  in  Sub- 
tra(aing  the  Circulate  Parts,  i  was  borrowed  from  the  next  Pkce  (for  we  confidered  the 
Circulate  Parts  as  Fraftions  referred  to  an  Unit  of  that  next  Place)  therefore  i  is  added 
to  the  next  Place  of  the  Subtrafter,  and  fo  the  Work  is  carried  on. 

Pro  B  L  EM   3» 
To  Multiply  Circulates. 

R  IT  L  £.  Exprefs  Circulates  by  their  Finite  Values,  and  then  Multiply  by  tlie  Rule 
of  Vulgar  Fraaioni,  reducing  arid  compleating  the  Anfwer  as  die-Qaeftion  requires  c 
And  particularly,  carry  on  the  Uiyifion  of  the  Produ£l  of  the  Numep^tors  by  that  of  the 
iDeaominators  till  o  remain  ;  or  till  you  come  at  a  Repetend.  But  if  this  do<?s  not  foon 
happen,  then  it  may  be  Itft  off  at  any  place  you  pleafe  :  But  if  you  are  content  to  have 
the  Produa  in  a  Vulgar  Fraaion,  you  have  it  already  compleatly  in  the  Produft  ot 
the  two  Finite  Values  of  the  ffiven  Numbers. 

The  Reafondl  this  Rule  is  m^uifefi  ;  becaufe  it's  reduced  to  that  of  Vulgar  Fr^on^ 
whidi  is  demcdftrated  in  its  place ;  fee  the  following  Examples. 

B^cam.  I.    To  Multiply  8*47  by  .68,  having  reduced  the  firft  to  its  Finite  Value  it 

i^  ^^ ,  which  Multij^ed  by  ^8  or  —  produces  "^      ^^*  which   being  reduced  to  a 

Decimal   is    5.7648    as    in    the    Margin.        Fqt    die    Divlfoc    being 

Q  q  q  pooo 


482 


76: 
61 


6 104 
4578 

51884 


pooo)  5 1. §84 
5.764 


* 
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pooo,  I  firft  take  off  three  places  from  the  Dividend,  tvhichis 
dividing  it  bj  1000,  then  i  divide  this  by  p,  which  gives  for  a 
quote  5-764  aiid  8  remains,  to  which  0  being  prcfixt,  the  next 
Figure  in  the  cpiote  is  8,  sipd  8  again  semauis,  therefoie 
8  is  nepeated. 


Exam.  2.    To  Multiply  7.684  by  .45.    Being  reduced  to  their  Finite  Values  thej 
e^£ll  and  -^  wbofe  Ptodua  is  ~§^  which  being  reduced   to    a  Decimal  is^ 


poo 
6916 

6916 

^7664 


9 
9 


90 

283.556. 
31.5062 

5.500^9115802 


poxpoo, 
3.5oo6pi358o24   All  that  needs  be  fiiid  as  to  the 

Operation  is,  that  ki  the  DWifion  of'  :)i«so62  by 
p,  when  we  have  got  the  qoote  fi)  far  a»  3.5006 
then  to  every  fiicceedk^  Remainder  the  Repetcnd  2 
is  prefixt ;  and  fo  the  Work  is  carried  on,  til  thcie 
is  a  Cuculatzon  as  marked  in  the  Exam^. 


Exam.  3.    To  Multiply  65.723  by  4-^  5  ^  ^^  ^^f  ^^  «*  ^^"^  ^^^  » 
§52^  which  Multiplied  by  4^  or   ^  produces  ^^^'  equal   to  this  Decimal 

2ofi26l  whidx  is  found  thus:  for  the  two  o^s  in  the  Dcnomimtor  PPOXio  I  tde 
jo2.a2uo,  wixiw*  ^  ^^  pj^^  j^  ^  Numerator,  and  then  divide  by  99 ; 

2PP30.36    which  gives  for  a  quote  302.32,  and  68  remains,  which 


$5066 
46 

W"    ■■■■  ■      ■■ 

5P03pd 
360264 


99- 


2^2  6  '8    ij^i^  ^  of  an  Uuk  oF  the  Value  o£  tbe  laft  place  o£ 
&  pp 


302*3268    the  quote,  is  therefore  to  be  placed  after  it  as  a  RefC' 
tencj. 

Oifirve ;  the  dividing  by  99  »  h««  done  by  Cafej.  §  2.  Chs^  6^00*  li  vdth 
ihi^Wer^ice  only,  tlut  I  have  here  plac«f  the  F^ures  of  the  Option,  aijd 
"fo'  the  (mote  below  the  Dividend ;  and  every  quote  Figure  under  tbe  firft,  and  not 
t^ci  bft  Figure  of  the  Diyiclend,  as  is  there  dona 

^m.  4.    To  Multiply  74-0367  ^  4-75  i  their  Finite  Values  aie  Z2_ii  and  i- 


ppoo 


p 


whpfe  Ptodua  is  iiiLi2Z5   which  reduced  is  35,3«59^i8¥>6285072P5i73 


ppooxpo 

73624  y  42a  =  315^107* 

men 
p|  31.511.072. 

«9      250l.2?022222222:^2aaa222222 

365P518306  8407  P4n^P5 
64         5 


35.365p6i84062»5072p5i73 


For  having  taken  three  Places  fiom  the  Pr(h 
duS  of  the  Numerators  for  ^e  three  o's  in 
die  Denominator  5  1  proceed,  to  divide  firft  by 

p  which  qaoces  3501.2302  and  tlien  I  divide 
by  99y  which  gives  the  oootemuqationed ^  for 
U*B  i^in^  that  having  lastMigbk  die  Divifioa 
fo  f^f  as  i$  bece  fet  down,  the  laA  rcmxndef 
is  p5^  the  lame  with  a  preceeding  remain* 
der  bdonging  10  the  i^  fiep  of  tbe  Divip 
fion  :  Wherefore  all  die  Figures  ia  the  quote> 
&om  the  fixdi  which  is  p,  do  Circulate. 

S  c  H  0  L« 
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Sen  01 1  CM.  As  this -S^/^  is  univerlal,  ,ft>  it  is  eafily  kept  in  miiyi,  if  you  but 
Temqmber  the  Rule  for  fiading  the  Finite  Value  of  Circulates ;  nor  is  it  much  more 
tck^ious  than  the  Multiplication  of  Finite  Decimals,  confidering  how  eafily  the  Finite 
V^lue  of  a  Circulate  is  found ;  and  ho\^  eafy  it  is  to  divide  by  their  Denominators, 
which  conlift  all  of  p\  or  with  o*s ;  as  the  preceding  Examples  ftew. 

Ther^  are  other  Rules  for  this  Multiplication,  in  fome  things  different  from  the  gene- 
ral Rule,  but  little  or  nothing  eafier  or  Ih'orter  in  the  Operation ;  and  theret^bre  I 
might  reaibnably  ^  pafs  them  over.  Yet  that  you  may  know  the  di&rent  ways  of 
managing, Circulates,  and  chufe  as  you  like  beft,  I  IhiU  here  alfo  cxpiain  the  Mul-, 
tipUcauon  of  Qrculates  in  two  particular  Cafes,  in  order  to  which  j  mind  that  we  call 
that  giv6n  Number  the  Multiplier  which  has  fetveft  fiinificant  Figures, 
,  Cj/>  I.  The*  Multiplicand' bclfig  a  Circulate,  ana  the  Multiplier  an  Integer  or  Finite 
Decimal,  Simple  or  Mixi. 

Rule.  Multiply  by  each  Figure  of  the  Multiplier,  Thus  ;  take  firft  thc"Produ£l:  of 
thatRepetend  (of  the  Mnltiplicand)  aild- divide' it  by  a  Number  coniifting  aH  of  p*$,  as 
inanyas  the  Number  of  Places  of  theR^tend:  Write  down  the  Remainder  in  the 
Produift,  and  carry  the  quote  to  the  Produ^  of  the  next  Place,  and  go  on  with  the  other 
-^lages^in  common  .F<Mf/n.:  And  obfervc  that  this  remainder  is  a  Repeteivl  in  every  par- 
tial ProduS,  and*  if  it  has  not  as  many  Places  as  the  Divilbr,  or  Repetcnd  of  the  Muk 
tiplicand,  you  inuft  fupply  the  DefeS  with  o's  on  the  left ;  and  in  this  State  fet  it  in 
tlie  Produa:  as  the  Repetend»  When  you  luve  t^s  got  all  liie  partial  ProduSs  for  every 
Figure  of  the  Mokcplier  ^  mike  all  rhe  Repetends  fimUar,  which  i^  done  by  drawing 
them  ail  out  as  far  as  the  fir  A  ;  then  add  them  by  Prdht.  i.  the  Sum  is  the  Ptodudtfoughr^ 
in  nrfaithict  the  D^ooial  Point  aococding  to-the  common  Rule. 

Bx.  I.    ^  Ex.2.  ^        j^  ^j^j3  ^^  2d.  23  X 6  =  1 53  whlch'divided  Hy 

3  .47  ■  .  ^5-7^3    '99>  quotes  i  and  59  reipains;  therefore  37  is  the 

•  do  •      4.&        .Repetend  of  the  Produft,  and  1  is  carriefl  to  thjB  next 

'     ;;  ^  "   '"7^     Place,  or  tp  the  ProduS  6  x  7,  and  fo  tfisct  Lbe  is  cari 

,^782'  36433P     riedon. 

^^^l^  ^  «  '  •  Again  23  X  4  3i=  pi  which  divided  by  pp,  die  quota 

y^^^  ^6^^929     is  0,  and  92  i^maine ;  which  is  therefore  the  R^pc^ 

X  .  •      tend  of  the  Produa,  the  reft  of  which  is  foui!d  by  the 

5.7640  502.3268  ,  common  Rule.    But  to  make  this  fimilar  to  the  other, 

^  it*s  reduced  to  29  ;  then  in  fumming  tjie  two  partial 

Produfts^  39  4-  2p  =  68  being  lefi  than  99^  is  the  Repetend  of  3ic  Sum,  and  o 

earned  to  the  next  Column.  ' 

Here  678  x  3  £±:  2034;  and  this  divided  fay  1999  quotes  1^  tsA  ^6 

remains,  thqrefore  the  Repetend  of  th^  Vrodxt&rho^iy  and  the  quote 
_              2  is;carrie4  to  the  next  Places    Again,  678  X  4  =  2712  which  divi- 
.   ^     ded  by  Moquotes  2,  and  714  remains, whidh  11  the  Repetend  cf  tilt 
1583036    ProduaOChc  reft  of  the  Work  is  obvious. 

2*107147 


22b6poi83 


MMi* 


til 


9 II*  /      t^ 
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Cafi  2.  The  Multiplier  bein^  a  Grcukte.  whatever  the  Multiplicand  is.  Rule,  Take 
the  riiiite  Value  of  the  Multiplier,  and  bv  its  Numerator  multiply  the  Multiplicand, 
hj  the  Method  of  Cafi  u    then  divide  the  Frodud  by  the  Denominator. 

90)515.56*2  To  Multiply  7.684  by  45  a  g.. 

^^^1      -ft^   •       **  Produft  is  2.500669135804  ccm. 
5.500691358024        pare  this  with  the  Ex.  2.  to  the  general 

Rule,  it  is  the  fame  Example,  and  the 
Anfwer  the  fame.  And  the  Rcafon  and 
Method  of  Operation  being  alfo  obvious, 
I  Ihall  infift  no  more  upon  ir. 

31 5-06  2 

Problem  4^ 
To  divide  CirculateSv 

R  U  1 E.  Exprcfi  Circulates  by  their  Finite  Values,  and  Aen  apj)Iy  the  Rule  of 
y  ulgar  Fraflions. 

Example.    To  divide  22.69C183  by  5.2.76785  being  reduced  to  their  Finite  Values 

they  arc  i2^^2^3  and  l^Ziii-  and  the  firft  being  divided  by  the  other  quotes  H^^ 
'  999000  9990  >     ^    * " "        5  i  ^         52715100 

ffor  the  two  Denominators  having  9990  ai  a  common  Faflor,  the  quote  is  reduced  to 

this)  whofe  Value  in  a  Decimal  is  .4^. 

Scholium.  As  Multiplication  was  explained  in  two  particular  Cafes  differing 
fiom  the  general  Rule,  fo  may  Divilion  j  thus. 

Cafe  u  The  Dividend  being  Circulate,  but  not  the  Dtvifor;  Rule.  Divide  as  they 
were  Finite  Decimals,  carrying  on  die  Operation  by  applying,  the  Repetend  foofrtill 
cither  ^e  Quote  circulate  ;  or  till  you  have  a  fufficient  Number  of  Places  :  £ut  becauie 
in  many  Cafes  the  Circulation  of  the  Quote  will  not  happen  till  after  a  veiy  long  Openh 
tion,  if  you  would  have  a  compleat  Quote,  you  mud  take  it  by  the  preceding^gmeial 
Rule  in  a  Vulgar  Frafiion. 


•  « 
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'  In  Exa^  !•  the  Repetend  is  8  ;  For  the  Qiiote  being  brought  to  847,  the  Remainder 
is  52,  wMch  is  the  fame  as  the  preceding  Remainder  ^  to  which  the  fame  Repetend  8- 
being  prefix'd,  the  &me  Quote  7  muft  continually  come  out. 

In  Exa.  2d,  after  one  Period  of  the  Repetend  is  employ'd,  w«  ^x)me  at  this  Quote 
58160 ;  bul  to  come  at  a  Circulation  in  the  Quote,  we  muft  proceed  two  Steps  farther,  by 
employing  again  the  fame  Figures  of  the  Repetend  in  order  ;  and  after  the  two  firft,  v/j;. 
2  and  8,  are  ufed  a  fecond  time,  we  have  the  fame  Remainder  o  which  was  upon  the 
^rd  preceding  Step,  and  therefore  the  fiune  Figures  wUl  repeat  againj  and  fo  the  Q^ote 

is  5.816691 

Cafe  2d.  IftheDivUbr  is  a  Circulate,  whatever  the  Dividend  i»;  take  the  Finite  Va- 
lue of  the  CHvifor ;  and  by  its  Denominator  multiply  the  Dividend,  bv  prokh  2d,  (either 
by  the  general  Rule  or  the  particular  Cafe  i);  then  divide  the  Produft  by  the  Numerator 
(according  to  the  preceding  Cafe,  if  that  is  Circulate)  and  you  have  the  Quote  fought. 

Product  is  5 1 .  884,  which  divided  by  763  quotes  .  68. 
£xak  2.  To  divide  3.50069x358024  by  y.  684  =  •—,  I  multiply  3*50c6pi358024. 
by  900,  the  Produft  is  3x50 .  62,  which  divided  by  6916,  quotes  •  45 


Exa.  I.  To  divide  5.7648  by  8.47  -=  2-i,    Firft  I  multiply  5*7648  by  90,  the^ 


CHAP.     Y. 

Of  Logarithms. 

D  E P I N ITIO  ^ 

J  Ogartthms  are  Numbers  fo  contriv'd  and  adapted  to  other  Numbers  that  the  Sums 
JLj  andDiffcrencesof  the  former  correfoond.to,  and  Ihew,  the  Produfls  aiid  Quotes  of 
the  otherw  and  alfo  their  Powers  and  Roots. 

S G  H  o  L.  I.  This  Definition  cxpreffcs  in  general  the  DeCgn  and  Ufe  of  the  Num- 
bers call'd  LogiP'itbms  5  but,  for  the  more  ftrift  and-  etymological  Scnfc  of  the  Word  Loga'- 
rithmy  and  other  Definitions  deduced  froin  it  more  immediately,  they  will  be  better  ui:- 
derflood  after,  we  have  explain'd  the  Foundation  of  their  Contrivance!  wliich  you  have: 
in  this. 

LEMMA. 

Take  any  Geometrical  Progreffion  of  Numbers  beginiung  with  i,  wHofc  fecond  Term 
call  a^  the  Series  is  i  j  ^»  :  tf»  :  ^i?  :  4*  :  &c.  :  ^2»,  whereof  every  Term  after  i  is 
feme  Power  of  the  fecond  Term  tf,  their  Indexes  bcuig  a  Series  in  Arithmetical  Prcgref.* 
lion,  which  exprefs  the  DiAances  of  the  feveral  Terms  after  i . 

Fiom  the  nttnre  of  this  Geometrical  Series,  and  what  has  been  explaix).'d  in  Book" 
Ibfior.  6, 7, 8,  thefe  Confequences  are  maxiiteft)  viz.  ^' 

eOR  OLL  AR  IE  S. 

ift.  The  Prodofl  or.  Quote  of  any  two  Terms  is  alfo  a  Term  of  the  St* 
ries-  whoft  liidex  (6r  Diftancef  after  i)  is  the  Sum  or  Difference  of  the  Indexes  of  thefe 
twoTcims.    Exam.'iir)^a^isa^a\    af:^al;^a^.    UniveffeDy, /f«  y /*  =  /i«  +  m^ 
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2d,  Any  Power  of  tny  of  diefe  Terms  is  a  Term  of  the  Series  vkitA  VAa  is  the 
Produa  of  the  Lidex  of  that  Power  by  the  Index  or  Diftance  of  thtt  Term  from  i. 
Exam.  The  Square  of  4'  is  a^  ;  Uiuverfany ;  tiic  n  Power  of  4i«  is  n*  «.  Reverklj  j  If 
the  Index  of  any  Tenn  is  Multiple  of  aiqr  Number,  then,  being  divided  hj  that  Number, 
rhe  Quote  is  the  Index  of  a  Term  in  che  Series,  which  is  fuch  a -Root  (^  the  Term  whoTe 
Index  is  divided  as  the  Divifor  denominaies.  Exa.  The  Cube  Root  of  4^  is  4*«  Uiu- 
verfally  ;  the  n  Root  of  /jw  b  ^i*  -t-^. 

:^d.  If  from  the  double  of  Any  Index,  or  the  Sum  of  any  two  Indexes,  be  fubtrafki) 
the  Tndex  of  another  Temi,  the  Difference  is  the  Index  of  a  Term  in  the  Series  which 
is  a  third  or  fourth  :  :  /  to  the  sd  or  ^A  Terms-  whofe  Indexes  are  given. 
Exd.  ift^  n*  I  ni  :  I  a^  :  a^  ',  where  8  =5  H-  5  —  2.  jB^.  2d,  a^  :  ui^  :  :  4'  :fl'°; 
wliere  10=354-7  —  2.  Univcrfally  ;  a*  :  a^  :  <a^«~«  are  4f  i  j  for  by  common  Rules 
a  third  to  a^^  :  a^  is  ^  x  <a««  -^^»  ;  but  a«»  x  tf*  =  ^« ,  and  ii*«  •J-  a  =  fl^**"  s 
Again;  a^^  i  a^  •  :  ar  :  4«-t-'^-nj  fot  a^^arz=iai*i-ry  and^w+r -J- /z„z=  tf»+-^ 

Sc  H  o  L.  1.  Here  then  we  hare  the  F«^7^iWHf;^/7/ Grounds  of  the  Iftventm  of 
T.c^mthms:  For 'tis  obvious  that  the  Indexes  or  DiftaiKes  of  tlic  feveral  Terms  of  a 
Geometrical  Series  from  the  firft  Term  I,  are  Numbers  anfwering  to  the  preceding  De^ 
finition  of  LogiriibmSy  for  thofe  Numbers  that  make  the  Geometrical  Series ;  which  I 
lliall  more  particularly  explain  and  apply :  Bur  firft  Obferve^  that  from  this  Foundation  is 
iicduced  the  common  Definicioa  of  Logvitbms^  viz^  Numbers  in  Axiihuuticd  PrQff4' 
fwn  n-ifajtrif/gto  others  in  Geometncd  Pro^reJ/ion.  Again,  vhferve,  that  in  the  more 
iiri^  fenfc  of  the  Wordit  figni6es4  A^««*fro/ /^jf/oj;  And,  to  under(}an4  the  reafon 
of  its  application  here,  confider.  That  in  a  Geometrical  Series  the  Ratio  of  the  Extremes 
is  composed  of  as  many  equal  Ratios  as  the  number  of  Terms  lefi  i,  or  as  the  Number 
eyprcHingthcDiftanceof  the  one  Extreme  after  the  other  j  which  DiAanoe  is  therefore 
call'd  the  Logarithm  of  the  Ratio  of  the  one  Extreme  to  the  other ;  and  if  one  Extreme 
is  1,  it*s  caird  limply  the  Logarithm  ot  that  others  but-it  ftcialy  fignifies  the  Logarirfimof 
the  Ratio  of  i  to  that  other. 

Let  us  now  fuppofe  a  to  be  any  Number,  as  2 ;  the  Geometrical  Series  from  1:2!$ 
f  r  2*  :  2»  :  2'' :  &c,  or  I  :  2  :  4  :  8  :  x6  :  &c.  And  if  this  Series  is  carried  to 
any  length,  and  the  leveral  Terms  be  difpos'd  orderly  in  a  Table^  and  i^ainft  them  be  fet 
tjieir  Indexes  or  Diflances  from  i,  (vi:(.  ihsAi  Logarithms)  fettingoagainfti,becauf€ic's 
not  diftant  from  it  (elf,  as  in  the  following  Table;  then  from  what's  ex{4ain'f|  it  is  evident 
that  we  can,  by  means  of  theie  Indexes  or  Logarithms,  find  the  Produd  or  Quote  of  any 
two  Terms  of  the  Geometrical  Secies,  without  adual  Mtdtiplication  or  P&vilion  ,*  aiib  any 
Power  or  Rational  Root  of  any  Term ;  and,  laftly,  a  third  or  fourth  Proportional  to  any 
two  or  three  of  them,  fuppofing  the  Table  carried  to  a  fuffident  extent,  as  in  the  follovr- 
iflg  Examples  ;  the  Rules  of  wnich  are  contain  d  in  the  Con&quenges  to  the  preceding 
Lemmdy  and  which  'twill  be  ufeful  to  repeat  here  in  fomewhat  a  diflferent  form,  widi  a  di- 
rea  Regard  to  the Praftice  and Ufc  of  LogarithmickTables,  anfier  the  Tide  of 

The  Fundamental  General  Kv  l  e  s  for  the  Ufe  and  TraBkeef 

LOQARITHM*. 

«  « 

I.  Add  the  Logarhhms  cf  any  two  Numbers,  the  Sum  is^^a  Logarithm,  againfi  which 
in  the  Table  Ifauids  the  ProduA  of  tbefe  tvfo  Nuii|bers ;     . 

ixA.  8x32  =  256y.vyhQfe  Logarithm  '^^  -  5  +-  <,  ^  Logirjiduas  <^8  fc  ?2- 

II.  Takeihe  Difference  of  the  L^aiitbi^  of  any  twc^NuQd^rs,  it  i&  ^t  Logsridva 
AgainA  whic&  ftands  the  Quote  3E  the  greater  divided  by  the  M^.  <^  ^icle  two  W^ 
bers.  *  -       -  -  .    ^^^ 
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E^a.  2048  -T-  128  =  1(5,  whofc  Logarithm  is  4  =  ir  ^  7,  tRc  Logarithms  ot 
2048 '&  128. 

1 1 L    Multiply  the  Logarithm  of  any  Number  by  any  Number,  the  Produft  is  a  Loga^ 
rithm  againft  which  ftands  that  Power  of  the  Number  whofe  Logarithm^  is  multipjy'd    de 
nominated  by  the  Multiplier,  vij[.  the  »  Power,  if  the  Multiplier  is ».  tJi- 

Exa.  165  =  4096,  whofeLoMrithmis  12  =  4x3  ;  the  Logarithm  of  16  (vh  a\ 
multiply'd  by  2  >  the  Index  of  the  Power  fought.  ^    ^*  '^^ 

IV.  Divide  the  Logarithm  of  any  Number  by  any  Number,  and  if  there  is  no  Re-- 
maindcf  rhe  Quote  is  a  Logarithm  againft  which  ftands  that  Root  of  the  Number  whofe 
Logarithm  i«  divide^,  denominated  by  the  Divifor,  vizn  the  h  Root  of  the  Divifor  is  ». 

:Ev^.4P?6'^^  =  x6,  whofe  Logarithm  k  4=12^  5,  the  Logarithm  of  4C06 
(t^/2.  1 2ldivided by  the  DivHor  3.  -  ^  ^ 

V,  From  the  Double  of  the  Logarithm  of  any  Number,  or  the  Sum  of  the  Loearithms 
of  any  two  Numbers,  fubtraa  the  Logarithm  of  any  Number,  the  Difference  is  a  Loga- 
rithm againft  which  Hands  a  Number  that  \i  a  third  or  fourth  Proportional  to  thefe  two  or 
diree  given  Numbers.. 

Exa.  i)    4  :  16 :  64  are  -^l^  whofe Lc^arithms  arc  2 . 4  .  6  (=:  4  +  4  •—  2.) 
4P&rrt,  12)    8  :  3a  : :  356 :  1024,  whofe  Log^ithms  art  3  .  5  ^  8  ,  10  (=:  5  -{-  g- w  ^v 

Ta  B  t  B  whence  thefe  Examples  are  taken. 
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17  1 

S  e  H  e  L.  J  •     Any  Arithmetical  Prog^affion  beginning  with  0  may  be  apply *d  as^ 
Logarithms  to  any  Geometrical  one  from  i  :   For  tho'  they  will  not  be  Logarithms  ac 
QOidine  to  the  ftriacr  meaning  of  the  Word,  (i.  e.  the  number  of  Ratios  from  1)  yet- 
Ihey  will  wrfwcr  the  other  Definitions,  and  the  preceding-Fundamental  Rules  :    Which- 

will  be  manifeii  from  the  common  Pro- 
Gepm.     ^:  A:  B  :C  ;  D  :  E  :  F :  Sec. 

f.  &c. 


Aritho}.  o  *  a  .  h  ..  r  •  4  •  ^ 


perties  of  Arithmetical  and  Geometrical 
PiH>grei&ons  :  For  any  three  or  more 
Terms,  taken  in  either  Series,  arcconti- 
nuedly  proportional  in  their  kind;  and 
any  four  Terms  ai;e  proportion^,  whereof  the  firft  and  fecond  aic  as  fer  diflant  as  the 
third  and  fourth.  Wheiicc  the  Correfpondence  of  the  Arithmetical,  as  Logarithms  to 
the  Geometrical,  a<xording  to  the  preceding  Rules,  is  plain.  Thus,  B  X  ^=  ^  for 
I  :  B  :  :  G:  E.  Alfo * -}- r  ==  ^  for o  .  J  :  r  .  i?.  Again,  F-r  Dz=B  for 
I  :  B  :  :  D  :  F.    Alfo  /—  d:=  J  for  o  .  *  :  d .  fi 

The  Rule  for  Powers  is  deduced  thus ;  E*~P  for  i  :  jB  :  :  jB  :  /)  ;  alfo  ih  —  d 
fot  o  .  i  :  h  .  d.  Ag.ain,  £^  z=i  F,  for  i  :  B  :  D  :  Fareifi./;  then3X*=/, 
for  o  .  h  .  d  .fzxt  ^T.  And fo  it  goca  on  thro' all  the  reft  cf  the  Powers,  An4thp 
Rule  for  Roots  is  but  the  Reverfe  of  this. 

For  the  finding  a  3d  or  4th  Proportional,  the  Rule  mufl  alfe  flill  be  good;  bccaufe  the 
Rules  for  Multi^cation  and  Divifioii  are  good. 

SCHOlr 
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S  c  H  o  t^  4.  Any  Arithmetical  Progreflion  whatever  may  ^>t  apply  d  as  Logfr 
•rithms  to  a  Series  geometrical  from  i  ;  but  if  the  Logarithm  of  i  be  any  other  than  0, 
^he  preceding  Rules  will  not  anfwer,  and  inftcad  of  them  we  muft  put  tlicfe : 

i*^*  From  the  Sum  of  the  Logarithms  of  two  Numbers  taScc  the  Logarithm  of 
Unity,  the  difference  is  the  Logarithm  of  the  Produ6t. 

2^*  To  the  difference  of  the  Logarithm  of  two  Numbers  add  the  Logarithm  ofi, 
-the  Sum  is  the  Logarithm  of  their  Quote. 

The  Renfon  of  thefe  Rules  is  plain  from  the  Proportionality  of  the  Terms  with  i  j 
for  I  is  to  the  Multiplier  as  the  Multiplicand  is  to  the  Froduft  ,•  or,  i  and  the  Mulcipli* 
^re  at  the  fame  diAance  as  the  Multiplicand  and  Produd ;  So  alio  the  Divifor  and  Divi* 
dend  are  proportional  with,  or  at  die  fame  difhnce  as  the  Quote  and  Unity  ;  but  the 
correiponding  Terms  in  the  Arithmetical  Series  are  alfo  arithmetically  proporrional; 
whence  the  Rules  are  clear.  So,'  in  the  preceding  Example,  fuppoie  the  Logarithm  of  i, 
Iviz.  o)  to  reprefent  any  Number  5  then,  as  £  X  C  =  £,  fo  h-^-c  —  o  :=:  ^  3  and  as 
F'^  D  =  By  fo/—  </  4-  o  =  *. 

*  2^'  The  Rule  for  finding  a  3d  or  4th  Proportional  is  the  lame  in  all  Suppofitioiis, 
and  mt  Reafon  the  fame. 

4**"  Forfinding  the  Power  of  any  Number,  multiply  its  Logarithm  by  the  Index  of 
the  Power,  (viz.  « )  and  from  the  Produa  take  the  ProduS  of  the  Logarithm  of  i,  mul- 
tiply'd  by  « • —  I  ;  thus  B»  zzrZ), whofe  Logarithm  isd=z  2>  —  o (becaufe  o  .  hih.J.) 
Again,  £5  =F,for  i  :  B  ;  :  D(=:B^):  F;  then  o  .hid.  /,  alforf=  2^-0; 
Whence  o  .  h  \  2b  —  o./and  3*-.2  Xo  =/,  the  Logarithm  of  F,  when  o  is  thcLo- 
garithm  of  i,  and^  the  Logarithm  of  £.  TheRealbning  will  proceed  in  this  maimei 
for  ever.  Or,  the  Demonftration  of  this  Rule  may  be  made  V?nvirjalljy  thus ;  Let  any 
Number  in  the  Geometrical  Series  be  :^,  then  i  J  -/<  :  :  ^i  :  y4«4-i ;  And  ifdieLoga- 
rithm  of  i  iso,  and  that  of -/<  is  v«,  then,  •oojfding  to  this  Rule,  the  Logarithm  of 
Ani^na  —  II  —  i^  Now  if  this  Rule  is  good  in  one  Cafe  as  the  n  Power,  it's  good 
in  the  next  as  the  «  +  1  Power;  For  1  ;  A  and  A^  ;  j^»+i  ftanding  at  the  fame 
diftance  in  the  Geometrical  Series,  fo  do  their  correfponding  Terms  in  the  other  Series: 
Call  /the Term  correfponding  to  yi«+r,  then  is  /.  at  the  fame  diflance  ftomna  ^n—u 
Vihe  foppos'd  Logarithm  or  Term  correfponding  to  A^)  2l%  a  is  from  o;  ttM  r;, 
o  •  a  I  n  a  —  n-r^  i*i (==  n'\-  la  —  na^  by  the  common  Rules)  which  is  therefore 
the  Logarithm  of  y^  "+ «  according  to  this  Rule.  3ut  the  Rule  is  fliewn  to  be  twefor 
the  Sq7inre  and  Cuhe^  and  confequently  'tis  true  for  all  above. 

<»•  To  find  the  Root  of  any  Numberj  to  the  Logarithm  of  the  Power  add  the  Pr> 
duft  of  the  Logarithm'  of  Unity  by  «  —  i,  and  dtvide  the  Sum  by  »,  the  Quote  (bciiig 
integral)  is  die  Logaritliih  of  the  Root.  The  Reafon  of  this  iscontain'd  in  thcM 
Rule  \  For  if  /  is  the  Logarithm  of  the  Root,  and  //  that  cf  the  Power  whdfe  hda  is  s, 

then  is  J/=:»/  —  ir  —  lo.  Hence  //  -J^  »  —  10  —  nly  and  '"^^'^^— /,  which 
is  tlic  Rule. 

ScHOL.  y.     A  Geometrical  Scries  may  not  oiJy  cncreafe  from  Unity,  bat  alfo 

^crcafe,  thu?,  T:4::i'-i'2:4:8;  Univerfally,  -r  '  -:  •  —.  •  -*,'  ^  la^iA^'o^^ 

And  to  tbele  Terms  decreafing  from  Unity  their  Diftances  are  aUb  Logarithm's,  with  this 
Variation  only  in  the  Pra£lice,  That  wc  muft  confider  them  as  negative  Nurabm,  or 
Numbers  left  than  o,  becaufe  their  diflance  from  i  is  upon  the  oppodte  fide  to  that  of 
liie  Ihtegral  Terms :  And  hence  we  muft  apply  the  Rul^s  widb  a  Regard  co  this,  I  c.  by 

obfrrvijig 
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cfcferviiigti&e  Rdeitif^  AdAdon,  (^«  of  nei^vef  Nunibers,  is  eipIain*cIU^j5^;(L 

Soppofe  a  rr  2,  dien  the  Soies  decreofing  is  -r  :  t  •  r*  Gir.  wfaicli  reduced  to 
Dednul  Fradions,  are  •  5  ;  •  25  :  a2]J  :  06^  6r«  And  the  whole  Series  encceafing 
and  decreafiK  mth  their  Logaritfains^  fland  as  m  the  following  Scheme. 

And  thde  Logatidims  being  thus  taken  poficive  upon  the  one  fide  of  o,  and  negative 
on  die  other,  make  ftill  a  Senes  Aridunetical  wheresoever  you  b^in  it,  and  fo  muft 
ai^wer  to  the  Rxiles; 

Exa.    i6yi.i2^  =  2«ooos=  2,  whofe  Logarithm  is  i  =  —  3+4or4 9^ 

ihe  Som  of  die  Logariduns  of  .125  and  16 
Ex.  2.    4  X  -0625  = .  2500  zz  .2<y  whofe  Logarithm  is~2SE:^-*4-{-2,  the 
Sum  of  the  Lpgamhms  ot  .0625  and  4 

But  Otferve  that  the  Logaridims  of  fuch  a  mix^d  Series  may  be  made  all  pofidre  to 
anyXenn  of  the  Praaional  part,  by  making  o  the  Logaridim  of  any  of  the  Fra^^ions^ 
and  then  die  Logsiridims  of  all  above  are  pofitive ;  or  by  applying  any  Series  of  politive 
Nofflbera  in  AxidMneeical  Ptegreflioa  as  Log^thms ;  for  thefe  will  anfwer  accordim  to  ' 
die  Kidps  cxilaui*d  in  ScboUtm  4,  and  for  the  Reafons  there  al/b  dcmonfirated.  1  iiu^ 
Skippofe  c  d:^  Lcq^itbm  of  .0625,  then  the  Logarithms  of  the  reR  above  it  are  as  in 

this  Scheme :  And  16  X  -125  =  % 
^0625  :  •125  :  .25  .-  .5  :  (  ;  2  I  4  :  8  :  16  whofe  Logarithm  is  5  =8 -f- 1—4 
^.  .  _5  :— 2:— I  :c:  I  :  2':  3  :  4  .foordingto.ffaZf  i,&i&o7.  4;  8,1,4 
-  ^  being  here  the  Log^thms  of  i^ 

'  Sc  H  o  t>  6.  Whatever  Arithmetical PrpgreflSoQ  we  ^pjjy  to  a  Qcometiical  one, 
they  are  Losarithihv  only  to  that  Series  to  which  we  apply  them,  and  anfwer  the  Endg 
proposed  on^  for  thefe  pardoilar  Numbers  ;  fo  that  if  we  have  Logaridims  adapted  on^ 
to  pardcular  Geometrical  Series,  they  wou]^  be  of  litde  Ufe.  The  great  End  and  D^ 
fign  of  Logariduns  is,  d»*  £afe  and  Expedidon  of  Calatlations,  by  fiving^the  Laborious 
Work  of  MultifUcatiOfij  Divifiwiy  and  ExtraBion  of  Roots :  But  this  End  could  ne- 
ver be  comi^eatiy  itach'd;  unleu  Logaridims  xxnild  be  a^pced  to  the  wh(de  ^ftem  of 
Numbers,  1 .  2  •  ^  •  4  •  6r.  And  as  here  lay  the  Elxcelleiice  and  Merit  of  the  Ccntrk 
vance,  fo  alio  the  Difficulty  ;  fbr  the  Natural  ^em  of  Numbers,  i  •  2 .  3  •  4  •  @r.  being 
an  Arithmedcal,  and  not  a  Geometrical  Series,  feems  rather  fit  to  be  made  Logarithms, 
dian  to  have  Log^dims  apply'd  to  it :  Yet  this  Diffioilty  die  Excellent  Genius  of  the 
Renown d  Author,  and  Unrival'd  Inventor  of  theih,  [the  IxK^Nefer}  conquerU-  Apd 
in  order  to  nnderfiand  his  Method  of  Conflru£Ung  diefe  Logarithms,  Co7t[ider  \ ' 

Tho*  the  Whole  Natural  Syflem  of  Numbers,  i «  2 ,.  3  . 4  •  Qc.  makes  not  One  Geo- 
metrical Series,  and  cannot  bv  any  Means  be  brought  within  one  fuch  Series  of  Determi* 
iiate  Numbers,  yec  they  may  be  brought  near  to  it,  within  any  ailignable  degree  ^  Ap« 
projdmadon ;  which  may  be  conoeiv  d  in  general,  thus :  Suppofe  a  FraOion  infinitely 
finall  reprefented  by  ;r,  and  a  Series  Geometrical  arifing  fiwm  i  in  the  Rado  of  i  to  i  -+  Jt, 
this  Series  is  repefentedby  i :  1  +  *"  :  T^x*  :  f+jf^  •'  i  +  x*.:  &c.  feme  of  whofe 
Terms^  muft  coincide^  uifinitely  near,  with  the  natural  Numbers  2  »  3.*  4 .  &r.  becaufe 
among  Numbers  that  arife  by  ii^mtdy-fiiial)  Increments  [  as  it  is  in  this  Cafe,  fince  the 
common  Ratio  is  hifinicelr  neat  to  a  Ratio  of  Equality]  fome  of  them  mufl  exceed,  or 
confe  ihort  of,  any  determinate  Number  by  an  infinitely  little  Excefi  or  Defedl :  Where* 
fbre  if  in  the'(^ces  of  the  Terms  of  this  Series^  that  do  approach  infkutely  near  to  any 
of  the  natural  Number^  we  fuppofe  tfade  natnial  Numbers  themfelves,  then  die  Series 
will  be  ;a  Geometrical  Rrogrcffion  to  an  cxadaeCs,  whkh  I  c^  Indefinite  (and  not  pevm 
feB}  becabft  tfa^  upprdtxiautsoti  crfT  its  Terms  to  the  natisad  Niuidi>eis  can  never  e^d^  but 
T^^lriinfifnUm.'  *     *  -  - 

Rrr  Now, 
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Now,  as  this  Imagin*(I  Geometrical  Series  coaiprchen<&  ijifinitidj  neu'tk^^^leSjIlem 
of  Numbers  i  •  2  •  j :  to.  ib  their  Indexes  comprehend  a  ^^onaplece  Syflcm  ^X^cgaiiduns 
for  the  natural  Syfiem  of  Numbers,  extended  tQ  any  )ei)gcb  we  (Jeaie ^  and  do  aiifwcr  co 
all  the  preceding  Definitions  and  Rules :  For,  tho*  the  natural  Syftem  make  not  by  them- 
felves  a  Geometrical  Seiies,  yet  they  are  coneeiv'd  as  a  part  of  fuch  a  Series ;  and  h  the 
LogRridims  are  the  Indexes  of  their  Diftances  from  Uni;y  in  that  Series  \  or,  more  gene- 
rally, they  are  the  correfponding  Numbers  of  an  Arithmetical  Series  apjJy'd  to  that  Gco- 
»€tiicalone. 

But  again  ohptve^  that  liiice  we  cannot  aflig^i  an  infinttely-Uttle  Fiaftion,  therefore  in 
ihe  a^luai  conitnjdion  of  Logarithms  we  muA  be  content  with  a  determinate^degyce  of 
Approximation :  Whence,  according  as  %ve  taXe  x^  lb  in  the  Series  i :  1  -f- jr :  14-x^  :^ 
the  Approximation  of  its  Terms  to  tlie  natural  Numbers  will  be  in  diflferent  degrees ;  foe 
the  lelfer  x  is,  the  neater  will  the  Approximation  be ;  but  then  the  more  are  me  Involu- 
tions of  2  -(-  ^  neceffary  to  come  ivithin  any  determinate  degree  of  nearnefi  to  any  of  die 
natural  Numbers. 

Thus  then  we  may  conceive  die  abfolute  Poflibtlity  of  making  LogaTtthms  to  the  mto.' 
ral  Syflem  i  •  2  •  3  r  &c  to  any  deteminate  degree  of  exadneft,  vi:^*  by  aiigiiintt  a  very 
fhall  Fra^lion  for  Xj,  and  adually  ratfinga  Series  in  the  Ratio  of  i  to  i  -t*  ;i?,  ana  taking 
ibr  the  natuval  Numbers  fuch  Terms  of  mat  Series  as  are  neareft  to  diem,  and  their  In- 
dexes for  the  Logarithms.  But  ohferve  al(b,  that  to  eonftruQ  Logarithms  in  this  loan- 
ner,  to  fuch  an  extent  of  Nimiben,  and  degree  of  Escafine^,^  as  would  be  necellaryto 
vitakeLogarithms  of  any  confidcrabk  ufe,  is  next  to  Impoffible  to  us^  becaufe  of  the  at 
mofi  infinite  Labour  and  Time  it  would  require :  This,  however,  is  an  Introdufiion  for 
«inderffai)ding  the  Method  of  the  Noble  InvtKtar^  who,  tis  be  (no  (foubt)  took  the  Hint 
el  Logarithms  from  the  CcH^eration  of  the  Indexes  ot  a  Geometrical  Series,  ib,  tocook 
pleat  the  Invention,,  he  behov'd  to  lay  before  him  the  Idea  of  a  Geometrical  Pro«elSon 
comprehending,  tnfinitely  near,  all  theTerms^of  the  Natural  Series ;  but,  that  the  Labour 
of  conflru£ling  theie  Logariihms  might  not  be  iafupe£able,he  went  to  woik  another Waj: 
For, 

From  the  Foundation  akeady  laid  down  in  the  Comfideration  of  an  Infinite  Progreijiony 
this  Conclufion  wa^  obvious,  viz.  That  if  the  oatucal  Numbers  weie  compiehended  iii 
this  Series  to  an  infinite  or  indefinite  degree  of  nearne(s,  there  muft  alfi)  be  an  infinite  or 
indefinite  number  of  Means  betwixt  any  two  of  the  natural  Nambets^  or  fuch  Tenns  of 
the  Progreffion  in  whole  ^aees  we  fubfiitute  them :  Ajidupon  tkoMpriwfli^  he  oojoihufled 
bis  Logarithms  i  die  Metnod  cf  which.  I  ihall  explain  in  the  tbllowing  Pmhlemi. 

Problem   i. 

Betwixt  anr  two  glverr  Integral  Numbers,  an  indefinite  Number  of  Geometrical  Means 
|>eing  ftppos'd,  'tis  required  to  find  one  of  them  fo  approximate  that  it  be  within  an  at 
fign  d  difierence  of  a  given  Number  which  lies  in  the  natural  Syilem  betwixt  the  fonnei 
two  given  Numbers, 

R  V  L  B.  Let  the  givenExtitmesbe  csffd^i  (the  kflierV  and  j&(the  greater)  and  die 
'given  Mean  C;  Then,  bet^vixt  A^  B  find  one  Geometi^cal  Mean  $  and  if  ^,  B  admit  not 
a  rational  Mean,  find  the  Aj>proximatc  to  any  nuad>er  of  Decimal  Places :  Call  thisMeaa 
D;  and.  if  D  is  lefs  than  C,  find  a  Mean  betwixt  Z)  and  £ ;  but  if  Z)  is  greater  than  C, 
find  a  Klean  betwixt  D  and  A :  Call  thb  fecond  Mean  E ;  then,  as  E  is  Mer  or  greater 
than  r,  find  a  diird  Mean  betwixt  E  and  the  fir  A  Mean  Z),  if  this  is  contrarily  greater  (x 
Idfer  than  (7;  or  betwixt  £  and  the.oppofite  Ei^reme  £  or  ^,  if  X)  i^  cf  the  fime  quality 
with  E  (i.  e.  greater  or  lefler  than  C,  as  R  is  >:  Call  thia  third  Mean  F\  and,  as  it  is 
leffer  or  greater  than  C^  find  a  fouidi  Mean  betwixt  it  and  that  ou^  of  the  preceding 
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Means  which  is  next  greater  than  C\  but  if  all  the  preceding  Means  aie  oF  the  fanie 
quality  mdi  /^  find  a  Mean  betwixt  Fand  the  oppo&e  Extreme  B  or  A.    In  this  man- 
ner go  on  fiiyling  Geometrical  Means  approadiing  till  you  find  one  within  any  Diifereace 
you  pleafe* 
Examf.    To  find  a  Mean  in  the  Infinite  Seria  betwixt  i  and  lo^  which  apptoadies  ta 

o  witlun  a  Difierence  of  — — — 

^  lOOOOOO 

operation.  Betwixt  i  and  i6  there  is  not  a  Rational  Mean  (for  lo  is  not  a  Square' 
Number^  and  the  Mean  is  the  Squure  Root  of  i  X  xo  or  lo)  but  I  find  one  a{>proximate 
to  7  Places  of  Dedmals  (viz.  the  Number  in  the  Denominator  of  die  Fra£lional  DifTe^ 
rence)  %vhich  is  ^ .  1622777  ^^  which  being  lels  than  9,  betwixt  it  and  10 1  fiiid  another 
approximate  M^n,  which  is  5 .62341^2  &c.  which  bcinig  alio  Idk  than  9,  I  find  be« 
twixt  it  and  10  another,  which  is  7 .4989421  &c.  and  thb  being  alTo  leis  than  9,  I  find 
betwixt  it  and  10  another,  8*6596432  &c  which  bein^  yet  lels  than  9,  I  find  another 
.Mean  betwixt  it  and  10,  vi:^.  9 .  3057204  dec  which  is  sreater  than  9,  dierefore  I  find 
a  Mean  betwixt  it  and  8.6596^32,  (die  next  lelTer  Mean)  which  is  8  •  9768713  &c. 
^riiidi  being  lefi  than  9,  betwixt  it  and  o  •  3057204  &&  (the  next  greater  Mean)  Innda 
Mean  9 .  1398 170  &c  greater  than  9,  wherefore  betwixt  it  and  8 .  976871 3  Ite.  (the  next 
leffer)  I  fiiid  a  Mean  9  #0579777  ftc  greater  than  9.    Going  thus  on,  you'll  find  at  the 

35tfa  Step  this  Mean,  8. 999999S8cc.  which  wants  of  9  this  FiaSion,  ^ — ^ —  =s 


;  which  is  kfi  than  the  propos'd  Difoenoe, 


5000000 '  •    •  '  lOOOOOO 

80  mudi  of  the  Operation  as  is  here  explained  you  fee  placed  in  Order,  as  it  was 
ivrouojht,  in  the  Exniple  of  die  following  Problem  2,  whidi  wiU  give  a  clearer  view  of 
it  j  the  teft  of  die  Steps  are  eafily  imagined  by  theft :  But  Ohferve^  diat  the  Means  being 
all  Approximates  whi<ji  requir'd  Decimal  Places  in  the  extradion,  therefore  the  given 
Numbers  i,  10  are  taken  in  the  Operation  with  ai  many  o's  as  the  Approximate  Meaji 
ought  to  ha?ey  whidi  has  the  fime  ESkSt  in.  the  Operauon,  fince  t  :  10  :  :  looooooo : 
;  loooooooo  3  lb  that  a  Mean  betwixt  ly  10  is  the  fame  as  betwht  looooooo :  ^ 

Demon*  AH  dot's  neceflary  to  be  £iid  as  to  the  r^ibn  of  this  Operation  i$/in 
Ihort,  this ;  That  if  at  every  Step  of  the  preceding  Operation  we  conceive  the  Series  to 
be  fiH'd  up  betwixt  the  eiven  Extremes,  in  the  Ratio  that  every  new  Mean  makes  with 
the  Terms  betwixt  which  'tis  taken,  we  can  dius  carry  on  the  Nund)er  of  Means  i«  infi* 
nitum ;  fo  that  the  Means  thus  found  are  ftill  a  part  of  the  infinite  number  of  Means  fup- 

Bis'd  to  lie  betwixt  thefe  Extremes :  Wherefore,  by  afluming  any .  two  Numbrn  of  the 
atund  SyOeiPy  we  can  thus  find  Approximates  to  all  the  intermediate  ones  within  any 
aifign  d  Di£%renc^  and  fucb  too  as  iball  make  a  Geometrical  Series  indefinitely  near. 

ScHoL.  7.  ;LctusnowfuppofeanySenes&50ttietricalfiomi,as,i:  2:4:&c.  or 
2  :  10  :  100:  &c  it  is  blainhow,  by  the  Mediod  of  diis  Prohlem^  we  can  find  Mean 
Terms  betwixt  each  of  thefe,  lb  nearlv  approximate  as  to  flsdce  of  the  whole  one  Cxeom^ 
.trical  Series,  to  an  indefinite  degree  ot  exaanefi  ^  and  among  which  we  can  find  Terms 
approachiiM  widiin  any  DiSbrence  of  any  of  the  Intermediate  Natural  Numbers.  But 
phfervi  alio.  That  if  die  ConflruaioD  of  Locaridims  requir'd  the  finding  die  Approxi^ 
inates  to  every  one  of  thefe  Intermediate  Nuoibers,  die  Labour  would  fiill  be  intolembly 

jrjcatj  ivhich  is  prevented  by  die  ConCdcration  of  die  Fundamental  Principles  and  Rules 
UlJjgaritkm  5  as  in  the  next  ProUem.  ~ '       * 
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^  To  Conftru^  or  Find,  Locate iXHM&t^ifAir  Natural Sj!fem 
of  Numhrs  i .  2  .  3  •  4  •  &c*  carried  to  any  Extent. 

•  SO  LUTiaN^ 

1.  Take  the  Qeomctrical  Progreffipn^  |  :  10  :  100  :  &c.  to  wfiiclta^ly  as  Logs. 
rithms  the  Axithnjetical  Series.  Q  .  j  .  %  .  J,:  &c.  v/^-  0  the  Logarifthm.ofi,  i  the 
Logarithm  of  10,  and  fo.on ;  then 

2I  For  the  Logarithms  of  th«.  Bitcrmediar©  Ntombcrs^  the  Gafierat  IMe  is  this  : 
JFihdj  by  the  preceding^  Ifroblem^  aMcaivbctwixr  i.  and  10,  or  10  and  lOO,.  or  aoy  two 
adjaqent -Ternjtf  of  th?  Series  betwd^  which  the  lumber  propos*cllicsj  fo  aEproxinutf 
l)i<it  it  he  wicbii  the  proppsU  Limic  of  the.  Number  whol^  Logarithm  is  fcujght ;  fcr 

exompk  ^  &  near  diat  it  want  not  »     ■'^■■'  rvvhmby,  i£  kV  caJcca  )cib.tliaa«tiiit  :Nino^ 

ber,  'twill  i^ceffarily  have  in  the  Iiuegpal  parf  a.Niuuhcx  wanting,!,  of  it,  and  the  Decir 
mal  part  will  have  p  in  6  Places  iaialediatJy  after  the  Point :  But  if  the  Denomilutors  cf 
cfae  ItSMtipg  Fr9>£!ion.has  any  other  Number'of  0%  die  ^proxiaiaoa  Mhan.mnftthaYs  as 
many  p's  immediately  after  the  Point.}  Thcn>,h.Ctwi?tt  the  Logarithm  of  i  and  10  (or 
other  two  Teams  bct\vixc  which  the  Number  lies)  find  as  many  Arithmcficjal  Meaws  in 
rh]»  {f^i^.or4^r  39  yoii  found  GeomnncaL  M^^u  betmLxe  k  and  la;  ;aad.tiiuryott&idgra- 
4vi^X  the  LqgarithKiis  anfivodng  to  eacJi  dk  thefc  GeomatricaU  M01S134  and  C0n:feqpemiy 
the  I;ogamhna^ofich^  Mean  approximate  to  tfas:^kluhe^r  propos!^  vdlkbA^Mt  th^^ 
taj«:€  for.ip  Lo^jithm^ 

D  B.MOM«  That  Logarithms  thus-  found  to  aS  the- Intermediate'  Nuaibtn  bettvut 
the  Term%  of  the  Seriea  I  i  10  r  I0(5 :  &e.  are-tru^,  and  nifiil  atdtwr- totheprtGedin; 
Rjuleft,  ia.clear>  becaufe  they^  ar»  fbund  bythoft  tery'flindtfiMticaiMnQipks,  wbecebf^tbe 
I^ogs^rithm  of  aGepmeirical  Mean  betwixt  apy  two  Numbers  is*  necejQ(sirily  an  Arithmeti- 
cal tMean  l:|ctwi:xtthe  Logarithms,  oF  thefe  twoN^jmbers:  And  as. all  thaGeomctriciii 
Means  thus  found  are  part  of  the  infiiute  number  of  Means  fiippos'd  bec«^'ixt  any  two 
Terms  of  tlji?  Series,  fo  the  Arithmetical  Means  thus  found  muft  likeways  he^bcir  Cor- 
respondents among  the  infinite  number  of  Arithmetical  M^ns  lying  betwixt  theLoga- 
rithips  of  theft,  two 'Numbers ;  and  hence  the  Logarithms  are .  trnly  found,  acoonilag  to 
the  determined  degree  of  approximation. 

Oiferve  alft  in  the  fbllo.wi'ng  Example,  that  beca^f^  ifi  halving  the  Sum  oFtwo  Loga- 
tithms  to^find^hc  ArithmeticarMean  there  wilf  be  Fradioiis,  Therefore,  either  to  pre- 
vent this,  or  to  fiiKi  them  in  Decimals,  th^  Logarithm  of  10  is  made  i.oooooo  (inflead 
of  i);  tb^tiSj  I  with  as  many  6's  as- are  Ih  the.Denomiriator  oPthe  limiting  Frafiion 
within  tvbich  the*  aMfoximace-Mton^vas  determined;  whence afl' the  other  Lqgari'fe 
wittrhaAreas  many  Uecimal  Hacesw  Ahd  the  Logarithms/thtw  found"  may*  BeconfiBcrd 
eithet  a*altog«tbef  wMi  M&mbers^  or^^  rmx^d^  for  thftEffcS  wilFbe  tlte  ftmc;  becaofe 
by»  confiderinjtbcni'a^-^^*^  Nimibersj  they  are-'ordj  rhe-eqttal  Fxodufts^oPwtetiiKjriarc 
when  confidet  dthe^other-way  •  and-thcr^rc,  eithcr^vay^-  theyare  corrcipondentTetntf 
of  anInfiAite  Arithmencal  Progreffibit  adapted  to  an  InfinjteGeometricaroiiV;  fSr  ^^^^1 
areibwlieiicpii&lef'd  as  mfV-^  Number  9y  or  when  tlie  Logarithms  of  :  ic:  I00j*c. 
are  o  •  I  •  2,  &c.  they  muAbeib  when  coniiderd  asIiKegral,  orwhentBeLosaatbos 
of  I  :  10  :  100,  &C.  are  oooooo  .  lOOODOO  .  2000000,  &c.  liuce  an  Arithmetical 
Progriofiion,  equally  multiply'd,  coiuiou«  iUll  Arithmetical. 

In 
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In  tfc  Rilkmiitg  'mmtjw  'let  tlie  Ordef  of tW  Oprirfttldrti  •  wherefiy  tie  Loaarithm 
oFp  is  IfrJohd,  cstmed  to  thfc  8*  Step,  whadi  U  fWBciene  to  ifluftrtite  Mid  make  plaui  th« 
feft  of  t&e  Work  fiw  tWs  ©r  anj^ 'Other  Exaoiiife.  . 

Order  *fthe  Opratiot»  wberehy  kfbuftd  the  Logarithm  of  9. 


<  Numbers^    tt^ogarithms  j  |       \   |  ,  Nuin»beps.   |  Logarithms. 
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lu.the  lame  maimer  may  we  niid!  tfiq  Logariihin  of  any'otncr  Numbcn  Betwixt  i  andr  0, 
61  ))et\vix&iQind  lOOy&c,.  Ohjirve  alfo^  fhac  baviug^'f^uiid' cIm  Logaiidim  c£auyMe;jt.ii 
(>ec\vLxt  X  aiid  ic^&c  we  may  cacbei  nfe  die  (aioe  Eatremts  i^  10  ibr  iiudliig.  aiiy  other 
Mean  and"  ib  toMirithm/or  we  may  ule  aiiy  otBcrtwo  Extremes' wlnfeXogariUuns  are 
air^^y  k;tiowi])    X^iUi,:^vJ|iig  found  ttic  Lo^fiff^hin  ^£9,  To  find  that  of  8^0^.2^  or  any 


cth$%  w  ma}5.>J*£  JS  i6y:W  t,.|p..,  Aik^ i^wc  Jiavjr  the  L6garic£uM  of  7*aud'  5^.  .we  ma}f 
ui^^tlm  fcur^duig/t&iDi;^6.';  audio  ei  ctSer  Cafei^ : '  Aiialt  wiu.be  beA-  to  chufe  the 
Extxieo^es  a&near  to^one  aiiot&r  as  we  can.  '  The  Eeafon  onhe  Work  i&  fljlli  the  fame; 
fiecaulp  bct^vijcr  ^.two  fTormi  of  die  natural  Syfieoa  we  fuppa&a^i  iiidefiiiitepumbet  of 
Means*  .-../•". 

\.^ini(Xif^ij,T\i'^^  isgood,  yet  td  fiud  all  the  rnterotediate 

Kui]Jl^^iwa£i.ana  icy'iaand'xcKit,j^/,iaT^^imh^^  aiieudlefi  Labour^ 


.1 


f. 


^. « .  rf    « 


«iP&lrrtU«:^fel^idl  t^^vMTfi^^  it  ieM  fbMd^gy^ignplj^^tmaHpiyihg'-the  Ilogaachtn-  of  tfaac 
NUMr  IDttf^'tU^iUk^cf  Iildfxe^df <i^  tbe^fii^et>k«li«^e%  wX  2-^3'  • -4  •  ^^  "^HicH 
*.  f  ♦  I  produces 
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produces  the  Logarithms  oFib  fipre,Cube,  @r.    The  RetdiMioFdiis  ls<omaki'din  the 

Third  General  Rnle ;   So  having  the  Log^UJim  of  ?,  we  bive  the  LogMruhns  of  ks 

Po^vcrs,  4  •  8  •  i6  •  &c.  if  wc  multiply  the  L()garichoi  of  2  bf  2,  Jt  4^  *c.fiicccf; 
fively.  / 

2**-  Having  found  by  the  General  Rule  the  Lbgarithiti  of  any  Power,  divide  it  by  the 
Indexofthe  Power,  and  the  Rule  isthcLogariidimT)f  tteRooti.The  Reaion  i*  con- 
tain  d  in  the  Fourth  General  Rule.  Thus  having  found  the  Logaricbm  of  p^ts  half  is  die 

Logarithm  of  3,  the  fqoarc  Root  of  p.  ■  - 

5**-  Having  found  the  Logarithms  of  any  two  or  mote  Nilmbcrs,  C  as  of  2  and  3)  wc 
have  the  Lo«aritlim  of  their  Produfl  (  6  )  ^  addiilg  their  Logarithms  into  one  Sua  \  as 
in  the  Firfl  General  Rule.  .  '  '  * 

4®'  Having  the  Logarithm  of  any  Number,  and  of  another  irfiich  meafaies  it,  wc 
have,  by  the  Second  General  Rule,  the  Logarithm  of  the  Quote  or  Number  by  which  the 
leffcr  mcafupes  the  greater :  Thus,  from  the  Logarithm  of  lo  take  that  of  2,  amd  the  rc^ 
mainder  is  the  Logarithm  of  5. 

From  riicife  Rules  therefore  it's  .plain  how,  with  much  lefs  Labour  than  applying  the 
General  Rule  to  every  Number,  we  can  oompleat  aSyftem  of  Logafithos ;  A^  to  goon 
regularly  with  the  Application,  the  natural  Method  is  obvioi^y  this,-  vb^ 

Apply  the  Genital  Rule  to  PriiAe  Numbers,  and  diei  by  diefe  ftid  the  Lo^idims  of 
their  Powers  and  Produas,  thus ;  ^  the  Logarithms  of  2  and^  we  find  that  of  6,  li,  24, 
ajid  all  in  that  Progreffion  :  Alio  of  18,  54, 162,  and  aB  in  that  ProgteOion :  And,  hftly, 
of  :j6,  216,  1296,  and  an  in  that  Progreffion  :  O^er  AppUcations  are  eaiily  conceivd 
by  this.  Ohferve  alfo,  that  the  Pome  Nutabers ,  2  and  5",  do  not  b5th  rcqpiire  the  Gent' 
raJ  Rule,  becaufe  wc  have  the  Logarithm  of  10  affum'd,  and  10  is  bz  2  X  5-  Ag^5 
It  s  fomctimcs  as  convenient,  or  rather  better,  to  find  the  Logarithm  of  die  Square  oft 
Prime  Number  by  die  General  Ride,  aiid  then  die  Logarithm  of  the  Root  by  the  Parti' 
jrular  Rules  ,•  fo  we  may  chufe  to  find  theLojprithm  of  p  hj  the  Geaefal  Rule,  and  dicn 
irshalf  is  the  Logarithm  of  3,  ....*.' 

S  CH  o  LI  uif  8.  Upon  the  I^wUtathnSy  aqdby  (he  Rsdej  now  explained,  were 
the  Logarithms  firft  calculated,  which  we  have  in  our  prefent  Tables,  (tho'  they  have 
J)een  confiru£led  anew  by  Methods  incomparably  eafier)«  It's  true  indeed,  that  in  the 
Firft  Logarithms  m^^th^  the  hord  Neper,  the  Logarithms  of  i  :  10  :  100  Sx^  were 
o:her  Numbers  than  o  •  i  .  2.  ftc  but  afterwards  he  changed'  them  into  thcfe, 
Which  were,  after  his  Death,  further  compleated  and  cahiedon  upon  this  Foundation 
by.  Mr.  Henrj  Briggs,  by  a  Method  alfo  ibmewbat  difierent  from  Nefer\  yet  eqtiall) 
laborious. 

Where-ever  you  find  Tables  of  Logarithm,  ypn'H  find  tli£o  IMreaidns  fbr  the  Ufeof 
them;  And  th^efote  fince  I  refer  yoo  to  other  Books' for  Tables^dybahav^  Boob 
containing  notlnng  but  Tables,  za^Ozanam'i  and  Sberwi^s,  Which  laft  arc  tlw  beft  extant) 
I  Ihall  add  nothing  to  the  genetal  Rules  already  delivered,  which  do  fiifiidently  fhew  tbe 
Praaice  and  Ufe  of  Logarithms :  t^ot  what  is  more  to  be  fiid  as  to  iSie  Ufe  of  Tables 
rehtes  only  to  the  difigbrent  Methods  of  difpo^g  the  Numbers  and  Logarithms  in  the  Ta- 
.  bles,  which  every  Book  oFTables  explains ;  but  ildl  there  remaim  a  few  Articles  tobe  ex- 
^  i^ined,  concerning  the  finding  Z>!i;Arifi&;ffj'fbr  Nunifoetstlmarenorcbtnai^ 
Tables,  or  Numbm  conefponcumto  Logarithms  ;  whidv  being  the  relldt  of  ait  Opera* 
tion  with  Logarithms  found  in  the  Table,  are  not  themlelvcs  exs^y  fomid  in  the  Table : 
'   Thefe  things  I  ihaU  explain  in  tbe  folbwii^  Problems.^  bdi!  fiift  rU  difpandi  t^^ 
vations. 

I.  That  there  may  be  gr^  Variety  in  jifi^ ^fkm  x>f  l4^0fitb^ 
in  general  upon  thefe  twp  thm^  crix.  TTb^  f iwkmeipfiaji  jSaMnmica)  pKOmfioOi  i^bcfe 
Lo^trithms  we  aflfume  j  for  that  jiyqibe  i:^;4 : 8, 8c.<»:.l V  );  fUts 97^  tf&  (Y  X :  w : 
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100 :  xooo,  8r.  Thtnthe  difercHt  Ambractricial  ProffrcflSoiw-tve  imy-.afliifnc  for  the 
Jjogariihms  of  this  Geometrical  one ;  For  dius  LQgivithm  may  be  varied  iiifiiiirely ;  yet 
they  will  iiot  be  all  alike  convenie»K.  The  coiUideratioa  of  which  obliged  the  Liveji- 
ter  to  change  his  firft  Logarithms  into  others,  whofc  fuixiamental  Prcctdlion  is  i  :  lo : 
100 :  Bc^   and  the  Lcgaritbws  o  .  i  .  2 .  8^.  which  axe  thofe  now  ufcd, 

2.  The  great.  Advanuge  wd.  Qyiveiviency  of  the  Logarithms  now  in  Ufc  is  this, 
Tliat  the  Integral  part  in  every  Lcgaritbm  Ihews  how  many  figures  after  the  Place  ot 
Units  the  correlponding  Number  contains^  whence  that  Number  is  called  die  Index  oc 
C hnraEleriftick  of  the  Logsirilhm.  T\m  all  the  Numbets  ftom  i  to  10  exclulivc,  con- 
lift  of  one  Figure  :  For  the  Logarithm  of  i  being  0,  and  that  of  lo  being  i,  there- 
fore the  Lojgarithms  of  all  the  intermediate  Numbers  muft  be  Decimal  Fra^ions,  and 
fo  have  0  for  the  Integral  part  or  CliaraiteriBidc.  Again  j  the  Logtritbm  of  10  be. 
iog  I,  and  of  xoo  being  ^  j  all  the  intermediate  Numbers  muft  have  i  for  their  Inte- 
gral part  pr  Index ;:  and  foon-  The  Benefit  of  this  is  remarkable  in  finding  the  Lcga^ 
ritbms  of  Numbers  that  art  in  a' decuple  Progreffion,  havmg  the  Logariihm  of  any  one 
<^.  them,  (and  confirnuently  &r  Decimal  Fxafiiooi)  becaufe  the  Jjogaritbm  of  i  beuig  c, 
that  of  10  being  i,  and  that  of  100  being  2,  and  lb  on  \  it  follows  that  the  Lfigariibm  dt  the 
ftrodua  or  Quote  of  any  Number  by  lo,  is  had  by  addhig  1  to,  or  fubflraamg  x  from  the 
Logarithm  of  the  given  Number  A ;  becaui  1 :  10 : :  -r^  :  10  X  ^>  whofc  Lcgtrithm 
is  therefore  the  Sum  of  the  Lognrithms  of  A  and  10 ;  and  JO%A'^io  =  A  vihok 

LogfurithmiA  the  dlfferenee-of  the  Logarithms  of.  10  X  ^9  ^^  of  io» . 

From  this  it  is  plahi  itat  tbe^ />j5/ir///:7W  of  Num- 

LogarithmsJ  ber^  xn  a  decujple  nrogreffioir,  differ  only  in  their 

5«82pi75i  •  lildeies,  which  <Uffef  gHadually  by  i. 
4.8291751  A  further  Application  ot  this  to   pure  Decimal 

3^291751  FraaioDS,  youl  find  ia  the  following  Frail.  *)• 


'   Numl>ers. 
>Ekk4    674809 
67480 

674« 

674^ 

67.48 


2.82P175X 

i;82pi75i. 


6.748  [  O.82PX75X 


I    •'.    * 


pROBrEM     2^ 


V 


To  find  the  Logarithm  of  an  Integral  Number  exceeding  the  Limits  oF  ^^y  Table 
^Logarithms'  ior  Ex/u  exceeding  io/kx)}  to  which  our  common  Tables  are  car** 

.  Rule*  .  Takf. as nxapy FigMres.on  the  left liand  of.  the  given  Number  as  you  can  ^ 
find  ip  the  Table  [i.e.  4  of  them'  if  the  Limit  of  the  Table  is  1^)5600  j  or  5  if  il  is 
x6o^ooo]f  aihd  in  place  oftl^  Fibres  eut.otffVom  the  ri^t  hand?  annex  oVy*  ^o  this  will 
exprefs  a  Number  \ii&  than  the  given  Number :  Again,  to  the  Number  exprefi'd  by  the  Fi- 
gures taken  or  the  left  iismd'add  Xy  and  on  the  rh^  of  the  Sum  annex  11s  many  o's  as 
ilie  Number  of  Figures  cut  oft  the  right  hand  or  the  given  Number,  and  iWa  will  be 
a  Nuinber greater  than  it:.  Th^n  take  the' difference  of  th'e/e  two  Numbers,  which  are  the 
one  leiTer,  and  the  other  greater  thail  the^iven  Namber ;  alfe  the  difference  of  the  given 
Number,  and  the  Number  lefTer  than  it  (wludi  diffismtce  «anlfih  of '  the  Figure  cut  off 
the  right  hand)  and  make  this  Proportion. 

As  the  differciKe  of  the  Numbers  greater  andlefier  tfen  the  giveti' Number 

is  to  the  diflerence  of  the  Zi^^f^wx  [which  can  be  found  by  the  Tables 

and  the  preceding  fcfcond  ObfervatiomJ: 
So  is  the  dlffttehce  of  the  riven  Number,  and  0itt  Jcflcr  than- it 
r;      ,  To  ih^  diJFcfcnce  of  dieir  fejjwf;//?/^/,  which  therefore  added  to  the  Logu 

ritbm  of  (^t  Idfer  jMoxibcr;  gives  '^e  'l(±iriVhm  of  the  Number  propoi#d, 

V'    '.   J.  .     .....  :  .-.'     »-.'  i'.n\<  1*:.  ^.:.T /:  :  :,t  ;/'i  ?.i  -_,      -  .   ,    ^    ^ 
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E^a,  To  ^ni'iht  Tcganfim  cf  12345P  fiom  a  TaUc  carried  oiDy  to  icxxo.  The 
two  Numbers  leiTer  and  greacer  tban  12^459,  taken  aooofding  to  the  Role  are  123400, 
aiid  123500,  whofe  JuogaritbMS  are  5.091^152,  tad  5^16^0^  for  fiit  LogarHbmdli 
1 234  is  3.0913152;  to  which  add  2,  Ac  LogmHbm  of  100  (becaofe  123400=:  1234X100) 
the  Sum  5.0913152  is  the  Lagarithm  oi  123400.  Akj  the  Logarithm  of  1235  is 
3.0P16670,  and  fo  that  of  12350913  5.09466705  and  the  Bcoportioa  is 

from  123500  5.0916^70  .       .  12345^ 

take    123400  5.09x3252  123400 


As  100,  is  to  .0003518,  lb  is  59  to  .00020756  &c.  which  added 
to  5.C913152,  the  Logarithm  of  123400,  the  Sum  is  5.09152276  &c  die  Logarithm 
cf  123459  nearly.  But  if  we  ufed  a  Table  carried  to  looooo,  the  Logarithm  fought 
would  DC  5 .  091 52278  nearly  :  And  ftili  the  more  of  the  Figures  of  the  proposed  Nurar 
Jbci  we  have  in  the  Table,  the  nearer  or  more  ejad  vill  die  Logarithm  be  foond.   . 

Dbmov.  The  Keafon  oi  this  Rule  is  funded  Ofori  this;  TIjat  the  greater  any 
Numbers  are  in  refped  ot  their  Differences,  the  nearer  tlioi^  DiSeren6es  are  to  being 
proportionai  with  the  Difierences  of  their  Logarithms,.  To  underfland  which  dearlj, 
Conjider^  i®-  That  if  we  take  the  natmnd  Syftem  i  •  2  i  .3  .  4  .  &Cf  the  ferdicr  it  is 

continued,  the  Tenns  are  the  neaoer  to  a  Raiao  of  Equality  ;  iar.*^  a  greater  dian  — ,aad^ 

greater  t]3an  ^:  and  ib  on :  Whence,  the  farther  fiom  thebegiiining  we  rake  anytwo  ad- 

jacent  Terms,  the  neater  they  fland  together  in  the  infirate  8c^e  of  praportiooals  fiom  !• 
Thos  fince  i :  2  : :  3  :  6,  therefore  there  £dl  as  many  Means  betwisit  i  and  2,  as  betwixt ; 
and  6,  and  coxiiequently  more  dian  betwixt  3  and  4  \  .and  fo  it  islthro'  die  whole  natural 
Syfiem,  confidered  now  as  a  part  of  die  infinite  Progieffioii  fix>m  I.  But  again,  2^,  the 
Lagaritbms  of  thefe  Numbers  are  their  diflances  from  lin  the  infinite  Ptogreffion,  /.  ^ 
the  number  of  the  intermediate  Ratio's ;  {or  they  are  in  prq^rolon  td  one  another  ^^ 
thefe  Numbers  ;)  fo  diat  the  difference  of  the  Logaritbms  of  any  two  Numbecs,  is 
the  Number  of  intermediate  Rados  in  the  in|fimte,Progrdfion  betwixt  thefe  two  Num- 
bers ;  and  from  hence,  with  the  preceding  Atticle,  it  plainlv  foUows,  that  the  difierences 
of  the  Logarithms  of  the  narursd'S^flem  do  continualfy  decreafe.  3^*  The  Ratios  cf 
the  feveral  Terms  of  the  natural  ^em  do  ^o  grow/  as  that  if  we  take  any  Aree  adjscenc 
Terms ;  the  fknjier  they  are  takei;  j^p  jthe  beginning,  the  nearer  they  approach  to  being 
QeometncaBy  proportional :  Thus,  to  1  ^  2  a  imrdipfopocdonal  is  4,  wmch  exceeds  3  by  i« 

To  2,  3  a  third  4f/  is  4  -^  ,  i^^jich  excqBd^  4:ty  -^.  fp  3  :  4a  third  7?- 1  is  5  ^  which 

iW  Ml  ^ 

exceeds  5  by  -^,  and  fo  on,  thednrd*^/  ta any  tivo Niw&hert adjacent  ia die  Series 

.  exceeds  die  third  Term  in  the  Order  of  the  Series^  hyfuch  an  aliquot  part  of  U- 
nity  as  if  doicminated  hy  the  leafi  of  the  ^v^n  Nui^hetsi  dbiifequeiKly  thefe  excedes 

{>ecome  kfi  and  lefi tfbt diis Series  does  c^nflandy  decreafe  ^  •  ~«  -4-. ,  ace.  t./«^ 

.•'I'^34 
very  Tcttn  o\  the  Series  wiRt^  lets  and  Ws  of  being  i  ti^e  third  4Z  to  the  two  preceding 

Terms  ;  and  what  (hey  wanc^beixig  certaiAdeter«QinateFjEa£{iona,  whicji  grow  infinitely 

little,  or  lefs  tlian  any  affignatSe  FraSioq,  therefore  ,thfB  Tenns  grow^nfinitdy  near  to 

being  -^7-/.    From  wheoce  4^^  Ite  .diffgwncp  ,cf  ,the  tfgaritbm  of  the  fereral  Tenns 

of  the  natural  Syfiem  di^xf^  fe.as  to  approach  in^tl^y  in^  uo  being  equal.   And 

fince  the  differences  lof  th^  Terms  of^tb^  juaaji|d5yiteci|  are  al^  f^uai ;  Tience  it  foDows, 

%*^  That  taking  any  three  Terms  in  the  xiatural  Syfiem  (tho^  not  immediately  adjacent) 

"the 
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the  diifoence  of  the  Extremes 'is  ^to  the  diflferenoe  dF  the  Mean  and  either  Extirenc  in  a 
Ratio  which  approaches  nearer  and  nearer  to  the  Ratio  of  the  difierences  of  ^he  Loga- 
(klmis  of  the  iamc  Tcnns,  the  Birther  thele  Terms  are  taken  firooi  the  beginning, and  die 
marer  they  fiaiid  together  at  the  fame  tiine,  i,  e.  the  greater  the  Numbers  are  with  re- 
iy)e6l,  to  t^ir  Differences.  And  this  alfo  fiiews  the  Realbn  why  the  Rule  is  more  ext^ 
and  true  in^ding  the  Log^itbfn  fought,  the  more  of  the  Fimires  of  the  given  Number 
welave.^  the^Tkbk$  i^%\^  tbis  npcanSy  the-Nifmbers  are  uk  greater,  aixi  their  Difie- 
rences tb^leffer..       ...,;    ,.:...•.,,,    :;■.' 

} :  Ohfirmp  ;  )f  the  Nuii£>er.givei>  is  composed  of  two.or  mcfe  Numbers  within  the  Table, 
tdien  the  Sum  of  dieir  Logatuhms  b  that  fought :  But  if  tt  is  a  Primes  we  mufl  either  ufe 
^e  Met^pdof  ^is  /V/)^/t^^or  ProJ^Um  7ii :  I^  this  ProUen^  as  'tis  eaiier,  fb  'tis  exad 
enough  for  any  Numbers  we  can  bive  Ufe  for,  which  are  not  in  Tables,  thefe  being  car- 
i^ed.toipcpo,  aqtdibifte^taiooooo*        /  :.-     i 


^  To'find  the  Number  coirefponding  to  zof  L^ariiimf  Which  being  the  Refdtof  aia 
C$)eratk)a  with  Logarithms  found  in  the  Table,  is  not  it  felf  found  txzSdj  in  tjie  Table. 
.  1®*  if  the  Chara^rifticK  and  psR  4  or  5  Figures  of  the  Praaional  Part  of  your  Loga« 
iSthp  is  found  in  the  Table^  'that's  near  enough  for  common  uie ;  and  the  Number  found 
f^ainfi  fach  a  ]L6garitbm^  or  that  one  of  leversdfuch  that. is  neareft  to  the  given  Losa- 
ji^thgi,  you  inay  take  f(xd)e  ^und)er  To^  it  exader,  or  that 

you  cannot  ^nd  a'LogsuriOim'  naving  fo  ixuCnyof  the  Figures  of  the  given  Logaritkm  ; 
Then, 

2^*   Take  the  two  Logarithms  in  the  Table  which  are  next  greater  and  lefler  diaa  the 
given  one,  and  alio  their  correQ)ondingMum6ers,  1^  n&Jre  this  proportion: 
As  the  Difference,  of  the  great^  iu)d  JeflerXcMfirirhms 

-  .     ^    istotheDiflcrendebfUtodrcohelpondlngbJt^  -     .    .  . 

So  is  tfae-Difierenae  .of  the  ^vai  aod  next .  hSkt  Logaridm 

to  the  Difierence  of  their  correfpoiiding  Numbers.  [  Which  Difference 
added  i6  tht  Number  eonret'piiding  to  Aac  Mbr  Logmtfamp  makes  the  Number  cor. 
fC^ondii^to  the  givqi  Lpgaridun  nearly.] 


'    D B  W  o N^    TheRealbn  of  diis is  in  die  laft  PK}Uem,of  wfaidi'  this  is  but  die 
K€^r€rie.  .'**'•  •■  • 

'^  B^ea.  Giventhii  Logarithm,  .^6^9947  \  die  ineat  isflkr  and  greater  ( in  Sberwivs 
Tables)  are  .  3010300,  die  Ldgaiadni.(^.2^;aad,v477V2<9,  theLqgaridmi  of  3  ;  and 
the  rPrpportion  1^  thus  £brm'd  ^  .",..»■. 

fiom  .'4771 21 3  3      •     •4^^^P|47 

'  -   ^   '   take:  .5010300*    '  -  ,\Z       ^   •  5010300     ? 

As,    .  17601P3,  is  to  I ,  ft)  is .  16590A7,  tj3  ;  942x5  &C,      Which  added 
fo  2,lna^^  ^v94at ^  te;  the Mup^ fodght  neady,  *  ,    * 

But  fft  may  iMrkr  anodiet  Way^  and  fixxiefpfaat  more  exadlyt  tbu» :  (eek  among  the 
Logaiitbms^  tw6  whole  Ft^om  Farts  are  next  leffer  and  greater  than  die  ^ven  Loga^ 
nthm  (which  is  a  t^rafiibn)  diefe  are  ^.±669269^  die  Logariduti  of  2P304;  and 
4 .  466^417  die  Lraarithm  of  29205  :  But,  taking  away  die  CharSaerifticks.  the  PrafUo. 
n^d  Farts  are  Lc^aimnds  t6  dic&'I^  st»9Mfi  (actonuag  to  what 

iMaj)eei^ caqgbiad ij^tiifiScbolifm. a^t  Prohhi. )  Where&rc  w Qporation is 

^  '  Ssa     *  &O0 
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As,  .  0000148  k  to  .  ooot,  fc  is  .  000x579  to  •  txao^t :  Bot  the  Re* 
QiaindeB  of  the  DivUioo  is  luch  n  a»ke»  the  iieard)^aRAv«r  .  00005^ ;-  which  added  te 
^•P?04,  m^Les the AnlWer or Nomber fbu|^r  2.^5045:^;  which  is  hky  snd  more 
exafl,  than  tb«  former  AnfWer. 

Prom  this  Ekamfte,  duly  confider'd,  thefe  wiK-'be-m  DQSba3«^^  fdve  ^^  oAer ; 
wherefore  I  IhalJ  only  ^dd  this  gjenefalDifediofi,  v/:{.  If  the  ^iven  (.pg^rMm  is  a  m/i 
Number,  we  may  find  a  Number  aniWering  thePftimdiltl'Ptrt  drtheljosaikhm,by  this 
Ijaift  Method,  and  then  mukiply  this  Nvimberby  1  with  a»  mixtfdB^  as  tiwre  are  Units  hi 
the  Index  of  the  Lomithsr ;  the  Prodqft  is  the  Nomber  foci^.  The  Kti^m  isobnom 
firom  xvhat  is  explain  d. 

s^*-  If  the  giiren  Logarithm  has  a  greater  Chara£teriAidc  thai^cBfiy  in  jponrTaUs,  feek 
a  Number  anfwering  the  greacefi  Index  in  your  Table  with  the  Fractional  Part  of  yoar 
Logarithm,  by  the  Meth^of  on^of  tke-Mte^fagfAxtides;  Tlienmult^  chat  Num» 
Ii.er  l?y  l  wi(h  a^.many  o's  as  the  Number  pl  whi(;h  thcv^iyefi  Chara£|erifiick  e^;cei^  die 
greateft  in  your  T^bl^,  and  thst  is  the  Numpes  fou^t. 

But)  ill  fome^Cafts^  we  caa  flo4the  NaaJ>er  fought  niore  «ta£Uy>  *«$.;,  SsA  a  Logar 
mhrn  whoft-  Fi^ipnsil  Part  is  oeareft  to  t^,  of  the  riven  to^rithflij^  widtoat  as^rdbg 
ih.eLi4e^.;  theiitaks  theNumtjer  cQrrei]^ndin8(  to  tliat  Lc^s^thn^  and  divi(feit  by  i 
widl  as  njaay  q's  g^  the  number  of  Units  py  which  the  bidi^  of  tli^t  fjogarithm  eiccedr 
the^vealndei^  See  aaEu^file of thif  io^tJiefQUpwi^ia i^.i«j^: ^r fe^glnj; z VulgsrRr 
a.Decim3irraaiott^  "^  \  '  '  '     ' 

*.  •        •  . 

% 

To  find  the  %oQ^  a,r.i  t  h  m.  ^  «  FX>clt  i.O-n  j  ^^/  Rl?verfefyr 

There  are  various  W8y»  o0  Aidbi^  and  ei^preflii^  ihfr  LogdyttdMns  «f  WttMoau 
J  ft  Method.  Subtraa  the  Logarithm  of  tbeDMOBinaioir  out  efi^  of  tliei'iux^ 
lator,  the  Remainder  is  the  Logaridim  of  the  Fraflion  :  But,  Ohferve^  if  ic  is  a  proper 
Pht£^)  theiH  htffltafe  the:  NJwwwiDKJsJds  »thad  At  EhpaMMMteryib  v\  ie»  Im^^ 
leis  than  the  other's  Logarithm,  and  ooniequendy  the  Subcra£lion  is  in^x^ffible  :  >V1mm^ 
fbrewe  muft  fubtad^tbQ.Logffldli]n;oftife  I^  ouiref  dnfr  •£  tfa«.  i)lwmiii0f^r 

andtheReiaaifiidQ^  mkM  iHlgatMy,  iathiaJLogMttkiR^^^  :      .  . 

Bxa.  I.    The  Logaridim  of  ^  ^sxp-^^  is  j  .28$3^affi  fcr  the  toffffithnr. 

of  463  is  2 .  66;')8io  $  and  that  oR  24  is  x .  38021x29  which.  e^Bceeds.  dw.  odier  by 
ii-^853^8* 

£;^tf.2.  TheLogarithmof^  i*— x.QfidTTa^J  *«-  d»,  t4>g^»kb^  of  74» 
>.  86^231.7,  and  tKa^rf863  i^2 .  ^ow*;  aadthwIMbwoiiis,  ic..04677^ 

^  A 

SM^s are  dienfos^ i3:A0tlBnclkal;EiqpQeiQiU  Huif[i^Jb4%>^  4fr4i9S|ei9:=:togr  j-" 

:-.  Log.  X  J  But  the  Log.  of  V  is  =  o,  theiefiire  Log.  .f -*  Bogjihi  iioj^  ^  ;  A** 

•         .  ^  thcre« 


Qm^te,  if  ^  is  Iftfi  th^H  jp,  tjie  Log.  <£i^k  tbdr  Difference  taken  ntffi&rtlj :  By 

trUdi^  fhet^n,  diat  the  eo^iponding  Number  is  bebw  Unity  as  far  fts  the  Redprocal 
of  diat  Ni^oiber  iaf  aliove  Unity,  io  the  infinite  Series  of  pM^xjttionals,  the  Logarithm  of 
that  Reciprocal  being  the  fame  Log^dmi  tri^to  pcfitivt^.    So,  the  Logarithm  of 

^  being— 1-0667791,  the  Logarithm  of  ^  is  1,0667791;  ^^^^'^••y^ 
9tt»T^  tb ^1.666779%  ^  0  1  t^o6iTf pine JUl 

For  the  geteffi  of  tMs  ProUom,  ^r\^  if  a  Neaative  Logarithm  is  giten  to6nd  it* 
^>cyrrefpond!i»  Fflidion ,  find  a  coffd^oocKng  Nmnber  to  the  Log^ithm,  cQiiGder'd  as 
{>ofitiVe,  andinf  tfiac  Number  ifivide  x^  the  Quote  is  the  Praaion  (ought.  The  Xeafom 
is  phdn ;  for  itwo  Nmribeisor  LMuithias  confift  of  thefimPigiiies,  but  the  one  IPofr 
live,  and  the  edier  Negative,  iSieir  ma  is  o;  Alfb  the  iVodud  of  tiv^  reciprocal  Ft&aiona 
is  I ;  or  X  divided  by  any  Miniber,  mdses  a  Qwte,  wUdi  mdtiidy'd  by  that  Number 
;frodUGes  1 ;  wherefote  if  x  is  divided  by  the  Nmwer  ooritl|K>nding  to  any  Lo^itbm 
taken  pofieivdy,  the  (^lote  is  At  Nuoiber  corrd^pmding  to  the  &aie  Logarithm  taken 
Hegrivdy. 

.  Bet  tbte  finding  die /^«iA>«  fiOBi  the  t^arklm  is  not  fo  convenient  by  this  Mediod 
as  ly  (!ke  fenomng. . 

^'Mi^bod.^  Sdbma  die  Logaridun  of  dit  Denomintor  fiom  diat  of  the  Numerator; 


and  tfit'sa|nrot)erFramoii.iHAmyoaoQiMtotlwChai;aaerif^  fub-' 

ttaff  that  of  the  Numecatei^  mm  that  of  die  Denomimitor  (after  adding  so  it  the  ibox» 
fow^d  in  dr^  fiicoediiw  plaoei  if  dMW  stag  t  boHow'd  ;  Ac  FmflionS  pMt  of  this  RcJ 
«isdndei(istaken|<]tic^^andthebi6egial  pact  negittiray  1  and  die  n^ative  Sign  fet 
pvar  itj  taflxew&attfaispaftenlyisneipitive. 

£xa.    The  L(^dim  of  §^  is  *  .  9332209 ;  as  bdow;  in  die  Margin.' 

»  863  w  4^£56oio8  was  found  l^tlKlbBBtt  Method;  for  we  ttwyttLs  it  thus. 
^  Ji  k  '  -  '  •  9m^  —  2,  ^hich  beiiw  Mfolv'd  by  &ibtnaion,  i« 
•     86»        2-P33220i'       —  r.o«5677Pi,  »«.  the  difetence  of  »  and.pa2220* 

^r  TAii*  <^  r,_. '^'PJ*^"^-  That  the  Methods  muft  coinddc  in  afl 
Ofo,  I  fhall  demonfltate  XhtivirM^jt  mas : 

1^  any  IMpcr Fa«ioa  te  ^ J  dieLogariam of  A^  be ealld  .<  +  B  (^  the  Oa. 

iaaeriflick,  «nd£  theFiaSiai);  the  Logwathm  of  A/be  C^D(C  the  Qiaraae- 

.    riffick,  and  R  the  Fraaion); 

Log.  of  N^AJ^n  =:  ^  +  I  —  I  +  5  Then,  >tfae  ift  Method,  the 

of  i«f  =  CH-Z).  Log.  of^  is  ^  -f  B-  C— ZX 

aJJ«i.P— <Bn3^___r  .j^.*.     tlicrf,  we  ihall  firft  fuppofe  diat 
=a  *?  + 1  -  Z)  —  g:ft=3/2dMet«0<l.    /)  does nbt exceed ^fUeii the 

Log.<f  r^  is  by  that  Method 

B  —  D  —  er:^ ;  for  we  firft  iUbtwa  I>  fiort^  tileo  we  take  vi  from  C,  and  take  thb 
R^undei  negativdT,  whidi  makes  B  -D-ZT^l  -B—D—CrA-  A+B—  C   If. 

9*¥9^,    Agfimi  If  D it gwatcufem  j?,  in  this  cafe  i  mufi be  ta]Knb;om  jf  and 

S»«a"        «dde4 


^       •    « 


5oa  Of  lAgarhhmi.  BodtVlr 


S  c  H  o  L.     As  the  preceding  RuU  if  General,  renting  to  aHFciaioasjrokconiprc^ 

hendjs;Z)rffiw4/  Fraaiom  5  and  becaufe  the  Dcuomimtpt  of  |e?cfy  Oeciavd  is  in  du»«crics 

ijO  •  100  .  1000 .  &C.  whole  Logaricbrtsraie  purelntegeri  iit  thisScrie*  x  .2.5  .^c. 

Xherefore  it's  evident,  that  to  find  the  Logarithm  of  Ji  De^UnsV  t>aaion,  having,  foond 

the  Logarithm  of  the  Numerator,  the  Fraiftianal  part  of  it  is  the  Fradional  part  of  tlie 

Logarithm  fought ;  and  for  the  Index,  apply  with  a  n^ativa  Sign  the  Pi&ranae  oftlie 

Indexes  of  the  Logarithm  of  the  Numerator,  and  the  Logarithm  of  th«  D(?n<?iniaator :  So 

the  Logarithm  of  64  being  i  .8061800,  the  Log«rijliai^..o64nauftW.»«8o6*a30;  fon 

the  Denominator  b  loop.  whofe  Logarithm  is  .^,  thW  i  rr-r^  ixr.'^*:-   frL^xv^zmxi  \x'n 

plaiH,  That  the  Index  of  the  Logarithm  of  a  Decimal  Fraction  Ihews  in  vrhat  Pbcc  afic^ 

the  Pcrit  thefirft  Figure  on  thrJeft.  hand  of  the  Nuawfttpr  flanda  i  .^  fjh^t  Diflance, 

therefore,  does  fhew,  reciprocally,  what  the  Charaacriflick  of  the  Logarittun  isu   And  if 

ve  take  any  Decimal,  pure  or  mixd,  i.t.  a  Decimal  Fjrat|loa,fr^/?«?rw  iwfK^fgr,  the 

General  Rule  for  findiiig  the  Logarithm  is  plainly  diia,  viiu   Find  the  Logaxiihm  0/  tha 

Numerator  (Le.  of  the  Number  expreis*d  6yaB  the  Figures,  ia.  order  w  th«y  liand,  neg-? 

kaing  the  Point;  the  Fraftionai  part  of  that  Logarithm  is  the  Fra&owl  B^t  Qf;th<5  Lo- 

gari^m  fought  j  And  fo?  the  Index,  'tis  the  Nmnbftf  which  e^aMfctffJsdv  piftmce  of  Ae 

laft  Figure  on  the  left  hand,  after  the  Place  .of  Units  flf  thi^  iitegral  jwrt^  if  f t'«^  a  mi^i 

Decimal  •  or  the  Diflance  of  the  laft  Figure  on  the  left  hand  after  die  iJccimal  Point,  if 

it  s  a  pure  Fraflion.  .  ^     .     . 

Oijerye  alfo^  That  if  we  take  the  lame  Number,  and  multiply  it  continually  by  10,  aLo 
divide  it  continually  hy  10,  wherel^  we  form  a  G^opwmcal  Prcgrcfl^iny  the  Ratio  0! 
1  to  10,  the  Logaridims  oJF  this  Scries  will  have  all  the  fame  Ftaaioriai  part/and  dife 
only  in  their  Charaacrifticks,  which,  will  T)c  aa'Arithmetical  Eroggeffion- ^iiffcripg  onl| 
by  I :  So  that  whcri  in  the  defccoding  Series  we  arc  cJomfc  to  21  Term  whofe  Logarithm 
bas  I  for  its  Index,  the  Index  of  the  next  muft  be  oj  arid  all  after  that  are  the  preceding 

Ilidexes,  i,  2,  3,  Sec.  taken  ne&atively^  as  in  th^  prefixed  Scheme; 
Numb,    Logarithms     Which  is  all  but  the  applicadon  of  what  has  been  explain'd,  pard- 

^54P 

25.4 
2.54 

254 


4*40483^7  cularl^  of  what  has  been  laid  in  the  Confequeaqfts  iafi  deduced 

3 .  404S337  ftom  this  Method  of  finding  the. Logarithm  of  a  Fraftion  com- 

2.4048337  p«r*d  with  what  was  formerly  obfery'd- in   AeGeaacal  Sr*i>* 

r-404&337  Uttm  8t 


0.4048337 

..  1-4048337 

.0254.i2-4P48337       .  *   •    -       . 

-0O254lr4O48337 

For  the  Rfverft  of  this  M^hod.  f  viz.  finding  ,a  Fraftion  -fifom  xts*L^rithffl}  the 
/tuleisy  Take  the  Logarithm  as  altogether  pdfitive,  and* find  the  corcelponwig  Number; 
to  which  apply  a  Decimal  Point  on  the  left  hand  of  it,  fo  that  it's  firft  Figure  on  the  left 
Aand  in  fudi  a  place  from  the  Point  as  is  exprels'd  by  the  Index  of  the  Loganthm;  And 
i:faisischeFKaAionJK)ught,  reduced  to  a  Deomal  Fcadion^ 


C^ap.5^,  Of  Logarhhms.  jo* 

£xmi  The 'ghreiiL(^[adt))m 2.8061800;  the correfponding Number  to  the  Log^ 
2  •So^Sda  ia  646 ;  and,  to  adjuft  ic.to  die  negative  Index  21  it  is .  0640  = .  064  : 

Ohhh>e7  IftheconefpoiidiwgNMmberfijfft  found  be  a  mijc'd  Decimal,  the  reft  of  the 
Work  is  the  iame  ;  Sot  we  negleS  the  Point  in  that  firft  Decimal :  So,  if  the  given  Loi. 
garithm  is  T  •  6707096  •  the  corieipondii^  Number  to  2  •  6707096  is  468. 5  5  and,  be& 
caufe  of  the  ni^tive  Index,  it  is .  •  04^85 

:  The  Ridfon  o£  this  Rule  is  evident  &om  what  has  been  explained  in  the  preceding. 
&boUum. 

.  '  C  O  R  O'L  L.    Fiom  this  w)e  have  Jearnc  the  following 

Ru  L  E  far  reducing  a  Vulgar  to  a  Decimal  FraBion. 

Find  the  Logarithm  of  theFii^^  Fradioa  by.  this  70I  Meibody  and  then  find  its  cor^ 
refpondiiig  DeeimlFtsf^kxi  by  the  Reverfe. 

*     ■  *  .  ^ 

;  3<#  Meihod*  Subtraa  the  Logatitbra  of  the-Dcnominator  fijom  that  of  the  Niimeratoir, 
borrowing  {viz*  1  from  the  next  place)  wherever  the  Figure  of  the  Subtra£lor  exceeds 
Its  Corref[)ondent  in  th«  Suhtrahend,  even  to  the.  very  kfl  place,  tho'  the  Subtrador  be  a 
greater  Number  than  the  Subtrahend*.  The  Remainder,  or  Number  thus  found,  is  the  Lo*- 
garitfam  fought,  and  is  all  pofitive. 

JSxA.    The  Loganflhm  of  2^  is  8.  P332%p,  as  in  the  Margin; 

LoR^oF  74,  s=  r  8dSo2ar7  Demons  TheFcnndationofthis'Method, (which • 
- '      q£  8^2^  ;—  2 !  p«6oio8  ^'^"  ^^  Logaridinrin  a  Syflem  different  from  the  com- 

•'  '     '  ^         J2H monone)  is  this,  vi:^.  That  as  a  decuple  Progreffion 

8.953220P    maybii  taken  both  alcending  and  defcending  from  i ; 

thus,  .001,  .oil,  •1,  I,  10,  100,  1000,  Wf.  So  we 
may  appty  0  as  the  Logarithm  of  any  0?  thefe  Terms  we  pleafe,  whereby  the  Logarithms 
of  the  reft  will  bcj  in  the  afccildhig  Series,  r .  2.3.  &c.  and  for  the  defcending  Series, 
tfiey  will' be  —  j,  -—2,  —3,  &c.  Now  fuppofe'we  chofe  i  in  the  loth  place  q£  Dcci- 
inalsj  viz.  vodoooooooi,  from  wheiKe  to  begin  the  Logarithms  (  /.  e.  whofe  Logarithm- 
we  make  o )  then  is  i  the  Logarithm  of  i  in  the  gtfa  place,  or  .  ooooooooi  5  and  fo 
on  till  we  come  to  l  whofe  Logarithm  is  10  5  Whence  the  Logarithm  of  10  will  be  1 1,^ 

the'Logarithm  of  100  is  12,  and  fo  on ;  So  that  the 
Logario^ms  of  all  Numbers  above  .0000000001  are 
pomive  j  the  Indexes  of,  all-  from  .oocoooooci  to 
.OOOOOOOOI  being o ;  from .  ooooooooi  to  -oooooooi 
bi:ing  I ;  and  fo  on.  But  the  Logarithms  of  all 
Narabeis  below  •  000000000 1  are  negative  ^  or  their 
Indexes  at  leafl,  according  as  they  are  taken  by  the 
pteosdingjftot  2d  Method.    ' 

Hence  again,  The  Logarithm^  cf  i  being  10, 
every  Index  from  10  up&vards  belong  to  the  Loga^ 
rithm  of  a  Number  integral  or  mix  a:  And  if  we 
take  iofrom  any  Index  greater,  the  remainder  lliewj 
in  what  Place  after  that  of  Units  (of  the  integ^ 
part)  the  fiift  Figure  on  the  left  hand  of  the  cor- 
responding  Number  (lands  ^  But  if  the  Iiidex  is  lefi 
than  10,  then,  as  it  belongs  to  a  Decimal" Fra£tion,, 
foy  if  it's  taken  from  I0|  the  Remainder  (hews  in 

wjiat 


•   Numbcrsi         |  Logarithms* 

•I  00000000000 1 

—  2 

1 

-  '  .00006060601 

—  I- 

'.  660000000  r 

.  1 

■  0 

•  OOOOOOOOI- 

r 

•pooooooi 

2 

OOOOOOOI- 

3 

•     .000001 

4 

.oooor 

■5 

.0601 

6 

:^v         . 

■■     7 

.01. 

8 

.1 

9 

X. 

10 

10. 

II 

100  .^^ 

Z2 

^  Q2  Of  Lf^arithm.  Book  V* 

what  Place  after  the  Pointthc  Hfft  Figure  on  the  kit  rfthc  NoDiifirtor  fygBi.   Aadkrc 
ns  10  be  obferv'd,  that  2^1  pure  Decimals,  whofe  firft  Figofeon  Ackftef  Ae^NiiiiientQt 
ftanJs  in  my  given  Place  atrer  the  Point,  belong  adl  to  the  £uiieObifiy  or  hate  the  feme 
Index  in  their  Logarithm,  becaufe  whatever  number  of  Figures  Mow  ifier  that  Pkc, 
they  cannot  make  the  whole  equal  to  an  Unit  in  the  pfeeeding  Place  on  the  Jeft,    So  all 
Decimals  whofc  firft  Figure  of  the  Numerator,  on  the  let  flandt  in  the  £ift  Place  after 
nhe  Point'  (as  .  3,  or  .  47,  or  .  5067)  « Intemediatei  betwue  •  i  aad  i,  and  fb  have 
o  for  the'  Lidcx  of  their  Loganthm.    All  wfaofe  firft  Figsue  flands  in  the  fecond  Place  are 
iiitermediate  betwixt  .OJ  and  .1,  and  lb  the  Index  of  ibeut  LogaxiduD  is 8  ;  and  fo  on; 
And  this  is  to  be  underftood,  tho'  there  were  an  infinite  number  of  Figures,  from  any 
l%ce  after  the  Point,  unlefi  that  infinice  aumber  wcse  aH  p,  for  then  Ac.Vdue  of  thac 
Infinity  is  an  Unit  in  the  preceding  Place  on  the  fcft,  and  ought  rather  to  be  written 
thus     0999  Sec  zr: .  I  ;    rfar/ then  w  have  a  new  Sjrtoii  cf  IxDgaiithiiia^ 
the  common  ones  only  in  their  Indexes,  wMch  exceed  tbcfe,  in  cvciy  Lo^^kbia,  by  aa 
equal  excefs  of  xo  ;  and  confequently  the  Logarithms  of  Numbers  in  decuple  Progreffwa 
differ  as  in  the  common  Logarithms,  vi\.  only  in  their  Indexes^  whirfi  dl&i  padually 

^Now,  for  Ae  Keafopi  of  Ac  preceding  Rule,  eonfider,  itecto  find  the  Ugmibmdt 

FradUon  (which does  not  fill  betow  .0000000001)  ^  ^>  ^^   ^^   »*B«^  thus  j 

863  :  74  :  :  I  :  J^  $  wherefore  the  Ijogariikm  dfthe  TnBkxih  the  Remaioikr  af- 
ter the />*/inf*«  of  ^63  is  taken  fiom  ^  Sum  of  the  Z^^^  ^^11^ 
ly  what  s  How  explain'd,  the  Indexes  of  tb^Uogantbms  muft,  in  this  new  Syftcm,  be 
more  by  10  than  they  are  in  the  common  fona ;  and,  becaufe  the  Logarithm  of  i  (tJ/;{.io; 
is  to  be  added  to  that  of  74,  therefore  the  Index  ki  the  Subtrahend  will  be  21  {forms 
now  the  Index  of  the  It^ariibm  of  74)  and  ttett  in  the  Subtraftor  wiU  fee  12,  whence 
thatintheRemaunderisS:  But  becaufe  there  is  20  added  to  the  Index  of  the  common 
Logarithm  of  74,  (which  is  but  l)  and  10  to  that  of  863  (whiqh  is  but  2)  ^  the  iame 
thine  m  ESta  if  we  take  the  Index  of  Ae  common  Log^ithm  of  862,  and  add  oaly  10 
to  that  of  74 ;  which  is  the  tiring  tl«  Ruk  prcfcribes,  and  is  therefore  j^    The  like 

Reafon  is  cJwous  an  allCafes.  ...      r  tw     t  \.  r  xl,^ 

Obferve  again,  that  o  may  be  alfi)  apply'd  as  the  Logmlbm  of  a  Decmial  whofc  Nufflj 
«tor  is  I  in  die  looth  Pbce  after  the  Point;  and  then  xhtLoffnthm  of  i  in  the  ^ 
Place  after  the  Pdnt  will  be  I  jandfoonto  1  ktemj,  whofe7>5f^if*«  will  be  100, 
and  that  of  10  will  bo  loi,  andfoon  upwards:  Wherefore  to  the  IndejMS  found  in  the 
common  form  there  wU  be  100  added:  and,  confequently,  if  the  eommon  Index  of  the 
Number  wants  more  than  10  of  the  Index  of  theEJenominacor,  we  tnuft  add  100 ;  CJ,tt 
is  the  &me  thing  if  we  add  logtaduaUy  ftom  one  Place  to  another,  acoordii^  as  ttieRalc 

As  to  the  Eeverte  of  diis  Method,  wx.  Ftom  At  Logarithm  of  a  Fraaioa  to  find  ^l* 
Fraaion ;  Ctmfidery  dnt  as  the  Index  of  the  Lt^aritbm  oTa  ptre  FraSion,  whidi  fells  r»t 
fcelow  I  in  the  i©th  or  lOOth,  8^.  Hace  of  Decuaab,  is  fomcNumbet  below  10  or  loo^f- 
So  if  we  take  die  Difference  betwixt  Ac  Index  of  the  Logariibm  and  the  Lo^rithm  of  i, 
wit.  10,  or  100,  @c.  and  appfy  that  as  the  Index  to  the  Fraaionalpart  of  the  Ifi^tjlm, 
then  find  the  correfponding  Number  to  that  X«;iwf*«,  aadqualifie  it^ainbjktriga 
Iteamal  Point  on  the  left  hand  of  it,  fo  that  Aeteft  Figure  on  the  left  Hand  as  &r  fion 

the  Foim  as  Ae  Index  eqpceftsi  we  fh^U  ^  * 


»>.  -  .  ^' 


Cfiap;  f.     '  &f  Lcgarkhmf^  4P}^ 


Sc  M  e  1 1  tr  M.* '  t^of  tfi^  furthtt  appiicadon  of  tK»  Mcebod,  dtfa^^  that  as  the 
^.ogariAnn  et  Ffaftloni  are  taken  in  a  Syftem?  dUfcreiit  fat  kaft  in  fheir  Indexes) 
firom  the  common  ones ;  fo  in  all  Operations  with  fach  Logsirichit)9,*  regard  nuift  be  had 
to  theLocarithm  of  Unity,  which  is  now  lo,  or  lOo,  8r.  For  J?v^,  If  two  Fraftiona- 
afre  to  be  Moltiplted,  and  if  thej  are  fudi  tiuc  their  Logaritfama  are  both  taken  out  of  th^ 
SjrAem,  wherein  the  Logarithm  of  i  is  ro,  tlientake  the  difiereiKe  betwixt  xo  (the  Loga*- 
adim  of  Unity)  and  the  Ibidejf  of  (he  Sum  of  dieie  Logarithms ;  and  if  that  Sum  was 
greater  than  lo,  the  difference  fliews  how  many  places  to  the  left  of  the  i  i^fe-Lou 

Erithm  is  o  {viz.  .oooooooooi)  the  firft  ligi^cant  Figure  on  the  kft  of  the  vecimal' 
ighc  muft  ftmd ;  and  eonftquenriy  taking^  this  di&rence  from  lo,  the  new  diifereiice 
fliews'  how  many  places  from  the  point  this  firft  Figure  ftands ;  but  if  lo  is  greater  than*, 
the  Index  of  the  Sura,  the  diflfereiice  is  to  be  taken  negatively,  and  fliews  chat  the  firft* 
Figare  on  die  left  of  the  Decimal  fi^uads  fi>  many  pkces  to  the  right  after  the  i  whofe 
Logarithm  is  o ;  ib  that  addii^  lo  to  that  remainder,  the  Sum  ibews  m  whar  place  afrer^ 
die  point  ttte  Dec^oial  begins.  Olferve  al^  m  this  \A  ca&,  that  yool)  find  the  fame 
Nteibet  by  iibcra£^3g  the  firil  remainder  ^m  20.  EMOm^  If  ther  Index  of  the  Sum  of 
the  Logirit&ms  of  two  FraOions  (taken  out  dd»  way)*k  14,.  then  the  cosKiponding 
0ecima  Fraftioa  beg^  in.  die  fixirdi  pboe  after  the  poine^  bbeif  the  index  k  8v  the 
Decimal  begins  in  the  lath  place. 

'  A|^vf  ^  it  vsz  cermin  general  Hufe,  that  ffie  LMayidims  of  two  NoraBers  which» 
aire  to  be  ^fulti{fied  together^  arrto  be  taken- out  of  the  miie  8|^ettv  oC  Lo^tithms^  yec< 
that  £5  nor  alwsrpr  neccjfoj^  Deciufir  other  Cifeumllanees  fiM  if ;  a^  «:£xm^  or  Cwo^ 
will  explain,  _ 

Suppofe  the  Lc^ihm  of  one  Frafiion-  is  '^j^yff&yify  (belonginj^  to  diat  Syflem  where  * 
ID  to  it' the  Logarithm  c£  i,}  and  of  another  1^2.3742067  (belonging  to  that  Syftem  where> 
in  xoo  k  the  Logaridtm  of  i  ^).  if  we  leduce  them  to  one  8)Acm,.t&£ift  k  1^5768^40^ 
and  thtii  theii  Sum k"  105.^510407 1  ftom^  whicb  take  xoo  (dieLc^aricfam eiri}rdie  re^- 
mamdbr  is*  <;p5ia407,  .whole  lnd<nc^  ^  tsdieii  fnant  mo,  tM  diflbreace  ^  fliews  at  what 
j^ace  afttr  the '  point  thcr"  correipondeni  Discknai  b^^.  Bus  fii(>poie:  we  do  nor  reduce^ 
t{ie  fiWi  Lpgirit^na,  adding  tkom  as  tlr«f  ate,  tbeSMi  ki^.$l5i0407y  fMxv  wMeh*  ifi 
we'  take  10  Che.Lo^ichni  of  i  in  tbe  oite  %(k»nlf  die:  remaifMbr  k  ^5 1 0407  »  tefete : . 
The  Rinfbius  obvious  ^.for  as  her^  one  cf  tk&lkKlexes  is^^akft  tlMo  in  dbui^  otharMethod^ , 
&  th^e  k  5^0  Ie&  fdbtiaded  from  the  Sum^  which  muft  mve  the  fame  difftfsnee. 

If  a«tInte{p:.andFraAion  are  to  be  Multiplied,  then  ii  we  ccnfid^r  the  £iteger  Fraflton 
wayv  makibg-i  tbeOienominator,  raking  ita  La^duttsctttrof  aiiy  Syfite,  irwiQ  be  d)d> 
fame aa^whenwe  take  ii  eut  of  tb» oxamfssL  Syflon  mjawliDte  Number;  becanife wki^ 
we  add  to  the  common  Index  is  taken  away  again  by  fubihaftwlg  theLojfmdim  of'  die* 
Denominator  i,  ^aad  difrefore  from  the  Sum  of  the*L<^aricbms  of  aa  Integer,  taken  out 
of  the  common  SyAem,  and  .the  iLegarichm.  of  a  FvsE^ion  taken  by  this  third  Method 
we  are  to  xa^  the  Log^chm  of  i»  fas  it  b  ii>  the  Sjaftem  Oet  of  which  the  Logarkhm  0^ 
th^t Fradiofr  wee  takeB>  the  remaindss!  btheLegSridim  of  the  Paodua;  thecHAretice' 
of  tvhoft^  Index  and  io>  tf  it's  greater  dias  ui,  oMwir  Strnt^ifitd  k)&,  Ihews  in  wfasit  place 
fiom  tUeEoiuJ: the Uecimal begins^ 


Bk^  Supgdfe  the  Logarithm  of  any  Integee  i^  4.:^2o67p  (takea  ouc  c^the^cbauncAi 
%Aeav  whmin  thV  Logarithm  ti  11  is-  b^.aBid^  die  Logarithm  o£  (bme  Fia£)ion  is 
3«257ft9Q69^  O^akenosurof  dicSyflefii  wheae.  lakdieLogMidimof  >).  the  Sum  of  thefe^ 
Logprxcbm3^  is  it.6298685iTDm  vrtddr  take.  10  (the  L^imthmof  i)  die  reii»«i(kr  i» 
r:f52pSf685  whofelndeftta&n'fiomjiodiexKmaiiidetriai^flMWMi^  the  oarreiponding 
Dadoal  fagiiipin  dierxdnthrfhce  after  the  Point. 

But  at.ls^be^|E?ti«B'aiaab»th  this  and  the  preceeding  Method,  that  if  Fra^ions  are^ 
gtven  Terms  in  a  QueiUon  which  is  to  be  folved  by  Mulaplication  or  Di^ifion,  we  need 


nor, 


504  of  L^garithnti.  Book  V- 

iiot,  in  order  to  the  Operation  l>y  Logarnhms,  take  out  the  Logarlduss  of  thefe  Fofiions 
Separately  ;  but,  confideiing  die  Method  of  Working  with  the  mrtn  Numben^  weiM 
f leed  only  to  take  out  the  Logarithms  of  the  feveral  Terms  as  whole  Numbect^  aod  ap{jy 
them  to  one  another  by  Addition,  fo  as  to  hare  at  M  bat  one  Simple  fubflca£lk>n ;  and 
then  if  a  greater  Logarithm  is  to  be  taken  out  of  a  kffer  {which  ^ives  the  Logarithm  of  a 
Fra£lion)  we  may  do  it  either  by  tiie  preceding  fcoond  or  thud  Metliod,  and  then 
Aid  the  coRefponding  Fra£liou  in  the  maunec  ^e^ed :  The  fdbwiiig  Quefiions  vrili 
iUuftrate  this :  For 

I  fhall  finlih  thb  Chapter  with  a  few  Exatiq^  in  the  Pxaflice  of  Logariduns 
for  a  further  illufiration  of  the  Rules  $  where  yovl  alTo  find  ibme  fiarther  utefd  Li- 
Aru£Uo0s 


I^  Multiplication. 


Logaridims.  . 
of  4685  s=f  3 .  67oyb}6 
of  5P674  =  4 .  5985060 


Exa.  I.  To  Multiply  39674by  4685, 1  find  the  Sum 
of  their  Logarithits ;  which  having  a  greater  Lidex  than 
any  in  the  Tables,  I  find  the  neacefi  Logarit;bm  to 

8.2692156  which  is  4.26920931  whc^c  coriefpontUng    .#5  ,ft-ftl^,>^ o      z'    , 

Number  Is  18587 ;  anlb^ufeUe  Index  of  tteL^ga-    oP'B58700oa  =  8 .  2692156 

nthm  whofe  corrdpo^iii^  Number  I  want  is  8^  I  multiply  the  Number  found  by  loooo 
and  it  is  185870000,  which  is  k&  than  ^e  true  Prpdufi,  this  being  18587262a  ff  wc 
we  had  Tables  carried  to  a  greater  extent  than  loiobo  (which  b  the  exteat  of  Sberwm 
Tables)  then  we  ilK)uld  find  the  Produd  true  to  more  Places. 

^ladd 


Exa.  2.    To  find  the  ProduQ  of  268  by 

the  Logarithm  of  268,  to  that  of  57  and  froai  the 
Sum  take  the  Logaridim  of  342,  and  the  Nuaiber 
correfpondbs  to  uie  remainder  jieareft  is  44.667;  the 
true  Produft  Deing  44.666,  @r. .  havine  6  cuculatin^  in 
.Infinitum  ;  &  tmit  the  Produft  fi)and  is  a  very  little 
more  than  true.  I  have  aUb  wxougjbtt  it  another  way^ 
to  Ibew  the  oorreKpondenoe  of  both;  thus,  I  take  the 

Log^ithm  ef-^  by  the  fecond  Method  of  the  prece* 

4ing  Problem,  which  isT22i8488  whidi  added  to  dw 
Log^ithm  of  268,  the  Sum  is  die  iame  Logatidun  aa 
ms  found  by  die  other  Mediad. 

fvis.  3«  To  Muldply  4^  by  -^  I  add  die  Loga- 


Logar&hnL 
of  268  =  2  .  4281^ 
57  =  X  •  755874^ 


Sum  4 
of  342  =?  2 


1840097 
5340261 


(f  44  •  667 


6499836 


of 
of  2 


5z=r 


'S  = 


2218488 
4281348 


Sum 


6499636 


Logaritbnas. 
of  7  ess  o  ;  84.50980 
23  =  I  .  3617278 


ndmis  of  7  and  23,  aUb  thofe  of  ^9  and  ^78  $  and  fiib- 

tra3in0  dus  Sum  from  that,  as  direfbed  in  the  iecond 

Method  of  the  preceding  rroblepi^  dierremaindec  is      .  7  H  23  3r  2  «. 2068258 

the  Logarithm  fought,  viz.  9  •  7565459  whofe  cor- 

ffefponding  Number  I  find,  dw,  1  fedc  a 


a  Logarithm 
vrhofe  FraOionis  neareft  to  .7565455?^  and  this  1  find 
to  be  .7565448,  and  the  oorrefponding  timber  is  57088, 
which  qualified  according  to  the  Index  3 ,  is  .0057088; 
which  exceeds  by  a  liGtie  die  tiue  Produfi,  £)r  this  is 
^0057008,  8e.  " "     ■   " " 


59  =5  I  .  7708520 
[478=52.579427? 

59  X  478  ==  4 .  4^027?^ 

whole  Valoe  redqpedis 
^  P^FIwI  !9^57^88. 


..^^M. 
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f^i 


In  T)iwfioM. 


Exa.  I.  T«  Divide  47^2  by  24,  I  fubftna  the 
g?rithm  of  this  from  the  Logarithm  of  that,  the  re- 
mainder is  2.2975782  to  which  the  neareft  Logarithm  in 
the  Tabic  (fcttiiig  afidc  the  Index)  is  .2975656  which  is 
the  Fraaiondi  part  of  the  Logarithm  of  19841 ;  bnt 
applying  the  Index  x^  die  conefponding  Nciaber  is 
198.41.  , 

Exa.  2.  To  Divide  74568  by  4.37 ;  having  foand  the 
L^^pathm  of  437,  whole  Fraflional  part  is  .64048149 
the  Index'  due  to  make  it  the  Logaridim  of  4.37  is  o ; 
therefint  Caking  the  Lo^ottfam  of  ^.^jj  fiom  that  of  7456B 
uie  remainder  is  a  Jjoffahtoxif  wfaofe  peaxeft  in  the  Tar 
ble  has  fin:  its  cortefprading  Nuad>et  17103,  which  excee 
Z7063.615, 6?f.      ^ 

Eica.  3.    To  divide  5670  by  -^ ;  becanfe  the  Qqote 

is  equal  to  5670  X  45^  -?*  37)  thmfoce  I  add  the  Logft> 
rithm  of  5670  to  that  of  456,  andftom  the  Sum  take  ^e 
Logaridim  cf  97 ;  the  Logaiifliiia^^n  die  Table  wluch  is 
neaueft  to  the  aimaindcr,  ms  lot  its  cosre^poodent  Nun^ 
&t  6^79,  the  tTMeQuorebeui^  69878*9x89  Qc.  wanting 
vieiy  Uttic  of  the  former. 


Logarithms* 

of  4762  =  9-6777894 
24  =  X  .  38021 12 

t98.4i  =  2  .  2975782,  diff. 

Logarithm, 
of  74568  =s  4  .  8725525 

4.37  S=3  O  .  6404814 
X7IO3  S5  4  .  232071 Z 


Logarithms, 
of  5670  ss  3  •7535831 
456  s  2  •  6589648 

Sum  6  .  4125479 
rf  87  =  r  .  -5682017 

Cf  69879  cc  4  •  8443462 

To  Divide  a  Frafiioa  by  a  FcaAion  is  multiplying  the 
ividend1>y  ibe  Reciprocal  of  die  Divifor,  and  the  Operation  by  Loguiiduns  is  the 
me  therefore  as  in  Mwltiplifairion. 

J»  finding  ^opbitiofials. 


'  Extu  X.  .  To  find  a  2d  in  Geometrical  Proportion  to 
thefe  X4  :  359, 1  take  the  Logarithm  of  359,  and  finm 
the  deuble  of  this  Logarithm  take  the  JL(^;arxdim  of 
14,  the  vemaoder  is  a  Loearithm^  whoie  nearefi  in 
the  Table  has  for  it9  conelpondent  Number  9205.8, 


Logarithms. 
of  3<9  =s  2  .  5550P44 
Its  double  5  •  1101888 
of  14  =  I  .  1461280 


which  is  the  ad  PrQporttoiial  foiigltt  nekxly,  this  beine     ^         ^     — *- '— ^--      - 

poVfi,  &:.  ,    .      ^    Of jrfiD5^« 3,  9640608 diff. 

. .  j&if.  2*   To  find  a  fourth  Prc^ortional  to  tliefe 


Logarithms. 


24  :  367 .  29 : :  5348 . 6  fi:om  the  Sum  of  tfie  — w^*     ^       «      -- 
litbms  of  the  fecond  and  third  Terms,  I  take  the  Loga. '  «  5348-  6  =  3.  7282401 
-        -  -  tothcre-    of  367 .  29  =  2  •  5650Q91 


tithm  of  the  firfi  24 ;  the  neareft  Logarithm 
ipainder  has  for  its  conefponident  NumSer  818^4,  whid; 
Cfce^  die;  ti^Ufi  {b|ir&  a  little,  this  beiug'l||;8S3V03,  &Kr, 


y\d     ^  %*  >^   ^ 


Sum  6  •  2932492 
of  24  ;;[=  X  .  >^8o2lX2 

^  6x854  or  4  .  pjc^o:fio 


••■  ; 


*  i.. 


...  T- 1.«  • . 


'-*   J.". 


'  i  A    *  \     K  5.. 


jo6  of  Logarithms.  Book  Y. 

Exa.  3.    To   find  si  fourth"  PropDrri^nal  to  theft  Loffarithms. 

12  :  il  :  :  —  :  By  the  common  Rules  thu  b  had  by  of  5  =  0  •  6989700 

wherefore  having  ai^ded  together  liie  Logarithms    of  *^        ,  *^ . 

5,  25,  14,  alfo  the  Logarithms  of  p,  57,  15,  I,nke  this  Sum  3  .  243058b 

Sum  from  the  other  :  And  feeking  2  Logarithm  iu  tlie  ^r  «  ».  Z — 1 T 

Table    whofe   Fraaional   part   is  ncareft  to  6066504^  nfo^IlT    cl^lt 

iis  corrcfponding  Number  is  4C425,  aad  becaufe  the  !!p  ''  II  J  * , ??^*^ 

Index  of  my  Logarithm  is  f,  therefore  the  Number  *    ^  13—  I  >  1139434 

fought  is  .404^5,  which  is  the  true  fourth  Proportional,  Sum  ^  •  6363876 

tiuc  ill  all  tlicfe  Figures.  of  .40425  =  1  .  6066504  diff. 

Oiferve.  If  in  MultipUcat($n,  Divijjon^  or  finding  a  third  or  fourth  Propottioijal, 
any  of  the  Temirs  is  a  mixt  Number,  eiiher  reduce  it  to  au  improper  FiafUon,  or  ck 
Fia&onal  part  tp  a  Decxmal,  and  then  proceed 

For  Involutioj^. 

This  being  no  other  than  Multiplication ;  the  praSice  of  it  by  Logarithms  is  die 
isQit  alTo  as  tliat  for  Mukiplicanon.  •  '    " 

For  Extra^fffXi  t^  Kpots. 

•  ♦ 

''  Extt.  I  •  To  cxtraft  the  Square  Root  of  1 156  J  I  fincj  !t>  Logarithm  fx>  be  3.0629578. 
whole  half  is  1.531478?,  and  the  correfpondent  Numbc)p  h  34,  wfaidi  is  exa^y  the  Sqpaie 

Ronrofii56,^  •         ,/- 

Era.  2.  To  find  the  fifth  Root  of  32768 ;  1  find  its  Log^irithra  4.5154499,  and  the 
fifth  part  of  this  Is  .9030899,  &c.  tlic  ticateft  Logarrithto  to  which  in  the  Table  is 
.oo^C900  whofe  correfpondent  is  8,  the  true  fifth  Root  of  32^68^ 

Exa.  3.  To  find  the  CubeRiOOt  of  1^839,  I  take  its  Logarithm  which  is  ^.1411047, 
whofe  third  part  is  1.3803682,  Qc^  The  Logjtfithm  whofe  Fraflional  part  is  nearcft  to 
this  is  .3803741 ;  and  its  corrclponding  Number  is  74009i  bqt  becaufe  of  the  Index  1,  it 
is  24.009,  which  is  an  exceffive  Root,  for  the  Cube  of  this  is  138^9-578,  &c.  *  Theli> 
tegraJ  part  of  which  Root  24,  is  Ae  Root  of  the  greatefUntegraT  Cube,  i^hich  is  conaii> 

cdinr3839»  .        •    -  -.^       -    y.     »    .  ,  v*    *    • 

Obft^rve.    If  the  given  Number  whofe  .Rocf  i»  fought  is  greater  than  any  NumDcrm 

your  Table,  life  this  Method ;  t^c  ^  Number  Icffer,  which  is  4  P<^wcr  of  the  propofcd 
Older  by  which  dbidc  tli^  givch  Niimter  ;  if  the  Integral  Quote -is  a  Number  within 
your  Table  (and  if  it  is  not,  you  m^ft  chufe  another  Diyifor  of  the.  fime  kind  that  oriD 
brine  the  Quote  witlrin  the  TaUeJ  fedt  the  propofed  Root  of  the  Quote,  and  multiply  it 
jkf  the  Root  of  the  Divifori  the  Produft  will  be  the  Root  foueht,  or  near  to  it. 

Exa^  4  To  find  the  Cube  R6ot  of  262144  becaufe  it  s  greater  than  can  be  feond 
in  the  Table,  I  divide  it  by  8,  C*«  Cube  of  2)  which  gives  for  a  Quote  prcdft^ 
22768,   wWe  Logarithm  is  4''il'i^9py  ^^.^^^^'I^^V^ 

flic  Number  correfponding  to  that  Logarithm  ivhuA  is  the  nearcft  to  this  in  the  Table,  b 
-?2  ;  which  multiplied  by  2  (the  Cube  Rb«:  of  the  Divifor  8)  producer  64,  the  true  (>ibc 

^he  Keaibn  of  this  Rufe  you  have  in  iJ  3,  Tbeor.  2i  For  if  any  Number  is^a  Potw, 
as  -4«  and  if  it  is  divided  by  a  Similar  Power  JB*,  the  Quote  is  a  Simikr  Power,  wh^ 
Root  is  the  Quote  of  the  Roots  of  the  Dividend  and  Divifor.  So^*  ^B'ss^--^' 
arc.<-rBXB  =  ^»  that  15,  the  «  Root  of  the  Quote  of  ii»  ^ B«  multipUed by  B^ 


Cliap.  J.  Of  Logarithms^  jo/* 

tlie  Root  of  the  Divifor  B*,  produces  y<,  the  »  Root  of  the  Dividend  ^«.  If  the  Divi- 
dend i91)0^a  RalioiH^  Pewec,  oc  tbe  Diviibc  ia  not  aa  aliquot  part  of  it ;.  ypu  can  only 
cxpe£t  to  find  a  Root  nearly  true :  Bur  as  Involudon  is  ^er  than  Evoluuon,  having 
found  fiich  a  Root  as  your  Logariduns  will  jdve.  prove  it  by  aSual  Involution,  and  by  an 
Allowance  for  what  it  ens^  and  one  or  two  Trials,  you  may  bring  it  near  enough  for  com- 
mon Applications :  And  in  the  Extradion  pf  high  Roots,  where  the  conim6n  Rules  prove 
very  tedious^  This  wiii  widi  much  lefsTrooble  brii^  out  a  Root  fufficiently  near. 

Appendix,  Jhewing  the  Rcafon  (ftheVivi.ts  given  for  finding 

the  numher  qf  Terms  in  a  Geometrical  Trogreffion. 

S«c  ProU.  4,  6,  9,  Cbaf.  Ill,  Bo$k  IV. 

I 

In  Protlem  4di  having  die  Extremes  tf,  /,  and  Rario  r,  to  find  the  number  of  Terms  n. 
The  Rule  given  by  Logaridims  is  this ;  «  —  i  =  -  ^  j^,^^^'-;  ±t  Demonftration 

of  wlnchisthis,/  =  flr«-i  (Cor.  6,/yaR  3,  Oiip.  IDL)  whencer«-t L.    And 

coofeqpBntly,  Log;r  <^«  =  Log.  — .  But,  hjPro^.^.  preoedii^,  Log.  i. :—  L^g^  /  ^ 

Lc9gp «  ;  and  by  die  yi  Fundamental  Rule .  of 

X  L^- ^  ;  Wherefore  «i_  t  XLog.rsLog«/. 

Log./—Log>4 

•^  Log.r 

In  f^>Jwi<thtfaeRuleis«~ig=^,    ^'^     , 
isdtti;  Bf  ftftpMoedii^pwof  that  ]^blon  it  is  fliewn,  thatr=  -i^f  j    Wfeeri^, 

Log-  r=Log.  -p^  saLqg.  TIT;  —  Log.  rir%  which beii^  put  in  the  pre- 
cedic^  Rule  foe  Log.  r,  makes  the  ptefeit  Rule. 

ir./v»*fe«rQiBii.«.A;.p..u.  «      .—Log.  /~]^g.r/^i-.»    xheReaftn 

rfwwcb  is*i8|;T^a»eijftewn,  ;a»t 

ting  Log.  W  +  ,  -  „  For  I^.  A,  in  the  Kule  o£  ProMm  4.  .  ^ 

We.bave  aUbthisRtiie,«-.i=:  Log-  '*  +'»  —  *  --  Log,  r  ~  L<^.  a ;     \ 

Log.r  "*  1 

Reafon  oFwlnclt is,  that / «  V  -*■;» r- f ,  whence  Log.  Z=Log.  IliL±Z:JL=6:  ! 

gi5J'/+'^^^  --^^^  ?:*  !»^ >  P^  JB  pM  9f  Log.  /,  19  the  able  if  i 


i't:,,      •     .  .  .  :xf.,i        .   .:   ,■»    ,;, 


'*: 


• 


f^  BookV. 


• »     I 


'     '■^■^1*— ih  I  r i  i    iiiil  ^i^ipiidMimi  iiiiii I  I 

C  H  A  P.    V!. 

Of  tk»  CosBbkhSidm^.i^i  NMie^ 

DEFINITIONS. 

t  /^Ombmaimri  dl  Thingji^aw^  the  Varittis.  Wa|i3  ft: number  oF  Tbingpimar  be  taken 

\jt,  and  jeinU  legether,  cichev  iacefpea  of  the  Order  of  the  Whole,  or  the  Choice 

of  a  number  of  Particulars  out  of  the  Whole.    But  this  will  be  more  dearly  ury 

drriloofib  hj;  the  Sgecksr  iuto  which  Gowbifrntions  are  diiUnguiih!d^  yi?.  Permutatms^ 

II.  P<rmuiati09Sy  or  Ckoft^s^  (or,  asfbme  call  them,  Aliernafions)  alr»ftcbConP 
JbuKitiop&.ofanf  niipibtioSTnig^^wkereiii  1^^  had  to  the.  Order  of  the  Whole, 
cither  as  \o  Placp  or  SucceiSon,  thus,  (1*7  '^  regard  of  Phoc :  Any  number  of  Things 
beine  prQ|pos!d,.the.nunbec:6CdiflRn^^  tbffel'hiQ^^riQay.bedilposjdin  an  eqtiaJ 

numo^  of  determined  rkces^  lb  that  they  Ihall  never  be  w  in  Che  faihCF  PbcW^  v^mi 

6retabedLlp<Wam6^Piic«9:  TMrma)7b«ddiievaacli9<Ways,iaQn^ 
Places  every  one  may  poilefs,  Regard  being  flill  had  to  the  Whole  ;   i.^  if  Mtf  two,  or 
more  of  them  change  Places,  that  makes  a  new  Alientation  or  Ordlfr  oCdie  Wbdr,  tW. 
all  the  reft  remain  uixrhang^.        .  ^ 

(2^^  It)  regard  of  SuGi^Jfomi  TEC  dldeKnll  Wayr  federal  "Itiatgs'  ittsqpkiTikni  or 
ordecU  in  SueceiBon  one  aner  another,  are  alfp  called  CfjoMes^  or  Alterxations,  as  Co  Or- 
der of  SuceelBoo,  ..depniJiiig'  v/pcn  the  taSdhg  tsPAj  ei  JB^<it  jaj^MC  x^Amj^ti  m 
2d,  &c.  And  as  the.  taking  any  one  of  them  ift  or  2d,  &r.  may,  be  cs^'d  putting  them 
in  tlie  li^  2^  8r.  Phoe^of  the  Succeflfeii,  ths  ftewii  ^^Cdmeideteo  of  mk  »n 
Ways  of  ordering  Things,  as  to  the  Number  of  Qbang^  i  For  they  ^  both  reducible 
to  one  Notioit  cP  Place,,  cither  as  it  relates  to  Sface^  wliich  is  morfr  tiASBf  caSfd  Flkrr, 


ift,  ad,  :AjSc.  '  _  ' 

IK    Mmt&ms-  e^Cfmc^  ace.  ChmRiitWinns  whtck  aeg^  fiQtdie  Ofdcv  of  the 
Whole,  but  the  Way  oF  taking  a  particular  Number  put  of  the  Whole.    Tbusj  Suppofe 


fclrtferriuitibtroCTMngg-ifttfihbqtttei^'wtd^^  agA.  w«jare;at  libctfy  to^cJi* 

them  our  of  any  Fart  of  the  Whole  5  the  nuoiller  of  Wa3pth1sjiax.be  done,  6  that 
'ibme^  foneat  feaA^  fllaff  bediKrait  &)  eikiy  €KbJ^ief^iCottUbttioii>  »ailt'fl  tMMcn 
of  that  number  of  Things  in  the  other.  JExa.  If  4  Men  are  to  be  drawn  oi|t  oS  VXS 
the  number  of  Ways  this  can  be  done,  fb  as  fbme  one  of  them  ihall  be  a  different  Man, 
is  the  Choices  of  4  Men  (or  any  other  Things)  in  lOO. 

COROLLARIES. 

'-  1^'i  T^^  Choices  of  I  in  anj  Numker  is  equal  to  that  Number ;  and  any  Number 
oui  Se^  taken  out  of  it  felf  but  once^  or' one  Way. 


Cka^  6.  Of  dg  ConAhkttkm  tf  KttmStrs.  je^ 

i\r  are  equal :  For,  fince  the  One  bdng  taken,  the  other  is  le^ ;  then  as  many  Choices  as 
yoa'can  fed&e  sKooy  of  ttWone)  lb  nnify  joakave  of  the  othea 

ijdL  ITtwaNiiHibOTs  difer  \f  i-^  a»  ^  and  A-^tj  the  Choices  of  A  mA  4-  r  is 
emiai  toA-\'i\  becai^e  the  Cboicesof  i  mA  4*  i  is^^^i,  and  the  Choices  of^ 

TV.  CcmfoJiti9ms'  9m  hmited  EkdiauL  Thm,  eonceive  two  or  aK)fe  different  Setts 
<aB.8)fftBa»>  £  Things^  coatataiM  each*  «!•  £ue,.  or  a  difibeot  number  of  Things ; 
then  fuppofe  we  aseLtcychafr  oittoCw  whole}  at  niiiqj^  either  eaual  oi  im- 

equal  to  die  number  of  Setts,  lb  that  we  take  fome  Part  out  of  every  Sett  |if  poffible,. 
i .  e.  if  the  number  of  Setts  bff  aot  neaierthan  die  miniber  to  be  chofen  ;  for  then  wc 
may  take  any  Choice  of  a  number  of  the  Setts  equal  to  the  number  to  be  defied  ]  *  the 
anmber  of  Qwk^rtmalimted  iso^'d.  tbeiWuf  ^f/Mij  ef  that,  number  of  Things  our 
oEcfaot  miaiber  of  Seitai*  JSva  Suppofe  idConpanies  o£Me%  i6  Mm  nay  be  dcaWn 
out  of  thefe  various  "Ways,  taking  only  i  Man  out  of  each  Company^,  and  the  number  of 
€iidkx9fwt^aAymakt  whbtMs  I  imfaatjonrof  t  our  rf  fBchCoaflapfc  i&  ibsComfoptian^ 
tf  j6  in  die  sdrCoiHpaBWt 

THEOREM    u 

If  any  Number  iVis  refolv'd  into  two  Parts,  A-^-Ey  the  Cfmn^i  of  ilT  or  -rf  -f  5 
Sffc  e<iual  to  the  Produd  of  the  Changes  of  yrf,  and  6iE\  and  the  EleSliovt  of  A  (or  By 
ivhich  are  equal  by  Corol  2.  K^V^fin^  2d}  \\\,A  +  JSh 

Emo.  If  the  Changes  of  4  be  24,  and  of  6  be  72O,  and  the  Elections  of  4  in  id 
4=  4r+6>  be  210,  rfxcn  the  Changes  of  lo  will  he  24X7^0  Kajio  :;=  2^58800^ 

•P  B  MO  K.  Conceive  a  nmnBct  of  Pheeft^efiat  ta  A^  3  ftprefenPed 

'      *  .    '  „       ,.  ^  Pbiims  ftr  ha  »Riw,.aaiii  the  Margin;  wherein  th«fe  are 

^*    *^~  d«iKMft?da&»Biiilwefnl»^onthefe^^  antf  dtc  re-^ 

fS^A^^     rSiA-^^     ttalndler  cmialm  i^o»tbi  fighc :  It s  certain  that  in  every 

r_*    r    *    *  V  '  '   *  *     ^n*  rf** f^tf^'Vi  of  iT-i*  #  Things  ia.all.th*feElacc5, 

w  "ji-»    '  '  *^*^  ^"^  pstfticiiikp  BkaMi  ^  a  nuomr  of  Things  equal  to 

-tf  -P-Ntt  a  W>  ^  ^uu  poftfr  that  iiidWdualr  number  of  Pfecca^equal^^^ 

frtiieh  Se»  A^oa  fh*  left  Imidl.  Suppoie  any  one  £le£tioii 
'^^^Tfiing^  to  pofKfi liM%  Pltoes^y  itfs  pfai»l^*«Ri  oontinue  there  fo  long,  and  no 
fcnger,  than  riKatttlJfeijf Changed in»  thele  Pllicc9  be  JolrfdwiAtit  the Ctei)«€»i  of  thc- 
ren^initn'  B  Things  hr  fhe  MfiMining  PItees  Ofiv:  tho  rij^  band ;  anflbcbefe  xm  make  Ib^ 
maiiy  cfifttcnr  Changes  ofthewbttte,  vi%.  ay)uitibett^ec|ualteiWProduao^  the  Ghaiv 
grr  of  >f  intcy  ttie  Changer  of  B  ^  Rir^hen^  evwyEkftiolvof  >«  TMngi  out  ef  the  whole 
will  poiOefi  theie  A  Places,  that  lie  firfl  on  the  lefc  hand,  as  often,  or  in  as  many  (Meretft 
Changes  of  the  whol(,  as  the  firft  EleAion  did ;  and  when  every  Eledlion  of  A  has  poi^ 
fe&'d  thefe  A  Places  as  ofcen  as  jldCbl*^  (;•  r«  ioai  many  difierent  Changes  of  the  whole 
as  the  Produd  of  the  Changes  of  A  and  B)  then  aQ  the  Changes  of  the  whole  are  Siiiib'd, 
ConfifiaitiRr  tep'  afe  tiie  caiittiU^liMiiaof  iheCha^gpt^  of  ily  aod  /of  Jl,  and  the 
Etedions  ot  A  (ot  B  J  in  A^y  Bi    Which  may  be  exprc6*d  in  Charaitew^  thu^^z 

T  HEO  REM  »1. 

Let  any  Number  A^be  equal  to  two  others  A  +j5,  the  numBer*  of  chofe ASiient  fAtu 
|i9ti9UM>f  the  whole  N^  in  which  the  Fart  A  will  poflefs  th«  fame  number  oi  certain  deier* 

BUIV  d 
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jiiui'd  Places,  is  equal  to  the  Pcodud  of  the  SHWiber  of  Akenmioils  of  W  by  thoie 
cf  JB. 

Exa,  If  the  Changes  of  6  are  720,  of  2  if  chey  ave  2,  and  of  4  tbey  are  24 ;  then  a 
certaiii  Choice  of  4  iTttnes  will  poffefi  a  ccitaia  Choice  of  4  Plaoes^  48  (  =  24X  2 ) 
cimes^  or  in  48  different  Qianges  of  the  whole. 

Demon.  Ic  s  plain  that  the  Numbet  A  may  poflefi  an  equal  mjoba  ofdctennia'd 
Places  as  long  as  while  all  their  Alternations  in  thde  Places  be  join'd  widi  all  the  Altetos. 
tioiis  of  the  remaining  Things  B  in  the  remaining  Places,  and  no  longer* 

Obferve ,-  If  you  afk  how  long  theft  A  Thiim  mil  keep  tfaefe  determined  Places  widioot 
changing  in  tliem,  then  die  Number  is  that  of  die  Alteinattens  of  £• 

THEOREM    3d. 

IFa  Number  «( t=r /f  +  ^)  is  to  be  elefieiout  of  agreater  A^dieNomberofdifeae 
FJe£lions,  in  which  a  certain  Choice  of  #  Things  wiO  caft  up,  is  equal  to  the  onmbcr  of 
Ele«aions  of  ^  in  A^  —  a. 

Exa.  If  the Elefiions of  6  in  10  are  210;  and  of  4 in  8  (rr  10  •—  2)  diey  sie  70; 
then  diufe  any  2  out  of  che  whole  10,  and  that  Choice  mil  come  up  widi  70  difiercac 
Choices  of  6  in  10. 

Demon.  Takeaway  any  Choice  of  ^Kom  AT,  the  Choices  of  ^  in  the  Remain* 
der  A^  —  tf  being  join'd  with  that  Choice  of «,  make  all  the  Cknces  of  ii  +  *  in  which 
this  particular  Choice  of  ia  is  concerni 

THEOREM4dL 

The  jB7^^/^«/ofanyNund>er^in  anodier  greater  than  it,  Al  are  equal  todieSam 
cf  the  Eleaions  oT/i  and  of  ^  —  J  in  AT— I. 

«)  Conceive  all  the  Units  of  die  Number  AT  to  be  difpos'din 

x^£MON.  a  Row,  and  one  ofthem  to  be  taken  off,   from  the  Id^  hand, 

AT  (o  that  chew  remain  A7— .  z  on  the  light :  It's  evident  that 

the  Choices  of  ^  in  AT —  z  are  a  part  of  the  Chcuces  dA 

jbc        in  che  whole  N;  and  'tis  as  plain  that,  having  diefe,  ite 

want  none  of  die  Choices  fou^t  {viz.  of  ^4  in  AO  but  tfaofe 

N —  I  in  ndudi  die  Unit  taken  off  isconoem'd  (  or  maxes  one  of 

cbe  Umcschoien),  And  it*s  ^ain  plain,  that  diefe  are  had 
fcyjoining  that  Unit  with  aU  the  Choices  of  ^  —  x  in  A^--I,  becaufe  chat  Unit  beiog 
join  d  to  ^_  I,  makes  the  Number  y<;  and  being  join'd  to  all  the  Choices  of  ^  —  i  in 
iV_  I,  makes  all  the  Choices  of  ^  CmN)  in  which  that  Unit  is  coticem^d:  Wfaidi 
Number  therefore  being  added  to  cbe  Choices  cf  ^in  A^<^  z,  makes  the  wholeQoicci 
<£AmN. 

Problem   1^ 

To  find  how  many  AJtenuOhus  or  Cbanges  any  Number  of  difect*  Tluvis^! 
pable  of, 

R  IT  L  E.  Take  the  Natural  Series  of  Numbers  fiom  z  {viz.  i,  2,  3,  8^.)  op  &> 
the  given  Number ;  muldply  them  together,  thi  lafi  Ptodud  is  the  Anfwer • 

ExA.  1.  The  Changesof  3  Things  aie6|=sxX2X3i  cepicfented  as  la  the  Mv*. 
gin,  hj  3  Letters,  A^B^C 


Chap.  6, 


Of  thComBinations  o/^mBers, 


-9,     AyC 


I 


B,  r,  A 


5!  r>- 

iSv4k  2d.  The  Changes  of  8  Things  arc,  40320:=: 
t-r  I  X  2  X  3  X  4  X  5  X  6  X  7  X  8  ,  So  that  iF  there  arc  8 
Men  in  a  Company,  tlicy  may  change  Places  fo,  that  the  0> 
der  of  the  whole  Ihall  be  varied  40,320  different  Ways. 


Demon.    If  the  Rule  is  true  in  any  one  Cafe,  (1.  e.  of  a  Number  iV,  it's  true  of 

the  next  above,  or  of  -A^-f  l  I'hings  ;  and  confequently  of  all  above  :  But  'tis  tru«  of  2 

Thtngs,  A^  B,  whofe  Changes  arc  only  2  =1X2,  for  they  can  be  ordered  only  thus, 

A  B  ox  S  A;  therefore  *tis  true  of  alt  Numbers,    What  remains  theit  to  be  deraonftra- 

ted  is  this  ;  That  if  the  Rule  is  true  of  7^  Things,  it's  true  alfo  of  NJ^  i  Things-, 

tvhich  is  demonfirated  thus : 

By  Theorem  i,  the  Changes  of  A^ 4-  i  arc  =  cb:  -A^X,  cb:  i,  X  elea:  iSTin  iV-f  i. 

But  the  Changes  of  i  are  only  i  ;  that  isy  one  Thing  can  be  taken  but  one  Way  :  And 

the  Eledions  of  i^in  N'^  i  are  N^  i  (Corel,  3,  Defji.  2  )  therefore  the  Changes 

<jf  J^  4-  1  are  —  c  b:N%  iV-|-  1 .    But  the  Changes  ot  N^  according  to  the  Rule,  are 

iVX  ^  +  I  X  A^^^  X  &C.  ><j,  (or  I  X  2  Xj  X&c-  N) ;    and  if  this  is  right,  thcii 

theChangesof-Y-t-l  arcJV'u- ixA^X-A^— i*c-Xi-  (or  i  X  2  K3,  &c.  X  iVx  1) 
ivhich  being  alio  according  to  tne  Rule,  this  is  therefore  right. 

Or^  this  Article  may  be  demonftrated  independently  of  Tb^cr.  i,  from  the  nature  of 
Alternations  only,  fhus  ,•  In  every  Cbemge  of  AT-l*  i  Things,  fome  one  Thing  mud 
pofleiai  the  I  ft  Place,  and  there  it  may  continue  till  the  remainmg  N  Things  change  places 
as  oft  as  pcrfBble  ;  each  of  which  Changes  joinU  with  that  One  in  the  ift  Place,  makes  fo 
many  different  Changes  of  the  Whole :  And,  fijice  any  One  of  the  Whole  may  poffefi  tRe 
ift  Phice  as  oft,  it  fdlows  that  the  Changes  of  N  Things  multiply'd  by  the  Whole  num- 
ber off  Things,  iV  -h  i ,  gives  all  the  diiFerent  (Changes  of  AT"  -f-  i.  But  cb :  N=i  N  X 
X  N'ZTx  &c.  X  1.  Therefore  cbx  N-^  1  tss  ti^  \  x N%  iV^,  &c.  x  i  5  which 
is^  riie  Rule. 

S  C*H  o  t.  I .  We  have  learnt  how  to  find  the  Number  of  Changes  of  any  Nomber  of 
Thimgs  J  but  if  it  fliould  alfo  be  requir'd  a£llially  to  take  them  all  out,  or  reprefenr  them, 
for  Example,  by  Letters ;  there  is  one  Certain  Method  of  proceeding,  by  which  we  can 

iro  thnro'  the  whole  with  the  greateft  Eafe  and  Diflin6lne(s,  fo  as  to  run  no  ha2ard  (or  the 
eaft  -poflible)  of  omitting  any  Change,  or  taking  any  one  oftijcr  than  once.    This  Me- 
thod will  be  made  clear  by  a  few  Examples, 

Ex4u  x«    Fo9  2  Thills  A^  By  the  Changes  are  thefe  2,  A  JS,  B  A. 

Exa.  2d.    For  3  Things,  Ay  By  T,  the  Changes  are  6,  which  you  fee  already  taken 
out ;    Only,  to  fave  fupcrfluous  writing,  they  may  oe  ordered  as  in  the  Margin  ;  where, 

becaofe  every  Letter  poflfefTes  the  ift  Placeitwiccj  viz.  till  the 
remaining  two  have  chang'd  twice,  therefore  I  write  that 
Letter  down  but  once  in  the  ift  Place,  foppofinc  it  to  belong 
to  the  ift  Place  of  the  next  Change,  which  is  left  not  fiird  up. 


CB 


^ 


B  AC 
C  A 


C  A  B 
B  A 


ExA*  j^d*    For'4  Thii^^ .  a^ 


A  i  c  d 
dt 

€h  d\ 
dh 
die 


k  a  e  die 
d  c 
cad 
da 

4 


a  a\ 
a  A 


ah  d 
dh 

h  a.d 

da 

d  a  y 

a 


dah  € 

€  h 
.     h  a  c 
c  a 
c  a 


hyCy  dy  the  Changes  are  2^«  as  they  are  .here  re« 
presented;  where  every  Letter  poifelles  the 
x  ft  Place  6  times,  t7;{.  till  the  remaining  :^ 
Have  chang'd  6  times,  wliofe  Cbaxgjs  are 
order'd  the  iame  way  9s  in  the  precediiig 
Example*  > 


!: 


Exa.  /^ib\ 


v^ 


of  the  €mhmtimtt9f2<$mriiers. 


BookV. 


a  c  d  e 

ed 

dee 

e  r 

ec  d 
dc 

cade 
ed 

d  ae 
e  n 

end 

da 

^•— ^^ 

dace 

e  c 

c  a  e 


^ 


C 
« 


SvA.  \ih.    For  "5  Things,  tL,h^  r,  dy  e^  their  Changes  arei20(=:a4X5)  takca 

as  here  repre&nted  Whece  Ohfene^  that  becaufe  che  Changes 
of  4  are  24^  fo,  in  Uking  ooc  tfaele  dF  5,  every  Lecttr  auft 
pofleis  die  I A  Place  24  times^  ue.  tijl  the  remaioing  4  Letters 
make  24  Changes  \  which  are  taken  out  according  to  die  Me- 
thod of  Exa.  4ffr. 

I  have  carried  the  Work  no  fiirtber  here  ihan  to  48  Chaises, 
vi\*  while  the  two  firft  Letters,  i^  ty  poQefi  the  ifi  Place  each 
24  times ;  the  reA  are  eafily  coooeiy'd  by  tbefe. 

By  thefe  Examfles  the  Method  tbc  any  odier  Namber  any 
be  eaiily  uiderAood,  one  depending  ahiays  upon  the  pieoedbg : 
So,  if  (here  were  6  Things  whoTe  Om^ges  are  720  sxaoX^ 
each  of  them  oiuft  pofleis  the  lA  Place  120  dmes,  vis^.  till  die 
rensainiiig  5  make  their  1 20  CfaaiM.  And,  Ohjuwe^  that  as 
every  Letter  has  the  xft  Place  as  oft  as  the  Chaises  gf  die  re- 
maining Number,  (o^  while  it  poffefisstfac  lit  Plaoe,dxe  Letter 
next  it  in  the  iK  Cba^ge^f  thoie  udmeiy  it  has  the  ifl  Place 
pofiefles  chat  next  (or2dD  Place  as  oft  » the  auisber  of  Chan- 
oes  of  the  femaimog  Letters  after  tUa  one;  and  then  the  next 
Letter  is  advanc'd  into  ttat  2d  Pkce^  and  fo  onu  till  they  are 
all  fiiooeffivriy  in  the  2d  Place.  The  Cone  b  to  be  obferv'dof 
the  i^Ami^j  8c.  Pkces:  Then,  when  all  the  Letters  aiiec 
the  ift  have  pofljsfi'd  the  ad  Piace,  a  new  Letter  is  aduaac'd 
inftothe  ift  Place,  aad  fo  the  Changes  proceed  widi  that  Lettet 
in  the  ill  Plaoe  as  they  didbefixe. 

Or^  if  we  ttaee  the  Order  fiom  die  right  bandtothe  kfe, 
then  ohferve  that  the  two  Letters  on  the  right  hand  (in  die 
lA  Order  of  the  tmn  Letteos)  bavi^g  changed  twice,  a  new 
Letter  isadvanc'aintothe  3d  Place  (  counting  now  fironi i^ 
to  left)  and  whatwa8lafiinthe^dPiac^i8piitlntjhe2dP]aoe;  and  ttus  new  Letter  in 
the  3d  fbm  is  (bene  till  the  2  on  tts  right  boid  change  twioe,  and  tben  the  ill  Letter  (on 
the  rieht^  is  advanced  to  the  3d  Phce  :  Then,  when  me  &ft  3  Letters  have  thus  pdlefi'd 
the  :;a  Phce,  each  of  them  twice,  i.  e.  as  oft  aa  the  Changes  of  die  remaining  2,  a  new 
Letter  is  advanced  into  the  4th  Place  (  by  making  the  Letters  in  the  3d  and  4jdi  Places 
change)  and  there  it  continues  tiH  the  teraadfling  2  Letters  make  all  tlmr  Chassis:  And 
foon  tin  all  the  Letters  are  advanced  to  aB  the  ti^  fiom  therf|gbt  ta  die  left  iiaoi 
An  attentive  Confideration  of  the  preceding  Examples  will  make  ail  this  vegr  dear. 

But  Ohferve  again,  that  the  Number  of  Changes  gtow  £0  &ft  upon  the  Series  ofNmn- 
bers,  that  the  C^^^^x  of  a  fiaall  number  of  Things  cannever  be  all  reprefentedr  For 
Examflei  The  Qiangesof  10  are  3628806  i  and  allowing  a  Man  to  tjdce  out  300  (f 
them  every  Hoot,  it  would  coft  him  304  Daq^s  to  finiih  tnem  aU,  tho'  he  worbi  at  it 
Night  and  Day  without  Interruption :  But  if  we  oriy  double  the  Number  of  TUiKS 
i.  e.  take  t20,  theOimges  arc  x87)i46,3o8,3tt,?K8o,ooo{  ib  gneata  Munber,  Jhat  if  a 
Man  could  take  out  500  of  diem  evety  Hour  (  which  yet  I  doubt  any  Man  could  do) 
it  would  take  him  upwtittd^  lof  a2  thotdand  imQion  of  Vearato  finifli  tfiem  dl.  Foi^  ^ 
vide  the  Changes  by  500,  die<^ote  ie  374:^26x6642560  H«iM ;  wkich^lividedlf  24, 
quotes  i'55?5^'25693440  Days,  whidh  makes  42,727^30^66  Ya»  70  Dafs. 

Sc  H  o  L.  2.  In  iStasProblem  the  Thit^s  to  be  ebAtt^i^rt  feppd^dto  be  fenanf 
diftinfi  Individuals ;  which,  tho'  equal  or  alike  in  beset  telpeas,yer  are  diflina  anddifibeot 
from  one  another  in  that  refpe^  upon  which  the  Variety  of  Change  depends ;  and  io  are 
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ed 
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ec  d 
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dhe 
eh 

ehd 
dh 

d  h  c  e 

ec 

c  h  e 

ec 
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eh 

eh  c  d 
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chd 

dh 
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capableofai«dDiffcrence,and  VarietyofOrder  :  But  if nvo,  or  more,  of  them  are  the 
famey  orMike  in  tbat  afyeA  o^xin  whhTh  tbe  Cioft^f  depends,  lb  that  thejr  ^dmii.of  no 
Variety  amdogthemTclvei;  Then  the  Number  foundry  the  formet  Rule  mull  be  cdr- 
reSed.    t-ftrffrft  eiphin  rhistikea^  andDifierencc  of'Things. 

WhatevcT  Likcnefi  we  foppofe  amqns  Things,  while  we  confidet  them  as  onlv  numeri- 
caSy  different,  ibis  i»  a  fuffictciv  Foun^tiOD  foe  all  the  Variety  of  Order  oi  Change  in 
thm^retxdiiM  Pitliietli :  £utif%ta  aia^e  the  Subjcd  of  the  Change  any  Thing  which 
tho^'have  alTjn  acakmon,  or  which.  M  «ommon  to  any  Number  ofthem,  the  Cafe  is 
difielrent.  -  Fca  £!yaiitf/e  g -Snppore  3  Lectcn,  whercpf  2  of  them  are  the  fanie  as  to. 
Sound,  as  A,  A,  B,  ^ide  are  net  capihle  of  all  the  Vatiety,  in  relpefl  of  the  Oidei  and 
SooeefiSonof  Sounds  that  a  different  Letters  have,  becaufc  the  two  ^s  havii^  no  Variety 
of  Sound,  adoiitofrioCuuige  betwixt  diem&lves,  as  two  diSettot  Letters  do :  So  the 
Cfaaages.hcEe  a«e  only  ?»  viz.  AAB,  A  B  A^S  A  A  ;  whereas  :j  difereiit  Letters 
have  6  Changes.  But  if  we  take  twpdiSefent  Cl^i?£leis,  ^  A,a,  and  m^e  t^e  Change^ 
legard  only  the  Places  of  di&rent  Chara^eis,  without  rcMrd  to  Sound,  Aien"  it  j'  the'' 
fame  thing  what  Sounds  they  teprefent,  they  are  :j  different  Things  as  to  Shape,  and  fa 
have  all  die  Variety  of  any  3  difiereot  Thii^M«a  Otd)^  of  Pki^. 

Take  another  £x<»B^/f .-  Suppofe  4  Bells,  whereofi  ofthem  have  the  fame  Note  or 
Tone  inMi^ck;  then;if:wcc()nfi^r^Cbwges4lfi^^4  Bells-arc.  otpaljls  of  in  the 
fucce2i(»i  of  their  Sounds,  as  Notes  of  Mufidt,  they  have  not  To  many  at  were  they  all 
dffiirent  Notes';  beande  tbe'two:t£ai-lave the  £^e  Note  ^annot  diange,  with  one  an|> 
llier,  aod&irtnomaaerwlHchvof  themis  firft  Jlrudc^'i^.' makes  the.  '&ne- fucceiHon '  pL 
Nons.  indeedifwccoi]fidcr'cm'ofi)y,s^4Sounds,enjiaedfiom4di^^ 
in  this  rerpeacap^<^>aU  theVanie^of  a9y4.d^Serentr'|rhii^s,  th9'^Aey  h^  one. 
Note ;  but  the  Variety  in  diis  icfpeA  is  not  to  be  perceiv'd  by  the  Ear,  tmleu  fhe  Iped^' 
dififeienceofdieSoundsbeaUdi^Tcnt,  !irfddien=thw<3iMtts  timbeftidio  turn  upoo 
diat,  odterwife  the  QtaiKCS  of  thet^  caa  (Hily  be  maik'd  by  difiercaf  Naaies  to  the 
4BeU«.  -.-  ,  io;.;  :     :   .  ^ 

'    ■"■-.■       /."Problem  ■a,|*v  ■;::■■' .'"■' 

To  find  aO  the  Chmges  of  any  number'  of  Things^^i^reof  2  c^  ooore  are  the  lame,' 
iBduCr^)^upDa.whi«hdiepunge-depepds:  . 

.  Ruis<  JFlpd'the'Onnges-ofdie  C^veni 
Nuphi^t  of  tbein.  wditdi  aie-the  ijunej^like,  Ig 
Quote  IS  the  .true  naxasxf_^4^msvX3i^giff  , 
the  Given  NmblKr^cEtt  <pxpR  <v',ThuiR  utce  ai 
diflerem  Things  &Kh' anotlict^  ^eo  bike  aiTthj^  F 
~oflik<7Thia^amoi^ibea](ch[es^^'theQm 
then  multijily  them  cpntinuaUy  together,  and  hy 
GivenNuiaSer  found  bf  Prpil.  i^^.Qoote  is  I 
,  fi**^.;  Of^  Itti^wfeipof  aarethe^ui 
gcs  bf  '6  difereiit  Things  are  ^26^"thofe^oFa  'at« 
i£a^  il^' Si:9¥Kile%Dl6tca<!of-^»lUficIc  i^xc 
but  different  from  die  former  :j,  ^jid  bot^  di^ 
jfe/,  fql,  layjB,J<i„  tlK  Variety  .iri;  tJie'fucCeffli 
ChfliigcaotBdiSereni Notes art'4092d;  ifi£ 

^>^«.^f?J»S^rt«3*?.T-5S4a3|*'->o"..,.,),i-.i,„.-..,.   i,,„    ■.,.;  ,.-■-, 


514  0/tk  CtmknatiMT  pf  Nukihgh;  Bw>kY. 

D t  uTO  ff*  Sappofe  any  mtialbtt  dFChaAiig^  i^^A-^Bihf  TArar. i^^h N':z 
r^cbiA  %ak  B  X  fcIe«S.^(or  B)  ili  l^i  tSWrf^W  if  ikij  tiowSi^  sl9  A^  ofthefe 
Things  has  but  one  Ockr,  (as  wh^ii  thcjf  dite  liKeTMrt^  €*  th»  ioneln tlttt  rtfpeauf* 
oii  which  the  Variety  depends)  in  tins  Cifc  >tbi  If  -fb\B%  Efc^^  >f  (iw  jB>  w  Ni  that 
is,  fee  Number  fonnd  by  i^z-dW.  i-  is  tt  W  «<rkkrt  by  if*^,  t^ider'ai  ts  Mbitte 
I'hingi  Agatin ";  If  there  is  inothe^  patt  of  -rife  gif «!  NBrtbar :  kll  Ilk*  TMnjs^  w>  fop* 
r6fc  5  -  C4-  /),  and  thit  the  Number -Cit*  SW^Thit^  thwi,  by  wtats  iktedy  feewii, 
.tHe  ch\B,  taken  bjM^/.  1,  hiaft  be  dWdof  Bjf  ^/jrsrf  C^fifeqiiMlf/  the  thxH  iM 
FfbhL  k.)  ifC  to  be  fitH  dividtd  h^thiAyiXi  ^v^  Ite  ErrWatlftig  ftoA  A  b«ngHk« 
ThiiTgs  J  and  this  Quote  agiin  divided  hj  ch  V,  i6  &ihm  the  tnnr  Hrlfing  from  fftckig 
like  Things  j  diid  fo  6n,  howfei'^r  many  Parts  at^'  IkU  Thhig» :  But?  k'-s  khc  Obk  fo  divide 
ri»:  A^concinuaDy  by  any  Nombefs  cite  ^er  anb^r^^  ol  skU  at  oiice^  by  tbr  cqonJiBid  P|0. 
<toaoftfafefeNtifflbet$.    Whtrefbe  tbt  Rule  i^itutf-   - 


'<  » 


,^6  fintf  fhe  EhSit?fs  r^ziN  ^^SS^t  friMftBel  <ff  Tldm»  wt'  ot  a;  greiTMr  itaAct  6f 
TRirfgiiUd2ftrfeiir.  '^  !  ' 

^R  u  L  i.  Take  theMies  i,  i;  :j',^k^  ^^ f»llte  Ntirt«r  tOte  dofted^  mI  mriri^ 
then\  continuafly  togcffHer  ^  tKtin^k^^  Seites  ^«stkla(tfy>T«irins^  jdecradfiigBy  i^&a» 
th/Kfutnb^t  oiit  tjf  WlVith  ^  feltraioY^  is  ^6'b€  hlaft/imdr  niukiply  tfaemdoiniBdUytosii* 
ther :  Divide  tMs  P^bdddBy  tMBrMi^-tNeC^otek  lh6Ndiiibe^  fotf^ 

Exa..%.    TlfeGtei«»pfjl«.6>NBe.l5;*t:Y^'  ^    *    ^     

£v^.  2.  The  Choices  of  4  in  j^  are  1 26  =  |^4-§-^^ 

VnherfaUyi  the  Choices  of  Jf  iii  ^  are  expreis  d  thus  j 


B  E  M  o  H»    SuMofe  JB  =  ^ H- p^eH,l7 Tl^bf^l^i'h^J^s^dtA^  fht^^- 
A  ( i'i  B).  i   tfeflsi ,  Efeai^  i^  if  ift  fl^  —  rtJ: « '^^PJTtO'. "  ^*,  bftVoHh 

rbi  n  =r  £  X  ii  ^  xs  ::^  «b.  X  i :"  AtKi  "as  t«awfr,  fltttpih  m  fkmA  i«mini« 

oiie Texm eq<^  io]k  tMsjtl^ ^  ^  ^IkMitHekmn teSihite fbi**b*  A*  a* 
D i=  i  —  2^'Aer3or^ die Terift rf tWi« SMtSs  nft*tt *:^4^0 fef 'B=:.-j^ feiJ _ ^^i«a 

x4 _ ^  -ri i<  jb> sr=^i  fee. *^ .  „N6W  Ae?»:l> dt .X^^^IRt «t. x*<  fl««ft«* 


r^:B  being  diTiSca  6y  avA  t^  t^«t«  i*  "it  l9V3^«4.'y«a-if3t5  »» 

Eletttmt  only,  tnur:  __ 

If  the  Rule  is  true  in  any  one  die,  (ji.  e.  oim^  Efe^fors  uf  yfihit)  ^^  -A^i« 
tnKoftbfrac]tCalc,ocof^-4>,iia,fi.   £Hrth«iUikisttue«f  the  Choices  of  i>n«7 


Number  fi,  which,  sccprdliic  tQ.the  Kx^fs^  ^n—  ::=B^  which  is  the  true  Number,  (as 

has  beenobferr'd  inCorol.  i,  Dtfiii't.^.)  Tliereforc  tTicRultf  is  trutf  ofthe  Choices  of 
2  in  B,  and  con(c(|uenEly  of  2,  ind  evf nf  othe^  Hojnber :  What  is  to  be  demonftrated 
then  is  tlus  j  1  hiLleaaik  jJuf  Rule  u  coit  of  aj]y  liiuitci  ^  in  B,  ii's  therefore  true  of 
^4-  1  in  B  J  |wt)ich  I  shus  dcmonfbate. 

Take  any  ortc  Choice  of  A  oar  of  8,  there  remain  M  —  ^ihii^i  ai)4  if  each  Unit  of 
this  RoEKiiideJ  be  fevera  ly  copihja'd  i^it^  tij^  .Oiigfce  of  ^,  w<jlfiap  heteby  have  as  many 
Choices  of  A  X~i  as  the  Number  S^A  eiprefe;  "Agairt  ;  iff  jve  «ke  every  cthet 
Choice  of  ^,  afid  combine  them  with  every  Ujuc  of  cheii  farciU  I^^mi^iiders,  for  every 
one  we  Ihall  have  as  many  Choices  tSA^  i  ajS  — Jvi  cxprelfts  ;  £■  <?.'  iii  the  whole  a 
number  of  Cofibinations  of^  +  j ,  eqi^l  to  tije  Pro3u£l  oF  rfijcQigji-es  of  jj  (in  Bj  by 

B  —  A;  whi^accocdingjbtheRnle.itl^"  R,^  Sf '^^  ^ n  7 'f  u  -l'   xB  —  A  = 

B'xB  —  i&c.  xi A,~t  \.B  -TtJ       „ 

=  -j-j — 2    to.  X  -  ^    "'  —  "   ■  *  '        '^^  ^'"^. Copbinarioiu  of  ..< 4-  i 

that  we  have  dws  ru^KB'd  jpj!  nQt  ^  di^i?t;  and  to  fiaij'hqtv  many  of  them  are  fo, 
take  any  one  Eh^on  of  ^4.1,  an4  cag  it  thefirft;  then  <;onceive  ali  die  Eleflions  of  ^ 
tliat  are  ill  this  fifft-Hcaionef  j<  -j-i  (which  are  ibmao;  i£the  Elcflions  of  ^  iiiB^to 
be  combin'd  with  each  Unit  of  their  Remainders  in  £,  thefe  make  fo  many  of  the  pre- 
(Kfjiw  Cpipbinatio  "      1  ^hjt  mtl)  e^ch  of  thcfe  Eleflions  of  A 

(mtfiisfii^Elj^c  *e^chUmt  ofthek  Remainders  in  B, 

thftse  will  mfc  <Jne  Dinadent  with  this  firft  EleaiOn  oSA  +  i':; 

for  each  Ekaiqa  o;  -  ;l  j  bring  join'd'with  the  remaiiiing  Unit 

in  the  feme  Elpaio  I  it :  Wherefore  as  rainy  Beftiom  of  ^^ 

iis  ate  io  this  firft  E;  s  *n  Niinbeu  ^  _f-  1)  fc  many  of  the  pre- 

ceding ComWnatioos  cf  i<  -f  1  are  coincident,  and  therefore  not  diifcrent  Eledions  of 

^ut  tha  &mei3,  fof  fiifi  kk«  rcafc^,  true  cf  e^ety  other  Mally-Jlffcreht  Eleflioa  <rf" 
xj  f- i  io  P  ;  fo  that  for  «;vMy  re^y-differeni  Eleflioa  of  ;4-^  i  in  E,  there areW+i 
ConntwW'P™  of. A  4-  I  ThuKS  tsJtcii  in  the  ptecedmg  Work,  which  'are  coincident: 
Elcflions otA^i  Tmngs i  ^wherefore  we  rauft  dividcthat  firft  Number  of  Combiiia- 
Jions  of  ^  +  I  ITiiiigs  by  4 -^  i  f  which  is  done  by  mulriplying  the  Efivifw  of  disc 
Operation  by  ^-f.  1;  tfie  Quote  is  the  true  Number  df  the^jfferenc  Eieaons  of  .^  -f-  j 

in  ^,  ^^m^i^^^^^^-^^^'J-^^  «  die 

*mI^  :       .       .     ■  j  ■-  ,    ■■  ' 

ScHOL.  I.  The  Eieflions  of  any  Number  in  anyj;reat«  njay  be  found  and 
^Ufpps^d  lo  t  TaUe  C#CTe  dwy  nm  ^4t»>ifUKl3^3<i,^'nf|ef)ipn)  which  maybe  cat- 
rietl  on  w  >)^Wf «wi  fldjecp^pm  Jiavje  h«fe  a&peclaierij.tlie  C9nHruflion  of  whidi  is 
iOi»it)l»,.«5eiy<rflpim>  j^gfl^4cof,ijlw§t^»(rf^%^cpd^  fc  ikr,  or  of  die  Sum 
cf  the  preqeding  Tetpis  ^f  tfcfeme„;u(4  the  preceding  Gjlumi^  The  Numbers  to  be 
'deaedftaadon  tbe1icidrfT^c^atir,-die*ii*Co)fcmHj|piHg^  of  ^^i^ 

■*baJEf'«fcQ(»flrCfto%»^^Snfi  th;e^y«raJp^betspf  dK*"eCobt9ns  fhew  theEleaioia 

loiflidieftftCol^ipn.  ,  '  '  ' 

-:..  A.JL,.    ;.  .,.■  ,.;.     .i.„  ,  .),::U,«'h.4.  ■  ...    y.fJjLS 
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i  J 


« I 


'i'lA 


T  A  B  L  E  /^r  the  EleBions  of  Numbers, 

Numbers  to  be  eledcd. 


Tlie  Conflruaion  andtJie  of  thiB  Table  bciiig  thiisprojairfd,  I  fliall  ncxi  deTmnfirm^ 
that  it  contains  the  true  number  of  £le£H(W,  acooriding  to  the  RuleXot  ufing  it,  thus : 

If  i,tf,*,f,C?r.  reprcfcnt  the  numbers  of  Choice^  of  any  Number  ??,  ui  the'fcvcral 
Terms  of  the,  progreflion  of  Numbers  from»  ^ipwards,  then  the  furai  of  this  Series  of 
Choice Sy  viz.  i,  i  -4-  ^,  1  +  ^  +  *>  &^*  *^  ^  feveral  Choices  of  «  -f.  i  la  the  fcvc- 

ral  Terms  of  the  progreffiort  of  Numbers  frc-ra 


+  i;«  +  2;«  +  3 


&c» 


:  i+tf  :  I  +  /!,-{"  l 


»  +  I  upwards. '  This  is  plain  from  T'^w.s, 
yhich  proves,  that  the  Choices  of  tf  in  « 
a^  the  fum  of  the  Choices  of  iS  and  4  -:- 1  in 
n  —  i\  u  e.  that  the Chbiccs  of  » 4- 1  in 
any.  number  of  the  Series  ffOni  «H- 1  is  mc  &m 


of  the  Choices  of »  4"  ^  ^"^  « in  the  preceding  leffer  Number  5  But  thjs  Choices  of «  arc 
in  the  Series  i,^,*,r,8f.  andAcQwices  oln  r\-\i  in  «  -}- 1  arc  i  j  Therefore  the 
Choices  of »  J  i,in  all  the  Numbers  greater, are  in  the  Series  i,  i  -4-  ^9  1  +  /i  +  *,&C' 

But  again  \  The  Choices  (^  i,,  in  any  Nuniber,  are  equal  to  that  Number;  u  e.  are  the 
natural  Scries  1,2,  3,  4,  8f.'  confecjuently'the  Choiccs-of  2  Ifai  the  Series  of  Numbers 
from  2,  are  the  Sums  of  the  preceding  Series ;  and  the  Choices  of  3  in  the  Serie3  of  Num- 
bers from  3,  are  the  Sums  of  the  laft  Scries  of  Qioices :  WhicK  makes  euM^y  the  prc- 
cc(Eng  TabJc  of  J?/«?5?f  o«  J.  ' 

OHerve  now,  That  this  Table  rf  Elcffions  is  the  fame  as  the  Table  of  Triargukr 
Numbers  oqJain  d  in  Chap.  2,  §  2.  (01%  differently  difpos'd  )  where  it  is  IHetvn,  Aat  tbc 
4  Triangdar  of  the  t  Orcfer,  (or  the  h  Triangdar  of  the  a  Order)  taken  fiem  a  Series 

of  UnitS3  is  1  X^'X^^^X^^ftc.k.^  ,tfie'  Srirf.,  afia 

Prohl  I,  CA.  2.)  Now,lq  this  Table  ttf"  BleBions^  if  die  Ntimfcers'  tb  be  defied  aie 
.  compi^'d  with  tne  Numbers  out  of  which  the  Eledion  is  to  be  made,  the  diflfcreoce  of 
them  is  always  i  lefs  thaii  tHc  Place  of  the  Number  of  £ledions  in  its  (Mioper  Cdomn : 
Thus,  thcDifierence  of  4  and  loiso,  and  the  Ekdionsof  4  in  io  arc  210,  theytb 
Term  of  the  Series  of  Ele6ttons  of  4 ;  But  the  EleSions  of  any  Number  in  another  arc 
'  fSie  ISuQie  as  diofe  of  its  Difimpcc  isotd  that  other.    Alfo  the  ieveial  Columns  of  this 


which  dicrcforc  arc  2.  j^  2 y^  Scc  X  ^     ^ — -  9   according  to  the  Rule  of 
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Tabk  aw  the  feveral  Orders  of  Triangular  Numbers,  which  bccaufe  as  Triangular  Num- 
here  they,  are  reckoned  from  a  Scries  of  Units,  the  Number  of  the  Order  is  i  more  than 
the  Number  on  the  head  of  the  Table  :  And,  becaufe  alfo  the  Place  of  the  Number  of 
Eleaions,  in  its  proper  Column,  is  i  more  than  the  Diflference  of  the  Number  on  the  head 
©f  the  Table,  and  the  Number  of  the  firft  Column  out  of  which  it  is  to  be  eleaed; 
Therefore  *tis  plain,  that  the  Elections  of  any  Number  ^  —  i  out  of  another  «  ( :=  Ele- 
aions  of »—  J^i  out  of  »)  are  the  Cune  Numbers  as  the  «  —  «  ^  2  (or  h)  Triangu- 
lar of  chc  tfOrder;  which,  by  the  Rule  of  Triangulars,  is  1X7  X^^-~X^~X 
\C  8ccX  ^  —  ^  ^  ^    and-  which,  according  to   the  Rule  of  EleSions,  exprcfles   the 

Eleaions  of  a  —  i  in  «  j  fo  that  the  Rule  being  good  for  Triangulars,  'tis  good  alfo  for 

EJe^ons. 

Or  if  wc  compare  this  Table  of  EleSions  with  the  Table  of  Coefficients  of  the  Powers 
of  a  BinQmial  Root,  (SceJBook  3,  Cb.2y  ^  1.)  'tis  the  very  fame,  wanting  the  Column 

of  Units :  But  the  «  — ^«  — ^  Coefficient  of  the  «  Power,  is  i  X-  X  — = —  &c.  X 

V  ^-T  ^  "^  ^»  tfie  £une  as  the  Elevens  of «  —  JITJ  in  «  (r=  EleQions  of/*—  i  in  ») 
^      tf  —  I     ^  ^ 

^  —  I   ^^  o-^    v^  g  —  g  —  a 

Elc£tions. 

Now  at  laft  Otfirvey  That  as  the  Demonftration  of  the  Rules  of  Triangular  Numbers 
Qr  Coefficients  is  a  Demonftration  of  the  Rule  of  Eledlions,  fb  the  fame  Rule  being  da- 
monftrated  for  Ekdions,  from  the  Ccnfideration  of  Eleftions  only,  is  alfo  a  Demonftra- 
tion of  the  Rule  for  Triangulars  or  Coefficients*  5  becaufe  they  are  the  fame  Numbers  un- 
der all  thcfe  diiFerent  Views. 

S  c  H  o  L.  2.  If  'tis  rcqqir'd  to  take  oat  all  the  Eleftions  of  any  Number  out  of  a 
^eacer,  the  Certain  and  Regjilar  Method  bf  doing  it  will  be  eafily  underflood  by  tlic  fol- 
lowing Examples. 

Exa,  I  ft.  Thfc  Eleaions  of  ^  out  of  <  Things,  /?,  h^  r,  d,  e,  are  iq, 
4  e\  as  in  the  Margin,  which  are  taxen  out  tnus :  1  take  out  the  firft  3  I^et- 
ters  as  they  ftan^  in  order,  a  h  c  ]  then  I  put  another  in  the  (irft  place 
(on  the  right)  luccefSvely  in  the  order  of  the  Letters,  till  there  is  not 
another  benind  ;  then  1  put  a  new  Letter  in  tlie  fecond  place  (  on  the 
right)  keeping  it  there  till  I  change  all  the  Letters  in  order  that  are  iu 
the  teft  place;  and  then  I  put  a  new  Letter  in  the  third  place,  keeping 
it  there  till  I  change  all  the  Letters  in  the  fecond  place  as  oft  as  poflible, 
i.  e.  fo  as  there  remain  enow  behind  to  make  out  the  Number ;  an  J 
with  each  of  thefe  in  the  fecond  place  I  change  all  thofe  in  the  firft  place  ;  and  fb  on/ 
if  there  are  more  Things  ele£led;  as  the  following  Example  will  further  clear. 

Exa*  2d.    The  Elections  of  4  in  7  Things:  ^,  h^  r,  rf,  ^,  /,  gy  are  35,  viz. 


Ah  d 
a  h  e 


h  c  d\ 
h  c  e 


n  c 


y  de 


accede 


The  Order  of  thcfe»  carefuDy  coniider'd,  is  fufficient  Diredion  for  any  other  Cafe. 
I  ihall  only  add  this  ObfervasiQa  io  the  laft  Exam  fie  \  That  when  g  comes  in  the  iirft 

■  '  .  -    .pUcc 
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place  (oQ  the  figlit)  the  Letter  in  the  fccond  place  w  changd,  and  there  it  ftand$  till  )i 
comes  agiiii  in  the  firfl  phce,  and  then  it  is  chang'd  again,  and  fo  on  tiB/  comes  i»  tl>e 
fccoikl  place  ;  and  then  tlie  Letter  in  the  third  place  ischang'd,  and  fo  it  fends  till  flic 
f 'Hie  Changes  as  before  £dl  upon  the  firft  and  fecond  places,  /.  e^  till/", g  come  together  iit 
the  6rft  and  fecond  places  ;  and  then  the  Letter  in  the  third  place  is  agjia  chang'd ;  and 
ib  ic  goes  on  till  e  comes  in  the  third  place  ;  and  then  the  fourch  place  is  chang'd ;  and 
fo  on  til]  fuch  a  Letter  corner  in  the  laft  place,  that  what  are  behind  in  the  Order  oJF  the 
Letters  do  juft  make  up  the  Number  eie&cd.    ^ 

S  c  H  o  t.  J .  The  Things  out  of  which  an  Ele3i^  i»  to  be  qaade  are  fiippos'd  to 
be  all  differeiU,  clfe  the  Number  found  ty  this  trohlem  muft  be  correflcd.  For  examf  le  \ 
li  we  iuppofe  that  out  of  4  Notes  of  Mufick,  2  are  to  be  ele£led  ;  and,  that  2  oC  the  4 
are' equal,  or  in  the  fiune  degriae,  as  fa  fa^  folf  /^  theo  it  is  jdain  that  we  cannot  ipake 
as  many  Choices  of  2  Notet ,  that  Ihall  be  all  diSeret^t  Choices,  a^  we  coidd  do  out  of  4 
different  Notes  ;  for  in  4  different  Notes  we  have  6  Choices  of  2 ;  but  here  we  have 
but  4,  viz.  //7,  faifayfol;  fa^  la;  foi,  la.  Nonr,  tius  Jbeing  a  tii^kation  uppn  <^ 
Circumftances  of  the  Elc^lion,  is  a  kind  of  Towf  (?/?//o«  (  which  is  a  limited  Ele(9ion) 
and  the  Rule  for  it  will  be  better  underiiood  lifter  tbe  General  Rules  ^r  Cmfojii'm  \ 
and,  till  tbefe  are  explain'd,  I  i£ler  iL 

Problem  4*- 

To  find  the  Sum  of  all  the  Choices  of  every  Number  that  is  in  smy  Qven  Number  of 
Things  all  diflferent,  (1.  e.  the  Sum  of  the  Choices  of  i,  and  of  2,  and  of  3,  @r.  in  auf 
Number  A^)  without  finding  the  Choices  of  any  of  tbefe  particular  Numbei?. 

Rule.  Fuid  the  Sum  of  a  Geometrical  Progreflion  proceeding  from  i  in  the  Ra- 
tio I  to  2,  as  I  ;  2  . 4 .  &c.  whofe  Number  of  Terms  is  jV,  the  Given  Number  out  of 
tvhicli  the  Eleaions  are  to  be  made  ;  That  Sum  is  the  Nwdber  fought.  Or,  fini  ftch 
a  Power  of  2  whoie  Index  is  N;  fubtraa  i  £rom  Am  Powc^Tj  the  ffoaaindaris  tjbe  Supi 
or  Number  jR)ught. 

Exit.  The  Sum  of  the  Ele£liom  of  every  Nmnber  diat  are  in  12^  is,  i  +  2  +  4  +  8 
-1  16 +  32-+-  64+  128  4-  256+  5«2  f- 1024 -+-2048=24095  =2**'- I 

Demon.    Suppofe  only  2  Things  /z,  ^,  all  the  Choices  here  are  only  3,  vi^.  a  (vi, 

or  at;  if  we  join  another  Thiog,  to  make  the  whok  3,  ^  h  0. 
dien  'tis  plain,  that  the  preceding  Choices  ia  «,  ^,  are  K>  «iaiiy  of 
the  Choices  in  4,  ^,  r,  and  we  want  no  more  of  (them  but  tl^efe 
wbereiaris  ooDoeni'd,  wfakbfune  ooly  it  UiPf  md  its  Combinadocs 
with  all  the  preceding  (  &t  in  :the  3d  Columi^).  Again ;  joui  ano- 
dier,  makii^  c^  the  whole  4 1%ii^,  a^jk^ Cjd;  ^  <;oiriW^U<^ 
already  found  in  a,  ^,  r  a«e  £>  many  of  thefe  jtbught,  W  .we  mxa 
only  thefe  in  which  d  is  foricfiro'd,  mfaich  aae  only  it  fiiF^  ^  io 
Combinations,  with  all  the  preceding  ((et  in  the  4th  Column^  The 
fame  way  does  the  Woric  go  on,  by  joining  one  ThipigLsaoK^tQrcnc, 
But  it  is  plain,  that  the  Number  6f  Combinations  or  Choioes  In  the  fevend  Coloams 
are  in  Geometrical  progreflion  from  i,  in  the  Ratio  i  to  2;  fer  the  firft  Column  has  but 
one,  and  every  followiiigColumn  has  as  many  Terms  as  the  Sum  of  all  the  preceding,  and 
onemore ;  becaufe  the  Tiling  on  the  head  of  the  Column  .i$  join  d  with  all  the  jveodiag 
Terms:  And  this  is  theProptrty  of  a  Geomctricd  Progrcfifion  be^nning  with  i  b  the 

Ratio  of  1 : 2  ;  for  the  Sum  of  fuch  a  Prpgreffion  is  \~r  i  ^  b«ng  the  Ratio,  I  the 

grcatefl, 


•  t  •  c  •  d 

ah  .ac   ad 

he  id 

ahe    cd 

abd 

AC  d 

led 
ah  c  d 


.Ch^  6.  Of  tk  Cdmhinattons  of  Kumhers.  5 1  ^ 

grcatcR,  aiid^  tticfcflcr  cft'rcme  5  but  iff  is  2,  andii»=t,  then  is =  2/ —  x  fo 

that  every  Term  is  i  more  than  the  Sum  of  all  the  preceding*  Wherebre  the  Sum- 
of  all  thefe  Columns,  /.  r.  of  a  GoomecidlGal  progrei&on,  as  iii  the  Ride,  is  the  Number 
fought. 

Sc  H  O  i&  111  it  I .  If  ieveml.  of  die  tUf^  given  are  the  fione^  or  like  (as  expkmed. 
xmn  ^h(t  piecedbsg  PHtlem)  dib  Role  ss  coMcorrefied-j  and  how  to  do  ic  you  11  find 
afterwards. 

^.    A«.  iM  Ii^vfB  fhewn  a  Conef|x>ndence  betwixe  the  Coeflikieilts  of  the  Powers  of  a 
. Binomial  Rooc^  and  the  Number  ot  Ele£lions  of  one  Number  out  of  another ;  fo  if  we 
purfue  the  Comparifon,  we  learn  that  the  Sum  of  all  the  Coefficients  a&er  the  firft  of  any 
0ne  Power,  b  the  Sum  of  all  the  Eledions  of  every  Number  given^  in  a  Number  equal 
to  the  index  of  that  Power  ;  for  Example^    The  Coefficients  of  the  fourth  Power  ate 
%i  4f  6f  ^  I ;    aiid  the  £le£^ion»  of  i,  2,  ^  4fevera|ly  in  4,  afe  4,  6,  4,  x.;  and. 
fo  iYl.  any  other  Cafti»  as  is  clear  by  compari£:)n  of  the  Table  of  CoefncicnCs  with  that 
of  Eledions,  whigbis  the  very  lame,  only  wantLia  the  Column  of  Units,  ivhich  ate 
Coe^Boienf*  of  the  6tft  Terra  in  every  Power,    Wherefore  it  fblloxvs  that  the  Sum  of 
«U  the  Coefficients,  afwr  the  firft  of  any  Power  is  the  Sum  of  as*  many  Terms  of  a  Geo- 
Mietrkal  progreffion  pvoce^ng  from  i,  in  the  Ratio  1:2.  or  taking  in  the  &(1  it  is 
the   Powef  (x  2^  ivhple  Intibx  b  that  given  ^  as  it  has  been  alfo  foi-merly  ihcwn  in  Book  3. 
.4g^«#  taking  the  Rule  foy:  the  Sum  of  the  CpefficientSy  as  it  is  already  demonilratcd,, 
then  the  Ruk,£or  tlie  jClefiionsf  is  detTion/hafied  from  the  Correffondence ;  yet  it  was  'iic 
to  dfinotiifaraGe  it  alio  &om  the  nature  of  EleOions. 

Problem   y» 

IPo  fiod  the  Comfofi^ion^  sm;  Number  in  an  equal  Number  of  lets,  the  things  be* 
aing  altdificreatV 

Multn  MuidfJy  the  Number  of  things  ihevery  fet,.  continuaUy  into  one  anotficr ;  the 
PrcvduS  b  the  aniwer. 

Exa.  xw  Suppofe  four  Companies,  In  taA  of  which  there  are  nine  Mtn  ;  to  find- 
how  many  ways  niiie  Men  may^be  choien,  one  out  of  each  Company  ;  the^  ahfirer 

b  6561  z=9xp%9x9» 

Ohjirve.    In  all  Ca&s  where  the  Number  in  each  (et  b  equal,  the  ani\viet  is  always 

fiich  a  Power  of  that  Number  whoft  Index  is  the  Number  of  Secs„  m<  of  other  ttiiiig?  to'bo: 

chofen ;  which  b  here  the  fame. 

Etco.  2.    Suppofe  four  Coinpanies;  in  one  of  ivUch  ihere  are  fix  Men,  inanother- 

tight,  and  in  each  of  the  other  two,  nine;  in  thb  cafe  the  Choices  (by. compofition)  of 

fbur  Men  are  3888  ~  6  x%x9^y. 

|)  t-M  0  »•    Snpixife  ©Illy  two  fets,  it's  plain  that  every  Unit  of  the  one  fet  being: 
Combined*  with  every  Dnif  of  the  other,^  itfafaJ  aS  ^h*  Olita^oflft^lfe  tjf  two  tlAiigs  in^ 
thefe ii^&ts ;  andthe Number  of  them  is  ][)HrirAy tte ProAjii^ fA  ^  NotnbiSip m theLone- 
^  )ai  iUst  in  tlW  ^tf.    Agant,  it  ftete  ar^4i#ib  A%  ifteCoa^oftuIn  q£  tw^  in  any 
two  cf  ihem being  co);fibii1ed Tdt!i  tafcliUmt  of  ttie  tkkd4)iie^.  Maketf^U  the-C^oqioSciGiis 
of  three :  T&al:  is*  the  Com()ofitiorfi  of  t\^,  lA  any  two  ^  the  fets  Ibeing^  ntultiptied 
By  tl^  iSlum^er  ^  Ttit  t^tiiArxg  "fet,  {i^odbces  ^  C/smfOStmym  df^riiroe  &n  die  clwee.  lets ; 
which  b  j^x^i  ttit  e(:mdft02lPrcKiuft  of  41  th#^  #ttee  iNbndns  in  du  tJ^eeftrsrand. 
htcfxfii  yt%  no  liia^gt  iil^^v^tiat  ord!^  fev^(NKMlM»»«te<coiliiM^  thfenefore 

iifs  no<natt£rw'hi$hTX^1k9|i«vt'^^  ForthefanMeileafen^che- 

.iLulels  goddt  t6r  4^  5,.  ti):;. -ft*..  ^^N^it&iti^c,  ^f^ttlXiih  '^^j*^  ^7^»^  aqpoefent- tlie- 

Num^. 
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Numbers  in  fo  many  fets  of  things  |  the  Coi^poittiQiis  of  as  nuiay  dungs,  out  of  M% 

bctij  are, /zH^xrx^&c. 

Problem   ^r 

T:>  find  'the  Ccmpoftions  (f  any  Number  in  a  greater  Number  of  &tSy.  f.  r.  how  to 
chufe  a  Nmnber  of  Things  out  of  a  greater  Number  c£  fets,  taking  but  i  TWng  out  of 
I  fer  (the  things  being  all  different,) 

^  Rule.  Find  tlic  Eleftions  of  the  Number  to  be  chofen  fn)  in  the  Number  of  fets 
fN)  by  Prohl.  5  J  then  find  the  Compofitions  of  «,  in  each  of  thcfe  Elcaions ;  by  dk 
laft  Pr'oplem  ,•  the  Sum  of  all  thefc  Compofitions  is  the  anfwcr.  But  obfervey  that^as  the 
Number  of  Individuals  in  each  fct  are  fuppofcd  to  be  equal  or  not,  there  is  a  diflSbrcncc  io 
applying  the  la  ft  part  of  the  Rule,  thus : 

(i^-)  If  the  Number  of  Individuals  is  equal  in  each  fet,  call  it  m  5  then  the  Compo- 
fitions in  every  Eleaion  of  the  fets  are  equal  j  and  hiProhl.  ^.  they'  are  iff» ;  and  this 
bein^  multiplied  by  the  Elections  of  «  in  A^,  gives  thewumber  fought. 

Exa.  To  find  the  choices  of  3  Men  out  of  5  Companies,  which  Imve  each  4  Men,  fo 
as  to  take  out  i  Man  out  of  i  Company,  the  Ele^ions  of  5  in  5  arc  10,  and  the  ijd  Power 
of  4  is  6^,  then  64  X  10  =  640  die  Number  fought.  But  as  there  are  20  Men  in  the 
%vhole  5  Companies,  if  the  Choice  were  unlimited,  the  Number  would  be  1 14a 

(2^')  If  the  Numbers  in  each  fet  are  not  equal,  we  muft  a^hiaOy  mark  out  aD  the  E^ 
]e6irons  ^  and  take  the  eompofitions  of  each  feparatdy,  becaufe  tfaey  cannot  be  all  qoal; 
their  Sum  is  the  Number  fought. 

Exa^    Suppofe  5  Compames whofe Numbers aretf:=2,^=r2,  r  =  4,  d 5,  ^  —  6, 

out  of  which  are  to  be  chofen  by  Compofition  3  Men :  The  Eieffions  of  9  in  5  are  10, 
wliich  being  marked  out,  with  the  Compofitions  of  3  in  each,  t^e  total  Sum  is  490,  as  hoe, 

^,  ^,  r   =  2,  3,  4  ^  24  Demon.     Tie  Reafon  oF  every"  part  of 

/I,  ^,  </  =r  2,  3,  5  i  30  this  Rule  is  obvious  from  the  nature  of  the  thing, 

ij,  *,  ^  =  2,  3,  d  o  ^  36  and  the  preceding  Rules  5  andnecdnotbefuitba 

a,c^d=.  2,  4i  5  a'S  4^  iufiftcd  upon* 

a,  r,  e  ==;  2,  4,-6  .§-S  48  .        . 

J,  4?,  ^  =  2,  5,  6  ^  8  60 

^,  r,  1/  ==  3,  4,  5  |*.S  60 

h   Cy   e     ^     i,    ^    6     O  72 

c»  d,  e  ss  4,  5  6,  ^120  •  '  - 


a 
c 
a 


4,96  total 

# 

Problem  7** 

To  find  the  Compofidoiis  dE  anf  Number  AT  in  a  leffer  Numto  of  Seta  n^  (fillings 
all  different,  fo  as  fome  part  be  taken  out  of  each  fet. 

Rule.  Let  the  feta  be  lepr^ented  by  the  Numbers  in  each  ;  then  (i^*)  diftri- 
bute  the  Nuniber  N  into  as  many  parts  as  there  are  Units*  in  ^,  and  do  this  as  nuny 
ways  as  poffiUe  ;  after  which  (2^')  make  out  all  the  Alternations  of  the  Temts  or 
Parts  in  every  diftribution,  and  (3*^-)  compare  each  Alternation  (taking  their  Tcnm  ui 
bne  order,  as  fiom  left  to  right)  with  the  Numbers  of  the  leveral  fets.  (taken  in  the  iame 
order).  Thefc  Akemations  in  whidi  any  Term  is  greater  than  the  Number  of  die 
lefponding  fct  are  to  be  leieded ;  foir  this  fliews  that  tbefeparts  cannptl^e taken  out  of  ,^ 
fets  in  that  order :  and  tor  eveij  Oth^r  Altermition,  vcMi  are  to  d6,|^ui.  (4^*)  Fmd 
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the  EUeaiao$  (by  Pr$ht.  3«>  oF  e^juj  Term  of  tbe  AkenuLtion  out  of  the  Nambdr  of 
the  correfpondent  Set ;  which  mulriply  concioually  together,  the  Piodu^l  is  fo  rami  of  the 
Choices  fought-:  Then  laflly,  the  Sum  of  all  theie  Produds,  made  for  every  Alternation  of 
every  Difirioution,  is  the  Number  fou^t. 


X  •  Suppole  two  Companies,  the  one  of  5,  and  the  other  of  7  Men,  •  out .  of  which 
are  to  be  chofen  4  Men^  fo  as  ^,  part  be'  taken  out  of  each  :  How  many  (^hoices  are 
there  ?  The  Anfwer  Is  455  ^  fotuid  thus, 
*  .« 
d^")  The  lets  are  5  and  Tijomi  the  Number  4  has  two  diftributbns  into  parts, 
vix.  I  -f-  3  and  2  +  2.  (2^-)  The  Alcemations  of  thefe  2  diflributions  are  only  thcfei 
'  +  ?>  )  -f-  I,  2  4-  2)  then  (z^')  Comparing  diefe  Akeroatipns  with  the  iets,  there 
is  none  <^  them  to  be  rejeded  ;  and  (4^*)  the  Eledions  of  their  parts  in  the  Correi^n- 
dent  fet^  being  taken  and  Multiplied,  uidtfac  Fkodufis  added  together,  as  you  fee  done  be^ 
low^  the  total  Sum  is  45  5. 


Sets. 


Set's. 


Altera  I  +  5 
Ele^  5x3$ 


Mera  3  +  1 
175.  tekeu  10  X  7 


=  70. 


Sets. 


Altera  2  +  2 
Elea.  10  X  21 


.5"' 


Prod.<  70 

.C2iO 


=  2X0 


455  funiP 


^.^a.  2.    There  are  three  Companies  of  5,  6,  7  Men;  out  of  which  <  Men  are  to 
be  cbofen  by  Compofidon ;  the  Anfwer  is  6055,  found  as  in  the  foliowii^  Work 

1*=^*  The  diftcibutions  of  5  into  jj  Parts  are  only  ^  j"  ^  i  '  ^  5 

.a^*  The  AltcrnationB  of  die  diflributton  x  +  ^  +  3  ^'^ ^^  hh  i*  I9  ?»  h  and 
5,  r,  I }  of  the  difttibudon  x  +  2  4-  2,  thqr  are  i,  2,.  2 :  2,  x,  2,  2,  2,  i,  each. 
of  ^ich  can  be  taken  in  order  out  of  the  lets,  5,  6,  7  j  and  the  EleSions  found,  'mul-' 
tiplied  and  added,  make  in  all  6055. 


Sets. 

Ate»»x-|rl+3  =  1 
Eket.  %k6ks%^  1050. 


Sets* 
5  '6  '.7 


Sets. 
5  :^  -7 


Altem.  iTfrj-ft^       -I  Altem.  j-f-x +1 
Elea. 5  X  20x7  =  700        Eka. x6x6x7  =  420: 


Sets. 

5:6:7 

Altem.  14-24-2 
Elea  yc  x)Haissz575« 


5'f?    7 

Alt.  2-^+2 

£le*iox6x2iss5i96o. 


Alt.  2  4-2+-! 

£Ie.^XOXX5X7:;::X050< 


3;m 


&^ 


Jit 

5)  6  Mtu. 
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Soppofe  9  Maiare  tobediofenbyC<»i9QfiDonoatx>f  ^Compitti^ 


cm 


2. 


rr*  J 


fi  f  i+r 


o 


I 

I 
I 

2 
2 


2 

3 

4 

2 

3 
3 


4:5:6 


5tb 


2.5 
5.2 

2  .  2 


6rii 


7*{ 


3 

4 

2 

4 

2 

3 


4 

3 

4 
a 

3 

2 
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If  otch  of  theic  Series  of  aftenutions  (of  the  fevoial  diflributions  of  the  Number  p) 
is  com^rcd  in  order  with  The  Nombers  of  the  Setts,  4,  5,  6  (in  order  to  wbidii  1  hare 
ftx.  thefe  cRret  the  Alternations)  then  we  find  tlntmne  of  the  ill  diAribo^m  ate  ufe- 
ful,  becaofe  7  u  ^eater  than  it's  Correfpondoit  Sett;  of  tiK  2d  diftribution,  ^  7^  4th, 
5tti,  6th  alternations  are  alfo  ufelefs,  becaufe  6  e<»reft>on()s'to'the  Sett  .4  and  ^^  oat 
of  which  it  cannot  be  taken  ;  alio  the  5th,  6th  alternation  of  the  third  dlAribution ;  and  the 
^^  of  the  cth,  ar^  uleleg,  all  the  other  alternations  &rve :  And  Oiferve,  That  the  dilbiixi- 
tion  which  has  Qne  part  greater  than  {he  Number  of  ^  of  the  Setts,  is  ufiiefi,  and 
therefore  we  need  not  take  out  ifs  alternatioAs ;  nor  the  altemationsof  any^t^ARrdHinixy 
tion,  wherein  any  ^rt  is  greater  tiaui' ^  Cea^Tpondttt  £4R  ouc«f  «4ach  it  Ibsuld 


be  elected ;  and  rti^fCfore  taxing  only  die  ufeful  diflributioos  and  alternations,  the  whole 
Work  is  as  follopcvs  ;  whetethave  let^e  "Ek&ixitB  not  mdei',  -but 'ina  lln«'<«ith  (be 
the  Nu(nb<A§  ele(aed.j^tfias„  dicEleJUons  d^Xt  2».6  (»"  4  '5  •■^)  »«  4j  ioj,  j. 


Setts. 
4.5.6 


Eledions. 


Setts. 
4.5.6 


l.2.6|4)Cl9><i:=  40I 
2.l..6l6?4^5X»;J=:  36 


1.5.9 
9.1.5 

3-6'  » 


34 


•ri.4.4, 
1^4.1.4 

C4'4-M 


ElefUons. 


1.4.444X  5X15=300 

»X  ^^5=  75 

\x%  5^  6«««  3© 


4X  1X23=  80      .fa .  2 .  5l<5XtoX  <5=35o 
4x  5X6  =120  |4"'l2.5,2|gX  1X15=  90 

4X  ?X6  =J4  I  ^ih  3-77^  4XioX20«^ 

54lf.. *' 


00 
i4^ 


Setts. 
4-5-^[      EiedtoiB. 

2«3'4UxtoXi5=9«> 
2  •4*  3Ux--f)t40=6oo 

^3-a-4l4XitoX»5*«» 

1X10X20=200 

1X10X15=^52 

2750 


4 
4 


4 

2 

9 


3 

2 


TK^  Snih  oF  all  thefc  Produfls  is  ^±  4-  1655  +  2750=54959;  the  total  Kk^ws 
of  9  ill  the  3  Companies,  ivhereas  a  tree  Choke  out  of  15,  the  Sum  of  the  3  Cooh 
ponies  is  .5005. 

^.OSfirve^  That  tho*  this  Work  be  indeed  tedious  in  moft  Cafes,  yet  it*s  vaiUy  eafier 
than  the  a^ua)  marking  out  of  all  the  Choices  out  of  the  Setts ;  which  Aill  would  lequiie 
die  didributing  the  Number  to  be  chofen,  and  then  ele^Ung. 

D  B  M  0  ^. 


chap  6.      -      Of  the  Combinations  of  Nmihn*  5  2  j 

Di  mgm;  Seoie  Pait  of  die  Nomber  to  be  eloOed  muft  h»  taken  out  of  e^ch  Sett, 
tvkich  k  tbt  lealbn  of  diflcibiittiig  that  Number  into  as  many  Parts  as  th^re  are  Setts,  aivi 
doing  diis  aa.many  Waiys  as  poffiole :  Bat  tbeii  the.Pam  of  thefe  Dlfiributions  may  be  ap- 
ply'd  vacioufly  to  die  Setts,  which  is  the  reafon  of  taking^  their  Alternations  and  apply- 
im  them  to  die  Setts ;  for  'tis  manifeft  that  each  ef  thefe  dii&rent,Ap{dications  or  Ways 
of^taking  the  Parts  of  the  Numb&r  to  be  defied^  among  the  Setts,  muft  make  a  different 
Choice.  Bat  i^avty  in  each  of  thefe  we  are  aUb  to  conuder  in  what  Part  of  the  conefpon- 
ding  Sett  it  is  taken,  for  that  alfo  muft  make  a  difoence;  fo  that  the  EleOions  of  every 
Number  in  its  correfponding  Sett  being  found,  'tis  plain  that  we  can  join  any  Choice  of 
the  Number  taken  out  of  one  Sett  with  die  Choice  of  the  Numbers  taken  out  of  the  other 
Setts  ;  and  conf^uehtl^  the  Variety,  in  this  refped,  is  the  continual  Prddud  of  the  Num- 
bers of  Choices  of  the  ieveral  Parts  of  any  Diftribution  out  of  its  correfponding  Sett. 
Therefore,  laflly^  the  Sum  of  all  thefe  Produfis  is  the  Number  fought 

'.    ■  :  -  Problem    fitJ*- 

I  ■ 

To  nnd  the  EleSliofts  6f  any  Number  n  in  anodier  Number  AT,  of  Things  which  are 
not  all  diffeteat,  in  that  ceQpea  which  makes  the  Variety  of  Choice. 

R.  u  L  1  i^'  Of  the  Number  N  take  the  Ieveral  Parts  that  are  like  Things,  and 
reckon,  each  of  thefe  Numbersas  fo  many  Setts ;  and  all  the  remaining  Things  in  A^  as 
another  Sett :  Mark  each  Sett  by  its  Number,  and  alfb  b^  fome  Letter,  (  becaule  di^ent 
Setts  may  have  the  (knie  Number,  but,  being  Setts  of  difiereiit  Thuigs,  they  muft  Ikiv? 
anotlier  Diftinftion)  and  becaufe  all  the  Setts,  except  one,  are  fuppos  d  to  confift  each  of 
like  'tUnsSf  <tho'  diflercnt, Setts  confift  of  d&ffcteiu  Things)  diflinguiih  diat  one  by  fome 
Mark.    Then, 

2^*  Find  all  the  £leaions  of « that  can  be  had  in  that  Sett  whidi  confifts  of  Things 
dii^rent,  and  fdt  each  cf  the  odiet  Setts  reckon  but  one  Ekaion  :  But,  if  the  number  of 
Things  in  any  of  thefe  Setts  is  leis  than  «r,  there's  no  QeAion.    Then, 

3®*  Find  and  mark  out  all  the  Elc£lions  of  every  two  Setts,  of  every  :j,  4,  &c.  (as  fac 
as  time  Number  n)  by  their  Letters  and  Numtiecs  f .  And, 

4«-  Find  die  Compositions  of  «  in  eadi  of  thefe  Choices  of  different  Setts,  by  Prob!.  5,. 
6 ,  aiid  7.  . 

Lqfilyf  'the  Sum  of  aD  tbefe  CompoCcions,  and  of  the  Eleflions  in  Article  2d,  is  the 
Nunicr  fc^ight. - 

,  JEx4. 1.  .Suppofe  4  to  DC  dcflcd  out  Of  ix,  whereof  J  are  like  Things,  afid  6  dlffc- 
a  b  ^  rent.:  ]Tfae  Choices  of  4  in  $  are;<  5  but  the  5  being  here  all  Kke  Things, 
a  c .  there  is  but  one  Choice  j  then  in  the  6  different  Things  tlterc  are  15,  both 
ad.  which  make,  16.  Next  there  is  but  one' Combination,  to  be  made  of  the 
a  e  Setts,  becaufe  there  aypebut  twoof  diest.  Now,  the  DlftriBations  of  4  into 
a  f  2  Parts,  \nth  theii  Altetnation^,  are  i  +  2,  5 .+ 1,  and  2  -+-  1x  and  the 
.  Choices  of  thefe  out  of  two  Setts  make  in  all  41,  (as  in  tlie  annex  d  Op< 


)era- 


"^eSs*    S  .  •  .  6    •  \,      .  tlon^  where  theSett  5  being  of  like  Things, 

'     -            v\ft  —  20  ^^^  Choices  in  it  arc  reCkond  tut  1 ;  And  to 

i.  ^    •    3  *-^   5  ^'j:^  z  thefe  41  add  the  fi«:ediog  16,  jhe.Sum  is  57, 

*    ^    •  ^    '    IS-.   5  ,>  ~  ve  the  Number  fooght.     .,     . 

But  if  eadi  of  the  Setts  contains  like  Things,  then  the  Anfwcr  wouM  be*  only  <  ;  Pot 
thetf  ,is  I  Choice  in  each  Sett,  and  i  for  every  Alternation  of  the  Parts  of  Af ;  and  if  the 
Tiling  tdbe  eleSed  are  6^  then  the  Elefiions  are  6 ;  for  there  is  no'EleOibn  in  the  one 

X  X  X  2  Sett, 
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Sett,  and  there  b  but  i  in  the  other :  Then  the  Difiribaiiom  dE  6  Me  i  +  ^^  2  + ^^ 
3  +  3f  sind  tlie  two  fonner  have  2  Akemations.  hot  each  of  them  has  hut  1  £le^ 
m  the  two  Setts^  whidi  make  in  all  5  3  and  this,  with  the  fomer  i  in  the  Sect  6,  it 
i;i  all  6. 

Exa.  2d.  To  find  the  Choices  of  4  out  ofii,  wheieof  6  are  like  Thit^,  and  5  alio 
Uke,  and  7  difierent :  The  Anfwer  is  201,  which  is  found  as  in  the  following  Work ;  for 
the  i^nderflanding  whereof  nothing  ncedn  be  fidd,  but  that  the  Sett  .7,  which  confifls  of 
Things  an  difierent,  is  diflinguilh'd  by  a  CnA. 


A  .  B 

6   .5 

4  •  4 


C 

7 
4 


J  +  i+3S=37,the 
fbm  of  the  Choices  of 
4  Li  the  feTeral  Setts. 


A 

6 


B 
5 


A.C 

6.7 


4- 
B.C 


.H-3<j5JX35 
3-»-x:SiXi=i|3t»j2'X7  3+ij»«X7 

2  4-  2W  I  X  I=r  J  J2-f-^.IX  2li2+a*  IX  21 

3I  Ti\  Ti 


A.B.C 

6  .  5.7 

i-*-»+2<6'XiX2i 
if2-fi2ixiX  7 
2fi+i«iXiX_7 

35 


Then  37  H-  3  +  ^3  *f*  ^3  4-  3$  ^=  30i,  tbe  Number  Ibugjit 

Demon.  The  Heafon  of  this  Rule  conCfc  aD  in  this ;  That  whcri  any  Nnmbcr  9 
is  to  be  ele£lcd  out  of  any  Number  i^ without  lioiitation  ;  and  tf  the  Ni^nber  iV,  is  any 
how  diftributcd  into  Parts  A  +  jB  +  C,  &c.  then  it*s  certain  that  every  Choice  rf 
«  out  of  tbe  whole  Sum  muil  either  be  taken  out  of  fome  i  of  thefePait^  or  out  of  fomt 
2,  or  3,8f.  of  them  (proceeding  to  a  Number  of  Parts  equal  to  «,  for  we  cannot  diftrii. 
bute  it  into  more  Parts  than  n  has  Units,  and  find  fome  Part  of  «  in  each  Part  of  N.) 
Then,  for  the  Manner  of  taking  u  out  of  thcfc  Setts  or  Parts  of  i\^  the  Reafon  is  con- 
tain'd  in  die /'roWf OTj  refcr'd  to. 

Problem    o*^ 

To  find  the  Sum  (£all  the  EleSiions  of  every  Number  in  any  Number  i\r,,  which  are 
sot  all  difierent  Things,  without  finding  tbe  Eleftions  of  any  particular  Number, 

R  u  t  fi.  Separate  the  Number  ^  into  Setts,  as  in  the  UR  Problem }  then  find  tbe 
Sum  of  a  Geometrical  Scries  fronii  in  the  Ratio  of  i  :  2,  whofe  Number  of  Tennt  is 
the  Number  of  Tbin^  in  that  Sett  whidi  are  all  different  Things  :  Next  take  one  of  die 
Setts  which  confifts  otThing?  all  like,  and  by  its  Number'  multiply  the  precxdiog  Sam, 
and  to  the  Produft  add  that  preceding  Sum,  ajid  alTo  the  Multiplier  :  This  laft  Sum  mul- 
tiply by  the  Number  of  another  Sett  of  like  Things,  and  to  the  Produd  add  die  laft  Sam, 
and  alio  the  MidtipUer  :  and  thus  go  on,  multiplymg  the  lafi  $um  by  the  Number  of  ano- 
ther Sett  df  like  Thirds,  adding  the  laft  Sum  and  Multiplier  to  the  Ptoduft  tiO  yoa  bare 
gone  thro'  aU  the  Setts  :  The  Sum  of  all  thefe  Sums  is  the  Anfwer  of  the  Queftbn. 

Exa,  T<y  eled  every  Nomber  out  of  p  TTUngB  where6F2  kre  like,  and  ^  are  like,  ifld 
4  different,  the  Anfwer  is  253; .  For,  the  whole  Elcftiohs  in  die  4  difierent  TTuflg* 
are(byi?r*W.4.)H-2  +4  +  8=  15;  Theai5X:i  =30.and5O-M5-i-2=47- 


then  47  X  3  =  141  •  and  141 -f- 47  +  3  ss  ipi.    Laftly,    15+47-f-ipi  :=  25J, 

the  Number  ib^ghtL 

Demos. 
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D  E  M  o  tsr  9  T*R  A  T I  o  N.  -       Howcver  many  diSeteiit  Things  there  are  '  in  the 

.^         ^A^  -A.  *^  ^^^*  the  Efcaions  (ought  in  rfiat  Number  arc  ac- 

^T^^     r:     J^7r.  77f   ^^^^^  to  the  Rule  ;  which  is  dcmonftrated  in  Pro^ 

4:J:  cidx  e  '  ^^'/= // '{^^^  Then,  if  all  the  following  Things  were 

'''''t'ti't'T/'i^t  Jft^^  Operation  woSd  go  on;  butt 

h.idM.iee.fb.hf/;.bfff  if  ^  ^^  ^^^  ^f  ^,^  ^^  ^^  the^combining 

%i  ^^^  ^^^  etch  of  die  preoedti^,   wiU  pioduce  only 

.5         j^  *^  ^*^  Eledlions :  But  thcntaking  i,  or  2,  or  3,  gr. 

.     f*  '  otthcfe  like  Things  (toAegrcatcft  Number  of  them> 

^^^  what  you  take  confider'd  by  it  fclf,  aiid  alfo  joined 

^^^  .  with  each  of  the  precedii^  Eleaions^  makes  fo  many 

new  Ele&ions :   And  thus  going  thro'  them  al),  .we 
.  have  the  whole  Eledion  ibu^t,  according  to  the  Rule^ 
as  the  annex'd  Scheme  will  eafily  fhew* 


t     .;  I 


Problem  ic** 


To  find  the  Compofitioxs  of  ^Nambctovtddn  eqnal  number  of  Setta ;  When  the 
Thbig9  in  die  leveral  Sects  are  diffesem  {u^.  there  is  nothing  in  one  Sett  which  is  ii^ 
any  other)  but  the  Individnals  of  th<  iame  Sett  fach^  that  2  or  more,  of  them  are  the  fame' 
or  like  Things^  ^vhidimi^  o^in  iaany  que  or  mOreS^tts.. 

<  BL  U  t  6.  £achSeety  wkofe  Individuals  ace  all  the  likme  Things^  are  to  be  reckon'ct 
as  if  tiKtb'  wiiiebut4»ne  Thing  in  io:  And'  if  in  any  Sect  there  is  any  Part  confifiing  of 
tlie  (kme  Thiiigs,  tAckOA  aD  tintiPart  as  it  wieie  but  one  Thing  $  then  apply  the  Rule  of 

E^a.  Suppofe  3  Setts  of  Things^  one  cf  6  Thiagsl  aD  dififerent ;  another  of  4,  but 
which  are  all  the  fiune  Tfaing>  f  angitber  of  8  Things,  whereof  5  are  like,  and  3  are  like. 
To  find  tJieCodipoStiMis  cH  ^ki  theft  three  Setts,  wemofi  cedotfi  the  2a  Sett  ^  haviiig 
but  L  Thin^  and  the  3d  as  luving  2,  and  then  the  Number  fought  i^  x  x  x.2  :s;  12.   . 

a:  Bf  m^'^  The  Reafon  of  this. Rule  i$  obvious.    8o»  in.  the  preceding  Example,  we 

2^  &  Mr    cSui  join  each  Thing  ii>  the  firfl  Sett  with  Ih  ^^  with  m,  or  with  n  i  nor  have: 

c  b  m  ^weaiiyfiioreChoiGey  lince  every  2^^  as,  and  ^  axe  the  lame^ 

d  h  m 

y  ••».»..'  •       i  .     •''      i:  '      'I-  •  '  .;i   ..  .  ','  1'  '  ; 

To  find  the  CamfpRihnx  ofjuij^umbcr  in  a  greater  number  ofScttis,  Circum'flance*. 
bcixig  as  in  the  laM  rroHemr 

R  V  fi:Bf>  il^eiqkefi  all  the  -Things  that  ace  the  f9me,,<ot  Gke^  in  anj[  Sett,  as.  but  one: 


f  -. 


*TofindthcGjw/o/f/o«Jofany  Nu'rixb^t  iVTin- aleffer  Number  rt  of  Setts,  Cirdjm-. 
ftspces  being  as  in /'r^M  10, 

.'  R  u  >  £. .  Apply  the  ficft  3  Steps  of  the-  Rul«|  of  FroU.j  y  and  for  the  tKird'Stcp' 
(i\^;,t?k^iittheEleaion&cf  uw  t'arts.cr  thjp  corrcfponding  Serrs )  w^  rouft 

difiinguiih  thui: '  i'^.  If  any  Sect  nas  jJI  it&  Indlviiials  like^  there  is  bui;  one  EleiEHonJ. 
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Bnt,  2^,  if  tbey  are  nekhec  aQ  like,  nor  all  difl^eot,  find  the  ElcSiopiof  tfac  conc^n- 
ding  Part  of  A^  iii  that  Sctc  by  Frokl.  8. 
The  £eafo»  is  obvious. 

S  c  H  o  u  In  the  Matter  of  Comf^fititms  we  have  hitherto  fuppos'd,  that  diere  is 
s)0  Thing  in  one  Sett  which  is  the  (aiDe,  or  like  to  what  is  in  any  odier  Sett :  But  now, 
if  we  fuppofe  it  otherwife,  i.  e.  that  there  ate  feveral  Things  the  iame,  or  like^in  faerai 
Setcs,  this  is  a  j)ew  Lknication,  a»f  moie  difficult  than  the  former,  and  indeed  isTodias 
I  Iiave  not  found  hot?  to  bring  under  any  General  Rules  :  Some  particular  Cafes  have 
tlieir  proper  Rules,  that  will  be  eaiBy  ditcover 'd  when  they  occur,  but  what  has  been  al- 
ready done  being  the  principal  Part  of  this  Dodh'itte,  and  the  Foundation  of  what  eUe 
relates  to  it^  I  ihall  not  infifi  much  fiucher  on  thofit  Things,  only  add  one  Prc^em  more, 

-    Problem    13*- 

The  Individuals  of  feveral  Setts  of  Things  being  the  £une  or  like  Things,  u  e.  the 
Things  that  are  in  any  one  Sett,  f  however  like  or  unlike  among  themfelves)  being  the 
fame,  and  the  fame  in  Number,  as  are  in  all  the  other  Setts ;  To  find  die  difeent  Com- 
pofirions  of  a;  number  o£tfae(e  Things  cqt^  to  die  nodber  of  Seta, 

R  0  L  E  i^*  If  any  of  the  Things  is  ofiner  Uian  once  ki  file  fims  Sett,  xckon  a 
it  were  but  once  \  Then^  2^,  take  ihe  Arithmetical  Vtogtd&OA  f ,  2,  ^  (j^.  to  fbdi  a 
number  of  Terms  as  the  nuniber  of  different  Thiiiaf]ii<eMi^kRt;  tsd»m  Series  of  tbeit 
Sums  continually  from  the  begimlir^  tSie  laft  of  tncm  is  tbe  number  of  Compofitidns 
fought  in  two  Setts.  Again  ;  Take  the  Sums  of  their  Series  contiflua%  fronliie  bqp 
ning,  the  laft  of  them  is  the  manbei  of  Compoiitions  an.  thoee  Setta*  Go  on  thus  tafiag 
the  Sums  of  every  fucceeding  Series  of  Sums,  and  the  laft  Term  is  the  Number  foi  a 
number  of  Sens  equal  to  the  number  of  Seria  fioo^  tbe  bqi^iikig  of  die  Work; 

Thus:  if  there  are  2Setts,  and  4  Things  ixk  cftdl,  th^  Coovofiticms  <f  2 
1  .  2  •  3  •  4  are  10;  if  there  are  3  Sects,  tto  Coiqpofitiooi  of  3.  a^  aoj  aoi 
I  ,  3  •  6  .  10'.  £9  on.  ...  

I  .  4  •  10 .  20  Demon.    Suppole  only  2  Setts  ;  then  the  firft  Letter  ic  of  tbe 

fe* fecond  Sctc  may  Jbe  it^*d  i^ithf  «ich'  of  tht*  firft  Stti^  But  the  TcosikI 

^    a    a  tetter  *  is  not  to  be  join'd  witl>the  tfof  the  firft  Sect,  faecanfe  Aat 

i    h    h  coincides  iK4th  the  Oiidl>imition  of  the^  a  of  the  tacaaij  and  ir  of  tbe 

^         ^    Sec  firft  Sett^  and  fo  the  ^  of  the  (econd  Sett  is  combined  only  with  the  i  of 

d  d   d  ^^^  ^^  ^^  ^^  ^^  ^  below.    For  the  fame  Reafon  the  c  of  die 

lecond  Sett  is  join*d  oidy  widi  the  r  of  the  firft  Sett,  and  with  all^bebir, 
and  fo  on  thro'  the  other  Letteci.  All  which  joining,  taking  the  whole  CombiDadons 
of  each  Letter  of  the  fecond  Sett  with  sffl  Som  ait)i3ttni  Letter  downwards  in  the  fitfl  Sett, 
as  one  Term,  makes  ^n  Arithmetical  Series  i,  2,  ^^  &r.  to  a.  number  of  Terms  eopal  to 
the  number  of  Things  in  tKc  Sett  ,•  and  itV  plain,  tliatthe  Stttn  of  ihcirtis-thetcfeJCom. 
pofitions  of  2  in  the  two.Setts*  Again ;  For  die  faia^  Realbn  the  ^  of  the  third  Sect 
TOBjoinwithestchGoitipofitionof  j^  in  die-precedingtwoSietts;  Wit  thef-*  couft  le^ 
only  to  be  join'd  with  hh  of  the  preceding  Compofitions,  and  wim  Dixit  \tt  'mtiisS^  4  b; 
i.  e.  ic  will  be  in  as  many  Compoiitions  of  2  as  are  in  two  Setts  ndiich  have  one  Tbiqg 
fewer,  tvhich  muft  ^e  the  next  leffcr  Teml  oCthe  fccond'Scries :  And  the  r  of  die  thiia 
Sett  will  in  like*raann^  be  join'd  with  rr,  and  all  the  Compofitions  of  2  in.thejseccdiug 
nvo  Setts  %vhlch  have  neither  i  nor  /? ,  ( i.  e.  as  many  ks  the  Cdmjtolidons  of  2^  in  two 
Setts  which  4uve  two  Things,  fewer.  than,the  laft)  which  mijft  be  dife  next  Mcr  Term 
of  the  fecond  Series  \  and  fo  on  thro'.aH  thd  Letters  ofdic  digd^Seftt :  'So  diat  the  toraJ 
Oompofitions  of  5  in  the  three  Setts  is*  the  Somof  dl  the  T^itts  <f-tbe  fecond  Sctiw. 
ThcWe*-^^"/5tfSl^manifefti  ho\vcv#maiiySclt^thttc  arct  .•"-  -'  ^ 
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« 

TJi?  Appiication  of  tbt  DoHrine  of  Proportion, 

■ 

in  the  Commn  Affairs  of  Life  and  Commerce, 


IN  Bocks  I,  and  II,  tba  F^wdaiiiental  Opemtions  of  Aritimttick  aic  fiilly  explained 
in  their  Abftra^  Prafiipe ;  and  for  the  Apf^catioOy  a]]  is  done  with  ttffeSt  to 
AJditiofi  and  SuHraSHon  that  can  be  ledoced  to  General  Rules ;  aUb  for  the  more 
fimple  AppUcatioflAOf  M$ltif>licaiiw  and  Dimjiojt :  But  the  Great  and  Univerfal 
Rulf  for  t)^e  appli(ca^Ion\of  MulUflhaiion  and  Hirnfwn  is  founded  in  the  Do6hrine  of 
Frojp^ortion  Geometricolj  and  contain'd  chiefly  ia  ProkL  i,  Cbap.  3,  Book  4.  whoie  Ufe, 
in  the  Common  .A&irs  of  USs  ajid  Commeaceii  is  of  the  Gratteft  Importance^  and  for 
the  explajnii^  of  whidi  this  Book  i$  delignU 


*         ♦ 
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»  •        •     • 


C  H  A  P.    I. 


The  U^/f  dfjhtct^  Golden  Rule,  or  tl^«/e  0/  Proportion. 


L  £f IiriTTO  N. 


THIS  /M^  (iniiichis  ijhc  PoundatiAn  of  meft  of  v4nt  Jbllows)  is  the  AppKcation 
oC  i^-lW  ly  Cbf^y  Sy^  call\i  Jji^  JRuU  of  TArtf*?  firom  having  three  Num- 
bers giretii  ^  find  a  foifftn ;  but  onre  properW  Tbf  Vfle  of  Proportion j  becaufe 
by  it  we  find  a  4th  Number  propoordbnaL'  id  :^  given  Nunri>eTS)  {i.  ^.  wnidi  has  the  fame 
l6itio^'(ir{^BQpQftitatt>ooei£  3  given  Noa&ets  as  another  of  oiem  has  to  die  remaining 
one).      And  bccade  of  the  neceflary  and  cxtcbCveUfe  of  it^  'tis  calTd  Tbe  Golden- 

■  •     •'  ■         •      •    ■  Bit, 


it 
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But,  to  define  it  with  regard  to  Applicate  Numbers,  or  Numbers  (£  paiticular  and 
determinate  Thiugs;^  it  ^  "  The  Rule,  bj.  which^wc  find  a  Number  of  any  kind  of 
^'  Thing  (as  Money,  Weight,  gr.)  fo  proportion*d  to  a  Given  Number  of  the  6tne 
**  things,  as  anorherNnmter  of  the  fame,  or  dttRtenC  Things,  is  to  a  tWrdNufflber  of 
"  the  Ijft  kind  of  Tl'ine.  For  the  four  Numbers  that  arc  proportional  muft  either  be 
all  apply  J  to  one  kind  of  Things  5  or  two  of  them  muft  be  of  one  kind,  and  thercnmn- 
iiig  rwo  of  another ;  becaufe  there  can  Be  noProfortionJ  and  confeqoently  noCompari- 
fofi  of  Quantities,  of  different  Species  :  As  for  example,  of  3  Shillings  and  4  Days;  ot 
of  6  Klen  and  4  Yards.'    But  of  thi^  more  fiilTy  afterwards. 

All  Queftions  that  fall  under  thb  Rule  may  be  diftinguiih*d  into  two 'kinds:  The  fiift 
contwiins  thefe  wherein  'tis  fimply  and  dire6^1y  proposed  to  find  a  4th  Proportional  to  jQ- 
ven  Numbers  taken  in  a  certain  order :  As,  if  trwcre'  propo<r*d  to*id  a  Sum  (X  Money  fo 
prop.)rtipn*d  to  100  /.  as  64  /.  lO  s.  is  to  18  /.  6  j.  8  ^  or  as  40/*.  8  ounces  is  to  6  hun- 
dred weight.  The  fecond  kind  contains  all  fuch  Queflions  wherein  wc  areieft  to  difover, 
from  the  Nature  and  Circuniftanfceg  of  the?  Qi^ffiony'ljiat'a^  4th  Proportional  is  fought; 
an  J,  confequently,  how  the  State  of  the  Proportion  (or'Coihparifon  'c£  the  Terms)  is  to 
be  made  ;  which  depends  upon  a  clear  underftanding  of  the  Nature  of  the  Quefiion,  and 
of  Proportion.  And  s&et  the  Qh/tn  Terms  are  db^p  oider'd,  as  the  PiopottibQ  ougtt  to 
»jfi,  what  remains  to  be  doiv  is,  to  apply  proiL  i,  Cb*  ^y  B.^  But,  Decaufir  mere  is 
fomething  further  in  the  Application,  ^nd,  to  remove  all  Difficmty  as  much  as  poiEble, 
die  whole  Solotion  i^  reduced  to  nhe^olowin^  General  Rule,  wUdi'  boAtainswh^t  further 
Dire6lion  is  necefiary  for  fdvif^  Ibch  Queflions  wherein  the  Ststt?e  of  the  Propoctioa  is 
given  ;  in  order  to  which,  'tis  neceffary  t6  premife  thefe  Obiervations. 

I*'-  In  all  Queftions  that  fall  urtder  the  following  Rule  there  is  a  Suppofition  and  a 
S>Q(tiini.:  Two  of  the  Given  Numbers  ddiitain  a  Suppofition,  upon  the  Conditions  wbere- 
of  a  Demand  is  made,  to  which  the  other  Giveit  Term  beloi^  ;  and  it  is  thevefote  laid 
to  raife  the  Queiftion,  becaule  the  Number  fougltt  has  fiich  a  Q)ime£tion  wkh  it  as  one  of 
thefe  in  the  Suppofition  has  to  the  other.  For  tsfitmple  |  if  9  Yards  ef  CloA  c^  4  /*  10  '• 
(  here  is  the  Suppofition)  what  are  7  Yards  ^[qittrtefa  worth  }  (here  b  tiie  Denaiid  or 
QiicOion  raib-'d  upon  7 Yards  9  quarters,  and  tne^femier  Skfp^tion.      ^ 

2^'  In  the  QueiUoQ  there  will  fomecimes  be  a  fiipetfluous  Term  t  1.  e.  which,  tho'  it 
fnakes  a  Circumftance  in  the  Queftion,  yet  is4X)t  concefti'd  in  the  Proportion,  becaufeit 
is  equally  fo  in  both  the  Suppofition  and  Demand.  Thb  fupeifluous  Term  is  always 
knowaby  beitig  twice  mendon'd,  either,  direfitfyy  or.  ^^tameWord  that  refers  to 
it.  Exa.  If  9  Men  ipend  20/.  in  10  Days,  how  orach  at  that  rate  will  tliey  fpend 
in  25  Days  ?  Here  the  3  Men  is  a  fiip^fluous  Term^  ^e  Proportion  being  amDii|  the 
other  3  given  Terms,  with  the  Number  £)ught ;  fo  tint  any  number  of  Men  may  be  as 
well  fuppos*d  as  3. 

Rule,  x^*  The  fuperfloous  Term  (if  there  is  one')  being  caft  our,  flate  the 
other  3  Terms,  thus :  Of  the  two  Terms  in  th/e  SuppdStion,  one  is  like  die  Thing 
fought  ( i\  e.  of  the  fame  kind  of  Thing  the  fame  wav  appfy'd)  ;  f(^  that  one  in  the  2d 
or  middle  place  ;  the  other  Trtp.  of  the  Suppofition  lec  iathe  ift  place  (or  on  die  kfc 
hand  of  the  middle)  ;  and  the  Term  that  mfes  the  Quefiion,  or  with  which  die  AnlWc. 
i%  <x}nneded,  fet  in the3d place  (or  te the  rwbt  hand) ;  a^ tfaistlie  Eitccoiei sue  Be 
other,  and  the  middle  Term  like  the  Thing  iSught.  AUb  the  ift  knd  td  Tesms  cooBm 
the  Suppofidon,  and  the  3d  raifes  the  Qumion;  fo  that  the  3d  and  4th  have  the  taofi 
Dependance  or  Connexion  as  the  ifi  and  ad.    This  done, 

2^.  Make  all  the  3  Terms  fimple  Numbea  dE  tkt  JowtA  Deoominatkins  expatidi  fo 
that  the  Extremes  be  of  one  Namt..  Then^  .    .  :   •... 

3?*  Repeat  the  Queftion  from  die  Numbers  thus  flated  and  leduoed,  (arguiflg  (tool 
jtbe  ^uppojSdon  to  the  Demand)  and  obfenre  wbedier  die  Nunbet  bom  oogbtt^be 

"  ^^^       greater 
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greater  or  leller  than  the  middk  l^eim  (which  thenatote  of  the  (^leffiofi  rightly  oonceiv'd 
will  determine)  and  accordingly  muMply  the  middle  Term  by  uie  greater  or  lefler  Ex* 
treme,  and  divide  the  Produa  W  the  odier,  the  Quote  b  like  the  middle  Tenn^  and  is  the 
compleat  Aofwer  if  there  is  no  Remainder :  But  if  there  is,  then, 

4^.  Reduce  the  Remainder  to  the  Denomination  next  below  that  of  the  middle  Term, 
and  divide  by  the  iame  Divifbr,  the  Quote  is  another  part  of  the  Anfwer  in  this  new  De* 
nomination.  And  if  there  is  here  alfo  a  RemaindScfr,  reduce  it  tathe  next  Denomination, 
and  then  divide.  Go  on  thus  to  the.  lowed  Denomination ;  where,  if  there  is  a  Remain- 
der, it  muft  be  apply*d  fra6lionwile  to  the  Divifor :  And  thus  you  will  have  the  compleat 
Aniwer  in  a  Simjde  or  Mix'd  Number. 

Ohfervej  If  any  of  the  Dividends  is  lefi  than  die  Divifbr,  reduce  it  to  the  next  Deno^ 
minationi  and  to  the  next  again,  and  fo  on,  till  it  be  equal  to  die  Divilbr. 

EXAMPLES. 


Queft.  I.  If  3  Yards  of  Ctodi  <?)ft  8  j. 
v4iat  is  the  Value  of  1 5  Yards?  Anfw.  40  s. 
or  2L 


3 


->i8  — 15 
15 


Explanation* 

3  yards  and  8  s. 

contain  the  Suppofi* 

tion;  and  8j.  is  like 

the   Thing   fought ; 

therefore  ox.  is  die 

middle  term,  and  3  y. 

on  the  left ;  Then  the  Demand  ariies  on 

i^y.  and  therefore  it  is  on  the  right.    A- 

g^n  ;  from  tlw  nature  of  the  Quemon  it  is , 


3)      120  (40  J. 


and  divide  the  Produd  ^9^d.  by  4;  the 
Quote  is  1484/,  and  2  remains,  which  I  re- 
duce to/,  and  divide  the  Produd  8/ by  4 
the  Quote  is  2/;  fo  the  Anfwer  is  148  4/:  2/. 
or  Its.  4^.  2/.  becaufe  1484/.  is  by  re- 
duction 1 2  J.  Ad. 

CiU.  34/.    What  is  the  Price  of  50/*.- 
weight  of  Tobacco,  when  32  /^ :  1 2  02.  coil 
4/.1OX  .^    Anf.  6U  17 s*^d.  3/. 


lb. 

32 


plain,  that  15 jr.  requires  more  dian  ?  t  j  '^ 


Work. 

0?.     '.    s.        L 
12  — 4: 10— .50 


/;  e.  the  Anfwer  mufl  be  greater  than 
middle  term ;  wherefore  I  multiply  8  i.  by 
15,  theProdudis  120  J.  which  divided  by 
3,  quotes  40  X.  without  a  Remainder  ;  .So 
40  J.  or  2  /»  is  the  Number  fought. 
•  Qn.  2d. '  If  4/^.  of  Sugar  coft  2  4^9 d. 
what  is  the  Value  of  18/^  P  A^.  12  s, 
44/.  2/. 

Exflaniiiion. 
The  Suppofition  is 
in  ^Ib.  and  2s.  9d. 
this  being  like  the 
Thing  fought,  which 
is  connected  with 
\Zlb.  wherefore  the 
Terms  are  Aated  ac- 
cording to  the  Rule : 
then  the  middleTerm 
being  mix'd,  I  reduce 
it  to  dj  and  then  I 


20 


16 


524  o{.  ^po  i.  — 8oooj{ 
800 


524) 


Work. 
4.    d.      lb. 
4*^2  :  p«.  18 
12 

18 

4)  594//.  il/fid. 
Rem.  2 

.  4)  8/   (2/. 


(137  J. 


argue  thus:  If  ^Ib.  00ft  33^.  i8/^.  muft 
<ofl  more  ;  theretere  I  multiply  .33^.  by  18, 


524;      3544^(4^. 
2096 
Remaiiider  "4^ 

4 

524)     i7P2/(3/:i^ 
1572         ^H 


Rem. 


220 


Yyy 


Exflanation. 

• 

The  Suppofition 
being'  conts^n'd 
in  22/^  :  12 oz. 
and  4  /.    10  s. 
which  is  like  the 
thing  fou^ht,and 
the  Queftion  ari- 
fiiig  upon  50  /^, 
therefore   the 
Terms  are  duly 
flated    Then  J  to 
make   them  all 
firople  Numbers) 
and  theExtcemes 
likc,I  reduce  DCth 
Extremes  to  oun* 
ces,  and  the  mid- 
dle Term  to  Jh. 
Then,   I  fay^  if 

52403:.  coft  pOJ.^ 
800  Oj{.  muft  coft 
more  :  Whet«» 
fore    1  multiply 

.  5^  j.by8oo,2md 
divide 


of  tht  (2{«fe  ff  Thre. 


5^0 

divide  the  IVodod  J7OO0  by  ^24,  the  Quote 
is  137/.  and  the  Remainder  »  212;  which 
reduced  to  ^.  and  dinded,'givet4Ar.  with 
A48  rcmaiiuns ;  and  this  muced  and  divip 
aed,  gives  ^/i  and  220  lemaimng :  So  the 

Anfwcr  is  137 j&.  ^d:  '^-^.f*  or  6  i  17  s* 

4^-  5/.  &c 

(iu.  4f)&.    What  are  5  yards  of  Ribbon 
worth)  whereof  63  yards  and  2  quarters  coft 

5/.^     An[.  jjb.  iod.\ 

Work. 


BookVI. 


Jf^.  jr,      /.      yd. 
63:2  —  5-5 
I       4 


4 
254   — 

254) 


5  —  70(pi 
20 


rem*- 


254) 


^54) 


rem* 


2000  i,  Cjs. 
1778 

222 
12 

26644/.  (10  4f. 
354 
124 

4 

496/  (1/ 

242 


Exfian. 

The  Terms  fla- 
ted|  and  reduced 
acxrording  to  the 
RuJe^  I  find  the 
Anfwer  ought  to 
be  greater  than  the 
middJe  term,  there- 
fore I  multiply  5  /. 
by  20,  bot  the  Pro- 
duct is  lefi  than  the 
Diviibr  \  and  ^  1 
reduce  it  to  Jb. 
which  makes  ?odo; 
and  this  divided  by 
254,  quotes  f  Jb. 
The  rcA  of  the 
Work  is  i^ain. 


boaided  i$  MooAs  (£0125^  or  any  Sam) 
7  Men  will  be  boarded  for  the  fame  afllo^ 
ter  Time  :  Therefore  I  multiply  6  Mod^ 
by  )y  and  divide  the  Produd  18  by  7 ; 
whawy  I  find  the  Anfwer  2  Months  16 
Days. 

Qu.  6tk.  If  the  Carriage  of  3  hundred 
weight  coft  10^.  for  40  Miles^  how  much 
oueht  to  be  canted  tor  the  bmt  Piice  25 
Mues  and  3  quarters  ? 

Anf.    4Cw:2qr:i77*.^ 


Qu.  Ktb.  What  Time  will  7  Men  be 
b^rded  for  25  /•  when  3  Men  paid  25  /.  for 
6  Months  ? 

A?if.  2  Months  16  Days  (reckoning  28 
Days  to  a  Month.) 


Men.  Mo.  Men* 
3  —  6-7 

7)  18 
14 


(2  Mo. 


rem. 


ts 


Explanation. 

The  25  /.  is  a  fu. 
perfliious  Number^ 
then  the  Suppofi- 
tion  is  in  the  3  Men 
and  6  Months,  and 
the  Demand  re- 
Mrds^the  7  Men: 
The  Terms  being 


Work. 

M.      Cm,     M.  qr. 
40—3—25:3 

160  —  3 —  103 

160 


103)  480 
412 

rem.   68 

103)  272 

206 

rem.  66 

28 


(^ffD 


2fr. 


103)1848/^.(17/^. 
818 

rem^  5?7 


Exfhftatkn. 

The  fuperfluous 
NueiberishereiOA 
and  die  other;  terms 
Hated  and  reduCcJ, 
I  argpe  thus  :  If 
3  Cw.  is  cviricd 
l6o4}Ks«  of  a  Mile 
Cfor  10^.)  then  a 
greater  weight  will 
be  carried  foribc 
lame  Price  10^  qrs. 
of  a  Mile :  There* 
fore  I  multiply  3  by 
1 6o»aiKi  divide  the 

Produ<a48obsri03, 
the  Anfwer  is,  4  Cw 
2iir  :i7/^. 


7)    li2da.(i6da. 


Oififrve.  Thefeft 
Pour  Queflions  are 
what  we  call  The 
Rule  of  Three  it- 
reS;  i.^.whcrcthc 
3d  Term,  being  greater  or  Icfler  than  the  ift, 
re(^uires  that  the  Anfwer  be  alfo  greater  or 
leflcr  than  the  2d  Term.     And  the  2hft 
Queflions  are  of  the  Ruh  of  Three  Indire8 
ot  Reterfe ;  where  the  3d  Term  being  grea- 
ter or  lefTer  than  the  ifl,  requires  me  4th 
contrarily  leffcr  or  greater  than  the  2d :  &x 
I  have  comprehended  both  in  one  General 
Rule.    And  from  this  Oblervation  you  Icara 
how  to  know  what  Queflions  are  of  either 
kind: 

In  the  following  Colkaion  of  Queflions  I 
all  fioiple,  I  argue  fliall  only  flatc  the  Pfopcxftion,  fet  down  the 

thus :   if  3  Men  are  Anfwer,  and  leave  tht  left  of  the  Work  to 

your 
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)ro(nu>wn£I|Cfircift  ;   vjA,  by  comptriQg  t^  Aqiwer  which  you  fiiid^  with  what  is  here, 
you'll  know  whe^r  it  4$  tWif* 

Qti.  Tib.  What  is  the  Value  of  8  Chalder :  3[  quarters,  and  5  Buihek  of  Corn  {Erg'tjb 
Meafure)  at  the  rate  of  i  /,  t^fi*  theChalder  ? 

Anf.  15.7:11^:8^2/4.  State  xCh.  —  1/ :  15^.  — 8Ch.  3qrs:  5Bu{h. 

Qm*  Bib.  When  1  bought  40  Gallons  of  Brandy  for  6  / :  8^ :  3  d.  what  is  the  Rate 
f^r Gallon?  .  G.      t.   s.  d.    Q. 

Anfwer.     3  j:  2di  irl/-  State  40  —  6  :8  :  ij  -^  !• 

Ciu.  pib.  In  what  Time  will  1 3  Men  finifh  a  Work  which  5  fuch  Men  could  do  la 
3  Days :  8  Hours  ?  m.    d*    b,     m* 

Anfmer.    i  da  :  6  ho  :  46  min :  &Tf  State.    5—3:8  — 13. 

Ciu.  lotb*  If  3  Men  are  boarded  9  Months  and  20  Days  for  30  /.  how  many  Men  will 
the  £une  Money  pay  for  at  that  rate  for  4  Months  ?  mo.    d.     Men      Mo. 

Anfwer.    7x51  or  4  p  :  20  —  3    —    4 

Qu.  nib.  I  Man  is  boarded  3  Months  for  5  /.  what  wUi  he  be  owing  if  he  remabis  at 
Board  8  Months  and  7  Days?  m6.      l.      mo.  da. 

Anpmer.    137:15^.  State,     3  —  5—8:7 

Qu,  i2ib.  If  I  rode  60  Miles  in  3  Days,  when  the  Day  was  14  Hours  lon^  (counting 
from  Sun  rifing  to  fitting)  how  long  muA  the  Day  be,  that  I  may  ride  100  Miles  in  the 
fame  Time?  Aft.    b.      m. 

AnfwiT.    23ho:20mia  State,    6d— >I4— 100 

£J».  I  ^ib.  In  what  Time  could  I  travel  50  Miles,  the  Day  being  1 2  Hours  long,  at  the 
tabB  of  50  Miles  in  Spays,  when  the  Day  is  16  Hours.  Ho.      Da.      Ho. 

Anfwer.    3 Days:  12  Hours.  State,  12  —  5  —  16 

Obptrve :  If  in  this  QuelUon  we  put  5  Days :  7  Hours,  infiead  of  5  Days,  the  State 

of  the  Queftion,  accorduig  to  the  General  Rule,  is  *^*    ^^\  *•    *^*    But  then  take  care 

that  the  middle  Term  be  reduced  to  Hours  by.  12,  this  being  the  fuppos'd  Number  of 
Hours  in  tbefe  Days  :  And  this  being  done,  there's  no  other  Multiplication^  and  what 
remains  to  be  done  is,  to  divide  the  Hours  produced  by  the  Redudion,  viz.  167  by  16, 
whereby  they  are  reduced  to  Days  of  1 6  Hours  long,  the  Anfwer  bdng  4  Days  3Hoursw: 
So  that  the  Queflion  is  in  tfkQ,  two  Queftions  of  Reduction,  vi;[.  ift,  of  5  d :  7  h.  to  Hours 
by  1 2,  and  th^fe  Hours  again  to  Days  by  16.    Nor  are  the  4  Terms  truly  proportional ; 

for  their  State,  according  to  the  Operation,  b  thb,  *^-    ^^-  *^-    ^'    ^^'  -*^- :  But  to 

comfare  them  as  to  Proportion,  we  muft  reduce  the  mix  a  Number  ;  ibii  is,  5  Days 
7  Hours,  to  Hours  by  12  ;  and  4  Days  3  Houn  by  16 ;  and  (b  the  4  Terms  are 

*^'-.  67— *^*  ^6** »  ^  ^^^'^  ^^  Terms  being  equal,  and  the  other  t^vo  not  ft,  the  4 

cannot  be  proportional  in  any  Order  they  can  be  taken. 

The  fame  will  be  alfo  true  tho'  the  middle  Term  be  a  fimple  Number,  provided  the 
4th  Term  fot^t  be  not  aMb  a  fimple  Number ;  but .  if  *tis,  then  there  is  Proportion. 
Tbusy  if  for  x6  we  pat  15,  the  A^wer  of  du.  i^ib  is  fipply  4  Days.  And  thefe  Num- 
bers aa  proportional  Indireflly,  wz.  *;:t/:iv'"  or  thefe  direaly,^^-.  f ;  .  .^-  .  J- 

But  as  the  given  Nmnbers  are   ^*      ^•_  ^  ,  the  Anfwer  is  ^da  :  12  ho.  and  the 

4Termsare  *•  f  *;  ^'  *•;  and  if  we  reduce  the  2d  and  4th  Terms  to  one 
^  12  —  5— •16  —  3512'  ^^ 

Yyy  2  Name 
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Name  (the  one  by  12,  theotbct  by  i6)  the  4  arc  i*'_£„  J^^^;  lAichaie  pro. 

portional  in  no  Order. 

Qu.  i^th.    If  a  Piece  of  Goth  is  20  Yards  in  length,  and  |:  in  breadth,  how  broad  is 
another  Piece  which  is  1 2  Yards  lengtii,  and  contains  as  much  Cloth  as  the  other  ? 

Mfv:er.     i  Yard  :  I  quarter.  '     state,  {o_  f-^a 

Qu.  1 5 /A.    How  much  Shalloun  of  i  Yard :  1  quarter  breadth,  will  fervc  to  line  a 
Cloak  of  «j  Yards  Cloth,  5  quarters  broad  ?  yr.   jd.  y.    q. 

Afffwer.     7,  Yards  State,    3  —  5  —  i  :  i 

Qn.  1  tih.    If  the  Rate  of  Carriage  is  i  Penny  for  1  Pound  weight  canied  50  Milc% 
how  far  ought  1  Pound  to  be  carried  for  15  Shillings  ?  d.    m.  Jb. 

Avfwtf.     57i  Miles  •  State,    1—50-15 

Qu.  ijtb.    When  Wheat  is  at   12 Jb.  per  Buihe],  the  6d.  Loaf  of  Bread  weighs 
}  7^.  4  oz.  {Troy  weight)  what  ought  it  to  weigh,  the  Wheat  being  pjh.  6  d.  the  Bulhel  ? 

'    Afifwer.     i6o;i:n^\dw.  jtate,    12-1:  4^-9:6 

Nctey  There  are  here  two  fuperfluous  Numbers,  viz.  1  Bufliel,  and  6d. 

Qu.  iStb.  What  was  the  Price  of  Wheat  when  the  Pcnny-Loaf  of  Bread  wcigh'd 
8  Ounces;  the  Statjite  being,  that  it  muft  weigh  10  Ounces,  the  Wheat  uiiJb^M 
Bulhel?  «        ^       *•      ^5- 

I^ote   Here  are  two  fuperfluous  Numbers,  viz.  i  Bulhel  and  i  Penny. 

du.  iQih.  Three  Pound  weijAt  of  Bread  cofls  2jh.  6  d.  the  Wheat  at  14 jt-  the 
Bulhel :  What  is  Wheat  worth  if  1  pay  2jh.  for  the  feme  weight  of  Bread? 

X.     V»        J.      J- 

APifwtr.     lis:  2d: if/.  State,     2  :  6  —  14—2 

Qu.  7Cth.  What  is  the  Intercft  of  64  /.  for  i  Year,  the  Rate  of  Intcrfeft  Being  5  /.  10  s. 
to  lOoAfor  I  Year?  ^  '•       ^*    ^^     J' 

A^fw^.  ^l:  10 s:^d:iif.  ,        ^    State,  100 -5  :  ip- 64 

du.  21^,    In  what  Time  will  500  /.  yield  40  /.  Interefi,  when  86  /•  does  it  m  4  Years 

8  Months?  ^         /;     >    !^     ^' 

A^fwer.    70ir\  Mon.  ^  .    .    ,  State,    86  -  4  :  8-50? 

Qu.  T2d.    At  6  /.  ferOnt.ferAmumy  what  Pruiapal  Sum  muft  be  employ  d  to  yield 

6/.  iii  2  Year:  6  Months?  ^        J-       '•    ^J-    f 

Anfwer.    ^^l:Zi:2d;2\^f.  ^     .State,     l^^<^—\'t..r 
Qu.  2%d.    Of  what  Principal  Sum  did  20 1  Intercft  arife  in  i  Year,  at  the  tare  ot 

<  7.  per  Cent,  pir  Ammm  /  /.  *     7.        I 

^»/ti4r,  400I:  State,    5—100-20. 

OHerve  :  In  this,  and  Qu.  2Ctb,  and  all  Qnefiions  %vhere  theTeHHS-rcprefent  the&me 
kind  of  Things,  there  is  in  the  nature  of  theQ«^//o«  feme  other  ^)eciah^,  to 
difthiguilh  them,  which  muft  be  carefully  obferv'd,  in  order  to  make  the  ift  and  jo^ 
2d  and  4th  in  all  refpeas  of  one  Application  :  So,  in  the  Queftims  2Cfb  ^^^ 
the  Difliinaion  is  of  Principal.and  Intereft ;  in  Qu.  i^tb  and  i^fA  it  i»  Lengfhana 
Preadth  j  and  in  Qu.  iptb  'tis  Price  of  Bread,  and  Pttccof  Wheat. 


PbmoN^ 
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i    *   •     .  •  •     .         . 

D  £  M  O  N  S  T  R  A  T  I  ON   ^  ifA^^WC?^J5f;!rg   R  U  L  E. 

To  thb  Demonftratton  I  muft  pitmife  thcfe  two  things  : 

1^'  When  Numbers  are  confider'd  complexly  with  the  Things  (or  Quantities)  they  re- 
prcfent,  or  of  which  they  are  the  Numbers  (whence  they  arc  calKd  Applicaie  Numbers) 
Then  it's  plain  there  can  be  noComparifon,  or  no  PropoVtion,  betwixt  two  fuch  Numbers, 
ujileis  they  be  of  Things  of  the  feme  kind,  whofc  Quantities  can  in  a  proper  fenfe  be 
ccuitain'd  in  one  another.  For  example  5  There  can  be  no  Comparifon  or  Proportion  of 
^ /J.  to  4  yards,  or  5  Men  to  4  Pays:  But  of  any  Quantity  of  Money  to  anothci;  or  of 
any  kind  of  Weight  or  Meafure  to  another ;  or  of  a  Number  of  Men  to  Men,  there  is  a 
proper  Comparifon  :  But  Ohferve^  that  in  this  kft  Cafe  the  Number  only  is  the  Subjedl 
of  Comparifon, 

2***  Of  thcfe  Things  wherein  there  is  Sobdivifion  with  different  Spedcs  and  Denomi- 
nations^ Tho'  two  Numbers,  eidier  of  the  fame  or  different  Denominations,  hare  a  real 
Proportion,  yet  it  is  not  the  fame  as  bet^vixt  the  two  Numbers  taken  abftradly,  or  purely 
as  Numbers,  except  when  the  Denominations  are  the  fime.  Thus,  4/^.  andy/^.  have  a 
real  Proportion,  which  is  the  fame  as  that  of  the  Numbers  4  and  7,  taken  abttraftly  j  for, 

as  4  is  ^  of  7,  fb  is  4  /*  i  of  7  /^.    But  tho'  3  Oances  have  alfo  a  real  Proportion  to  7/^, 

/tia  /lot  the  Proportion  of  the  Number  4  to  7,  becaufe  402:.  are  not  ^  of  7/*;   And  the 

real  Progortion  of  40Z.  to  7  /*,   reduced  to  that  of  ahftraS  Numbers^  is  the  PrQporti9n. 
•  of  4  to  11 2 ;  f.  If.  4  o;{.  to  T 1 2  d;{.  eoual  10  7  lb.        Vniverfallyy 

Of  two  Numbers,  fimple or tnix'a,  of  the  fame  kind  of 'Ihings,  (Money,  Weight, 
Meafure,  8r.)  the  Proportion  reduced  to  that  of  pure  Numbers,  is  the  Proportion  of  thcfe 
two  Numbers  of  the  fame*  Denomination  to  which  the  Given  Numbers  are  tefpedtively 
equal.  Exa.  The  Proportion  of  3^.  to  8  d*  is  that  of  36  to  8  (viz.  36  ^.  to  8  d.)  Of 
4  /.  6jh.  to  I  <^Jh.  'tis  86  to  1 5 ,  (wz.  86/.  to  1 5  s,)  Of  9  lb.  to  3  lb.  5  oz,  'tis  144  to  5 :{ 
(v/i.    144  0^^.  to  53o;{.)  and  ib  of  odiers. 

Follows  the  Demonftration, 

!<>•  The  three  Given  Numbers  bdngftated  according  to  the  Rule,,  whereby  the  mid- 
dle Term  is  like  the  Thing  fought,  and  the  Extremes  like  other,  it  foUows  from  the  fidl 
Premifry  that  the  Extremes  arc  the  1  crms  to  be  compared,  which  contain  the  Proportion 
requir'dto  be  betwixt  the  middle  Term  and  thatibught :  For,  iho*  the  ift  and  2d  Terras 
contain  the  Suppofition  upon  which  the  Queftion  arifes,  yet  the  given  Proportion  is  origi- 
nally  betwixt  the  Extremes ;  and  the  Queilion  expreis'd  according  to  that  Proportion  is 
to  find  a  Number  of  Things  like  the  middle  Term,  bearing  the  fame  Propoxtlon  to  it  as 
the  3d  Term  does  to  the  ifl.  Thus ;  In  Queftion  ift  the  mix'd  Propofition  is,  to  find  the 
Value  of  15  yards  of  Qoth  fuch,  that-  3  yards  be  worth  8^.  ,  But,  tfie  nature  of  the 
Queftion  co^der'd,  it  refoives  plainly  into  this,  viz.  finding  a  quantity  of  Money  fo  pro- 
porricn'd  to  BJh.  as  15  yards  are  to  3  yard&;  And  therefore  the  Terms  may  be  ftatcd  alfo 

thus :  ^^  ]^  _  8 ;  whereby  the  ift  and  i2d,  3d  and  4th,  are  the  compared  Terms.    But 

the  other  Way  of  ftating  them  is  more  agreeable  to  the  fimple  and  obvious  fenfe  of  the 
Queftion,  and  the  Way  of  ReafonLig  with  it  upon  which  the  Rule  for  multiplying  and 
dividing  i^  founded  i  which  gives  the  true  Anfwef  according  to  the  Proportion,  as  will  be 

Ihewn 
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Hiewii  ill  the  next  Article :  And  I  conclude  tbi4  with  obfenring,  that  as  the  Extremes 
contain  the  Proportion  which  the  4th  ought  to  have  to.  t)ie  2^,  £>»  if  they  nt  not  of  one 
Name,  (  by  being  mnt'd  Numbers,  or  otherways)  they  ought^by  Premife  2d,  tQ  be  rwloced 
to  one  Name,  and  then  the  Proportion  is  reduced  to  pure  Numbers,  And,  fot  the  le- 
duaion  of  the  middle  Terra,  'tis  chiefly  done  for  Convenience  in  the  following  J/«///p//- 
ctttidn  and  Dhrjiov ;  and  not  to  produce  an  abflcafl  Number,  tor  its  Appliatwnmuft al- 
ways go  along  with  it  in  the  Produd  and  Quote  made  by  the  Extremes  (now  become  ab- 
Ibratl  Numbers).    Thus  you  fee  the  Renfon  of  the  ift  and  2d  Articles  of  the  Rule. 

2^*  The  Giuejiton  being  refolv*d  into  this,  viz.  finding  a  Number  like  the  middle 
Terra,  and  in  fuch  Proportion  to  it  as  the  3d  to  the  ift,  in  fome  Ca(cs  (whidi  is  Diitft 
Proportion)  or  as  the  ift  to  the  3d  in  others  \  (which  is  IndireS,  with  regard  to  the  Or- 
der in  which  the  Terms  iland,  for  this  is  all  the  Meaning  of  the  dilUn^on).  And,  the 
Extremes  being  now  Abftraft  Numbers,  it's  manifeft  from  Probh  1,  Cb.  3,  JJ.  4,  dmt  the 
4th  4s  truly  found  by  multiplying  the  middle  Te^n  by  one  Extreme,  and  dividing  the 
Produft  by  the  other,  according  to  the  Rule;  For  the.  jd  Term  being  greater  or  Met 
than  the  ift,  and  the  Queftion  requiring  the^th  Term  aUb  greater  or  lefler  than  the  2d, 
that  Proportion  is  Direft,  and  the  ^dlerm  is  the  Multiplier  by  the  Rule,  as  it  ought  to 
be  by  ProhL  i,  Ci&.  3,  jB.  4.  But  if  the  4th  ought  to  be  contrarily  leffcr  or  greater  than 
the  2d,  then  the  ift  Term  is  the  Multiplier,  by  the  Rule,  as  it  ou^t  to  be,  mice  the  real 
Proportion  is  in  the  reverfe  order  of  the  Term9.  And  here  alfo  obferve^iim.  tho*  theTerms 
were  ftated  in  the  plain  Order  of  the  Proportion ;  /•  e.  the  ift  and  2d  Terms  made  like 
other  (as  above  (hewn)  yet  the  Operation  would  prove  the  very  iame;  dierefore  the  other 
Way  is  chofen  fot  another  Reafon,  already  mention  d. 

3^«   The  Reafon  for  Redu&ion  of  the  Remaiiidecs  to  lowei.  Dcnomioations  is  obnous. 

Wherefore  the  Whole  Aula  is  Compleatly  demonftrated. 

But,  for  their  lake  who  have  pals'd  over  all  the  Theory  of  Proportiov  (whidi  will  cer- 
tsdnly  hinder  their  being  in  any  tolerable  degree  Mafterscf  the  Application  ^  for,  atleafl, 
a  few  of  the  more  fundamental  Notions  and  Theorems  ot^e  to  be  well  underftood,  even 
for  the  fake  of  common  Ailairs  )  I  fhall  here  add  another  eaiy  and  limple  Demonftratios 
of  that  part  of  this  Rule  which  depends  upon  Probl  i,  Cb*  3,  £•  4.    Thusy 

Take  the  Firft  Queftion  ftated,  viz.  If  3  yards  coft  8  J.  what  wiH  i  %  yards  coft  ?  1  fcp* 
jjofe  (i®)  that  it  is  aflc'd,  If  i  yard  coft  8  s.  what  will  15  yards?  Here  it's  plain  the 
Anfwer  is  1 5  times  8  J.  or  1 20  s.  Again,  {2**)  Let  it  be  aik*d,  If  3  yards  coft  8  s.  whtf 
will  I  yard  ?  Here  it's  as  plain,  that  the  Anfwer  is  the  3d  part  6f  8  4.  Now,  fincc  120 1. 
(or  15  times  8  J  )  is  the  Value  of  15  yards,  only  upon  Suppdition  that  i  yard  coft  8*. 
If,  inftead  of  this,  one  yard  coft  but  the  3d  part  of  8  ^.  (as  tis  when  "3  yards  coft  8  i) 
then  it  follows  that  15  yards  coft  but  the  3d  part  of  120  s.  And  fo  you  fee  the  Ra'aj 
fcoth  of  the  Multiplication  and  Divifion  ;  and  the  lame  way  of  realbning  will  anfwer  in  all 
Cafes  of  the  Rule  of  Three  DireSt  (J.  e.  where  the  3d  Term  is  Multiplier). 

Again  5  Take  the  5th  Queftion,  If  3  Men  take  6  Months  to  do  any  thing  in,  how  long 
will  7 Men  take  ?  i^  fty.  If  3  Men  take  6  Months,  what  wiU  1  Man  take  ?  It's  plaiohc 
niuft  take  2  times  as  much  Time,  ot  3  times  6  Months  (=  18  Months).  2?  fay,  ff  i  Man 
take  18  Months,  how  much  will  y  Men  take  ?  Here  it's  as  plain  they  take  but  the  Tth 
part  of  18  Months  ;  whence  the  Reafon  of  both  parts  is  manifeft:  And  the  iame  Reco- 
iling will  hold  in  all  Queftions  of  the  Indirea  Rule  of  Three  ^  (Ji.  e^  where  the  ift  Too 
is  the  Multif  lierj. 

Observa- 


Owp.  u  ■■  of  tke-  ^k  cf  Xhrm 

.  O  B  s  E  K. V  A  T I  o  N  s  •  Vclathg  to  the  Jf>fUcation  cf^the  preceding    ' 
BkUhJEy  ami ^Simfk  Multipiicatioa  and  Divifion. 

I.  It  has  been  already  obferved,  and  Ilhall  repeat  it,  that  all  Simj)lc  Quefiions  in  Muhi* 
fh cation  and  Divifton  are  rcaBy  <iucflions  of  Proportion,  and  it  the  Numbers  are  a[v 
plicate,  they  are  C{ueftions  of  the  Kide  of  Three.  Tlws,  to  mulciply  3  by  4,  is  to  find 
a  4th  Proportional  to  i :  2  :  24  ;  and  to  divide  12  by  3  is  to  find  ;a  4th  Proportional  to 
^ :  f  2  : :  I.  To  Apply  tbis^  fiippofe  \  Yard  cofts  3  s.  to  find  riie  Value  of  4  Yards  is 
wnding  a  Nombcr  ot  Money  proportioned  to  3  j.  as  4  Yards  to  i  Yard,  that  is,  as  the 
Number  4  to  i  ;  which  is  finiply  multiplying  3  s.  by  4.  Again,  fuppofe  :j  Yards  coft  1 2  j* 
to  find  tlic  Value  of  i  Yard  is  findLig  a  Number  of  Money  prcportioned  to  1 2  j.  as 
I  Yard  to  3  Yards,  or  theNunJber  j  to  3,  which  isiiiaply  dividing  12  J.  by  3  to  find  a 

fd  part  of  it.  And  thus  it  Js  plainly  i»^  ^  Cafes  of  the  Rule  of  Three  whev^  the 
Extremes  being  of  buB  Name,  one  of  them  is^Unity*  In  all  other  Cafes  it  ^  a  mixt  appli- 
cacion  of-  Multtplicatioii  and  ]>iJrifion  5  Where  obferve,  that  tho*  the  Muldplier  and  Divi- 
fer  are,  in  the  ^^eftion,  applied  to  things  of  difieient  kind  froni-thc  mitnber  multij^lied  or 
divided,  which  in  Simple  MukipUcation  anfd  DiviSoi^  I  have  fully  ihewn,  in  ^  4,  and  5.. 
Cb»  J.  S*  li  to  be  abfurd,  yet  here  tnat  abfurdicy  is  removed  by  die  extremes  becoming,.. 
or  being  confidered  as  abAra6l  Numbers.    Hence  again, 

:    2.  We  are  fottbei!  cdnfirmed  ix  thjfe  aWardltyor  all  thefe  Qucftioos,  propofed  as  Simple- 
QpeftiOns  of : Multiplication,    nvber?Mi  both  'Ferms  are  applicjte,  as  the  mulriplying., 
3/.  10  J.  by  4/*  or  by  4/<  6  if-  nnd  fuch  iike ;  For  if  the  Quefiion  belongs  to  Multipli- 
cation Sinqply,   then^  it  rauftTeibllre  mXo  a  C^^fliQn  of  the  Rule  of  Tliree,  wherein 
tlie  Terms  tlmt  ^ntsin  the  proportion  (which  in  fuch  G|ics  are  the  lii  and  2d)  being  ot: 
the  fame  Name,  thb'  lA  Term  or  Diviibr  is  Unity,  whjich  leaves  the  Solution  upon  the 
Moltfplicatioa  .8ur  theioidy  Scnfe  tb^QuefUon  can  receiivx:  is,  to  find  a  Number  like  che 
id  Term  (or  pvopToiedMiiltiplkdnd)  lb ^propoiftioined  to  it  as  the  2d  T^rra  (or  propofcj 
Mu}|:iplier)(  mdciced  'to  its^icxweft  N^me^  is  to  an  Umc.  of  .tint  Nauie  :  it  follows  that  the 
true  GensrMXtdef(^&ioh(^9i<iin9M^  fo  reduce  the  propofed  Mulupli/er  ro  its  lowcll. 
Name^  ahd'di^imuldply  by  k  as  an  AbQra^  Number. 

But  if  the  ijnit  that  regulates  the  Proportion  is  taken  not  of  the  loweft  Name  in  the* 
propofed  Multiplier ;  then,  the  Qacftion  is  not  in  any  fcnfe  Simple  Multiplication  ;  fjr 
Divifion  alfo  is  neceflary  to  fclve  it.    For  Exa.  If  by  multiplyii.ig  3/.  ici.  by  4/.  6s. 
be  AieaoitffindSmga  Number  of  ^oncy  fo  propoitiomed  tp^  2Z.  10^  as  4  7.  6  j.  is  to  i/., 
tbeft^theFropojtion  is  as  86  J.^  tO'ao/.  .apd  the  Solution  is  oy  multiplying  3/.  10/.  by  8^5,. 
and  dividing  thc^i:odu£t  by  20,  accpi^ing  to  the  Rule  ef^  Three  \  and  as  many  difterenc' 
Urtiw«  you  can  fuppofe  for  the  l-ft  Tenn,  fo  many  different  Quefiions,  and  confcquciitly  • 
different  Aniwers  there  muft  be.    To  Aim  up  aU^  if  no  quali^cacion  is  e;(prcilcd,  then 
the  folving  cf'  the  Qceftion  by  the  Genernl  Ride  laft  menuojied.  Is  the  only  true  Solu- 
tion ariftvering. to  the!  Notions  tf  S'm^ie  MultifUcAtion:  A^^W.  if  ^"y  ^^ther  Unit  than  of 
thc''lowBft.Naracin'tbe  Mtfjriplier  i^-fuppofed,  -it  is  a  Queflipn  of  ^Jie  Riile  of  T luce,  re- 
quiring both  Multiplication  an^^I>ivifiot«.;    Apd,  at  laft  1  rauft  obferve,  tliat  the  generality, .. 

whd  pitopbfc&di  QbeBionat  .eiipe<3  tfje  ^ifwer^  if  the  ynit  were  of  the  higheA  Name 
in  uhat  feirii  to  rwinch"^"  *.^  i^^-v...  i.„i ,.i__.  _.-l__-  j^ ^v  ^x.^ 

meaiiiog  of  it)  whcrefcji 

accordingfy;    Sothepecedi  ^   ,,  ,       ^         ^  ^ 

Numbflr^  iought  *  And  ftoiWt\%  by  tlw  Rule  .of  Xhrcc,  the  prepared  Shte  and  Anfwcr  of. 

the  Queftion  isi,  A8.2e>4.rtO'($6i»  fois  (3/-  i'9«f»  or).70iv  to  501  s-  (15?.  i  J.) 

Several  of  our  Writers  on  Arithmetick'  differ  about  the  Solution  of  fiich  Q'icfti<^nsy 
iritbput  feemijig  to  underiland,  at  leaft  not  explaining  the  true,  meaning  of  them  (tho'  o- 

thcrs 
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theis  have  declared  the  Abfurdky)  and  theic  Ignonmoe  appean  (urdier,  by  fuppoimj 
that  the  Multiplier  ought  always  tp  be  of  the  £mie  kiild  ^thix^  as  the  Multiplicand ; 
but  if  we  coiilider  the  real  meaning  and  import  of  (bdi  Queflioas,  it  appeais  plainly  thac 
the  propofed  Multiplier  may  be  ot  any  other  kind  of  thing  ;  fo,  if  multiplying  5/.  i:x. 
by  4  Yards  3  Qrs.  can  have  no  other  Senfe  than  finding  a  number  of  Money  proportioned  to 
3  /.  J  OS.  as  4  Yards  3  Qri.  is  to  i  Qr.  (or  i  Yard  or  i  Nail,  for  wc  may  fuppofc  auy  of 
thcin)  the  Qiicflion  is  as  good  Senfe  as  if  the  Multiplier  were  ^L  5  j.  And  in  fid,  fuch 
QuclUons  happen  in  all  proportions  of  Money,  and  other  things  valued  by  Money. 

Again,  tho'  they  make  no  fuch  abfurd  Queftions  in  Diviiion  as  dividing  one  kind  of 
thing  by  a  quite  different  kind  (as  18/.  l^  3  Yards)  yet  diefe  are  equally  reafonablc 
with  thofe  in  Multiplication,  when  the  neceflary  qualification  is  applied  ;  That  is,  when 
the  meaning  is  to  find  a  number  of  one  kind  of  thing  Co  proportioned  to  another  Number 
of  the  fame  kind,  as  an  Unit  of  any  other  kind  of  thing  is  to  any  Number  of  this  kind. . 
For  the  Unit  and  that  other  Number  being  of  one  Name,  they  arc  as  aAftraft  Numbers; 
and  the  Queilion  refolves  into  a  Simple  Diviiion.  So  dividing  18/.  by  3  Yards  in  diis 
Senfe  is  only  dividing  18/.  by  3,  as  happens  in  this  Queflion.  If  3  Yards  coft  18/.  what 
ivill  I  Yard  coft.  But  if  the  Unit  is  of  another  denomination,  then  the  loweA  in  the 
divifor  after  reduction ;  both  muft  be  reduced,  and  die  Solution  takes  in  bodi  Multipli" 
cation  and  Divifion ;  as  in  this  Queflion,  If  3  Qrs.  coft  i8/.  what  will  x  Yard?  dut 
is,  If  3  Qrs.  coft  18  /•  what  will  4  Qrs  ? 

3.  Tbh  Rule  of  Three  is  the  great  Rule  of  Cafcolation  in  all  kind  of  Afikiis;  but 
to  give  particular  Direftions  for  its  Application  In  aU  the  Variety  of  circumfiances^ 
where  proportions  arife  is  impofHUe;  for  Queftions  may  be  lets  or  more  complex;  com- 
prehendlne  various  Queftions  of  proportion  conheSed  in  their  drcumftances,  eitbei  to 
Bring  out  leveral  Numbers  required,  or  as  fo  many  neceflary  Stqps  towards  the  finding  of 
one  Number  required ;  and  befides  the  proportions  contained  in  a  Quefiion,  there  oiay  be 
other  Operations  of  Addition  and  Subftra^on,  Simple  MultipEcadon  or  Divifion,  necdlaiy 
either  to  make  ouu:  the  Terms  of  a  Vroportion,  or  after  the  Proportions  are  iolvcd  to  fiixl 
fome  Number  fought,  or  a  Number  to  be  further  applied  towardsfinding  Numbeis fought; 
in  fliort  to  fatisfy  fome  condition  of  the  Queftion  in  the  ptogrefi  of  the  Wodc 

The  manageing  of  fuch  Queftions  depends  upon  the  Aridimetician's  Jad^aent  iodiftiii- 
-guifhiiig  all  the  parts  of  the  Queftion,  and  knowing  what  each  requires  accordiif  to  the 
true  Senfe  and  Import  of  it,  and  of  the  ieveral  Operations  of  Arithhietick,  and  par- 
ticularly of  Propordon ;  of  all  which  he  muft  have  a  dear  «nd  ready  Idci ;  and  as 
there  is  no  other  general  direSion  that  can  reach  all  Cafes,  the  only  tMhrg  more  thac 
can  be  done  to  hdp  one  to  acquire  the  neceflary  Capacity  £br  all  ufefm  Qaemons,  is  to 
make  the  application  particularly  to  fuch  Variety  in  all  the  common  Std>)c£lsrand  Brdnches 
of  Bufinefs,  that  who  underftands  thefe  may  be  fuppofed  capable  to  do  any  other  of  tlie 
iame,  or  any  other  ufeful  kind.  To  this  purpoie  are  afl  the  other  common  Rules  that 
are  brought  in  after  the  Rule  of  Three  5  which  are  api^cattons  of  it  chiefly  ;  of  whidi 
you  have  a  large  courfe  in  the  following  Chapters ;  and  I  (hall  add  to  this  a  few  more 
complex  Queftions  upon  fome  of  the  former  Heads,  which  come  not  fb  i«ell  under  any  of 
the  following ;  but  firft  I  make  this  other  eeneial  Oblervation« 

4.  If  Fradtions  are  among  the  given  Numbers  of  a  Queftion  of  the  Rvietf  Three  i 
The  procedure  is  in  all  refpeds  the  fame,  havine  due  regard  to  the  nature^atnd  opetations 
of  Fractions ;  for  if  the  extremes  are  (or  be  made  by  rc^udibn)  Simple  Numbets,  lote* 
gral  or  Fraftional,  of  the  fdme  denomination,  and  the  middle  'I'erm  a  Simple  Int^oc 
Fraflion  ;  the  Multiplication  and  Divifion  is  to  be  performed  by  the  Rules  of  Fiaftions, 
<where  Fractions  are  concerned  :  A  few  Examples  are  fufficieat  t^  €X^iam  chis» 
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Exa.1.    If  5  oFa  Yardcofl  41.6.— rf^  WliatistheVaIueof24^yaixl?  Sate 

1  Yard  —  4*.  6~d.  —  24  5- Yard,  fljtedufl.  "tb  1  Yard-'** Yard-  !Zi Yd. 

die  Produa  of  ^and^  ia^^^  which    divided  In  ^  the  Quote  comes  out 

_,  3  7         21        ,  ',5 

.13^  rf.  eqrnl  to  a25ig^.  ot?/..?*-  7'-aj|/. 

.£(A  2.    If  4-  Ounces  cofl  8/.  what  eofi  joi  Fouodi  ?  the  Extremes  being  redo* 

ccd  6rft  to  Simple  FraaioDi,  it  u  —  Ouaces —8*. —^Pouod,  and  the  Extremes  be- 

Kig  again  reduced  to  one  Name,  it  is  ^  Ounces—  8*.  —^^  Ounce*,  then  8  Mol- 

tip],,  fay  IE?  proauc*;,  22^,  which  divided  byl'  quotes  5^  j.^paltoSS+^gj. 

ot42/::4,:nrf.  1^/. 

£ir4.  3.    If  3  hundred  weight:  2  qrs.  14^7^.  coft68I:  10;.  What  coH  i^hund* 

weight?  Fuft  it  is,  40^-V*.  —  1370*.  — .  ^  Cw,  then  i^W.— i^joj.^^Cw. 

then  — ~ lb.—' 1 370 s.  —  ^^I^. and  in  thia  State  the QueRion  is compleatlj  redo-' 

ced  and  piejared,  and  the  Anfwa  found  by  multip^ing  1 370  s.  by  — ^  and  dividing 

dKProdoabyi^ 

Ohferve.  That  tho"  we  cannot  eafilF,  in  every  Cafcj  know  which  oFdie  Extremes  is 
^eateft,  uiilcG  cbey  are  rcditced  to  one  DeiiCHninator ;  yet  without  this  it  is  eaiy  to  know 
which  En'ieme  h  the  MuUipliei  j  becauie,  fuppofe  that  upon  the  right  hand  to  be  either 
the  greater  or  tefTcr,  that  wQl  deterniine  which  ot  them  is  the  MitltipUer.  Yet  after 
all,  jf  you-  reduce  the  extremes  to  one  Denominator  j  you'll  have  no  more  trouble,  becaufe 
the  common  Denominator  may  be  ne^e£lcd,  and  the  Operadon  perfbtmed  with  the  Nu- 
merators ;  fince  that  D.enomiitatoi  would' be  a'MuliipIief  both  in  the  Numerator  and  De- 
nominator of  [lie  Quote,  as  it  cocoes  oiii  6[{t  tn  Fta^ioj^  fonA  ;  and  thetcfore  both  be- 
ing divided  by  it  (or  which  is  the  £une,  negle^  ic  in  the  Operation)  the'  Quote  will  flUf 

be  the  fame.  "So  to  Multiply  by  5- and  Divide  the  Prodoa  by  §  ts  to  feme  as  Multij^y- 

ing  by  5,  and  Dividit^  by  ^.     ■ 

,,,,      'JM5ii^:Qj/ESTi9»[5/*fr'.'7^^'RUle  of Thre^    1;, 

u  jif  Lippi  ~"            irewaiot'. 

Charges  1  he  1  iw.  '4to7. 

.10/.  for  loj  >/.  10 J. 

2.    .A  I  )a;  what  has 

lie  to  fy  .4*  0=!  170. 

«henifi  L  ■    , 


5 ;  8  ContraBions  in  the  ffyle  of  ttwel  Book  VI 

3.  Haviijg  bought  40  Yards  of  Qoth  zt8r.Pfr  Yard  5  apd  70  Yardwt  121.  What  is 
the  Value  otboth  Pieces?  Jnf.  58/.  for  if  i  YarJcort  8  si  40  coft  16}.  tBcn  ffi  Yard 
coft  1 2  J.  70  coft  42U  and  16/.  -4-  42 /.  =7  ^87,.  -  ^ 

4.  I  beflowcd  80/.  upon  2  Pieces  of  Cfcth;  one  ortfccm  «  13  f  ^  Yard,  theo- 
ther  at  1 6  J.  whofe  total  Value  is  48  /.  What  quan&ky  was  i»  each  ? 

^  Take  ^8  from  8^  remains  52,  the  total  Value  of  the  firft  Piece ;  dicn  find  the  Quan. 
ritics  by  the  total  Value,  and  Value  o£  i  Yard. 

5.  Five  Perfons  were  boarded:  togeth^  iit  ^J.fer  Quarter  j  ihqF  prid  at  entry  it 
10  i.  a  Piece ;  and  having  continued  2  Year  3  Quarters ;  Hotv  much  do  they  owe }  The 
Solution  h  thus  made  5X4^==  20^,  diDefi*  every  Quihift);  dien  IP  t  Quttteicoft  20/. 
what  2  Year  3  quarters  ?  From  the  Anfwer  of  .this,  Subftraft  5  times  i/.  lOi.  paid  at 
entry,  the  remainder  is  tbt  Anfwer..  .    .. 

6.  Two  Pofls  travel  the  one  direflly  Norib  an9  the  other  Soutb^  from  the  fame 
Place ;  the  one  Travels  3  Miles  fgr  every  2  ^  other  Tiavek,  who  Tnvckat  the  rate  of 
36  Miles  a  Day  :  How  far  are  they  afunder  at  the  3d  Days  end  ?  i**-  :j  y  36=  108 
Miles  the  iaft  Pod  has  Travelled;  then  iay^a^  2503: ib  is  lo^. to  tkeMlfes  theodier 
IVavels  J  the  Sum  of  the  Miles  travelled  by  both  is  the  Ahfiver :  fiut  if  thdy  had  Tra. 
veiled  the  fime  way,  then  it  is  the  difference  of  what  each  Tri^ls^  Or  fuppofe  the  kil 
named  is  30  Miles  before  the  other ;  to  find  in  what  time  that  other  comes  up  widi  Urn, 
&y,  As  2  to  3,  ^a  is  36  to  the  Miles  the  other  Travels  in  aDay ;  the  diflfecence  is  wbt 
of  the  dift.iiice  is  taken  away  every  Day  3  whence  find  the  time  in  which  the  ^hok  will  be 
taken  away,  .  ; 

7.  In  what  dme  win  two  Perfons  do  a  Wbrk  wKich  one'of  Aent  <5an  dd  in  8  Dsfsy 
and  the  other  in  5  Days  ?  Find  by  the  given  proportion  bow  much  of  the  whele  Work 
each  could  do  in  1  Day:  Add  thefe  Arrfwer$  together;  and-fey^lf  both  fdgcther  can  do 
fb  mudi  as  that  Sum  in  i  Day ;  in  what  time  will  they  do  the  fuppofed  Work»  lu  aH 
which  Operations  that  fuppofed  Work  is  reprefented  ly  i.      ' 

8.  Four  Men  Drink  at  Table  1 6  Pennyworth  of  Wine :  How  many  Men,  each  of  whom 
Drinks  but  half  of  what  each  of  the  other  does,  will  22  Penny  worth  ferve?  Four  of 
thefe  laft  Men  will  Drink  but  Q  Pence-worth ;  therefore  fay,  if  8  d.  ftrves  4,  what  will  22^/^ 

2.  Having  l)ought  J46  Yards  of  Cloth  at  %  certain  Price,  the  ftller  afterwards  dif- 
corapted  3  L  10  s.per.  Ceniy  and  had  in  fidl  Paynieiit  246  f-  What  was  thie  ift  Price  of  i 
Yard?  Say,  as  96/.  los.  is  to  loo/.  fo  is  248/..  to  the  Drift  Pnce  cS  the  whole.  By  wbidi 
find  I  Yard.    '^        '  ' 

10.  I  laid  out  10  7.  upon  a  Parcel  of  Serges  and  JJhaUouns ;  the  total  Value  of  tk 
Shallouns  6c?.  and  the  t;otal  quantity  of  Serges  2^6  YUrds;  aub  fct  every  2  Yards  of 
Serge,  I  had  3  of.  Sh^oui^ :  How  much  Shalbun  was  there  ?;and,^  whit  was  the  Value  of 


ardof  eaoxki^i^ 


^  _»' 
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CA  SB  I.  \%T^  a  Queftion  irithe  Rule  of  Thrte  being  du^ftated,  and  theEt- 
fry  tremes  fiinple  Numbers .  oP  one  Name.;  whether  the  middle  Tenn  be 
Simple  or  tAxit;  if  tlic  lExtretne  which  bv  the  generd  Rule  is  the 
Divifor,  b^ .  I,  and  the  piddle  Term  an  Al\qb6t.parr  of  fomc  mptrioi*  Species  •  thta  di- 
vide the  other  extreme  by  theDenoininatorof  that  ^liouot  t^rt/tfte-C^uote  b  tflc  Aflfro; 
in  that  fuperior  Speciies  j  and  if  tiiere>a  rentaitideitedaeef  ab(£fii|2its  ¥il^      - 


Chif  £>' 


tmtraSi^ons  }n  tk  4(uU  (f  Thr^i, 


%'^ 


^19 


T 


I  •  1' 


I  <■' 


1     • 


AS  LB  tf'the  jtji^ot  Part/tfUojair: 


t    6 
:  10 


1  .\  ^    8    20  ;^ 

I  r  8  •?,  12  I 

2:.       8   10  ft 

3.5  4  3*    6  oJ 

4-       4J     5  I 

C     •  il.  ^^ 

10;  '  ': 


5^ 

2 


\.  VHutt  is  tlie  Piiceof  67  yards  ofCloth  at  5  s.  fer  yard  ?    Anfw.  t61:  x$  j.  found 
tbua;  The State-^  the Ptoporti^n  u-^  i^^'j^*^*  Andbccaufe  the  Divilbr  13 1,  and 

Ae  nddcQe  ^ecm  5  i.  wUcfa  is^a  4&pait  ori  /•  thercFore  I  divide  67  by  4,  the  Quote  ia 
id/,  and  i)  remains,  nvhic^  ie4uced  to  Shillings^aud  divided  by  4, quotes  15  i.   . 

ThcMeafan  of  diis  Pradice  is  obvious  ^  for  if  i  yard  coft  ^  of  i  /.  67  yards  mud  co8 
467  4^1  parts,  or,  which  is  die  fame  thing,  die4thp«utof  67/* 

As  tbe  Manner  of  Appficadon,  and  Reafim,  in  all  other  Examples,  may  be  eafily  vb> 
<derfioodficai  dm  oos,;  I  flttl  only  ttafc  a  few,.with  didr  Anfwers. ' 

i.  The  Vabe  of  54  Stone  weight,  at  10  i*  (fofi/.)^^  Stone,  Is  27 1.  (I- of  54^) 

3I  The  Vabe  of  353  Yards,  at  3#:4<t  (i-ofi/.)  f>f  Yard,    is   58/:i6j:8* 

f»of3530 

4*  Tnc  Valufe  of  365  &  weight,  at  3  rf  (i  of  I  i,)  perli.upi  s  :id,oi^l:ii4:^di 


<'fi'r 


_      Men  do  a  piece  of  Work  iq  8  Hours,  in  what  Time  will  i  Man  do  the  fame? 
jtfiftb.  ^6Dajs,  which  is  thb  3d  part'of  48,  becaule  8  Hours  is  the  3d  part  of  24iEIours 

*  'CASE  2i'  If  die  Price  ofan  Unit  is  an  ciren  number  of  Shillings^  multiply  the 
other  Extreme  (of  the  £une  Name  with  the  Unit)  by  the  half  of  that  Number ;  double 
the  firft  Figure  of  the  Produfi  for  Shillings,  and  the  remaining  Figures  to  tiie  left  are 
Pounds  in  uic  Anfwer. 


07  :  4  i.    And  opjervej  tnar  it  Is  very  ealy  to  let  aown  the  Shiuuigs  aiKl 
ty,  without  writir^  firft  down  the  totaJ  Produ6l  and  then  fepaxating  them. 

Tlie  i?r^«or  this  Piadkeby't^^  whole  even  Number  of  Shil* 

lings,  the  Produ£t  is  the  Anfwer  in  Shillings ;  which  divided  by  2Q,  reduces  ic  to  Pounds, 

^e  remainder  bdng  Shilling?  :'  But  if  vfe  multiply  only  the  half  of  thefe  Shillings,  the 

ProduQ  is  only  die  half  of  die  Value  in  Shillings.    'Now  luppofe  we  multiply  thisFroduft 

IST  h  tojnetwwbokniioibecof  8biUiiigS|  and  divide  this  laft  Pcodud  (9  20  to  reduce 
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tfaem  to  Pounds ;  Then,  becauie  20  is  two  times  10,  it's  plain  that  the  Prodaa  made  bf 
the  half  of  the  given  Price,  being  firft  nwdtiply  d  by  2,  and  cMs  Produd^divided  hj  20, 
(or,  which  is  the  fame  thing,  firff  by  2,'  arid  thcQoote  by  id)  the  hift  Qaotc  wiH  be  the 
lame  as  if  chat  firft  Produft  were  only  divided  by  lO;  bccaufe,  to  muJriply  by  2,  and  then 
divide  the  Produd  by  2,  brings  back  the  lame  Number  that  was  multiply *d  :  Wherefore 
it  s  plain,  that  if  the  firft  ProduA  is  divided  by  10,  the  Quote  is  the  Ai)fWer  in  Pounds  and 
loth  parts ;  and,  becaufe  the  Divifor  is  lo,  theref  ^ce  the  hiteeral  Quote,  or  Pounds,  are 
cxpre^'d  by  the  Dividend,  excluding  thcf  fir^  Pigeon  the  right  hand ;  and,  becaufe  that 
Figure  is  die  number  of  loth  parts,  theref<pn!«  double  of  it  is  the  ni^ber  of  20ch  parts, 
i.  e.  of  Shilliii^s ;  and  thus  evory  Part  of  the  Rule  is  clear. 

Ohjerve;  Ifthe  Price  of  an  Unitcqxtfifts  of  Pounds  and  Shillings,  vrhptt  half  reduced 
to  Shillings  is  a  Number  by  which  we  can  dtSy  multiply,  (b  as  to  biii^.  out  the  Produfi 
ill  one  Line  at  the  firft  Step,  as  we  may  if  that  half  doth  not  exceed  2p,  then  we  may  alfo 
ufe  this  Method. 

Exa.  What  is  the  Price  of  467  Yards  at  1 7 :  14  x.  per  Yard  ?  Hese  1 1;:  14  s.  is  ^4/. 
whofe  half  is  17^  by  which  multiplyuig  467,  according  to  the  Rule,  the  Anfwer  is 
79i  '  •  18  A.  .. 

Cj4  S  E  xd.  Ifthe  middle  Terar  is  not  an'  aliquot  part  of  fbme  fuperior  Tnceger^ 
(the  Divifor  being.always  i)  yet  it  may  be  equal  to  tne  Sum  of  feveral  aliquot  parts ;  and 
then  if  you  divide  oy  the  Denominators  of  each  of  thefe  feparately,  ajid  add  all  the  Quotes, 
the  Sum  is  the  Thing  fought  The  Rea&n  isplain^  '  but  I  muiF  obftnre,'  that  in  moff 
Cafes  where  the  middUe  Term  is  not  an  ajjqiiot.  part,,  the.  common.  Rule,  by  -Rolufiion  is 
cafferWork.  ."     ;    .       "    , 

Excu  I.  If  I  yard  coft  15  j-  what  coft  4pyards?  An[.  3^/:  I5i.  found  thus  ;  15^» 
IS  10/.  and  5j.  vt\.  the  ^andlof  lA  So  Itake  thej- of  4^/.  which,ia  24L  lOi.  and 
1,  which  is  12/.  5  J.  whofe  Sum  is  36/.  15  s.      ' 

E^a.  2.  If  I  yard  coft  12  j.  6d.  what  coft  268'  yards  ?  ^Akf.  \6jL  10  a  thus ; 
I2X.  6^.  is  io^«and2J.64L  vn.  ^and'^fof  i/;  Tfaeni^taod  |i'of  268^*  makeitogechei 
167/.  io/«  .      .  ,  '      ^     .  ,....'. 

Exa,  3.  If  I  yard  coft  41.  34?!  what  U  ttie  Value  of  149  yards?  A^w*.  29I  i^J- 
thus ;  for  4  J,  it  is  2*8  (viz.  the  5th  part  of  140)  and  For  jV.  iiris  35  J.  (or  i7.  iji.) 
tlie  4th  part  of  140  J.  becaufe  3  rf,  is  ^th  of  i*.  and  the  Sum  is  2^7. 15  i. 

Ohferve ;  If  the  middle  Term  is  equal  to  the  lame  aliquot  part  related,  /^  f-  if  it's  any 
fimplc  Fraflion  (not  an  aliquot  Part)  you  may  either  diyide  by.th^  Denominator,  anJ 
then  multiply  the  Quote  by  the  NumeratOtj  Qc  zath^c  firft  ijj^tiply  ty  theNuperator,attd 
then  divide  by  the  Denorainatoi*.  ;/•'   x.    d. 

Exa.^  If  I.  yard  coft  13  X.  4^.  the  Value  of  56  is  37  :6:8;  for  i3j:,4rflraakcJof 
1/.  therefore  I  multiply ^6  by  2^  aod  divide  the  rrodu<a  112  Jby3;$.chc  Quote  is  37/. 
6s.  8d:  .  . 

Again  Ohprve^  that  if  the  middFe  Term  is  refblvable  into  Parte  that  ate  aUquot  one  ot 
another,  then  it  may  often  prove  a  convenient^  Praftice,  firft  to  ffnd  the  Aiifwer  for  the 
greater  Number,  and  then  fo^  the  other  which -is  i^s.  aliquot  Pan,  by  taking  cSclike  Fart 
of  the  Anfwer  for  the  former.  Exa.  If  i  yard-  coft^  15  u  what  340  yards  f  /.T^e  the 
half  of  3  40  fot  10  /.  and  the  half  of  this  half  for  5  x, '  your  Sudi  is  qie  AajTtvcjr^ 

CA  S  E  4.  If  the  middle  Term  is  ft  mix*d  is  to  have  in  it  any  Number  of  ffi<5  highcl! 
Species,  firft  multiply  that  Number,  and  then  the  otherParts  by  fomcof  the  JformerOft^ 
if  poffible  ;  and  it  this  cannot  be  done,  or  not  without  ipucb  Ogeration,  thco:  wcmu« 
take  the  common  Method  by  Redu^on:.    ,      .   .      • 

»  f 
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734 
4 

244 


13:4 


JEv^.  I.    If  i  yard cofl  ^l  6  s.Sd.  what  coft  75A yards ?    ^«/in 

?i8o/.  1^  s.  ±d.    For  4/.  multiply'd  by  754,  proauces  ^9^61.  and. 
or  6  J.  8^.  I  take  |  of  734,   which  is  244/.  i^x*  4^/.  and  the  Sum 
of  both  IS  3180  A  13  J.  4  ^; 


3180    ;  13  ?  4 


28  by  5  is  tn  140  h      9.      d. 
For  6  s.        8:8 
For  10^.    I  :  3  :  4 


Sum,  149  :  II  .-4 

Fori  X  =  38  :  J.  :  rf. 
For6/.  8^— 12  :  13  :  4 
For  2,1.  td-^  4  .-15: 

Siimj55  :  cS-:  4 


JEri7.  2.  If  r  yardcoft  ^  /.  6/.  10/.  what  coft  28 
yards  ?  Anf.  14?/.  11  i.  41^  thunj  For  5/.  it  is 
140/.  for  6  i»  I  ufeiT/^  21^,  and  for  \0.d.  I  take  the 
24^1  part  cf  28)by  C^  ly?. 

Exa,  3..  If  I  yard  coft  it.  9 s^  2d.  what  coft  38 yards  ? 
jtnfw.  55?  85.  4^.  thus;  For  the  i/. 'tis  38,  for  ^i.  2^ 
v4iich  iscqual  to  6  s. ^d*  (7  of  a  Pound)  and2  x«  6d.^ 
( ^  of  a  Pound)  I  take  \  and  \  of  38  /-.  as  iivthe  Margin. 


Sufpofe  the  Pri<;e  of  1  yafd  ^tiysipd.  then  no  Method  by  aliqpot  parts  in  ib  eaiy  as 
the  common' Method  by  Redu^ion :  And  I  (hall  here  olfervey  that  as.  there  may  be  difle^ 
rent  Ways  of  doing  the  fame  Queftion  by  aliquot  paits,  ib  the  chufing  of  the  beft  Way 
deperds  upon  Experience.  Ex  a.  If  i  coft  i^s:^d.  it  may  be  done  by  conlkiering  1 5  j. 
srs  -I  of  a  Lot  as  j>&^  ; '  and'Si^as  \  of  a  s.  But  more  cadly  by  refolving  15  x :  8  d. 
into  14  &  1 X  :  8 1/.  Then,  for  the  14  s*  work  by  Cape  id,  and  for  j  s.'SJ-  by  Cafe  \ft.i 
Al(b  in  Exa.  3  ^  we  may  work  firft  by  i  / :  8  i.  by  CiiTJ^  i ;  then  for  I  i.  and  for  2  4^;  bat  the 
former  Method  is  eafier,  after  you  perceive  that  9/:  2^.  is  equal  to  ttiZd.  and 
2y.'  6d, 

CA  5  £  5.  If  tlte  Extreme  whkb  is  the  Multiplier  is  an^allqi^ot^pirt,  or  the  Sum  of 
certain  aliquot  parts,  of  the  UniD  which  is  Diviibr,  then  take  by  Divifion  fuch  part  or 
parts  of  the  middle  Term  (whether  this  be  afimplc  or.mix'd,Nurober) :  And  if  the  Mul- 
tiplier has  alfb  /bme  Number  of  the  £inie  Species  with  the  Unir,  you  muft  work  for  thac 
Nurnber  Separately  by  feme  of  the  foimer  Cafes^  or  the  common  Rule^  then  add  all  tiie 
Parts  of  the  Anfwer. 

Exa.  X.  If  I  PoHnd  weight  coft  32  A  what  coft  4  Ounces  ?  An  J,  8/.  t?/z.  ^  of  32  A 
1)ec&ufe  4  a:^.  are  ^  of  I /^.c  . 

Exa.  2.  If  I  yard  coft  3/:roj;  what  coft  2qr:inail  ?  A^f.  iliips-^'sdtif! 
tiiu» ;  For  a  qr.  I  tabe  ^  ofi  3  /•:  id  j;.  via[.  1:15,  ai^i  for  i  nail  I  take  J^ ,  whicli  is- 
^it^dizf.    Total,  iJ:  I9i^4^:.2/. 

Exa*  y    If  J  7.  buy- 3  Ct  weight :  hqnjlhy  how  much   will"  28/:  <^sx6d'.  buy  7 


Ct. 

3 

7 

X 


qr. 
X 


It. 

7' 


03; 


9^  •  03^ 


4 
10 


Ct 
3 


jr. 
I 


^. 


8 
9 


44 


,1 


AnJjUDM  .  P3  Tt:  2  ^r :  18  lb  :^-  oz.  v/hich.  I  6nd  tlius ; 

/^.  '      l^'  For  the  28/.  1  multiply  3Cr'by  it,   which  ^ivc4 

7         84CV-;  thpn-for  i^,  1  tak6  i  of  28,  isyfr;  and 

,fpr  7 /i',  1  take  ^*^  of  28,  is  iCf ':3^r,  or,  which  is 

the  /ame,I  take  i  of  yCV^becaufe  7/^  is  ^of  i?^.  So 

the  Total  for  28  /.  is ^2  G> :  3  qr.   2*'*  For  5  ^.  which" 

3:i8:O04Vt.     isfofl^  ttake^ot  :?Cir:  I5r:77*,i6is  ^qriZIb^ 

iiiozk  and  for  6 d,  which  is  -J^  of  5  i^  I  take  ,-;  of 
3  jr:  8/^:  I2o;{f  it  is  ^li^i  ^-r^ozi.    So  tbc-tctal  foe 
5  J :  6rf^  is  3  jr :  18 /f:  -rir*^^    ^"^>  ^^  ^^'^  adding: 
SizCf:  3^,tlie  Sumis  pjGt:  23r:i8/*:-j^  oz.. 

QhfcTve  ;. 


4^  :  6^.  u* 

2 .    o 


J6  :i6i.  ^      .  ,^ 

^:      2  6^. by 34 

L^^  4J:6i/.byT 

7-  15-3'S 
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6^^Prv^ ;  li  tlie  Multiplier  and  the  middle  Term  ate  both  of-thc  (amc  kind  of  Things, 
then  we  may  cojjlider  eichcr  as  the  Mulcinlier,  as  Ihall  be  moll  convenient  for  the  Ope- 

xation.    , 

Exa.  4.    If  I  /,  gain  ±s  :  6d.   how    much  is  thereby   gain d  upon   94 / :  10 s ? 
Aujw.  jl:  15,/.;  31/.      Which  is  found  either  of  two  Ways,   viz.    i^-  Midriplying 

41:6^.  by  34/:  lOJ.Aus; 
34?:  lOJ.    »*4  ^  4i.  by  34,  makes  67:i6f. 

^-^  .2A\16d  by  34  makes  17*; 

I  -o^-^-So  2/.or^  tlien4  4:6rf.byiorf.  ori, 
^  -li  S  r?  2j:g^.Qr;,  «iakcs2/:3</5  andthcTo• 
7  5152  3^"5-  tal  is  jliiosi^i.  Or, 
•S  '^  2*,  Multiplying  34/:iOf. 
.  by  45:  6^9  thus;  45:61/. 
is  2  J  aad  2j  :  6 1/^  Therefore  I  moldply  34/ :  10 *•  by  2  s.  or  ^^  the  Produa  is 
-^I'-ops.  Then,  by  2x  :  6d.  or^,  it  is  4/;  6j  :  3^5  And'the'Total  i^  as  before, 
7'- 15^- 3^. 

rAW"*?  are  the  Cir/V/  and  Fundamental  Praaices  by  Aliqucf  Pd/ts,  which  whoever 
43nderftands  wiH  cafily  find  many  particular  Abridgments  depwiding  upon  the  fime  Piifld- 
pies :  But  what  I  have  done  is  fuffident  here ;  Judgment  and  Fyr^r't^nne  will  fii^  difi 
JttR  better  than  a  confused  heap  of  Particular  Bplet. 

CA  S  E  6.  When  a  Queftion  of  the  Xule  nf  TbreeiM  duly  Rated  and  reduced,  ao 
4corduig  to  the  General  Rule,  'twill  often  happen  that  you  can  eafily  difi^vec  a  Number 
ivhich  will  exaaly  divide  the  Extreme  which  19  the  Divifor,  and  ibme  ooe  of  the  odw 
two  Terms  5  fubflitute  the  Quotes  of  thefe  Diviiions  in  iJacc  of  the  Numbers  divided,an(l 
work  with  them  inftead  of  thefe  others ;  by  this  Means  you'll  have  Jic  Divifor  and  an> 
tlier  Teri9  reduced  to  fmallcr  Numbers,  and  iometimes  one  of  them  vnH  become  i, 
which  leaves  no  more  Operation  but  a  fimpl  e  Kfal&plicatioii  or  Diviftsiu 

Exa.  I.  If  7  yards  coft  56/.  what  coft  35  yards  ?  •  The (^ftkm  fiated  is,  7  yards  — 
~56  /.  —  35  yards  ;  where  it  s  eafily  pcroeiv'd  that  7  divides  both  the  Exdmoes,  and 
thcQuotes  are  I  &  5  :  So  that  this  Queffiou  1  yrf—  367—  ^jd  will  have  the  fiunc  An- 
fwer  as  the  former,  and  is  found  fimply  by  multiplyang  56  /.  byj,  which  makes  280/. 

4livided 

this,  50         ^  ^   ^ 

iojds :  3  jnr ;  3  »/ri  ;  and  ^ . 

Efca.  3.  If  27  yards  00545/,  Whst  coft  63  yards  ^  Here  die  Extranes  27&<J 
X>eing  divided.by  9,  'iheQuotes  areg  &:  7  9  and  fo  die  Qucflion  has  the  lame  Anfwer  u 
this,  3  j^/  —  45  /  -_  7  y^.  Again :  3  Ms  45  being  both  divided  by  j,  the  Quota 
are  i  &  15;  andfo  the  QueiHon  is  reduced  to  this,  ijd^i^l —  yyds,  anddicAfl- 
Iwer  7  times  1 5,  or  10^  t  .  . 

You*ll  in  many  Quefhons  difcover  at  fight,  or  with  a  fiifldl  attention,  the  Dtvifon  to 
cnake  this  Abdidgmen;,  and  alfo  die  Quotes ;  and  m  fii^  O&i  onljis  this  Praaicc  of 

any  Value.  •  ^ 

Tkc  Reafcn  of  tins 'Prafiioe  is  plain;  for  the  two  Numbers, -equally  divided,  contain 
f>etwixt  'em  the  Proportion  that  ought  to  be  betwixt  (he  other  g^ven  Number  and  that 
fought :  But  if  two  Numbers  are  equaUy  divided,  die  Quotes  <wfaidbi  arc  like  aliqiNl;  Fsrts 
Kjfxbcm)  arein  ihe  Amc Ptoportioifc  .    -      ^      ^    -  ^    - 

Ftom 
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From  the  fame  Principle  it  follows,  that  if  the  Divifor,  and  any  of  the  other  two 
Terms,  are  Fraaions;  oroneoF  them  aFraaion,  alid  the  other  a  whole  Niaiiber  ;  if 
thefe  two  Terms  are  reduced  to  Fradions  liavbg  the  fame  Denominator,  you  may  net'lea 
the  common  Denominator,  and  work  with'  the  ^Iumc^ators  ;  becaufe  Fradions,  hnvino  a 
common  Denominator,  are  in  the  £ime  Proportion  to  ojie  another  as  their  Ni.mc- 
rator, 

E^a.  tf  }  of  a  Yard  coft  i6 1  what  coft  4.  of  a  Yard  ?  This  wUl  have  the  fame  An- 
iwer  as  this,  7  yds  —  16  /  —  5  jf</j. 

Exa.  2.  It  4?  Ounces  coft  28  /.  what  coft  18/*.  or  4608  Ounces  ?  The  firft  Term 
reduced  is  Vj  and  you  may  turn  cither  28  or  4608  itHo  the  form  of  a  Fradion  wh  fe 
Denominator  is  5,  and  thea  work  with  '  the  Numerators j  and  fo  it  will  be  eitlicr 
23^t._T40?  -^±6080%.  or  2^  o%_  28/—  230400Z.  The  Anfwer  is,  28^481^*  / 
li  many  Cafe«  Ais  may  be  ufcfiil.  >        -i  .  3  ^- 


^mmattai^mm 


i*» 


C  H  A  P.    III. 

I 
I 

th  ^k  of  Five. 

THIS  JPirtr  it  fo  cairJ  from  having  5  Numbers  givch  to  find  a  6th;  oF  which  5 
Given  Numbers,  3  are  coqjoin'd  in  the  form  of  a  Suppofition,  and  upon  that  9. 
Queftion  is  rais'd  fiom  the  other  2,  which  with  the  Number  fought  are  refpe6Uve- 
ly  like  in  their  Application  to  the  former  5,  and  have  the  fame  Connexion  of  Senfe^  by 
which,  'tis  eafy  to  know,  at  fight,  a  Qtteftion  belonging  to  this  Rule.  Again ;  All  Que.^ 
flions^  of  this  Rule  arc  foch  as  include  two  Queftions  of  the  Rule  of  Three ^  fo  dependent 
upozi  one  another,  that  the  Anfwer  of  the  finft  being  made  the  middle  Term  of  the  iecond 
the  Anfwers  of  both  have  the  &me  Signification,  and  the  laft  is  the  final  Anfwer  of  the 
QaeiBlon.  And  Ohferve^  that  tho'  many  Queftions  include  two  Queftions  of  the  Rple  of 
Three,  yet' they  /wve  ijot  the  Conditions  here  dcfcriVd  (of  which  you'll  meet  with  Ejcam- 
pies  afterwards);  aii</>  for  the  Solutioii  of  fuch.  as  haves,  takethis: 

RuLBr 

I**  Of  the  ?  Terms  of  Suppofition  fet  that  ont  firfi  down  which  is  like  the  Thing 
fi}ught ;  towajds  the-  left  hand  of  it  let  down  the  other  two  ( it's  no  matter  in  what  Qim 
der)  \  then  fet  the  two  Terms  that  raift  the  Queftion  towards  the  right  hand  of  the  for* 
mer  j,  in  fuch  Order  that  of  the  <  given  Terms  the  ift  (counting  fk)m  the  lefc  to  the 
right;  be  lite  the  4tb,  and^  2d  liM  the  ^tH:  Then, 

2^'  Take  die  ift,  jd,  and  4rh  Terms  in  Order,  of  whicfa  make  a  C^eftion  of  the  Rule 
of  Tbtee  (affumii^  tm  2d  Term  for  a  fiiperfloons  one^  Co  oomideat  the  Senfe>  and  find 
the'Anfwier ;  Then, 

3**-  Take  the  2d  (of  the  ^  the  Number  now  found,  and  the  ^tb  (  of  the  5  )  ir^  Or- 
der, and  ofYhem  make  another  Queftion  of  tike  Rule  of  Three  j  ^afl^ming  the  41b  Tetsi 
X)f .  the  5  for  a  luperfluous  MomEer)  the  Anfwer  of  this  ii  the  final  Anfivet  Ibught* 


(LVJSSTIONS 


U4 


Of  the  (!(uk  of  Bve: 


BookVl 


aU ESTIO  NS. 


Qu.  ift.  If  the  Carriage  of  25  Scone 
weight,  for  16  Miles,  cofl  15/:  10 J.  what 
will  40  Stone  coft  for  9  Miles  ? 

Afifw.    i^liips. 

The  State  of  the  5  Terms  is, 

St.    Miles    L     s.       S/.    Miles. 

25  —  16  —15  :  10  — 40  — 9 

The  firft  Qucfiion  of 
the  Hule  of  Three  is, 

5f.       A         s*     St 

25  —  15  :  10  —  40 

by  Reduftion, 


.    2d  Qucftion, 

16  — 45>6— .9 
9 


St.       s.     St. 
^5—310—40 
40      s. 
25112400  (495- 

lOO. 


240 
225 

150 

150. 


X6I4464  (279 or- 
52      ij/.-ip/I 

126 

5ii 

144 

144 


From  tlie  Seitfc  and  Connexion  of  theft 
t\voQucftions  it's  plain,  that  we  have  the 
Anfwer  of  the  Queflion  propos'd  5  for,  by 
the  firft  we  find  what  40  Stone  cofts  for 
16  Miles,  when  25  Stone  coft  10  J.  for  the 
fame  Way.  Then,  by  the  fecond,  we  find 
what  40  Stone  muft  coft  for  9  Miles,  when 
they  coft  496  s.  ( the  Anfwer  of  the  prcc^ 
ding)  for  16  MUe& 


(lu.  2d.  What  Weight  muft  be  carried 
12  Miles  for  5/  :  4/.  when  18  Stone xo/^. 
coft  1 5  J,  for  7  Miles  ? 

Afrfxo,    x^fi  :  5  7^ :  3  oz  :  147  rfr. 

Staee  of  the  5  Terms. 

s.       m,     St.     It'     h     s,     m. 
15  —  7  —  18  :  10  —  5  :  4  — 12 


I  ft  Operation. 

s.     ft.    IK      I.  s. 
15—18  :  10—5:4 

by  Redu^on, 

s.        lb.  s. 

15  —  298  —  104 


704 


Ik 

C2066 


151309^2 
I  20 

099 

92 

2refflainder 
16 

15I32  (20?. 
30 
2  rem. 
16 

3^       . 
'2  remauL 


2d  OperatioQ, 

lb.  Oidr.  m. 
7—2066:2:2—12 

by  Redu^on, 

».         <fr.        sv. 
7  — 528930— '12 

7^ 

12 1  3702510 
Quote,  508542,^* 

which  being  re-" 
duced^isequalto 

^•.  lb.  •;{.    dr. 
75  •  5  ••  3  •  14^ 

Here,  by  the  ill 
Operation,  is  found 
how  much  mull  be 
carried  7  Miles  for 
5  / :  4  J.  Thcn,by 
the  2(1  Opetationi 
how  much  muft  be 
carried  12  Miks  for 

5/:  44^. 


As  to  the  Work  of  thefe  two  Qucffions,  I  have  done  it  atteigth,  according  to  the  mo8 
General  Rules ;  but  iuch  as  undefftand  the  Contraaions,  already  cxplain'd  ia  MuMpIid' 
iiBn  and  DivJJiMj  and  the  Rule  of  Tbree^  may  do  then}  caficr  thus :. 

In  the  I  ft  (fueftion,  the  ift  Operation  reduces  at  fight  to  this  57?  -  157:  xo.i  —  8/. 
hf  divi&ig  25  and  40iboth  by  5  ;  then  we  mayeaffly  multiply  15  / :  lo^.by  8,  wifho*tf 
reducing  it ;  the  Produa  is  124/.  which  divided  by  5,  quotes  24/  :  16^^  JFpr  the  2d»- 
peration  it  ftjuids  dius,  16  j»  —  24  / :  16  j^  —  9  «»•  And  here  the  roiiJdle  Term  is  calilj 
multiply'd  by  9  without  Reduaion  J  the  Produa  is  2237:45,  which  divided  by  16, (ot 
firft  fay  2,  and  the  Quote  by  8^  the  Anfwer  isi3/:i9^.*  . 

\\\  the  2d  Queflion,  the  2d  Operation  naay  be  done  eafier ;  for,  without  reducing  tiic 
middle  Tcnm,  k  may  be  eafily  multiply  d  by  7  5  the  Produft  is,  14462/* :  140% :  14^ 


ivhicb  divided  bv  la  (or  ift  by  2,  and  this  Quote  ji^ilh :  7dz :  jir.  by  6^  die  Quote  ii 
302.  I4^r.  which  b  757?.  y^.  3«z.  i^;  as  before* 

OlfffTve.  That  as  the  'firft  Operation  ought  to  be  carried  down  to  the  loweft  Species, 
while  there  is  any  remainder ;  fo  the  FraSion  which  that  remainder  makes  ought  to  be  ta- 
ken into  'the  fecond  Operation,  elle  the  final  Anfwer  will  be  diereby  deficient,  either  in 
4brae  Intend  *part,  or  in  the  Fradional  part  of  the  lowefl  Species.  So  in  the  pseceding 
Qnefiion  2d^  die  tV  ^^  ^  ^P  i"  ^^  Anmer  of  the  firft  Operation,  being  nesle£led  in  the 
2d,  makes  the  Ai^er  of  this  deficient,  tho*  it  is  only  by  a  finaU  Fra£don  of  a  drop ;  yet 
in  other  Cafes  the  lols  may  be  more  confiderable,  and  therefote  it  ought  never  to  be  n^** 
leded :  But  becairfe  the  taking  in  this  Fraction  into  the  2d  Operation  will  often  make  the 
Work  tedious  and  hard,  for  them  that  are  not  familiar  with  the  pradice  of  Ftafiions, 
I  (hall  give  you  another  Rule,  whereby  the  Anfwer  is  found  by  one  Divifion  ;  and  be« 
caufe  ttus  Rule  depends  upon  the  preceding,  you  muft  have  a  clear  underAanding  of  that, 
in  order  to  be  mafter  of  this  ;  and  therefore  I  would  have  you'firft  apply  the  preceding 
Rde  to  all  the  foUowing  Queftions,  and  thai  apply  the  other  Rule  which  is  this. 

How  to  Jolve  Quefiions  of  the  Rule  of  Five  iy  ^^  Divifion^ 

Rule  i^  State  the  5  given  Terms  as  before  direOed,  and  then  make  the  cor- 
refpoiidins  Terms  (vItu  ift  and  4th^  2d  and  5th)  fimple  Numbers  of  one  Name,  and 
the  oiiddie  Term  a  fimpk  Number  if  its  mixt. 

2,^*  Form  a  Queftion  of  the  Rule  of  Three  with  the  tft,  2d  and  4th  (of  the  5)  as 
before ;  and  mark  which  of  the  extremes  (ift  or  4th)  would  E>e  the  Diviior  :  Again,  ^rm 
a  QuefUon  of  the  Rule  of  Three  with  the  2d,  3d  and  5di  (of  the  5)  and  mark' which 
would  be  the  Divi(br. 

3^.    Let  thefc  two  Terms,  which  you  find  would  be  the  Divifors  in  thcfe  fimplc 
.<JueHions  of  the  Rule  of  Three,  be  multiplied  together,  and  of  the  Produft  make  a  Divi- 
ior ;   and  for  a  Dividend,  take  the  continual  Produft  of  the  other  three  Terms  (of  the  5) 
and  this  Divifion  being  finilhed  (in  which  the  Quote  is  like  the  middle  Term)  gives  the 
final  Anfwer  of  the  QueiHon  propofed. 

Oiferve.  If  the  Numbers  by  which  the  middle  Term  is  multiplied,  arc  fuch  that  it  may 
be  eafily  jnuitiplied  without  redudion  when  it's  a  mixt  Number,  then  it's  better  not  to 
xeduce. 

Queft.  I.  Done  by  one  Operation.    The  Queflion  being  flated  and  reduced  according 

as  the  ift  and  2d  Articles  require,  I  make 
Si.  M.  L.  Sb.  St.  At.  a  Queftion  of  the  Ruje  of  Three  with  the 
25  —  16  —  15  :  10  —  40  —  9.  ift,  3d  and  4th  Terms,  and  find  tl  ac  2% 

Or  thus  18  the  DiviTor:  For  if  25;?.  coft  2icZ 

St.      M.  St.  'St.       M.        (fi)r  16  Miles)  40/.  will  coft  more  (for  the 

25  —  16  ~     510      —40—9  fime  16  Miles)  therefore  40  is  the  Multi- 

_    ^.  .       ,     .  0ier,  and  25  the  Divifor.    Again,  I  make 

aQoefhon  upon  the  2d,  pljd,  and  <th,  and  find  16  the  Divifor  ;  for  if  \6  Miles  carri- 
age (oS^ft.)  coft  5105.  then  p  Miles  muft  coft  lefi ;  and  fb  p  is  Mulciier,  and  16  DivUbr^ 

St.       M       Sb.       St.      JkL       The  reft  of  the  Work  is  manifeft,  as  in  the  Margin ; 

25  —  16— 31O  —  40—  p  and  becaufe  the  ift  finglc  Operation  liadno  remaii^der 

J  6  40  in  the  loweft  Species,  the  final  Anfwer  is  the  iame  bv 

^^  "  '     ■  both  Rules. 


400)111600)  Aaasi  .  i>hfirve 

Quote  272^.  on  5/.  ip^  ; 


54<^ 


fl{ttte  of  FiVe. 


Rook  VL 


cr  witbota  reJuchg  tt^ 
middle  Ttrm;  thus, 

I.      i. 

15  :  10 

40 


Ohferve  that  I  affume  the  middle  Term  for  the  Anfwer 
of  the  ift  finete  Queftion,  beca«ie  its  aa  matter  what  be 
fuppofed  in  order  to  dilcover  the  Diviior. 


/62O: 
9 


■«■ 


400)5580(13/  19  s. 
Queftion  2d.    By  one  Operatiotv 


Sb. 
15 


—  7 


5f.    ».      £. 
18  :  10  —  5 

or 


Sb.      M. 
4  —  12 

M. 

12 


temain^ 


180)704(3  ^ 

1^4  remaim»l 
16 


180)2624)1411^  df% 
180 

824  , 

720 


5*t\ 


or 


Here  I  fay,  iff ,  if  1 5  Sh.  pay  fcr  (7  Mil«i 
carriage  of  j  2p8/^,  then  104  pays  for  more) 
and  (b  104  is  die  Multiplier,  and  15  the  Dih 
vifor.  Again  if  2p8  lb*  was  carried  7  Miles 
for  104/.  a  fefs.  wemht  muft  be  taken  12 
Miles  (for  the  fime  ftice)  £qj  is  the  Mulrr- 
plier,  and  1 2  the  Divifor :  The  reft  of  the 
Work  is  plain,  as  in  the  Margin.  And  here 
the  final  Aniwer  differs  from  that  found  by 
the  preceding  Method  (in  which  the  Fradion 
of  the  I  ft  part  was  negleded)  only  in  the 
Frafiion  of  theloweft  Species^  which  is  here 
a  little  greater  than  the  other. 

The  following  Queftions  I  leave  whoUy  to 
your  exercire,  ana  only  fet  down  the  AufWer^ 
as  diey  are  found  by  both  the  precedii^  Rules, 
that  you  may  compare  tbem  with  your  own 
Anfwers.  And  obferve,  diat  in  doing  by  two 
Operations  I  have  always  nejdefi^  the  Fia- 
£lion  in  the  lowefi  Specidrof  the  ifi  Opera- 
tion. 

Queft.  3.  How  far  ought  3  Ct.  aiii2  qr* 

to  be  carried  for   14  x.    at  the^rateof  z/. 

tOs.  for  14  Cu  carried   18  miles?    An* 

fiver  J  20  Nules  ^  of  a  Mile,  by  bodi  tbe 

Rules. 

Queft.  4..  If  246/1  board  p  Men^S 
Months,  how  long  will  48/.  board  5  Men  ? 
jtofiveTy  6  Monds 8  Days  and^,  by twoO- 
perytions ;  and  6  Month  p  l>ays  ^r 
Or  ^>y  by  one  Operation.    Obierve,  Ihave 

talsen  28  Days  to  i  Months 

ilueft.  5.  How  mnch  will  pay  8  Mootbs 

board  of  3  Men,  when  2±  7.  j  s.  paid  for  2 

Year  4  Months. of  7  Men?  Anfmer^  il 

by  two  OperatScns:  And'  2il  15  j:^  5^^  tV  ^  t  ^7  ^^  ^^^ 


56  or  75  St. :  5/*- 
36 


104  remain 


tion.  . 

Queft:  7.  How  many  Men  will  cut  down  7  Acres  of  Wheat  in  4  Days,  when  6  Men 
cut  down  12  Acres  in  8  Days  and  4  Hours  ?  Anfwer.  4  Men  with  a  Frafiioti  equal  to 
^  by  two  Operations ;  and  by  one  Operation  it  is  5  Men  with  a  Fradion  equal  to  ^J. 
*  *Queft.  7.  If  I  get  8az.  weidit  of  Bread  for  6d.  the  Wheat  9,ti^s.:per  BoU ;  wbt 
ought  the  Boll  of  Wbeattobe^  uiat  I  may  get  iioz.  of  Bread  for  44/I    Anfwer.  6s.  M- 

fcy poth Mctlwds,  '  ^   ao 

.  (iuefi.8^ 


Chap.  5.  ^leofFivf.  547 

Qu.  8.  When  Wheat  is  at  12  mo  d.  ftt  Boll,  7  Ounces  01:  i>rcaa  coft  5  d.  how 
much  pughttobcgot  for 8^,  the  Wheat  being  155  ?  Anfw.  poj{;  iidwii^gr.*^ 
by  two  Operations  ;  and  po{  :  1 1  ^w :  14^.  if  by  one  Operation. 

Qu.  9.  What  ought  to  be  the  Price  of  4/*  :  1 002.  of  Bread,  the  Wheat  being  1 6  j :  5  ^. 
the  Boll,  fuppofing  that  when  the  Wheat  is  at  Z2  j.  I  get  8  oz.  for  4^/  Anf.  3  j :  2  Lj^ 
by  two  Operations  5  but  by  one  Operation  'tis  3  ^ :  3  ^ :  244^^^  * 

Qu.  10.  IF  100/.  Principal  Sum  give  5  / :  10  s.  in  i  Year,  what  is  the  Litereftof  72/ 
for  5  Year  8  Months  ?     Anfw.    By  two  Operations,  ^li^s :  ^d :  i/-l^,  or  j..     And 

by  one  Operation,  plij^sipd:  2/^. 

Ohfervej  I  have  in  this  Queftion  taken  1 2  Months  to  1  Year. 
Qu.  II.    At  the  rate  of  6UferCemt. per  Ann.    what  Principal  Sum  will  raife  48 /• 
ill  2  Year  4  Months  (fuppofing  12  Months  to  a  Year)  ?    ^«/to.   By  both  Methods  is 
^342/:  i7J:id:2fi. 

CIm.  12.  In  what  Time  will  146/:  10  j.  Principal  Sum  raife  50/.  of  Intereft  at  the 
rate  of  5  ferCent.  per  Annum  f  Anfw.  6  Year :  10  Months  :  16  Days,  by  two  Opera* 
tions  ;  md  by  one  it  is  6  Year :  10  Months :  20  Days  i«|., 

Oiferve,  I  have  here  reckorfd  13  Months  to  a  Year,  and  28  Days  to  a  Month ;  but, 
in  Calculations  of  Intercft,  die  moft  exafl  Way  is,  to  take  in  no  Denominations, 
but  Years  and  Days  (36^  Days  to  i  Year)  and  let  the  Time  of  a  QueAion  which 
is  lefs  than  i  Year,  or  that  Part  of  it  which  exceeds  a  certain  number  of  Years, 
be  reckon  d  in  Days. 
Tbe  Heafon  of  this  HuJe^  by  one  Divifion,  will  be  eafily  underftood  by  one  Example. 

Thus, 

Suppofe  40 /.  pay  7  Months  board  of  6  Men  5   to  find  how  much  8  Men  muft  pay  .for 


<  Months.  The  State  of  the  5  given  Terms  is,  6  Men  —7  Mo.  —  ao  /.  — .  8  Men  -  <  Mo.  • 

The  t  ft  finale  Queftion  of  the  I(ule  of  Three  is,  If  6  Men  pay  40  /.  what  muft  8  Men  ia 

the  feme  Time  ?    The  Anfwer  is  found  by  multiplying  Afi}*  by  8,  and  dividing  the  Pre- 


dod  by  6  ;  ihai  2V,  we  lake  the  6th  part  of  8  times  40,  which  may  be  expreis'd  in  a  gene* 
ral  fraaional  form  thus,  ^^^  Then  the  2d  fingle  Queftion  is,  If  7  Mondis  coft  i^X8 
what  win  ^  Months  coft  ?  And  the  Anfwer  of  this  is  found  by  multi^ying  the  middle 
Term  ^?^  by  5,  and  dividing  the  Produft  by  7:  But  a  FraSion  is  midtiply'd  by  mul- 
tiplying its  Numerator,  and  divided  by  dividbg  its  Denominator  \  therefore  the  Anfwer  is 
cxprcfi'd  thus,  ^^?V  ^^  j  which  is  the  Quote  of  the  continual  Produa  of  40, 8,  &  5, 

divided  by  the  Produft  of  6  &  7,  the  Divifors  of  the  two  fimple  Queftions :  All  which  is 
according  to  the  Rule.  And,  whatever  the  Queftion  be,  'tis  manifeft  that  there  will  be 
always  the  fiime  Reafbn ;  for,  byexprefting  the  Anfwer  of  the  i  ft  fimple  Queftion  in  this 
general  &a<9ional  Way,  die  Anfwer  of  the  2d  wiD  neceflarily  be  exprefs'd  by  a  Quote  made 
cf  a  Divifor  which  is  die  Produa  of  the  Divifors  of  the  two  fimple  Queftions,  and  a  Divi-* 
dend  which  is  the  Produfi  of*  tbe  other  3  given  Terms. 

Observation  relating  to  the  preceding  Rule. 

As  I  made  no  Diftinfiion  of  a  RuU  of  Thf^e  DireS  and  IndireEly  fo  neither  have  I 
in  die  Rule  of  Pivej  as  is  commonly  done,  to  no  purpofe  but  to  make  a  needlefs  DifficuU 
9 ;  fince  Dire6l  and  IndireS  can  be  here  underftood  no  otherwife  tlian  as  they  relate  to 

A  a  a  a  2  the 


54^  The  (S(uk  ofFivi.  Book VI 

'he  two  fimplc  Qucftions  of  the  Hule  0/ Three  contain'd  in  it  *  Bat  I  had  this  further 
Rcalon  to  make  no  fuch  Diftir.^ion  ;  That  all  the  Qucflions  that  come  under  this  Rule 
may  be  folv'd  by  two  Apphcations  cf  the  f^ule  of  Three  that  are  cither  both  DireB,  or 
one  DireSi  and  the  other  Indirect.  Thus,  the  5  Terms  being  flatcd,  and  the  two  Quc- 
flions of  the  Rule  of  Three  confider'd  according  to  the  above  Rule,  if  they  are  both  Z)/- 
reSj  then  it  may  be  other  Ways  folv'd,  fo  as  to  make  one  DireSl^  and  another  IndireB  ; 
Or,  if  one  is  DireSj  and  the  other  IndireSly  by  the  above  Rule,  it  may  be  folr  d  fo,  as 
to  make  both  DireSl ;  which  is  done,  in  both  Cafes,  by  miking  the  ift,  2d,  and  4tli 
Terms  (of  the*))  the  5 Terms  of  the  ift  Operation;  then  making  the  Anfwetof  thk 
widi  the  3d  and  5th  (or  the  5)  the  3  Terms  of  the  2d  Operation. 

Exa.  ift.  IfyMenin  5  Months  ipend  100  /.  how  mudi  will  12  Men  fpend  iu  5 
Months  ?  Here  both  the  Operations,  according  to  the  precedingRule,  are  Lirecl ;  But 
it  may  be  done  thus  :  (i°)  If  7  Men  take  5  Months  (to  fpend  100/.)  how  long  will 
X2  Men  take  (to  do  the  fame)  ?  They  muft  take  lefi  Time  ;  therefore  this  is  IndireHi 
Then,  whatever  time  iz  Men  take  to  fpend  100/.  they  will  fpend  more  oriels  in  5 Months, 
according  as  5  is  more  or  lefs  than  the  Anfwei  of  the  lil  Queffibn  ;  therefore  this  is 
Direa. 

Exa*  2d.  If  7  Men  fpend  ico  /.  in  3  Months,  in  what  Time  will  1 2  Men  fpend^B/.  ? 
By  the  precedingRule  the  ift  Operation  is  IndireBj  and  the  other  Lirecl;  but,  do  it 
the  other  Way,  and  they  will  be  both  DireSl.  Thus ;  if  7  Men  fpend  100/.  (in  jMo.) 
22  Men  will  fpend  more  (in  the  lame  Time) ;  therefore  thvi  is  DireSl.  Again;  If 
12  Men  fpend  the  Sum  found  by  the  ift  Queftion  in  :}  Months,  theyll  take  more  orlcii 
Time  to  fpend  40  /.  accordii^  as  this  is  moreorlefi  than  the  Ajifw^r  of  the  ift  Quellion; 
therefore  this  is  alfo  DireSl. 

That  the  final  Anfwcr,  or  Anfwer  oFthc  2d  Operation,  will  be  the  fame  in  both  theft 
Methods,  will  appear  from  the  Nature  of  the  Thii^ ;  becaufe  both  Ways  there  is  a  rca- 
Icnablc  and  natural  Conneflipn  betwixt  the  two  Operations,  which  take  in  all  the  Chi 
cumftances  of  the  Queftion  ;  Therefore  I  Ihall  not  trouble  you  with  any  farther  Demoii- 
flration  of  it ;  and  fhall  only  add,  That  I  chiife  the  firft  Method,  becaufe  it  leads,  in  a 
more  eafy  and  plain  Way,  to  the  Method,  of  reducing  both  the  Operations  to  one  Di* 
vifion., 

Ob  s  E  R  V  A  T I  OK  relating  to  other  Complex  Queftions. 

All  Cornflex  Queftions  that  arc  folvable  by  two  Operations  of  the  Jlule  ofTbref,  fo 
that  the  Anfwer  of  the  ift  is  a  Term  of  the  2d,  tho'  they  have  not  aU  Circumfianccs  like 
diofe  belonging  to  the  Fule  of  Five^  yet  if  we  confidcr  and  perceive  what  arc  the 
Terms  of  thefe  two  Operations,  *twill  be  eafy  to  reduce  them  to  one  Diviiion,  as-wc  have 
done  thofe  of  the  Rule  of  Five ;  for,  by  expreflSng  the  Anfwer  of  the  ift  Qucfiion 
Fraftion-wife  (as  above)  and  placing  that  Expreffion  where  it  Ihould  be  in  the  2d  Que- 
ftion, we  fhall  eafily  perceive  which  of  the  given  Numbers  arc  to  be  multiply  d  for  a 
Divifor,  and  which  for  a  Dividend.  I  fhall  illufhrate  this  by  an  Example  :  Suppofc 
1 4  yards  of  Cloth  ar  the  rate  of  8  s.  for  :j^  yards,  are  given  for  Sugar  at  the  rate  of  2  J.  8  ^» 
(or  3  2  d.)  for  «5  Ih.  how  much  Sugar  ought  to  be  given  ?  To  do  this  at  two  Steps,  I  fay. 
If  3  yards  coft  8f.  what  14  yards  ?  Anfw.  37  i.  4^.  Then,  if  32</.  buy  5/^.  wtet 
27  J.  6  d  .^  And  here,  without  finding  the  Anfwer  of  the  firft^  I  fee  that  3  and  32  we 
the  Diviibrs;  but  then,  becaufe  the  32  is^,  make  Zs^-zz^bd*  and  cbe;3Nuffibea 
that  produce  the  Divid^  ate  ^6,  14,  5*. 
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CHAP.    IV. 

(Z^/e  of  Fellowfhip, 

m 

DEFINITION. 

% 

TFTI S  Rule  flicws  how,  by  two  or  more  Independent  Operations  of  the  Rule  of 
Three,  to  divide  any  given  Number  into  unequal  Parts,    proportional  to  certain - 
other  given  Numbers,    'Tis  call'd  the  Bitle  of  Fellowjbip,  becaufe  the  more  com-- 
mon  and  ufeful  Application  is  in  die  Divifion  o£  Gains,  Lolfes,  or  other  things  among : 
Partners  in  Company  :  But,  as  there  are  alTo  other  Applications  of  it,  I  have  made  the 
E)efinition  Vniverfal ;  and,  for  the  Solution,  this  is  the 

R.  u  L  B.     Add  the  given  Numbers  (to  which  thefe  Sought  are  Proportional)  into  one 
Sum,  which  make  the  i  A  Term ;  make  die  Number  to  be  divided  the  2d  or  middle  1  erm  ^i 
and  the  given  Numbers  (or  parts  of  the  iftTerm)  make  them  feveraUy  the  :;d  Terms  ot  fo 
mzrif  diflind  Queflions  c^the  Rule  of  Three  \  and  the  Numbers  thus  found  are  the  An«- 
fwers  :  The  Reaibn  of  which  is  mani&ft. 

To  frove  the  Anfwer  to  be  right,  add  them  all  into  one  Sum  ;  and  thi$  ought  to  be ' 
equal  to  HoQ  middle  Term,  becaulc  the  Numbers  found  are  the  feveral  Parts  of  the  middle  * 
Term,  and  the  Parts  muft  be  all  together  equal  to  the  Whole.  But  Ol^fertrey  that  iP 
there  are  Remainders  (tho'  of  theloweA  Species)  in  this  Divifion  by  whicn  the  Anfwers* 
are  found,  thefe  make  Frafiions,  which  are  alfo  tO  be  added :  Inorderf)  which,  let  the 
Reoiainders  be  all  of  the  loweft  Species,  dien  add  them,  and  divide  their  Sum  by  the  - 
common  Diviibr,  (which  is  the  common  Denominator ;  and  here  there  muft  be  no  Re«- 
maind^r)  the  Quote  added  to  the  Sum  of  the  Integral  parts  of  the  Anfwer,  will  make  it^ 
equal  to  the  middle  Term,  if  the  Work  is  right. 

Q^Uk  jfii  Two  Men  (A,  B)  make  a  Common  Stock,  whereof  A's  Part  is  240  /.  and^ 
Bs  360/.  After  a  certain  dme  they  make  80 /•  Gain  or  Lofs^  What  is  each  of  tbeis* 
Sures?    A»fw.  ^$32/.  BndEsifiL 

Stocks  Operation 

I         /. .         K.  I    .      7.   .  .    /..    . 

A    240  /.^    If  6qo  —  80—240        600  -^80  —  360       Gnw  or 
B    ^60   r  240  360  Lofs. 
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Quote,  ^2/..  48/.  *  iL. 


80 


Qm.  2d*    A,  ByC  make  a  Common  Stock,  whereof  ^  has  :246 7.    B  ^piUiPTs^' 
C  278  /.    They  gain  or  lofe  64/.   Whac  is  each  Partner's  Share  of  it  ?    See  the  An^  - 
fwers  fbilowing*. 


^ocii ' 


J  5  o  <]^k  of  Fellovjhip.  Book  Yl. 

For  B, 

Stocks         ,  Fat  A.  J'         ';     -    *•     ,  .     ^'   *'^ 

v^.    246/.  I        /.      *.       /.       7-       18358  —  64-7858  («%.3?2: 18) 

£.    392   :  i8*  y    916  :  18  —  64—246  7858 

^'    ^78  ;  I  Or,  18338)502912(27/. 

_£iiiiLi  x83"8  -  64  -  4P^o  i£^ 

'  4920  136152 

ForC.                 18338)314880(17/.           Ij5?£f 
*.           /.         J.                    18338                         7786  rem.       ^  S 

18338-64-5560  --^  20^  •!      ^     "^ 

22fl  128366  155720(8*.  ^  -a   O  I; rj«|«; 

i8?38)    355840  dp'-  '-;r5Irem.  '^^^04         -J  J  "  2^ ''S 

7°^38  20  poi6  rem.  2        |   |  |   =s 

i£w  550x4  108192(5^.  ig  "^  °  r° 

7418  rem.  '^fiiTrem.  £!^          g  >i  v^v.h  o 

_J2.  12  i6502re«.m;;^;  •• 

148360(8*.  9i992(<id             4               ,    , 

'4^704  91690  6^  (if.       -!  J?J?^U 


1656  nan.  302rem  550X4 


•  _  • 
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^  10^2  rem. 


18338  .-:.  ""-    "' 

J534«»- 
4 

6136  A 

Oifrrve :  Since  Ae  ift  and  2d  Tenns  are  the  fame  in  aD  the  Opetations,  if  diere  are 
many  Shares,  'twill  be  convenient  to  make  a  Table  for  the  Divil(»  or  firft  Teim^  efpecial* 
ly  if  it's  a  great  Number,  and  perform  the  Divilion  as  dire£led  ui  ^  2^  o£cb.  6,  Book  \fi* 
And,  for  the  fame  Reafbn,^  you  may  make  a  Table  for  the  middle  Term,  as  a  conunon 
Multiplicand,  and  do  the  Multiplications  as  in  ^  2^  alEcb.  5,  Book  i ;  which  will  be  con- 
venient,erpecially  if  the  middle  Term  confifisof  more,  and  a  greater  variety  of  fignificsiit 
Figures  than  the  Extremes  by  which  'tis  to  be  mukiply*d.  Rememher  alfb,  that  this 
Method  can  be  foUow'd  oiJy  when  you  are  to  do  the  Work  of  die  Rule  of  Three  bf  the 
General  Rulis :  But,  in  fome  particular  Cafes,  you'll  find  other  Gintradioiis  more  con- 
venient. 

Again  \  where  there  are  many  Shares,  'twill  be  a  ufeful  Method  to  reduce  the  firft  two 
Terms  to  two  others  in  the  fame  proportion,  but  whereof  the  firft  is  i ;  which  is  done 
4bus :  The  given  ifi  and  2d  Terms  being  Simpk  Numbers  (or  made  to)  find  a  4th  Pro* 

eirtional  to  thefe  two  and  i  ;  then  lay.  As  the  ifl  to  the  2d,  fo  i  fo  a  4th  ;  which  wilt 
like  the  middle  Term.  And  in  compleating  this  4th,  inflead  of  the  common  Method 
of  R,edu6tion,  carry  it  on  diximally  to  more  or  fewer  places,  accotdingas  the  given 
Parts  of  the  ill  Teem  are  greater  jor  kSer  Numbers :  Then  take  this  4th  Term  for  die 
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2d  or  middle  Term,  and  i  for  the  ift,  in  all  the  Operations  by  whidi  you  find  the  Numbers 
fought.  And  fo  they  are  all  found  by  Mtdtiplicatzon,  becaufe  i  is  the  t>ivifor.  And,  in 
thele  Multiplications,  you  may  uftfully  apply  the  Tabular  Method  explain'd  in  Cb»  5)  B*  I, 
obierving  always  chat  whatever  Denomination  the  i  has,  the  :;d  Term  hath  the  fame. 

Thus,  in  JExa.  id,  fey  by  thei?»&  of  Tbrt^e^  as  px6/;  i8  j.  is  to  64/.  fo  is  i /.  to  a 
4th  Term,  which  youll  find  to  be  this  Decimal  of  a  Pound,  vi:(*  jo6pS  8tc.  And  in  find- 
ing this,  I  either  reduce  pi6  7: 18  J.  to  18338  s.  andfo  the  Proportion  is  as' 18338  s.  to 
64/.  So  is  20  s.  (equal  to  i  /.jk  to  .0698  fcc  Or,  more  ealily,  by  expreffin^  the  18  /• 
Decimally  it  is,  as  916 .9  /.^to  64/".  £)  is  iR  to  .o6p8  &c  /.  Then  the  ift  and  2d  Terms, 
in  all  the  Operations  for  the  Anders  are  i  /.  and  jo6p8L  And  then  the  3d  Terms  be- 
ing aO  in  the  Denomination  cf  Pounds,  like  the  i  ft  Term  (by  exprelfing  the  18  A  deci- 
mally) the  Anfwers  4re  found  by  multiplying  the  feveral  3d  Terms  by  •  o6p8,  as  below,, 
which  produce  the  feme  Integral  Anfwers  as  the  preceding  Method. 

Obftrve :  In  the  ift  and  2d  Parts  I  have  made  but  two  Steps  in  the  Mulciplicationj  bp 
multiplying  with  24  and  27  at  once. 

Jg/iin  Offtrve^  that  wc  may  alfo- 

-0698  jO^pS  3P2.p  find    the   new   middle  Term   by 

246  278  •  o6p8  expreffing  the  mix'd  Numbers^  not 

— ^  TTo"  **"  decimaDy,  but  by  Reduflion, feyiilg, 

A  V^^  ^^^5*  '  !'f  ^  As  18  48..  to  Li.  fo  is  I  i/to  a 

'^752  '8846  m6i  4th,  Wirich   wiif  be.oo54^&cA 

17 .1708  ip .  4044  ^3574  which  is  diflStrcnt  ftom  the  other : 

or  or  27 .42442  Bu^  ^  wfi"g  ^^h  ^"^  ™^  ^^f^  c*- 

ijli^isi^d.      ipliSsiid.  or  prefi  the  31!' Term  in  Shillings,  and 

27^:8^:  5  rf*:  3/.  then  we  Ihall  have  the  fame  An- 
fwers; but  the  former  Method  is 
eafieft. 

Ais  theShares  of  Cain  or  Lofs  are,  in  tfiefe  QUcftlons,  found  by  the  total  Gain  or  Lofs 
and  the  particular  Stocks  ;  fo,  after  the  fame  manner,  we  may  find  the  particular  Scocks,. 
firono  the  totil  Stock  and  the  Shares  ')f  Gain  or  Lofs. 

The  following  Queftionsy  done  after  the  feme  manner,  fliew  the  Application  of  this. 
Rule  to  other  Sub[e6ts. 

Qu.  3/.  A,  B,  C  buy  together  638  yards  of  Cloth,  of  the  Value  whereof  A  paid 
20/.  B260I.  and(7  48o/.  Howmuch  of  the  Cloth  muft-each-of  them.havc?  Add 
200/.  260/.  480/.  into  one  Sum  P40,  and  then  divide  6^8  yards  in  proportion  to  thc. 
given  Parts  of  P40. 

Qu.  ^th.    There  arc  3  Horfes  Aj  B,  C'y  in  the  feme  Time  that  ^^.can  eat  <  B^lls  of 
Oats,  fi  can  eat  7,  and  Cp^    How  muft  25  Bolls  be  parted  among  tliem,  that  tney  may 
begin  and  end  at  the  feme  time  ?    Add'5,  7,  andp,  the  Sum  is  21 3    then  divide.  25  iut 
proportion  to  the  given  Parts  of  21. 

4«.  5fi&.  There  was  a  Mixture  madcof  3  different  kinds  of  Wine,  in  which  for 
every  5  Ciallons  of  one  kind  there  were  4  of  another  j  and  7  of  the  third  f  How  much,  of 
each  kmd  is  in  a  Mixture  of  146  Gallons  ?    Add  2,  4, 7,  @r. 

^Uk  6iih  Three  Butchers  pay  among  tb^Ri  4.0  /•  fort  a  Grafs-Inclofure,  into  which  thcfv 
put  200  Cows,  whereof^  had  80,  fi  100,  and  C 120  ;  How  much  ought  each  to  pay  ?• 
Or,,  what  they  pay  being  given  with  tl^e  total  Number  of  Cattle,  we  may  find  how. many ^ 
belongs  to  each. 

llu.  7th>    A  Father  left  his  Eflate  of  loooh  among  3  Sons,  in  fuch  manner,  that  for 
cwrj  3f  A.  that  ^  gP^j^-B  ihall  have  3^.  andCj  j  Hqw  is  the  Eftate  to  he  diviJed^ 
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Of  Fellowlhip  with  Time. 

When  Stocks  oondiiue  unequal  Time  in  Companv,  fo  that  a  Cnnfideradon  muftbe 
made  of  thie  Time,  as  well  as  of  the  Stock,  this  is  adl  a  Ftfllovjhijp  with  Time ;  for  which 
tliis  is  the 

RvLB.  L^t  all  the  Stocks  be  .of  one  Denomination,  and  alfo  the  Times ;  then 
muluply  each  Partner's  Stock  by  hb  Time,  and  divide  the  Gain  or  Lois  in  proportion  to 
thefe  Produas. 

Qu.  6th.  A  had  in  Company  45  /.  for  3  Months ;  B  58/.  for  5  Months  ;  and  C92L 
£>r  7  Months ;  at  the  end  of  which  they  find  48  /.  gain'd ;  What  is  each  Partners 
Share  ? 

The  ProdoSs  are, for  ^  45  X  ?  =I35  ;  for  B  58  X  5=  290;  and  for C92X7^^44J 
vi^hofe  Sum  is  135  -+-  290  +  6^  =:  1069.  Then  the  Proportions  are,  as  1069  /•  to 
48  /.  fo  is  125,  290y  644  feverally  to  the  proportional  Shares  of  482* 

The  Reafofi  of  dus  Rule  can  be  no  other  than  an  Agreement  of  Parties,  that  theit 
Shares  of  Gain  or  Lois  fliall  be  fo  proportioned  to  one  another,  as  thofe  Sums  of  Incereft 
which,  at  any  rate  fit  Cent,  fer  Annum,  might  be  gain  d  by  the  particular  Stocks,  in  the 
time  of  their  continuance  in  the  Common  Stock.  Now,  that  the  Rule  is  agreeable  to 
this  Suppofition,  I  dius  fliew :  By  multiplying  the  Particular  Stocks  and  Times,  we  reduce 
the  Queflion  to  another  State,  v/^.  wherein  the  Particular  Stocks  are  equal  to  thofe  Pro- 
duds,  and  in  which  therefore  the  Shares  of  Gain  muft  be  proportion  d  to  thofe  Pioduds ; 
and  the  Times  all  equal  to  an  Unit  dEthc  Denomination  of  Time  multiply'd :  So  45L 
2>earing  InterdU  for  3  Months  is  equivalent  to  3  dmes  45,  or  135,  for  i  Month,  at  aoy 
Rate  of  Inteieft :  And  fo  of  the  red  Confequently  the  48  /.  gain'd  in  7  Months  is  ttulj 
proportion'd  to  thofe  Produfis. 

^u  ^b.  Suppofe  A  put  in  40^.  and  at  4  Months  end  took  out  10  /.  and  at  i  Months 
thereafcer  putin  30/.  £  put  in  50/.  and  at  3  Months  put  in  20/.  At  8  Mondis  eod 
thcv  balance  their  Accounts,  and  find  18A  gain'd ;  What  is  the  Share  of  each? 

In  fuch  Queltions,  where  each  Partner's  Stcdc  varies  by  Addition  and  Subtra&on,  ve 
«nuft  confider  how  long  each  Part  of  the  varying  Stocks  continued  in  Company,  and  mid- 
tiplying  them  by  their  Times,  the  Sums  of  thefe  Produds  are  the  Numbers  by  which  the 
J>iviIion  is  to  be  made  ;  as  here. 

^  had  40/.    then3oZ.    then6o7.    *)    JBhad  50/* 
for 4^0.        ^Mo.         2Mo*  y        for     ^Mo* 


■■■ 


160  60  120  ^  150 

*  The  Sum  of  jf9  feveral  Produfls  is  160  + 60  +  120  —  340.  Of  B*s  is  1 50  4-  35^ 
•—  500.  Then  240  +  50  =5  840.  And  as  840  to  18  /.  fo  340,  &  500  fcverafijr  to  the 
Shares  qf  18  fought. 

There  are  other  Q^eftions  c^a  kind  widi  thefe,  and  wxoug^  the  lame  Waf ; 

as,  the  following* 

-Qu.  loib.  Three  Perfons,  A,  B,  C,  hire  together  certain  Pafture-Ground  F^t  24^ 
in  which  A  keeps  40  Cows  for  4  Months  :  B  keeps  20  Cows  for  2  Months ;  andCk^ 
^6  Cows  for  5  Months :  How  much  of  the  Rent  ought  each  of  them  to  pay  ? 

Multiply  each  Perfon  s  Number  of  Cows  by  the  Time  they  were  keptj  and  hj  theft 
JProdufts  jproportion  the  lleat.       "  --.--- 


And^if  d)eTsHMfa*iite«^Ut  tffidiut  iq  Ott|^  tt  diftxcQt  Tioief^  Aen  woik  as  in 

^.  ifo  thcprcGcing  QtidHons  I  ihall  add  the  following  Colicaion,  in  which  the 
Student  willfind  an  Uiefiil Exexdfe. 

'«».  lit*,  -if,  j5,anaCfliafcc  a  Stock,  whereof -rf  has  aot  JB^o/.  They  grin  35/. 
whereof  C  got  16/.    What  wasCTs  Sto<*,  and  the  Gain  of  ^  andJB  / 

•'Ttte  r6Som 36, andthc Remainder  20  istheSumoftheGainof^andiS;  whidi 
IfeiiigdividiainpioportiQttto  theirStoc^^  Then  find  Ta  Stock  ui 


iudiproporti(»tol^GaiAai^:i<orJJ'8Stoc*  tohisGain.  .  ,.  ^  .    i- 

•««.  lafA/ i*piiinwa<:omiiionSto<*2o/.  andB  i44Dacatsj  Acfprnddo/.  ot 


that 8fock,  what's ipotat worth?.  ^  ,         • 

•  4?«i  ^13/*.^  i^,  F,afadtttiakedComtoortStoA  of  468/.  *i«Afli  which  they  tiade,  and 

gain  a  ^ertain.Sum,  whereof  the  Shares  of  ^  and  9  together  make  64I.  of  JB  and  C  58^. 
dEA'vAeioU    What  is  the  particdar  Stock  and  Gain  of  each  Partner? 

Acid64,  58, and  70, the  Sum  1921  isdoobk  die  total  Gain,  becaufc  eachPurtnert 
Shaic  is  twice  contained  in  it  5  therefore  the  half  of  it  p6 /.  is  the  total  Gain :  From 
whiGlitake  64/.  (if  and  ^s  ^lare)  die  Reminder  32  is C*i  Share;  which  taken  from 
58/.  (a and O Shares)  leaves  26I  for  JBs  Share;  wUdi  taken  from  64/.  (^and£*a 
Share):  leaves  38/.  for  ^s  Share  :Thfo  hating  die  partiodar  Gaini^  divide  die  total 
Stock  propordonaHy.  ..:•*.'■ 

-  Qju.  14th.    !/f  has*  in  Stock  3^  /.and  »  20 1   They  agreed,  that,  die  Gain  be  dhrided 
fo  as  i<  have  lOP/rCW.and  jBonlyS;  How  is  40 /.  to  be  divided  betwixt  them  ? 

Find  what^s  diie  to  3}/.  at  the  rate  o(jo  ftrCntt.  and  to  2a/.  at  die  rate  <^ 
SfetCefrf:  then  divide  tnetoial  Qua  40i«  in  propoidon  to  thofeSums;  for,  the  only 
Meaningfuch  aQaeiUoo  can  have isj  diat  the: Gun  be  ptopocdon'd  to  what  35  woald 
dkasr(^of^'CVsrr.^'aadM)'of  SfirCk^.  and  not,  that  jI  has  really  to  ferCnttf  and 
jBS^fordielr  Stocks';  fbvdiey^ Mil  have iBOce  or  kfi,  accoidiag  aaite  total  Gain  hap- 
pensto  be.  '  *        • 

Ohfnte.  yb*lSUj  trithoot  exprei&ig  aiiy  pardcdar  Stocks,  fuppofes  120/.  Gain, 
and  A  to  ^n  10  ferCefa.  B  8 ;  aild;  to  folve  the  Oueflion,  he  bids  us  fiippofe  tbeic 
Bjns  of  Gain  #^rCif^.  tobe  t!h(nr  Stocks^  and  in  tnat  Propordon  to  divide  120/.  but 
heliteti^e6toa  to-«ipbin  fMoethiM  ncodbrily  ibpposfd  in  this  Solution^  viz.  That 
their  real  Stodks  wetie  cqad  t  in  whiw.  Cafe,  be  dwfe  Stocks  what  you  will,  the  Gains 
ate-  pmpoitidnai  to  ditf  fevetai  tLttifdpif  GM.  But,  if  lo/.  and  8/.  are  their  real  Stodcs. 
dien the Scdtoioki is  wrong,  and  we  ou^to  &id  what's  doe  to  io/«  at  10 fer  Cent,  and 
to  Sf.at  Bpiir  Cent*  and  by  thefeSmns  proportion  the  Gain. 

,  <2».  i^tif;    jf  and.Jwere^nCoppanydnttr^had^o/linStqckf^^  and 

£  h2ul  his  Stock  in  for  8  Mondis,  ana  reoeivd  equal  Share  of  the  Gain;.  WfaatwasB'a 
Stock  ? 

r  SinaefbeirGaitraHiseqqalyfeaitqAdie  Ffodia^  of  their  Sto^ 
fimmNltq>l^  idTa  SMhflDiTJmc^  tA(.  %f>khf:K^  the  Fkodua  is  500;  which  divide 

fe/£«Tinldl&';the..<hlOte  62I:  10 /•  ia£j8  Stock.  1  Or,  which  is  the  ftme,  make  this 


Proportion ;  as  JS's  Time  8  Mon&s  to  A'b  Tame  zo  Mondis.  fo  redpiocally  As  Stock 
y>h  U>JB's£zl:it6s» 

Ohferve:  Ifwe  fiippofe  ^s  Gain  is  to  JS's inainodierPMMm^  tben,be' 

eit|ie<tiic^GidUa'^'lM».prepQ^»i^  to  di^Produaactt  Stcdc  and  Time,  fiy,  As  2  to  3,  fo  is 
90044pbelAaua  6eii>l^  iod  Xime)  tola  ^  viz.  7So7.  (die  Prodi^.of  JB^s  Stock 

i  ^^  Bbbb  "         and 


c.« 


5H  ^  of  Bllimjhip.  Book  VI.: 

ind  Time);  ubicli  dieieBBe dmkd  bf  B  (^t  Tim}  te  (imk  PSl:i$Afo 

-B's  Stock. 

Qc^.  i6tA  A  receives  of  Gain  20  7.  for ,8  Moodjs,  B  :K  7.  lor  7  Months,  vACijiU 
for  5  Months ;  the  fum  of  the  Prodods  of  their  St?ocks  and  ximes  is  ^20  7.  Whtt  wm 
their  Stocks  ? 

Divide  5207.  in  :)  pftfts  propoition'd  to  ao  7.  z^h  and  ^^i.  tfien  divide e^cbof  t^e 
parts  hj  the  refpedive  Times,  8  Mo.  7&  ^^  the  Quotes  arc  die  Stocks  ibu£lit« 

(3M>r«^ ;  If  inflead  of  the  pimcukr  Ti^es  the  Stocks  were  g^vfui,  andxiif  Timet  re* 
quir'd,  the  Opontion  is  the  fape  ;  for  520  beioc  re(bl/4  ^  2  P^^  jjgogottioo'dto^bc 
Gains,  divide  thefe  parts  by  the  ^tockSy  and  die  Qupuiare  ^  TisQQs» . 

Clk.  ipa  '  jrf  gptntr  i2f>/.  an4  I91S  Stock  is  1^1.  qutfe  ^d»fi  Jl^^t,  sv))o<^  Gju^  is  12/. 
What  arc  the  particular  Stocks  ? 

Say,  As  the  differciiQeofcheGaimi&to  tbedifierqicec£ihefitc^  ia.i|..«di9fdie 
pnticolar  Gains  to  the  corr^fpondent  Stocks. 

For,  iince  the  ium  of  the  Gains  is  to  the  fum  of  the  Shocks  asfsjch  Qain  to  in  Scod[, 
then,  ttsnt  the.hacaircf  of  Pj^^pcutson,  ite  ^ifeaKC  of  Gab  i^  to  the  idiifeiec^  of  ^od 
ai  each  Gain  to  its  SfcodE^r 

Qu.  i8tb.  AmmtoLki,6Mop&Sj  £i8/.in5Momks,  aadC28/«ia  j^Moodi^ 
«lM)le  Stock  0727.   What  axe  die  Stocks  of  ^  and  £  .<^ 

Mukiply  C$  &oek  todXime,  dier  Poodua  is  648/.  Then,  as  28Z  iCt  Gain) 
to6487.fo4re2bI  aiidi97.codieProduasof^  and  iB's  S(ock  and  Time ;  iwhichbeiag. 
fiKind,  divijle  tbent  by  tbeic  Tiiies,  and  the  Quotes  are  the  Stocks. 

If,  inirad^  the  real  Su9is  of.  Gaii^,-  these  ^vtiemen  3  Nambeis  in  the  ^me  Poqpop* 
tion  as  the  real  Gabs,  the  Work  is  the  iiune.  Or  iuppofe.  inilead  bf  the  t'artifjbrGinSt 
tb^tA  has.iQfche  whok<jtiii^andjB{,tlmiwiaiiltaddtbde^  take^ 

Sumfirooii,  theRemainderis  AeFni^aic^of  tbetoCidGaiDwhidiP  has  ;aodti^ 
thefe  Fradions  as  the  Particohr  Gaina.  ^     ' 

Again ;  If  their  pardadac  Gaios  and  Stafa  ^  P^m,  wkbi  the  Titif  of  one  PMxr, 
to  find  t}ie  Times  of  the  reft,  the  WodiL  id  aMi  the  rA«e^     i  ' 

eiu.  19th.    y^JB^ChateaCemmoa.fiDock'iof  nodI.  1/lsMteiQoi^ 
£8o7.  for  12  Ktonths^  andC'i20i:.ibc8l(fQithtrW!hai  wlmlM:B«^^ 

Divide  each  Partner's  Gain  by  his  Time,  and  dien  divide  iooo7.  into  3  pant  propoc* 
tion'dto  thofe  Quotes.  The  JI(^^of  dns  ts^  that  if  tiie  TiiM»  an»  tqidt  tba  Suds 
axe  in  propottion  to  tiK  Gains ;  mid  if  theGaint  ateeqpt!,  theStocka  iwftbeiecipo- 
caOy  as  die  Times ;  aiideoiileqtieiibfleidMr  bcisg  Eqe^  AeSwdbi  are^edirQui 
direaly,  and  as  die  Tiases  nadpiaocdy ;  tAst^s^  aadieQiMef  of  .ibe.CjW.<^«MQd 
die  Times.  Or,  xtmay  be  ifaeirn  dusiWay ;  L«^  i»  #  aefdrfsfift  diei6et«»^(«i|  md 
Time  of  one  Pattoei,  andfi,  S,7didfeQf  amdler'^  ^MS^  b4cn(e  dm  <j4]0«iMeiii«O' 
poxdon  to  die  Proihas  of  Stsodc  and  Time  <a»  akfadf.demoiifiiaftedi)  ani  dM^eFfotfaaf 
being  reprefented  by  ft.  ST,  it  is  g  sfiziGtST;  bi*bf  cqpalhdjfddimdieidtfive 
Terms, Vx.  ^andj^by  t,  andfi  and57by7;dieQpoteB  BKSapmBOstiomAiMi^ 

4  •  J  •  •  —  :  S. 

Offirtxf:  ifinfkadofdiet(MStaik«ttFtrdda]i»Tiim(^ 
faidculsr  Stocks  and  totad  Tne  to  fvsidift  j^ania^  Tineb,  the  SoUiosi  k  aftar  d» 
£ime  Way,  and  for  the  fiaie  Reaftn,  «Ji{«  divi(&g^die  pttticukr  <Saxjia  ty  thair  SRxk% 
and  proportioning  the  Times  to  tiiofe  QobeeB^ 

Qtf.  20fib.  A  hath  200 7.  more  Stock  dian £,  bat  A  oondnned  Ua-  otif^ikobh 
atid  B  9,  and  diew  e^ail  Gldiis ;  Wbatace  the  SCDcka  ? 

Say^  AsdieDifoeoceof  TimestodieOiBardneedrSiocfavl^te  iTs^  Tbitf  to  iff 
ftock,  and  jB'a  Time  ^M  Stocky  Qr/|»nig  (UB^Stod^  Iq^d^e^-nd  iM>iSBm^*A 


.Chap4^  (!(ute  of  Biltm/htp.]  jjfj 

Afcbtfaier.    TbtiTa^oFtl^is,  dntirficntlieGaim  aie equd,  die  Stocks  tit  rcdprcv 
cdfu  the  TinKt;  «id  tbticfeie^  €raDB  At  Natoie  of  Proportion,  the  Diftience  of  die 
TiONi  itto  die  DilRMKe  of  idle  Stodns  ndpc^^ 
#•  A  as  X^  Tune  to  irt  Stocky  or  as  iS*s  Time  to  ^s  Stock. 

<{sc  aiiS.    ^JBy  and  C  hove  xoot  CO  be  fivided  among  dieiiiy  in  fach  manner  diat 
atiliiei<^s8liaBeUeqQaltO}tifflesjB>9and4tiai^  What 

iltdKirShaics? 

thacasoftatif  gets2>  Bmufthave  2;  alfbasoft  as \B 
nifij,  As5  1x14;  iohatai^  ib  that  as  olcasJSgets 
9,  fo  Oft  G  gets  If;  bat  To  oft  aUb  y<  gets  3 ;  diercfere  die  Propordons  of  the  Shaiea 
Maditatt;;a.  x^.  or  x^.  xo.S,  aoom^ng  to  which  lobl.  is  10 be  diviaed. 

9iiW^dieGoadidofBdiQs;^of^'sSiauee  iseqoal  to^6f  B^s^  and | of  S*s  equal 
ft>|ct  efa;  lit  oaf  find  die Fn^ocdoiB  of  dieix  Shares  die  fime  Way  as  before 

4«*  22d.    AFamer,u;nonu]tof  Ariduoeddcy  otdeisbisElbaeof  9(X)/.t^^ 
SttOftedWMSons^&astfae  ddefi  getf  Vitbefecoadf,  aaddiediu^        Whatisiach 

Sdn*«niit?'  '    *  ■     f      i :      ^   •  •  -  r :.  i 


Eeit 'tja impoffiUe  togpveAeoidiefeSlMes,  becatiie^y  ' /and^e»^ 
tfaeteferetteMduiiiKofdieQiie&ionimift  be  nndeiflood  to  be,  diedifi 


,^  ,      _   „  Pkopotfioii  _ 

tieonderfioodof  aO  Divifiops  pEopoflTd 


«.   1 


k  300/.  among  3  Perfons,  fo that  ^4 get  6/.more than 
^,  JS 12I  more  thtt^,.^  8/.lefi diaa^V  Wba&geu ef^rh? 

AoxJtding  to  the aioft  obvioos.ieofei  ofdiiiQucAioni  the  Meaniogvof  it  is,  that  the 
laresbe  iq  proportion  to  the  Sum  of.  6/.9ndlof  300/.  for^;  i^/.and^of  300/.  fot 

btC:  Bat  jeake  (from  whom  I  take  it)  underftands 
._.^  __  ^_  _  1  dunk  no  Bed^  coulil  ^yer  .find  in  it,  as 'tis  propos'd ; 
t^/t«  (hat;^  Shares  U  fych,  aa;  if  ^7.be  uken  from  jf^  liT/from  ^'s,  and  8/*  added  to 
iC's^  th^'  Remaiiidea  in  Jhe  lihmei^.  and  -the^Spms  in  dus,  pe  to  -one  anodier  as 
^^  ^   and^.'suidibdie^Sobtioovi^^  Takt  6  and  X2  fiom  300,  and  to  the 

Remainder  add  S,  dieodivido  dus  Sam  in  3  Paits  piopordoaal  to  ±,  f.  and  f^  an^ 
to  ^diefe  Sharer  add  aodifiibtiaa  die  Sams  ptoisosU  Thr  Rpafim  of  the  Work  is 
|lauv 


iCi^k  JWeWIPn*  Moocr.paiM  aaj  B  .f  .^  ^What  Part  of  die  Shig 
hadO  , 

'.  AidAkVmSUm^'VA  4;  «1  tske  Ae^tbwfibm  x,'die  Mnafaideris  die  Part  of  the 

58lin  Mntmrig  toC;  dien  iay,  If  0«  Parf  mft  T^rxf.  «haf  aibA  rhe  fium    aF  >i  arv)    P'a 

I  having  fi)aad  that, 


\ «  1 


^M.  25fik    There  wete  at  a  Feaft  20  Men,  30  Women,  and  15  Servants ;  tor  every 

.,  30 bf  (vaod  X5  by. 2)  dien4ryide«24f^ in  ipaits  ^ropomond  to 
. , !5  Servants !  Each  of  which  Sums  being  divided  by  their  rdpeflivc  num-^ 

mote ;  mat'a  Woman  pgfs  douw  or  alSemnt,  and  i  s.  more  •  To'fiuS  tfieir  Snares,'  n^ul- 

tudy  2  by  20^  $aA  x  by  30^  the  Pkt)duas  40  and  30  equal  to  70^.  take  from  24  /,  the 

*^  B  b  b  b  2  Remaixk- 


Remainder  15  2oT:  tor.  Then,  bec<ofta;Mtn!p^s,KipI(!cfa-Woflb%irpf<ifcaMM 
pays  ^,  a  Woman  pajs  i ;  aiid  hacaBfes  WeA3iip^;<i<.4ib)«<'of  aScnnnijilf  sWoDin 
P»yi  I,  s Servant  pajs^;  fy  thek  Proponkwi  are  ^  m-:  ^^  oty  Jii'tHuk  Miabtal, 
6.2.1;  ibat  is,  6  for  a  Man,  2  ibi  a  Wonaii,  and  x  for  a  Seivaiit.  Multiply  tbcA 
liy'  tlieir  refpeSive  Nuinbcn  of  Perfbiu,  ^  Pradnds  ate  120  for  20  Men,  ^  f^'  ^0 
Women,  and  15  far  i^Servuiuu  Xhendmd^  3Q/::iajj  taq-ganv  ia  proportion 'tt 
one  another  as  are  1 2C,  60,  and  15,  and  divide  ttiefe  parts  by  their  rerpediTCiwitdNMcf 
Men,  Wcmeii-,  aiid  Scrvajitsi  the  .t^iMtcs  We  wBat;eariilMjmi  Womiiii  and  Setvant  fayi 
-of  these/:  10  J.  LafUj,  to  a  Man's  ShaK  6f  thtsiadd. j;.  toa  yCToiiun'i  1,  ^Did'TOl 
have  their  cempleatPaTnicntsoFthevtbole  24/.     '     i        '      .  ■     ^ -^ 

Ohftfve  :  If,  inileaa  of  adding,  ithad  been  [TC^)os*dtaCibtraa,.^ifa\yoawifiTi 
'J  I.  Mfi  than  the  dooUe  of  a  Sertafit,  then  add  30  j.  to  24/i  '((ito^Suig  nfakiMiln  pa^t 
more  than  triple  ofaWoman);  and,  in  tbd  laRraitrio&eadidf  adding,  fi^tiaEl  1  frtri 
theWoman'sPanof  dicSmn  fvidcd.  i  :    ■ 

Urn.  i6tif.  A  F'a'herc^ijm,  left  hb  Wife  with  Child,  t6  whom  Jul  ^ipicaAra,,  if  IM 
lud  aSon,  •  oflu5EAate,ana  *  to  the  Son  :  But,iffhe  had  a  Daughter,  ^toher,tnd| 
to  hct  Mother.  Ithappend-thst  At  bad  bath  a'&M-ild'  a  DAi%hteT  i'How&alltbe 
Eflate  be  divided  to  anfwer  the  Father'*  Imemion  ?  . 

As  the  Father  pjainly  defigii'd  thcSon  to  have  double  fsf^  Mnher's  Pait,  iiiddie 
Mother  double  <^the  C^u^hter's.Patt,  dicreforefbr  «vuf  i|  tJie  Daughter  got  tWModKi 
mufl  b»ve  2,  and  the  Son  4  ;  aodinpiopotti«neotfaefeN>)it)«n:i .  s-'.^^^theEitite 
bcdWided.  ■■■  ^:  .{■;-:■  ;■.-.■      -i  ■  ■ 

[Thisis  aQueflion  ptopos'd' bja  ifoirtflsLawyet;  iftitht'a^di  Bbtilc'M,4e 
£)i^y?i, whii^bethiiibiiJjMUffiilv'dafietthisciaimerj}'   '  ' V^ain, 

Stppffi  th^t  the  Mother  had  a  Son  and  DauKhtei  d*^  in  tbe 

Birth  i  How  is  the  Eftate  to  be  divided  l*twiit  the"  S<  jcUks  Vir: 

f;7W/a  males  this  SuppoMoa in  his  AfUhmeticK,  kni  HJ'j.BplXi 

"  Had  the  Mother  liv'd,  die  Proportioifl  ate  i  .  s;.' ,  ^the iJaie 

"  mufl  be  divided  in  proportion  tar  i  for  rhe;paughter  \^w^ 

Jufiice  of  this  Solution  j  tor  tho"  this  Propottitirl  betwfa  r's  Pan^  in 

caft  of  the  Mother'a  Life,  iiaCorifequenceorthe  Father's  p)^-Itt«pti»n^  with  rcfpfS 
to  rhe  Mother  and  Son  or  Daugliter,  yet  tieYer  having  a  Son  and  D&ughterftoth  together  in 
bis  view,  diia  Solution  feeqis  tohavenoFoimdatiDn.  'And  I  nfther  fhifik -the  Srfutim 
ought  lobe  thus  :  Find  the  Parts  brfbh^gtoMoitwryeMj  ahd-I^trghter,  (lien  fitWe 
the  Mother's  Part  betwiw  the  ChiJ^ei^  according  to  ffieRiflec*  Heirihi^feitJ»-(SB«- 
try  where  the  Queftion  arifes.  ^  -  -' 

Under  this  Head  <X.  Ftlhtpjhif  «n  alfo-co«|n)taa}s<i  ttKOtoOttfoa'tlf'CUlAv 
Stocks  beCwixt  a  McTcbttic  and  Fafigr. 

Oucftions  ef  Factorship,        _         '  'i 

w)dva!lueshisServicei«ortl)4£)/-.i«h3tfliqreof  tbegaiIloB^ht1jte-l:^iflorIoMe^'  ^ 
There  are  two  ways  of fiwing  tlasQlJeffiftn.:  ThftgafcAlifyor  AWiobdait  wb,, 

Addjo?.  W40/.  Ae  Sum  byoi!.  tijen  drrt&the  Cain  iBBroPattijiffptopMaiiB 

100/.  to  70A  ...  ■       ''t'  ,.      , 

Aoodier  Method  it  ^;  StteaA  40  fiwd  iM^AiJiA^en^fPi'^Klt*!^^^ 

flloKsof  GJiinto  jk>'(fodMMeA:fau^  . 


i;o  /.  snd  nix  upon  the  im^inary  one  170/.  Aiid  die  nOTc  obvious  fenfe  of  valuiiig 
the  FadoQ  Service  31)40/.  feems  to  be,the  ailowinghim  thcGaipof  40/.  of  the  rcat 
Sctxdt  qoo^  ihiH  whaitvea^hiaily  pitt&.in,,wbich  mull  ctuiicqueiitly  be  dndufled  from  ibe 
Merchants  Stock,  and  added  to  his. 

Qmsfi'.  1.  A  Merchant's  real 'Stocfc  being  lao/.  and  the  FaSors '30?.  .who  received^ 
of  the. Gain: .What  tvu  his  Service  yalniaaL?        .  /.     '^ 

To  proceed  upon  an  imaginary  Stock,  lay  as^to  -J,  orras'ltoi,  fbisiooto^o, 
fi'im  which  take  '^0,  the  remainder  20  is  the  Anfwer. 

But  upon  die  real  Stock,  find  the  3d  patt  of  i30>  &om  which  take  30,  the  remaiEider 
i»«b«  Aafivec •  •- -- —     

(ios/f,  3.  A  Merchant's  reai  Stock  being  ico  /.  and  the  Faflots  Service  valued  at  2c  I. 
who  received  J-  of  the  Gaui ;  What  was  the  Faftot's  teal  Stock  ? 

To  proceed  upon  an  imaeinary firock^it  is>8oA  becaufe  20  and  80  makes  100  ci]ua]  to 
the  Merchant's.  By  the  otnei  Method  it  is  only  60,  bccauie  20  and  60  make  So,  the 
half  of  I  do,  the  tptal  real  Stock. 

fi«^j?.  4.  The  MercKaflt's  real  Stock.beitig  100/.  and  the  Fafior  being  allowed  ^  of 
the  Gain  for  his  Service,  what  real  Stock  mull  he  join  to  have  |  of  the  Gain  ? 

When  th^  Faftpr  gets  i  (without  any  rcal,Stock)  his  Service  is  there  valued  at  i^JL.the 
Ath'of'flie  rialS^K  100?.  or  33?.  6  s.  6d.  the  i  of  the  imaginary  Stock  153/-  6j,  S<f^ 
fcnhd'tjy  iddifi^'che  -f  tif  ioO/.  to  106/.  Then  Avith  tliis  Vme  of  his  Service,  proceed 
to  fiiul  the  real  Stock  that  he  muA  have  to  get ;  Gains  by  the  Methods  of  Quelli^n  .3d,, 

OHc-rve,  that  in  all  the  pteoeding  ■Qoeltions  we  may  fuppofe  2  or  more  Merchants  with 
the  r  aflorj  far  wiH  be  ,eafi  to  apply  the  fame  Rules,,  by  adding  the  Stocks  of  all  die  Mer- 
chants ipto.  one  Sum,<  «ia  conSaerijig' that  as  otie  Stock  •  andthea,  befides  whats  already 
demanded,' iitniiyailfo.be  de;inand?d  tq  fii>d  the  Gain  0^  each  Mecdianr ;  thus,  by  theiirrt 
Method  of 'aa  imaginary,  Sodc,'  what^t^Mins  to  the  Mcrchants-aftet  the  FafliSr's  part  iir 
d^diiAed,  mirfl  be  (nvidra^FhnpbntDn  to  tKirTf  real  Stocks: 

By  the  real  Stocks  we  muft  divide  the  Faflor's  eiiimation  into  parts  proportioned  to  the. 
Merchants  real  Stocks,  and  take  1^  parts  anlwering  to  each  from  irfelf,  the  remainders 
are  t^  Numbers  by  which  the  Merdiants  Ihares  are  to  be  proporrioned. 
■  trfefi-  S'  A  Merchants  teal  Stfckbt-h^.TZo/^  and  the  Faflcirs'iSo,' they  agreed,  that: 
at  a  Yeara.end  the  FaflocfliQijlJ  have  tpf  both  the  Stocks  .and  GSi.i,  IjutHiey  Broke  tip  atf 
SMcntfas  enc^  having  gainpd'i^of.  How  mucfiougjit  thc'Faabrco  hsvc^' - 
'Here  'tis  pl^the  FaflorFor  IS  Monihi  Service  \mtb  have  not  only  riie  Gain  oF  30/.^ 
rf'the  Meicnanta  Stock,  bu*  aHb^Oof  the  Stock  ilftlfj  fo  that  his  Service  was  valued  at 
33/  real  Stock  j  but  the  Society  Idfling  only  8  Months,  'tis  plain  he  ought-only  to  have 
20/.  Pound  (which  is  to  30/.  as  8  Months  to  12)  ai)d  this  added  to  his  owntfo,  makes  8o7.- 
whidihc  receives  oftlie  real  Stock  r»ntJ  the  MerottVits  patt  being  looft'tficn  itiias  plaiq- 
tlie  1.^0/.  Gainmuftbe^dtvidoJiiitoa  patts,  proportKliAJto  tfiefcStocfeBb'and  ^oo- 

OUfcrve,  'Etiteo,  ftoih  Whom  I  tak^  ^fm  Qoellion,  finds  task  wkh  this^  Method  of* 
fd^viag it^" which  hefayi  bcJth  tfic/rs  and- -Stefbanui have fcllowed).an3 dois  it  hinifelf  thus. ■ 

He  fiyi,  diai  fince  upon  fcwiofirion  of  the  Societr  continuing,  12  Months,  theFaflor 
was  to  mve  the  half,  tberefwe  his  SenFice  was  valucdat  6&,  to  make  his  real  Stock  <£  i5o 
cqnlto  the  MercJiants  120;  fo  rtiat  die  Society  continuing  only  8'Mohihs,  his  efKmatipii 
is  only  40,  which  ad«Ied  to  his  real  Stock  6o,inakes  ioo  ;'- and  the  Meichaiksb^ig^i^O: 
Tbe^i&xm^Sa^itffi^wiiSoxTaX^  i!Zoai]d£q)ttnddwGaiii(i^r  ^^^  makes 
33c)  ought  to  be  divided  itao'i  KntVpnponiohal  to  jbo  fbctbe  Fa&oi,'aiidi2ofoc 

Now 


5  5  »  .  Ofljifs  atid  Gmr:  Bbok  VI. 

Now  all  die  Bakthat  Orf/o  findi  widi  die  odicr  Mediod,  k,  Batbt  feci  noRe^vhy 

the  Merdnnci  SfiGjck  cf  laoihoold  be  diminiflied  ;  but  toiiiiedieReaibQis6bnou,b&. 

caufe,   dio*  be  poci  in  120,  yet  part  ofkbefci^  todiePa£fcocfarhUSemce;  andif 

theSodetyhadoontuMied  lal^bmhiaooocdii^totheCoii^^       30/.  of  die  Meicbiti 

I2D  would  bave  been  gifento  theFafior;  ud  Cor  die  fime  Ileaibn die Socieq^ oondn^ 

log  8  Months,  20  of  tb  Merchants  muft  be  given  to  die  Faaor,  and  Gun  pcopo«io- 
fialfy. 

Buty  inIusw»foFfolvingdieQBeffionyhecniBUtesdieFa£te*a  dun 

the  plain  Conditions  of  theQuefnon;  and  fo  biiqp  in  an  iouginaiy  Stock,  andbfCon- 
fcquence  ftfalie  Rcopoition. 


CHAP.    V. 

Qjj  EST  lOH s  cMceming  Lofi  ami  Gain. 


iQ^UEST.i. 


AFfticdof  Goods  being  boqghtfbir  €ol  and  fiMFor  75I  idntvn 
die  rate  of  Gain  fer  Cent  .>  1  lay  if  661  gain  x^t  Wbit  vil 
xoo/«  Gain,  the  anfwerb  5^ 

Queft.  2.    Hating  bought  18  Gallons  of  Brandy  for  i^U  bow  may  I  feU  i  Gallon,  aod 
Gain  at  the  rate  of  8  f^  dm  f  I  find  vrfiat  i  GaBon  oofl^  it  is  134.  j^d.  Tbea  I&j 
if  joo  giiee.xo8,  what  will  13/.  4^.  rive  ?  it  is  x^s.  ^d.  3/I  ^, 

Quifi.  3*    Having  vfold  xx  Yaids  of  Qoth  Ex  4/,  x6j.  and  therebv  Gain'd  at  the 
i9X€ U  xo  fer  Cknu    Whatvmdie  prtnKGoJI  of  X  Yard?  Fixfilfind  I  Yaidisfold 
fix9#.  6d.  thenif  xxocomeaof  ioo(priin0ooA}To  whatpciiDecoft^acdm 
fis»  6d»  belong?  Anhoer.  8 j;  jd.  2  ^rf* 

g.  d.  Having  ibid  2  Yards  of  Cloth  ror  XX  i*  61/.  Igainedatd)erateof  x^^&^t; 
1>utnaaIiblditrorx2.^«  what  is  die  rate  of  Gain  ^4rCV«t?  .Ilay  as  iii*  64/*  is  in  pro- 
portion ito  x^S  /•ibis  X2«.  to  a  4di  Term,  which  I  find  to  be  120/.  ana  fo  p^L  is 
ahe  Anfwer  of  the  Queffion.  t^ 

Ohp/rve.  Thu  (J^ieftion  is  inSubflanc&  and  Numbers,  t^qi^e  wfjdxiJ^.BiW$&A 
Qoemm  <£  Lofi  and  Gain  $  bat  nddiei:  his  Operation  nor  Anfwer  a^^  faioe.  He 
fiates  it  tlrasi  Aa  xi  a  6d.  is  to  x^A  &  is  xa4f.  to  x^^'x^V.  wofa  aJvexJ^rmafl  t^isu 
aion.  Butdiis  flate  or  the  Froportioo  is  quite  wrone ;  becaufe.iiW  64Jl.ai)di5/>s^' 
xiot  fimilar  Teraa ;  die  ift  being  a  Sam  pf  prime  Colt  anct  Gain  put  tog^dw.  and  the 
Qiber  onfy  an  Artide  of  Gain  i  vtycfaihewsthatdieadTemoig&rtabe  xx^^^ 
diefuAof  the  pnmeCoft  too  Z.  and  is  the  Gam  made  uqqo  te  at  the  i^ 
Gain  indiided  in  xx  j.-  6d^    Whoever  nnderfl^mils  the  tAtm^^tl^xq^  no 


diwr  way  of  SphriM  the  Qoefiiony  that  the  firfl  ii  ^he  true.  Amwer.  *  Thus, ^  — 

S^  and  rate  of  Qun  find  die  prime  Cott  of  k^Yard^ltls  xox  (fbrasx^^ta-ioc^i^ 
is  xxf.  6d.  to  to«.>  then  the.2i^  Sakbeii^  izi.  the  Gain  is  24.  tb^cefore  j^jj  Viio 
Cain2,whatwillxooGain?.  Itiaw-j  ..    •    >.;']-     ..::':...:.!.//..'.  ^v; 

Jar  the  Mowing  Quefflbhs  rcohSd&tiie^oAtaikld^  ^^M^mft'6t  tPMr 
allowed  fi>r  ftiymtat.-     '   '  ^  -    .      '^-      ••i"  ^  -'^*  >-   -  •  ..    ) 

«  »  »    •    -     V 


Rule(rf  Five,  If  i8/.in  4MiMidi8gain  7/.  what  wiD  100/.  gain  in  i  Year  ? 

'  Ohferve  i"*  ISihtQtxD fer Cent,  ftr Amt^ it pmn  (fappofe  izftrCent.)  tofiiiJ  the 
Xisoc  that  ought  10  be  allow'd,  iheniay,  If  icxj/Tgain  12K  in  i  Veai,  iii  what  Time 
mufl  lil.piajl  ? 

(2*)  Or,  if  die  Rate  ofGain  ii  given,  wich  die  prime  Colt  vtd  Time,  to  find  the 
ftHitw  Pnce,  iay.  If  100 f.  to  i  Year  ^lu  lit.  what  muft  18A  gain  in  4  Months? 
Wliicn  is  to  be  added  to  the  pdoie  Coft. 

<3*'jt  If  the  Rate  of  Gain,  llise,  aoA  MCng  Price  an  ^vea  to  6oitbe  prime  Colt, 
as,  foppofc4MomhsaI]ow''dfbrp!(]niieatof  2s!>  ig  wJiu  natsain'dat  the  laieof  13/. 
fxr  Ceat-ptr  Aipiamy  CofidfcdUt.  jroo  oufi 'fizfl  ntid4Moni£iIntcKAof  looi^  at  the 
propoa'd  Rate,  idUdi  add  to  100,  miabjt  Ai  that  Sua  it  to  lod,  foil  a^/.  to  a  4tli. 
Temi ;  wlach  istbe  Sknfou^ 

.  SS^  6.  Hanfntboi^4DGdIaiisof  Bnndr  It  z#.«rr  Gallon,  If  anAcddentthere 
ivaslofl  of  it  6  GallaiH,  it  irtut  nrnptr  Gdon  mqr  1  M  die  leA,  with  8  Moni:hi  Credit, 
and  gain' upon  the  whuepnmeCoSat  ^atcof  iof<rC#«f./v^>4K«rw*/  Find  dte 
Vatoeof40<jaIIoaiaC  ax.  'tiatf/i  thenlaj',  Ifioo/.  ia  i  Year  gain  10/.  iriiat  will  6/. 
gaininSMoncbi?  Addtbat  Gain  to  £^  die  Sum  iatbc  Value  at  iduch  the  whole  remain- 
ii«~24Galloaiai9e  to  be  £)ldidtb8  Moodu Cn£t : Fiom  ntich  find  die  Fiice  of 
iGaUoo. 

\  Sttv  7.  Hari]]g|nidl4j.fbteach(;flO(>yiidaafaodi,lFtc^etogain25^frrf«f. 
new  lacctj  ;  aiidifllell  it  tfionTiin«}  to  have  moreover  10  per  Crftt.pfrjia/nmGx 
the  Foibeaiuioe ;  WbttmuAbelbePriceof  i  jaid  withd  Monuu  Credit,  to  make  bodi 
tbefcGiiiv?  Fitfifioddieteadf lli^in^Fiicccfdiewfa(Jeat2^^^0«f-Gaia;  dwti 
Siui  'i*h3tGaiaor1iiteieflthac«ilgiTeui£Mond«atdieiatcoi  io^^r(Mf.9/r^««. 
wlddibeii^  added  to  at>  theSOfsis  dte^ioeof  tbenhole  fixbom^Moaths;  bjr  whidi 
fiidtliePriceofiyacd. 


C  H  A  P.    VI. 


Qu.  tfi.   ^  Gi««*4Raglheadiof~Wuie,tt?2^^^Hog(bead,tol 
■  yX    /«r  Pcaiad  ;  How  nmcfa  wo^t  of  Raiftu  011^  ^  n 

■  ■    Sq,  ffiHDgaieBd|ite9£«to«tQ4?  TheM 


r  HogOxad,  to  ^,ibr  Raifii;  at  7< , 
""'         't  ^  to  receirt?  ■ 
„     -^      ,        -  T        ieAaifwerii,36^  Tlien, ' 

Obfenc  diif  F«Aua  Tiifittanaotbe^tcaiaiealQtiaiki^lgrvducix^toloweilpe- 
cicaL^tPi^  naftg»f«ia3/fr.R9)£iM8nd$<inMoaer,  hccauft^of  1  Ih  we^ht  ■■.£/. 
And,  in  ail  Cafiii,  when  any  FiaaioaoFa  Quantity  cannot  be  ^veo,  its  Valoe  in  Mgne;  . 

Say,{fiC!Bl)oacoQ4«.  wfaatisSOiBoiM?  "rHxAMfwtru,  ^t.  TbeOjiT^^^ 
B<^a^480V.  wbatiBoQ?  ,  ; 

si*,  ^i.  ^andSbaneidut':  A  ^vei  120  yaida  of  Oodi,  liichdiat  ^yardi  Jood, 
x\t'.9d.  JS^vefportStocku^at?  f.thepuT.partHataaetii.  6i/.a^ec^aiidgitek 
W4|MiiDii)tw(^HattaadpainofStockiivi  Howmany  veie()fc>(^i! 

rind 


■s 


^66         ^  QMflions  of  ^artmng.  Book  VI 

Find  the  total  Value  oF^'s  120  yards  of  Cloth,  'then  add  the  Valup  of  i  Hit  and 
I  pair  of  Stockings  j  and  by  the  Sum  divide  tiic:  Value  of  the  Qoih,  thct^uotc  kthc 
Arifwcr-^'  And  if  tiicrc  is  a  Remainder,  it.fliews  that  the  Value  of  the  120  yanbcmnot 
be  exa£Uy  given,  according  to  the  proposed  Conditions  ;  and  thcrrfbrc,  befidcs  the  Num- 
ber cxprefs'd  by  the  Quote,  B  muft  give  A  fo  muck  Money  as  that  Remainder  cxprcfi'd 
in  the  denomination  of  the  Dividend ;  Le.  {0  many  /.  or^.  or  d.  as  the  Dividend  is, 
becaufe  that  is  the  Value  of  fudi  a  Fraaion  of  one  Hat  and  one  Pair  taken  togedicr, 

Obprve  I  If  the  proportion  of  the  Number  of  Hatyand  P^irs  of  ?iodrinpis  fagposM 
to  be  aiiy  other- than  that  of  Equality ;  Exa*  a^, '2  Hats  fdr  5  pair  of  Stodrfngs,  thar 
wc  muft  add  the  Value  of  2  Hats,  to  die  Valuelif  <  daii!  of  Stackings,  9nd  xoAt  that 
Sum  the  Divifor :  Then  the  Quote  bcii^  mulrij^y'd  Dy,2,  jives  the  liumber  of  Hats, 
and  by  5,  gives  the  number  ofipoirs  ofStockings  j  the  Remainder  is  to  be  taicn  the 
fame  way  as  before.  •        •  *      -     . 

Qu.  ^ib.  A  and  B  bartcr.thus :  A  has  ,27  yar4s  Silk^ftoflP worth  2  s>  ready  Mopey,bat 
in  Bartejr  he  will  have  2  s.  3  rf.  JShas^Hats  worth  7  :r.  a  pict:e  readv  Money  ;  Hovv  ma- 
ny of  them  muft  he  give  to  A  for  'his  27  W^,  Of  *StUlf  ^  and, '  \Vtiat  is  the  Price  cf  a 
Hat  in  Barter  to  equal  the  adviriccmehtf  o^:^  s  jPricc.  ? 

Find  the  Number  of  Hats  by  the  ready  Money  Prices,  and  for  the  rais'dPrke  of  the 
Hats  fay,  As  2  s.tois:  ^d.  fo  is  fs.  to  the  Annver, 

'^  Ohftnrve  :  When  the  Prices  of  each  Party  arc  rais'd  proportionaBv,  then  it^s-manifeffif 
indi^ei\t  to  find  the  .Quantity  fought,^  either  by  the  ready  Mona[  Prices  .or  the  advancU 
Prices  ]  and  therefore  the  finding  B  s  adiratic  d  Price  in  order  to  fin4  thcQoantitjN  j^  bo 
ways  necefiary ;  as  mpR  of  *om:  AuthBrs  (eeoi  to  think,  byidieir  takiog  this  Kraod; 
Which  hasled  them  into  Miftakcs,   asVou'll  firld  below. 

'  Clu.^'^tk.  A  hih  "too  yards  Camblet  at  i6i'.>^f  yard  ready  Mbnej^,^ which  he  pod 
away  in  Ba^er  at  18^.  to  £,  taking  of  him  Stockings  at  5  s»  the  pair,  which  are  woith 
but  1  s:-6d.  ready  Moneys  How  many  pairs  muft  he  give  ?  and,  Which  dfdiang»ffl^ 
aUb  now  much,  by  the  Barrain  ?  •      .  ^ 

.  If  the  li5adjE^.onq[  ana  Barte^^^  were  prqpordomd,  nciiher  Party  coddgain,'  but 
the  aflcing  viho  gniPts  fuppofes  i^s  o'therwife,  or  at^Teaft  uncertain  :  And  ther^ore  we 
muft  find  the  number  of  Stockinet  by  tl^advancd -Prices  at  whidi  the  Barter  was  aSos^ 
ly  made.  Then  findtfae  total  Valtie  of  1^6  i60yatds  a%l6^*  and  cf  the  number  of  Pairs 
(found)  at  4/  :  64?,  the Comparifon  ofthele  Values  (hews  who  gains,  and  how  mudi. 
And  olfarve  alfb,  that  if  the|f«  is  ^  Remainder  in  finding  die  number  of  Pairs,  as  that  is 
{o  many  Pence  to  be  given  by  B  to  Ay  fo^  in  comparing  the  real  Values,  it  muft  be 
a4de4  to  ^  Va}ue  9^ff^^  Stocking.  $4tf  ittheie  is  noRemaindq^you  maj  find  die  Gains 
thus  J  A  gets  2  ^.  a  yard  advancej  Wfaidi  lis  206d[/tip6n;  tic  whde :  S  ^et»  4^.  a' pair 
advance,  ^vhich  Q»)ltif)1y  by  his  immber  of  i'&s'  'am  cdm:pare  that  Plockia^wkfa  200//. 
Or  you  may-take  anOtheYMethbd^  tte'  j '%;  ^^^^-  is  ^^vdnsfd  to  i^d*.  what  OJgiit 
^s.6d.  to  be  advanced  tQ  ?  Anfio.  ^st^f.  wherejif  it's  phdii  B  is  thelL^r.  trho  pots 
his  Stockinss  away  at  ^  j.  wheim  he  oi^ht  to  have  5  i^rj/v  (b  he*  lofes  :)/kM  wcj 
iPkir ;  which  midtiply  d  by  the  number  dTPdirs^  the  Ftod^  is  whtt  he  loies  es  tf» 
whole.    ■ "  •  .         :-  •  •.'•■'•.  '■  • 

,Qh.  ^6^.  TwQ.  Meiphantji  have  various  kinds  of  Goods  to  barter ;  A  had  J^^V^ 
Hkdim  Silk  at  8  J  :6dftr  yard  ready  Money,  aiid  in  Barter  10  s.  ^^K^i  Canes'  at  i^i* 
a  piece  ready.  Money,  and  in  Barter  ^s :  ^.  alfp,|6  Pieoes  cf  Muflin  at  ^l  thePieoe 
readv  Mohey,vid  in  Barter  4/:  los.  £  has  fiairkt  Ooth  at  i  f •  p^r  y atd  veaiyM^nqf, 
Glais .  Manufafiure  at  i  ^ ;  8 1^.  fer  .Fbund-weight  ready  Money^  luiif  «  &m  K^  ^ 
sii;  4*1  '  ,        :      '        '  '•  .. 


« 


Hw 


;  '  flbwinairyatarof  GlothVtnd  poohaietAdhlfind  cFGbfs,  of  eadi  k  l&e-  mnibcr, 
^(/.  ^,  of  yarck,  anfl  potrnds-OTxafli  I9afi)  onift  IB  give  to  Jy  advancing  his  Goods  proper- 
•  tionaHy  aifo  in'Bartcr  ?  ^^ 

This  QoeiHon  I  take  from  Mr.  £Z^ifft>«,  who  folves  it  in  th^  vi%.  Hefindsj^'s 

wboleGoodsto  be  woccb,  at  the  Barter  Pnoe,  528 l:^4Zi^d.  then  'he  takes  the  fum  of 
the  Prices  of  i  of  each  of  A'^  Things  (vc^  •  i  yard  Silk,  1  Cane,  and  i  Piece  of  M uiUn) 
at'tbeRMdy-Money  Pnce^  wlidch  make  4/:  zi  ^  :  6d;  aiid  $^fo  at  the  Barter  Priop, 
Dvhich  makex  i  :  2  ^  :  4^*  the  Difibrence  of  thofe  Sums  is  ti  ts  :  lo^  He  takes  alio 
die  Value  of  an  Unit  of  each  of  B*s  Things,  which  make  1 1  :  4/.  Then  he  &y^ 
If  4  /  :  1 1  /  :  6i/.  advance  iz  f  :  10  tf,  wbat  ought,  i  /  :  4,4.  to  advance  ?  The  A^h 
fwetis,  ^s  I  id.  andT^^Ts  wl^cho^^^^^  S^i^^f^b^  Barter  Price  of  a  Umt  of  each 
<£the Thh^  tobe i  /zyx:  i t4tt ;  And,  laftly,  by  this  (fividing  At  total  ValtieiM: 
the  Barter  Price,  the  Quote  is  ?€^^rry4v  5  and  fo  many  Units  of  each  of  his  Things 
ougjht  jB  to  give.  '- 

But  this  Solution  is  falfe;  which  probabl;^  I  had  taken  little  Notice  bf^  had  not 
the  Author  made  it  very  remarkable,  by  complaining  how  little  fucb  Queftions  are  under- 
flood  ;  and,  that  as  he  feems  to  think  this  a  Curious  and  Ufeful  one,  fo  he  tells  us  plainly 
'he  expe£te  the  Thanks  and  Applaufe  of  the  Publick  for  it ;  and,  that  we  may  fee  lie  de- 
ierves  it,  makes  what  he  calls  a  I>emonftratioH  of  the  Truth  of  his  Solution ;  But  I  ihall 
eaiily  fhew  the  Error  of  it  ^  in  order  to  whieh,  I  ihall  firft  propofe 

AnQtblf^ Solution,  Find  the  total  Value  of  a's  Things  at  the  Ready-money  Price,  it  is 
91 23^.  f.  which  divide  by  24  ,s.  the  Sum  of  i  Of  each  of  jB*s  Things  at  the  Ready-money 

jpriqe,  the  Quote  is  :;8o.i45S&c,  and  fo  many  of  each  of  his  Things  ought  B  to  give 
to  Ay  which  is  confiderably  leis  than  the  other  Anfwer. 

Now,  iinceit  be  an  undoubsed  Tiuth,  that  if  the  Price  of  each  Party's  Goods  are  ad- 
>ancrd  proportioiiafly,.  the  fame  quantity  muA  come  out,  whe^ther  we  calculate,  by  t^e 
Rea^ymoney  or  the  Barter  Prices  ;  and  the  Ready-money  Prices  being  given,  there  can 
be  no  Error  in  this  l^ethcd ;;  Therefore  the  laft  f\nlwer  muft  be  the  true  one        .   ^'  '* 

This  is  fufficient  to  Ihew,  that  Mr.  Haitont  Anfwer  is  wrong :  Ajpd  it  fliews  lis  a^fc, 
that  the  Error  qiuft  Ke  in  hb  Way  of  calculating  the' Advancement  vpoh  £i  Things 
X^ovy  if  that  were  right,  his  Solution  and  mine  would  bring  out  the  fame  Quantity), 
But  I  ^hall  more  particularly  explain  the  Error  dE  his  Way  ot^  finding  f  s  A4vancemenr; 
aiiid  then  fhew  the  True  Way.  ,  ^ 

In  thefiril:place,  it  can't  be  deny'd  thatfince  the  Barter  ou&ht  to  be  equal,  therefore 
the  total  Value  of  all  that  ^  and  jB  deliver  ought  to  be  equal,  Eoth  in  the  Ready-money 
and  the  Barter  Prices,  and  confequently  the  Advance  on  tjic  wholes  (or  -  what  the  Value 
^  the  .Barker  Prices  exceeds  that  of  the  Ready-money  Prices)  ought  alfo  to  b.e  equaL  , 
'  Again ;  If  the  number  of^'s  Thincs  were  equal,  then  every  4/  :  iij  :  6d.  (the 
Value  of  one  of  each)  which  is  contain  d  in  the  total  Value,  would  advance  11  s  :  10  d. 
.and  then  of  confequence  every  il  i  4  i.  (the  Value  of  one  Of  each  of  B's  Things  j  that 
are  equal  in  Number)  would  advance  in  the  fame  proportion  :   But  A's  Things  not  bciiig 

3  ual  in  Number,  every  4  7  :.xi  j  :  6d.  does  not  .advance  11  j:  10  ^;  for,  by  ra^ving  i 
each,  nne  can  qnly  make  16  fetts  in  each  of  which  there  are  3  Tilings  whofe  total  Value 


.Silk  and  x  C^) ;  and.  ViUy,  th^ere   remain  209  yards  Silk,  each  of  which  advances 
X4  I  6d. .  Tuctsefore  tbci  Advance,  of  z  of  each  of  B*^  Things  can't  be  truly  found  bv 

4U9.ofimeifeAdvaQ9^  .    ^ 

,  Cccc*      :  But 


r 
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But  tbxs  ^yi  be  fixreher  dear  bj  another  UnqoeftioiiaUe'  MoAodtf  fiodis«  the  Ad* 
vance  on  a  (ett  of  i  of  each  of  B's  Thii^gL  which  is  this  ;   Since  the  totafVakioof 
A  and  £'s  Things  muft  be  equal,  both  at  the  Ready-money  and  Buter  Prices,  and  coa- 
/equently  the  total  Advance  equal,  therefore  I  find  the  total  Value  of  ^s  Things  at  the 
Ready-money  Price,  which  is  91231  s.  and  aMb  at  the  Bartef  Price,  wMdi  is  10^65}  i.  the 
DifiereiKe  is  14^9^  s,  the  total  Advance.    Again  $  Since  fs  Things  are  equal  in  Num- 
ber, therefore  'tis  plain  that  the  Value  of  evciy  fett  of  i  of  each  makes  the  ISune  Advance, 
•  and  which  muft  be  a  propc»tional  part  of  the  total  Advance  to  the  total  Valiie,  becaufe  i  of 
each  is  an  Aliquot  of  the  whole ;  and  therefore,  I  fay,  if  the  total  Value  at  the  Ready- 
.  money  Price  P125I,  Advance  14394'  >  ^bat  will  the  Value  of  1  of  each  of  Jls  Things 
(v/{    24  s.)  advance  }    And  I  find  1^  s  :  pd.  ^!^S2.^  which  makes  the  advanced  Value 
rf  a  fett  of  I  of  each  of  M's  Things  to  be  27^  :  prffj^ii  inflcad  of  37* :  i^^^l 
'as  MtHattoh  makes  it.  And,  to  conclude,  if  we  feek  uB's  Quantity  by  die  Barter  Piice  now 
found  (at  I  of  each,  ^tis  the  fame  as  already  found  by  the  Ready-money  Prices^  fer  the 
total  Value  at  the  Barter  Price  (w^.  105631)  being  divided  by  27  J  ;  g^^l^**.[^tfae 
.Quote  is  .^8:j.l458&c.  as  before.    And  dmsthe  two  Methods,  by  the  Ready«money  and 
Baner  Pnces,confirm  one  another,  when  the  Barter  Price  is  truly  found  i  and  nnilh  the  De« 
monflration  of  Mr.  Hattom%  Error. 

Oiferve  agahj  That  if  it  be  demanded  what  is  the  Advance  upon  a  fingle  one  of  each 
of  iS  s  Things,  this  has  no  determinate  Anfwer*^  becaule  it  may  be  any  Tmng  we  pleafc, 
fo  that  the  Sum  of  the  Advances  upon  a  fingle  one  ot  each  kuid  be  equal  to  the  Advance 
found  for  one  of  each  taken  together. 

Ohjerve  alfoj  that  if  inftead  of  an  equal  number  of  each  of  B*s  ^Things  we  Cjppofe  theic 
Numbers  to  be  in  any  other  proportion,  as  2  •  3  •  and  4 ;  then  take  the  Value  of  2  of  the 
.One  kind,  3  of  the  other,  and  4  of  the  other;  add  all  thefe  into  one  Surn,  aiid  find  the 
Advance  upon  tint  Sum  by  the  Advance  of  the  whole ;  thus  you  get  the  Barter  Price  for 
2  of  One  kind,  3  of  another,  and  4  of  another,  taken  all  together :  Andby  this  dividing 
rile  total  of  jfz  Goods,  the  Quote  fhews  how  many  time*  we  arc  to  take  2  oi  one,  3  of  ano- 
ther, and  4  of  another,  and  confeqaently  how  many  of  each. 

Qu.  jtb.  A  and  B  barter  thus ;  A  hath  100  yards  Cloth  at  12  5.  a  yard  Ready- monef, 
but  in  Barter  he  will  have  13  / :  6^/,  and  will  have  al(b  \  of  the  Barter-value  in  Ready^ 
money.  B  hath  Sugar  at  8  «^.  a  pound ;  How  much  Sugar  ought  iJ  to  ddiver  ?  and,  Honr 
is  it  to  be  rais'd  to  equal  the  Barter  } 

Find  the  total  Value  of  100  yards  Qoth  at  13  x :  6  ^.  thcntakc  ^  of  it ;  which  being 
the  Money  j5  is  to  pay,  find  how  much  Cloth  at  12  /.  that  will  buy,  and  fubtrad  it  froni 
100  yards.  Then  find  how  much  Sugar  at  8  d.  ought  to  be  given  for  that  Remainder  of 
Cloth  at  1 2  X.  For  raifing  the  Price  of  the  Sugar,  'tis  plainly  in  proportion  as  the  Qod 
is  rais'd,  i.e.  As  12  x.  to  1  j  j :  6rf.  fo  is  S^/.  to  tne  advanced  Price  of  the  Sugar. 

Ohferve :  If  in  this  Quefhon  the  quantity  of  ^*s  Goods  is  not  given,  there  can  notfaiiQ 
be  required  but  to  find  how  JB  is  to  advance  his  Price  to  equal  the  Barter. 

Such  a  QueiUon  1  find  in  feveral  Authors,  but  they  ail  fblve  ic  after  another  manner, 
which  is  this  ;  They  take  the  proposed  part  as  j  (  flrhidi  is  to  be  paid  in  Money )  of 
A*s  Barter  Price,  and  fubtra£t  it  both  from  that  Price  and  the  Readytnoney  Price;  rhf^ 
fay.  As  the  Remahiderof  the  Ready-money  Price  to  that  cf  the  Baiter  Price/ fo  is  jS's 
Ready-money  Price  to  his  Barter  Price  foiighr.  But  this  Solution  is  without  Foundation; 
for  there  appears  no  Reaibn  for  advancing  B  s  Price  in  any  other  proportion  than  /s; 
as  1:7  this  Method  it  b  rais'd  in  a  greater  proportion.  But  if  this  Method  is  r^dbnabk 
at  afl,  it  will  be  fo  alfo  when  the  quantity  of  ^'s  Goods  is  given  to  find  whar  B  tnvA  deli- 
ver. In  \vhich  Queflions  thefe  Authors  always  ufe  the  Barter  Price,  to  find  the  Qjonnt] 
fought.    Let  us  then  apply  this  Supfojitiov^  ivirh  their  Method,  to  the  J>rec«iing  Qw«* 

fiion.    It's  plain;  in  the  firfi  place^  that  as  much  Ready-mqiiey  as  jB  pajfs  to  jt,  he  otfbc 

to 


chap*  6.  '  Quefikfiii^  l^termg.  5^; 

t&  \Mt  CMb^fbr  it  it  the  Readjfnnoiiqf  Price,  becauife  fo  much  is  not  bartered,  but  bought 
for  Ready-money :  And  dien,  for  the  tenuindet  of  the  Cloth  we  are  to  find  how  much' 
&]gRr  nuft  be  given&r  it;  auidif  we  do  this  by  a  Barter  Price  greater  in  proportion  to' 
'  the  Ready-money  Price  than  At  is,  there's  a  manifeft  Injuftice  done  to  j^.  I  (hall  o\fervt 
in  tlM  ]aft  {dace,  that  if  f(»  the  Ready*money  which  B  pays  he  gets  Cloth  from  A  at  die 
Barter  Price,  then  indeed  the  Barter  Price  of  JB's  Goods  muft  be  found,  according  to  this 
other  Method,  in  a^reater  proportion  than  As  \  which  will  make  the  Barter  equal,  by 
^)orre^ng  tiie  Injufiioe  dcme  tnjB,  in  giving  him  Goods  at  a  greater  dian  the  Readj^mon^ 
Price,  even  n^ea  hp  paysMoney  for  em  :  But  this  Method  is  a  ridiculous  going  roqndi 
about  to  no  purpofe,  and  committing  two  Errors,  or  doing  two  pieces  of  Kijuflice,  that 
one  may  correfi  the  other,  when  there  is  a  more  iimple  andnatural  Way  of  doing. 

Qu.  Sib*  ^  has  ^  pur  of  Stockings  at  a  s*  Ready-money,  or  ^  /  :  8  ^»  in  Barter  $ 
but  he  is  willing  to  difcompt  3  per  Cent,  of  nis  Barter  Price,  to  have  ^  of  it  paid  in 
Ready*money.  B  has  Qoth  at  10  s»  perjztd  Ready-money ;  How  many  yards  muft  he 
deliver,  widi  the  Money  that  A  requires  ?  and,  What  is  the  Rate  of  his  Cloth  to  equal 
the  Barter? 

Take  3  &om  xoo,  and  fay.  As  100  to  97,  lb  is  3  i  :  8  ^.  to  a  4th  Number  which  is  to 
be  taken  for  the  Barter  Price ;  then  do  the  reft  of  the  Work  as  in  the  pccedine  Qceflion. 
But  if  A  win,  befides  his  Ready-mon^,  ffin  3  per  Cent,  iky,  As  100  is  103,  k>  is  3  j :  8« 
to  a  4th  Number  which  b  to  be  taken  for  his  Barter  Price. 

Qu.  gib.  i^  barters  with  iB  40/^.  of  Qoves  at  6  s.  the  pound  Ready*money,  and 
7  i  :  6^.  in  B^er,  but  is  willing  to  kie  10  fer  Ceni.  to  have  \  Ready-money :  What 
IS  the  Ready.mcney  Price  of  i  yard  of  Velvet  delivered  by  B  at  21  s.  to  equal  the  Barter  ? 
and,  .Hgw  much  was  deliver'd  ? 

Say,  As  100  to  90,  fo  is  7  J :  61/.  to  6  i.  9d.  which  is  the  true  Barter  Price  after  the 
Diicompt  of  ID  fer  Ceni.  Then  find  how  much  Mtivtt  (at  21  1.)  is  equal  in  Value  to 
40  IK  of  Cloves  at  6  /« 9  d.  And  for  the  Ready-money  Price  of  the  Velvet  £iy^  As6s:pd» 
to  6  5«  fo  is  21  s.  to  the  Thing  fought. 

I  take  tiiiis  Qoeftion  from  Mr.  Huly  with  this  difierence ;  diat  I  fuppofe  As  Quantity  to 
be  given,  and  B*s  (ought,  which  he  does  not ;  bis  Demand  being  only  to  know  the  Ready- 
Money  Price  of  the  Velvet ;'  which  he  finds  thus :  Having  found  the  6  i  :  p  ^.  as  before^ 
he  taJ^s  i{  of  7  J  :  6d  (viz.  2s :  6d)  from  itfelf,  and  alio  from 6  s  :  ^d.  the  Remain- 
ders are  ^  ^..and  4^:3^.  then  lays^  As  5  j.  to  4/  :  ^ ^.  fb  is  21  s.  to  the  Thing  fought; 
This  Method  is  in  eeneral  like  that  cenfiir'd  above,  in  Queftion  ^ib\  but  it's  yet  Either 
wrong,  and  can  be  brought  to  no  fenfe  $  for  the  \  Ready«inoney  whidi  A  demands  can  be 
unde  ritood  no  other  way  than  as  |  of  that  Price  at  which  he  is  willing  afiuaDy  to  put  away 
lus  Qovei,  which  is  6s:  pd.  (viz*  js  :  6 ^.deducing  10  per  Cent.)  and  therefore  we 
are  to  take  }  of  6s  :  pd.izsul  not  ofjs:6d.  Again  i  by  taking  that  f,  (whether  it  be 
ofjs:6d.  or  6s  :pd,)  from  each  of  them,  he  does  not  bring  in  ^'s  Ready-money 
Ptice  at  all  into  the  Calculation,  and  fo  it  may  be  fuppos^d  to  be  any  thing  we  pieafe ; 
iidiereby  the  lame  AnPvoer  will  be  found  in  all  Suppofitions,  which  is  abfurd.  The  Me* 
Chod  upon  his  General  Principle  ought  to  have  been  this,  -viz.  Take  |  of  6  j  :  9  ^.  &om 
k  fi|lf,,and  from  6s.  then,  as  ±s  :  Zd.  to  3  j :  ^d.  fa  21  #..to  the  Thir^  fixight. 

I  was  the  more  furpriz'd  afi  bis  Method  of  fijving  this  Queftion,  that  in  another  Que* 
fiioR,  wherein  A  propofes  to  gain  loperCent,  and  have  \  Ready-money,  he  proceeds  in 
tJ^e  Way  laft  direfted,  tbus  $  HaviM  found  the  Price  at  which  As  Goods  are  put  away 
(with  the  10  per  Cent,  included)  he  takes  f  of  that  from  it  felf  and  the  Readv*  money 
Pttce,  and  by  thefe  Remaindeta  finds'  B's  Barter  Price,  which  is  the  Thing  ioqghc  in 
that  Queftion. 

:.  Cccc  z  (btactk 


« 


^64  6f  Tare  md^Ttet:  BoofcYL 

'  Qu.  izfh.    A  has-  ico  yUrds  Cloth  at  fr/.  JBie^ly^nionqr^  %tt'  \a  fia^fev  v>/»    £  h»« 

Baliins  at  6 ^^./^ifr  pound  Reidy-money,  atuiitc^HilMim  \  pCwfaAtii^fHtaaM^yfaidui 
Mo  ev  ;  Hnw  much  Raifiiis  muft  he  delivcar  B  afid^Wfa^iR^  doi  tbej^  War  iujch^fiaitfic  ^ 
alfO)  How  much  Money  muft  ^  give  £  / 

x^*  100  yards  at  8  ii ia  worth  40 /.  TImt fiaibew Midi  Ratfiaft  ^bi.  Quft  be 
^veii  for  4/:  /.  Add  the  3d  pare  of  tbaT  quamity  to  i^  Hbtt  Suqiiffcbe^  cecal  weig}ic  chat 
M  nuifi  delircr  ;  and  the  Valee  of  tbat^d  pwtadded  {  wfaicli  is  {M^i^rHfae;  4rb  pait  of 
tbft  whole  Sum )  iheu^s  the  Money,  that  ^.haa  to  p»vw  /For  jBa  £artiep  Prio$^  fiod  k  ia 
jfcopoBtipni  to  the.Readyrmoacy  Pske  as*  ^^  Pric»<ao  hii  Riiady-QOfitpI^Eiaef  . 


■«**-««M«^i«««-««ii«->«^i«««Mi«MiW«MMiB«««Mi«W««M«HM««««*ii^H»«VtH»fB«MVii^^ 
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4  ;  1  • 

0/  Tare  <*ffrf  Tree.  ■  ■•  ' 

BY  3Qov  b  commonly  meaat  the  ^c^giit^  (£'ihe.Ca4,  €heftjf  ocBag  io^whsdi  Goods 
are  puc  up,  and  whofe  Weight  can -bie  knomt  ftparatcdy  ikmk  thac  o£  the  Goadi; 
and:  which jbeing  iiibnaAed  &om'thejKey^  Wieighc  (or  thac  of.  die  Caft;ft-.  aiii 
Goods  together)  the  remahider  is  the  Weight  of  the  Good&  alone^andliaiaU'd  7te  A'ett 

•  hut  if  the  T^e*  is  not  known  feparately^  and  ati'  Albwaace  made  &^  it  at  ft  much 
ft.f  Hundred  weighty  ot  Hundred yards,@r.  then  the  Dedbdticm  of  tlie  Tm^e.  is  by  the 
if  «/<?  (t/*  ri>^^^  ;  which  the  f  Ibwin^  Exampks  willfliew. ; 

There  is  anoclier  AUt^wancemade  fot*  f>ufl,  WaAe,  Reiufii^'  cr  ihilackoCGocds,  cal'd 
3>c  #,  which  is  allow'd  and  calculated  afitt  thefkme  Way. '   i    '  ,    ; 
,   Etca.  \ft.    At  7  Ih.  Tnre  or  7>if  to  1 1 2  /^.  gi-ofs,  what  .is  the  Ta^e*,  and.  sQfo  the  Nett 
WeigiK^  when  746  lb.  grofe  wa«  received  ?    Say,  As  1 12/*;  to  7^  fo   is  746  />.  to  tk 
72?^-'  fought ;  whicl^fubtraded  from  746  At«  the  Remabider  isthe-N^ctwei^. 

Exn.  2d.  At  'ylh,  tret  to  112/^.  girofi,  what  grofe  Weigh*  moft  berecesr'd,  when 
84  lb.  Nett  was  paid  for  ?  and,  How  much  is  allow'd  ?  SubtiaO'5i  firom  rjpa,  the  Re* 
maindcr  is  107:  Then  fay,  As  107  to  112,  fo  84  to  the  Grofs  Weight  ibugtej  the 
DifTereiKe  of  which  and  %ju  is  the  AUowaiK^*^  Ot  thus  $  As^  1 07  tt>  5,  fi>  is  84  to  die  t^ 
kvwance  fought ;  vvhich  add  to  84>  the  Som  is  the  Grofs  Weig^  *&u^t» 

Thus  from  the  Grofs  weigjit,  Nett  weight,  and  Allowance,  or  any  two  of  tbcfc  ia 
one  Cafe  given,  with  any  one  of  ti&em  iii  another  Cafe^  we  may  find  die  otbec 

two  in  that  other  Caf^ 

•    . .  . 

Oiferve.  There  are  fomerimes  two  AlWafic^s  d^a£led  poe  df the  &me  Qoandtys  ^^ 
33iy^,and  then  Tret :  Aft^r  the.  7^^  is'dedttSed.  thfe  WmaJnder  is  calTd  pwutkukrly*^* 
Jfeigbf,  ont  of  which  the  Tret  is  dedufted,  and  the  laft  R<itnjiinder  is  caird  NH-fWdf!^* 

Exa,  5^.  Tare  being  allow'd  at  4  to  1 1 2 ^  -  attd  TRr^t  at  5  *  eo  i  1 2^  what  is  the  Net 
Weight  in Sj lb.  Grrfs,^ 

Say,.  As. II 2- to  ic8  (w;{.  112 left 4)  (bis  87 /il to  tbs Sk^fe:  The%a$  it2  to  lOT 
(viz.  ii2lefs  5)  fo  is  the  Subtle  to  the  Nett. 

And  here  Ohfrve,  that  if  you  muluDly  108, 107,  and  87  continually,  alio  112  by  112, 

irtd  diSf ide  chat  ProduA  by  this,  the -Qdote  is  the  Nett  Weight  fought, 
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DEFlNlfJON. 

A  L  L  I G  A  T  1 0  I^  is  the  Rule-  of  misinff  fevetd  Smples  6f  the  fiiiK  kind^ 
M   iM  of  diftrept Pric?% or  QuaUtj«s,  fo as tb^.QDnipouiid  n;xsU^^^^t9^p 
o'r  Qualitj:£.lD  wijich.-tb«e  aije^^^wa  pnjjciji^  .Caf*?,  ciiBd   AHtgittJen  Metftal 
aod  Alternate.  ..    ,  ■.•.,......     ..'        .,  '      . 

Having  the*  ^^ft^i   (^'*  *«  »fi«  «f  a^,  <rat*!^  «*"  5*  °^J«^^S«?P!f«» 
or  w^X^**^  ^'^»"=^  diflr.arc  diftiogui{hd>.and««^rt«^*  to  be  mud,  To  find 

the  Rate  of  the  Mixture,  r .• 

-ft  6  III   fFiiiiL.«}cardfi^ .to thi.giveftfeatcy,.th^  Value or,each  given^quantity ;  • 

the  Rate  of  the  Mixture. 

Examples  h ■wbifihRe^tdk tai^t  the-d^tHf^cisofThingsi 

.^^.  f.  A >iif*j>ffeinfr  Iimlt^  Galkms of ^Wine  at  17  J>.  ft^>^G^>   11  Gallons  at, 13  j.  ajid 
•  If  1  Gil.  gives  17*.     13631'^  221  ir.      -.:.'••• '         ,'    ,;  •   -w    . 

.     I  —.-7  »4-.!2,..—    2$S.  •-■    ■■   •  •»'   <•   /■•■  . 

-    If  w*  fonpoft  6  Gallons  of  Water  (whofe  Value  is  nodiing^  nw'd  with  tSefe,-' the 

...  PrbMmon.i*.this;'r45>Gaflo^i'^  -  \  ■   '■ 

^^.    A^  Farwrrahe^y  Bolts  cf  Wli^  At  il^ivr  BoB:  with  p  ^oHs  ij^Juihpls-ac 
io7.  pi?r  Boir,  and  6  Bolk  ati2/  r'  14^.^  ^^rBolTs'  What  i»a;Peck.of  the  Mixtu^re  • 
wfitfth? 
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Exampleis  /»  xv&icb  Regardlrbad  mt  vitfy  U4bt-9tk0f  iitf-. . 

to  the  Quality. 

ft 

I.   Of  tnixinn  M  Et  A  LS. 

Olft^rve  :  An  Ounce  of  Pure  Gold  being  reduced  into  2±  equal  Parts,  thcfe  Parts  arc 
call'd  Car  ails  ;  but  Gold  is  often  mix'd  Mtb  Ibme  Infer  MetaJ,  which  in  the  Mixture  is 
call'd  the  Alloy ;  and  according  to  the  proportion  of  P^re  Gold  which  is  in  every  Ounce, 
fo  the  mixture  is  faid  to  be  fo  many^  Carafts  fine :  Thus  ;  if  only  22  Carafis  of  pure 
Gold,  and  2  of  Alloy,  it's  22  Gaiaas  fine ;  If  20  Carads  cr  pure  Gold,  and  4  of  Alloy, 
ic  is  20  Cac^fis  fine :  jLf  there  is  no  AUoy^  it's  24  Caradsfine,  or  pore  G<dd. . 

vE«4*  ^d.  AGoldrmith  mixes  7  Ounces  of  Gold  23  CacaSs  fine,  whh  13  Ounces 
19  CaraSs  fine  j  AVhat*s  the  Qusflity  of  the  Mixture?    Anfm.   20*.  CaoAs. 

If  I  Oz.  has  23  Cir.  of  pure  Gold,  7  0:{.  have  161  Car. 

if  20    iiare     408 -^-^  i  ^2t.  has  2of  r«r4£Zf . 

•  ■ 

Suppofe  there  is  to  be  mix'd  with  thele  4  oz«  of  Brais  or  other  Alloy,  then  add  4  to  20, 
and  the  Proportion  is,  If  24  Ox.  have  408  Csr.  what  iO%  ? 

Observe  ':  SUver  is  valued  by  the  Ounces  of  pure  Silver  in  a  Pouiidy  ^and  c  2  Ounxs 
(  Jroy  wciglit)  being^a  Pound,  therefore  it's  cttl'd  11  or  ]ro,8^.  Ouncesfiire,  whkhto 
II  or  10, ©f. 'Ounces  pure  Silver  in  the  PeunA  ' 

•     •  • 

-I.  JOfnMing  MEDICINES  acmding  to  their  different  Depaof 

Heat  and  Cold^  or  Diynefs  and  Moidore. 

Tt^at  zn^Coldj  alfo  Brynefi  and  Idoifture^  in  Medicines,  are  'diftingtitfliV!  1^ KSdm 
Degrees,  thus ;  There  is  luppos*d  a  certain  Quality  calTd  Teftfperate,  differing  ftom  which 
•there  are  fuppos'd  to  be  j.  degrees  of  Beat,  and  4  of  Cold;  mo  4  degrees  of  Drymefsj  and 
4  oi  Moijiure  \  all  whicn  make  9  degrees  of  that  Quality  which  regards  Heat  and  QU^ 
and  as  many  regarding  Drtnefs  and  Moifture^  which  we  may  ca^  the  Common  Quality  \  fo 
that  the  4th  degree  01  Cold  ox  A/oi/?  is  call'd  the  ift  degree  of  the  Commoif  Quality ;  the  3d 
^^ree  of  Cold  ox  Motjt  is  the  2a  degree  dfthe  Common  Qualsq^;  and  fi>  on,  as  in  tlus 

Taj  LB. 

Novoj  if  Medicines  are  to  be  mix*d  with  Regard  to  thefe 
Qualities^  then  the  Degrees  of  the  particular  Qualities  being  given, 
they  muQ  be  rfsduced  tp  the  Common  Quality,  and  the  Opeis* 
tion  made  with  the  Numbers  of  that ;  as  ui  this  Examfle. 

y5  OGempenite 
4  <  7  S     *S  Exa.  ^tb.    An  Apothecary  mixes  fcveral  Simples,  fiEuv/ ;  4  oan« 

:?i2CSu-?  ces  cold  in  the  3d  degree,  7  ounces  cold  in  the  iftd^iee:  5  oun- 
ces temperate,  andS  ounces  hot  in  the  4th  degree ;  What  is  the 
Quality  of  the  Mixture  ?  -  '  * 

The  Qualities  ^ven  reduced  to  the  common  one,  are,  2d,  Atb, 
;th,  pth ;  then  mulriplying  each  Quantity  by  its  degree  of  the  common  Quality,  the  rro' 
luSs  are  4  X  2  »  8 . 7  K  4  =  28  •  5  %\-^  25 . 8  X  9=2  72*    TheSumof thefe fto- 
lu£teis  84-28  +  2$ +  72  =  X)3i  which  beixig  divided  by  the  Sum  of  the  Quand- 


ChSLp   ^ 


Jl^atkn* 


5^7 

ties,  («^  44^-7]^^ 4«'Bflae24.7  <heqiw>t*i(«5^:  A/nkh  ftewi  the  QiiaUty  of 
&te  MSxc»t«  to  bt,%ct«)te  the  ^th^jvl  6di  dq;ree ;  r.  r.  betwixt  TeaDpeiate  and  the  ficft 
dmeeofHeab 

Having  the  iP/Tf«^i  bf  feveral  Simples  to  be  mix  d,  and  the  Rnte  of  the  Mixture ;  To 
find  ftjch  qtmitltics  of  the  SirajSes^^;  being  mixfd  together,  &all  bear  that  common  Rate, 

Ohferve :  The  Mixture  Rate  muitbe  taken  Wwixt  the  higheft  and  loweft  Rate  of  the 
Simples;  cjfc,  /ti^pl^in,  the  Mixture  will  not  bear  that  Race,  but  will  be  either  of  a 
grearer  or  lefler-Ratc,  as  the  Sim(3es  are  either  al]  of  a  greater  or  leflcr  B  ate. 

Rule.  i®»  The  Rates  being  all  of  (or  reduced  to)  one  denomination,  and  refer'd 
to  Quantities  of  one  denomination,  2^9  let  the  Rates  of  the  Simples  in  a  Column  under 
one  another,  and  the  Mixture  Rate  upoi>  the  left  hand  of  thefe.  Then,  3^,  conned  or 
link  together  the  ieveral  Simple  Rates^  fo  tbar.  every  one  lefs  than  the  Mixture  be  link'd 

.  wUli  (ome  one  greater,  01  with  as  many  as  you  pleaife  that  are  greater  ;  and  every  one 
greater  with  one  Jeis,  or  with  as  many  lefler  as  you  pleafe.  4^*  Take  the  Difference  be- 
iwijcC  the  Mixture  Rate  and  that  of  the  feveral  Simples,  and  write  it  againA  all  the  Sim« 
pks  with  which  that  one  (wUofcDifFereiKe  it  is)  is  Jhik'd ;  then,  the  Sums  of  the  Num- 
bers (of  Diiierences)  (landing  againA  every  Simple  Rate,  are  fiich  quantities  of  the  feveral 

.  Sinnples,  againfi  which  they  fland,  .as  anfwer  the  Quefilon. 

.   !  fl?a.  I.    AMcrcliant  would  mix  Wines  at  145.  ipSy  15  x,  and  22  i*  f^rGalbn, 

.  fo  ais  the  Mixture  may  be.  woxth  18  s.    What  quantity  of  each  may  be  taken  ? 
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5! 
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5 

5 

7 
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Here  tbe  fi^ilcsore  Knk'd  all  Ae  Ways  polible,  by  each  of  wliich  there  is  a  different 
Solution,  thus ;  In  the  firft  Method  14  and  ip  are  link'd,  and  15  with  22  :  1  hen  the 
difierende  betwixt  18  and.14  i8  4,  which  I/ctag8infti57;  and  the  difference  of  18  aiidi5 

.  b  3  fct  againft  22 :  The  difference  of  18  and  t^  is  i  ftt  againft  14 ;  and  the  difi^rence  of 
18  and  22  b  4  fet  againft  15:  And  thefc  differences  are  the  Anfwers,  viz.  1  Gal.  of  1 4J. 
Wine,  4  Gal  of  15  j.  Wine,  4  Gal.  of  ig  s.  and  3  Gal.  of  22  s  j  which  being  mix^d  to- 

•  gethcr,  each  Gallon  is  worth  j8  /.  The  f3ine  Way  underftand  the  2d  Method  cf'iiDkiiig 
the  Simples.  Fof  the  3d  Method,  14  j-.  is  link'd  both  with  i^  and  22,-  and  15?  both  with 
I4a|idi5:  Thtreforethe:differencc  of  18  and  14,  which  1*4,  is  fet  againft  both  19 
and  22 ;  and  the  difference  of  i8  and  j^  (vf«.  1/  fet  againft  both  14  and  15  ;  and  thus 
Acre  comcTtwD  differeoccf  againft  14  and  19,  which  being  fumnvd,  the  Anfwers  in  this 
Method  are,  5,  i,  7,  4  Gal.  ot  the  Simples  againft  which  thefe  Numbers  ftand:    From  this 

>  OS  eafy  to  nnderftand  the  other  Methods. 

The  iame  l^h  is  apfdicable  to  mixixig  Metals  or  Medicines^  as  m  the  fdlowing 


^6Z  'M^utnilL  Bbak% 

Qu.  2.    To  inixt^c^d  iSO^'flM^-ivMiKSoEnf  c)  CaMir^n^Xkaa^  of^ 

-and  2!^,  foasdicMtttuft.iDiy  be  r^  <jmSb  ifiae^  'What  QqH^tHWP  d«9  ^  jqdaea^C 

each  ? 


0<. 
5:8 


•  «i         «  1        m   t     ^ 


Thefe  are  a  Part  only  of  the  various  Wajs  of  Unking,  the  JSidapIes  lartitts  C^ueAion^ 

The  Reafon  of  the  preceding  R  tr  l  e^ 

To  demon Jir ate  that  the  preccding,'iP«fe  produces  Vtiie  AnlWcfs^  11^^ 
X**,    Suppofc  only  two  Siniples,  ^,  /jT/**'  of  15'j.  a  /Sklloii,*  attd;  rff .  22  ^.  toljc 
fold  at  18  #.  the  Given  Rates  fiaiid,  according  to  ihe'^ule,  asbcirr;  ati^  the  Quan* 

)        titles  fought  are  4  Gallons  of  the  15  j.'Wine,  and  3  Gallons  bf  the 
4    22  J.  Wine,  which  beingTold  in  a  mixture  at  ift  j.  1  fay,  there  is  prcdfe- 
ly  as  much  gain'd  by  the  one  Quantity  as  is  loft  by  the  other  ;   for,  each 
3    Gallon  at  15  s.  gains  3  v  the  difierence  of  15  and  18,  an4  tbenfore  ^Gat 
Ions  gain  4  tunes  3  j.        Again ;  each'GaHon  ar  22  i.  lofe^  4  ^.  the di^ 
icnce  of  18  and  22,  therefore  3  Gallons  loie  3  times  4  j  ;    bat  4  times  2"^.'  is  -qcnlto 
2  times  A  4,  therefore  the  Gain  and  Lofi  are  equal,  and  confequently  the  Quantities  mix'd 
»do  juftly  tear  the  proposed  Rate. 

I  he  fame  Reafon  is  manifeftly  good  in  all  Cafes  cf  two^mples  mix'd^iccording  to  this 
Rule,  from  the  Way  of  fdacing  the  Diferences  alternate^  againft  the  Simple  Rates, 
^gahi,  .  •     -     '  T.    --  .. 

2^'  However  many  Simple^  there  are,  and  with  however  many  others  every  one  is 
link'd,  fince  'tis  always  a  lefler  with  a  greater  than  the'Mi^etuteipriGe,  therefore  there  is  a 
balance  of  Gain  or  Lofs  upon  the  Quantities ^tahen  iioA  evely  luikiiig  s^Vftp  Simples; 
and  confequently  there  mufl  be  a  balance  on  the  wHoIe :  So  thit  oie  Rule^is  good  ia  all 


Praftidal  Obfcpvatidns  nhtingto  the  ftrendhtg.  C^; 

'  •  •  '   '      "  •    •       . ' . ' 

J  ft  Ohf.  Thefe  Queftions  of  AH^atiM  AUirndlte  aie  of thelmd;  wbtchifae  A^^ifls 
call  Indeierminate  Prohlems ;  u  e.  which  have  an  infinite  number  oFdifierent  Anftfcrs  \ 
for  finding  which,  their  Art  gives  an  univer&l  Rule  :  But,  for  the  Ruk  here  siveo,  it  is 
limited  in  its  immediate  Eflfeft,  to  the  different  Anfwers  found  by  the  various'Mcthods  of 
linking  the  Simples  ;  which  can  be  done  only  a  certain  limited  number  of  Ways .'  Tl^ 
from  this  Rule  we  can  fifid  an  infinite  number  of  9ther  SbloUoni.    Tfms^ 

(i^*)  Take  any  Method  of  linking  the  Simples  ^  then  take -the  Quantities  mfing  &^ 
that  Method;  and  if  you  encreafe  or  dinlinifh  each  Sf  them  in  tne^  ikmc-  propc-ttioa 
(i.e.  hy  tq^A  MuHiflicetion  ox  Jyhifion )  \  thefe  ilew  Quantities  afe^aUb:traeAiifi«cts, 
for  that  very  Reafon  that  they  are  proportional  to  tfaofe  aiifing  immedbteiy  firom  die 
Linking  and  Differences ;  becaufe,  if  two  Quantities  of  two  Simples  make  a  bahnce  of 
<jain  or  Lofs,  with  refped  to  the  Mixture  price,  fb  muA  doubki  or  triply  or  the  hatf  or 
jr>^irH  part,  or  any  other  proportion  of  thefe  Quandties.    And,  becaufe  thefe  QoaotitiN 

-      -  '  -        '    ■        ©ay 
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nwf  i©  encrets^tf  (ir^Srtlnifh*d  III  art  iftftilrt  Variety  of  Ptop6ttiofis,  thercfow  'tis  plain 
that  we  ftiBf  proceed  R)  an  idgnite  variety  of  Sdutions. 

2***  Or,  if  we  only  cncreafe  or  diminilh  the  alternate  or  corrcfpondent  DiflfereiKes  of 
any  pair  of  Simples  that  are  link'd  together,  or  of  any  two  or  more  pairs,  leaving  the  reft 
as  tbey  are,  we  may  thus  alfo  proceed  to  an  infinite  number  of  Solutions. 

n  OJjf.  Bcfides  the  Rates  of  the  Simples  and  Mixture  given,  the  Qucflion  may  be 
limited  either  to  a  certain  total  quantity  of  the  Mixture,  or  to  a  certain  quantity  of  feme 
one  or  more  of  the  Simples. 

(!**•)  If  the  Limitation  is  to  a  certrin  total  Quantity,  then,  if  the  fum  of  the  Quantities 
found  by  any  one  Way  of  linking  the  Simples  is  the  given  Total,  the  Queftion  is  folv'd : 
Othcrwife  (or  without  trying  all  the  Ways  of  linking  )  take  any  one  Method,  and  raiie 
or  diminiih  the  quantity  of  each  Simple  found  by  that  linking,  in  proportion  as  die  given 
Total  is  greater  or  lefi  than  that  Total  found  by  the  linking. 

Ciu.  grf,  A  Merchant  mixes  Wirtes  at  14A  12A  I5J?'»  18^,  and  22J&.  the  Gal- 
lon, to  be  fold  at  lyjb.  and  would  aukt  in  the  whole  100  Gallons :  What  Quantity  may 
he  take  of  each  ?  »       ,      ^        j      j 


17 


i-*5 

6 

5 

5 

5 

5 

5 

5 

5:3:2 

J?ll 

Sum  31 

If  the  Given  Total 
were"i7  ^^  ?i>  the  Que- 
ftion is  folv'd:  But,  tQ 
make  loo  gallons,  I  take 
either  of  thefe  Ways  of 
linking,  asthefirft,and 
6y,  As  17  Gal.  to  loo, 
fo  is  I  to  54^  J   fo  is  5 

t0  29-rV»^ois8tO47^, 
lb  is  2  to  1144 ;  wl^ich  being  fet  againft  the  Gnelpondent  Simples,  the  Sum  makes  up 
zoo  Gallons. 

After  diis  manner,  if  you  knowdie  Total,  and  alio  the  Particulars,  of  any  Mijcture, 
yoQ  may  find  bow  much  of  each  fpedes  is  in  any  quanti^  of  the  Mixture. 

(2^')  If  the  Limitation  is  to  a  certain  Quantity  of  oiie  of  the  Simples,  then,  if  the 
iame  Quantity  happen  upon  that  Simple  in  any  one  Way  of  linking,  the  Queftion  is  iblv*d  ^ 
otherwife  you  muft  laifi:  or  diminifii  the  reft,  in  proportion  as  the  hmited  Quantity  of  that 
Simple  is  greater  or  lefler  than  the  Quantity  of  it  found  by  the  linking. 

Tbus,  in  Qu.  ^dy  fuppofe  the  Mixture  ought  to  h^Cve  2  Gallons  of  the  22  j.  Wine  ; 
then  the  firft  Way  of  linking  folves  the  Queftion.  And  if  it  ought  to  be  4  Gallons  dk. 
22  s.  fay.  As  2  Gallons  (ftanding  againft  22  J.)  is  to  4,  fb  is  i  to  2,  fo  is  5  to  10,  and 
fo  is  8  to  16 :  And  fo  the  Quantities  fought  are  2  Gallons  of  12  ^.  and  alfo  of  14  s, 
10  Gallons  of  1 5  /.  and  16  Gallons  of  18  f* 

If  the  Simple  whofe  Quantity  is  limited  is  only  once  link'd,  we  need  do  no 
more  than  raiie  or  diminiih  the  Quantity  of  that  one  Simple  with  which  it  is  link'd,  and 
leave  the,xefi  as  they  are.  So,  -  in  the  preceding  Suppofitlon,  22  s.  is  onlj  link'd  with  1 5  s. 
and  therefore  jraifing  5  Gallons  againft  15  j.  to  10  Gallons  (which  is  as  4  to  2  )  we  ^ay 
take  the  reft  as  they  rand :  For  thus  diere  is  fUU  a  Balance  prelerv'd  in  the  Gain  and 
Lofs. 

But  if  the  Simple  whofe  Quantity  is  limited  islink'd  with  more  than  one,  we  may  take 
this  Method  :  Take  that  part  of  the  Quantity  ftanding  againft  each  of  thefe  Simples  (with 
which  the  limited  one  is  Ibk'd )  which  is  die  diii&rence  of  the  Mixture  Rate  and  the 
limited  Simple,  and  raife  or  diminiih  it  proportionally :  The  Quantities  thus  found  muft 
be  added  to  the  other  parts  of  die  (^antities  againft  thefe  other  Simples.  Tbus,  in  Qu.  3^, 

Dddd  fuppofe 
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fuppofe  *tis  required  to  have  8  Gallons  of  the  12  /•  Wine ;  if  the  2d  way  of  linking  is 
chofen,  then  1 2  being joiii'd  with  18,  which  has  bat  one  Difierence  againft  it^  oif.  5, 
( the  Difierence  of  17  and  12)!  lay,  As  6  to  8,  fo  b  5  to  6i.,  the  Quantity  to  be  taken 

of  the  18  J.  Wine.  Again  ;  12  being  joind  with  22 ,  and  the  Di^rence  of  17  and  12 
being  ^,  (one  of  the  Differences  againft  22)  I  fay  as  before,  As  6  to  8,  fo  is  5  to  6|; 
which  beijig  taken  inflead  of  5  agaiiift  22  s,  makes  the  Total  of  that  Simple  iiiGaH. 

(  3*"')  If  the  Limitation  is  to  a  certain  Quantity  of  more  than  one  Simple,  vxurk  thus ; 
Take  thefe  liniple  Rates,  with  their  siven  Quantities,  and  find  by  Cafi  i.  what  Rate  ihc 
Mixture  of  thefe  by  themfelves  would  bear  j  then  take  the  turn  of  their  Quantities  ^ven, 
with  their  Mixture-Rate  now  found,  and  place  that  Rate  in  the  Queflion,  inftcad  of  the 
Rates  of  thefe  Simples  ;  and  then  the  Queilioji  is  the  fame  as  a  Limitation  to  one  Simple 
which  is  the  Total  of  the  Given  Quantities  now  reduced  to  one  Mix'dRate;  by  which 
therefore  find  the  Quantities  of  the  reft,  as  in  the  preceding  Article^  Thus  j  Suppofe  in 
Qu.  3^,  that  there  ought  to  be  3  Gallons  of  12  i.  Wine,  and  7  of  14  j.  the  Mixnire 
Price  at  which  thefe  may  be  fold  is  i^  j  :  4^^ :  and  | ;  and  thia  being  reduced  to  ^th  parts 
cf  a  Penny,  is  804:  Therefore  the  Rates  of  the  other  Simples,  and  aUb  the  Murare, 
muft  be  reduced  co  5th  parts  of  a  Penny,  and  the  Queflion  will  flandas  below  ;  in  which, 

according  to  the  way  of  Linking  chofen,  the  Quantities 

arc  60 .'  3C0 .216  and  120 ;  but  of  fhe  Wines  whofe 

Quantities  are  limited,  and  whofe  Mixture  Price  is  804, 

(5ths  of  a  Penny)  the  Quantity  ought  only  to  be  10 

(vi:(.  a  of  the  one,  and  7  of  the  other) ;  and  therefore 

the  reft  are  dimioilb'd  accordingly  to  50,  36 -and 20; 

which  are  true  Anfwers  to  the  Queftion. 

Take  Notice,  That  if  the  Mixture  Rate  of  the  Simples  Hmiced  is  fuch  tliat  the  Given 

Mixture  Rate  is  not  a  Medium,  when  that  other  Mixture  Race  is  placed  as  a  Simple,  then 

the  Limitation  makes  the  Queflion  impofTible. 

Ill  Otf,  If  a  Mixture  is  made  of  feveial  Simples  whofe  Rates  are  known"^;  with  the 
Rate  of  the  Mixture,  and  total  Quantity  mix'd,  we  may  find  how  fuch  a  total  Quantity 
might  be  mix'd  of  thefe  Simples  to  bear  the  Given  Rate,  by  the  ift  Article  of  the  2d  Oh* 
f^rvaiton.  But  it  is  to  be  obferv*d,  that  the  Mixture,  has  perhaps  been  made  after  another 
manner.  So,  in  S^.  i,  the  ifl  and  2d  Ways  of  Linking  make  the  fame  total  Quan- 
tity. 

IV  Ohf.  When  the  Quantity  of  one  Simple  is  limited,  if  that  Simple  is  an  eiad 
Medium  betwixt  feme  other  two  (exceeding  the  one  as  much  as  it  wants  of  the  other) 
then,  having  link'd  the  Simples  any  one  way,  if  the  limited  Quantity  is  lefs  than  what  is 
found  by  the  linking,  take  the  half  of  what  it  is  lefs,  and  add  fo  much  to  each  of  thefe 
two  Simples  betwixt  which  it  is  an  cxa6l  Medium  ;  for  thus  the  total  Quantity  found  by 
the  linking  is  preferv'd,  fincc  what  is  taken  lefs  in  one,  is  made  up  out  of  others  ^  and 
what  is  fo  taken  lefs  and  more  than  the  Quantities  found  by  the  linking,  are  of  equal  Va- 
lue, becaufe  the  middle  Price  is  an  exafl  Medium  betwixt  the  other  two;  Therefore  die 
Rate  of  the  Mixture  is  never  altered. 

Again ;  If  the  Limitation  is  greater  than  what  is  found  by  the  liiildng,  take  the  Inlf 
of  what  it  exceeds  from  the  Quantities  of  each  of  thofe  betwixt  whidi  mt  Price  whofe 
(Quantity  is  given  is  an  exa£t  Medium  i  but  if  this  half  is  greater  than  thefe  Quantities, 
you  muft  take  another  Method. 

1  hus,  in  Clti,  3d,  let  the  Limitation  be  to  2  Gallons  of  the  i<  j.Wine,  then  take  the 
£rft  way  of  linking,  in  which  the  Quantity  of  that  Wine  is  5  Gallons ;  then,  becaufe  15/. 
U  an  cxaa  Mediuooi  to  z  2  and  18^  1  take  the  Difference  of  2  and  <,  wbidi  is  3,  and  its 

half 
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half  I7  laddto  x  and  8  the  Quantities  againft  laandiS,  the  Sums  are  i\  and  p^  : 
The  reft  of  the  Quantities  fhmd  as  they  are 

Ebt  if  th^  Limitation  is  to  8  Gallons  of  the  1 5  J.  Wine,  which  exceeds  5  by  ^,  then, 
becaofe  i|  is  greater  than  i  againft  12,  therefore  I  cannot  take  the  Method  prefcrib'd, 
With  this  Way  of  Linking,  but  with  the  fccond  Way  it  can  be  done.  And  if  it  could 
not  be  done  with  either  of  thefe  Linkings,  we  muft  either  find  one  in  which  it  can  be 
done,  or  foIvetheQueftionby  theGeneKuR.uleinArticlc*(2^*)  Ohf.ll^ 

V  Ohf.  From  the  Method  explain  d  in  the  preceding  Ohfervaiion^  it*s  plain  how  we 
may,  in  fome  Circumihnces,  limit  both  the  total  Quantity  and  fome  one  of  the  Simples, 
tbus',  if  the  Simple  which  is  limited  is  an  exad  Medium  betwixt  other  two,  then  take 
any  one  Linking,  and  proportion  the  Quantities  to  the  Total  limited  i  then  apply  the  Me- 
thod of  the  lafi  Obfervationy  if  pofiible. 

VI  Ohf.  In  Mixtures  on;  Ingredient  may  be  fuch,  as  to  bear  no  Value  in  the  Mix- 
ture, but  only  to  cncreafc  the  Quantity,  and  diminifti  the  Value ;  Therefore  let  its  Rate 
be  reprefentcd  by  0,  as. Water  mix*d  with  Wine  ;  Brafs,  or  other  Alloy,  mix'd  with  Gold 
and  Silver. 

Exa.  I.  If  8  GaL  of  Wine  at  9  s*  fer  Gallon,  12  Gal.  at  8  s.  are  mix'd  together  j 
How  much  Water  muft  be  added  to  make  the  Mixture  worth  only  6  s.  per  Gallon  ? 
I£nd  the  Mixture  Rate  of  the  8  Gal.  and  12  Gal.  then  I  take  20  Gal.  at  that  Rate  to  mix 
with  Water  whofc  Rate  is  o  :  Which  is  done  by  the  Method  of  Ariicle  2d,  Ohf.  H. 

Exa,  2.  A  Goldfmith  would  mix  Gold,  18  <Jara6ls  fine,  20  Cara6ls  fine,  24  Carafls, 
and  a  quantity  of  Alloy  to,  make  the  Mixture  19  Carafts  fine ;  How  much  may  be  taken  of 
each  ?  Reprefent  the  Rate  of  the  Alloy  by  0,  and  proceed  as  in  Cafe  2d» 

'  yn  Oif.  Befides  tbe  mixture  of  Liquors,  or  any  other  kind  of  Things,  the  fame  Rules 
are  applicable  where  Perfons  are  the  Subje6ts,  thus : 

Exa*  I.  8  Men  being  boarded  at  the  rate  of  6  /.  a  Quarter  for  every  Man,  6  Women 
at  5  /•  for  each  Woman,  and  4  Children  at  2  /.  for  each  Child  ;  How  much  does  each 
Feilon  pay  a  Quarter'^  talking  them  at  an  equal  rate,  one  with  another  ?  This  is  plainly 
a  Quefiion  of  Cafe  i,  and  to  be  folv'd  after  that  manner. 

'  Exa.  2.  If  the  Quarter's  Board  for  a  Man  is  5/,  for  a  Woman  4 /,  for  a  Child  ^/, 
and  for  a  Servant  i  /•  how  many  Men,  Women,  (Jhildren,  and  Servants  may  be  taken  to 
board,  fo  as  their  Board,  at  an  equal  Rate,  may  come  to  3  / :  5  j.  for  each  Perfon  ?  This 
is  a  pl^  Queftion  oiCafe  2d. 

J  add  the  following  Queftions/J?r  a  further  Exercife. 

'  Qu.  \th.  There  is  a  Mixture  of  40  Gallons  of  Wine  worth  10  s.  a  Gallon,  part  o£ 
which  is  at  8  ^,  part  at  p  j,  at  12  j,  and  14  j.  What  Ihall  be  added  to  it,  to  make  the 
Mixture  worth  only  11  j  .^ 

To  folve  this  Queftion,  The  Simple  to  be  added  muft  be  of  fuch  a  Price  that  the  new 
KGxttpre  Price  Ke  betwixt  it  and  the  former ;  therefore,  if  there  is  not  fuch  a  Simple 
ariidhg  thcfc' which  arc^  already  in  the  fixture,  another  to  anfwer  the  Queflion  muft  be 
brought  in,  and*  the  Solution  is  thus  made :  lake  the  40  GaUons  at  icj,  and  find  how  ♦ 
much  of  any  Simple  of  g^reater  v  Jue  than  11  j.  (bccaufe  this  is  greater  than  10  j )  hiuft 
be  mix'd  with  thefe  40  Gallons  to  bear  11  j.  in  Mixture  :  Which  is  done  by  the  Method 
of  yirf/cfe  2d,  Oi^.n.  preceding,  '  .. 
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Qu.  <^th.  A  Minlure  }^%  flsade  thps ;  \^  lb.  wdig^  of  $Mg|r  at  7  /  ^tf ^  i6/3;  at 
$  d^  and  30  /i'.  at  iod»  How  much,  and  ofwhat  i^ady  may  be  adJedi  cbac  in  cver^  U>. 
of  the  Mixture  theirs  be  6  iNs^  of  the  Sugv  at  ip  ^.  mtbout  cbajigiag  tjbe  qoaaciti  of 
tbie  other  kinds  iu  every  /^  ?    and,  What  Hi(U  will  tpe  Mixtuce  bear  r 

Firft,  fii)d  how  much  of  die  10  d.  Su^r  i»  in  z  Z^.  of  the  Mature,  a^  '%  fian4^  abeadj^ ; 
then  Ci)  if  that  U  loore  than  6  m;.  (as.ia  this  cafe  'tU  8o;(*)  fubtrafl  6  oz^fromit,  aod 
mulciply  the  diffirreucc  (2)  bf  the  toul  uwt«  of /**«  (6c),  thi^Prcduflis  izzoj^. 
Now,  if  we  could  take  out  120  o;(.  of  the  ip^.  Sugar,  and  in  its  place  put  in  110  o^. 
of  any  other  kind  than  what  is  already  in  the  Mixtufc,  it's  phia  the  Conditions  of  the 
QueAion  would  be  aiiiWer*d  :  TberefoK,  iii  the  6tA  plaot,  we  Suit  add  1 2a«8.  of  fotse 
other  kind,  as  if  as  much  of  the  \od.  Sugar  w^e  a^ua^y  taken  oat ;  but  becaufe  k  11 
not  (b,  we  muiVadd  to  it  as  much  of  aH  the  other  kinds  (including  diat  nor  kind  (\i^ 
pos'd  to  be  already  added  )  as  ihall  make  each  lb  (of  iMs  (in^  haTta^nMich  )f  eachhffld 
as  asc  in. each  lb  of  the  otb«r  6olby  which  i$  doue  ihUJi :  Find  ho\y  syuiy  tiioes  ^9^. 
arc  conraiud  in  120,  [and  if  there  w«re  a  Reniaindcr,  as  here  there  is  none,  ladrfthat 
RemaixKi^r  of  the  10  rf.  Sugar  to  the  Mixture,  (A  f*  Jo  the  120)  whereby  there  will  be 
no  Remainder,  and  the  Quote  will  be  i  more  than  it  was  with  the  Remainder]  this 
Quote  lhew6  bow  many  U.  are  to  be  added  to  (h^  given  total  Mixture  (60  Ih.)  that  «ach 
^lay  have  d  o\.  of  10a.  Sugar  ;  which  are  to  be  made  up  thus:  Firft,  there  is  the 
1 20  o:(^  of  the  10  d.  Sugar  fuppos'd  a(  firA  to  t>e  taken  out  (  for  as  nu^ch  of  a  new  kind 
put  in)  and  now  as  'twere  put  mck  aft^in,  together  with  the  Remainder  laft  mention'd 
(where  there  is  any)  then  you  mufi  6fia  how  mqch  of  each,  of  the  other  Simples  ^r.cluding 
that  new  kind  whereof  there  is  fuppos'd  tp  be  already  added  120  0{.  for  a$  much  of  10^. 
Sugar  fuppos'd  to  be  takeo  out]  there  is  in  each  of  tjic  preceding  6q  /#.  Thefe  Quaiv- 
tities  mufl  be  multiply *d  by  the  Difierence  of  60  lb.  and  the  new  total  Quantity  or  Mix- 
ture ;  the  Produ^  are  what  muft  be  taken  of  each  of  thcfir  othec  Siiaptes  (  befides  the 
1 20  oz.  already  fuppos'd  to  be  added  of  the  new  kind  )  and  thii»  the  C^aodiaoDS  of  the 
QuciHon  arc  ani^ver'd; 

For  the  Rate  of  this  New  Mixtiine,  it  s  fouod  by  Cafi?  %. 

Bur,  Secondly,  if  there  is  in  the  Miituxelcfs  than  &§gLd[tod^  SvgwrtQ  aimflk  (» 
fuppofe  there  be  only  40Z.)  then  the  diffircnce  is.  xoji.  which  multi^^'d  by  60^  oate 
r.20  az.  or  7  lb  :  8o{.  lake  double  of  tliis,  with  as  much  as  is  alveadjr  in  the  Mixtsre 
«f  to^.  Sugar  (vis^.  30/M  die  Sum  is  ^'^IK  to  be  added  of  tod*  Sugar.  Then  I  con. 
fider  how  mueh  oreach  or  the  odaer  kinds  is  in  die^fixtuoe^  and  fix)m  chfi  lotai  of  diefe 
I  take  1 20  oz.  (or  7  lb:  8  oz.)  in  any  manner,  i.  e.  all  out  of  one  kind,  if  npffiUe,  ot 
part  of  one  and  part  of  another,  till  the  whole  is  fubtra£led,  marking  what  hereby  remains 
in  each  kin4  ;  then  as  nuch  of  each  kind  as  thefe  Remainders  l^ins  aUb  added  to  the 
Mixture,  will  bring  the  Total  (which  is  now  120  ojf.  more  than  douole  of  what  it  was 
before)  to  foch  a  Mixture  as  ibaHbaiwe  doz.  of  I04!l  Sugju:  to  everyi^,,and  the  fameqiiaQ' 
tici^a  of  each  of  the  reft  as  were  ax  fixft  to  every  lb* 

Q/c  61k.    Tb^  i&  a  Mixture  i&ade  of  Wbeat-6  j,  7  j,  and  8  s.  the  Buftel;  thetool 

Quaiuiry.is  worth  100  L  and  the  proportion^  of  the  pamcubr.  Quantities  are  dius  j  foe 

every  2.  Buih»  of  6  J.  tbece  ace  ^  of  yx  ;    and  for  efxery  3  of  d&  there  are4  of  8^ 

How  much  of  each  kind  is  in  the  Mixture  ?  and.  What  is  the  Rate  of  the  Mixtuse  ? 

Firft,  Ir  reduce  the  Proportions  of  the  Quantities  to  a  Series^of  three  Nnmbers,  ib^' 

As  2  buih»  (of  6  iO  to  3  bufli«  (of  6^.)  fo  is  3 bufhi(of  7x.>toa4tI]y 
which  is  4|  oulh.  (of  7  j.)  fo  that  for  everjf  3  buifa.  of  6  j«  tbiere  are 
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A\  of  7  i.  and  4  builh. cif  8  s.    And  multiplying  all  1^  2,  to  make  'era 

Integers,  the  prcvortion^  Quantities  of  each  are  6.^.8.    Next  I 

find  the  Mixture  Price  Erom  thefe  Quantities ;  and  then,  by  that  Rate^ 
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I  find  how  much  the  xoo  /•  will  buy ;  and  then  I  divide  that  Quantity  into  three  parts 
proponional  to  6  *  9  •  8«  ^ 

Qu.  Jib*  A  Mixture  istoXe  made  of  Wine  at  iSs.  fer  Gallon,  at  \6s>  and  9  j. 
How  much  may  be  taken  of  each  to  make  48  Gallons  that  ihall  be  worth  in  all 

28/:  16  s  ? 

Find  \vhat  i  Gallon  of  the  Mixture  is  wootifaj  «/{•  u  s.  then  find  what  Quantities 
may  be  tdeen  of  the  feveral  Simples,  to  make  a  Mixture  at  12^.  and  the  total 
48  Gallons. 

Obftrve  :  By  this  Method  you  can  always  imve  at  leaft  one  Solution  to  all  QueKlions  of 
this  kind  (viz.  wherein  the  Rate  of  each  Simple,  the  total  Mixture,  and  total  Value  are 

fiven)  provided  the  Queflion  ispoflible  ;  as  'tis,  not  if  the  Mixture  Rate  found  be  not 
e&wixt  the  higheft  and  lowed  of  the  Simples  :  and  provided  alfo  that  the  Nature  of  the 
Sidigf  fi  does  not  Emit  the  Aiifwer  to  Integral  Ntrmbers,  as  when  the  Numbers  fought 
ave  An$mlsr  X  fee  the  following  BxamfJe)  for  then,  tho'  the  Queflion  be  poflfibfej  and 
hath  fcveral  Solutions,  yet  hone  of  them  may  be  found  by  this  Method,  becaufe  of  Fra- 
aioiis  brought  by  it  into  the  Anfwers :  And  this  Method  wiO  have  the  fame  Dei^  in 
auySabietS^^if  vre  limit  the  Anfwer  to  Integers. 

For  EfcamPle ;  Apply  the  Numbers  of  the  preceding  Oueflion  to  another  Sdbjea,fi6«i.- 
48  Ferfonsj  Men,  Women,  and  Chttdren,  pay  aH  together  at  a  Pcaft  28  J:  j6  s.  where- 
of every  Man  pays  18  f.  every  Wdman  id  s  and  every  Child  9  j.  How  many  were  of 
each  ?  By  the  preceding  Method  \9t  fhall  find  p  Men,  9  Women,  andjoChfldren ; 
which  iacisfie  the  QjeiUon ;  .Th^'  k  has  alfo  another  Solution  (which  cannot  be  fcuod 
by  this  Method)  vizi  2jMen^  1 8  Worawi,  and  28  Childreft.* 

Exa.  id.    15  Birds  coff  in  all  5' j.  whereof' there  wete  Pamidges  2tjd.  Quails  at  5  rfl 
and  Larks  at  2  d.    How  many  were  of  each  ?    KWe  try  this  by  the  preceding  Rule,  we 
caa  ftad  no  Anfw^  becaufe  of  Fra£lions j  ^and  indeed  it  has  but  one  Solution  in  Integers 
wjb^  is  &»is^  to  be  3  Partridges^  ^  Quails^  and  7  Larks, 

«?» r  ft 3.  A  Nfixture  wa^  mude  ^  t^i^GUL  Wii«^  4  <3al.'Bcaifdy ^  and  i  a  Gal.  Watet 
Qcfcof  th^whote  wifc»4tawn9GsPl.  and  to  mi^  Ws«er  put  in  ta  fill  kcrp:  Then  wa^ 
dfstwnotit  tCyGA^  ^S^vfhkkMfUpB^in&QA  of M^ine^:. Again  thoee  was  i^dum  one 
5  GaL  ztiA  ^GaKof  BcatKtfpatki^  ildw  niudi  Wine,  fiemdy,  and  Water  is  at  hft  ia 
theMitttM?'    ^ 

Find  ham  m^  of  cadh  %«cie»  is  in  Oat  SGdUms  &A  iuma  Oot^  by  wUdi  yooll 
Icfidw  what  mMim  o(  4aA  :  Tt  wMdi^^is  added t^alfed  cf  Water;  then  find  boar 
ttt^H  of  «aGi]^  lb  islMttttnU  in  die  %^  QalL  Mtt  dtawiy  eut^  vitoebf.  yoadl  knoiv  trikac  te- 
mains  of  each :  To  which  ia  added  6  GalL  Wine  ;  then  find,  how  much  of  each  is  in 
the  5  Gall,  drawn  out,  and  you'll  knpw  how  much  remains  of  each  ;  to  which  2  GalL  of 
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C  H  A  P.    IX. 

Of  Exchange, 

TH  E  ReduSlion  of  different  Coins,  or  any  Denominations  of  Money  (whether 
they  have  Real  Coins  anfwering  to  them,  or  not)  fix)ni  one  to  another,  ue* 
finding  how  many  of  one  Species  or  Denomination  are  equal  in  Value  to  a  givea 
Number  of  another  ^  with  other  Quefiions  relating  to  the  fame  Subjed  ^  is  vibax,  1  heie 
call  Exchange. 

Olferve  L  If  the  Queftion  is  about  the  Redufiion  of  fuch  Species  as  are  aliquot  Farts 
one  of  another,  as  Pounds,  Shillings,  and  Pence,  the  Work  is  only  fimple  MultiPlica" 
iion  or  Livijion  $  as  has  been  fhewn  in  B<H>k  i,  Ch.  7,  §  4  &  5  s  but,  in  all  other  Cafes, 
there  is  a  variety  of  Applications  of  the  Rule  of  Three. 

IL  To  leduce  any  number*of  one  Species  to  another^  there  muA  always  be  known  fhe 
Proportion  betwixt  the  two  Species,  either  immediately,  ot  by  the  immediate  f^opoitions 
betwixt  each  of  them  and  one  or  more  other  Species. 

» 

III.  When  we  know  any  two  Numbers  of  dificrent  Species  that  arc  of  equal  Value, 
thefe  two  Numbers  exprefe  the  Proportions,  or  Rateof  JSSrrfazr^r,  of  theft' Species,  whe- 
ther they  belong  both  to  one  Country,  ot  to i.)cltfrcrcnt  Couiiqjies,  £as,  tf  wefuppofc 
3  Guineas  of  Britain  equal  to  g;/ :  5  j.  or  5  *i  Sterling  equal  to  3  Guilders  Amfterdam.] 
But,  in  Common  Acceptation, : when  we  j^ak  ot  Excb^mgBy'  it's  underftood  of^ihe Spe- 
cies of  difierenc  Conntries  ;  and  the  Rate  kS., Exchange  isrexprefs'd  by  fo  much  of  the 
one  Place  equal  to  an  Unit  of  a  certain  Species  of  another ;  So,  if  y  s.  Sterling  arc 
equal  to  3  Guild*  Amfterdamy  tho'  this  does  really  expreis  tbePropprtion,  y^t  more  com- 
nwnly  we  fay,  The  Bfite  of  Exchange  is  at  i  /.St^ri.  lo  12  fitfiidi /found  ty  thergivcn 
Proportion^  thus,  if^x.  give  g  Guild  in  what  204*)  Ot  aa  I  uiuto  ^^t  8^.  Sco:>- 

IV.  The  Values  of  the  Coins  and  Monies  of  different  Colmtries  \  in  what  Specie  s 
Denominations  they  exchange  with  one  another,  with  the  Limits  of  the  Common /«/^' 
of  Exchange^  ( for  they  vary  often  )  are  Matters  of  Fa£l  which  belong  to  another  prt)- 
vince :  My  Bufinefs  here  is,  to  teach  the  Calculation,  or  fliew  how  the  Rules  of  Mtb' 
metick  are  apply 'd  to  this  Ufeflil  Subje£t :  And,  to  do  this  to  the  beft  advantage,  I  ihall 
give  more  fuirable  Numbers  of  QueAions,  and  diflinguilh  them  under  fuch  Heads  as 
comprehend  Things  of  rooft  ordinary  Occurrence  3  and  then  add  a  few  other  Qiicflicn^ 
that  aire  leis*'common,  that  from  the  Whole  you  may  be  Mailer  of  what  can  happen  upon 
this  Subjed,  that  depends  upon  Common  Ariibmetick. 

• 


chap.  9.  Of  Exchange,  57  y 

... 

§  I.  Qu  E  s  T  i  o  N  s  relating  fimfly  to  the  Par  of  Exchange,  or  find* 
ing  the  Hsfumber  of  one  Species  equal  to  a  Given  Number  of 
another^  the  Frofortion  being  given  direEily^  or  hy  the  media* 
tion  of  other  Species. 

(i^)  If  the  Proportion  is  given  betwixt  two  Species  dircSly,  the  Solution 
is  by  one  Operation  of  the  Rule  of  Three. 


Anfx      ,  _ 

Money,  fey,  If  13  Z :  15  j.  give  150  Guild,    what  i  /  / 

Qu.  2d.  A  Merchant  at  London  received  icx)  /.  Sterling,  for  the  value-  paid  by  his  Cor^^ 
refpondent  at  Pms  at  the  rate  of  tj  x  :  6  </.  Sterl.  fer  Crown  ;  How  many  Crowns  were 
paid  at  Paris  /    Say,  l(:^s:6  d*  give  i Cr.   what  400 /  ? 

(2°)  When  the  Proportion  is  given  between  each  of  the  twcv  Species  in 
queilion,  and  a  third  Species,  the  Solution  is  by  two  Operation3 
of  the  H^e  of  Three. 

Qu.  ^d.  If  I  would  exchange  ^ocDiicats,  worth  fs.  apiece,  for  Dollars  at  4^:8^?. 
'a  piece,  how  many  Dollars  ouglit  I  to  have  ?  Say,  If  1  Ducat  give  7/ .  what  200  ? 
Anfw.    1400  J-    Then,  if  4  j  r  8^.  give  i  Dollar,  how  many  will  1400  s  ? 

Or  thus  :  If^siSd.  give  1  Dol.  how  many  will  7  j  ?  Anfw.  i  J^ ;  fo  that  i  Ducat  is 
worth  1 1- Doll.    Then  lay,  If  i  Due.  give  i{  Dol.  how  many  will  200  give  ? 

Ohprve  :  Had  it  only  been  required  to  find  the  direft  Proportion  betwixt  Crowns  and 
Dollars,  then  fiy.  If  7  j.  give  i  Ehjcat,  how  many  will  4^:8//  ?    Anfiv.  i  of  aDiicat. 

Or  fay,  If  4  /  :  8  </.  give  i  Dol.  how  many  will  75?    Afifw.  i  L  Doll. 

'  '       '  .• 

Qu.  ^th.  Exchange  fr<5ffl  London  to  Amjlerdam  being  at  i  /.  Sterling  for  34  s>  Flem* 
and  from  Amjlerdam  to  Paris  at  5  s,  Flemiih  for  i  Crown,  what  is  the  Exchange  be^ 

tv/ixt  London  2ind  parts y  according  ta  that  Courfc  ?    Anfw. 
Lond.    Amft.      Par.         64  Crowns  for  i /.  Sterling,  or  2i?i:i.V^*  f^Jf   i  Crown-; 

-  found  thus  :    If  5  i.  give  i  Cr.  what  54  J  ?    It  is  6^  Cro. 

I/,  -p^  34J.  whichis  theValuefofi/.  becaQfe  ^5:4^.  is  equal  to  i/..   Qr 

5  j.=  I  Cr.        %,  If  54  /.  give  I  i  what  5  j  ?    It  is  2  j  :  ii^  dL 

Ohferve  :  If  tis  demanded  to  find  the  Value  of  500  Cr.  in  Englifli  Money,  according- 
to  that  Courfe  of  Exchange  ;  then,  having  found,  the  Rate  of  Exchange,  fay,  If  i  Cro^ 
give  2  J.  I  It^  ^.  what  5cx>  Crowns  ?    or.  If  t^  Cr.  give  i  /.   what  500  Crowns  ? 

If' a  Sbm  Englifh  (as  100/.)  is  given  to  fi^idits  Vaiaein  Crowns,  'tis  only  ftating  the 
•Terms  6thferw2e,  according  to  the  Xuk  of  Three y  tbusj  If  x/.  giw  t\  Cr,,  how  many 
will  100  r.  give  ? 

(3^)  When  the  Proportion  is  given  betwixt  one  Specie  and  another,  be- 
twixt this,  other  and  a  third,  betwixt  this  third  and  a  fourth,  and 
fo  on  as  far  as  you  pkaie,  to  find  the  Exchange  betwixt  the  firfl 
.and  laft  Species^  the  Solutioi^  is  by  one  fewer  Operations  of  the 
Rule  of  Three  than  there  are  difftrenr  SJjccies,  in  the  manner-  of 
clie  foUowing  Que(Uon» 
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Qu.  ')tb.  Exchange  betwixt  London  and  Amfierdam  being  at  I  iL  Sterling  for  381. 
Flemiih ;  betMrbct  Amftdrdum  aiid  Frankfort  at  6  J.  PJtmifii  &r  6)  Craitsen ;  benvia 
Frankfort  and  /^4r/j  at  56  Cruitzefs  for  i  Cixywn  j  ^hat  is  the  Exchange,  acsorduig  to 
that  Courfe,  betwixt  London  and  Paris  .^    >4»/w.    I  /.  for  714.  Crowns ;  found  thus : 

Set  down  the  Given  Terms  as  in  the  Mar- 
Lond.        Amfl.        Frank/.      Paris  gin,  and  work  fiom  the  left  Hand  to  the 

,    P  right,  thus  I  lay,  \f6s.  give  66  Cm.  what 

It.   -,    50^.  wai36j.^  TheAtifireris4i8Cruit.which 

6  s.    ^66  Cru.  j,  ft^  u„jfcr  /^r^ »*/.    Then  %,  If  54  Cra. 

54Uu.  =  xi^.  give  I  Crown,  what  418  Cru.  ?    ThcAi> 

J    =     38i.  =!  4i8Cru.=7i4-Cr.        T"  *f  7tt  Cr.  which  is  fet  under  P^« 

^  And  thus  the  Exchange  betwixt  Lmdon.  and 

Parti  isfound  to  be  at  i  i.foc  7  J  ^  Ccowns. 

Obferve,  (i^)  However  many  different  Places  are  pcopos'd,  you  go  thro'  them  all  in 
the  fame  mannec 

(2^)  The  undermoft  Line  Ihews  not  only  the  Exchange  betwixt  the  firft  and  kfi 
Places,  but  alfo  betwixt  any  two  of  them ;  the  Quantities  in  that  Line  b«ng  cvkiendy  aU 
equal  in  Value,  from  the  Nature  of  the  Operation. 

(3^)  If  there  are  two  different  given  Species  for  one  Place,  they  mull  be  ledaccd  to 
one  Species  :  So,  if  the  Exchanj>e  betwixt  Amfterdam  and  Frmkfort  were  exprcfs  d  by 
36  Stivers  for  66  Cruitzen,  then  wc  muft  firft  reduce  the  58  J.  to  Stivers,  or  die  56  Sti- 
veri  to  ShUlines,  by  die  known  relation  of  Sti\>eTs  and  Sbillings  x  whioh  is  6Suvcri  to 
I  Shilling.  Or,  if  it  were  36  Stivers  for  1  Florin,  then  you  muK  aBb  reduce  the  i  Florin 
to  Cruitzers,  or  the  54  Cruitzers  to  Floriq^.  And  if  this  Redudion  cannot  be  dcmc,  i.  f . 
if  the  relation  of  thefe  Species  is  not  known,  theQueftion  cannot  be  Iblv'd. 

(4?)  If  there's  another  Given  Quantity  of  the  firft  and  laft  Place,  to  find  a  Quandtyof 
equal  Value  in  the  other,  it's  a  plain  Application  of  the  Rule  of  Three ^  from  the  RAt  of 
Ejcchange  found  (as  was  obferv'd  upon  the  preceding  Queflion)* 

Some  Contr  anions  of  the  preceding  Rule  expiated. 

(5^)  All  thefe  Operations  of  the  Rule  of  Theee  may  be  reduced  to  one  Divilion,  Hm  \ 
Multiply  the  Conjequents  of  all  the  Proportions  [/•  e.  the  Numbers  upon  the  ri^t  band, 
or  the  firft  Number  under  every  Place!  continually  into  one  another  ;  alio  aU  the  Antect' 
dents  y  except  the  firft,  [i.e.  lit  NunS^ers  upon  the  left  haad,  or  fecond  Nuabor  under 
every  Place]  make  the  firft  Produfi  Z)ft7i^&^.  and  the  fecond  Div^,  and  AtQucteis 
the  Number  fought  of  the  Species  c£  the  laft  riace,  equal  to  the  Numoer  under  die  GA 
Place ;  tbus^  in  the  preceding  Examine,  38  mukiiuy  a  by  66,  produces  2506,  (die  nuffl' 
btt  of  Crowns  being  i,  does  not  multi^y)  then  54  by  6,  produces  324 ;  and  2508  divi^ 
ded  by  324,  produces  744. 

The  Reafon  of  this  will  be  manifeft,  by  confideriiw  faowthe  ieveral  Operations  of  the 
Rule  of  Tnree  are  made  $  for  the  Anfwer  of  the  fiift  Operation  is  the  Qooce  of  380UI- 

dply'd  by  66^  and  the  Produft  divided  by  6;  which  wc  may  exprels  thu8>  2— i—jthen 

for  the  fecond  Operation  it  is,  the  laft  Anfwer  muldply'd  by  i,  ( which  is  flill  odI; 

2i^\andtheProduadindedby54,  which  is  ^|^-^;  according  to  die  Di- 
o       #"  *  o  /x  54 

aion  now  given :   And  how  many  Places  foever  diere  be,  ue  RjealoQ  is  manife^ 

ne.  ^  . 

A^\ 


■  .jlgtiiii.iVS  UaI^Kif»fXpAf^dt»d<aa}  be  divided I9 an  Nambci  mtbcwt-  aR&^ 
rwiiHWi  theaifc^ct^e  thetwof^otcf,  and  dfviacthconeoithemby  the  other,  tticve 
will  aiite  the  dune  Quote  as  from  the  given  Dividend  and  Bivifor :  therefore  this 
rW^ribtuy  b«  viid)  contrj^efi,  fi&uf ;  !f  3°^^  ttic  Mufnbeis  that  pioauce  the  Dlvifoc 
>«lKra  ve  any  the  fiun»  with  wh<t  aie  among  chc^  that  produce  the  Dividend,  cail 
iliiem.outQf  boib  {*•$•  do  notule  then^in  theMuIjipUcatioi]);  And  if  any  two  Num* 
-Itcflt^Me  belonging. t9  thf  Di«i^,  and  cue  to  the  pivtdefid,  can  each  be  divided  with- 
-CiJCKAeiivupdRribytitriy  ^  fftiRc.  Numbei  ;  Take  thde  Q^iues  in  place  of  thote  given 
Nun[ibers',  in  fonning  your  THvijor  arid  DiviJend.  St,  lugpole  in  the  precediiffi  Exam- 
j4e  itwcre  i  /.  &iglilh  for  545.  Fleoiifh,  then  thb  54'  Avhich  belcnes  to  the  Numbeis 
•Mat  f^n>  dteOividcnd)  and  the  54  Cruttzen  ^whioi  b^ong  to  the  Numbcn  that  form 
.  ihe  £Kvi£u )  ifMy  both  be  caJl  out.  And,  as  tbe-  Qiitmia  u  already  put,  tho'  there  tt 
.no  Mitn^jec  th«  faqie.  yet  for  6  apd  66  wc  may  take  z  and  11,  the  (^otes  of  6  and  66 
4initd:tf  6i-4io  foE'^S.and  ^  w&maT  tale  i^,  27,  ^  hal&  ot*  the  Ebimec,  and  lb 
the  Di^dind  is  i^  X  n  r^  2Cf],   tbVPiviTor  k  27^  and  the  Qiute  7^^. 

- ;  411*'  Q.W  EST  i,QN.5  vs^re'iH  Gaia  i«(/iofs,  and  the  o4Ilowances 

l3ji.  ftj^-  'j|of  ZWtf<J«dr?TOiiponBbf  j<*/|*r(fow  5coGtulderiat2arf.^ff.^G 
;6>t  whic6  J5  redraws  upon  Air  21  <<.  ^n-  Gimder,  «l(h  Provifion  at  if  «•  Cwr*.  and 
1 16  Gujl^ei^  of  Brokerage  ;  Hdw  much  v/jl}  ^'pay  ?  and,  Whether  has  he  gain'dor  loft? 
■.*to/.  He-pays  iioiSH-  awJloftaiSJ:  found  thus;  As  i  Gutl.  to  22d.  fois^ooGuiL 
to  iiooorf.receiv'dby/*  for  the  Draught;  then,  as  100  to{.,  fo  500  to  2i,  liie  Provi- 
fios  dup  tfi^JB.i  which,  widj  ioGuild.^oken^e,  added  to  500,  makes  ^I2V ,  for  which 
he4a»^W.^J  theirfbre  6y,  Asi  Giji]d.to  ii'idL  fo5i2rto  JioiSIAwhidi^fiayi 
for,ljw.r^raugnt;.fothathelofc»  j8^  A 

C\-,P^^H  CifJji,"-^?>3dWJ^«^^oB,  with  Orden  to  remit  theVdoe  back  again; 
. tt(BnT^^viiigfcuiidfh^l£-receh'es  by  ^'s  Remittance,  from  that  fubtraa  B'^  Provifion 
^apd  fiiokeiage,  ihf  Reeiaindcr  is  what  he  remits  to  A ;  whofc  Valoe  being  found,  the 
^comparifoti  of  that  and  what  A  paid  fcr  ±e  Remittance  fliews  what  he  gains  «  XoQsi. 

Pterwaids  remits  the  Value  to  him,  he  mufi  odd  tlie 
;h  ^  ^d,  and  rem^  tjje  Total, 
jori  him,  and  aferwards  remts  hun  tbeViliiey  ^then 
j  iri^e^^froBf  Tidiathereceiv'd  brtheDnwght,  And 

i:»ws  or  reniits,  yon  rnnft  aUo  cot^det  what  Brokeraee 
:  owhlsGainocLofi.  ■ 

«,E^5^lr^•  ;^/?^fiI»WgeftOT  If^idi^hAmJhriamhat^tz  TCrtf.fia-f  QiHder,  and 

;  i^l-fmm  iA=M  i^ti,f'Cfe?ih  dfo  (kto  .^rf«^  ttf -J^/iVitjiVJ^^reB  for 

J  Crown ;  wficther  ts  tt  mdli  prdohbte'  Uiat  toifdott  remit  dir^ftly  tq  ttffi^  «r^l^  \m 

■^'if'^J^z^'Jt  ■f^^^'"-^(^'^^'^  be'iiadrtedfiomthmto'AVM?-  Fnid 

^imm'mwr^mtisnK^  with  /^*<fT*»  Cqo»Sw  of 

^ndeValuairf i(igive»thSfcnfirti7'=-'-^'-'----'J  -■'--.  ,'^.. a-.    . :  ^^  . 
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Ohftrve,  i,what  Allowanoe  isdixfo  thcFaAor  at^^/r^imisiobedtdiKcdftaiLcbe 
Moiicy  he  receives  ( i.  e.  the  value  of  i  /.  Sterling  ia  UuUders)  and  th<  Remaada  u 
what  he  remits  to  Pnrit,  ■  .      •       -     ■ 

2.  ]f  there  are  more  than  9  Places  in  the  Queflton,  and  the  Eicbange  is  airenbanin 
one  and  another  iu  a  feries,  23  in  (lueji.  ^th,  and  alio  betwixt  thefiifl  andlafi;  tcfind 
which  is  moil  profitable,  to  Remit  from^efiril  to  the  lall  Phce  dire^y,  or  thio'  d 
ihefe  Places;  then  you  muA  find  what  is  the  Exdungic  becwixl  die  firft  and  Liimux  »■ 
cording  to  the  Courfes  thio*  ati  thc^  other  Places,  and  cOnifaie  tlat  with  the  ^tch  £l> 
change  betwixt  the  firft  and  lall  Place.  '      ■    ^ 

(iu.  Stb.  A  McKhunt it  tot Joa  Kiaits  to  JmfieT Jam,  at  the  ntcc$l%d.  Steiliiig 
^crGu^der:  His  Correfpondent  at  ^m/f i-rrfiim  remiisthe  fame  by  Order  to  £«»*«», 
at  3  Guilders  fi^r  Ctown,  rcbatiiig  -J  fer  Cent,  for  his  Provilion :  How  much  will  be 
receiv'd  at  Bourdeaux  for  10/.  Stcrhiig  paid  at  Lokion  .*  Anjm.  44^  GrOwi»,f/«i, 
As  i8rf.  to  1  Guilder,  fois  10/.  to  i^g-f  Guilders:  Then,  as  icx3  to  ^,  to  fa  1^3,'  tij, 
the  Prfivtflon  ;  which  taken  from  133-^,  there  remain  1^23.  Then,  as  9  Guild.  n> 
J  Crown  fois  132I  to  44  '.    . 

Jgaia  ;  Suppofc  'twere  aflc'd  what  wai  psid  at  tandon  when^oo  Oo»(m  were  re- 
ceivdat  Parti.'  To  find  this  6y,.As  iCto.  to  ^GuUd.  foijooCro.to  i^ooGuili 
which  were  paid  at  Amfterdam  for  the  Remittance  to  Paris :  Tlien,  i  from  ico,  there 
lemain  ppi  ;  and  as  pjj^  to  lOO,  fo  is  1 500  to  1 50^1^**  -  ^^^  ^Guilders  j«»iv",d  at  Aa- 
fterdamh^  the  Remittance  from  £(»»-/o«-  .Lafllj'A*  IGuild^  to  iQd:ia~''ii\'p'^-,U 
■GuiliLto  ijQpO-^d.^t'SAt^^onfj  (oM^  Or  thus,  As  ??^to  ipO^'foiSJdoCt.ta 
501  *ii-  the  Crowns  that  would  have  been  got  at  Pat-is  had  no  ADowaiice  been  ficducel 
atAmfierdam:  Therefore  fay,  As  i  Cro.  to  2  Guild.  fo^ol^H  ^  ^'y^'ijijsi  dw-GuJi 
leceiv  d  at  Amfierdam.    By  which  find  the  E^iglilh  Money ;  as  before. 

Again,  let  us  fiippofc  the  French  and  Englim  Money  arc  both  knowi),  as.'  4J0C10. 
and  100  /,  SterlLig ;  To  find  the  ADowaacc  per  Cent,  fthidi  the  Faftor  at  Amperim  bai; 
fit  As  i8i/.  to  1  Guild,  fo  100/.  to  J3?3t  Guild,  "w^ich  was  recri»'d  ar  AmfiefiM. 
Twn  find  how  many  Crowiis  this  is  worth  at  5  Guild.  |>iT-Crowr\ j  if  th*  nbiijbet  *ae 
4.30  then  there  was  no  Allowance  deduced  K  Amft^aam,  hm  it  iss^*  i  fitnHwho 
take' 430,  the  Remaiader  is  14J  :  Thenfey,  A8444I  to  14^  fq  isiootothcADowsiw 
.  upon  100*  ' '  '  '     i 

Q«.  9tb.  "SuCTofc  4/V,as  in  the  preceding  Qiiefiion,  With  this  ^S^It 

diaM  at  Laadpm  draws  ijpoii  Squr/eaux  forjhe  Ctowijs  reCeiv'd  rl  Ow^ 

paying  5 1.  Brokerage ;  allowing  alfo  %  far  Cent,  to  his  Correlpo  !_  VVW 

does  he  gam  or  iofe  by  flus  NcKOtiaiion  ?     Aitfv}.   He  lofes  1  /  ifiicn  « 

difcovcr'd  ±us ;  As  100  to  ^,  fois  jj4,%  Crowns  (  receiy"d  at  /  Ok  Al- 

lowanccjwhich  taken  from  44,V,  leaves  44,JU;  which  being  diaWn  lipbli  Parti^ 


■  50<tj>fr-C»wn,  there u  recejy'dtt  Ia«'o?(  f^K^fJi^P'i^-f;"^.2fr,fi-2hil^ 

■  ^    ■^-         ?*   -    -  ■:iheRemaindeiisS7h8,ii7??rf:Ti'hldidK!Merf>« 

therefore  he  las  Joft  I /:  p  i  J :  4^X 


which kibtraa  ibf  Brolcerage  \t.  itje tt.fiiiainaei  is  (^ *  ■  \°fji'j'*:  ^Tnixnun-^a^- 
at  ImdtnloA  elear  for  the  Drajiglit  upp^  ^arft':-.,  B»(t  he  f  ddl6i,'fef^tlje^ROTiltl^ 
therefore  he  hasJoftl/.-Di  J  :4^X      ,     .  ,  ,  ;    .       ,  ,-..    '  ,'''-' \  ^^<- '■' ''  ''. 

Ohferve:  IftbeConefrandcnt  at  ^oBw^t-^jeierniu"  Ac.yalue  i(i  to  ftailW  ««J^ 
rf>»,  then, fiomiiw  Sum. rwiY'diqtflwRemkEaav:^0'^4^^ 
vifionaiKl&okaage,  andteinkitMR«niaiidcrta,4^i^^  /,  .■ 


Ghap^p. 


A 
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Qu.  lofb.  A  Rix'doIIar  is  worth  ztAmfterdam  50  Sols,  and  at  Conhgsi&g  90  Gros ; 
the  Exchange  betwixt  Coningsherg  and  Amfierdam  is  at  230  Gros  for  6  t  lorins  (equal  to 
l2p.Spls) ;  •whether  »4t  mort  prohtaWe'that  Amfierdam  remit  to  Covivgsberg  in  Specif 
or  Dy  Exchaitge  ?  Jinfiv^.  *1  is  beft  xo  remit  by  Exdwige :  -Which  is  difcoyci-d 
thus  ;  As  50/.  to  ^0  Gro5,  *fo  X20i.  to  216  Gros,  which  muft  be  remitted  in 
Specie,  (1.  e.  its  Value  in  Rix-dollars)  but  by  the^Exdiange  there  will  be  230  Gros  for 
^20  i.  therefore 'tis  beft  to  remit  by  Ex^yanger  the  Dxftrence' is,  14  Gros  will  be  had 
more  for  every  6  Fbrijis*  .         _^ 

^  Oijftrrpe  :   If  Amftkrdam  is  to  remit  to,C^ngif;frg  iooo  Gios,  and  you  would  feiow 
whic&co  chufis,  and  what  is  lay'd  upoa  the  whole  |  fiuid  .what  ibcx)  Gros  will  cbft^  both  in 
Specie  and  by  Exchange^  and  thm  you'll  have  die  Diflferencp,^  tbus;.  As  90  Gros  to  ^a^.* 
fo  ioob  to  555  jy  which  mufl  be  raid  in  Specie,-  Again;  As  230  Gros  to  I20x.  fy 
IOOO  Gros  to  5  21^  i.  to  I)e  paid  by  Exchange. 

Qm*  iitb.  j^«v/i^^fcn draws  bpon,J?MM«  400  Crowns  at  8^ i/.  Fkmilh  ^^  Crown, 
£»  lirbieh  Xmikn  redcaws  upon  Amfierdam  at  po  di  with  ^  fer  Cin$»  fbr  PrdirifioD ;  what 
has  Ag^kerdam  fjmii,  or  loft  ?  Say^ ! As  x  GEOfhi.  to  87  d^  io,  400  jCcowQS  to  ^4800^/. 
receiv  a  by  Draught.  Agaitty  adding  2  for  Provifion  to'  400  Crowns,  iq^  As  i  Crown 
to^Q  d:  f6  402  ta  1J6180  paid  fiur  the  Redni^ht ;  fo  that  An^fierdam  \m  loft  i^^T. 

'  (In.  1 2f£F.'  Amfierdam  remits  to  P/irr^  1000  Crowns  aft  78  if.  /ksrr  Crown,  paying  for 
Brt>kcKage  <40i/.  which  /'^r/j  remits  to  Amftetdam  at  80  ^.  fer  Crown,  rebating 
4#^Ojf/.:n)r;Ptovifion;  Whatisgain'd.or  loft?  Say^  Asi  Ccowh  toySa.  fo  xooo' 
Crowna  to  78000 ;  to  which  add  «^o,  the  Sum  id  7854a  /•  given  out,  Again,  (ubtra6); 
5^  the  &0V&0C1,  fiEom  1000  Crowns,;  reoaias  .^5 ;  tbei),A$  X:CrowntQ8o^.  To  995  tO 
7^500  d.  receiv'd :  So  there  is  gain'd  1060  d.     : 

.  Qm.  ijtb.  ir  Exdfimge  JxtvvbX.lUidkhirgmSLL^adon  is  at  35  Sols  for  x  L  Sterling, 
alfo  betwixt  MidUhtrg  and  Amfierdam  at  i  ^  ^ir  Cemf*  of  Advance  for  Midlehurg^  Q.  e. 
xoxi  Si  7!t  Amfierdam^  woicb  iQOi*9iMidlfhirgJ  at.  what  Rate  ought  Amfierdam  to 
remit!  tc^^n/iPT,  to  jreeeiiir^  the  Return  by<  Midlehwg  at  the  'fbre&id  Courle,  aind  gain 
K-fetCeni.  /.  Fiiid.the  Coufie  .betwixt  Lmdo^^rAAwfi^am^  after  the  manner  of 
Quefiidi)  4f^,  it  ia*i7.  for  V^y^*  Then,  to  remit  to  London  with  5^^  Cen^.  Giin;  h^ 
muft  pay  lefi  than  the  Couiie,  in  proportion  as  100  is  lefs  than  105 ;  diere&re  £iy.  As  X05 
CO  loo,  fo'35  j;  to  33^s ,  wbidi  is  the  Rate  at  which  he  ought  to  remit  to  London.  Or. 
yoix^iuy^:th|8  Anfiver  at  onoe,  ibns ; . As  105  to  XOI79  &  ^5  to  33-14- ;  the  Realbn 
ofwhidi  you 0  find  eafily,byCQmpating the  two ibnnerPEQporQon^  %A\.  xoo:  ipi-^:; 
:  :  35  :  3^14  and  105  :  100  : :  354V  •  33-|V  5  where  the  two  middle  Terms  of  tlife  one 
boon!  die  two  £itre]taes'of  the  oroer,  ana  the  Prbdu^a  of  Extremes  and  Means  heing 
equal  fixnn  the  nature  of  Proportion,  it  ftllows  that  xot^  X  35  ss  joy  X  js^r  I 
and  hence  ley  :  ioi^  :  :  35  :  334Tt  .      .      .      .\ 
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5*®  of  Exchtn^,  BdokVl. 

* 

^m.    (i.ussTions  reJah't^  to  what  is  cttWi  The  Arbitratioa 

^  Exchange.  . 

jp*  f.     '-^  -a     »    *  J.  Crown,  and  to  remit  the  £une  to  Hnmhurg  at  54  Sols  for 

X^b.    Amfi,    Httta.  iDSBai^.JBcamidfc  draw,  tJifttt^ Sdb fori ^ 

Cr.         Sob.  ^^  ^^  ^^  '^*"*  ^  f^^  Wi  Order  ?    AmJw.  At  J3  ♦!.  ScJs 

J  5=  ^7f       'Dolt  *or  1  Dclht :   Foend  fA«x  5  A*  ^;|  td  P7,  fo  34  10  1^^^ 

34    s=    I  foV  the  tSbnrfe^mgWo!*  the  Order  ih  the  Dnu^ 

^^  ■  it  ought  to  be  foproportionany  in  the  Remittance  to  Hmhcrg. 

Or,  the  Reafon  of  the  Work  may  be  conceiv  d  ibus  j  If  ta 

*^*7  theCoirfe4iftekdafj>7fi*hicbw»  his  Order,  then  for  z  Dollar  be  le^ics 

^  k5fi^    A  cf  Amjhf^ikm otdm 3  (f  Parh  to  itiM  upon  hfan  at^fDkn.fff 

I  Crown,  and  to  remit  the  (ame  to  London  at  49^^.  Stding 
jirt/.  far.  Dmd.  fbiri'Ciown.  £can  lesrit  at  5cfi-4f.  for  zGroMrn  ;  flow  ought 
Den.        Cr         d        1»  to  draw  tolbOow  fait  Order?    Amfw.   Atioi  Den.  fcr 

PgX  B5     i'-«    i^l  iCrO.     F0lllld*^WJ'AS;4^it0  50.f,  foW    5^tO  JLOI/fet 

-      *  "^   1*^*      A  receiving  more  dian  faUOrdidr  at  LmJoMj  for  i  Oowfiid 

^  sfts    ^of     at/^mi^heojQS^topiypioporddadlrmoni^ 

AmfterJam,  Sot  \  Grovii  leceiY'd  at .  Fans. 


=  57 


<2tf.  t6fb.    A  oF  Coftfn^ler^  diclel^  B  t£Akfi^im  to  remit  to  i?MM  at  10^  (f» 

Hetnim  Sst  i06wn,aAdto  ditwriie  lame  on  liim  ata85ijioli 
Co?i.      'Amft.       R^.    ibr  i  /.  Flemi!lh|    jB  cannot  draw  under  ^joiirob ;  How  oogto 
^  />      ,  he  to  rcnilt  Ito  fbBow  his  Ordto?    jtf^/te.  At  loi^  d.  Ffcm. 

rhA      »Aa '    ~    ,       f^  ^  Cfo.    Fbiifldtbus  t  As  a^  to  225, 'fo  is  103:^  to  loi^ 
^/T—    t  f   ~  Fdrtf^piy8atCo»lajp#i?r^  more  Gros  than  Order  (fcr  1/. 

82;  ^    I  #>  recciVd  at  AmfifHfian)  he  oi]^  to  receive  prapdrtioiia^  mow 

!23t>  :£t    i^.  Ctot^s ^thanOrifer»:i?(HiCm (for  lo^fk/. paid  ^il^^ 

61V  wfakh  is  tbe-fiotiethiiig,  te  oih^  to  pi^  ^xftOIlOKtiom% 
left  thin  Order  M  Ainjtefi^  for  i  Crown  «ceiTUacJ?o«&, 

'^M.  lyfh.    AofCbkjpt 6iim  JB t£Anifierdm (0  tennt to Dtmtxk*  tt  it  FkaBft 

<bc:290  Gras,  aMio  draw  opon  Ua  at  $00  fiu  10^  to  be 

Col.      Amft.      DanU       paid  at  Cologn ;  btit  £  remits  af  x  /.;fer  929  Giop,  anddmrn 

,  at  ioofbrt02$Hasi£Bfe]rowdhis'Order?  and,  if  not,  is  ^ 

1 1.   =  a30gr.     QgiQgj  Qj  Lof^p    ^^r^^   He  has  not  foBowM  his  Ordtf, 

1Q2t=ioo  and  ^  isLofer :  Which  is  difcover'd f A«i  5  As  23oGro6to 

I  Ass  228  gr.    228,  fo  is  i02ito  loi^^,  whidi  b  the  Number  to  be 
Jiii  ^    xoo  P^d  lat  gUp^  for  100  received  at  Amfierdam^  to  make  the 

Cqprie  and  Order  proportional  inDrawing  and  Remitting  ^  for  if  ^  fleca  1«  dnn  Order 
at  Dofiixicky  he  oi^t  lo pay  left  dian  Oraer  nCohgn^  bat  bydie  Courfe  be psgfs  io2| 
Ihere&ie  is  a  Loler. 


Ciip:  9i  '*'  Of '  Exfhat^e.  5  Z 1 

(in.  iStb.    A  dEAmfterdam  orders  B  oiLi^ndon  to  draw  opoft  i?i9M«  at  %^i.  Sterling 

I      '      Jfpr,  Ctourn,  and  to  remit  the  iame  to  him  at  i  ^  Sterling  for 

Amjt.       l$nd.    Rw. '    'J5  Sds.    ^  B  draws  at  ^^Ad.  per  Cro^^,  and  remits  the 

'  •>  rv     iam^  at  I A  for  jfrj- Sols :  Has  he  foUow'd  the  Order  ?  and, 

g^^.-issxUr.    iFnot,  isi<Gakier<»Lbfer?    j|«/ta   Hehasnoc  fcllow'd 

35Sols«a  iJ.  hisOi^,  and^  is  Gahier:  Which  is  difoover'd  tbus\  M 

:     34-e-A=si(i4?.    36f  Sobtoi}^,  fcis3$</.tD35^,  die  Nomberto  be  re- 

36i:    dx    .1).  ^  .   ceiv*d  at  X^/f db*  fcr  i  Crown  paid  at  Rou0fy  to  make  the 

Cburft  aiid  Order  proportional  in  D^wingmd  Remitting ; 
for/t*s  fla^,  that  VfA  ^receives  at  Amfierdam  moic  SoiSs^tbaa  Order,  for  i  /•  paid  at 
Uondon^  he  ought  tb  pay  at  Rvuan  proportionally  more  Crowns  than  Order  (  for  35  d. 
teceiv'd  jit  London),  or, which  is  the  fime  thing,  to  receive  propoitionaDy  I^fi  2tljon^ 
dtHy  for  I'Crowil  paid  at  RfMan  \  but  he  receives  \^\d.  and  therefore  b  Gainer. 

'  Qfu  \^h.    A  dlRmm  orders  JB  tXAmfterdam  to  draw  upon  him  at  97  Den.  for 

^'  1  Crown,  or  upon  lAndon  at35Skilings  fos  i/.Sterling» 

JJjMi.  Amft.'    L&fut.    AoGprdingtods€Coiarfe,£candniwuponi?oiirmat98Den» 

P     .— o-y V  for iCrown;  anduponZ>^o«at35j.Sk.  for  1/.  Stfrlbg: 

""  «  sk   =rx  7     ^^^^^  of  them  oii^ht  B  to  chufe  to  fenrc  hb  Employer  beft  ? 

^^  Anfto,   He  ou^t  to  draw  upon  London :  Which  is  thus  dif- 

I  Cro.  =  pS  fif.   ^  covered ;  If  if  is  willing  to  pay  i  Clown  at  Ranan^for  yj  d. 

y^\  Ski  ==  i  /•     reoeiv'd  at  Amjhrdamy  or  to  pay  i  /•  at  London  for  35  Sk. 

received  at  Amfterdam ;  then  'tis  plain,  that  to  follow  his  Or- 
der, if  £  recei^M  98/*  ififiead  of  lyj  (for  i  Crowq)  he  ought  to  receiveproportio- 
ipny  more  than  35  Sk.  (  for  1 /.}  And  that  proportional  Number  is  25I4  $  (for,  As  ^ 
to  p8,  lb  b  3<  to  35I4  )  which  is  left  than  357  received  by  the  Coude^fo  that  the  Courfe 
fifom  Amfiefditm  to  LM^m  exceeds  the  Order  more  in  proportion  than  from  Amfierdam 
to  Rouan  ;  'and  A  wW  have  more  Money  in  proponion lying  2XAmfiefdM0y  for  the  fiune 
Sum  paid  ai  Z^j^f 9  damif  tbeD!iaii^w<(te-iiponi?0fla«. 


€itu  2qt&    A  of  Dantxick  Orders  £  tS  Amfterdam  to  remit  (o  him,  at  x  L  TXtnMb 

fer226  Grot;  or  to  JEGMsteijg  at  33i  Skilings  for  I  Dol- 

ZiiMt.       Am  ft.       Bmu     krj^ttt  die  Courfe  is  ati/.  for2i8Gros  at  Dantxtvk, 

'^  ,  and  3d  SkiUiKS  (or  x  DoQar  at  Danfzicl ;  Which  ought 

aaogr*  *:  11.      _     ,;,  '  ftoc^iilrtt)  ieive  his  Employer  befl?    Afffw.  He  ought 

'    ;   '       9^^:>-/^^^   taMdk  tp^  Bmtml:  Which  is  difcpverd  tbuj;  Since 

21:8^^  -sss  1 7.  •     i<  is  n^iUing  to .  pgy  i  /.  at  Amfterdam  for  22b  Gros  at 

34  9c  s  x  doL      haxtjuck^  01  to  pay  33-^  Sk.  ar  Amfterdam  for  x  Dollar 

at  Hemhurgf}  \  therefore  If  he  can  get  only  2t8  (Sroa  for 
x  7.  he  ought  to  lore  pK^ortionafiy  move  than  i  Dollar  at  ffamburgb  for  34  SidL  ae 
A^ffterdami  or^  wfaidi  is  the  fiime^ii^,  he  ought  to  pay  lefs  than  ^4  Sk.  for  i  Dcdkr  : 
TMrefore  fiy.  As  220  Gros  to  218,  fo  is  33^  9i.  to  33  A?^,  whicn  would  be  paid  ae 

Amfterdam  foi  x  PoQas  at  Eamhirgky  if  the  Courie  and  Order  were  proportional  to  both 
Places  ^  but  by  the  Cbmie  A  mutl  pay  34  Sk.  'Which  is  more  tkm  ik  wouUtpay  in  pro- 
portioiiof  the  Order  and  Courfe  to  tiatnzick}  -rborefoe  ttf a  beft  that  JB  remit  to 


Obfcrva^ 
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Dbrervatloa  relailag  to  theJa/i  TQueftions.  ' 

T 

There's  one  General  Method  may  be  talen  with"  all  thefe  QuelHonSj  wUch  is  this  ; 
KcOuce  all  the  Given  Proportiais  to  fuch  Nqcnt^cK,  as  that  tiofe  under  Aejmddfe  Place 
be  the  fame  in  all  (as 'tisin  Queft.  i^tb);  aiyi  you  may  alfo  chnfe  that  NunbeMvhx 
y-ju  ploife ;  and  then,  from. the  NumbcK  under  the  firft  and  laft  Place-,  yoo  toD  eaiilf  ftid 
tht  A  nfwer.  TAmj,  in  Qweji.  j^tb  fiy,  As  pyi  is  to  i,  fo  is  54  to  J4I.  •  iSo  t«t  die 
Exchange  Ut\^M  Corbel ii^Am/l^nimhM^ced  to 34 Sds  for -i^*  (downs..  ,  Agjun 
jr,    ,  .a       «■     .      6y,  As  j»7  to  J ,  ib  is  54to  i^ ;  the  Qoefiipn  will  fland  as  in 

icocb.        Amft.      fiamh.     theMargm.    Th«aiay,Asiy.j*_  to^,  fo  lDoLta2^ 

156^   ''  Dollars:  So  die  Remkt^ice  to' fl^JOT^Kr^iSr  ought iQbe'a^ 

5^1"  ^'"*  —  ?4*'  54  Sols  tor  l^^  Dollars ;  which  is  the  fame  Pro'pdmoim 

"      ■— r—.  Found  the  other  Way,  ouly  ifi  di%ent  Numbers.    The 

34   =»   I  Doi.  Reafon  rf  the  Wodc  WtJi  bp  in  feme  Cafes  deaiet  "fcy  dm 

ii  =  j4  Medidd;  bat  the  Work  iifwa  more  t^dipus.  ■ 

§  IV.    Co7itMntng  a  few  Queftions  ^another  hhd^ihan  any  of 
the  precedii/gy  for  a  farther  Exercife  uPon  this  SuhjeB. 

Qu.  7jfi,  A  Merchant  would  exchange  20a /.  Sterling  for  Dollars  or  Crowns:  He 
is  ofier'd  UoOars  at  4  / :  6  ^.  which  are  worth  but  4  j  :  3  d.  or  CroMms  at  ^  /.  woitbimc 
4/  :  8^«  Which  of  chem  Ihdllhe  take  toiole  ieafl  ?  and.  How  many  will  he  receive? 
Find  how  maiiy  Dollars  at  4  i  :  6  </.  and  Crowns  ac  5  ^.  he  wobld  get- for  2C0  il  then 
find  che  Value  of  that  naihber  of  DoHars  at  4.^ :  3  if* .  and  that  ntonb^r  of  Crowns  ac 
4  J :  8^.  the  Comparifon  of  thefe  Vikiea  wiU  ifaew  which.  i8;Qfgi«ate^  Value  j  and  cbe 
Value  of  chat  which  is  the  greateft^  compared  with  200  /,  fhews  what  he  lo/es. 

(iu.  22d.  KVlttzhznt  9X  Amjierdam  dtew  HiH  npod  tonion  For  ijoo?.  Sterfini^ 
feceiviug  the  Value  in  Crowns  at  4i  :  6  </«  and  DoUarf  at!  4  s.\vcA  got  aii  egual  num. 
ber  of  each;  What  is  thac  number  ?•  Add  4^:6^.to<^;f.  andfay,  if  the  SumSi.'^^/ 
1>uy.t  of  eadi  Species,  how  many  times  i  of  tfuii  Spedes  wiJl.^po  /•  buy  ?  The  Ax-. 
fmer  is,  jo^^^^^i^or^  dividing  3C0/.  by  8  x  :  6ir;  the  whole  is  705^  and  90  remains) 

&  he  received  705  Dollars,  and  as  many  Cirowns,  with  ^^  parts  of  i  of  eaich."^  hsA 
becauie  there  is  a  Remainder  iq  the  Division,  therefore  this  ihewsdiatthe  Exchange  can- 
oot  be  made  ej^iftly,  by  a  certain  numbet  of  Crowns  ahd  Dollars ;  fo  that  po^«  k- 
maining,.  the  300/.  ispo^.  better  than  the  Sum  of  705  Dollars,  and  70$  Gronns: 
Whecaore.he  who  receives  only  705  Dollars  and  y(^  Ctowns,  muft  gire  po^.  iefsdiafl 

Again  ;  If  i!he  Proportion  of  the  nnmber  of  Crowns  vtpA  DdHars  is^  firppos'd  tx^  be 
any' other  than  Eqtiality  (for  esample^  2  Dollars  for  oi^f  ry  3  Crowns)  then  add  the  Value 
of  2  Dollars  and  3  Crowns,  and  divide  by  that  Sum':  The  Quote  Ihews  h^w  many  times 
2  Dollars  and  3  Crowns  are  to  be  receiv'd  ;  and  if  there  is  a  Remainder,  *6&  to  oecoo- 
lider'd  as  fo  many  Units  of  the  Denominator  of  die  Diviibr ;  and  fo  much  the  Dividend 
h  of  mote  Value  than  the  number  of  Crowns  and  Dollars  found. 

If 


Ghat)  p.  Of  Exchange,  585 

lFiheieftreANrQChmt)vo  diSercot  Species,  as,  TrotDv/,  Dcllarsy  Ducats,  PiftohSy 
the  o^^Dner  of  working  is  the  (ame  ;  for,  if  an.  equal, number  of  each  b-fuppos'd,  then 
add  the  valpe  of  an  Unit  of  eacK,  and  by  that 'Sum  dtvide  :  If  their  numbers  are  not 
equi},'th^ndcher  (1^)  the  correfpbndetit  Nuoibcrs  of  each  that  ate  equal  Numbers  of 
Times  taken  is  given, .  as,  for  every  a  I>oHars  3  Ducats,  5  Crowns,  and  x  Piftok :  And 
here  we  add  the  valueof  2  Dollars,  3  Ducat^  5  Crowns,  and  i  Piflole,  and  by  that  Sum 
^AmieC ;  (2^)  If  the  Proportion  of  che  Numbers  are  given,  but  not  in  one  Series,,  as, 
fuppofe  for  2  Dollars  %  Ducats,  for  3  Ducats  4 Crowns^  and  for  7  Growns  .xPtflole.f 

^then  we  tnoitredfic^  thefe  Piopdmosis  to  oAe  Series  of  correfpondent  Numbers  of  each,. 

,ibu^%  iCeep  the  &ft.t\vo  Numbe^.  tr7{.  3  Dollars  aDuckts,  then  find  how  many  Crowns 
£)r  2  Ducajs  ('at  2  Ducats  for  4  Crowns)  and  hoW  matiy  Piiloks  for  that  number  cF 
Crowns  hfi  fibuful  (at  the  rate  01 1  PiAole  to  7  Crowns)  then  proceed  as  before,  by  ad- 

^  ding  the  Values,  of  thefe  correfpondent  Numbc^  of  the  different  Species;  and,  to- go 

'  tl^ro*  the  redualon  of  the  Proportionis  more  ordeily,  iet  the  Species  and  th^ir  proporlicK 

'  nal  Nombecs  down  IS  ha^ ; 

DoH  :  Due  :  Crowns  :  PiAoIes*. 

3     -     2 

3     •      4  ' 

7       •'      I. 

:  QtL  7Hd,    If  ;I  receive  xx  Crowns  and  7  Dollar  for  4. 7  :  10  s  :  10 d.  or  4  Crowns. 
.  and  3 DoUass  for  i  /. :  X5  s.  the  Value  of  t  Crown  and  x  Dollar  being  the &me  in  both,, 

Whajt  is  that  Value  ?  .       '  ... 

This  (^uefiion  may  be  foIVd  tWo  Ways  5  (1^  Redocfe  the  Money  all  to  Pence  ;  then,, 

go  make  the  iame  munben  of  Dollar^  in  both  Cafes,  multiply  the  ippo  d.  and  its  equiva- 

1  .  .     •  .i  r     ,  lent  number  of  Crowns  and  DoHars  by  3, 

"-Cr;    DoL     alio  dic^  420  4^  ^dks  equivalent  nmober  of 
47 :  xo  i  :  lod.  or  i09od.  1=:  11  +  7        Crowns  and  Dollars  by  7,^  the  Produfis  muft 
I:/M5tf4  OX'  4icy/.  3c.,4.rt  i.       fl^l  ^ot  equal  value:    And  if  the  one 

^  -  .-^.vm^-i^^  .  •  ';  .     ^^  0^ PrWadS'be  taken  &01A  the  other, 

In^^Zllltll        it*s  Tnari&ft  diat  the^Remaindcrs  wiU.aifabe 


"•» 


■•  « 


, equal ;  and,  becaufe  the  Dollars  are  equal  in 

330^  =.5  Cro.  both,  therefore  there  aie  none  in  the  Re- 

.     -.,    ...  :)    .      %  ,'   V   -     •'^''  J  'matnders;   and  lb   we  have  found  that 

^  '  '"'*''"  •jCroirtiS'rtre  equal  to  33orf.  qoifequeritly 

iCrOwnis5J:  6d.  Then,tofind  Ae  yiluebf  i^polbi^jiliiltiplyrj  i  :  Jaf^l^  4  the 
Produa  b  22  s.  the  Value  of  4  Crowns  j  which  taken  fcbm  35^^.  the' Vafu$  Qf  4£rQiWni 
and  3  DoHars,  there  remains  X3  s.  the  Value  of  3  Dollars  j  wherefine  41  lAd.  is  the 
Value  of  I  Dollar.  ;      :^    :  7 :  .  •,  ^ 

(2^)  We  may  alfo  folve  k  fius;  fiy,  If  lopo  d.  bof  18  Keces  (w^,  ri  Crowns  and 
7Dollars)  how  many  will  420^.  buy?  The  Anfwer  is,  6— :  Then  I  divide  thb  Num- 
berinto  Crowns  and  Dollars,  in  the  fime  proportion  as  xSis  to  xi  Crowns  and  7  Dol* 
hn^lbus;  As  18  to  XX  Gowns,  fo  6^  to  4^?^  Crowns:  And  this  takenfiom  6521 
there  remaw  2  j^-DcJbn.    And,  becaufe  the  lame  420^^  buy  4  Crowns  and  3  Dollais^ 

ihereforc 


^lop^    »    109  7        •   '        -     ate  of  «jual  Value  with  4  Crown^  and 

Remunden  xm.  iUQ  be  eqisl :  Socajl  one 

4C10WIB  afid  2^  DoHaiv,  the  Reqmnilecs  ace-^  Crowns,  equallo  ^   DoDusi; 

ai^  cooiequently  26  Crowns  eqoal  to  ^^IX^lars.:  Thca  fs^,  'f  33  J)dD9(s  ^le  woit]i 

26  Crowns^  how.  maiqr  Crowm  a^ ',  3  Dollars  woi^  ?    h  is  2-^  ; .  tfidi.'  Coiife^pfendf, 

.4CK0wa3  and  2^Crown8  (which  are  worth  3  Dolais  j   are  worth  429^.  becaujb 

4  Crowris  and  3  Ciolhia  aiee  worth  420  4*    l^h%  ^  ^^  Crowns   are  worth  420  /, 

t  Crowniswordi66^.  or5/:6^.     By  which  find  the  Value  of  .the .  Dq]]!!;^  i^  be- 
fore. 


of  the  ReduAion  of  heights  and  Meafures. 


The 
manner  as  Money  and  Coins.    The  Proportions  being  known  ddi^r-immediajKli 
mediatriy,  fhro'IeiMml  di&reiit  PJicesy  therefoK  X  ihafl  give  only  two  ExamplcsL 

r  ' 

Q».  ift.    If  I  Ela  Qi'Amftfrdam  is  equal  to'  1 1  of  Lonclofi^  how  manr  Ekis  cf  M- 
fterdam  are  in   lOOQ.  Enf^   Cibis  ?    Saj,,)f  i^  ^ive  i,   what  will  1000  ?   It  is 

at  C;  and,  ^  . 

SQtdpwjp  the  Names  and  Ntmyb^i.  _  ,    , 
A  t  £  t  C  i  B      .  md  work  as^  dire£led  in    M.  ^fb^  vriwreby    you  will   fiid^'noc 
.^^.  Qnly  the  Pr(^xdon  of  Jthe^ril  and  kft  {^ac^ 

?  "^  ^  _.   V      ,  '     ces  lo.ope  aootih^r, :  & 'here  3  Z*  at  ,^Ts  equal  to  2  /^  st  jB, 


:    .         ....  :       *         ;   —   "  •-:•    ^  t 

i    If  §/*•  wfiglit  at.  ^^anj  equal  tft  zft'at  ft^nd^/J^atiS  eqa^^2^» 
7  /^  at<7feq«a}  to  8  It  at  i)  ?  What  is  the  Proper t^4ietwixt  ^  zaiD/ 

S^.Anum  rlfi^   Nani#»«    anil  iMiMMFiers  atv>fi.    as  in  tht^U^rtnn* 
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?    I 
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Qf  Intercft  and.  Annuities, 


Dbfin.  X.  YNTEREST  is  the  Piaemium  or  Momj  paid  tot  the  Loan  orU& 

I    of  Moaeyj  and  is  diMagiiiibM  into  two  Klnda^  S^h  and  Cm^^o^. 


2.  5iM!^&  Intenfi  is-tbic  wWcfa  it  paid  for  the  Frimifsk  Qx  Sjum  lent* 
at  a  certaioR^tp  or^lkwaMe.jpt^acjg  bjr  l4tw^  (pr  Agr^cinf^t  of  Parti^)  wl^ereby  ib  much 
as  5  /.  or  (S/.  or  i9y  pther  $mp«  ^  g^  for  ioq/.  lep(  out  for  one  Year;  arui  more  or  left 
ptpponionallv  for  grea^  or  leiTer  .Sums;  and  for  more  or  leG  time.  For  Examfk :  If  it^s 
%1.  tp  100  fpr  one  Year>  it^s  ^  /.  for  half  a  Year^  w3l  iz  /.  for  two  Years.  Alfo  12  /.  for 
one  Tear  of  200  /.  and  6  h  for.  half  a  Year  ^  and  fo  on  for  other  Sums  and  Times. 

3.  €&m^nmd  Interefi  is  thaf  Svhich  is  paid  for  any  principal  Sum>  and  the  fimple  Inrereft 
due  upon  it  fpr  any  time»  ^ccupaulated  into  one  principal  Sum-  Ex0mple:  If  100/.  is 
lent  out  for  one  Year  at  61  and  if  at  the  End  of  that  Year  the  61  due  of  Intereft  be  ad- 
ded «6(SieViriBcipa&  J  and  die  Sum  106 1.  confidePd  as  a  new  Principd  bearmg  Intereft  for 
the  next  Year>  (or  whatever  lefi  time  it  remains  unpaid)  this  is  called  Qmfound  Interefi, 
becaufe  there  is*  Intereft  upon  Intereft  >  which  may  go  on>  bv  adding  this  (econd  Year's 
]|}t«reft  ^  X9£l  to  fhe  Pdnoipal  i96L.%vd  makisig.  me  WhoK 4i  Prindpal  for  tfat  next 
Year. 


6cjfjf>^,iV}^  Qw^  Law  #9vs  oQlf  SM^  ^ntef^i  BuK  i^Onibaing  fton^  ^  TfMSyoi 
of  the  Law9  [which  may  t^  the  encouraging  of.  Tiao^j  by  epiploying  Money  that  w;iy 
rather  than  upon  IntereA]  if  |jilqng-Intefeft  oe  kt  idl juft>  tn/mfvtmdlnttrtft  cannot  be  un« 
reafonable.  tbr  if  I  cap  demaod  iqy  Intereft  wbfll^  '^  is  diie»  X  pay  qike  that  locereft 
Money 9  and  lend  it  6ut  i^ain  upon  Intereft  to  any  other  Perfon;  why  tnen  may  I  not  lend 
it.out  a^  91  ^  Pjui^  wbo  Ims  say  pdndpal  Sum?  And»  in  poii^t  of  Ri^  and  Juftioe^ 
it  is  the  fame  thing  if  I  continue  or  leave  that  Intereft  in  his  Hands :  there  is  the  (ame  Rea* 
fon  that  it  fliould  Dear  Intereft  after  it  becomes  due^  as  that  the  original  Sum  ftiould  do  lb. 

Pah^t  X.    9/ Staple  fotfireft^ 

We  have  aheady  leen  in  the  Rule  of  Five>  how*  from  any  fiippofed  prinqp^I  Sum^ 
^h  the  iiK>poied  intereft  of  it  for  any  fuppofed  time*  we  can  fino  at  that  rate*  or  upon 
that  Suppo&iofl*  the  Intesyft  of  any  other  jvayipal  Sfun  for  aoy  ttmej  or  the  Principal 
corre^nding  to  any  Sum  of  Intereft  and  Time;  or  laftly*  the  Time  in  which  any  Priih> 
cipal  gives  any  Intereft.  . 

We  ftiall  now '  courier  the  Application  of  that  Rule  more  particularly  \  by  limiting  the 
Queftions  to  ih^  moie  ^pinmop  Circuff^htfWe?  of  filfifieft-  Thus :  /(s  the  I^aw^  or  A- 
greement  of  ]Partie^>  6xes  a  certain  Ratio*  or*  as  we  call  ijC*  Rate  of  Intereft*  which  is  fo 
much  on  the  100/.  for  one  Year;  from  this  we  can  eadly-find  the  proportional  Intereft  on 
I  /.  for  one  Year*  being  plainly  the  -m  Part  of  the  Intereft  of  100 /. ;  (b  if  this,  is  $  /.  that 
is  .05/.;  if  this  is  61  that  is  .oiS/.;  and  if  this  is  </.  16/.  or  $.5/.  that  is  .055  /•  Wliere- 

Ff  ff  '  -         fore 
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fore  if  we  underftand  the  Rtte  of  Intereft  to  be  thelntereft  of  i  /.  for  one  Yearj  the  more 
copmon  Quefiions  about  fimple  Intereft  will  relace  to  tbefe  four  things*  viz.  any  princi- 
pal Sum*  its  Interefti  the  Time  in  which  it  gives  that  Intereft*  and  the  Rate  (or  Imereft 
of  I  /.  for  one  Year)  according  to  v^hich  that  Prindpal«  Intereft  and  Time  are  adjufied  to 
one  another. 

From  which  we  have  four  Troblems :  In  the  Rules  whereof*  I  fuppofe  the  Principtl  ind 
Intereft  ezprefled  in  the  Denomination  of  Pounds*  by  reducii^  what  is  Ids  than  i/.  tot 
I>eciinal  of  x./.  and  the  Time  to  be  exprefled  in  Years;  and  dmmai.  Parts  of.one  Year. 

PROBLEM  I.  Having  any  principal  Sum*  and  Time*  with  the  Rate  of  Intereft  gi- 
yen*  to  find  the  Interdl  of  that  oum  for.  that  .l!ime  41id  JLate. 

B«/e.  Multiply  the  Principal*  Rate*  and  Time  continually  into  one  another*  theProdud 
is  the  Intereft  foughc.  ^ 

Okferv9\  IS  we  exprels  the  Principal  by/*  the  Intereft  by.ai*  dbe.Ticae  by  /*  and  the 
Rate  by  r;  then  thift  Rule  is  thus  reprefeotcd*  n^ssptr^ 

Example.  The  Rare  of  hitcrcft  being  .^5  /.  what  is  the  Intcr^  of  85  /.  fbr  4  Yean 
and  3  quarters*  or  475  Years?  Anfwer*  2ot:  3T.  prf.  =^2O.i875/.=s85X4.750<.oj. 

Demonstr.  If  we  ftare  this  Queftion  by  the  Rule  of  Five*  it  ftands  thus:  If  i ilia 
I  y'  gives  .05  A  what  85  /.  in  4.75  y  ^  and  the  two  nrft  Terms  are  the  Divifbrs  in  the  two  fimple 
Proportions  j  but  thefe  being  both  Units*  the  Anfwer  is  the  Produdl  of  the  odxi  three. 
The  Rcifon  is  the.  fame  in  all  Cafes*  by  putting  r*  f,  and  t  in  place  of  thefe  particular 
Numbers.  Or  we  (hall  repeat  the  Reafonin^  thus:  If  i/.  giver*/  willigive  ^r  ia  the 
fiime  time.    Again  -^  ii  p  in  one  Year  g^ve  rp,  m  t  Years  it  muft  give  fxrpog  /rf. 


P  R  o  B.  a.    Having  the  Rate*  Principal  and  Intereft  to  find  the 

lUtli.  Divide  the  Intereft  by  die  Prodnd  of  the  Rate  and.Prindpalj  tbe  QjM  is  the 

Time;  thus,  ^  =  r^- 

P. 
Exan^4   The  Rate  .05  /;  Principal  85  /.   Intereft'  20  /:  3 1^   9  /   or  20:1875  /.  The 

Time  is  4.75  Years*  or  4  Years  and  jj.    Thus  j  4.75  =  |^^^  or  ^2JLZ5. 

Demokstr.  This  Rule  is  deduced  from  the  former j  thus*  Since if=:/r/;dien 
dividing  both  Sides  by  rp»  it  i^  rr  =^^  Ox  it  may  be  deduced  from  the  Rule  of  Five> 
as  the  former.    . 

P  R  o  B.  3.    Having  the  Principal*  Intereft*  and  Time*  to  find  the  Rate. 

2t«/e.    Divide  the  Intereft  by  the  PibduA  lof  Piincijpal  and  Time*  theQuote  is  tbeRate. 

Thus^=r. 
Example.    9^M.i%7%h  t^^JSf-  f=8y'.  then  is  r=. 05/.=  22iMor^' 

Demokstr.    Since  uss/y;*  divide  both  by  //i;  itis  fi^=^r. 

VviO-B.  4.    Having  the  Rare*  Time  and  Intereft;*  to  find  the  Principal. 

'Rule.    Divide  the  Intereft  by  the  Pxodua:  of  Rate  and  Time*  the  Qiiote.  is.  tbe  Pnnd- 

ralj  thus,  ^=r|j. 


'  »        ■  ■  ^^^^^^^va^HBH^HHI^i^l^HHH 
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B:fsm.  »=2o;i875i  *«4-75y'.  '•'=<»5/.i  then  isp^i^l.  ss^^l^or^^^t 
Demonstr.    SinccM^sstrf,  divide  both  by  /r^  the  Quotes  are  /p==^* 

Scholium.  If  the  Intenfft  of  any  Sum  for  any  time  is  added  to  the  Principal  this 
Total  or  Sum  is  called  the  Amount,  {vix.  of  the  Principal  and  its  Intefeft  for  that  time.) 
And  then  from  theft  four  iiAngfi»  vm.  the  Anmtnt,  (which  we  ihall  call  m)  the  Principals 
the  Time  and  Rate>  arife  other  four  ProUems  ^  for  each  of  thcfe  may  be  found  from  the 
Other  three.    Thus : 

•  ♦ 

P  R  o  B.  5*    Having  the  PrindpaL  Time  and  RatCi  to  find  the  Amount. 

Ktf/f.  Find  the  Intereft  by  Prct,  i.  Add  it  to  the  Prindpat,  the  Sum  is  die  Amount. 
Thuss  by  PM.  i.  the  Intereft  isrtp'^  therefore  the  Amount  is  a^=:rff'j^f.  TheRjM- 
Ibn  is  eviclent*  ' 

And  obferve,  Becauie  ftf^=irt%pt  and^=ix^;  thereforcr/^4-^=arr/+ix^=: 
a.  And  fo  the  Rule  may  be  exprefled  thus:  To  the  Produd  of  the  Rate  and  Time  add 
Unity;  and  multiply  the  Sum  by  the  Principd>  the  Produd  ts  the  Amount. 

Exsmfpk.  What  is  the  Anoouot  of  24^  /.  Principal  in  2  Years  and  r»  or  2.;  f»  the 
Rate  of  Inrereft  being  .oy  /.?  Anfwer*  246/.  +  30.75/.  =276/.  15/.  for  the  Inrereft 
is  =  246  X  .05  X  2.5  ==  30.75  /.  Or  thus;  .05  x  2.5  =  .125/.  to  which  add  i^  it  is  i  -f> 
.125/.  which  multiplied  by  24<$>  produces  27tf75*iL 

Prob.  6.    Given  the  PrindpaU  Amount  and  Timcj  to  find  the  Rate. 

EmU.    Take  the  Difference  betwixt  the  Priocipal  and  Amounts  tod  divide  it  by  the 

Produa  of  the  Time  and  Principal,  the  Quote  is  the  ^te.    Thus,  r  =:^^^. 

Exsm.    Suppofe  a^;=i  3.76.7$  /.  i> = 24^,  / = 2.5  y' ;  then  .is  r  =:  .05  /.  =  ^^  'Jt*^^'^' 

2*5  X  240 
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Demonstr.    Since  by  Pfrf.5.  a^trp^p-^  take  ;p  from  both  SWes,  it  is  ^s —^ 


^=^trp'y  then  divide  both  by  tp,  it  is'^rr^=r. 

fp 

Or.  we  may  deduce  it  thus;  #— ^  is  the  Intereft  of  ^  for  the  Time  t,  and  Rate  r; 
them  by  the  Rule  of  Five>  find  what  is.  the  Intereft  of  it  for  one  Year,  when  the  Principal 
P  gives  a-^pint  Years;  the  State  of  which  is  thus,p.t.7^ . .  i .  i.    By  that  Rule  it 

»  ^^'i  for  the  4th  and  5th  Terms  are  Units,  and  the  middle  Term  is  to  be  multiplied 
into  thric  two,  whofe  Produdl  is  nothing  but  a — p. 

Prob.  7.    Giveri  the  Amount,  Principal  ^nd  Rate,  to  find  the  Time. 

R»&.    Take  the  DiflEerence  of  the  Amount  and  Priodpal,  and  divide  it  by  the  Pxodud  of 

the  Priodpal  and  Rate,  the  Quote  is  the  Time,    Thus,  /=^^^. 

^P 

Exam.  Suppofe  tf  =  27(f.7j/.  /=24^.  f=.o5;  then  is  / w a. J y'.= 221^1=24?-- 

22:25  ""^     ^  '' 

'*'3 '  .       .      .     ^    '  -      :  ^ 

Ffffa  Demok. 
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Dbmokstil    Inthehft  wefiw  4-^^/^ssfyj^.    DivMc  both  by  r^,  it  is 
$.  Or  by  the  Ruk  ctf  Fivie.  thufc  If  i  /.  give  r  ini  y^  in  wtetTJM.  wiH/  gnreif^;  ftlkMr* 
iDg  the  comnon  Rule>  the  Time  ibught  ig  -— ^  a3  befoK. 

Pro  B.  8.    GIvcd  the  Amounts  Ran  and  Time,  09  find  tk  P^bicipiL 

fofr.    Add  I  to  the  ProdaA  6f  the  Rite  and  Time^  and  by  that  Sum  di?kie  die  A« 

mount>  the  Quote  is  the  Principal^  thu8«  ^=:       1  _> 
Baaai*.  •teaytf.Tfi  ''^•o5'- '"Mrj  then  ii^tss  1456*  j;^23^^ 
Demo>tstr.    By  JPrrf.  5.  it  ias^rt^i  x/ij  divide  both  by  r  f -f- 1»  it  a 


.--4 — =^^-    O^  ^ft^  ^e  Rates  of  Proportion:  thiis»  Find  the  Intereft  of  i  /.  for  tbe 
Time  given,  at  the  given  Rate»  it  is  r /for  ly.  :r::/:r#i  then  find  i  Pxiodpal  fo  (Rk 


portioned 


g  the  Rebate  ^  DiTconpt  up  he  tithweifo 
Money  before  it  falls  due* 


Ih  the  laft  troUmr  ^le  faai^  cbe  Fomdarion  of  die- Rule  Ibr  J^rfiamft,  or  die  iSm- 
ftoce  to  be  oiidc  for  the  paying  of  Mon^  befose  it  falls  due;  and  whicfa  u&mUi  (o 
bear  no  Litereft  till  after  it  is  due:  for  m  that  Caie  thene  is  no  Reafon  for  DiKompCi  as 
there  «  m  the  other;  which  is  this>  That  the  DebtQr  can  employ  his  Money  upon  Licerdb 
(or  as  he  plea(es)  tiD  the  thne  of  JPayttient  comes;  and^to  pay^  it  before  it  is  due,  is  ro 
conimunicate  that  Benefit  to  the  Creditor*  who  ought  therefore  to  pay  for  it;  and  the 


fidfe:  For  tho'  it  be  true,  that.from  this  time  to  the  time  the  Debt  faUs  due,  ae  vooU 
make  ib  much  Intereft ;  yet  it  is  not  true,  that  by  paying  the  whole  Debt  widxrat  JX- 
cqmpt,  iie  lofes  lb  mncb-at  diis  time  as  that  Inteieft;  becaufeliecan^  befiJd  td  bsveloft 
k,  tiU  the  time  come  at  which  be  (hould  receive  it;,  tberafore  be  oan  be  fiiid  to  lofe  ff> 
more  at.this  time  than  (licfa  a  Sum^.  as  being  laid  oat  upon  Inieieft  frona  thia  time,  tiil  cbe 
time  of  Payment  oF  the  Debt  would  amount  to  the  Intereft  of  th^  Debt  for  the  iazaetiflK] 
dimfore  iiadi  a  Sum  being  found  by  Fmii.  S.  is  the  DHcompt  In  oider  to  wUch>  m 
the  Attiount  of  i  /.  for  the  given  time;  dien  lay*  If  that  -.^ount  give  x  /.  vhtf  vil  (b& 
Intereft  of  the  Debt  for  the  time  give.         ••.-•- 

This  I  Ihall  alfo  confirm  by  another  Rule  for  finding  the  JMxmM ;  wUch  it  das:  FiikI 
by  Tfoh^  8.  a  Principal*  which  being  laid  out  at* a  certaip  Rate  of  Intereft,  hxb\oD%^^ 
Odx  b  paid  before  it  was  feaiiy  due,  will  then  amount  to  that  Debt ;  that  Sum  is  tbe  thing 
which  truly  fatts^es  or  clears  the  Debt,  and  fo  is  caHed*  theprcfent  Worth  of  it ;  AeDifr 
rence  betwixt  this  and  the  Debt  being  the  true  Difciwft,  The  Reafbn  is  the;  If  the  Mo- 
ney paid  is  iuch,.  that  beicig  laid  out  at  Intereft  from  the  titne,  it  is  paid  to  die  time  tbe  Ddt 
M»  due,  would  amount  to  the  Debo  then  neither  Party -is  wronged;  for  if  he  who  ^ 
ceives  it,  or  he  who  pays  it,  lavs  it  but  upon  Intereft  fo  long,  he  will  have  then  as  much 
to  receive  as  die  Debt.    For  Exgff^kx  li  Intereft  is  at  ;  ^  Cm$,  took  laid  out  for  one 


Year  is  worth'  ib?  //fit the  Yctfi^/ End; 'therefore  I05 1.  due  at  tVear^i  find  is  worth  only 
100  /.  preftfiUy  paid«  tod  the  Difcompc  is  5  L  which  is  one  Year's  'tnvm&  o£  i^oL  noc  of 

Now  t  than  demonftrate^  that  both  the  Rules  given  for  finding  o(  Jbifcowpt  ape  ip  efieft 
die  fatiie.  Thus :  The  Interefl;  of  i  /.  for  the  time  t  (viz.  the  time  of  thf  Difcooopt)  at 
tbe  Rate  r  is  r  t^  therefore  the.  Amount  of  i  /.  for  that  time  is  i  ^rt^  and  the  Princi- 
pal correfoonding  to  rpt  (the  Imereft  of  ^  for  the  &me  time)  ia  the  ftme  Proportion  u 

rpt  tpt 

I  to  i  +  r^  is  ■  f  y ^  for  i+»'^^^  =  -''JP^=  nfcrJ'  vMdx  isdieDifcompt  of  the  Debt 

by  the  firft  Rule.    Agaio}  the  Princ^d  corre^oodiag  u>f  (the  Debt)  in  the  ikne  Pfo< 
pOftk>aaBi+^*«>*''^7X7V  **  x+^':»::f :  £ti:7/i  which  is  the  true  Payment 

to  be  made;  whicb^fiibtraaod  from  f,  the  Remainder  is  p-^-^J^^^^l^^   the  Dit 

compt  by  the  former  Ride. 

'  To  fum  up  thisj  let  ^  be  any  Debt  payable  after  the  time  /^  and  r  the  Rase  of  Imeitft ; 
tfoeo 

The  Rule s  fir  Piefent  Worth  ami IKibofflpc  an' 

t.£.  Divide  the  Debt  by  the  Sum  of  1.^.  Divide  the  continual  Produft  oE^' 

,    '  x^  z^  theProdna  of  ih&  Rate  and.  the  Debt*  Rate  and  Time*  by  the 

Time.  Sum  of  i,  and  theTtodoft  of  Rate^ 

andTkne. 

OhfiroiM  The  Di&ompl:  upon  Any  Debt  for  one  Year  being  found,  (wbieh  will  be- 
ff  ■ ,  for  r  being  here  one^t  ha^  no  Efl^d).    Dr.  Hatris  teach&  to  fioiid  die  t>ifeoaipt  of 


the  fame  Debt  far  any^  Part  of  one  Year*  in  pioportioo  to  the  Time;  fo  the  Difcompc 
for  -fa  Year  is  t-  of  the  Dtlbompt  for.  one  Year.    But  die  Error  of  this  Rule  will  appear 

by  comparing  it  with  the  preceding  general  one*  tfaus^  One  Year's  Difcompt  is.-' 

Lee  t  be  any  Time  lefi  than  i  Year*  exprefTed  fradionally*  then  the  Doctor's  knle 

is  I  :  -^  '.\t\  ^^  =the  Difcompt foi^hc:  Whereas  by  the  Rule  above  demonftra^ 

ted*  it  is  -^H~^:.  Which  wiU  be  gieattr  than  the  other  if  #  is  a  Fiadion;  becauie  theiic 
i-'^Tt  h  lefsdian  i4'^>  but  if  r  is  a  whole  or  mist  Number*  t-^-rtk  greater  than- 
i:+r;   whence  r^rrj  is  kfithan -j^rr:*' 

PAS.T  IL    0/ Compound  tntereft.^ 

•  *  ' 

Tbs  Odculation  of  Cmpo$md  Iniirefi  foppofes  a  certain  ftated  Time  for  which  Inte^* 
reft  is  at  a  certain  determinate  Rsate;  after  which  that  Idtereft  becomes,  a  Principal  bear- 
ii^  Imereft.  For  Examfie:  If  Simple  Intereft  is  .payable  yearly,  fo  is  the  Compound^, 
and  if  Simple  Incereft  is  payable  Quarterlv  and  Monthly*  fo  isthB  Compound*:  But  then 
for  the  Incereft  of  any  Time  lels  than  that  to  which  the  Rate  is  determined*  there  are 
diffi:rent  Opinions  about  the  Way  of  calculating  it*  which  I  ihall  explain  in  the  following 
JPtiUem'^  where  I  (hail  firA  conlider  the  Rate  6i  Intereft  as  dttermined  to  one  Year*  and 

the 
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the  Time  of  tbe  -Qi^eftion  limited  to  whole  Years,  and  a&erwards  confider  other  Suppofh 
tions  about  the  Rate  and  Time. 

Ohferve,  again ;  That  the  finding  of  the  whole  Improvemerit  6f  Cottipound  fctereft  de- 
pends upon  the  Rule  for  finding  the  Amount^  therefore  the  Queftions  in  which  tbe  A- 
mount  18  concerned  tnuft  be  e?q>lained  bctore  thefe  in  which  the  Intereft  alone  is  coo- 
cerned>  contrary  to  what  we  did  m  Simple  Intereft 

In  the  fellowinfr  Prohkms,  by  the  Rate  is  underftood  the  Amount  of  i/.  Jind  I  Year's 
Simple  Intereft.  So  Intereft  being  at  5  per  Cent,  the  Rate  or  Amount  of  it  is  1.05/. 
which  I  ihall  mark  K,  the  Time  /  bcuig  whole  Years. 

Probl.  1.    Given  the  Principal,  Rate,  and  Time,  to  find  the  Amount. 

TUile,  Find  fuch  a  Power  of  the  Race  whofe  Index  i«  the  Time  ( #.  f ,,  multiply  the  Rate 
by  it  felf,  and  this  Prodad  by  the  Rate,  and  fo  on,  multiplying  the  laft  Produd  by  the 
Rate,  till  the  Number  of  Muitiplicanons  be  equal  to  the  Time  Ms  ij  &  for  2  Years  multi- 
ply once  J  for  3  Years  m»ilciply  iwice,  ^c.)  This  Power  of  the  Rate  is  the  Amount  of 
I  /.  for  the  Time  and  Rate  given,  which,  multiplied  by  the  givtoi  Principal,  the  Produd 
is  the  Amount  (ought 

Unrverfally\  A=^  X  R* :  And  ohferve,  that  the  Logarithms  will  be  convenient  for  find* 
ing  R^  if  ^  is  a  great  Number. 

Example :  What  is  the  Amount  of  160 1,  at  Compound  Intereft  for  4  Years,  the  Rate 
being  1.06/.  {i.e.  6  per  Cent. )>  jinfiver :  201.9963136/^  which  is  201/. :  19 j^. II i.  and 
a  FraAipn  lefs  chan  i  FanM^?.    Found  thus: 

R  =  1.06.  and  R'b=  1  0:)  ,  or  i.  06  x  i.o6x  x. o6x  i>  06  s=z  x.  26247696,  to  t 
X  R*=i6oxi  ^6247696  =  201.9963136. 

D  E  M  o  N  8  T  R.  [f  I  /  amount  in  1  Year  to  R,  then  all  this  fbrbom  another  Year^ 
the  Amount  is  R  x  R  or  R^ ;  for  all  principal  Sums  have  neceflarily  the  fame  Proportion 
to  their  An^oants  for  the  fame  Time,  and  Rate,  and  i :  R : :  R :  Rs  which  is  therefore  the 
Amount  ot  R  for  .1  Year  j  R  beine  the  Amount  of  i.  For  the  fame  Reafcn  R*  foibora 
another  Year  will  amount  to  R  X  R  x  R,  or  Rs ;  for  i :  R : :  R*:  Rh  and  fo  on,  to  any 
Number  ef  Years,  which  bdng  called  /,  the  Amount  of  i  /.  for >  Years,  is  K*:  confe- 

2uently  the  Amount  of  any  other  Principal  R  for  ^  Years,  is  px  R<;  for  i;R*::/:^xR'. 
)r  thas:  R  being  the  Amount  of  i  /.  for  i  Year,  pRvs  that  of  p.  for  i:R::):^R. 
Againj  i:R::^R:^R*,  the  Amount  of;  for  2  Years,  andfoonj  i.e.  Univerially  it  is 
j>R^ 

SCHOLIUMS. 

1.  The  fucceffive  Amounts  of  any  Principal  for  r,  2,  5,  &c.  Years,  makcaG«>- 
metrical  Progreffion,  whofe  Ratio  is  Xh6  Athount  of  i  /.  for  i  Year.  Thus:  The 
Series  of  the  Amounts  of  i /.  is  R:R*:R5:R44  drc.  and  of  any  other  Principal  ^  ^ 
is;R:;R*:;R3:^R*.  ^c.  And  if  we  make  the  Principal  the  ift  Term,  the  vMc  ^ 
a  Geometrical  Progreffion,  viz.  i :  R :  R* :  R*,'  ^f.  or  p  :f  R  :p  R^ :/  R',  &f. 

2.  If  the  Rate  of  Intereft  is  determined  to  any  other  Time  than  a  Year,  as  i.  or  i  of  a 
Year,  the  Rule  is  the  fame;  andthcn  t  reprefdnrs  that  Hited  Time, 

But  whatever  the  ftated  Time  is,  it  remains  to  be  etplained,  how  the  Intereft  ot  A- 
tnount  of  any  Sum  is  to  be  calculated  for  a  leffcr  timej  I  fhall  fuppofe  i  Year  die  ftited 
Time,  becaufe  it  is  fo  in  Ltw^  and  whatever  the  Rules  are  for  the  Parts  of  a  Year,  they 
are  equally  applicable  to  the  Parts  of  any  other  Tinne,  to  which  tbe  Rate  of  Lucrcft  mi/ 
be  fuppofed  CO  be  determined. 

•■-■•.  Of 
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:        . 

0/7i&tf  Compound  Intcrcft  cr  Amount  f/^  ^j^  Sum  far  the  Parts  of  a  Tear}. 

the  Rati  of  Intereji  bemg  determined  to  i  Tear. 

Mrtbodi.  Some  mil  have  it  done  in  Simple  Proportion  to  the  Time*  ox,  as  ficnpleln- 
tereft^  becaufcj  (ay  they.  Compound  Intereft  muft  iuppofe  a  certain  Time  for  which  In^* 
tereft  is  at  a  (im(>le  ftated  Rate«  and  after  that  becomes  a  Principal  bearing  Intereft^  fb 
that  this  Time  being  1  Year>  there  can  bt  no  fuch  thing  as  Compound  Intereft  for  any 
Part  of  a  Year. 

Wherefore,  following  this  Rule,  If' the  Time  of  aQueftion  is  \t&  Aan  i  Year,  the  A- 
mount  is  found  by  the  Rule  of  Smple  Intereft ;  and  if  there  are  whole  Years,  and  part 
df  a  Year,  then,  having  found  the  Amount  f  )r  the  whole  Years  (which  is  only  Simple  In* 
tereft  if  there  is  but  i  Yeir),  take  that  Amount,  and  find  what  it  amounG  to  at  Simple 
Intereft  for  the  remaining  Time  lefs  than  x  Year. 

Method  1.  .  Others  proceed  upoathis  Principle,  vm.  That  fince  die  Rate  of  Intereft-  is 
determined  to  .1  Year,  this,  £iy  they,  ilippoies*  that  f  11  the  Improvement  that  can  be  made 
of  any  Sum  6y  Inrercft  in  i  Year,  k  the  ftated  Rate  of  5  or  6,  ^e,  per  Cent.  But  if  Mo- 
ney \s  Lent  for  any  Time  Ie(s  than  i  Year,  and  Intereft  received  for  it  in  iknple  Propor- 
tion to  the  Time,  then;  by  lending  out  the  Whole  again,  more  will  be  made  by  it  than 
^  or  6  per  Cens.  kk  1  Year.  Therefore  they  would  have  the  Amount  for  any  Part  of  a 
Year  calculated  (b,  that  if  this  is  again  confidered  as  a  Principid  bearing  Inteteft,  it  ihaU^» 
after  (o  much  Time  as  the  former  wants  of  i  Year,  amount,  at  the  fame  Rate,  only  to 
the  Sum  of  the  t^rincipal  afk]  its  Simple  Ibtereft  for  i  Year.  For  Exmrtpk^:  Tha  Amount 
for  ^  of  a  Year  is  fuch,  that  beingpur  out  to  Intereft  for  the  remaining  |>,  andfuppofed  to 
bear  Compound  Intereft'  from  Quanei^  to  Quarter,  at  the  Rate  of  Simple  Intereft  allowed 
for  the  I  ft  Qiarrer,  the  Amount  at  the  End  of  the  ^  (hall  only  be  the  Sum  of  the  Pfin« 
cipal  and  i  Year's  Simple  Intereft,  at  the  allowed  Race  of  5  or  6,  &c.  per  Cent, 
-  How  thisimay  be  done,  I  fliail  f^refently  orplaini  after  this  general  Reflexion,  o^is.  That 
as  the  Law  determines  the  Intereft  of  Money  lying  in  the  hands  of  the  (ame  Perfon  to  be 
at  Simple  Intereft,  (b  any  Perfon  who  puts  out  Money  nt  Intereft,  and  calling  it  in  as  oft  as 
•poflibie,  '•pots  out  the  Whole  again,  improves  the  Money  by  Compound  Intereft  with- 
out Breacn  of  Lawt  Therefore  the- fame  Reafon  thit  juftifies  Compound  Intereft  from 
Year  to  Year,  (eems  equally  to  juftity  it  from  Quarter  to  Quarter,  or  from  Day  to  Day ; 
And  (mce  the  Law  ^lows  Intereft  for  Parts  of  a  Year  in  Proportion  to  the  time,  it  would 
feeiu  alio  by  this  that  the  ftated  Intoreft  for  i  Qaarter  or  i  Day,  ougbt  to  be  the  propor- 
tional Part  of  one  Year's  Intereft,  and  then  (he  Compound  Intereft  to  be  caladated  ac- 
cordmelv  from  Day  to  Day;  The  only  ObjedHon  to  this  is,  that  it  is  impoffible  for  one 
to  lend  Money,  and  bt  paid,  from  Day  to  Day,  or  even  by  Months  or  Quarters ;  and  there- 
fore that  Foundation  is  unreafonable,  and  confequendy  one 'of  the  other  two  Methods 
xnuft  be  taicen  ^  burwhich  of  them  is  to  be  chofen  for  the  Parts  of  a  Year,  let  every  one 
deCerosine  for  themiUves;  [for  it  feems  to  me  to  depend  all  upon  a  Suppofition]  this  only 
I  ftiall  further  obferve,  that  as  the  Simple  Intereft  for  the  Parts  of  i  Year  is  greater  than 
that  found  by  the  ad  Afi^/i>ft/,  it  feems  reafonable  that  he  who  receives  only  Sknple  Inte- 
reft for  whole  Years,  fliould  have  the  Advantage  of  the  proportional  Part  for  a  lefler 
Time;  and  he  who  has  compound  Intereft  for  whole  Years  ihould  have  Intereft  for  the 
Parts  of  a  Year  at  a  lefler  Rate,  by  the  2d  Method, 

Now  if  Intereft  fad  the  Parts  of  a  Year  \s  taken  bv  the  ift  Method,  the  Rule  is  already 
|riven ;  but  if  it's  taken  upon  the  other  Foundation,  tnen  to  make  the  Rule  more  clear,  I 
ihall  mft  fuppofe  t  /  Princi{»l,  and  then  apply  it  to  other  Cafes.  AUb>^  we  muft  diftinguifti 
accordit^  as  the  Time  is  or  is-not  an  aliquot  rart  of  a  Yeat* . 


592  0/ Interest*  Book  VI 

RjviSf  I.'    If  die  Time  is  an  aliquot  Part  of  a  Year*  as  i,  f$  orj  uniferfiUy^  ^Put^tske 

the  Amount  of  i  /.  for  i  Year>  and  fiom  k  «nra6k  (he  »th  Root'  (i.e.  the  Square  Root  if 
it's  i- a  Year*  the  Cube  Root  if  it's  f»  the  Biquadtauu  oil  4^1  Root  if  it*s^)^  tbatRoocis 
the  Amount  fought. 

ExMnple,  At  $  ^  X>nt.  the  Amouat  of  I  /.  for  ^  a  Yean  is  1.0%^^  c^f»ithis  being 
nearly  the  Square  Rooc<^  i.of. 

Demokstr.    1 :  1.05*  : :  x.o^^:  i. 05^  therefore  1  05*  for  i^()^^)  put  ouc 

at  Intereft  for  I  a  Year  amounts  to  i.  05*  according  to  the  Rate  allowed  for  the  ift  Half 
Year^  which  is  x.0^9,  the  Principal  for  the  ad  luHt  Yean   . 

If  the  Time  is  f  of  a  Year^  then*  if  we  £\xpfoh  two  Geooaeericf^  Mean  Pi^poitiooab 
betwixt  X  and  R»  thus,  i\M\h:K»  then  muft  0  be  the  Cube  Root  of  R*  from  tbcNtture 
of  Geometrical  Progireffioni^  for  whatever  4i»>  b  k  eoual  to  4^,  kit  i  ;4::ii;j»,  bat  it 
is  fuppofed  that  i\a\\a\h,  therefore  4f^=;i.  Again^  Ki^^ss^s  for  x:i>;:(;R>Atfii 
x\s:\a^  (  =  i)  :R>   but  aUb  I :« ::tf^:it^Xtf=43«  coniiequendy>  R=«3«  and  hoice 

USSR*.  The  finne  Reafon  is  good  in  aH  Gafe>  thatis*  however  numy*  as  »>  Terms  there 
be  in  a  Geometrical  Ph^greffion  from  i  tioKf  as  i : 4^t :c,  Occ.  iti,  or  1:4: 4i^:ah^' 
:  R>  the  fitft  of  them>  a,  is  foch  a  Roqt  of  R  wbofe  Deqominaror  is  the  Number  of 

Tenm6>  as  R'^  A^ain.;  According  to  the  foppafed  Fouodaaonj  ^  {or  Rv  i^  a  Priod- 
paU  which  beatitig  Compouad  loterefti  at  the  Rateof  #— j  loteroCi  fov  the^di  hud 
^  Yeaib  wiU  aaounc  to  R  at  the  Year'«  £ed 

2.  If  the  Tjdaie  ia  not  an  aliquot  Part  of  a  YeiTi  .red«hee  it  10  Diy»>  to4  th^  «(5ifa  Root 
ef  R  is  the  Amaont  for  one  Day  ^  ^wbkb  Amonoc  ra«fe  to  ffaac  Poirar  who6  loda  istfae 
Nwaber  of  Daya  in  the  <2uefiioQ«  and  k  is  (be  Amount  fouj^.  Tbe&eafoo  is  piaio  ftom 
the  preceding  C^e^  bvc  diePrg^ce  difficidti  becaufe  of  tbeDifficuby  of  finding  theRooc 
xequired. . 

Now  for  aM  other  principal  5udis#  thdr  Amount  is  found  from  th«t  of  i/.  thus;  As 
i/.  to  ks  Amouncj  fo  is  my  oth^r  Pfinctpal  to  ifis  Amount;  which  wiU  be  tbeftddadof 
its  PiincipaL  a«d  the  Amount  of  i  £  ' 

BefoK  I  ksave  tlus  Sutged,  I  muft  oWerve,  That  the  ExtcadJnn  fenuiflad  ht  mf  iS^ 
^quot  Part  of  a  Year  mooe  tbnn  i  or  f  will  be  Cddious  by  the  commop  Sjle&  and  oenio 
impoflible  for  «ne  Day^  which  requires  the  %6^ik  Root.  The  Algebmic  Act  kvn&es  or 
£er  Rules  for  thefe  ExoiadikuK.^  4iuc  thev  go  b^ond  my  Umiti.  "Hie  Metbod  of  Logt 
hthms  will  be  tolerable  exaftj  whkh  is  tiiiSi  f^is.  Takeiile  Logaodim  of  dbe  RateRdi- 
vide  it  by  tbe  Dkenotninator  of  cbe  yvion  aU^nt  Part  of  a  Year^  ehe  Qtnte  is  die  Lop- 
dchm  of  the  Root  fought^  which  theiefons  is  fojind  en  the  TMt  mixA  tfiat  IjoffsAm- 

I  fliall  only  add.  That  if  the  Time  is  ^>  k.may  be  dene  attwol^aAfonsof  i^eSqaaie 
Koot>  viz.  Take  the  Squaie  Raot  of  R,  «od  then  the  Sqoace  iitooc  ^of  the  ibaner  Root; 
becaufe  the  Souare  Root  of  the  Sqinre  Root  is  the  4th  Root*  fince  ±x%^^  Ap^> 
from  the  4i;h  Root  eztmd  the  Square  Rooc»  k.is  ohe  %A  Root*  and  is  the  Amouot  &r  T^f 
a  Year>  and  igoing  fo  cvv  we  may  find  by  the  Squasse  Root  dhe  Amount  for  tV'  ^  T^ 
or  ^,  ^.  Part  of  a  Year:  But  yet  tbefe  will  be  codiais  tbotte  two  ExatSktA  ^' 
for  -fs  Part*  or  one  Montfa>  extvaa  dae  Cube  RAot  of  R>  thoa  of  this  Che  Squsre  Koff> 
and  of  riMs  agai9  the  fiquan:  Kodt*  and  this  lail  ia  the  isaeh  Rnot*  or  dae  Aoiauat  forone 
Month,  becaufe  3x2x2  =  12. 

And  tbiJ  I  pveTume  arill  beoMing  amr  enat^  for  Ctmmwd  Jmem&i  lb  that  whit 
Time  there  is  leis  than  one  MontL  or  over  any  Number  of  Months,  take  die  lotereft  of 
Che  laft  Amount  for  dAC  Time  at  Sunpis  looeseft,  Hbc  Difierence  will  be  iooeofidenble 

in  any  Cafe  diat  can  occur  in  inumnQni^Airs,  £ut>  laftbr^  J  muft. obfiurve»  That  dtf  pctf 

god 
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tnd  allowed  Ufi  of  Compound  lat^eft  being  in  chePurcbafe  of  Annuities^  which  feldotti^ 
if  ever*  go  lower  than  Quarters:  It  i^  enough  that  we  have  a  Rule  eaijr  enough  for  that* 
viz,  by  two  Extradions  of  the  Square  Root. 

*  « 

PROBL.  2.    Having  the  Amount*  Rate*  and  Time*  to  find  the  Principal. 

RmU.  Divide  the  given  Amount  by  the  Amount  of  i  /.  for  the  given  Time  and  Rate> 
i.  9.  by  fuch  a  Power  of  the  Rate  whote  Index  is  the  Number  of  Years  ^  the  Quote  is  the 
Principal  fought. 

Umv«faB/*^?=^ 

Example.  What  princfpd  Sum  will  amount  to  201.0^1126 L  Cor 201/.  19/&.  iid. 
nearly)  in  4  Years,  at  the  Rate  of  6 /frO*/.  Compound  Intereft?  Anfioer:  160  L  Thus; 

The  Rate  is  i.o6*  and   1.06  =  1.2624769^^  then  v^I^^v^lll  =160.^ 
DsMONSTR.    By  PrM.  i.  A=f  x R«,  hence*  dividing  both  by  R*  it  is  gr— ^• 

Or  thus*  by  Proportion ;  RM  i : :  A :  -^  =>*  becaufe  of  the  Proportion  of  Principals 

and  tfaeir  Amounts. 

SCHOLIUMS. 

1.  This  Tfobkm  is  the  (ame  thing  as  finding  theprefent  Worth  of  a  Debt  doe  at  the 
End  of  a  certain  Number  of  Years*  difcomptine  Compound  Intereft:  For  that  preienc 
Worth  muft  be  a  Sum*  which*  confider^  as  a  rrincipal*  will*  at  the  End  of  the  given 
Number  of  Years*  amount  to  the  Debt^  therefore  the  Difference  of  the  Principal  and 
Amount  is  the  Dsfion^t. 

2.  To  divide  by  Rs  is  the  fame  thing  in  eJBRsft  as  to  divide  firft  by  R*  and  this  Quote 

again  by  R*  and  fo  on*  ftSl  dividing  by  R*  till  the  Number  of  DivUiOns  be  equal  to  /  ; 

and  from  this^  (or  aUb  from  the  Nature  of  Compound  Intereft*  which  is  a«un  a  Proof  of 

this)  it  follows*  that  any  Debt  or  Sum  due  after  a  certain  Number  of  Years*  wsth  the 

prefent  Worths  of  it  for  i*  2*  3*  &c.  Yearts  before  it  falls  due*  make  a  Goomecrical 

Progreffion  decreafine  from  the  given  Sum  in  the  Ratio  of  R  to  x.    Thus*  in  the  Series 

AAA  A 

^'K  '  1^  '  ^*  ^^*  '^  ^'^^  ^^^  payable  after  i*  or  2*  &c.  Years*  then  is  ^  the 

prefent  Worth  of  it*  difoompting  for  i  Year*  ^  the  prefent  Worth*  difcompting  for  2 

Years,  and  fo  on ;  and  this  is  alfo  another  DemMfiraikm  of  the  Jtmb. 

3 .  If  the  Time  given  is  lels  than  i  Year*  the  preftnt  Worth  is  to  be  found  either  by 
ihe  Rule  of  Simple  Intereft;  or  f  if  it's  fo  agreed  upon*  or  thou^t  morereafonable)  upon  the 
fame  Principle  with  the  other  Method  of  finding  the  Amount  for  Time  leis  than  i  Year* 
thus;  Find  the  Amount  of  x  /.  for  the  given  lime ;  then  as  that  Amount  is  to  i  /.  fo  is 
the  given  Amount  to  the  prefent  .Worth  fot^t;  which  is  pkidy  the  Quote  of  the  given 
Sum  by  the  Amount  of  i  /. 

P  R  o  B  L.  3.    Having  the  Principal*  Amount*  and  Rate*  to  find  the  Time. 

IRuk.  Divide  the  Amount  by  the  Principal,  then  multiply  the  Rate  by  itfelf  continuallj^ 
till  the  Produft  is  equal  to  the  preceding  Quote;  the  Index  of  that  Power  of  thj^  Rate  thus 
produced*  or  the  Number  of  Multiplications  more  i*  is  the  Time. 

Examfle :  At  5  fer  Cent.  Compound  Intereft*  in  what  Time  will  50  A  amount  to  60  /• 

I'iJb.C^d,  Of  60.77^^^12$ I.?  Anfiuer:  4  Years:    For  52iIZli£ii=  1.2x550(525  == 
4  .    .    •  50    . 

1.05  or  X. 05 XX. 05x1.05 X  1.05. 

Gggg  Demon. 
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_  • 

the  reft  of  the  Rule  is  manifeft.  j^ 

Scholium.    If  none  of  the  Powers  of  R  is  found  ezadly  equal  to  ^^  this  (hews 

f 
that  the  given  Principal  cannot  make  the  given  Amount  in  aoy  whole  Number  of  Yean^ 

but  that  beGdes  the  Number  of  Years  expreflbd  by  the  Index  of  that  f^^wer  of  R,  which 

A. 
is  next  lefs  than  ---^  there  muft  be  allowed  moreover  fbme  Part  of  a  Year:  and  to  find 

F 
what  that  is>  multiply  that  Power  of  R,  fuppofe  R^  bv  the  Principal  ^,  the  IhoAift  f  R< 

is  the  Amount  of  p  for  t  Years  ("by  ProH.  i);  wherefore  take  the Pi^rence  of  |R'*iod 

the  given  Amount  A,  viz.  A  — p  R* ;  find  in  what  Time  p  R*  will  amount  to  Aj  rcckoa- 

ii^  oy  Simple  Incereft>  i.  e.  in  wnat  Time  it  will  give  A — jpR*  of  Intereft  at  the  given 

Rate^  and  that  is  the  additional  Time  fought.  Or  if  you  chute,  the  other  Methods  theoi  to 

do  it  to  the'greateft  £xadne(s>  we  muft  know  the  36$ th  Root  of  R^  and  having  fouod  a 

4th  Proportional  to  thefe,  viz.  pK*:A::u  which  is  tt^J  take  the  36jth  Root  of  R, 

and  mukipty  ic  by  ic  felf  continual^  tBl  thf  Produ(3!  is  equal  tp  --mornexc  k&tbeNum* 

ber  of  Multiplications  more  x  b  the  Number  of  Days  fought.  But  we  mayooore  ofily 
do  it  within  10  or  11  Days  by  two  Extiadtioas  of  the  Sqiiare  Root>  and  two  of  the  Cube 
RoQr»  thus^  Take  the  Square  Root  of  the  Sqfuare  Root  of  R^  then  of  this  uke  the  Cube 
Root  of  the  Cuba  Rooc>  and  you  have  the  i6th  Koac^  ^for  2  x  2  x  3  x  ^  =;  36)  i  muitipl/ 

this  by  it  felf  continually  tM  the  ProduA  is  equal  to  or  next  lels  thoa  -|C7-^  the  Number  of 

Multiplications  more  i>  (hew  nearly  how  many  times  10  Days  are  contained  in  the 
Time  fought*  because  )6x  |o=  '^60,  wbicb  is  nearly  a  Year.  Qr  I  ihall  propofe  another 
Method :  Find  the  ^^  Rao(  of  R*  ( i.  e.  the  Square  Rqq^  pf  the  Square  Root  of  the 

Squi^rc  Root);  involve  it  tiji  it  be  equal  to  jTgj>  or  ncx^  Iftfi:  If  you  find  a  Produft 

0quai«  then  the  Number  of  Multi{^atioas,  vifhich  cafinQt  fxc^^  j,  (hew  how  many 
tioaes  45  f  D^s  ia  in  the  Tjpo  fought  (for  3<S$-^S=rT4jf ):  QOP  if  tb9X«  «  none  of  (^ 

'A  '        " 

Produdks  equal  to  -^*  ttic^  tbft  nfixt  le6»  ^4  let  us.  rcprefciu:  it  by  R**^  (it  is  the  A- 

mount  of  I  /.  for  fp.  auny  timea  45  i  Days  as  the  Nvaiber  of  MdiipUcadons }  -,  take  tin 

A  A  " 

Difierencc  of  this  Produd  aod  j^»  <vm».  rjjr-^  R.^>  thea  find  by  Sim{^|e  ItKcreft  0 

"  A  ' 

what  Ttmo  VJ  w&  aooount  to  ^^»  dnc  is>  m  what  Time  it  wiU  yidd  a  Sum  of  w^ 

A  " 

reft  equal  to  -ytj  —  R'^.    The  Anfijoer  of  this  will  give  a  Number  of  DaySi  whicfl> 

added  to  the  Number  of  Days'  in  as  many  Times  45*!  as  the  Nurpbcr  of  Multiplication* 

that  produced  R"^  f  which  are  n —  i)  gives  the  whole  Number  of  Days  nearly  i  for  "O 
the  laft  Part  of  the  Work  is  by  fim^li  tnterefl«  yet  being  wichin  45  Days  ir  can  Boakc  no 
^oniiderable  DilFecence  unlsis  the  Principal  were  very  large.  Or*  to  add  np  morei  If  ^'^ 
find  the  I2(h  Kooc»  aod  ufe  it  ai  above  direded  for  the  Sth>  we  (hall  find  the  Time  ^ 
Compound  Intereft  withip  30 ry  Days,  and  then  find  the  f^ft  by  Simple.  Inrcrcft. 

ifi  ail  clpi^i>  Moth^ds  the  Logarithms  will  be  very  convenient  .for  the  Extra^tioosof  ^^^ 
Roots  of  R*  and  agiiia  involving  this  Root  into  it  felf>  as  the  Rules  prefcribe. 

P  & o  BL.  4.    Having  the  Pnncipa!>  Amount*  and  Tin^A  tp  fiod  the  Race. 
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'  n»fk.    Tdceihe  QiKite  of  tte  AmoUDt  dirided  bf  tfae  Princ^  tod  ntiifi; n  Root  of 
it  ^06  Deftomifntor  i$  die  Number  of  Yctf s  i  that  is  the  Rjtr. 

Example:  At  what  Rate  of  Compound  Intercft  will  50 f.  amount  to  (Jo. 77^3 laj Mil 
4  Years?    Anfvier:  5  ^  CV»f.  for   ^'^Iq^^^^  =*=  x.«55©6af ,  whofc  4th  Root  is  x.oj, 

the  Rate  or  Amount  of  i  /.  for  i  Year. 

A' 
Demomstr.    Since  -  =  Rt  by  the laft,  and  the  t  Root  of  RMs  R^ therefore  the 

K  f 

&me  Root  of  i^  is  R. 

f 

Ohferve,  As  the  firft  two  Trohkm  are  th^  moft  ufefiil,  fo  their  Anfwers  are  more  eafily 
found,  and  alfo  more  determinate. 

S  CHOL I  tr  M.  As  the  Amount  of  any  Principal  is  the  Sum  of  the  Prfecfeal  and  In^. 
tcaeft,  fo  if  in  any  of  the  preceding  Vroblepn  the  Inccreft  is  fought  or  j^ven  ipftcad  of  the 
Amount,  the  Ai^er  is  eaffly  found  from  the  preceding ;  which  I  fliafi  bric8y  cj^hin, 

P  n  o  B  L.  5.    Haring  the  Principal,  Rate,  and  Time,  to  find  die  Intereft. 

lUik.  Find  the  Amount  by  Trokl  i.  the  Di£ference  of  this  and  the  Princ^ud  is  the  lib 
tereft. 

P  R  o  B  L.  6.    Having  the  Intereft,  Titoe,  and  Rate,  to  find  the  Prmcipal 

'Rnle.  Find  the  Amount  of  x  /-  for  the  given  Time  and  Rate»  then  the  Difiereoce  of 
i/.  and  that. Amount  being  the  Intereft  of  x/.  &y  as  that  Intereft  is  to  i/.  fo  is  the  given 
Intereft  to  its  Principal  fought. ' 

P  R  o  B  L.  7.    Having  the  Principal,  Intereft,  and  Rate,  t6  find  the  Time. 

tbtk.  The  Sum  of  Principal  and  Intereft  is  the  Amount  ^  by  which,  with  the  Rate  and 
.Principals  find  the  Time  by  FtoU.  I* 

P  R  o.B  L.  8.    Havjng  the  Principal,  Intereft,  and  Time,  to  find  the  RatCt 

Huh.    Find  the  Amount,  as  in  the  laft#  and  then  apply  VnbL  4. 

I* 

Dk  FiK.  z.    AN  Annuity  is  a  Sum  of  Monejr  nayable  every  Year  for  a  ceitain  Ktim< 

■"  ber  of  Years,  or  for  ever.    And  tho*  it  be  divided  into  half  Y^rs  or 

JuartefB  Payments,  it  ftill  goes  UKier  the  general  Name  of  Anouky,  becauft  the  whcslc 
'laments  make  fo  much  ia  a  Year. 

1  (hafl  firft  confider  tiie  Suppofitiofi  of  yearly  Payments!,  and  then  other  Gales )  and  aUb 
firft  confider  AnnuitlBS  to  cootmue  for  «  certain  dietermiaed  Number  of  Yeats. 

•  * 

a.  An  Annuity  is  faid  to  be  in  Arrears^  when  the  Debtor  keeps  it  in  his  haqds  for  a  cer* 
tain  Number  of  Years,  paying  the  whole  at  laft  widi  Intereft  for  every  Year  after  it  falls 
due^  and  the  Total  of  the  feveral  Yeats  with  the  Intereft  due  upon  each,  is  called  the  A-^ 
mount  of  the  Annuity  forbom  for  that  time.  Again ;  If  an  Annuity  is  to  be  bought  oflF, 
or  paid  all  at  once,  at  the  very  Beginning  of  the  firft  Year^  the  Price  which  ought  to  be 
paid  for  it,  difcomptjng  {(A  thie  Advancement,  is  called  {he  j>reient  Wordi  of  it  for  fo  mai^y 
Yean. 

"Gggga    .  But 
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But  thm»  as  either  Sioiple  or  Cotnpouod  Intereft  may  be  made  a  fa}^ed  ConditioQ  in 
the  Que(lion>  we  muft  accordiogly  diftinguifli  ^  tho'  Simile  Imeieft>  efpedally  in  the  pur- 
chafii^  of  Anouiciesj  is  very  unjuit>  as  iQl  be  fully  demcmftiaced. 

P  A  R  T.  I,    Of  Annuities  at  Simple  Interejl. 

X.   of  Annuities  in  Arrears  at  SimfU  hatrtft. 

P  R  o B.  I.  Having  the  Annuity,  Time,  and  Rate  of  Intereft  (i.  e.  the  Intocft  of  \l 
for  one  Year)  to  find  the  Amount. 

Rjriir.  Take  the  natural  Series  of  Numbers  i,  a,  3,  &c,  to  the  Number  of  Years  Icfi  i. 
Multiply  the  Sum  of  this  Series  by  one  Year's  Intereft  of  the  Annuity,  (which  is  the  Rite, 
if  the  Annuity  is  i  /.  ^  but  it,  \&  the  Produd  of  the  Rate  and  Annuity,  if  the  Annuity  is 
not  I  /)  this  Produd  is  the  whole Intereftdue  upon  the  Annuity.  To  >iirhich  add  the  wbde 
Annuities,  (/.  e.  the  Produft  of  the  Annuity  and  Time)  the  Sum  is  the  Amount  fougbc 
And  obferve.  That  as  the  Series  i,  2,  3,  &s.  is  an  Aridimetical  Progreffioib  if  youfindits 
Sum  by  the  Rule  of  Trob,  5.  Chaf,  a.  Back  IV.  (which  la  this,  multi(4y  the  Sum  of  tbe 
Extremes  by  the  Number  ot  Terms,  the  half  of  the  Produft  is  the  Sum)  the  Work  is 
thereby  eafier. 

Example,  What  is  the  Amount  of  50  /.  Annuity  for  7  Years,  allowing  Simple  Int^ 
reft  at  5/.  her  Cent,  for  every  Year  after  it  falls  due?  Anfwer,  40a/.  10/.  Found  tbiBr 
i-f"a+34"4  +  5+^  =  ^i5  ^^^^  .05x50=2.5,  and  2.5X2i=!52.5.  AgaiD,5oX7 
=  350,  and  350  +  52.5  =  402.5,  or  402/.  !•/.  the  Amount  fought. 

D  E  M  o  N  s  T  R.  Whatever  the  Time  is,  there  is  due  upon  the  firft  Year's  Annuity  as 
many  Years  Intereft  as  the  whole  Number  of  Years  lefi  i  ^  and  gradually  i  lefi  upon  every 
fuccteding  Year,  10  the  laft  but  one;  upon  which  there  is  due  one  Year^9  Intereft,  and  none 
upon  the  laft^  wherefore  in  whole  there  is  due  as  many  Years  Intereft  of  the  Annuity*  as 
the  Sum  of  the  Series  i,  2,  3,  &e.  to  the  Number  of  Years  left  j.  Confequcntly  ooc 
Year's  Intereft  multiplied  by  this  Sum  muft  be  the  whole  Intereft  due.  To  which  tbe 
whole  Annuities  added,  the  Sum  is  plainly  the  Amount. 

S  c  H  o  L.'  This  Problem  may  be  folved  alfo  in  this  manner,  w».  Take  an  Year's  Intereft 
of  the  Annuity  for  the  leaft  Term,  and  alio  the  common  Difference  of  an  Arithmetical  Pro- 
^eifion  carried  to  as  many  Terms  as  the  Number  of  Years  lefsi,  (i.e.  take  one  Year's  lote- 
reft  of  the  Annuity,  then  double  it|^  then  take  it  three  times»  and  fo  on>  till  vou  take  it  as 
oft  as  the  Number  of  Years  lefi  i)  fas  Sum  is- the  whole  Intereft  due,  as  is  platn  by  Ms 
already  fhewn  j  or  appears  by  this,  that  it  is  the  lame  thing  to  multiply  by  the  Sum  of  the 
Scries  x,  2,  3,  &c,  as  in  the  ift  Method,  or  by  each  of  theTeniiff  fepiratdyi  and  then  add 
die  Produds,  wnicb  is  the  other  Method.  Again  j  It  will  come  to  the  fame  thingi  if  we 
cake  an  Arithmetical  ProgfeiSon,  whofe  l«ift  Term,  and  alfo  the  common  Difierence^i^ 
the  Rate,  and  carry  it  to  the  fiime  Number  of  Tercns  as  before;  the  Sum  of  thisSerieis 
-the  whole  Intereft  due  ujxin  1  /.  Annuity,  (as  appears  by  the  laft  Method).,  wherefore  if  wc 
multiply  this  Sum  by  any  other  given  Annuity,  the  Prooud  is  the  whole  Intereft  due  up 
this  other  Annuity.  Or  take  the  Reafon  of  it  thus :  Since  one  Year's  Intereft  of  the  An- 
nuity is  the  PtoduA  of  the  Rate  and  Annuity,  (as  is  plain  by  the  common  RulttJ  it  is  the 
fiime  thing  to  multiply  each  Term  of  the  Series  i,  2>  3^  &^.  t>y  that  Produft;  and  then 
add  all  the  Produfts,  which  is  the  2d  Method  ^  or  to  multiply  them  firft  by  the  Rate,  and 
then  each  of  thefe  Produds,  or  their  Sum,  by  the  Annuity  ,  which  is  the  laft  MetboJ. 

2.  But  I  fliall  again  more  briefly  ftiew  the  Coincidence  of  all  thefe  three  MetboJf  by  the 
univerfat  Method  of  Exprcffion,  ( which  Is  neccflary  for  the  lake  of  the  following  ^^• 
Uems)  and  alio  bring  them  all  into  one  general  Rule.    Thus : 

IJX 
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Let  r  be  the  Rate,  n  the  Annuky,  t  the  Time,  and  A  die  Amount;  then  is  rn  one 
Year's  In  v^reft  of  the  Annuity,  (for  i\f\:n:fn)  and  fo  the  i  ft  Rule  may  be  expreffed 
thus:  i-^i^-K^&c.  ^t^iXfn  +  tm^=>k.  Again;  The  2d  Rule  is  f»+^^*4' 
3 r »,  Q-c.  +/  — ixrg  +  /ni=5 Aj  which  coincides  with  the  firft,  becauie  riP + 2 r • 

+  3r#,  c^c.  +»— 'Xfii:gsi+a4.3,  ^f.  -f /— ixr^r.)     Lafily,  the  3d  Rule  is* 
r^^^r'\-iT,  &e.  +/-r-ixr  xj»+^»  =  A,    ( which  coincides  with  the  2d,  be. 
caufe  Tm^%fn-\-ifn»  &c.  -^^ — i  Xf  js  =  r4-2f+3r,  ^c.  4-^ — iXrX».) 
In  the  laft  place,  to  bring  all  thefe  into  one  general  Rule.    i.  Tfifc  Sum  of  che  Series 

1  +  2  +  3,  ^^-  +^— I*  is  by  the  Rules  of  Progrcffion  ^  — i  +  i  (=/)  x  -^   =' 

— — ;  and  this  multiplied  by  r»,  is the  Sunr  of  the  Intercft  due.    2.  1% 

the  2d  Rule,  the  Sum  of  theSeriesr»  +  2ri»+3r]s,ef'^.  +/•— i  x  ris  is  ^— i  x  r  n 

+  r»('=:/r«)x  =5  the , Sum  of  the  Intefeft  as  before.    3.  Inthe3d 

Rule,  the  Sum  of  the  Series  r  +  2r  +  3r,  &c.  +^ —  i  xr  is  / —  iXr  +  r  (=B:/r)x 

—  =  — —  ;  which  multiplied  by  n  produces  the  whole  Intereft  as 

before.     If  now  to  this  Sum  of  the  Iqtereft  we  add  the  whole  Annuities,  the  Sum  ii 

f- / »=  A ;  which  is  the  univerlal  Rule.    In  Words  thus : 

Multiply  the  Time»  Rate  and  Annuity  continually.  Then  multifdy  this  ProduA  by  the 
Time;  lubtraA  the  firft  Produd  from  the  adj  and  take  the  half  of  the  Di£Eerence;  to 
which  add  the  Produft  of  the  Time  and  Annuity,  the  Sum  is  the  Amount. 

P  R  o  B  2.    Having  the  Amount,  Rate  and  Time,  to  find  the  Annuity. 

'Rule.  Take  any  Annuity  at  pleafure,  and,  by  Trot.  i.  find  its  Amount;  then,  by  the 
Rule  of  3,  as  this  Amount  is  to  its  Annuity,  fo  is  the  given  Amount  to  its  Annuity.  So 
thae  if  you  take  i  /.  Annuity,  by  its  Amount  divide  the  given  Amount,  the  Quote  is  the 
Annuity  fought. 

Example.  What  Annuity  will  in  7  Years  amount  to  402 /.  10/.  allowing  5  per  CiM$ 
Simple  Intereft?  Anfwer,  50/.  Found  thus:  The  Amount  of  i  /.  Annuity  is  8.05/.  for* 
by  Prok.  1.  1+2  +  3+4  +  5+6  =  21,  and  2ix.oy  =  i.oy;  then  1.05  +  7=58.05* 

the  Amount  of  i  /.  Annuity.    Laftly,  As  8.05:  i :  1402.5  •  7-**  =^  50  the  Annuity  fought 

Demomstr.  The  Reafon  of  this  Rule  is  plain,  fince  to  every  Part  of  an  Annuity 
there  muft  neceflarily  correfpond  a  proportional  Part  of  the  Amount. 

Scholium.  The  ProHm  may  be  alfo  folved  thus :  Take  the  Sum  of  the  Series  r, 
2>  3,  &f.  to  the  Number  of  Years  lc6  i ;  this  Sum  multiply  by  the  Rate,  and  to  the  Pro- 
duft  add  the  Years;  and  by  this  Sum  divide  the  Amounts  the  Quote  is  the  Annuity. 

For,  by  PraHem  i.   A  =  1+2  +  3,  ^c.  +  r^   i  X  r  n  +  ^  »;  which  is  s=y- 

1  +  2+3,^^.  $ — ixi'+zx*;  and  dividing  both  by  1+2  +  ^,  ^f>+^  —  ixr+r» 
A 

It  iS   — ; ; -y ■-  =  9. 

1  +  2+3,  e*^.  / — iXf  +  f 

Agaioi 
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Againj  6ecau6  i  +  i  +  i,  &c.  +t—i=s: i  this  multiplied  by r is ^-^—'^ J 

to  which  add  t,  the  Sum  is  ^^,~^^  +  ^*,     By    ^bj^ii  JSmdit%  A>   Am  Quote  is 

2  A 
^■^  ^     J       s=gai,whichis  another  Jbvfe  j  and  this  mttjalfc  be imfoediatdy  deduced  ftom 

the  general  Ruk  of  Prob.  i .  w«.  from  this  Equation  A= ' ^f:  /  »,  or  ^    • 

For  mukipiying  both,  by  2>  it  is  2  A=:rf» — /ni+2^»rand  dividing  by^r— ^r+a/, 

.   .  2A 

Prob.  3.    Havine  the  Annuity^  Amount,  «id  Time^  to  find  the  Rice. 
^  R«fc.    Take  the  Diftercnce  betwixt  the  Amounts  and  the  Produft  of  the  Annuity  tnd 
Time;  the  Difference  divide  by  the  Produfi  of  the  Annuity  midtiptied  into  the  Sua  df  dtf 
Series  i>  2,  3^  &c.  to  the  Number  of  Years  leis  u  the  Quoie  is  the  Race. 

Examfle,  At  what  Rate  of  Intcreft  will  an  Annuity  of  yo  /.  amount  to  402  /.  lor.  in 
yYcars?  AnTwer^  5  per  Cent,  or  .05  to  i/.  Thus,  50X  7  =  350^  then  402.5  —  }5®  = 
52.5.    Again,  1  +  2  +  3  +  4  +  J  +  6  =  21,  and  21  x  50  =  1050.    Then,  bftiy. 

Demok.  By  Trob.  i.  A  =  i+2  +  i,  &c.  +^— ixrig+/s.  Take  *»  fr«a 
both,  and  it  is  A — /g=:i+2+3,  e^g.+^^xrg.  Divide  both  by  1+2+3,  ^.^'  -f  ^^^^* 

tnd  it  is  V+24.i;^.+/-'ix';f"^^  ^*^'c^  «  ^  '^^*- 

Scholium.    1+2+3,^^-  +^-^  ^—^.JIL. -  and thismultiplkd byjsis  -^^^« 

2  2 

By  which  divide  X—t»>  the  Quote  is  2L^:I^lj^=r,  which  is  another  Itule-^  sod  ite 

maybe  dctluccd  from  dife  gencralRule  ofPrtb.  i.thu$>  A=   ■    ■■  ■  ■  +  r  ».   Hcoa 

t^rtt  —  trn        ,      ,  ^        ^  ^  ■tint     *A  —  5l» 

A— it#  =  — ^— J*— ,  and  ftA— 2/»  =  /»r»— /r«}  andlaitiy,  -jj-jirTJ  ==»■• 

P  a  o  fi.  4.    Having  the  Annuity^  Amount  and  Rate,  to  £nd  the  Time. 

Itule.  Take  the  Produfl  of  the  Annuity  and  Rate,  as  the  firft  Te.rtn  of  a  Prc^rcffioo, 
whereof  the  iime  Prodtrdi  Is  the  common  Difference ;  at  «vefy  Step  from  the  vciy  firft 
Term,  take  the  Sum  of  the  Series,  and  to  it  add  the  ProduA  of  the  Annuity  molapiied 
into  a  Number  more  by  i  than  the  Number  of  Terms  fummed.  Go  on  in  diis  miooer 
till  you  find  a  Sum  equal  to  the  given  Amount,  and  the  Number  multiplied  ioro  the  Aq- 
nuicy  in  that  laft  Step  iSiChc  time  fought. 

Example,  In  what  time  will  50  A  Antiuity  amount  to  402!  lox.  at  5  //r  Cewf,!  Aa- 
fwer,  7  Years,    Found  thus : 

5Q  X  .05  =3  2.5 :  then  for  the  reft  of  the  Operation,  fee  it  in  the  Margin. 


rn       2rn    yn    ifn    yr*     6tn, 
.M  +  5  +  7y+HP+^M+t5> 


Sums,        7.5     15    25    37.5    52.5. 

•  ProduftsoF^o,  1^0    200  250  :^oo     3SQ(=SoX7.j 
2d  Sums,      157.5  215  275  337.5  402.5. 


Demonstr.  By  Pfrf.  !• 
we  hfcwe  A=r»+2f»+J'''' 
&c.  +/ — iXfj»  +  /»i  indif 
the  Time  is  but  i  Year,  then  is 
A  =  Ji.  If  it  is  2  Years,  Aen  is 
A=rii+2»i,if  aYcaw,  tfaeni? 


A s=  f  js  +  2  r  XI  +  3  isj  and  (b  on  ^  which  makes  the  Rule  manifeit.  5CHO- 
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SCHQUUMS- 

I.  W  70a  never  6nd  a  Sam  equal  to  the  AtAOontA  then  tbelVa^/nvtsimpoffible  in  whofe 

Years, 
a    The  prcccdtog  frohkm  wfll  be  tedious  if  there  are  many  Years. 
There  is  another  Rule  caficr  in  Pradice,  tho*  not  fo  fimple  in  its  Dcmonftration.    It  is 

deduced  fifom  Ffsblm  i.  thus*    A  ;:=^*f^'^^^^'^^^^*v(rbfeDos2A^rnt*'^2tm 

-*f»=af»«»  +  a"r=n?7x^i  di?id«  by  f»,  and  itiii4=*'*+^^T?^^'- C*"^ 
a«~.f»_^  dienkis  j^a=«»+i/*,  andbyPMW.<.Cl&.a.BwiIIL  /^sM+H 

J 

% 

2.  Of  tbe  Turcbafi  ef  Annuities  Mt  Smfh  Intereft. 

In  the  foliowing  P^0£/nMtf » the  Things  concerned  ave  the  Annuity^  it's  prefent  Worthy 
the  Time  of  Q>ntinuance>  and  Race  of  Intereft  aHowed  to  the  Purchirfer  for  the  Ad* 
vancement  of  his  Money. 

As  before^  we  (hall  exprefs  the  Annuity  by  «>  the  Time  t.  Rate  r,  and  the  prefeflt. 
Worth  f. 

P  R  o  B  L.  J.    Having  the  Annuity,  Rate,  and  Time,  to  find  the  prcfent  Worth. 

For  the  Solution  of  this  Proklem,  there  are  two  different  Rules  given  by  different  Au« 
thofs;  but  as  chey  give  difi^crene  Anfwers,  they  cannot  be  both  right.  I  (haU  firft  lay 
down  the  Ruks,  and  then  examine  which  is  the  right  one. 

Rule  X.  Find  the  prefent  Worth  of  each  Year  by  it  felf,  diftompting  from  the  lime 
it  fklb  due  (by  PrM.  S  Part  i.$.  i.)^  the  Sum  of  all  thefe  is  the  prefent  Worth  fought. 

Bxample :  What  is  the  prefent  Worth  of  an  Annuity  of  loo  L  to  continue  5  Years,  did 
compting  at  the  Rate  of  6  fer  Cent,  or  .otf  to  lU  Anfuitr  :  4^5/.  lis.  jrf.  xf*  ncac- 
eft  j  in  Decimals  425.^3932^  &c.  Found  thus: 

as       to      ib  b        to 
The  Amount  o(  iLfot  1  Year,  t,<^  :  i  ::  xoo  :  94.  339^2 

2  Years,  1.12  :  t  ::  100  :  S9. 28571 
3 Years,  i.i8  :  i  ::  100  :  84.7457^     ftPc* 
4 Years,  x.24  :  x  ::  100  :  80.64516 
5  Years,  i.   3:1::  100  :  76.92307 

425.9393a 

Obfirves  The  Work  will  be  a  little  eafier,  if  you  fifid  the  piefent  Worth  of  x  Z  Amu^ 
ity  for  the  given  Time,  and  then  multiply  that  by  the  given  Annuity,  the  Produd  is  tbe 
prefent  Worth  of  it,  becaufe  of  the  Proportionality  of  Annuities  and  their  prefent  Worths. 

Rttle  2.  Find  what  each  Year's  Annuity  would  amount  to,  being  forbora  to  die  End 
of  the  laft  Year,  allowing  Simple  Intereft  firom  the  time  it  falls  due^  that  it,  find  the  A< 
mount  of  the  Annuity  as  forborn  the  whole  Time  (by  Froil.  x.  of  this  §.)  then  iiadthe^reh 
libnt  Worth  df  that  Amount  as  a  Sum  due  at  the  End  of  the  given  TimeL 


6oo  tyANNUiTiEs.  BookVL 

Iiv  the  preceding  Eaf^M^/e  the  Amount  of  loo  /.  Annuity  for  f  Yem  it  6  Mr  C^.  k 

560 1,  viz.  the  5  Years  Annuities  500/.  and  do/,  which  is  10  Yean  Interdt  of  100 {. 
7bcn  the  Amount  of  i/.  forborn  f  Yeats  is  1.3;  and   as  i.^  is  to  ij  fi)  is  560  to 
4JO.  76921,  &c.  or  ±10 1, 15715.4^.2/.  neareft  the  prefcnc  Worth  by  this  Rule. 

S  CH  o  L I  u  M.  The  (irft  TUtU  is  Mr.  Kerfe/s  in  his  Affenixx  to  Wvag^*s  Aritbmethk: 
The  Second  has  for  its  Author  or  Defender  Sir  Samuel  Mouland,  in  his  Dvffrhfe  rflnte- 
reft,  who  wonders  how  fuch  grois  Miftakes>  as  he  calls  Kerfefs  Rule*  could  pais  thro'  the 
Haods  of  To  many  learned  and  ingenious  Artifls.  Afver  him»  others  have  tafacD  the  ikme 
Method>  and  particularly  Mr.  JVard,  who  makes  this  Remark*  That  Sir  Samud  Mordand 
has  iUteSied  feveral  material  Errors  in  Kerfey  attd  ethers  its  the  Bufiiefs  ef  hstereji:  But  to 
my  Apprehenfion  the  Error  lies  all  upon  Sir  SamstePs  Side. 

•  Before  I  enter  upon  the  Examinatibn  of  the  Reafons  of  thefe  Rules,  I  muft  firft  oHfTves 
That  by  laying,  Kerfe/s  Rule  gives  the  trae  Price  of  the  Annuity,  I  mean  only,  That  k 
is  true  in  confidence  with  the  uippofed  Condition  or  Agreemenc  of  allowing  Simple  Inte- 
reft,  and  not  abfolutely  (o :  For  if  we  enouire  what,  in  &x\St  Equity  and  Juftice,  ooghc 
to  be  paid  for  the  Annuity*  then  neither  of  thefe  Rules  (hew  it^  for  they  both  give  to« 
much,  and  the  true  Price  muft  be  found  by  di&ompting  Compound  Intereft  (^Mrthad 
acknowledges),  and  then  both  the  Methods  give  the  fame  Anfwer.  Nor  is  this  contra^  ro 
Law :  For  tho'  when  an  Annuity  is  in  Arrears  the  Law  forbids  taking  Compound  Iniertil, 
yet  in  the  Purchafe  of  an  Annuity,  if  the  Buyer  offers  fuch  a  Price  as  allows  him  Com- 
pound Intereft  for  the  Advancement  of  his  Money,  he  does  nothing  contrary  to  Lawj 
oecaufe  in  Buying  one  may  offer  what  Price  he  thinks  fit :  And  he  has  this  good  Reafon 
for  it,  that  by  putting  out  his  Money,  and  lifting  it  at  every  Year's  £nd>  he  cao  improve 
it  by  Compound  Intereft. 

But  to  (hew  funher  how  unjuft  Simple  Intereft  is  in  the  Purchafe  of  Annuities,  take  this 
Examfle:  An  Annuity  of  50/.  is  to  be  bought  for  40  Years,  difcoropting  Simple  Inreicil 
at  5  A#r  Cent:  The  Price  according  to  Mereland's  Ku\e  is  13 16/.  iiJb.  4^.  a  Sum  of  which 
(One  V ear's  Intereft  exceeds  the  Annuity :  Would  not  then  one  think  he  had  made  a  pretty 
Bargain^  to  give  for  an  Annuity  to  continue  only  40  Years,  a  Sum  which  would  yield  him 
a  greaoer  Yearly  Intereft  for  ever?  If  it's  al(b  calculated  by  the  other  Rule,  the  ikme  will 
happen^  as  I  have  adually  foifnd^  tho'  it  is  much  lefs  than  the  other,  for  it  does  not  ex- 
ceed 1 100/. 

This  Example  may,  I  think,  be  fufficient  to  Jhew  the  Abfurdity  of  difcompnoefor  An- 
nuides  at  Simple  Intereft,  and  confeqiiently  to  put  that  Pradice  quite  out.  And  this  too 
might  perhaps  be  a  good  enough  Reafon  for  not  troubling  you  any  furdier  with  the  Com* 
parifon  of  the  preceding  Rt/h,  and  fb  to  pais  on  to  Compound  Intereft.  But  as  it  is  a 
Queftion  that  bdlongs  to  Arithmetick,  to  find  the  Price  of  an  Annuity  upon  the  Suppofi- 
cion  of  Simple  Intereft,  which  is  to  be  found  in  every  Book  upon  this  Subjed/  and  unce 
theie  two  Rules  are  become  Matter  of  Dtfixite  among  Authors,  I  thought  I  could  not  ra* 
fonably  omit  the  Examination  "of  thefe,  ana  fhewing  why  I  prefer  Kerje/s. 

'lie  Reafons  cf  the  preceding  Rules  examined. 

lAr,  Kerfey  takes  the  Reafon  of  his  Rule  for  a  thing  of  it  felf  manifeft  firom  the  Natuie 
and  Rules  of  Difcompt;  for  if  that  is  right,  he  confiders  evciy  Year  by  it  felf,  as  fo  roanj 
fingle  and  independent  Debts,  due  after  i,  2,  3,  &€,  Years,  10  that  the  prefent  Worth  d 
each  being  found,  the  Sum  of  thefe  muft  be  the  prefent  Worth  of  the  Whole  j  which 
jeems  to  be  the  plain  ftatc  of  the  Qiieftion. 

Sir  Samuel  Mereland  fays  this  Rule  is  grofly  wrong,  becaufe  there  is  no  Confidcrariofl 
•had  of  the  Forbearance  of  Intereft,  (/.  e.  of  the  Annuity)  j  and  therefore  he  propofcs  the 
eonfidering  what  the  Annuity  wiU  amount  to,  being  fbrbom  for  the  whole  Time  of  the 
Queftion ;  and  then  he  fuppofes  chat  all  muft  agree.  That  whatever  be  the  prefent  Wonh 
pf  the  Annuity,  it  muft  be  fuch  a  Sum,  as,  put  out  to  Intereft  for  the  Number  of  Years 


o 
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-Che  Anniriry  cootinues^  ^1  amount  to  the  tame  Sum  the  Annuity  dde^^  'becaule  the  SQiier 
ought  to  have  a  Price  by  winch  he  can  oiftfce  as  much  at  Simple  Intereft  during  the  Con- 
tinuance of  the  Annuicy,  as  he  could  hsri^e  made  by  A^iagp  every  Year  of  his  Annuity  as 
it  fails  duCi  and  putting  it  out  to  Imereil  for  the  remaining  Years  of  the  Qiteftion. 

This  is  the  firft.and  chief  Argument  which  Sir  Samuel  ufcs  5  he  adds  foraethmg  further 
concerning  the  prefent  Worth  of  the  feveral  Yearsi  which  I  fliall  confider  afterwards :  But 
as  to  Ma  nrft  Argument,  I  im  (o  hr  from  agreeing  to  his  Suppo(ition>  that  I  think  the 
very  congrarv  of  what  he  objcias.  to  Kerfi/s  Rule  is  a  jufl  Objefiion  to  his  own;  becaufe 
I  think  the  C^nfideration  of  the  Forbearance  of  the  Annuity  is  a  thing  altogether  out  of 
'  the  Queftion :  For  in  purchafing  an  Annuity,  docs  the  Purchafer  any  other  thing  than  buy 
feveral  Sums  of  Money  to  be  paid  to  him  at  feveral  Times,  for  which  he  advances  ready 
Money  all  at  once  ?  And  this  being  plainly  the  Cafe,  what  has  he  to  do  with  the  Confide- 
nation  of  the  Forbearance  of  the  Annuity  ?  Does  he  not  fairly  pay  for  the  Whole  when  he 

ays  for  each  Sum  feparately,  difcompting  from  the  Time  it  falls  due,  or  payable  to  him  ? 

''or  thus  he  pays  for  each  Year  fuch  a  Sum  as  wiU  amount  to  that  Year  when  it  falls  due: 
And  each  Year's  Price  being  con&lered  as  a  Principal  Sum  bearing  Intereft  in  the  Seller'^ 
•Hands,  will  make  him  as  much  Debtor  to  the  Buyer  at  each  Year's  End^  as  the  Annuity 
then  due  and  received  by  the  Buyer  makes  him  in  the  Seller's  Debt ;  and  confequently 
the  Buyer  is  never  in  Arrears  with  the  Seller,  and  fo  has  no  Bufinefi  with  the  Conlideration 
of  Forbearance  or  Amount  of  the  Annuity :  The  Seller  being  thus  cleared  at  every  Year's 
End,  let  him  make  the  bed:  he  can  of  it. 

Again ;  The  Argument  from  the  Amount  of  the  Annuity  would  be  juft  as  good  if  you 

extend  it  to  7  or  any  Number  of  Years  after  the  laft  Year  in  the  Queftion:   For  the 

Whole  being  in  Arrears  7  Years  bnger,  wouki  have  H  greater  Amount  ^  and  this  conGde* 

.red  as  a  Debt  payable  after  fo  many  Years,  will  have  a  greater  prefent  Worth :   And  fmce 

the  Annuity  in  the  Queftion  will  make  fuch  an  Amount,  being  forborn  fo  long  after  the 

Time  of  the  Annuity,  why  (hould  not  the  Seller  iniift  upon  a  Price  that  will  Amount  to 

the  fame  Sum  in  the  fame  Time?  But  if  this  would  be  ridiculous,  the  other  is  equally  fo; 

-for  I  have  no  more  to  do  with  the  Gonfideration  of  any  Year  being  in  Arrears  after  it  is 

•payable  (and  indeed  adually  paid)  to  the  End  of  the  laft  Year,  than  with  that  Year,  or  all 

the  Years  being  forborn  after  the  laft  Year  in  the  Queftion. 

I  fiiall  in.  the  next  place  ihew  the  Fallacy  of  Monlanis  Argument'  from  his  own  Con- 
ceflions.  He  owns  that  the  Prefent  Worth  of  a  fingle  100/.  due  at  one  Year's  End,  of 
another  fingle  100/.  due  after  2  Years,  and  another  100/.  due  after  3  Years,  atid  fo  on, 
are  all  juftly  found  according  to  Kerfi/s  Rule :  And  if  fo,  pray  where  is  the  Difference. 
betwixt  an  Annuity  of .  100 1.  and  fo  many  fingle  100  /.'s  due  after  i,  2,  3,  &c.  Years  ?  It  is 
beyond  Queftioiu  the  Cafes  are  the  &me  if  tbeie  feveral  Debts  are  all  owing  by  one  Per- 
fon.  But  perhaps  it  will  be  laid,  that  the  Cbnceflion  is  made  only  upon  Suppofition  ^thac 
thefe  feveral  100  //s  are  due  by  different  Perfons  ^  which  feeros  to  be  foreland's  Meaning 
by  calling  it  a  fingle  100/.  (i.  e.  asl  now  take  it,  100  /.  in  one  Man's  Hands,  and  another  100  7. 
in  another  Man's  Hands,  t^c.)  Now  to  ftiew  that  this  can  make  no  Alteration  of  the 
Cafe:  Suppofe  5  Men  owe  you  ^ch  100/.  pavable  one  at  i  Year's  End,  another  at  2 
Years  End,  &c,  the  Prefent  Wordis  to  be  paid  by  the  feveral  Debtors  for  their  feveral 
Debts,  are,  k  is  own'd,  according  to  Kerfif*s  Rule:  Suppofe  next,  that  I  would  buy  the 
Ri^t  of  thefe  Debts,  raying  them  per  Advance^  can  there  be  any  more  juftly  asked  of 
me  than  of  the  feveral  Debtors  ?  And  is  there  any  manner  of  Difierence,  either  as  to  the 
Buyer  or  Seller,  betwixt  this  Cafe,  and  an  Annuity  of  100/.  ?  Fjor  in  either  Cafe  I  buy 
100/.  to  be  paid  me  after  i  Year,  another  100/.  to  be  paid  after  2  Years,  and  fo  ob. 
And  on  the  other  hand,  the  Seller  has  the  fame  Argument  with  me  from  the  Amount  ot 
thefe  Debts  forborn  till  the  Time  the '  laft  is  payable,  as  from  the  Amount  of  an  Annuity 
payaWe  by  one  Debtor;  and  yet  it  is  deftroyed  in  this  Cafe,  byaicknowledgiogihat  the  fe- 
ycrai  Debtors  ougnt  to  pay  by  Kerfifs  Rule.    Again;*  Take  this  other  Example:  Suppofe 

H  b  h  h  I  owe 
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I  owe  to  eftch  of  ^  diffierenc  Perfons  loo  /,  pavabte  tl  i,  2>  %,  4»  f  Yeira  End;  if  I  were 
to  pay  off  thefe  Debcs  per  jidnutnce,  the  PrekNit  Worths  afe  acknowtedged  to  be  tccord- 
ing  to  Kerfe/s  Rule:  Now  if  one  Pedbn  ge»  a  Right  to  «U  thefe  Detts>  it  is  plain  I  be- 
come Debtor  to  him  in  an  Aofiuky  of  loo  /.  to  oominue  5  Y^ears^  and  if  i  propofe  10 
pay  theai  off  at  once>  by  what  Reafon  ought  I  to  pay  him  more  than  would  have  judly 
latisfied  his  Conftituent»? 

It  remains  that  I  confider  M^tlsni^  Argument  from  the  Pitfent- Worths  of  the  fcveral 
Years,  from  whence  he  thought  the  E)enK>nftradon  perfeded  ^  tho'  bis  way  of  cakularing 
thefe  Prefent  Wonhs,  affords,  I  thinks  another  ftyoog  Argument  againft  the  Truth  of  hk 
Rule. 

He  fuppofca  an  Annuity  of  100/.  The  Prefent  Worth  of  the  i  ft  Year  he  allows  to  be 
according  to  Kerfefs  Rule:  For  the  2d  Year  he  takes  the  Amount  of  the  firft  2  YearS; 
vi%.  206/.  { (lippofiiig  6  fer  Cmt,  )  then  finds  the  Prefent  Wonh  of  206/.  due  after  2 
Yearsj  which  he  confiders  as  the  Piefent  Worth  of  the  firft  a  Yearv  toeecher;  fkxn  tte 
be  takes  the  Prefent  Worth  of  the  firft  Year,  and  cafls  the  Differeode  tne  Preftm  Worth 
of  the  2d  Year  J  becaufe  the  prefent  Worth  of  the  ift  Year  taken  from  the  Prefent  Worrh 
of  the  firft  two  Years,  muft  leave  the  Prefent  Worth  of  the  id  Year  atone.  Then  for 
the  3d  Year,  he  takes  the  Amount  of  the  firft  3  Years,  *vm.  318/.  and  finding  its  Prefent 
Worth  as  a  Debt  due  after  3  Years,  from  this  he  takes  the  Prefent  Worth  of  the  ficll  2 
Years,  ^or  of  206  A  due  after  1  Years)  and  the  Difierence  he  calls  the  Prefent  Worth  of 
the  ;^d  Year  alone  ^  and  in  this  Manner  he  goes  on^'  then  cooclodes,  that  becaule  wha: 
he  calls  the  Prefent  Worths  of  the  feveral  Years  tnake  up  his  total  prefent  Wonfa,  there- 
fere  his  general  Rule  \t  ri^ht. 

For  AnpQXT  to  this,  I  do  acknowledge  that  the  Prefent  Worth  of  lA  tlae  Years  togetber> 
is  eKa(ftly  equal  to  the  Sum  of  the  Prefent  Worths  of  the  feveral  Years  confidcrcd  fcpa- 
rately :  But  then  to  (hew  that  his  Pref/nt  Worth  of  the  Whole  is  right,  he  ought  firft  10 
have  proved,  that  his  Prefent  Worths  of  the  feveral  Years  are  right ;  which  I  deny,  and 
fliall  prove  to  be  falfc. 

In  order  to  which,  Obfervg,  That  bv  thefe  Prefent  Worths  his  Argument  requires  thic 
he  mearv  the  Prices  the  feveral  Purcbalers  of  the  feveral  Years  ought  to  pay  for  them :  For 
you  giye  the  Buyer  of  the  Whole  no  Reafon  why  he  ought  to  pay  the  Sum  of  ail  thefe 
Prefent  Worth?,  unlefe  you  fliew  him  that  thefe  are  the  Prices  to  tne  pakl  by  fcvcial  Pur- 
chafers  of  the  feveral  Years;  and  as  he  muft  be  fetisfied  that  he  ought  to  pay  no  leC>  ib 
there  is  no  manner  of  Reafon  why  he  fhoukl  pay  more*  X.et  us  then  examine  the  Juilice 
of  thefe  feveral  Prefent  Worths. 

The  firft  Year  is  the  fame  as  by  Kerfe/s  Rule.  But  be  who  buys  the  id  Year  paj^'he 
DifFcrence  betwixt  the  JPrkre  of  the  ficft  Year  and  the  Prefent  Worth  erf  206  i  due  after 
2  Years;  and  this  6/.  is  one  Year's  Intereft  of  die  ift  Year'i  Annuity,  coofidered  as  tor- 
born  I  Year;  fo  that  the  Purchafer  of  the  2d  Year  pays  moft  unrcafonaWy  for  the  Con- 
fideration  of  the  Forbearance  of  the  ift  Year*  with  which  he  has  no  Concern;  and  ihc 
further  from  the  ift  Year,  thefe  Prefent  Worths  are  the  further  wrong.  It  had  been  more 
agreeable  to  his  fundamental  Suppoiition  of  Forbearance,  to  make  the  Price  of  every  Year 
the  Prefent  Worth  of  its  Amounc,  confidcrcd  as  for  bom  to  the  End  of  the  whole  Years 
for  the  Sum  of  thefe  is  alfo  equal  to  hi»  Prefent  Worth  of  the.  Whole:  But  this  iccwd 
too  gro6  when  applied  to  fingle  Purchafers  of  the  feveral  Years  ^  And  is  it  not  rather  tr.prc 
abfurd  to  make  them  pay  fijr  the  Forbearance  of  what  they  have  not  purchafed? 

Tho*  this  Argument  is  tedious  enough  already^yetl'  muft  take  notice  of  one  Cafe  where- 
in Morefamts  Rule  would  take  place ;  that  is.  If  we  fuppofe  the  Debtor  of  an  Anouiry  b 
obliged  to  keep  it  in  his  Hands,  paying  Imcreft  to  thqj  End  of  the  whde  Time ;  then 
if  he  would  pay  k  off,  the  Creditor  has  Reafon  to  infift  on  the  Confidcranoa  of  the 
Amount  of  the  Amiuity  as  0  Debt  payable  at  die  End  of  the  Years  of  the  Annuity  i  but 
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IF  the  A^iQuitjl  i^jMQrttbte  us  it  ftt(»  dti^  he  cmiodc  juftljr  infift  on'itecCdQfidtfrilJoo;  and 

in  this  Cafe  the  Price  oQ^t  ta  be  by  Ksrfifs  Rjile. .  So  that  .wber^  the.  Condition  of  pay«^ 
ing  the  Annuity  is  the  eafied  ( as  .it  is  ..certainly  more  a4vaotageous  for  the  Debtor  to  keep 
it  in  Arrears  at  Simple  Intereft,  than  pay  k  every  Ycar)>  t^e  Purchafe  of  it  \s  the  dearer; 
And  wlTere  the  Condition  of  'paying  it  'is  the  hardeft,  f  t;/«.  paying  it  as  it  falls  due)  the 
Purchafe  is  the  eaficftj  which  is  fometbing.ablurd  Md  condradiaory :  But  then  this  proves 
neichef 'of  the  Rule^tp'.be  wron^i  and  it  arifcs  from  the  Iqjuftice  of  Simple  .Incereft^  for 
if  Compound  Intei'eft  is  allowed,  lhen*to  pay 'the  'Annuity  as  it  falls  due,  or  keep  it  in  Ar- 
rears at  Compound^  {ntf reft>  are  the  {^me  things  and  (b  alfb  the  Prefent  Wortos  by  both 
Methods  are  thefatbfc.  Agftitij  If  we  Itippofe  either  the  Creditor  or  Debtor  has  it  in  hia 
Choice,  that  the  Annuity  be  paid  as  it  falls  due,  or  kept  in  Arrears  ac  Simple  locercft,  then 
the  Advantage  is  upon  the  (ame  Side  both  in  Paying  and  Buying:  For  as  the  Creditor 
would  certainly  chuie  to  have  it  paid  Yearly,  fo  in  felling  ic  he  would  have  Reafon  to  infift 
on  the  other  fide  of  the  Choice,  and  demand  a  Price  agreeable  to  that. Obligation  oa  the 
Debtor  to  keep  it  in  Arrears*.  Again,  As  the iDcbtor  would  certainly  chufe  to  keep  it  in 
Arrears,  fo  in  buying  1t  -off  be  would  rearonably  infift  on  the  otfaei:  fide  of  the  Choice, -wra. 
piying  ic  Yeanrly,  becaufe  the  Ci^ditor  cannot  oblige  Wtn'to'  keep  it  in  Arrears:  Yet  with 
Compoand  Imerdl  there  would  be  no  Advaiteage  m  havihg  the  Choice. 

Oifefoe,  in  the  laft  place.  That  if  another  tlan  the  Debtor  of  an  Annuity  propofes  to 
buy  it,  then,  if  the  Debtor  can  teep  it  i^  Arrears  at  Simple  Intereft,  ( or  is  obliged  to 
do  fo )  as  this  is  a  real  Difadvatitagd  to  the  Purdiafer,  fo  the  Seller  cannot  reafonfably  ifsfift 
on  that  Cbnfideratjon  whh  him  ia  calculajtiog  the  Price  of  i^,  as  he  might  do  if  the  Debtor 
buys  it;  whicti  is  anotlier  Contradidtion,  visk.  that  tbe  Price  ihould  be  differeat  co  di^rent 
Buyers.    But  this  alfo  arKes  from-  fimple  Intereflr. 

•  •  •  •  •  • 

Scholium  2.  Tho'  t  think  it's  made  qvidenc that Ktrfi/s  R'ute  is  the  right  one,  yet 
I  (hall  give  the  Solution  of  the  following  ti\X€^froUems  upon  both  Su{^pofitioos ;  and  in  or- 
der to  it,  I  fhall  here  give  you  the  univerfal  £xprei£oos  of  both  thefe  Rules. 

The  ,ft  iUrfc  »,=.  j^+  r-frr+  F+V  ^'^  ^°'  T^r' 

The  Reafon  is  this :  r  being  1  Year's  Intereft  of  i  /,   i  •4'  r  is  the  Amount  of  x  /.  for  i 

...  , 

Year;  and  therefore  the  Prefent  Worth  of  the^ift  Year's  Aonwityft  n^  is  '  >  v.    ?  fori  +  f 

:  I  : :  »:  -rrri.    For  the  like  Reafon  ,   1  ^      is  the  Prefent  Wonh  of  the  ad  Year:  for 

i+A''  is  the  Andount  of  a/,  for  a  Years;  and  fo  of  the  reil;  which  are  Ihe  Prefent 
Worths  of  the  fc?eral  Years  of  the  Annuity,  ^  , 

The  ad  Rule  IS  f=; t^p^Tr 

The  Reafin  is  this:  By  TrobL  i.  the  Amount  of  the  Annuity  is  r 1-/» equal 

to  tL:Lzi^!dtlllIL:  Then  the  Prefent  Worth  of  this,  as  a  Debt  payable  after  /Years; 
is  a  4th  Pioportional  to  i^-zrifche  Amoaiit  oiziLfcsrt  Ycsin)  t^  add  the  Amoum  of 
the  Annuity,  ^hich  is  according  to.  the  tU/lei  For  i-^tr:i::      ^*  -h  a  #      ^ — m  . 

Pr  o  B  L.  6.    Having  the  Pifefent  Worth,  Rate,  and  Time,  to  find  the  Annuity. 

KuU,    Take  any  Annu^  ifpleafure,  and  find  its  Prefent  Wprth  by  either  of  the  pre^ 
ceding  Rules  you  plcafc;  then>  as  that  nrefent  Worth  is  to  i;s  Aimuity,  fo  is  the  given  Pre- 

H  h  b  h  2  fent 
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kat  Worth  to  its  Aonuitv :  So  that  if  you  ctke  1 1.  Annuity^  then  the  ^en  Piefat^oitb 
'  divided  by  the  Prefent  w  ordi  of  r  /.  Annuity^  quotes  the  Amiuity  fought. 

Example :  What  Annuity,  to  continue  5  Years,  is  worth  mo  /.  PreSht  Worth,  aUowing 
Simple  Intercft  at  5  fer  Cent.  ?  Anfiuer :  50  /.  %fi.  nearly,  by  Kjerfefs  Rjiic,  and  by  iftr«- 
tantts  Rule  it  is  prccifely  50/. 

Thus,  the  Prefent  Worth  of  i  /.  Annuity  for  y  Years,  at  5  fer  Cent,  is,  by  Vierfift 
Rule,  4. 3641/.  nearly;  then,  as  4.  ^641  to  x,  fo  is  ^20  to  50. 3^9/.  nearly,  which  is  near- 

The  Prefent  Worth  of  i  /.  Annuity  by  Morelamts  Rule  is  4. 4  /;  and  as  4. 4 :  i : :  220: 50 
precifely. 

The  B^afan  of  ^is  Rule  is  nunifeft,  becaufe  all  Annuities  and  their  Prefimt  Worths  are 
proportional. 

Prob.  7.    Having  the  Annuity,  prefent  Worth,  and  Rate,  to  find  the  Time. 

"Rule  I.  If  the  prefent  Worth  is^  according  to  Kerfefs  Ruky  then  take  the  Series  of  the 
Amounts  of  i  /.  Principal  for  i>  2, 3,  &c.  Years.  Divida  the  givea  Annuity  by  each  Term 
of  that  Series  fucceffi vely  y  and  at  every  Step  take  the  Sum  of  aU  thefe  Quotes,  (i.  e.  add 
the  ift  Quote  to  the  ad,  and  this  Sum  to  the  ^d^  and  fo  on)  going  on  thus  till  you  find  a 
'Sum  equal  to  the  given  prefent  Worth  ^  and  the  Number  of  (^otes  added  is  the  Number 
of  Years  fought.    The  Reafon  of  which  is  manifeil  from  Treb,  5.  Schol.  2. 

ExMmpk.  What  time  muft  an  Annuity  of  50/.  8/.  continue,  to  be  worth  22a/.  ready 
Money  at  the  Rate  of  ^  fer  Cent.  ?  Anfwer,  5  Years. 

For  dividing  50/.  8x.  or  50.4/.  fucceflively  by  thefe  5  Divifors,  1.05,  i.i,  i.i5»  i2i 
1.25,  f  the  Amounts  of  i  /.  for  i,  2,  3,  4,  5  Years)  the  Sum  of  the  Quotes  make  219^- 
i€^s.  3  /  nearly  j  which  is  near  to  220/.  The  Reafon  why  it  makes  hot  prccifdy  220/. 
is  that  50/.  8=/.  is  not  precifely  the  Annuity  which  has' 220/.  for  its  prefent  Worth  for  f 
Years,  as  we  fiw  it)  the  laft  FrMem:  and.beiides,  the- Quotes  are  here  determined  only  to 
a  certain  Degree  j  but  as  three  of  them  are  compleat,  fo  the.  odier  two  don't  want  i  Fir- 
thing  each- 

Rule  2.  If  the  prefent  Worth  is  according  to  MorelanJ's  Rule,  then  the  Time  is  to  be 
found  thus:  Divide  2-  by  riie  Ratio  j  alfo  divide  the  Sum  of  the  Annuity,  and  twice  the 
prefent  Worth  by  the  Annuity.  Then  take  the  Difference  betwixt  thefe  two  Quotes^  and 
next,  to  the  4th  Part  of  the  Square  of  that  Difference,  add  the  Quote  of  twice  the  pre- 
fent Wonh  divided  by  the  Prodafi  of  the  Rat©  and  Aniiuity.  Of  this  Sum  cim^ 
the  Square  Root:  From  which  Root  take  half  of  the  fir  ft  n>ention'a 'Difference,  incifc 
the  Qiiotc  of  2  divided  by  the  Ratio  be  greater  than  the.other  Quote  j  but  if  it's  lefler,ado 
the  half  of  that  Diflference  to  the  Rooti  this  laft  Difference'  or  Sum  is"  die  Number  of 
Years, 

Example.  What  Time  muft  an  Annuity  of  50/.  continue  to  be  worth  220/.  «5^^ 
Cf»^  ?  Anf  ver,  5  Years.    Thus:  ^ 

2H- .05  =  4.0;  then  2X220  =440, 50 -{-440  =  490.  490-^-50  =  9.8;  then  40*^9^ 
=5:302,  and  (he  Square  of.  36:2  ==:  912^049  of  which  ^  is  228.01.  Next  .05  x  50= 2  f»  and 
440 -r*  2  5  =  176  i  then  228  01  -+•  1 76  =  40A.0IA  whofe  Square  Kopt  is  =  20  i  i  then  3-i 
-f-2i=.i5.i  ,  and  laftly,  2o:r— 1511=5,  the  Years' Ibughc  '  ' 

Demonstr.     By  Problem  5.  (fee  Schol.  2.  Bu!e  z.)  it  is  p  =" 1  + rTr     " 

Whence  2/>  +  27r^==/^r»4"-2^*'^'r*v*"d.again,  2/=/*r»4'*^*"~^'*^*~^''^' 

,    J.    J.     t_           9'  ^      ^.   I  2»/» — 2trf'^trn         ^^    ,    iv—  irp  —  rn^^ 
»d.dmding\)y r»>'u$^"J!=A4.^-- -^  ■    .    .»  or ^  •+.  ^^  '       ^^^' 


m        »         * 
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But  2»-~»rr-fi»^ag  (^i)  ^IZf  f^xjf\  _rn  ^  j£^ 

"^^  rn  rn  \     rj        r%    \      n  J       rm  ^        •"  r* 

*»+?-i/^-i,x*=i<*+J-^2±*  X  *i  and  if  for  brevity  we  call  ^^Uj±J!. 
=3^ J  then  is  ^=^»+<//,  and  ^  =  ||  +  fLrP_i,  fby  Pr^*-  tf.  C*i^.  a.  B90k  HI,) 
Butif;^  is  lefi  than  ^^^,  let  alfo  ?^  +  ''—  ?  be  called  <4  aad  then  is  i^ss/^—^/^ 
tnd.  /=  ^+^'  +  i  by  thcfiunc  Pro^fesfc 

P  s.  o  B,  8.    Having  the  Annuity^  prdent  Worth  and  Tiine«  to  find  the  Rate. 

X.  If  the  prefent  Worth  is  taken  according  to  Kerfi/s  Rule^  there  is  no  Method  within, 
my  Limits  that  will  iblve  the  Troblim,  except  for  that  one  Caie  where  the  Time  is  two 
Years.    The  Rule  for  which  may  be  eaGIy  deduced  from  Vrob,  5.  viz.  from  this^/s? 

— j—-  -f,  — ^ — .     Thus,  Adding  thefe  two  Quotes  or  Fradionsj   the.  Sum  is  p  ^ssr. 

and  2f  f *  +  y^f  "^  3^' *  =  2» ~j>,  and  is*  +  ^^T^  ^  ^^^  ^1^'^  *°^  calling  2^112? 
s=  ds  it  is  r*  +  </r  =s  — --^.    Whence  ( by  Prokkm  6.  Xhapter^  2.  Book  III. )    r  =^: 

a/    +4V      2' 

2.  If  the  prefent  Worth  is  according  to  MenUmfs  Rule,  then  the  Solution  of  thi 

Tfotkm  is  deduced  from  his  Rule  for  Trob,  5.  viz,  ^= »      ,      Whence 

xp-\'Xptf^=^nrt^-\'%tn'-^tfn,  and  z^/r- — »r/* -f- ^'''''^^^^•"^^^^  and  r  =• 

— ^J^'p-Js^  >  ^•^  ^'  ^'^^  double  of  the  Difference  betwixt  the  prefent  Worth  and 

the  Produ<fi  of  Time  and  Annuity  j  divide  this  by  the  Difference  betwixt  the  Produd  oi 
Annuity  into  the  Square  of  the  Time>  and  the  Sum  of  the  ProduA  of  Time  and  Annui-r 
ty,  and  twice  the  Produdof  prefent  Worth  and  Time  ^  the  Quote  is  the^Rate, 

'  F^  Aiimitties  psy^Ak  fr$  h^lf  yeitrly  or  qu^rurly  Payments. . 

In  the  preceding  Trobkms,  let  /  reprefent  the  Number  of  half  Years  or  quarters  that  ait 
Annuity  continues  ^  r  the  Intereft  of  i  /.  for  4  or  ^  of  a  Year  j  and- »  the  |  Years  or  quar- 
tets Payment :  Then  all  the  preceding  Rules  are  applicable  to  half  yearly  or  quarterly  paid 
Aniuitie^  the.fame  way  as  to  yearly  Payments/ 

Part  IL    Of  A^uiucs  at CmpoundJntereJk. 

Obfervej.Is  tint  folhwiffgVtohkms,  the  Amownt  of  iL  apdi  Xear^s  Ut£refi  is  jcalled  ,thc 
Rate.    For  Example:  1.05,  if  Infereji  is  af  ^  per  Cent. 

I.  0/  Annuities  in  Arrears  at  Compound  Interefir 

Prob.  I.  Having  the -Anntrityj  Rate  and  Time  (in-  whole  Yenra}  ta'  find  the  A-r 
mount.  JUile. 


•     •  •■ ' 
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"Ruk.  Make  i  the  leaft.Tcrtn  of  a  G^otuctpcal  ProgrcflfoDj-  the  Raa  the^d  Term, 
(iMhtch  cK>nfeqiichily  is  the  Ratia  of  the  Prqgreflion  by  wHkK  every  Term  is  to  be  multi- 
plied, to  produce  the  next)  carry  it  t6  as  nijrtvy  Terms  as  the  Number  of  Ycars^  ksSum  is 
the  Amount  of  i  /.  Annuity  for  the  i^iveit  Time>  [and  to  find  the  Sum  moft  eiBy,  mul- 
tiply the  laft  Term  by  the  Rate>  or  Ratio,  which  produces  a  Power  of  the  Rate  whofe  In- 
dex, is  the  Time:  and  from  the  Produft  tattc;  i  the  ift  Term;  then  divide  the  Remainder 
by  the  Rate  Icfe  i ;  the  Quote  is  the  Sum]  which  Sara  multiplied  by  the  given  Aimuitf, 
the  Produdl;  is  the  Amount  fought. 

Example,  What  is  the  Amount  of  an  Annuity  of  40  /.  to  continue  5  Years,  allowing 
Compound  Intereft  at  %fer  Cent.  7  Anfwer,  iz  1.01525/.  which  is  xiiL  os-  6.'o6l 
Tbut:  Of  a  Geometrical  ProgreHion  beginning  with  i>  whofe Riatto  ia  i.05>  He^  5th  Term 

is  1.05  =  1.2155062^,  and  the  Sum  of  the  Series  is  ^.5256312^.     tor  1T05  = 

i.27(J28i5<J2y,  and  1.05  —t  =  . 27*28x5625;  which  divided  by  i.oy  — i,  or  .05,  the 
Quote  is  5.72563125,  the  Amount  of  i/.  Annuity  for  5  Years.  Which  mukipUcd  bf 
40,  the  Produft  is  221.02525  =  221  /.  or.  6.96 d,  the  Amount  Of  40/.  Annuity. 

Demonstr.  It  is  plain  that  upon  the  ift  Year's  Annuity  there  will  be  due  as mary 
Years  Compound  Intereft,  as  the  given  Number  of  Ye«s  lefi  i ;  and  graduailv  one  Year 
lefs  upon  every  fucceeding  Year  to  that  preceding  the  laft,  which  has  but  one  Ycsr's  Inte- 
reft, the  laft  having  no  Intereft  due:  But  the  Athount  of  i  /.  for  i  Year  being  1.05,  the 
Amounts  of  it  for  2,  3,  &c.  Years  are  '(by  Troh.  i.  Fart  2.  §.  i.)  the  fevend  Powers  or 

Produfts  of  1.05  multijdied  continually  by  itfclf  2,  3,  &c.  times;   conlequeody  Tof  > 

X.05  »  1.05  »  1.05, 1  are  the  Amounts  of  the  i&»  2d>  %i^  4tb  and  ftb  Years  Aonuiiy  of 
I L  whofe  Sum  is  therefore  the  whole  Amount  of  the  Annuity  of  i  /.  for  5  Yean.  Bu: 
i/.  is  to  the  Amount  of  i  /.  as  any  other  Annuity  to  its  Amount.  Wherefore  ^Amount  of 
iLAnn.  multiplied  by  another  Ann,  gives  its  Amount. 

VniverfaUy,  Let  R  be  the  Rate»  pr  Amount  of  i  /.  with  i  Year's  Imerefti  then  die 
Series  of  Amounts  of  feverai  Years  of  i  /.  Annuity  fi-om  the  laft  to  the  firfi  is  i,  R,  R', 
R3,  ef-^.  R«— ».    And  the  Sum  of  this,  according  to  the  Rifle  df  a  ProgreflSon  Geomc- 

R'-*i 
trical,  is   y^j_'  ,  the  Amount  of  i/.  Annuity  for  /  Years.    And  this  multiplied  by  any 

R'  —  I  n  R* — n 

other  Annuity  n  gives  the  Amount  of  that  Annirity,  vi^,  R— .V  ^^  ^^  "TTZIT'  (^'^ 

univer(al  EimtefTion  of  the  Rule)   becaofe  all  Annuides  am  proportional  widi  dieir  A- 

mounts,  and  i :    ;. : :  » :  D~zrT  ^  *• 

Scholium.    As  i  :R:R»,  &e,  R«-^«  is  the  Series  of  Amoimtsof  1/.  Annuitvfor- 

born  for  *  Years ;  fo  is  Ji : «  R :  i»  R*,  ^f.  n  R«--'  the  Amoune  of  the  Annuity*  Wboe- 

forc  the  Amouht  of  any  Annuity  for  t  Yeare  is  the  Sum  of  a  Geometrical  ProgreffioD, 

Whofe  Icaft  Term  is  the  Annuity,  and  Number  of  Terms,  equal  to  the  Yean,  the  Ratio  be^ 

ing  the  Sum  of  i  /.  and  one  Year's  Intereft  expreffed  here  by  R.    And  by  Ac  Rul(of 

»R'— -» 
Geometrical  Progreffions,  the  Sum  of  this  Series  is   ^ ^    as  before. 

Another  Rule,  Find  a  principal  Sum,  of  which  I  Year's  Interifi  is  toial  to  die  gi^cn 
Annuity;  then  find  the  Amount  of  chat  Principal  for  the  given  Time  and  Kate,  (byFr<^*  '• 
Part  2.  §.  I.)  from  which  Amount  fubtraft  the  Principal,  the  Remainder  d  lEe  Amount 
of  the  Annuity. 

The  Eeafon  is  plain ;  For  the  Amount  of  the  Principal  is  the  Sum  of  the  Principali  and 
every  Year's  Simple  Intereft*,  fwhich  mafce  the  feverai  Yefers  Artnbittes)  with  all  the  Com- 
pound Intereft  arifing  from  tJocfei  fo  char  tl^  Priqc^  tal^ea  from  the  Amoui|t,  leaves  the 

5  Sufltt 
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Sum  oF  the  feveral  Yeftifs  Simple  Inceitft  with  all  tbeir  Componnd  Intcfeftj  tvhich  i^  {dam- 
ly  the  whole  Amount  of  the  AnAuicy. 

Id  the  preceding  Exatt^^  I  fay>  ft9  .05  tO  i>  fb  is  40  to  Soo  a  Principal  which  gives 
40/.  Intcreft  in  i  Year  at  5  ^  Cemt.'j  then  the  Amount  of  this  Principal  fbrborn  5  Years 
at  Compound  loiereft  is  1021.0252^9  from  which  take  800,  the  Remainder  is  221.0252; 
as  before. 

ScH#LiVNr.  This^Ruk  may  be  proved  from  its  Coiocidenee  with  the  former^ 
thus;    R  being  the  Sum  of  i/.  and  i   Year's   Intereft^    then  is  R-—  i   the  YeaPs 

lotefeft*  anf  Rr-  k :  1 1 : »:  w  _    the  Prioeipt)>  wbolc Year's- Intereft  is )».    Then  the Ar 

0R' 
mouat  of  this  Principal  for  #  Years  is  ^tT^  i^J  ^^-  *•  ^^"^  *•§•!•)  ^^m  wfcich  take 

the .  Principal  5 — ^,  the  Remaiitider  is  -« —  the  Atoouiit  by  the  former  JUHe. 

I 

Prob.  2.    Having  the  Amount*  Rate  and  Tirne^  to  find  the  Annuity. 

Euh,  Take  any  Annuity  at  pleafure^  and  find  its  Amount  by  the  lad.  Then  as  that  A- 
mount  is  to  its  Amiuityj  fo  is  the  given  Amount  to  its  Annuity.  And  objerve,  If  youchule 
1  /.  Annuity^  you  have  nothing  to  do  but  divide  the  given  Amount  by  the  Amount  of  i  /. 
Annuity. 

ExMmple.  What  Aonukv  will  amount  to  221 L  os,  6  d.  in  5  Years  at  the  Rate  of  5  fer 
Cent.  ?  Aofwcr,  40/.  Fortne  Amount  of  1/.  Annuity  in  5  Years  is  5  52563 125  j  by  whic6 
dividing  the  gjven  Amouoc  221.025^  the  Quote  is  39^999^=^  ?9/*  t9>/-  n^-  3/  &c,  or 
40/.  nearly;  which  it  would  have  been  precifeiy»  had  we  taken  221/.  ox.  6.06^.  (or 
221.02525^  for  the  Amounts  as  in  the  ift  ProbUm. 

D  E  M  o  N  s  T  r1  The  Reafon  of  this  Rule  is  plain :  For  all  Annuities  and  their  Amounts 
inuft  be  proportional. 

Scholium.    The  Amount  of  1  /.  Annuity  is,  by  Fr$b.  i.  expreflcd  s.  ^-^  ;    and 

calling  the  given  Amount  A,  then  this  Rule  is  » =  A -r-  w ^   =3  ^,_  ^ ;  that  is, 

multiply  the  Rate  by  the  Amount,  and  from  the  ProduA  take  the  Amount;  the  Diflfe- 
reoce.  divide  by-  the  DtfieroDce  of  i>  and  the  t  Power  of  the  Rate.  The  Ufe  of  this  Ex- 
predion  of  the  Rule  youll  find  in  the  foUowixig  Ptobkmt.  •  And  we  may  alfo  deduce  it 

thus,  by  Ffob,  1.  A=:l^l~!.  hence  AR  — A==;ifR'— »,  and  t^'^J!:  =  n. 

P  iGi  o  B  L.  3.    Hfviiig  the  Annuity,  Rare>  and  Amounts  to  find  the  Time. 

.  nuU.  Find  a  correfponding  Principal  (as  in  the  2d  Kuk  of  Trobl  i  J,  the  Sum  of  this 
and  jhe  given  Amount,  is  the  Amount  of  that  Principal  for  the  given  Rate  and  Time 
fougu:  Wherefore  find  the  Time  (by  VrobL  2.  Partx.  §.  i.)  thus^  divide  that  Amount  by 
its  Principal,  then  multiply  the  Rate  continually  by  k  feif  till  the  Produd  or  Power  pro- 
duced be  equal  to  the  former  Quote,  the  Index  of  that  Power,*  or  Number  of  Multiplica- 
tions more  t,  is  the  Number  of  Years  fought. 

Exawph.  In  what  Time  -will  40/.  Annui7  amount  to  22102525  /.  at  the  Rate  of  < 
per  Gent.  ?  Anfwer,  5  Years.  Thus,  .05  :  i : :  40 :  800  the  correfponding  Principal,  then 
«oo-f" 221.025^25.=^  1021.02525;   which  divWed  by   800,  the  Qpone  is  1.2762815(525, 

ecjual  to  the  ^th  Power  of  loj,  or  TTq5  *;  fo  that  5  is  the  Number  of  Years  fought. 
I       '  Demo  n- 
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Demonstr.  By  what's  fliewn  ia  Pr^k  i.  lUtle  2.  the  Difieftnce  of  the  Prindpai 
found  and  its  Amount*  is  the  Amount  of  the  Annuity;  wherefore  that 'Principal  added  to 
the  Amount  of  the  Annuity  gives  the  AaKxiofof  the  Principal:  The  reft  of  the  Sa/f  is 
detnonflrated  in  the  Pr$Uem  referred  to« 

mm 

Scholium.    The  correfponding  Principal  is  CKpreffed  ^ (as  in  SiM,  toPwi.  i.) 

n  Jf*4-AR— A 

and  this  added  to  the  given  Amount  A,  the  Sum  is  A  -4-  t^ =    1]^  J^        j  which 

divided  by  the  Principal  ^~i*  the  Quote  is  *  +  ^^~^3=;R5  by  die  Rdc,  uxi  is 

AR  —  A 
4tfiather  Expreffion  of  it;  which  miqr  aUb  be  deduced  thus*  by  Frpt.  a.    ^t ,__      :=  9; 

hence  AR— A=»R*  — jt,  and  »-f  AR  — A==«RS  and  laftly,  ?+AR-A_^^^ 

P  x.  o  B.  4.    Having  the  Annuity*  Amount  and  Tiroe>  to  find  the  Rate. 

There  is  no  Rule  within  my  Limits  that  will  folve  this  ProUem,  except  for  that  one  Cafe 
where  the  Time  is  2  Years.  And  to  come  at  that  Rule*  I  muft  deduce  the  general  Rule 
fi-om  what  precedes*  and  Co  leave  it  with  the  Application  to  this  Cafe. 

In  the  laft  ProUem  we  law  AR— A  =  »R^— ».    Whence  AR=;»R«~»+Ai  and 

again,  AR— »R'=A  — wj  and  dividing  by  »,  it  is  ~  x  R  — R«=  ^^Il2.    Now  if 
/  is  iibove  2*  we  can  make  nothing  of  it  by  common  Methods:  But  if  ^  is  =2i  cbeoir";; 
-X  R  — R*=^^^    AndcaDing^=^,  then  (byPf**.  tf.C*-f/.a.Bw*m.;  R=-+. 
A — »      aar 

2.  Of  the  Pitrchafe  cf  Annuities  at  O)mpound  Intereft. 

*P  R  b  B  L.  5.    Having  the  Annuity,  Rate,  and  Time,  to  find  the  Prefent  Worth. 

"Rule  I.  Find  the  Prefent  Worth  of  each  Year  by  itfelf  (by  Probl,  a.  Parti%  i); 
the  Sum  of  all  thefe  \s  the  Prefent  Worth  fought. 

Rule  ^,  Find  the  Amount  of  the  Annuity  <by  PrM.  1)  then  find  the  Prefent  Worth 
of  this  Amount  as  a  Sum  due  at  the  End  or  the  whole  Time  ( by  PtoH.  2.  Pifr^2.  §.  1)9 
it  is  the  Prefent  Worth  fought. 

IRuk  1.  Find  a  Principal  Sum  whereof  the  Annuity  is  r  Yeats  Intcreftj  and  find  the 
Prefent  Worth  of  it  as  a  Sum  due  at  the  End  of  the  Time ;  fiibtrad  this  Prefent  Worth 
from  its  Principal ;  the  Remainder  is  the  Prefent  Worth  of  the  Annuity. 

*Ohferv€,  The  laft  "Ritk  is  the  eafieft,  and  therefore  I  apply  it  in  the  following  Ex^wy^; 
but  there  was  a  Necefliry  to  deliver  them  all,  becaafe  the  ift  is  the  fundamenol  Rulfo 
which  has  a  Reafon  in  it  felf ;  the  2d  having  its  Reafon  only  in  its  Coincidence  witb  "^ 
i(h  as  to  the  Anfiutri^  and  the  3d  depends  upon  the  id. 

Exaynfle.  What  is  (he  Prefent  Worth  of  an  Annuity  of  40/.  to  continue  5  YcarSi  dil- 
compting  at  5  ^ Cent^  Anfwr :  17}  /.  %/b.  yJ,  Found  thus;  as  .oy.to  i,  lb  is  40  ''^ 
800,  a  Principal  Sum  whereof  the  Prefent  Worth,  difcompting  Compound  Inrercft  for 

Years,  at  5  ^  Cent,  is  626  /.  16 /b.  5  </.  [  for  the  Amount  of  i  /.  in  5  Years  is  1.05  = 
1.276281,  &c.  and  5oo-H  1.276281  =  626.8212,  &c,:=i6x6li6Jb.^(L  nearly]  then 
irom  800  take  ^26  /.  16 Jh.  y  J,  the  Remainder  is  173  A  3 jS.  yd. 


to 
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DEMONsriL  I.  Thatdse  ifl;  K«E?  gives  tiie  titee  wt^ERj/ooiff.  tgrcc&ble  to  (he  pltin 
Meaning  of  the  ^tgiftion,  fe  xnanifeft  and .  is  alfo  confirmed  by  what  has  been  fard  upoa 
the  like  Queftion  with  Simple  Inccreftj  fo.  that  jevcry  other  Rule  muft  coincide  with  this 
m  the  Anfwer,  clfe  it  cannot  bettrue^  and  that:  the  bthef  two  "Rules  give  the  'fimc  An* 
fwer,  I  (hall  aUb  demopftra.te.  •    .    .  .      :  --    . 

2.  For  the  ad  Rule.  The  Prefent  Worth  of  any  fi'nde  Year  amounts  to  the  Annuity 
when  it  becomes  payable.  [For  Example  -  the  Prefent  Worth  of  the  3d  Year  is  a  Princh- 
pah  which  in  3  Years  Time  will  make  an  Amount  equal  to  the  Annuity]  and  therefore 
the  AiDounc  of  that  Year  from  the  Time  it  falls  due  to  the  End  6f  the  giv^  Time>  is  the 
ikme  as  the  Amount  of  the  Prefait  Worth  oif  it  from  the  Time  of  the  Purchaie  to  the 
End  of  the  Annuity.  .  Coqfequeotiy^  the  Pref^t  W <»rth  of  any  Year,  difcompthag  froca 
the  Ticne  it  falls  due>  is,  the  fame  a^  the  Prefent  Worth  of  the  Amount  of  that  Year>  rdmr 
med  up  to  the  End  of  the  Annuity,  s^. .  th^  difcomp(ed  to  the  Ttnoe  of  the  Purchafe. 
But  the  Amount  of  the  Annuity  at  the  End  of  the  whole  Years  is  the  Sium  of  the  Amounts 
of  the  feveral  Years  ^  and  confequendy  the  Prefent  Worth  of  this  Sum  is  the  Sum  of  the 
Prefent  Worths  of  thefe  particdlar  Atnounts;  which  being  equal  to  the  Prefent  Worths  of 
the  feverai  Years  difcompted  from  the  Times  they  ftdl  due :  Therefore  both  Rules  give  the 
fame  AnfiDcr. 

%,  For  the  3d  Rule,  It  follows  from  the  ad  thus.  The  Princioal  fou^d  by  the  Rvk» 
will  make  an  Amount  froin  the  Time  of  the  jPurchafe  to  the  End  of  the  Annuity,  equal 
to  the  Sun)  df  it  feif,  and  the  Amount  of  the* Annuity  (  as  we  faw  in  the  laft  ProHem  ) ; 
but  the  Prefent  Worth  of  any  Sum  is  equal  to  the  Sum  of  the  Prefent  Worthsf  of  any  two 
(or  morej  Parts  of  that  total  Prefent  Wonhj  confequentlv,  the  Prefent  Worth  of  one  Part 
taken  firom  the  Prefent  Worth  of  the  Whol«,  leaves  the  Prefent' Worth  of  the  other  Part  j 
fba(  iSf  in  the  prefent  Cafe,  The  Prefent  Worth .  of  the  Principal  found  f  which  is  a  Part 
of  its  own  Amoutit)  taken  from  the  £ime  Principal  (which  is  the  total  Prefcnr  Worth  of 
its  total  Amount),  leaves  the  Prefent  Worth  of  tbe  Annuity  (which  is  the  other  Part  of 
the  Amotint  of  mar  Principal).     ,1 

Scholium,  By  ProU.  i.thc  Amount  of  the  Annuitjr  13  ^xpr^jBed  thus,  A  ==  2^-£l^ 

and  (by  Protl  a.'  Psrt  a.  §.  i.)  the  Prefent  Worth  of  tbis,is  p  =  ^^lui,    which    is 

therefore  theBi^reffion  of  the  2d  Rule :  And  that  the  lARuh  refolves  into  the  fame  Expref&on, 
may  bethusfhcwni  The  Prefent  Woithaoftbeiey^YearsLare  (by  Fr0&/a.P«r/ a.  §.  i.^thus 
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ejqpreffed,  t7  :  tt^  :  -57*  &€-  to  ^ ,  which  is  a  GeometricJl  !Progreffion,  in  the  Ratio 


H  Rt        'n 

of  R  to  I,  whofe  Sum  is»  by  the  Rule  of  a  Geometrical  Progreffion,  Utii  j,bf*  as  be- 
fore. The  Coincidence  o>f  the'  jd  Rule  with  this  may  alfo  be  eafily  fhewn  after  the  fame 
Manner^  whererore,  infl^  of  the  preceding  three  RMks»  we  may  take  it  according  to  this 
univerfal  Eipreflion,  thus,  ,»     .   r    ,.,.      . 

Take  two  Powers  of  the  Rate  whofe  Iiidexes  are  the'Ti(i(ie>  and  the  Time  more  1^ 
multiply  the  ifi  of  theffc  Powers  by  the  Annuity,  and  take  the  Annuity  from  the  Produft; 
then  divide  this  Difference  by  the  Difiere^cte.  of  thefe  tWQ  Powers  ^  the  Qiiote  is  the  Pre* 
fent  Worth.  v 

ft    Or  thus :  Take  the  Dffleicnce  of- 1  and  the  leffir  Power/  Which  divide  by  the  Difference 
of  the  Powers^  and  then  multiply  the  Quote  by  the  Atuiuity«becaufe4^&^~^^ 

"  '•  -        •  '•   ri4  J**'    .>•.••.       ..    •  •  •    ?    *C0R0LL. 
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CoHot^L.  Heiiee>  knowif^ the  Htne  any  Annoiiy  comifiues«  and  tbe  Race  tBowed 
in  tbe  Purchafe,  we  can  find  how  many  Years  and  Para  of  a  Yeai^  Puichafe  it  is  wonli« 

withouc  knowing  the  Annuity :  For  lince  the  Price  is  x^^ 1^  x  Mj  cbeKfbre»  whaEcrcr  a 

is,  gF+nrRt  ^^^^  univerfidly  ezprels  the  Number  of  Times  tbe  Annuity  is  contained  ia 
the  Price. 

P  R o bLn  6.    Having  the  Prefent  Worth*  Rafie»  and  Tiaie»  to  find  tbe  Annuity. 

ttule.  Take  any  Annuity  at  pleafure,  and  find  its  Prefint  Worth  by  die  laft;  theo; 
as  that  Prefent  Worth  is  to  its  Annuity,  lb  is  the  given  Prefent  Worth  to  Ae  Amwi^ 
fought.  Obfrve,  If  you  take  i  i.  Annuity,  then  there  is  no  more  to  be  done  but  divide 
the  given  Prefent  Worth  by  that  of  i  /.  Annuity. 

• 

Example:  What  Annuity,  to  cominue  y  Years  will  be  purcfasfed  for  173/1  %JB.  jii^ 
lowing  Compound  Intcreft  at  5  j^  Cefrt.  ?    Anfoitr :  40  /.  Found  thus : 

The  Prefent  Worth  of  1 A  Annuky  to  cdnttnne  f  Years  is  4. 319,  and  173/.  3J*.  7/ 
or  173. 1788,  &c.  -r-  4. 329  =  40.004,  &c.  which  is  40/.  nearly,  for  the  Dccidid  Jslci 
than  a  Fartbiiig. 


Hit  i  tut 


DtM029ST&.    The  Reaiba  of  this  ^  is  plain :  For  all  Annniries  aae  prof 
with  dieir  Prefent  Worths  for  the  fiune  Tune  and  Race. 

ScROLiVna.  By  Sdf^Ltothc  pmcaiiDg  PrvUtm  the  Prefent  Worth  of  ilAmOf 
b  expieflcd  -^t^i—-  i  W^^erefore  the  Annuky  aitfWering  to  any  Prefent  Wonlh  ^  (Ibr  the 

fiime  Time  and  Rate)  is  ^-^  ^t^t_  j  —  ^  ^  -j^——, which  is  an  uaiverfal  Rule.  Wc 

may  aHb  deduce  it  from  *e  preceding  Pntkm,  thus;  p  ^  E^^7'  ^^e^cc/R'*I-p 

=  »R*— »,  and  dividing  by  R*—  1,  it  is  m^^-^—^^s  or/x  ut  JJ^\ 

pROBi>.  7.    Having  tbe  Annuky,' Prefent  Worth,  and  Rate,  to  find  tbe  Time. 

Rule.  Find  a  Principal  whereof  i  Year's  Intcreft  is  the  Annuity,  from  which  fabtrafi  tbe 
^aii  Prefent  Worthy  te  Rnkuoader  m  the  Padfem  Wohh  of  .that  Fsincipal  caaiideitd  u 
a  Sum  due  ^t  the  End  of  tbe  Annuity:  Therefore^  by  Prpi/.  3.  Parf  2.4. 4.  fisd  in  what 
Time  this  Prefent  Worth  wiU  amount  to  tbe  Principal  found ^  it  is  theltime fi)ugbt 

Example:  What  Time  muft  an  Annuity  of  40/.  rontinue,  to  be  worth  ef  ready  Mo- 
*^^f  ^7?^-  3^'  7^*  sifiowrngj /(?^  c>«r^.  Compoimd  Interefr.    j^njhar:  5  Yean. 

For  o^  :  I : :  AD :  l^no  the  Ptrrtctpal  fought  j  from  Whkrh  rake  173  /.  r/b.  7  i  the  R^main- 
^der  Is  (JitJ /.  x6fh:  ^d.ar  tJitf.  82/.  nearly,  tbe  PrrfenrWonh  oF ^kso  docrat  the  End  of  tbe 

TimefeMgbt)  then  Soc^^itf-^cBx^o^yiT^,;,^^.  =>=  iTof  aMrly^fortkis is 2^7^381] 
ki  the  Timefi)iig^  is  5  Years. 


•  ; 


1)  E  M  o  N  s  T  R.    It  was  (hewn  in  Frohf.  ft  that  the  Diflference  of  the  Principl  fo"^ 
and  its  Prefent  Wortb,  is  tbe  Prefent  Wortb  ctf  the  Annuity  j  confcqucmly  the  Dificrcocc 
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of  tbe  Preftot  Worth  of  the  Annofcy.  and  the  fimePrindML  flurifc  ^J^I^^  ^°* 
of  thtt  PriBclpiil.  The  reft  of  Ae  »*&  «  demonftotted  in  die  Pf#**w  teterrw  to. 

Scholium.     The  correfponding  Principal  being  expreffcd  g^  ( for  R  —  i :  i 

« 

V. » :  K~-^  anddicgivtnPtcfemWorthp,tbcn  by  this  Rule  g^  — ^  =  ..  Hj^j 


the  prcfcnt  Worth  of  j^i--:  And-by  Prrf/.  3.  P^^a-S-i.  itM|^rrT"^ R— i 

,       .    .  •      •  •    " 

♦  •  •  ■ 

(—  __JL-_^  =s  RS  which  is  the  univerfal  Exprcffion  of  the  Rulcj  to  be  <k' 

^octdz\k>(to&ifr(fhk^.tb^JS.p=^^^^r7  hence  ?R»»',-^R^  =  *R"-*'   «wl 
f  R't*  =»Rt  — ji+^Rt,  thcn^Rt'+»=»R*+^R^J  $Ubn^nK'+tK'^f9M' 

P  It  o  B  L.  S.    Having  the  Aimuicy*  Prefcnt  Woikhj  and  Time,  to  find  the  Rate. 

This  PiM^fc*  can  be  folvcd  by  no  N!ethod  within  nay  Limits*  except  for  that  Cafe 
where  the  Time  is  i  Year ;  which  I  fliaU  ftiew  by  deducing  tbe  general  Rule  from  the 
preceding i  thui,  in  the  Scbohtm  to  the  laft  Problem  we  fee  »  =  »R'-f  ^R*— /R*t*  = 

SqpixR^— />RnS  and  ?=  ?dtlI>^R<^R«#«-,  no\(v  if /is  any  Number  greater  than 
z,  CO  fhd  R  we  W  aoadfeAedRoot*  above  the  Squate*  to  extfaa;  for  wMcb  we  have 
no-Rulei  in  this  Work :  But  if  the  Time  is  1  Year,  then  the  Rule  is  *=  ^^4^  x  ;R— 

jR^a.  can  ii^=A  and  then,  by  Pr$U.6.  Ch.2.  Booklll.  R=/+or  —  TZTE^ 
f  .  ^  /        4 

Of  Annuitic;!  f4y»tk  lA^3f$0rif  «r  ^mrterfyy  and  ofber  ^ftimsj  wbere^ 
in  tbe  7$me*is  feme  Part  of  a  Year^  or  whole  Tears  witbFart  of  a  Year. 


^^j _    _     .       -       ,       jcofding 

to  any  Suppofidon  ( i. #.  By  either  of  tht Methods  explained  in  ScboLz.ProU.  i.  Part 2.^  1. 
and  here  the  ad  Method  (tifXas  to  be  the  fUreft  ),  Ubin  di  the  precciding  IRuks  are  applicable 
to  Half-jearly  and  Quarterly  Payments  tbe  ftme  W17  as  for  xearsj  ya  the  Labour  of  tbe 
Calculation  is  hereby  increa&d. 

Psn  II.  Bat  whether  A&nukief  are  pmUe  Yeaiiy  or  Quarterly,  the  Time  fought  may 
perhaps  not  coree  out  in  whole  Years  or  Qtiarters  precifely ;  which  is  a  Sign  that  the  Que- 
ftion  is  impoflible  in  whole  Years  or  Qtianers :  So  that  if  what  is  wanting  in  the  Number 
found,  to  make  it  whole  Years  or  Quarters  >  be  veiy  little,  it  may  be  ne^e6ked^  but  if  it  is 
great,  then  we  may  find  fome  Part  of  the  Year  or  Quarto's  Payment  cprrefponding  to  16  as 

liii  2  I  (hall 
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I  (hall  brieflf  explain  with  rrfpeft  to  Anniial  Payments  \  and>  to  make  tbit  Part  complete. 
I  (lull  alfo  coofider  'thofe  Q^dions  wherein  the  Time  is  dven  in  Years  and  Pans  of  a 
Year.  And  obferue  tooi  That  the'  the  Payments  are  by  mlf-yean  or  Q(iarters>  the  Cil- 
culacions  may  juftly  be  made  as  if  they  were  by  Years. 

•  •  • 

1.  In  TroU  i.  If  there  is  any  Part  of  a  Year«  then,  haviiu^  fbond  the  Amount  for  the 
whole  Years>  find  the  Intereft  of  that  Amount  for  the  Parts  of  a  Year  in  the  Q^eftion«  bf 
any  of  the  Methods  explained  in  Scb$l\  2.  FrM.  i.  Tart  2.  §.  x.  as  yott  think  Dt>  and  add 
diat  to  the  Amount  for  the  whole  Years. 

2.  In  Trobl  2  If  the  Time  is  whole  Years  and  Parts  of  a  Year,  die  Solutkm  depends 
upon  the  laft. 

3.  In  Trobl.  3.  Where  the  Time  is  fought,  the  laft  Part  of  the  Sduiion  depends  upoo 
Trobl  3.  Fart  2.  §.  I.  And  for  the  Parts  of  a  Year  in  the  Time  fou^t.  Set  die  SM. 
t^tliat  Problem. 


4.  For  Probl.^  we  can  make  nocbing  of  it;  and  it  is  indeed  of  BMc  Ufe 

5.  In  Probl.  5.  if  the  Time  is  whole  Years  and  Parts  of  x  Year,  the  Solutkm  will  be 
different  according  as  you  foppofe  Intereft  for  the  Parts  of  a  Year  to  be  taken.  But  hov- 
ever  that  be,  this  is  nrft  to  be  done,  vkc.  to  find  the  PreGmt  Worth,  difoomptiog  for  the 
Whole  Years  in  the  Qiieftion ;  then  find  the  Pfefent  Worth  of  this  Prcfent  Wonh,  dif- 
compting  for  the  Parts  of  a  Year  in  the  Qu^ftion.    See  Scbol:  ^  to.  FrobL  2.  Fart  a.  §.  h 

(.  For  Ff0ip/.  6.  the  Solution  depends  upoiv  the  Ta^ 

7.  For  Frobl.  7.  the  laft  Part  of  the  Solution' depends  upon  Frobl.  y.  Parti.  §.  i.  See 
the  SM.  to  that  Problem. 

t  For  the  8.  Probl.  we  can  make  nothihg  of  it  ^^and  it's  of  as  little  Ule  wi  the  4th. 

5.  in.  of  the  Purchafc  of  Freehold  Eftates,  or  Annuities  to  coth 

tint^  for  evi^Ty  allowing  Compout^d  Intere^. 

Probl.  T^O  find  the  Price  or  Prcfimt  Worth  of  a  Freehold  Eftate  or  Aitfiuity  to 
^    continue  for  ever,  difcompting  Compound  intereft. 

Mule.  Find  a  Principal  Sum  of  which  one  Year's  falereft  is  the  Rent  or  Annuity  gnreo; 
it  is  the  Price  fought. 

Example :  What  is  the  Price  of  a  perpetual  Annuity  of  40  /.  difoompting  at  ^Sfff  Cat. 
Compound  Intereft  ?  Anfiaer :  800  /.  for  .05  2 1 : :  40 :  800  /. 

DeMonstr.    The  Reafon  of  this  Huk  feems  of  it  fdf  obvious ^  for  it's  plain,  thit 
fincc  a  Year's  Imcreft  of  the  Price  is  the  Annuity*  therefore  there  can  ndtbcr  raort  nor 
'  lefs  be  made  of  that  Price  than  of  the  Annuity,  whethfar  we  employ  it  by  Sio[rie  or  Com- 
pound Intereftt 

SCHO- 


I 
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SCHOLIUMS. 

■ 

I.  But  left  any  body  fliould  doubt  whether  the  Difcomut  15  here  made  at  Simple  or. 
Compound  Intereft,  let  them  confider  the  Rir/f  of  Frobl  2.  Farti.%,  i.  for  the  Prefcnt 

Worth  of  an  Annuity,  which  is  thus  expreffed,  ^=:  |^  +  "R*  +  l[i'  ^^*  ^*  being  the 

J  early  Rent  or  Annuity).    Now  if  the  Annuity  continues  for  ever,  then  this  Geometrical* 
^rogreffion  goes  on,  decreafing  for  cverj  and  the  Sum  of  it,  by  Frobl  i.  CA.  3.  Book  V. 

is   m^   ,  which  is  a  Principal  Sum  of  which  one  Year's  Intereft  is  the  Annuity  ip  ^  for 

R —  1 

2;  Again :  Of  thefe  three  things,  the  Annuity  to  continue  for  ever,  the  Price,  and  Rate 
of  Litereft,.any  two  of  them  being  given,  the  third  may  be  found  eafily,  fcom  the  prece*- 

mm 

dingKir/f,  which  being  ezprefled  thus,  viz.  ^=3  jr— —,  hence  it  follows  that  »==^R—jp» 

and  R — 1=-,.  or  R=r--i.i» 

2  f 

3 .  The  Unreafonablisneis  of  purchafing  Annuities  at  Simple  Intereft  is  further  confirmed 
by  this  Fr^^^mi:  For  the  Price  of  a  perpetual  Annuity,  dtfcompting  Simple  Iittereft,  as  if 
>yould  be.greater  than  when  Compound  Intereft  isdii€ompted,it  wimld  therefore  be  aPrin^ 
cipal  Sum  of  which  i  Year's  Intereft  is  greater  than  the  Annuity:,  And  indeed  the  Price: 
would  be  infinitely  great,  or  greater  than  any  affignable.  Number. 

S*  IV-  Of  Annuities,  or  Leales  in  Reverfibn. 

Hitherto  I  have  confidered  Annuities  as  immediately  entered  upon,  i.  e.  That  the  ift 
Year  commences  prcfently  or  at  payment  of  thc^Mgney:  But  if  it  is  in  Beverfim, 
then^we  muft  confider  the  Time  betwixt  payment  of  the'Mdncx^d  the  beginning  of 
the  iflr  Year  of  the  Annuity  j  and  therefore,  "  ^    ., . 

I.    In  FrcH.  5.  ^  y  havmg  found  the  Preient  Worth  as  if  the  Atmuity  were  imme* 
diately  entred  upon,  mid  aoain  the  Prefent  Worth  of  that  Prefent  Worth,  rebating  for 
the  Time  betwixt  the  Purc^afe  and  Commencement  of  the  Annuity  ^  and  this  is  the  At^- 
fwier. 

%.  In  TtMfms  6:  and  7.  take  the  given  Prefent  Worth,  and  find  its  Amount  for  the 
ime  of  HiverRomy  and  take  this  Amount  as   the  Pident  Worth  paid  at  the  Com- 
mencement of  the  Anmiity,  and  proceed  with  it, 

Ghftr^oi  Annuities,  and  Rents  of  Houfes  or  Lands,  are  of  the  fame  Nature,  wherein 
fan 


the  iameQueilioos  occur  as  to  their  being  in  Arrears  or  beiif  purchaied:  But  with  refpeft 
to  IjtMfa  there  arife  Queftions  with  fome.  different  Circumfinncesr  owing  to  the  Pta^ice 
of  t^ng  what  they  call -Fim/,  which  \a  a  Sum  of  Money  paid  at  the  Kiginning  of  the 
Leafe,  befides  the  Yearly  RenL  I  (hall  give  you  a  few  of  thefe  C^fUbns,  wiui  a  ge-^ 
nenl  Dire&ion  for  the  Solution ;  which  will  be  fuf&cieat  upon  this  Subjedt 

Syfiion  I.    There  is  a  Piece  of  Land  worth  20/.  yeariy  Rent,  and  100 /.'of  Fine  for 
r  X^eafe  of  zi  Years:  The  Mafter  ia  willing  to  quit  the  Finc#  and  inciqtfe  the  Rent: 

What 
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What  oudic  the  Rent  to  be?  l6»/r.  Find  what  Rent  or  Annuity,  to  condfiae  21  Yetn* 
100 1,  win  purchare>  dUcompring  at  the  igreed  Race  of  Intereft  ^  die  Sum  (^  dot  and  the 
former  Rent  is  the  Rene  fought.  Obferve,  If  the  whole  Fine  i$  not  co  be  taken  away* 
find  the  ^nuity  aniwering  to  the  Part  taken  away. 

^f/.  3.  A  Piece  of  Land  is  worth  iz/.  Yearly  Reno  and  a  Fine  of  30Z.  kt  19 
Years:  The  Farmer  is  willing  to  pay  more  Fine«  and  reduce  the  Rent  to  20/.  What 
ought  the  Fine  to  be  ?  Buk.  Take  the  Difierence  of  the  two  Rents  (30  and  7»),  and 
find  the  Prefent  Worth  of  an  Annuity  equal  to  the  Difl&rence  for  the  ftme  Time  (19 
Years)  ^  that  is  the  additional  Fine  to  be  i^id.  Ohferve,  The  lame  way  the  whole  Rent 
may  be  taken  away. 

Siuefi.  y  There  is  a  Farm  to  be  let  for  21  Years*  at  10/.  Yeai^  Rent  and  20  A  of 
Fine^  if  the  iame  be  lett  for  30  Years  at  the  fame  Rent»  What  ought  the  Fine  to  be? 
Riv/f.  Find  what  Annuity  20  A  w£l  parchafe  for  21  Yeara»  at  the  agrMd  Rate  (that  added 
to  the  Rent  xo  /.  is  the  true  Rem  with  no  Fiae)>  theref^ne  find  dhe  Preiimc  Wordi  of  dnc 
Annuity  to  continue  30  Years,  it  is  the  Fine  (bugjbt. 

Quefi,  4.  A  PerTon  has  7  Years  to  run  of  a  Leafe  of  21  Ytarsi  for  which  he  paid  40/. 
Fine  and  15 /.  Yearly  Rent:  He  would  renew  the  Leafe  co  16  Years  ffom  this  Time  [It 
for  12  Years  after  the  firft  Leafe  expires) :  What  Fine  ought  he  to  pay  ?  BvU,  Find  wiiit 
Rent  for  21  Years  the  given  Sum  40/.  will  purchafe;  then  find  the  PreientWonfa  (£  this 
Yearly  Rent  to  continue  12  Years  j  laftly,  find  the  Prefent  Worth  of  this  laft  Prcfeot 
Worrh>  rebating  for  7  Years«  the  Time  that  remains  of  the  dd  Leafe  ^  tiik  is  the  Fme  to 
be  paid. 

• 

General  SCHOLIUM^  ivith  an  Abftrad  rf  the  freceing  Problems  vJjeri 

C9ntfou»d  InSerefi  if  concerned. 

It  is  thought  the  mod  convenieut  Method  for  the  Calculation  of  Annuities^  to  hive 
Tables  ready  made^  extending  to  the  ereateft  Number  of  Years  that  ordinuily  occor  in 
thacBuGn^£>  and  for  (everal  Katca  of  Intereft  that  are  moft  likely  to  occur  1  by  Mcaosot 
which  the  Anfwers  of  the  ooore  ufeful  of  the  preceding;  Pr«^i!nwr  may  be  eauly  found. 

The  Tables  which  are  common  upon  this  Subjeft  are  limited  to  i  /.  Thus«  we  bave 
I.  A  Table  of  the  Amounts  of  i  /.  for  30  or  ;o  Years*  at  ieveral  Rates  Compound  In- 
tereft. 2.  Of  the  Prefent  Wocths  of  i  /.  due  after  any  Numbct  of  Yeais  from  1  tojo 
or  50.  3.  The  Araounea  of  i  /.  Annuity.  4.  The  Prefent  Wonhs  of  i  /.  Annuity.  5TM 
Annuky  to  bepurchaied  for  x/.  By  Mea»  of  vriiich  tbeAnlwer  to  any  of  the  pitcediflg 
Problems  may  be  eaGIy  got  for  any  other  Sum  than  i  /.  by  one  Muldplication  or  Divifion. 

Put  here  I  muft  ^fmve.  That  tbolfe  whaare  e^iployed  wl  fvcb  Ca>cubtieii»<Mghte)  ur 
detftand  the  Ru1q$  at  largfB^  and  fo  be  able  to  eiamioe  and  nake  Tables  for  thefnTetm: 
And  in  my  Opinion,  it  is  not  fit  in  QueiHons  of  Confeq|utQee  to  truft  10  any  Table  bat 
what  one  has  examined,  or  made  for  himfelf.  Now  aU  that  is  propofed  by  the  Tables  is 
the  Eafe  apd  E»ediiiou(bels  of  tbe  Calculation^  and  the  createit  Buideii  of  the  Wort  is 
the  finding  the  rower  or  ProduS  cf  the  Raited  (or  Sum  of  i  /.  and  i  Yeai'a  Ijitereft)  mut 
tiplied  continuaUy  into  itfelf»  ai  tbe  Rules  direft  ^  which>  if  the  Number  of  Yon  m  the 
Q^eftion  is  great,  becomes  very  ttdHous;  for  this  heifig  found*  the  Re&  of  the  Worb  ia 
the  more  ufefui  of  the.  preceding  Ffeblem»  is  bo  omvq  thaft  one  or  two  Opendov  of 
Multiplication  or  Pivifi^a^  wii^  t  fimple  Addicioa  or  Sab(i»3ion  in  ibme  Ct6s:  And 
therefore,  whoever  can  readily  do  Multiplication  or  Divifion  with  Integers  or  Decimals 
(and  no  other  can  oecform  thde  CalculaticMb.  evea  with  the  common  Tables*  wbicb  re- 
buke at  k^fl:  one  MidtiiplicaHOii  «  Divifios)  aeoda  up  noct  than  t  TaUc  of  Ae  tofim 

of 
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of  fevenl  RiM  of  foteteft  carried  to  t  convenient  Length ;  which  are  the  Amounts  of  i  /• 
Principal  for  x>  2>  &t'  Years  at  Compound  Inrereft  (tor  I  fpeak  of  no  other  here)»  ac- 
cording to  the  IRnle  of  FroU,  i.  $.  i.  Psrf  2,  The  following  TMe  at  5  fir  Gen$.  to  )I 
Years  is  an  Example  which  may  be  extended  to  more  Years>  and  the  like  made  for  otner 
Kates  of  Intereft.  Whoever  underftands  the  precedine  Rukt  will  know  the  Ufes  to  be 
made  of  this  TaUe'^  yet  it  will  be  convenienc  along  with  this  Tshh  to  point  out  the  Ufe  of 
it  (for  it  will  be  needleA  to  make  Exm^ktt  (ince  the  preceding  ate  lufficienc)»  by  which 
youll  have  the  preceding  Rukt  drawn  together  in  one  fltort  and  clear  View. 


TABLE  #f  tbeT$mrs 
^1.05*  ^  #Ae  Amounts 
ff  iL^5perQciit.    . 

1.05/.      =RthcRate. 
1.1025     =R* 

,  1. 157525 =r; 

4I  1. 215506  —^\ 

5  i.27«i«^  =  ]^# 

6  i.J4<509<5=^y 


I 

2 


7 
8 


1. 407100 


=  R 


II 
12 

15 
16 


I- 477455  =R 

io|  1. 618895  =R,^. 

X.  710339  ==R,* 
»Z95M<J=sR 

I-  97^32  =*  5-'* 
a.o789a8=sR'* 

».  182874  =  R'* 

a.  393018  aas  R  *' 

a.4M9i9S3:R' 

!•  a.  516950  aaR'*- 

zo  a.  65  3298  =R** 
ai  2.785968  =R*^ 
aa  a.9a5a6i  s=R** 
21  3. 071584  =R»* 
a4  3.aa5ioo=sR** 

25  V3W355=«K2 
a6|  3.555671  =R 


3 

a9 

30 


i7}345«=R:: 

^.920129  =sR 
4.116195  =R*^ 
4. 321942  r=R' 


3i|4.53«039=s=R^ 

X.  To  find  the  Amoant 
Kumber  of  Years  ttke  is 

Quote  by  dhe  Annufcy  j  (he 
in  Pffi/.  I.  $- 2b  p4ir/2» 


TIbf  Uie  (^  this  Table  i«  /^  5^Ar//0si  rf  tU  frtaihtg 

Problems. 

I.  €^  Intereft. 

1.  To  find  the  Amount  of  any  Principal  for  any  Time> 
at  5  ^  Cent.  Compound  Intereft.  ILvAf.  Take  the  tabular 
Number  a^inft  the  Number  of  Yean,  its  ProdoA  by  the 
Principal  givea  the  Amount,  which*  in  Pra^/.  x.  $.^x.P4r/2. 
is  exprefied  thu$»  A=/  x  R^ 

2.  To  find  the  Principal  (or  Prefent^oith)  anfwertng 
to  any  Amount  (or  Debt  payable)  aftor  certain  Years. 
'Ruh,  Divide  the  Amount  by  the  tabular  Number  againft 
the  Number  of  Yea»^  theQjiote  is  the  Principal^  ei^eSed 

thus,  f  '^'tri*  ^  i^  frM.  2.  §.  1.  Ttrt  3. 

3.  To  Aid  in  what  Time  any  Principal  will  make  «  cer- 
tain Amount.  Kir/f.  Divide  the  Atnount  by  the  Principal, 
and  feek  the  Quotes  or  the  next  leffer  Number  ia  the  Tlti/f, 

and  againft  k  is  cfe  Niffidm  of  Yean  fouriK.    fiecottfe  ^ 

f 

=R*,  as  in  Trohl  3.  §,  i.  Tart%.  .    . 

Ohfirve,  For  finding  the  Rate  from  the  Principal  A-^ 
flioont  and  Time,  we  Aouldiiave  Tables  at  different  Races 
of  Intereft  j  then  taking  the  Quote  of  the  Amount,  divided 
bv  the  Principal,  ieek  it  againft  the  Number  of  Years  in  the 
Tables :  The  Rate  of  that  TaUe  where  it  ia  found  is  the* 
Kate  (boght.  ButiTitis  not  exafity  found,  tatce  the  neztNum-^ 
ber  lefler  and  alfo  the  next  gr^ttr  (if  both  a  greater  and 
lefler  canbe  found  among  the  Tables)  and  ^e  Rates  or 
theie  woTakks  are  Limits  betwixt  which  the  Rate  fought  lieS; 


3.  CfAsnuSriK^ 

of  an  Annuity.    JRule,  From  the  tabular  Number  againft  the 
and  divide  the  Remainder  by  tba  Rue  Ids  r^  mitti^  the 

Piodaft  is  the  Atnoufit^  ejrpreOed  thns^  S^'^^xygsA^.aa 


3.  To 


6i6  (^Annuities.  Book  Vt. 

s.  To  find  the  Annuity  which  makes  a  certain  Amount.    Ibtb.  Take  the  Qioec  di- 
reAed  in  the  laft  EitU,  and  by  it  divide  the  Amount  ^  this  Qsiote  is  the  Aanuity  foughc 

thus,  A  -7-  m  ~^=sn,  as  in  FrM.!,  §.2.  Fart  2. 


—  1 


3.  To  find  in  what  Time  any  Annuity  will  make  a  certain  Amount  Me.  Divide  the 
Annuity  by  the  Rate  leis  i,  to  the  Quote  add  the  Amount,  and  divide  the  Sum  by  die  flrft 
Quote  y  ieek  this  laft  Quote,  or  the  next  lefler  Number  in  the  TMe  y  againft  it  ihuids  the 

Number  of  Years.     Thus,  j^^^  +  A-r-^^^     =;RS  as  in  FroU.  3.  §.a.  Farti. 

4.  To  find  the  Prefent  Worth  of  an  Annuity.  Bmle.  Divide  the  Annuity  by  the  Rite 
le(s  I  i  this  Quote  divide  by  the  tabular  Number  againft  the  Years,  an4  fubtnuft  tl»  hft 

Quote  from  the  firft  Quote  5  the  Remainder  is  the  Prefent  Worth  fought.    Thus,  ^~ 

y.  To  find  what  Annuity  a  given  Sum  will  purchafe  for  certain  Years,  K*&.  Take  i 
firom  the  tabular  Number  againft  the  Years;  divide  it  by  the  Difference  betwixt  that  tabu- 
lar Number  and  the  next  greater,  and  by  this  Quote  divide  the  Prefent  Worth;  this  laft 
Quote  is  the  Anmiity    foi^t,  as  in  Schol  to  FrQbbm  6.  §.  2.  Farf  2.  thus  exprefTed, 

C  To  find  what  Time  an  Annuity  mtft  continue  to  be  worth  a  certain  Price.  Ksle.  Di- 
vide the  Annuity  by  the  Rate  lots  i,  and  from  the  Quote  take  the  Price;  by  this  Recnain- 
der  divide  the  fim  Qs^xt»  and  feek  this  laft  Quote  in  the  Table ;  againft  it  is  the  Number 

of  Yeaw.     Thus,  fr-2 r-  «J!L-~a  =  RS  as  m  Schol  to  Ftobt  7.  5.2.  ?art%. 


Objerve,  That  the  preceding  Tabk  was  made  bv  compleating  the  Mult^icatton  at  every 
Step,  and  then  taking  only  the  firft  6  dedmal  Places.  Alfo,  when  the  figaoe  in  the  7th 
Place  exceeded  5,  i  was  added  to  the  dthPlaor^  which  makes  thefiitor  le6,  only  k  ma 
it  Exceflive  inftead  of  Defeftive. 

J.  V.    Cf  the  Eqintion  of  Payments. 

D  E  F I N.  TITHE  N  feveral  Debts  are  payable  at  feveral  Terms  (bearing  nolntcreft  dl 
^  V  V    after  the  Term  of  Paynaent),  to  find  a  Term  at  which  if  they  are  all  paid 

neither  Debtor  or  Creditor  lo(esany  tihing^  is  called,  Sfnatittg  die. Terms  of  Piymenj 
i.  f .  reducing'  them  to  one. 

P  R  o  B  L.  To  find  the  equate  J  Term  at  which  feveral  Debts  payable  at  difierentTera]& 
may  be  paki  at  once,  without  Lois  to  Debtor  or  Creditor,  allowine  Simple  Intereft. 

For  the  Solution  of  this  Frebkm  there  axe  difierent  Methods,  i;^ch  1  (hall  exphin  m 
compare. 

Method  X,  The  Debts  beingcxpreffed  in  Periods  and  dedmal  Pahs,  the  Times  in  Yeats 
and  Decimals,  or  Months  and  Decimals,  if  there  are  no  Y^ars,  multiply  each  Debc  by  i» 
Time^  add  all  theft  Produ<9:s  into  one  Sum,  and  divide  it  by  the  Sum  of  the  Debts;  the 
Quote  is  the  Time  fought  [reckoned  from  the  Day  of  tfaisCalcuIacidn,  as  die  other Titnes 
are  alfo  fuppofed  to  be  ].  m  ^^ 


J 
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Exa$ifh:  If  46/.  ii  due  nfter.d  Mootfasji  70/.  after  4  Monthfi  the  equated  Tidie  is  4 
'Months 2 1  Days:  Found  thus;  40x^=240.  70X4=:a8o.  40 -f- 70  =110. 240-1-280 
£=520.  then  )f20-Hiio=4. 72«  &€,  which  is  4  Months  21  Days  nearly^  allowing  30 
Days  to  a  Month. 

This  'Ruk  has  Mr.  Cocker  and  Mr.  HsMn  ( among  others )  for  its  Defenders ;  who  en*- 
deavour»  each  in  his,  own  way»  to  demonftrate  the  Truth  and  Juftice  of  it.  How  they 
liave  fucceeded^  111  here  examine. 

Mr.  Hattm  fuppofes  that  the  Intereft  of  the  Sum  of  the  Debts  from  the  Time  of  th^ 
Queftion  to  the  equated  Time>  oi^ht  to  be  equal  to  the  Sum  of  the  Interefts  of  the  feve* 
m  Debts  from  the  Time  of  the  Queftion  to  their  feveral  Terms  of  Payment;  and  then> 
by  an  Example^  (hews  that  the  Rule  i^ees  to  this  Suppofition.  But  thisj  inftead  of  being 
a  Defrnnftrasiott,  is  a  jrfaia  begging  of  the  Queftion ;  for  the  Equiqr  of  that  Suppofition 
ought  (o  have  been  nril  proved ;  againfl  which'  there  lies  this  obvious  Reaibn>  chat  the 
Debts  bearing  no  Interefl  till  after  their  Terms  of  Payments^  the  Confideration.  of  thefe 
Interefb  &ems  to  be  out  of  the  Queftion;  and  therefore  this  Suppofition  cannot  be  granted 
without  Demonfbation.  ^I  (hall  prefently  ihew  you  ocbor  Reafons  againft  it;  and  in  the 
mean  time  ohfitve,  that  tho'  it  were  right>  yet  Mr.  Hatten  has  not  dcmonfbated  his  Rule  j 
becaufe  it  is  not  enough  to  (hew  that  a  Rule  gives  a  true  Anfwer  in  one  particular  Cafe^ 
a  Demonftration  muit  compreheiki  all  Cafes,  and  that  the  Rule  is  univerfiuly  agreeable  to 
the  Suppofition^  I  thus  demonftrate. 

Take  A  for  a  Debt  payable  at  the  End  of  the  Time  t,  and  B  for  a  Debt  payable  after 
the  Time  u :    The  equated  Time  muft   lie  betwixt  the  two>  and,  by  this  Rule,  it  is 

AJUr*  ^^^  *®  Intereft  of  A  for  the  Time  tj  is,  (  by  Frokl.  i.  §,  i.  Fart  i.)  A  r  r 
(  r  being  the  Rate  of  Intereft  for  i  /.  in  i  Year,  or  Month,  as  the  given  Time  /  is ).  The 
Intereft  of  B  for  the  Time  u  is  Bur,  and  the  Sum  of  both  is  Atr-^^Bur.    Alfothe 

Intereft  of  A+B  for  the  equated  Time  ^^JT^^  is  X^xrx  ^^^  =  r  x 

A/-f-B*  =  A/r+B»r,  as  before:  Therefore  the  Rule  is  univerially  agreeable  to  the 
Suppofition. 

Mr.  Cocker  fuppofes  that  the  equated  Time  is  ri^^  when  the  Sum  of  the  Interefts  of  the 
leveral  Debts  tlut  are  payable  before  the  equated  Time,  from  their  Terms  to  that  Term, 
tf  equal  to.  the  Sum  ot  the  Interefts  of  the  Debts  Myable  after  the  equated  Time,  from 
that  Time  to  their  Terms.  The  Agreement  of  the  Rule  with  this  Sup^fition,  will  eafiiy 
appear  by  comparing  it  with  the  preceding  Suppofition :  For  they  are  manifeft  Confequences 
one  of  another;  and  therefore  the  Rule  that  agrees  to  one  muft  alfo  agree  to  the  other.  Or 
we  may  eafily  prove  the  Agreement  of  the  Rule  with  this  laft  Suppofition,  after  the  &me 
manner  as  I  have  done  thelonner^  bucthis  I  fhali  pais  over,  and  demonftrate  the  Injuftiee 
of  tbeSoppofition,  which  Mr.  Cocker  endeavours  to  prove  to  be  right  bv  this  Argument,  viz. 
That  what  is  gained  by  keeping  feme  of  the  Debts  after  they  are  payaole,  is  loft  by  paying 
of  others  before  they  are  due :  But  this  is  faUe  ^  for  tho'  by  keeping  a  Debt  unpaicT  after 
it  is  due  there  is  sained  the  Intereft  of  it  for  diat  Time  (becaufe  the  Creditor  has  a  juft 
Demand  for  that  uitereft^,  yet  by  paying  a  Debt  before  it  is  due  the  Payer  does  not  lofe 
the  Intereft  for  that  Time,  but  only  the  Difeoropt  he  could  juftly  demand,  which  is  lefi 
ifaan  the  Intereft  (as  ibrmer  Rules  fliew).  Thus  we  have  a  fecond  and  tnorepoficive  De« 
monftradon  of  the  Error  of  this  Rule.  And  the  Fallacy  in  this  laft  way  of  founding  the 
Rule  does  phtnly  lead  U9  to  the  true  Foundadon  for  a  Solution  of  the  Problem.  But  the 
^explaining  of  that  I  (ball  leave  to  the  lafb  and  firft  explain  the  Methods  of  fome  other 
Audion.  '   '  i 

Kkkk  JUetbod 
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M9tM  i.  Mr  TJfffy  w«i  die  firft^  as  I  knowy  who  ofbftrv^  the'Bitor  of  the  pmre- 
ding  Rule,  tnd  has  given  us  uiodier  in  to  {dAee>  with  «  more  ptxibable  FouodfdoQj  tho' 
ftili  wrong. 

The  Subftance  of  Mr.  Kerfeyh  Argument  againft  the  former.  Rule,  h  this.  That  there 
being  no  Confidcrarion  had  of  difftrcnt  Rates  of  Intcrcft,  the  Anfwcr  will  Ml  be  the  fame, 
whaccvcr  Rate  be  foppofcd ;  which  he  affirms  to  be  wrong  for  this  Reafon,  That  to  equal 
the  Time  fo  as  neither  Debtor  or  Creditor  be  a  Lofer^  does  imply  fomc  Rate  of  Intereftj 
fmce  ocherwife  any  Day  may  be  afligaed  for  one  entire  Payment,  i^  A4cinm|  I  ttke  to 
be  This,  viz.  that  the  Lofj  which  either  Party  can  fuftain,  muft  artie  from  the Intereft  of 
Money  paid  before  or  after  it  is  really  due  \  (b  that  if  there  is  no  fuch  thing  as  Intere!^, 
there  can  be  no  Lo&  at  whatever  Time  the  Whole  is  paid ;  and  tf  die  Lof  depends  upon 
the  Confideraiion  of  Imereft^  then  diSerent  Rates  of  ItKeteft  muft  have  dHfertm  Efitd?, 
and  occafton  different  Solutions  to  the  Qpeftion :  Therefore,  cAncluddi  ht,  if  Ibnie  Rre 
of  lotereft  be  implyed.  Equity  lequitrs  that  the  Prefent  Worth  of  the  total  Sum  panb\e*.i 
one  entire  Payment,  Difcompt  being  made  at  that  Rate  of  Intereft,  be  equal  to  ne  Suci 
of  the  Prefent  Worths  of  the  particular  Debts  >  difoompting  Itc  the  lame  Rate  ;  open 
which  Foundatioii  he  gites  os  th1«  Rule. 

Kitftft  tbtk.  Find  the  Prefeftt  Worth  of  each  Debt,  difeompting  fipom  the  Tncc  a; 
whkh  It  it  payable ,  then  find  in  wh«t  Time  the  Totd  of  thefe  Prtftnt  Wordss  would 
amount  to  the  Total  of  the  Debts  ^  that  is  the  Time  fought. 

Example:  Soppofe  300/.  due  after  4  Months,  it>o/.  alter  tS  Months^  and  tool  alter 
12  Months:  The  equated  Time  difcompting  6  per  Ont.  is  5.951,  &c,  Momhs,  Found 
th^s:  Prefent  Worth  of  300/.  for  a  Months  is  %Q^,ixy»  ^c.  L^  of  <oo/»  after  (  Months 
it  is  97.087,  &c.  i.'y  and  of  100  A  after  12  Months  it  is  94.3)9,  drc.  the  Total  is 
485. 544,  ^c.  which  will  aiftoum  to  500/.  in  5. 952,  idrc.  Moodis,  which  is  a  litdc  lc(i 
than  tiie  Anfwer  the  preceding  Rt^  would  give. 

The  Argument  for  this  Rule  may  be  formed  thus :  If  the  Total  of  the  Prefent  Worths 
prefentiy  p^,  is  equivalent  to  the  Sum  of  ikfl  the  Debts  paid  tt  daos.  at  t&e  Tine  found, 
or  alfo  to  the  Sutn  of  thefe  Debts  paid  feverally  ac  their  T.erms,  then,  thefe  two  laft  Ue- 
fhods  of  making  Payment  tm!ift  be  ^qual :  Conie(]uehdy  the  Kuk  is  true>  which  is  fbunded 
upon  that  Equality. 

Now  iho'  this  Buk  has  ft  more  •Apparent  atid  prebMrie  Grwlfid  df  Emky  ^am  either  of 
thefe  alledged  for  the  former^  if  the  Ride  for  the  DifcoiApc  ef  Siatpte  Imercft  be  aDotred 
to  be  juft  ahd  true  ^  ydt  the  FoOildacion  is  xit>t  AHAly  gOM,  as  will  Mky  appear  ftom  the 
kft  Meth9d  aiwr  eiqplained,  Whofe.  Foundation  is  unexc^tioniibie. 

In  the  mtm  time,  I  «iake  dais  Otyedion  to  it,  ^im.  Thaft  tite  Asiwer  irffl  be  <fifiicnr, 
if  the  Qjieftton  is  propofed  at  difiereat  Tames,  before  dieTcnn  at  wfakfa  d»  ftft  pijrabie 
Debt  fails  due;  i,  e.  if  you  alter  all  the  given  Times,  fo  «8  there  be  tise  Ame  Ditoco 
or  Difiercnces  among  them.  Now  this  is  a  xAMkA  S(gn  that  the  Rule  as.  not  good;  b^ 
caufc  there  is  no  Rcafon  in  the  Nature  of  the  thing,  why  the  Anfiver  ihodd  be  dfoflC. 
For  Exar^pie ;  One  Debt  is  payable  3  Yeans  hence»  and  akiotiaer  y  Ytafes  licDoe :  I&Fppfe 
a^ain,  that  the  Calculation  of  an  4e()ttitedlTime  for  theiame  &ebts  is  praooM  aYeacsattr 
this  (fo  that  the  one  Debt  is  thtti  'payable  iafeer  i  Yeat,  and  the  other  sjter  9  Yess),  it  > 
plain  that  the  equated  Terte  t>ught  to  M  'uptin  (te  -finne  Dff  $s  k  would  innpt  dooe  ia 
the  other  Cafe  ( u  e.  the  Timie  laft  fodnd  muft  be  1  Yiecrs  •  Ids  than  before),  becaefe  the 
Debtor  and  Creditor  continue  in  the  fanae  iSitaiatipn  to  otte  Itiathcr*  intiher  of  then  gnn- 
ing  or  loling  by  the  two  Years  that  are  foil  ftace  dad  .Queflbn  was  fionxierlf  prapoied, 
there  being  nothibg-^aWd>Ie  idH  that  Tixtoe*^  ^idut  .tbeiDetbrminaiion  of  che  9mim  <i^ 
pends  only  upoa  thfe  ^idideritito  of  die  DdfUtiiiea.'bf 'Tiflieiitluaagitlie  Tems  of  hf" 
ment  of  the  feveral  Debts :  The  Confideration  of  any  Prefent  Worths,  except  ef  dwfe 
Debts  whole  Terms  are  beyond  the  equated  Time,  being  out  of  the  Qtiefiion* 
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i^b9d  ;.  Sir  SsnmU  Mnhad,  afier  his  pittendeti Cot redUon  pf  figrfe/n  Rule  ibr  th^ 
Pr^fsnc  Worth  of  Aiiniiicie&  af  Staiple  loterfefh  gitcb  ti5».  in  conCbquence  of  thiK>  another 
Kule  tiuA  Ktrfift  for.  the  Equacioa  of  Pay  menu  j  which  ii  tbii  j 

Rwfe.  Fmd  the  Amount  of  each  Debt,  with  Intercft  from  its  Term  of  Payment  to  ^t 
Term  at  which  die  Debt  laft  payable  foils  due;  then  find  in  what  Time  the  Sum  of  all 
the  Debts  vyill  amount  to  the  Sum  of  the  Amounts  found ;  the  Diffisrence  of  that  Ticnc 
and  the  Time  to  which  theie  Amounts  were  carried,  is  the  Time  fought. 

As  to  this  Rule^  I  obfirve,  i.  That,  being  founded  on  his  Rcafoning  about  Prefent 
Worths  of  Annuities,  wnich  \  have  already  Ihewa  to  be  falie,  it  muft  therefore,  alfo  b<p 
falfe  ^  and  indeed  more  lb  than  ¥jrfe/%  Rule. 

.  B\xc»  a.  $hfefvi»  That  tbo'  it  is.  differi^ptly  expieQed«  yet  it  i$  in  efre<^  the  very  fitme  at 
the  ift  'Rmley  a^  will  eaGly  appeal  by  comparii^  it  with  HmttoifB  Way  of  foutxiing  thac 
13iule.  Or  you  may  aUb  prove  its  CoincidenQe  with  that  lUdi  after  the  fame  Nfamer  as  i 
liave  done  the. Agrfemont  of  Hsttn^t  Suppofidon  with  it.  Tbe£e  things  I  leave  to  your 
own  £xerci&.  # 

Bbfore  I  jezpfain  the  true  Method  of  iblfing  this  Prohknh  I  muft  take  notice  of  wha^ 
Mr.  ^4fd,  in  his  Key  u  Interefi,  has  iaid  upon  it.  After  he  had  mention'd  the  6rft  K»/# 
or  Method  above  explained,  he  (ays, 

t  (hall  pafi  over  all  the  Amucnents  made  uTe  cf,  fro  and  rmr,  by  Mr.  yohn  fierfey  and 
X  JStmtud  MmiUnd^  and  ocfier  Authors>  about  the  £rfx>neottOie(9  of  this  Rule,  as  alTo 
"  the  Rules  they  lay  down  inftead  of  it,  and  (hall  only  proceed  to  (hew  how  the  true 
<'  equated  Time  may  be  found  from  what  hath  been  ahdidy  done  and  proved.** 

And  Ills  flLale  Is  ttiis :  f'ind  the  IXilcbmpts  of  all  the  par($cuhir  Ddste  feparately,  Accord- 
ing to  the  Diftanccs  of  their  Terms  of  Payments;  divide  tbeirjSum  by  theProdu<a  of  the 
Pre(i!Br  Worth  of  all  the  Debts,  multiplied  by  the  Rate  of  Intereft  (or  Intereft  of  \l  for 
X  Year) ;  the  (^lotc  is  the  equated  Time. 

Nowflfbm  what  is  premtfod  wieliad  good  Realbn  to  ezped  a  new  Rule^  quite  dif&rent 
in  its  Efibfts  ftom  either  Ker/r/a  or  MaireUiuts ;  and  yec  its  the  very  lame  in  effeft  as 
Kerfif%,  only  difibwochnexpfefied ;  which  may  be  eafily  demofUibai^.  But  this  I  leavt 
alfo  io  your  own  £xer^,  and  come  to  the  true  Solution. 

Method  4.  I  come  now  to  eKpiain  a  Method,  which  no  body,  as  I  Jenow,  has  hicherto 
publiOied,  and  which  has  ftriA  Equity  upon  its  Side,  as  far  as  Simple  Intereft  has  it  j.i  any 
Cafe. 

To  explain  this  Method,  we  muft  refled  oipon  the  Realbn  broug|bt  i^g^ft  <:o€ko9^$  IScxosy^ 
datloa  or  the  ift  BmU»  which  was  this,  ^tz,.  That  the  Sum  o^  the  Locereft  of  Debts  Icepc 
in  the  E^btors  Hands  after  they  are  due  to  the  equated  Time,  and  the  Sum  of  the  Inte- 
jdks  of  Debts  paid  before  thev  are  due  from  the  equated  Time  to  the  feveral  Terms,  is 
hot  a  juft  Balance  of  Gain  and  Lo(s :  Becaule,  tho'  the  Debtor  gains  the  Intereft  of  thole 
he  keeps  after  they  ane  due,  vet  he  lofes  only  the  Diicompt  upon  thofe  he  pays  before  they 
are  due,  which  is  le^  than  tke  Intereft^  and  there£pre  the  Qeditor  has  a  juft  Exception  to 
this  Rule.  Hence  we  fee  that  as  the  true  Foundation  upon  which  the  Time  can  be  equated^ 
is  an  Equality  of  Gain  and  Lo($;  (b  the  Gain  confifts  ia  rhe  Mtrtfis  of  the  Debts  Ivpc 
after  they  are  due,  and  the  Lofs  in  the  Difcomftf  of  thofe  diat  are  paid  before  ibty  fall  due : 
Wherefore^  iuch  a  Time  muft  be  found,  as  that  the.  Sum  of  the  Interefts  of  the  Dd>ts  due 
before  the  equated  Time  ftom  their  Terms  to  that  Time«  be  equal  to  the  Sum  of  the  DiU 
compts  of  thofe  Debts  that  are  payable  after  the  equated  Time»  from  this  to  their  feveral 
Terms.    For  which  this  is  the 

Jttde,  X.  Suf^oA  two  Debts :  Then  expreffing  the  Debts  in  one  Denotnlnation  fas  /. 
and  decimal  Partsj,  find  x  Year's  Intereft  ot  the  Debt  that  is  firft  payable  (exprelled  in  the 
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fime  Denomintttoo)  b^  wbich  divide  the  Sam  of  die  Debtt>and  add  the  Quote  to  theSum 
of  the  Titnesj  (cakeD  in  Years  and  decimal  Parts*  from  the  time  of  the  Qiefliofl  to  the 
Terms  of  Payment  of  the  two  Debtsj :   Call  this  the  ift  Number  found,    Afuo,  multh 

Seach  Debt  by  its  Time*  and  divide  the  Sum  of  the  ProduAs  by  x  YeaPsIntereft  of  the 
payable  Debt*  which  Quote  add  to  the  Produd  of  the  two  Times*  and  call  this  Sum  the 
ad  Number  found  ^  Subtraft  this  2d  Number  found  from  ^  of  the  Sc^uare  of  the  ili 
Number  found ;  and  out  of  the  Di£Eerence  extrad  the  Square  Root ;  which  Root  being 
added  to  or  fubtrafted  from  the  half  of  the  ift  Number  found*  the  Sum  or  theDi&rence 
will  be  the  Time  fought*  in  the  (ame  Denomination :  And  to  know  which  is  the  Anfwer* 
you  muft  apply  both  according  to  the  Conditions  of  the  Qucftion.  Thus>  If  you  take 
the  Sum*  then*  if  that  is  a  Time  greater  than  the  Time  to  the  lafl:  payable  Debt*  die  Dif- 
ference will  be  the  Time  fought :  Or  if  you  take  the  Difierence*  and  that  be  lefi  thao  the 
Time  to  the  Term  of  the  firft  payable  Debt*  the  Sum  is  the  Time  fought.  But  having 
tried  either*  and  found  it  betwixt  tne  Terms  of  Payment  of  the  'two  Debts*  you  may  17 
if  the  other  does  not  caft  it  beyond  the  laft*  or  within  the  firft  Term ;  for  in  diis  Cife> 
that  which  was  firft  tried  is  the  Anfwer :  B#  if  both  give  Times  betwixt  the  two  given 
Terms*  then  you  muft  examine  which  of  them  will  make  an  Equality  of  Intereft  andDif- 
compt  (in  the  Manner  above  explained). 

Exampk:  There  is  100/.  payable  x  Year  hence*  and  195^  payable  %  Years  heoce: 
What  is  the  equated  Time»  allowing  Simple  Intereft  ut  ^  ftr  Ceni.  per  Aaaom?  Jnfixr: 
%  Years. 

The  Ofer^thm  according  to  the  E$d9. 

T>^i^.-  r  xoo /.    Intereft  of  xoo/.  for        One  Debt  100      The  other  Debt  loj 
^^*^"1io5  I  Year  ia  5/.  Its  Time      i  ItaTimc  3 


Sum 


ao5  divided  by  5>tbeQuote>is  41 
which  added  to  the  Sum  of  *> 
the  Times  >    * 

The  Sum  is        45 
the  ift  Number  found. 


ProduA    xoo 


Produd       ^15 


Tbe  Sura  of  thele  Produds  is  415' 

Which  divided  by  5*^  quotes  8^*   which 

added  to  j   (the  Roduft  of  the  two 

Times  I  and  3  ;  the  Sum  is  85*  the  id 

Number  found. 


Then  the  Square  of  45  (che  ift  Number  found  J  is  2025,  whofe  ^  Part  1550^.25;  ftoin 
which  taking  8(5  (che  id  Number  found j  the  Difference  is  420. 25,  whofe  Square  Root  is 
20. 5«  Now  this  being  added  to  22. 5  (the  i  of  the  ift  Number  found)  the  Sum  is  451 
which  cannot,  be  the  Anfwer  of  the  Queftion,  becaufe  it  is  greater  than  the  Diftancc  of 
the  laft  Term  in  the  Queftion ;  wherefore  I  take  the  Difference  of  20. 5  and  *2. 5 ;  it  is  a 
Years,  the  true  Anfwer :  Which  we  prove  alfo  by  Application :  For  this  Time  being  «- 
aftly  in  the  middle  betwixt  the  two  given  T»mes*  the  Intereft  of  100/.  fbr  i  Year  is  equal 
CO  che  Difcompt  of  105  //for  i  Year^  each  of  them  being  5  /. 

2.  If  there  are  more  Debts  than  two.  Find  an  equated  Time  for  the  two  that  are  foil 
payable ;  then  confider  their  Sum  as  a  Debt  payable  at  that  equated  Time*  and  find  another 
equated  Time  for  that  D^bc*  and  the  next  of  the  given  Debts*  and  (o  on*  through  tbea 
ail. 

For  the  DemiTtfiration  of  the  ift  Part  of  this  Bule,  thofe  who  have  not  ftudied  the  Me- 
thod o£  Dcffloailratioa  uTed  in  th&  preceding  Pa(U  of  this  Woik  cannot  poiSbly  uoder- 
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muM»  ^^joAxo diofe  wiioiuive>  Ineed poly  lay ^^tbe g^oettl  Steps  of  the Denxmftra- 
tion>  and  leave  Pardculan  to  themielves.    Thu8> 

Let  the  Debt  frft  payable  be  called       d   I    The  laft  payable  Debt  D 

The  Diftance  of  its  Term  of  Payment  t    |    The  Diftance  of  its  Term     T 
The  Diftance  of  the  equated  Time  --%----x 
The  Rate  of  Intercft,  or  i  Year's  Intercft  of  i  /.    r 
The  Diftaance  of  the  Ttme^  and  x  is      x -^  1   p^^  ^  ^  ^^^  ^^^^ 
The  Diftance  of  the  Tw»e  T  and  x  k     T—  x  j 

Then  the  lotaeft  of  li fbr  the  Time  * — *,  is  drXx-^t,  os  dtx'-drt,  (dr  being  i  Year's 
Intjereft  of  </)  and  ^JjJ~^'*  is  the  the  Difcompt  of    D  for   the  Time   T— « 

/f  ^ t%  being  the  Intereft  of  i  /.  for  that  Time,  which  is  conlequently  the  Difcompt  of 

^^Tr — TK  for  the  feme  Tiiae) ;.  Wherefore  wehaye>  from  the  Nature  of  thcQucftion, 

t\uj^EfMtio»,  W3&.  df  xr-dft^  jfyjj ^ |r^ J  which  being  reduced  accoiding  to  the 


Common  Rules  of  Algebra,  comes  at  laft  to  this  Equation,  T-f-/  +  — jC-  x  x  —  x*^ 

_E3^±:£f +  T*.^   Now  T+/  +  2^  is  what  in  the  Ituk  I  have  called  the  ift 

Nambcf  found,  and   ■     J^     -^Tt  the  ad' Number  found:  Call  the  ift,  a,  and  the 
xAw  ^  then  will  the  Equation  ftand^thus,  iix— **=5x^    and,   by  ProHim.6,  Chaf.z. 

> 

,  which  is  the  prefent  Buh. 


B^oi  III.  we  have  »= — f-  or 

2 


0^S 

4 


71 
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Sotne  will  be  ready  to^ink  I  have  taken  too  much  Pains  about  a  Qiieftion  of  no  great. 
Moment,  in' Biifiiicfsj  and 'that  in  common  Af&irs  any  of  the  Rules  may  do  without  any 
confidfcraWe  Erfort  I  do  freely  own  the  l^ft.  Part:  Yet  I  believe  what  is  done  may  prove- 
ft  very.iUeful  Exercife  for  a  Student  ^  and- in  all  Cafes  I  think  Truth  is  worth  the  knowing. 


ADDITION  to  Chap.  8.  Book  VI* 

•  

Of  the  Alligation,  ^r  Mixtnrc  of  Bodies^  with  ^eJ^eSl  to  thieir 

Specifick  Gravities. 

Defim.  TTTHEN  of  Bodies  of  diflerent  kinds  of  Matter  there  are  t^^l  Maffes  or/ 
▼  V  Bulks,  for  Example,  a  Sphere  of  the  fame  Diameter  Tor  an  equal  Cube) 
their  different  Weights  are  called  their  Sfec^ck  Gravities :  And  tho'  the  Weight  is  greater  or 
lefler,  as  the  Bulk  is,  ,yet  being  fo  always  propqrtionably,  the  Weight^  under  any  equal 
Bulk  whatever  are  called  the  Specific k  Gravities::,  fo  that  the  more  ftrifi  Definition  is,  the 
Fropertion  of  Weights  under  the  fame  Bulk. 

Some  Bodies  of  different  Specifick  Gravities  are  capable  of  being  mixt  and  incorporated 
with  one  another,  as  are  fome  Liquors  and  Metals ;  and  as  the  Mixture  muft  neceflarily 
make  the  compound  Body  of  a  Specifick  Gravity  diferent  from  that  of  all,  or  all  but  one, 
of  the  Bodies  mixt  ^  fo  the  fame  Problems  arife  about  their  Mixture,  with  relpea  to  their 
Specifick  Gravipes*  and  the  Propordon  of  the  Quantities  mixt,  as  before  with  reljpcft  to 

the 
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the  Qa«)«M^  flici  I^ieQi  <)f -iaqB9>m  «uid  aUser'  tMnga;  tnd  tivbic^  tie  td.  bb  iblv^  by  lie 

fame  Methods  of  Operation.  ,    ..f     .-/ ...  .'i    j    .,    :    *     ,.. 

But  in  order  tomoerXbod  tho  Appttcadpn^  therq^iaone.Prj^jolltioE  ft)  be.  firft  expbinU 
which  is  this,  v/«.  . '  *  " 

The  Bi^ft/  (oc  Numbers  of  cubical  Inches)  of  two  Bodies  of  equal, -Weight  (which  I 
(hall  call  their  Specrfick  Bulks\  are  reciprocally  proportional  lo  rtieir  Spe^ck  Gravities. 

Thus:  Call  two  Species  of  Bodies  A  and  6^  if  the  Specifick  Gravity  of  A  is  to  that  of 
B,  as  I  to  a*  then  the  Bulk  -of  A  is  to'fhat.of  B  of  .the  i^e  VVeighr  as  2  to  i.  For  Ex- 
ample j  If  a  Body  of  a  cubical  Inch  of  one  Metil  is  2  06nce$>'and  a  Body  of  t  cubical 
Inch  of  another  Metal  is  i  Ounce>  then  it's  plain  that  the  Half  Bulk  of  the  firfl:  will  be  as 
heavy  as  the  Whole  df  the  other.  Or  if  the  Sp«dfidc  Gmviiies'are  as  ^  to  35  cbea  f  of  dit 
ficft  is  as  heavy  as  the  Whole  of  the  otberv    Aad  ib  in  any  other  Proportion. 

Hence  again  ^  If  the  Specifick  Gravities  of  2  or  more  Bodies  are  eicprcfled  by  any  Nuffl- 
bens  ^atever,  cheir  Sfujfitk  Bftlis  ar«  cxprefled  by  the  Reciprocals  of  dicfe  Nmber;, 
thOB^  If  the  SfKifick  iSraoUim  of  ^  Bodiea  aM.  at  i.T*%»  thek.  &fmoifick  BMt  zvt  u 

r 

-  .  i  ;  |i  atod  if  the  Bftd^i  iSmvHks  iaic  g§  ^  ;  ?  •,  i,  tbfe  BdlB  aft  ad-i.^  .  ♦•  b^ 

caufe  any  two  Nambers  are  proportkuial  with  their  Reciprocals^  tskcn  feciprocally.  For 
the  fame  Reafbn>  hovvevet  the  Reciprocal  Bulks  are  expreffed^  the  Specifick  Gravities  are 
exprefled  by  the  Reciprocal  Numbers. 

Thefc  things  being  premifed,  I  (hall  next  apply  the  Rules  of  AU^ation  to  the  i£xtvre 
of  Bodies^  with  re(be&  to  their  Specifick  Gnavitifs  /or  Butks^  whicH  is  in  efied  the  (ame 
thingjj  thus:  >  . 

C^  1 .  If  there  are  ^iv^n  the  SffR^  BMs  cEAvdxal  Bodiei  (oi^pgf^tk  €rmiMkh  by 
which  the  Bulks  may  be  found  j^  tc^ether  with  the  Quamitiesor  Wdghts  of  each  put  into  a 
Mixture;  to  find  the  Specifick  Bjift,  or  iSravify  of  the  AOxf$fv ^-.it"is  ttene  ifter  thenar 
ner  of  Cafe  i.  Chaf.  8.  thus :  % 

Rule.  Find  the  oocal  Bulk  for  Nuoabers  of  ,cubk:al  Inches)^  each  Quantity^  by  die 
Specifick  Bulk ;  add  all  chefe  Bulks,  into  one  Sumu  and  alfo  the  T|ti!antides  taken^  arxi  iajj 
ts  the  total  Quantity  to  the  tocal  6ulk>-  fo  is  an  TJok  or  the  Denbminatioii  b^  whicfc  6c 
Specifick  Bulks  are  expreiTed^  tq  die  Specifick  Bulk  i(budi£. 

Example:  Suppofe  10 Ounces  of  Metal,  whbfe SpeciftckBuIk  is  3  (i.e.  3  cubical Idchcs 
to  I  Oiloce)  afe  cmxed  wkh  1 4 Otmces of  another  ¥4iofe Specifick  Bulk  js-a  :  Wim  is^ 
-Specifick  Bulk  of  the  Mixture?  ^nfiver,  f|-:  Which  I. find  thus:  If  i  Ounce  makes  j 
cubical  Inches;  il>en  (  by  the  Rtile  if  ThrBe  )  ro  Odnoe^raake  30;  at|d  if  i  Ounce  mate 
a,  then  14  Ounce  make  28:  and,  laftly,  if  3t4  (i.^.  10  and  14)  Ounces  make  58  (i.e.]o 
and  a8)  cubical  Inches,  i  Ounce  nvakes^J,  ihen  the  %)ecifick  Gravities  of  the  Meals 

that  are  mixed>  and  of  the  Compound,  arc  r^i  -^  rf  • 

The  Reafen  of  the  Operation  is  obvious. 

Obferve,  If  the  given  Quantities  have  all  one  Denomination,  or  are  reduced  to  one,  what- 
ever that  is,  they  may  then  be  conceived  to  be  all  of  fliat  Denomination  to  Which  the 
ipectfick  IBnlh  are  fuppofed  to  refer ;  fince  the  Proportion  is  ftill  the  fame :  So  hereby  the 
Work  becomes  eafier  j  for  we  have  nothing  to  do  but  multiply  the  Quantity  of  each 
Simple  (after  they  are  reduced  to  one  DenomJnatioQ)  by  its  Specifick  Biflk,  and  divide  the 
Sum  of  the  Produfts  by  the  Sum  of  the  Quantities  j  as  it'is  in  the  preceding  Example. 

Cafe  a.  Having  the  Specifick  Bulks  (or  Gravities  by  which  the  Bulks  are  fbund)  of 
feveral  Bodies  to  be  mixt,  andf  the  Specifick  Bulk  (or  Gravity)  to  which  a  Mixture  of  thefe 
Bodies  is  to  be  reduced ;  To  find  the  proportional  Quantities  to  be  taken  of  each,  that  the 
Mixture  may  bear  the  given  Rate  of  Specifick  Bulk  (or  Gravity^. 

Rule.  Tike  the  given  Specifick  Bulks  of  the  Bodies  to  be  mixt,  link  them  together, 
then  take  and  place  their  Differences  from  the  Specifick  Bulk  of  the  Mixture,  the  toe 
way  as  caught  in  Alligation  alternate,  and  you  have  the  Anfwer.  ^^^ 
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Exampier^mo^  t^Wfti&J '^xtof^t  ont  £as^  cubical  Inches 
tb'i  i^'WefgHF,  aSaiBe  otli^^^^^^  of  eacTi 

muft  be  taken  to  make  the  Mixture  3  cubical  Inches  to  1  Hi.    Anf,  2ft 
n      -       ja         of  the  I fk  to  everf  t  of  che  oiker,  ^»  in  ihc  Margin. 

To  fhew  dje  Reafin  of  this;  ^k  mttft  pttmife-tfiis  Trtith,  -wa.  That  of  three  Numbers, 
if  the  Difierence  of  the  leaft  Extreme  and  middle  Term  is  multipUcd  by  the  greater  Ex- 
treme; and  the  Diflference  of  the  greatef  fiitreme  and  middle  [Ter^ra  mjiWplied  by  the 
leflcr  Extreme:  the  Sum  of  their  Produfls  is  equal  to  the  Produd  of  the  Sum  of  the  two 

Diflferences  by  the  middle  Trrm;  aliis  pkin  in  the  an- 
nexed Scheate ,  where  the  three'  Numbers  being  a»  b»  r, 
their  Difftreoces,  according  to  die  t^iile,  are  e—b,  and 
b  —  a^  whofc  Sum  is  ^  —  « i  thep  the  Produdls  mentioned 
are  ac — ab,  jjind  be  —  ae,  whofp-Sunt  is  be»^ab  equalto 
f  —  rf  multiplied  by  h. 

Now  to  apply  this  to  the  Demonfiratim  oi  the  'Rule,  OofeGdcr  in^^e  above  Example, 
that  2  ib>  whereof  each  is  ^  cubical  IncheH,  make  4  cubical  Inches  j  and  i  it  of  5  cubical 
Inches,  is  <  cubical  Inches  y  the  Sum  b  f  cubical  Inches;^  fb  that  the  Mafs  of  Mixture  \b 
3  ifc,  and  the  Bulk  is  9  cubical  Incbo^  dMircfocc^  5  \!N^'^S^^M^  Bul.fc.  or  M^  of  1  ft -of 
the  Mixture  is  the  3d  Part  of  9*  w».  %  cubical  Inch^^^  tbe^piiPDpfed  Specifick  Bulk  of  the 
Mixture;  which  \s  therefore  juftly  pfjpportioned :  Or^huSj^^theProduaof  the  tptal  Weight 
mixt  3  ft>  multiplied  by  the  given  Specifick  ^ulk  3>  is  ^3  equal  to  the  Sum  of  the  Pro- 
dudls  of  the  particular  Quantities  rnultiplicd  by  their  rcfrcdHverSpecffick  BoHo;  therefore 
the  Solution  muft  be  true  ;^  and,  b^  the  ittuvedl^  Truth  .{)r«n(ed,.i(  muft^  fo  in  all 
Cafes  of  two  Bodies  mixt;  and  confequHKiy  <lf  any  Number^ 

Obfirve,  i.  The  fame  Method  otDpn^Jbration  may-^t^jip|p>lied  tp  fhe  N}^re  of  any 
other  things,  as  Liquors,  eSrc.  ,     .    ^ 

2'  All  the  &me  kind  of  Queftions  mad^.  iibove  with  refpe^  to  Liquors,  may  alfo  be 
made  with  refbed:  to  Specifick  Gravitlfes^^orlBulks^of  Bodies/  '^ 

3.  By  this  Rule  is  the  famous  Qucfldon-^bbred  about  fSer^  King.ff  ^y^/f^^s  Crown : 
He  gave  a  certain  Quantity  of  pure  Gold  to  y ake  a  Crov^n ;  but  fufpnefting  i)^  Goldfmith 
had  mixt  Silver  with.it,  jie  deured  ^rciimedes , to  di^ver  it  IfpofCble^  who  did  ic  by  this 
Means:  When  he  went  into  a  t)«hiiig  Tub,  he  rcfledcd  that  erery  Body'  immeried  in 
Water  muft  put  as  much  Water  cut  cf  its  Place  iis  is  equal*  in  Bc^  to  it  felf:  Therefore 
he  took  a-Qssantity  cf  pure 'Gold,  and  anoflier  of  Silvcfi- each  of  *e  WWght  of  the 
Crown;  or>  as  (bme  (ay,  caufe4  a£|^wn9)i>e  ma(iei3r4>uce^i(^  and  anothfr  of  Silver, 
each  of  the  fame  We^ht  with  the  ^ifbO[6wn,  and  meafured  their  ^{leciGck  Bulks  by  the 
Bulks  of  the  Quantities  of  Water  put}k>ii€li£:its  Place  b]^vth«  ftomerfi^  of.^ch  of  the  3 
Crowns  (or  of  the  fufpeded  Crown,  yiii.^ch  of  the  N^fibs.^f  pi^  Gol4  and  Silver; 
which  would  put  out  the  &me  Quantity  erf*  Water,  whatever  Shape  they  were  in)  and  by 
Comparifbn  of  thefe  3  Specifick  Bulks,  lie  iSind  how  mudi  Xiold  apfl  Sil^cer  was  in  the 
mixt  Crown;  which  may  be  done  after  the  faanncr  of  ^.  3.  P^^e  569.  thus;  We  have  the 
Specifick  Bulks  of  the  MixcuiK^aad  cf  tke^^M)  Simples^  ^y  wtnch,  findiing  thcffroportion  of 
Weights  that  brings  them  to  that  Specifidc  Sulk,  if  their  %^  fs  eqi^  to  jl^  Weight  of 
the  mixc  Crown,  then  the  Proportion  (4^Qgiid  and  Silver  ifl^i?-  is  dif^over'if^^  by  which 
the  Gold  and  Silver  feparately  are  eafi^^^wid:  And  if  tne.SEjim  T§^  not  ttjeifame  as  the 
Weight  of  the  Crown,  yet  that  Weight  Dclrig  divided  into  me  Tame  Prdportibh  as  the  Parts 
of  that^utn^iDli^ihfeQtiaftiof-:'.  j;.  ./.     :  ;    ,:..,!  ..    j.  ,...  ^  ^  .,  .  ,. 
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Page    Line     For  Read 

i.  i? 

54  54 
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HI.        XOU 

131.  . 


5  .3 


239-  ".  -—  te_ 

288.  45.  7*wr,  IV.  3nb#^.  VIT. 

383.  34.  after  pdtBy  even  ^$  iMld>  ahvi  a. 

410.  22.  *    I    J  ■  •-«*  '      ■   ■  '  '     II 

424.  20.  3  8 

472.  If.  lOWiXlOfW  — 1  IQP -f- 1©" -ri  X 

ib.  lb.  /x/«  Exmm. 

481?.  II.  2d  or  3d  a  or  3. 

ib.  14.  it"x*«^  4i»x««« 

ib.  ib.  4*»-T-4f  •  ii*»H-4'» 


31 
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ib.       40.      »— 10  »— 10 

'489.      To  the  Scheme  of  Numbers*  after  live  18.  add  this  Line 

of  Numbers*  w«.  0:1:2  :3:4:y  :tf:7:8 
499^     In  the  Scheme,  after  line  25,  foy  2. 9lVk^99  ffM  5. 933»«9« 

5I*-     *5j  xB-A=7        xB^X=r7     ;       -^  ^ 

ib.      ib.      xB— A  1     xiB---A 

ib.     33.     A+i.     '         b±JL         ,        .  ':  ..* 

»  — 2  .#— 'I 

5x7-     ^4-      -T" 


2. 
2.     3«^  14^*  laofft  3j^t.  144*. 


21.      18148  \  18J38 

559.      12*      •w*^    '    .  ndokb 

6id.      35.      P^/«*  Pwwir. 


In  tbe  Pr?^^  at  the  Foot  of  Vagn  jx,  for  C^;^.  xx:  read  a^i^\  loj  §.  j: 
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